
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

SIAM J. NUMER. ANAL. c© 2010 Society for Industrial and Applied Mathematics
Vol. 47, No. 6, pp. 4098–4111

OPTIMAL ERROR ESTIMATE FOR THE DIV LEAST-SQUARES
METHOD WITH DATA f ∈ L2 AND APPLICATION TO

NONLINEAR PROBLEMS∗

ZHIQIANG CAI† AND JAEUN KU‡

Abstract. The div least-squares methods have been studied by many researchers for the second-
order elliptic equations, elasticity, and the Stokes equations, and optimal error estimates have been
obtained in the H(div) × H1 norm. However, there is no known convergence rate when the given
data f belongs only to L2 space. In this paper, we will establish an optimal error estimate in the
L2 × H1 norm with the given data f ∈ L2 and, hence, fill a theoretical gap of least-squares meth-
ods. As a consequence of this estimate, we will provide a convergence analysis for the linearization
process on solving Navier–Stokes equations, which uses the div least-squares method for solving the
corresponding Stokes equations.
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1. Introduction. There is substantial interest in the use of least-squares prin-
ciples for the approximate solution of partial differential equations with applications
in both solid and fluid mechanics. Loosely speaking, there are three types of least-
squares methods: the inverse approach, the div approach, and the div-curl approach.
For the least-squares methods such as the inverse approach and div-curl approach, we
refer to [1, 4, 7, 11, 24, 27] and references therein.

For the scalar elliptic equations, the div approach based on the flux-pressure
(the respective dual and primal variables) formulation has been studied by many re-
searchers (see, e.g., [5, 10, 14, 15, 17, 18, 20, 21, 22, 23, 25, 26]). For elasticity and
the Stokes equations, the div least-squares approach based on the stress-displacement
and the stress-velocity (the respective dual and primal variables) formulations, respec-
tively, was introduced and analyzed in [12, 13]. An optimal error estimate is obtained
in H(div) ×H1 norm. This estimate also yields an optimal L2 norm error estimate
for the dual variable. Recently, we in [9] established the optimal L2 estimate of the
primal variable. But, all these estimates mentioned above are under the assumption
that the right-hand side function f is as smooth as the divergence of the dual variable,
which is slightly more than those of the Galerkin finite element method. In particular,
when the given date f belongs only to L2 space, there is no known convergence rate.
This, in turn, causes some difficulties for a convergence analysis for the linearization
process for solving nonlinear problems such as Navier–Stokes equations by using the
abstract theory of Brezzi, Rappaz, and Raviart (see, e.g., [19]).

One of the purposes of this paper is to study error estimates on the div least-
squares approach when f is only in L2 and, hence, to fill a theoretical gap of the

∗Received by the editors October 17, 2008; accepted for publication (in revised form) September
22, 2009; published electronically January 15, 2010.

http://www.siam.org/journals/sinum/47-6/73835.html
†Department of Mathematics, Purdue University, 150 N. University Street, West Lafayette, IN

47907-2067 (zcai@math.purdue.edu). This author’s research was supported in part by the National
Science Foundation under grant DMS-0511430.

‡Department of Mathematics, Oklahoma State University, Mathematical Sciences 401, Stillwater,
OK 74078 (jku@math.okstate.edu).

4098



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

L2 ESTIMATES FOR LEAST-SQUARES 4099

div least-squares method. The other is to analyze the div least-squares finite element
method for the stationary Navier–Stokes equations. When f ∈ L2, it is obvious that
the divergence of the dual variable belongs only to the L2 space. Hence, it is impossible
to obtain a convergence rate in the H(div) × H1 norm. Instead, in this paper, we
will establish linear rate convergence in a weaker norm, the L2 × H1 norm for the
respective dual and primal variables. This will be done by modifying the argument
of Yang in [28]. Note that this is not a trivial task simply because the corresponding
“energy” norm of the div least-squares functional differs from the L2 × H1 norm.
This new estimate plays a key role in convergence analysis for the least-squares finite
element method for the stationary Navier–Stokes equations, which will be done by
verifying various assumptions of the abstract theory by Brezzi, Rappaz, and Raviart.

Previous least-squares approaches to solve nonlinear problems such as Navier–
Stokes equations are based mostly on the div-curl approach [2, 3]. This type of
approach requires the space for dual variable in H1 space and its approximate space
to be C0 elements, and thus prevent using classical mixed elements such as Raviart–
Thomas elements. However, it is reported [6] that RT elements perform favorably
over the standard C0 element when locally conservative approximation is essential.

