
The Measure Problem�Louis de BrangesDepartment of Mathemati
sPurdue UniversityWest Lafayette, IN 47907-2067, USAA problem of Bana
h is to determine the stru
ture of a nonnegative(
ountably additive) measure whi
h is de�ned on all subsets of a set. Theproblem is trivial for 
ountable sets. Bana
h and Kuratowski [1℄ show theexisten
e of a 
ountable set whose 
omplement has zero measure when 
ar-dinality hypotheses are satis�ed. These hypotheses are not veri�ed generallyfor the 
lassi
al 
ontinuum, whi
h has the 
ardinality of the 
lass of all sub-sets of a 
ountably in�nite set. Ulam [6℄ obtains the same 
on
lusion forthe 
lassi
al 
ontinuum when the measure has no nonzero value other thanone. The same 
on
lusion is now obtained for the 
lassi
al 
ontinuum for allnonnegative measures. A

ording to a theorem of Solovay [5℄ the existen
eof a 
ountable set whose 
omplement has zero measure follows for all in�nitesets. These results are valid in Zermelo{Fraenkel set theory with the axiomof 
hoi
e.Measure theory is treated in relation to the theory [4℄ of 
ommutativealgebras whose elements are 
ontinuous fun
tions on a lo
ally 
ompa
t Haus-dor� spa
e with values in the 
omplex numbers. The fun
tions are de�nedon spa
es with the dis
rete topology.Theorem 1. Assume that for every nonnegative measure whi
h is de�nedon all subsets of a given in�nite set S and whi
h has no nonzero value otherthan one, a 
ountable subset of S exists whose 
omplement has zero measure.Then for every nonnegative measure whi
h is de�ned on all subsets of S, a
ountable subset exists whose 
omplement has zero measure.�Resear
h supported by the National S
ien
e FoundationMath. Reviews Classi�
ation 03E55 Large Cardinals1



Proof. An algebra A is de�ned to 
ontain the 
onvex span of the generatingset all fun
tions f(s) of s in S su
h that for every positive number � the setof values of the fun
tion whi
h do not satisfy the inequalityjf(s)j < �is �nite and whi
h take the value zero on an in�nite set if the number ofvalues is �nite. The algebra is given the metri
 topology de�ned by the normkfk = sup jf(s)jwith the least upper bound taken over all elements s of S.If a signed measure � of bounded variation k�k1 is de�ned on all subsetsof S, a 
ontinuous linear fun
tional L on A is de�ned by taking f into theintegral Lf = Z f(s)d�(s)with respe
t to �. An element of the algebra is a fun
tion f(s) of s in S whi
hhas a 
ountable number of values. The integral is an absolutely 
onvergentsum of produ
ts of a value and the �{measure of the set on whi
h the valueis taken. The total variation k�k1 of the measure � is the least upper boundof sums j�(E1)j+ : : :+ j�(Er)jtaken are all �nite 
lasses of disjoint subsets E1; : : : ; Er. Bounded variationfor � means that the least upper bound is �nite. Continuity of the linearfun
tional follows from the inequalityjLf j � kfkk�k1whi
h holds for all elements f of A. The 
ontinuous linear fun
tional de-�ned on the algebra by Lebesgue integration is the unique 
ontinuous linearextensiion of its restri
tion to fun
tions having only a �nite number of val-ues. Uniqueness is veri�ed on elements of the generating set and follows bylinearity for other elements.Every 
ontinuous linear fun
tional L on A is represented by a signedmeasure � of bounded variation whi
h is de�ned on all subsets of S. It issuÆ
ient to make the veri�
ation when L is 
ontra
tive: The inequalityjLf j � kfk



holds for every element f of A. It will be shown that the measure is of totalvariation at most one.De�ne �(E) = Lffor a subset E of S with f the element of A whi
h has value one on E andwhi
h vanishes elsewhere. For the veri�
ation of 
ountable additivity assumethat E = UEnis a disjoint union of subsets En of S indexed by the positive integers n. Forevery n �(En) = Lfnis the a
tion of L on the element fn of A whi
h has value one on En andwhi
h vanishes elsewhere.The identity L(X 
nfn) =X 
nLfnholds by linearity and 
ontinuity for every sequen
e of 
omplex numbers 
nwhi
h 
onverges to zero. The inequalityjX 
nLfnj � max j
njholds by 
ontra
tivity of L. The inequalityX jLfnj � 1follows by the arbitrariness of the sequen
e of 
omplex numbers 
n. Theidentity � r[n=1En! = rXn=1 �(En)holds for every positive integer r sin
e it is permitted to 
hoose 
n = 1 forn � r and 
n = 0 for n > r. The inequalityj� 1[n=r+1En! j � 1Xn=r+1 j�(En)j