The paper is organized as follows. Section 2 introduces mathematical equations
for the second-order scalar elliptic partial differential equations, elasticity, and the
Stokes equations. The div least-squares formulation and its finite element approxima-
tion for those equations are described in section 3. We want to note that sections 2
and 3 are a brief summary, and we refer the reader to [9] for a detailed presentation.
In section 4, we establish the optimal L2 error estimates for the flux and optimal
H1 error estimates for the primary variable with minimum regularity assumption.
The optimal H1 error estimates play the key role in a convergence analysis for the
linearization process to solve Navier–Stokes equations in section 5.

2. Mathematical equations. Let Ω be a bounded, open, connected subset of
�d (d = 2 or 3) with a Lipschitz continuous boundary ∂Ω, where ∂Ω = Γ̄D ∪ Γ̄N and
ΓD ∩ ΓN = ∅. For simplicity, we assume that ΓD is not empty (i.e., mes (ΓD) �= 0).

We use the standard notations and definitions for the Sobolev spaces Hs(Ω)d for
s ≥ 0. Set

H1
D(Ω) := {q ∈ H1(Ω) : q = 0 on ΓD}.

When Γ = ∂Ω, denote H1
D(Ω) by H1

0 (Ω). Let

H(div; Ω) = {v ∈ L2(Ω)d : ∇ · v ∈ L2(Ω)},

which is a Hilbert space under the norm ‖v‖H(div; Ω) = (‖v‖2+‖∇·v‖2) 1
2 , and define

the subspace

HN (div; Ω) = {v ∈ H(div; Ω) : n · v = 0 on ΓN},

where n is the outward unit vector normal to the boundary.

2.1. Second-order elliptic problems. Consider the following second-order el-
liptic boundary value problem:

(2.1) −∇ · (A∇u) +Xu = f in Ω

with boundary conditions

(2.2) u = 0 on ΓD and n ·A∇u = 0 on ΓN ,
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where A is a given d×d tensor function, uniformly symmetric positive definite; X u =
b · ∇u+ c u with b, c smooth functions; and f is given scalar function. For simplicity
of the presentation, assume that (2.1) satisfies the full H2 regularity estimates:

(2.3) ‖u‖2 ≤ C ‖f‖0.

2.2. Elasticity and Stokes equations. Let

ε(v) =
(
εij(v)

)
d×d

with εij(v) =
1

2

(
∂vi
∂xj

+
∂vj
∂xi

)
.

For a tensor function τ = (τij)d×d, let τ i = (τi1, . . . , τid) denote its ith-row for
i = 1, . . . , d and define its divergence, normal, and trace by

∇ · τ = (∇ · τ 1, . . . , ∇ · τ d), n · τ = (n · τ 1, . . . , n · τ d), and tr τ =

d∑
i=1

τii,

respectively.
Elasticity and Stokes equations may be casted as the following pressure-perturbed

form of the generalized Stokes equations

(2.4)

⎧⎨⎩
−∇ · (2μ ε(u)− p δ) = f in Ω,

∇ · u+
1

λ
p = g in Ω

with boundary conditions

(2.5) u = 0 on ΓD and n · (2μ ε(u)− p δ) = 0 on ΓN .

When ΓN = ∅, p is unique up to an additive constant provided that the compati-
bility condition

∫
Ω
g dx = 0 holds. Again, we assume that (2.4) satisfies the full H2

regularity estimates:

(2.6)

{
‖u‖2 + ‖p‖1 ≤ C (‖f‖0 + ‖g‖1) for λ = ∞,

‖u‖2 + λ ‖∇ · u‖1 ≤ C ‖f‖0 for λ < ∞,

where C is a positive constant independent of u, p, and λ.

3. Least-squares formulations.

3.1. First-order systems. Introducing the flux (vector) variable σ = −A∇u,
the scalar elliptic problem in (2.1) may be rewritten as the following first-order partial
differential system

(3.1)

{
A−1σ +∇u = 0 in Ω,

∇ · σ +Xu = f in Ω

with boundary conditions

(3.2) u = 0 on ΓD and n · σ = 0 on ΓN .

For the generalized Stokes equations, define Aλ by

(3.3) Aλ τ =
1

2μ

(
τ − λ

dλ+ 2μ
(tr τ ) δ

)
for λ ∈ (0, ∞].
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Without loss of generality, we take μ = 1/2. Note that λ
dλ+2μ = 1

d when λ = ∞. Con-
sider the following first-order system of partial differential equations corresponding to
(2.4) studied in [13, 12]:

(3.4)

{
Aλ σ − ε(u) = 0 in Ω,

∇ · σ = −f in Ω

with boundary conditions

(3.5) u = 0 on ΓD and n · σ = 0 on ΓN .

3.2. Least-squares variational problems. For the solution spaces, define

Xλ ≡
{
HN (div; Ω)d for λ ∈ (0, ∞),

{τ ∈ HN (div; Ω)d |
∫
Ω
tr τ dx = 0} for λ = ∞,

and let

Σ =

{
HN (div; Ω) for (3.1),

Xλ for (3.4)
and U =

{
H1

D(Ω) for (3.1),

H1
D(Ω)d for (3.4).

Define a bilinear form b(·; ·) on (Σ× U)× (Σ× U) by

b(σ,u; τ ,v) =

{
(σ +A∇u, A−1τ +∇v) + (∇ · σ +Xu, ∇ · τ +Xv) for (3.1),

(Aλσ − ε(u), Aλτ − ε(v)) + (∇ · σ, ∇ · τ ) for (3.4)

for all (σ, u; τ , v) ∈ (Σ× U)× (Σ× U) and a linear form F (·) on Σ× U by

F (τ ,v) =

{
(f, ∇ · τ +Xv) for (3.1),

(−f , ∇ · τ ) for (3.4)

for all (τ , v) ∈ Σ× U . Then the true solution (σ, u) ∈ Σ× U satisfies

(3.6) b(σ, u; τ , v) = F (τ , v) ∀ (τ , v) ∈ Σ× U.

3.3. Least-squares finite element approximations. For simplicity of pre-
sentation, we consider only triangular and tetrahedra elements for the respective two
and three dimensions. Assuming that the domain Ω is polygonal, let Th be a regular
triangulation of Ω (see [16]) with triangular/tetrahedra elements. Let Pk(K) be the
space of polynomials of degree k on triangle K and RTk(K) denote the local Raviart–
Thomas space of order k on K (see [19]). Then the standard H(div; Ω) conforming
Raviart–Thomas space of index k [8] and the standard (conforming) continuous piece-
wise polynomials of degree k + 1 are defined, respectively, by

Σk
h = {τ ∈ Σ : τ |K ∈ RTk(K)m ∀ K ∈ Th},(3.7)

V k+1
h = {v ∈ U v|K ∈ Pk+1(K)m ∀ K ∈ Th},

where m = 1 or m = d. It is well-known (see [16]) that V k+1
h has the following

approximation property: let k ≥ 0 be an integer and let l ∈ [0, k + 1]

(3.8) inf
u∈V k+1

h

‖u− v‖1 ≤ Chl ‖u‖l+1,
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for u ∈ H l+1(Ω)m ∩ U . It is also well-known (see [8]) that Σk
h has the following

approximation property: let k ≥ 0 be an integer and let l ∈ [1, k + 1]

(3.9) inf
τ∈Σk

h

‖σ − τ‖H(div; Ω) ≤ Chl (‖σ‖l + ‖∇ · σ‖l)

for σ ∈ H l(Ω)m×m ∩Σ with ∇ · σ ∈ H l(Ω)m.
The finite element discretization of our least-squares variational problem is: find

(σh, uh) ∈ Σk
h × V k+1

h such that

(3.10) b(σh, uh; τ , v) = F (τ , v) ∀ (τ , v) ∈ Σk
h × V k+1

h .

Note that we have the following orthogonality property:

(3.11) b(σ − σh, u− uh; τ , v) = 0 ∀ (τ , v) ∈ Σk
h × V k+1

h .

4. Error estimates with f ∈ L2. In this section, we take k = 0 in (3.7). The
extension for the case k ≥ 1 is straightforward. We will use the operator πh : Σ → Σ1

h,
see [8, III and IV] for m = 1 (i.e., the scalar case) with the following property:

‖σ − πhσ‖0 ≤ Ch‖σ‖1 ∀σ ∈ H1(Ω)d,(4.1)

(∇ · (σ − πhσ), q) = 0 ∀ q ∈ Qh,(4.2)

where

(4.3) Qh = {q ∈ L2(Ω) : q|κ = constant for each κ ∈ Th}.

By using the above operator and modifying the argument in [28], we obtain our
main results for least-squares methods with the minimum assumption, i.e., f ∈ L2.
It turns out that the proofs for the second-order scalar elliptic problems are more
complicated than the ones for Stokes equations and linear elasticity problems due to
the lower-order terms in (2.1). Thus, we will provide the proof for the scalar case
first in detail and provide the sketch of the proof for the linear elasticity and Stokes
equations.

4.1. The scalar elliptic problems.
Theorem 4.1. Let (σ, u) and (σh, uh) be the solutions of (3.6) corresponding to

the scalar problems (3.1) and (3.10). Then, the following a priori estimate holds:

‖u− uh‖1 + ‖σ − σh‖0 ≤ Ch(‖u‖2 + ‖σ‖1) ≤ Ch‖f‖0.