is a 
onsequen
e of 
ontra
tivity whi
h implies the limit� 1[n=1En! = lim� r[n=1En!and 
ountable additivity � 1[n=1En! = 1Xn=1 �(En):The identity Lf = Z f(s)d�(s)holds by linearity and 
ontinuity for every element f of s sin
e it holdswhenever f has no nonzero value other than one.A nonnegative measure � whi
h is de�ned on all subsets of S is of boundedvariation equal to the value �(S) of the measure on S.An equivalen
e relation is de�ned on the algebra: Elements f and g ofA are equivalent if they are equal almost everywhere with respe
t to a non-negative measure �: The set of elements s of S su
h that f(s) and g(s) areunequal has zero �{measure.The quotient spa
e A� of A inherits the stru
ture of an algebra. The
anoni
al proje
tion of A onto A� is an algebra homomorphism whose kernelis the 
losed ideal of elements of A whi
h vanish almost everywhere withrespe
t to �.The quotient topology of A� is a metri
 topology de�ned by the quotientnorm kfk� = inf kgkwith the greatest lower bound taken over the elements g of A whi
h representan element f = �gof A�.A 
ontinuous linear fun
tional on A� is treated as a 
ontinuous linearfun
tional on A whi
h annihilates elements of A whi
h vanish almost every-where with respe
t to �.



An element f of A is said to be nonnegative if its values are nonnegativenumbers. An element f of A is nonnegative if, and only if, the equationf = g�gadmits a solution for an element g of A with g� the element of A with
onjugate values: The identity g�(s) = g(s)�holds for every element s of S.A linear fun
tional L on A is said to be nonnegative if its a
tion Lf onevery nonnegative element f of A is a nonnegative number.The identity Lf � = (Lf)�holds for every element f of A if L is a nonnegative linear fun
tional on A.Sin
e the a
tion of L on (f + �)�(f + �)is nonnegative for every 
omplex number � (treated as an element ofA whoseonly value is �), the inequality(Lf)�(Lf) � L(f �f)L(1)is satis�ed. Sin
e the a
tion of L on the nonnegative elementkfk2 � f �fof A is a nonnegative number, the inequalityL(f �f) � kfk2L(1)holds for every element f of A. A nonnegative linear fun
tional L is 
ontin-uous sin
e the inequality jLf j � kfkL(1)holds for every element f of A.A linear fun
tional on A is nonnegative if, and only if, it is represented bya nonnegative measure. The set of nonnegative and 
ontra
tive linear linearfun
tionals on A is a 
onvex set whi
h is 
ompa
t in the weak topology



indu
ed by duality with A. The set is the 
losed 
onvex span of its extremepoints by the Krein{Milman theorem [3℄. A 
hara
terization of extremepoints is applied in a proof of the Stone{Weierstrass theorem [2℄ from theKrein{Milman theorem.An element L of the 
onvex set is said to be an extreme point of the setif it is not a 
onvex 
ombinationL = (1� t)L� + tL+of distin
t elements L+ and L� of the set for an element t of the interval[0; 1℄ su
h that t and 1� t are positive.If L is an extreme point of the 
onvex set and ifh = h�is a self{
onjugate element of A su
h thatkhk � 1and su
h that 1� t = L(1� h)and 1 + t = L(1 + h)are positive, then elements L+ and L� of the 
onvex set are de�ned by(1� t)L�f = L[(1� h)f ℄and (1 + t)L+f = L[(1 + h)f ℄for every element f of A. The identityL�f = L+fholds for every element f of A sin
e2L = (1� t)L� + (1 + t)L+:The resulting identity L(hf) = L(h)L(f)



implies that L is a homomorphism of A into the 
omplex numbers.A nonzero extreme point of the 
onvex set is represented by a measurewhose only nonzero value is one. An element s of S exists by hypothesis su
hthat the identity Lf = f(s)holds for every element f of A.The set has the dis
rete topology be
ause of its identi�
ation with a setof nonzero extreme points of the 
onvex set. If E is a subset of S and if f isthe element of A whi
h has value one on E and vanishes elsewhere, then theset of elements s of S su
h that f(s) = 1is both open and 
losed. If f represents a nonzero element of A�, then�(E) = Z f(s)d�(s)is positive.If an element s of S is a zero of every element of A whi
h vanishes almosteverywhere with respe
t to �, then every subset of S whi
h 
ontains s haspositive �{measure. The set E of su
h elements s is 
ountable.If f is the element of A whi
h has value one on the 
omplement of E andvanishes elsewhere, then the integralZ f(s)d�(s)vanishes by the Krein{Milman theorem sin
e it belongs to the 
losed 
onvexspan of values f(s) with s in E.The 
omplement of E is a set of zero �{measure.This 
ompletes the proof of the theorem.The author thanks Thomas Je
h for a visit to Purdue University in 1985 inwhi
h he explained the 
onsequen
es of the theorem (then without adequateproof).
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