Proof. By the triangle inequality, we have

‖u− uh‖21 + ‖σ − σh‖20 ≤ C(‖u− uI‖21 + ‖σ − πhσ‖20 + ‖uI − uh‖21 + ‖πhσ − σh‖20).

Let uI be the interpolation of u, which satisfies the approximation property in (3.8).
Using (4.1) along with uI , we have

‖u− uI‖21 + ‖σ − πhσ‖20 ≤ Ch2(‖u‖22 + ‖σ‖21).

Thus, in order to prove the theorem, it suffices to prove that

(4.4) ‖uI − uh‖21 + ‖πhσ − σh‖20 ≤ Ch2(‖u‖22 + ‖σ‖21).
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By the coercivity of the least-squares functional and the orthogonality property
of least-squares solution (σh, uh), we have

C (‖uI − uh‖21 + ‖πhσ − σh‖2H(div)) ≤ b(πhσ − σh, uI − uh;πhσ − σh, uI − uh)

= b(πhσ − σ, uI − u;πhσ − σh, uI − uh)(4.5)

= I1 + I2 + I3

with

I1 = (∇ · (πhσ − σ),∇ · (πhσ − σh)), I2 = (∇ · (πhσ − σ), X(uI − uh)),

and I3 = (X(uI − u),∇ · (πhσ − σh) +X(uI − uh))

+ ((πhσ − σ) +A∇(uI − u),A−1(πhσ − σh) +∇(uI − uh)).

Using (4.2) and the fact that ∇ · (πhσ − σh) ∈ Qh yields

I1 = 0.

Let bI be a piecewise constant function such that

(4.6) ‖b− bI‖L∞ ≤ Ch‖b‖W 1∞ ≤ Ch.

Since Xv = b · ∇v + cv, then

I2 = (∇ · (πhσ − σ),b · ∇(uI − uh)) + (∇ · (πhσ − σ), c(uI − uh))

= (∇ · (πhσ − σ), (b− bI) · ∇(uI − uh)) + (∇ · (πhσ − σ), c(uI − uh)).

The last equality used the identity

(∇ · (πhσ − σ),bI · ∇(uI − uh)) = 0,

which follows from (4.2) and the fact that bI ·∇(uI−uh) ∈ Qh. Thus, by the Cauchy–
Schwarz inequality, (4.6), integration by parts, the arithmetic-geometric inequality,
and (4.1), we have

I2 ≤ ‖∇ · (σ − πhσ)‖0 ‖(b− bI) · ∇(uI − uh)‖0 + (∇ · (πhσ − σ), c(uI − uh))

≤ C‖b− bI‖L∞ ‖∇ · (σ − πhσ)‖0 ‖uI − uh‖1 + (πhσ − σ,∇(c(uI − uh)))

≤ Ch‖∇ · (σ − πhσ)‖0 ‖uI − uh‖1 + ‖πhσ − σ‖0 ‖∇(c(uI − uh))‖0

≤ C (‖σ − πhσ‖0 + h ‖∇ · (σ − πhσ)‖0) ‖uI − uh‖1

≤ Ch‖σ‖1 ‖uI − uh‖1.

For I3, it follows from the Cauchy–Schwarz inequality, the triangle inequality, the
approximation properties of uI and πhσ, and the arithmetic-geometric inequality
that

I3 ≤ ‖u− uI‖1 (‖∇ · (πhσ − σh)‖0 + ‖uI − uh‖1)

+ (‖πhσ − σ‖0 + ‖u− uI‖1) (‖πhσ − σh‖0 + ‖uI − uh‖1)

≤ Ch (‖u‖2 + ‖σ‖1)
(
‖uI − uh‖1 + ‖πhσ − σh‖H(div)

)
.
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Combining (4.5) with bounds for I2 and I3 gives

‖uI−uh‖21+‖πhσ−σh‖2H(div) ≤ Ch (‖u‖2 + ‖σ‖1)
(
‖uI − uh‖1 + ‖πhσ − σh‖H(div)

)
,

which implies (4.4). Finally, by the a priori estimate in (2.3) and using the fact that
‖σ‖1 < ‖u‖2, we complete the proof of the theorem.

4.2. The generalized Stokes equations. We now state the corresponding
result for linear elasticity and Stokes equations. Here, we use the following operator:

(4.7) πhσ = (πhσ1, . . . , πhσd),

where πh is operator satisfying (4.1) and (4.2). Note that πh satisfies the following
properties:

‖σ − πhσ‖0 ≤ Ch‖σ‖1 ∀σ ∈ H1(Ω)d×d,(4.8)

(∇ · (σ − πhσ),q) = 0 ∀q ∈ Qd
h.(4.9)

Theorem 4.2. Let (σ,u) and (σh,uh) be the solutions of (3.6) corresponding to
the generalized Stokes equations (3.3) and (3.10). Then, the following a priori error
estimate holds:

‖u− uh‖1 + ‖σ − σh‖0 ≤ Ch(‖u‖2 + ‖σ‖1) ≤ Ch‖f‖0.

Proof. The theorem may be proved in a similar fashion as that of Theorem 4.1.
For the convenience of readers, we sketch the proof here. To this end, again it suffices
to show that

(4.10) ‖uI − uh‖21 + ‖πhσ − σh‖20 ≤ Ch2(‖u‖22 + ‖σ‖21).
By the coercivity of the least-squares functional and the orthogonality property of
least-squares solution (σh, uh), we have

C (‖uI − uh‖21 + ‖πhσ − σh‖2H(div)) ≤ b(πhσ − σh,uI − uh;πhσ − σh,uI − uh)

= b(πhσ − σ,uI − u;πhσ − σh,uI − uh)(4.11)

= I1 + I2

with

I1 = (∇ · (πhσ − σ)∇ · (πhσ − σh))

and I2 = (Aλ(πhσ − σ)− ε(uI − u) , Aλ(πhσ − σh)− ε(uI − uh)).

Using (4.9) and the fact that ∇ · (πhσ − σh) ∈ Qd
h yields

I1 = 0.

It follows from the Cauchy–Schwarz inequality, the definition of Aλ, and the approx-
imation properties (4.8) and (3.8) that

I2 ≤ (‖Aλ(πhσ − σ)‖0 + ‖uI − u‖1) (‖Aλ(πhσ − σh)‖0 + ‖uI − uh‖1)

≤ (‖πhσ − σ‖0 + ‖uI − u‖1) (‖πhσ − σh‖0 + ‖uI − uh‖1)

≤ Ch (‖u‖2 + ‖σ‖1)
(
‖πhσ − σh‖2H(div) + ‖uI − uh‖21

)1/2
.

Combining the results for I1 and I2 and (4.11) implies the validity of (4.10). This
completes the proof of the theorem.
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5. Application to nonlinear problems.

5.1. Problem formulation. In this section, we will use the error estimate de-
veloped earlier to provide a convergence analysis to a linearization process for solving
Navier–Stokes equation of the form:

(5.1)

⎧⎪⎪⎨⎪⎪⎩
−ν�u+

∑d
j=1 uj∂u/∂xj +∇ p = f in Ω,

∇ · u = 0 in Ω,

u = 0 on ∂Ω.

By taking σ = ν∇u−p I and rescaling the stress, the pressure, and the right-hand side
by σ/ν → σ, p/ν → p and f/ν → f , respectively, we obtain the following first-order
system:

(5.2)

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

−∇ · σ +
1

ν

d∑
j=1

uj∂u/∂xj = f in Ω,

σ −∇u+ p I = 0 in Ω,

∇ · u = 0 in Ω,

u = 0 on ∂Ω.

In order to solve the above nonlinear problem, we closely follow the abstract framework
of [19]. Let

(5.3) X = H(div)d ×
(
W

3
2−δ
2

)d
× L2

0 and Y = L2,

where L2
0 = {q ∈ L2 :

∫
Ω
q = 0}, δ > 0 is sufficiently small, and d = 2 or 3. We

want to point out that we choose (W
3
2−δ
2 )d space, not (W 1

2 )
d for the space of u in the

definition of X. This is necessary to have the nonlinear term
∑d

j=1 uj∂u/∂xj to be

in L2 space. Note also that V 1
h ⊂ (W

3
2−δ
2 )d, where V 1

h is defined in (3.7).
Consider the nonlinear problem of the form

(5.4) F (λ,U) ≡ U + TG(λ,U) = 0 for U = (σ,u, p) ∈ X and λ ∈ Λ,

where Λ ⊂ (0, +∞) is a compact interval. Define a linear operator T as follows: given
f∗ ∈ Y, denote by

(σ∗,u∗, p∗) = T f∗ ∈ X

the solution of the Dirichlet problem for the Stokes equations

(5.5)

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

−∇ · σ∗ = f∗ in Ω,

σ∗ −∇u∗ + p∗ I = 0 in Ω,

∇ · u∗ = 0 in Ω,

u∗ = 0 on ∂Ω.

Also, with data f∗ ∈ Y, associate C∞-mapping from R+ ×X into Y defined by

(5.6) G : (λ,V = (τ ,v, q)) → G(λ,V) = λ

d∑
j=1

vj∂v/∂xj − f∗.

Clearly, the following lemma applies.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

4106 ZHIQIANG CAI AND JAEUN KU

Lemma 5.1. U = (σ,u, p) ∈ X is a solution of (5.2) if and only if (σ,u, p) ∈ X
is a solution of (5.4).

5.2. Div least-squares method for Navier–Stokes equations. To approxi-
mate (5.4), we introduce an approximation space Xh and an operator Th ∈ L(Y;Xh)
intended to approximate T . Set

(5.7) Fh(λ,U) = U + ThG(λ,U).

Then, the approximation problem is to find Uh ∈ Xh such that

(5.8) Fh(λ,Uh) = 0.

The following least-squares solver was introduced in [12] and we briefly present
here for completeness. For the approximation space, let

Xh = Σk
h × V k+1

h ×Qh,

where Σk
h and V k+1

h are defined in (3.7) and Qh is defined in (4.3). To approximate
solution (σ∗,u∗, p∗) = T f∗ ∈ X of (5.5), we define an approximation (σ∗h,u∗h, p∗h) =
Thf∗ ∈ Xh to be the solution of the following problem:

(∇ · σ∗h,∇ · τ h) + (σ∗h −∇u∗h + p∗h, τh −∇wh + qh) + (∇ · u∗h,∇ ·wh)

= b(σ∗h,u∗h, p∗h ; τh,wh, qh) = (f∗,−∇ · τ h)(5.9)

for all (τ h,wh, qh) ∈ Xh. Note that the following orthogonal property holds:

(5.10) b(σ∗ − σ∗h,u∗ − u∗h, p∗ − p∗h ; τh,wh, qh) = 0

for all (τh,wh, qh) ∈ Xh. Using this orthogonal property, the following error estimate
is obtained. We provide a sketch of the proof.

Theorem 5.2. Let (σ,u, p) = T f ∈ X be the solution of (5.5) and (σh,uh, ph) =
Thf ∈ Xh be defined in (5.9). Then, the following estimate holds

‖σ − σh‖H(div) + ‖u− uh‖1 + ‖p− ph‖0

≤ C

(
inf
τ∈Σk

h

‖σ − τ‖H(div) + inf
w∈V k+1

h

‖u−w‖1 + inf
q∈Qh

‖p− q‖0

)
.

Proof. The following equivalence is provided in [12, Theorem 4.1]:

‖σ−σh‖2H(div)+‖u−uh‖1+‖p−ph‖0 � b(σ−σh, u−uh , p−ph ;σ−σh, u−uh , p−ph).

Thus, using the orthogonal property (5.10), we have

‖σ − σh‖2H(div) + ‖u− uh‖1 + ‖p− ph‖0
≤ C b(σ − σh, u− uh , p− ph ;σ − σh, u− uh , p− ph)

≤ C b(σ − σh, u− uh , p− ph ;σ − τ , u−w , p− q)

≤ C(‖σ − σh‖H(div) + ‖u− uh‖1 + ‖p− ph‖0)(‖σ − τ‖H(div) + ‖u−w‖1 + ‖p− q‖0)

for any (τ ,w, q) ∈ Xh. This completes the proof.
The following error estimate is the key for a convergence analysis for the lineariza-

tion process defined in (5.4). The proof is very similar to the one given in section 4.
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Theorem 5.3. Let (σ,u, p) = T f ∈ X be the solution of (5.5) and (σh,uh, ph) =
Thf ∈ Xh be defined in (5.9). Then,

‖u− uh‖1 ≤ Ch(‖u‖2 + ‖p‖1).

Proof. As in the proof of Theorem 4.2, let uI , pI , and πhσ be interpolants of u,
p, and σ, respectively. By the triangle inequality, the approximation property of uI ,
the definition of (5.9), the coercivity, and the orthogonality property, we have

‖u− uh‖1 ≤ ‖u− uI‖1 + ‖uI − uh‖1

≤ ‖u− uI‖1 + ‖uI − uh‖1 + ‖πhσ − σh‖0 + ‖pI − ph‖0

≤ Ch‖u‖2 + ‖uI − uh‖1 + ‖πhσ − σh‖0 + ‖pI − ph‖0

= Ch‖u‖2 + b(πhσ − σh,uI − uh, pI − ph ; πhσ − σh,uI − uh, pI − ph)
1
2

= Ch‖u‖2 + b(πhσ − σ,uI − u, pI − p ; πhσ − σh,uI − uh, pI − ph)
1
2 .

The rest of the proof is almost identical to that of Theorem 4.2.
Now, suppose that (5.4) has a branch of nonsingular solution {(λ,U(λ)) : λ ∈ Λ}.

We need to make additional assumptions in order to use the abstract approximation
theory of [19]. First, we suppose that there exists another Banach space Z contained
in Y, with continuous imbedding, such that

(5.11) DUG(λ,U) ∈ L(X;Z) ∀λ ∈ Λ, ∀U ∈ X.

Next, concerning the approximation properties of the operator Th, we assume that

(5.12) lim
h→∞

‖(T − Th)g‖X = 0 ∀ g ∈ Y

and

(5.13) lim
h→∞

‖T − Th‖L(Z;X) = 0.

We will verify these assumptions later. Under these assumptions, the following theo-
rem is proved in [19, Theorem 3.3, pp. 307].

Theorem 5.4. Assume that G is a C2-mapping from Λ × X into Y and the
mapping D2G is bounded on all bounded subsets of Λ × X. Assume, in addition,
that the conditions (5.11), (5.12), and (5.13) hold and that {(λ,U(λ)) : λ ∈ Λ} is a
branch of nonsingular solutions of (5.4). Then for h ≤ h0 small enough, there exists
a neighborhood O of the origin in X and a unique C2-function λ → Uh(λ) ∈ X such
that {(λ,Uh(λ)) : λ ∈ Λ} is a branch of nonsingular solutions of (5.7) and that

Uh(λ) − U(λ) ∈ O ∀λ ∈ Λ.

Furthermore, there exists a constant K > 0 independent of h and λ with

‖Uh(λ)− U(λ)‖X ≤ K‖(Th − T )G(λ,U(λ))‖X ∀λ ∈ Λ.

In order to apply Theorem 5.4, we need to verify the assumptions made in the
statement, and we provide the proof here.
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Lemma 5.5. Equation (5.4) has a branch of nonsingular solutions, {(λ,U(λ)) :
λ ∈ Λ} ∈ X.

Proof. For all V = (τ ,v, q) ∈ X, the Fréchet derivative of G with respect to U is

DUG(λ,U) · V = λ

d∑
j=1

(uj∂v/∂xj + vj∂u/∂xj).

Hence, U = (σ,u, p) is a nonsingular solution of (5.4), or equivalently DUF (1/ν,U)
is an isomorphism of X if and only if, for each W = (ψ,w, r) ∈ X, there exists a
unique V = (τ ,v, q) ∈ X such that

(5.14)

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

−∇ · (τ −ψ) + 1
ν

∑d
j=1(uj∂v/∂xj + vj∂u/∂xj) = 0 in Ω,

(τ −ψ)−∇(v −w) + (q − r) I = 0 in Ω,

∇ · (v −w) = 0 in Ω,

v −w = 0 on ∂Ω.

Eliminating τ −ψ in the above equations and letting s = v −w and q̄ = q − r, then
(5.14) may be rewritten as

(5.15)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−�s+∇ q̄ +

1

ν

d∑
j=1

(uj∂s/∂xj + sj∂u/∂xj) = g̃ in Ω,

∇ · s = 0 in Ω,

s = 0 on ∂Ω,

where g̃ = −
∑d

j=1(uj∂w/∂xj + wj∂u/∂xj) ∈ L2(Ω). The uniqueness and existence

of the solution (s, q̄) ∈ W 1
2 ×L2

0 is well-known [19, page 300, Lemma 3.2]. Now, the H2

regularity assumption, (s, q̄) ∈ W 2
2 ×W 1

2 ⊂ W
3
2−δ
2 ×L2, implies that τ−ψ ∈ H(div)d.

This, in turn, yields that (5.14) has a unique solution V = (τ ,v, q) ∈ X and, hence,
(5.4) has a branch of nonsingular solutions.

To prove assumption (5.11), take

(5.16) Z = W ε
2 ,

where ε > 0 is sufficiently small.

Lemma 5.6. For U = (σ,u, p) ∈ X = H(div)×W
3
2−δ
2 × L2

0,

DUG(λ,U) ∈ L(X,Z).

Proof. Note that for any V = (τ ,v, q) ∈ X, we have

DUG(λ,U) · V = λ

d∑
j=1

(uj∂v/∂xj + vj∂u/∂xj).

Thus, it is necessary to show that

‖uj∂v/∂xj‖W ε
2
, ‖vj∂u/∂xj‖W ε

2
≤ C(‖τ‖H(div) + ‖v‖

W
3
2
−δ

2

+ ‖q‖0),
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where C is independent of V but may depend on U . Obviously, it suffices to establish
that

‖uj∂v/∂xj‖W ε
2
≤ C(uj) ‖v‖

W
3
2
−δ

2

and ‖vj∂u/∂xj‖W ε
2
≤ C(u) ‖v‖

W
3
2
−δ

2

for sufficiently small ε and δ. For d = 2, the above inequalities can be easily obtained
by taking L∞ norm for uj or vj and applying Sobolev’s inequality. For d = 3, we
start with the first inequality. Using Hölder’s inequality, we have

‖uj∂v/∂xj‖W ε
2
≤ ‖uj‖W ε

2p
‖v‖W 1+ε

2q
with

1

p
= 1− 1

q
.

By taking q = 3
2(1+δ+ε) in the Sobolev imbedding theorem, we have

‖v‖W 1+ε
2q

≤ C ‖v‖
W

3/2−δ
2

.

By the choice of q, we have p = 3
1−2(δ+ε) . Again, by the Sobolev imbedding theorem,

we have

W
3
2−δ
2 ⊂ W ε

3
δ+ε

⊂ W ε
2p

for δ and ε being sufficiently small. That is, ‖uj‖W ε
2p

is finite since u ∈ W
3
2−δ
2 . This

proves

‖vj∂u/∂xj‖W ε
2
≤ C(u)‖v‖

W
3/2−δ
2

.

For the second inequality, again using Hölder’s inequality, we have

‖vj∂u/∂xj‖W ε
2
≤ ‖vj‖W ε

2p
‖u‖W 1+ε

2q
,

where 1
p = 1− 1

q . By taking q = 3
2(1+δ+ε) in the Sobolev imbedding theorem, we have

‖u‖W 1+ε
2q

≤ C‖u‖
W

3/2−δ
2

.

By the choice of q, we have p = 3
1−2(δ+ε) . By Sobolev imbedding theorem, we have

W
3
2−δ
2 ⊂ W ε

3
ε+δ

⊂ W ε
6

1−2(δ+ε)
= W ε

2p

for δ and ε being sufficiently small. That is, ‖vj‖W ε
2p

≤ C‖v‖
W

3
2
−δ

2

. This proves

‖vj∂u/∂xj‖W ε
2
≤ C(u)‖v‖

W
3/2−δ
2

and, hence, completes the proof of the lemma.
By the Sobolev imbedding theorem, Z = W ε

2 for all ε > 0 is compactly imbedded
into Y = L2. Thus, (5.13) follows if we prove (5.12).

Lemma 5.7. For any g ∈ Y = L2,

lim
h→∞

‖(T − Th)g‖X = 0.
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Proof. Let U = (σ,u, p) = Tg and Uh = (σh,uh, ph) = Thg. Let uI ∈ V 1
h be the

interpolant of u. By the triangle inequality, the approximation property, the inverse
inequality, and Theorem 5.3, we have

‖u− uh‖
W

3
2
−δ

2

≤ ‖u− uI‖
W

3
2
−δ

2

+ ‖uI − uh‖
W

3
2
−δ

2

≤ Ch
1
2+δ‖u‖2 + h− 1

2+δ‖uI − uh‖W 1
2

≤ Ch
1
2+δ‖u‖2 + h− 1

2+δ(‖uI − u‖W 1
2
+ ‖u− uh‖W 1

2
)

≤ Ch
1
2+δ‖u‖2 + h− 1

2+δ‖u− uh‖W 1
2
≤ Ch

1
2+δ(‖u‖2 + ‖p‖1).

Hence, it follows from the definition of X, the above inequality, and Theorem 5.2 that

‖U − Uh‖X ≤ C(‖σ − σh‖H(div) + ‖u− uh‖
W

3
2
−δ

2

+ ‖p− ph‖0)

≤ C(‖σ − σh‖H(div) + ‖p− ph‖0) + Ch
1
2+δ(‖u‖2 + ‖p‖1)

≤ C

(
inf
τ∈Σk

h

‖σ − τ‖H(div) + inf
w∈V k+1

h

‖u−w‖1 + inf
q∈Qh

‖p− q‖0

)

+ Ch
1
2+δ(‖u‖2 + ‖p‖1),

which implies that ‖U − Uh‖X → 0 as h → 0. This completes the proof of the
lemma.

Remark 5.8. Under the same assumption as in Theorem 5.4 and taking g =
G(λ,U(λ)) in Lemma 5.7, we have the following error estimates:

‖Uh(λ)− U(λ)‖X ≤ C

(
inf
τ∈Σk

h

‖σ(λ) − τ‖H(div) + inf
w∈V k+1

h

‖u(λ)−w‖1

+ inf
q∈Qh

‖p(λ)− q‖0

)
+ Ch

1
2+δ(‖u(λ)‖2 + ‖p(λ)‖1).
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