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RELU NEURAL NETWORK APPROXIMATION
TO PIECEWISE CONSTANT FUNCTIONS *

ZHIQIANG CAIf, JUNPYO CHOI', AND MIN LIU?

Abstract. This paper studies the approximation property of ReLU neural networks (NNs) to piecewise constant
functions with unknown interfaces in bounded regions in R?. Under the assumption that the discontinuity interface
I" may be approximated by a connected series of hyperplanes with a prescribed accuracy € > 0, we show that a
three-layer ReLU NN is sufficient to accurately approximate any piecewise constant function and establish its error
bound. Moreover, if the discontinuity interface is convex, an analytical formula of the ReLU NN approximation
with exact weights and biases is provided.

Key words. ReLU neural networks, Deep neural networks, Function approximation, Classification, Singularity
of Function

MSC codes. 68T07, 41A25, 41A46

1. Introduction. For simplicity, consider the d-dimensional unit cube Q = (0, 1)¢ with d > 2.
Let {1, Q2} be a partition of the domain €2; that is, 1 and 25 are open and connected subdomains
of ) such that
Qlﬁﬂgiﬁ and QleLJQg.

Let x(x) be a piece-wise constant function defined on  given by

0, XGQh

(L.1) x(x) = L xe,

Denote by I' = 901 N 0N the discontinuity interface of x(x), where 9€; is the boundary of the
subdomain €2;. In this paper, we assume that the interface I' is in C° and that its (d—1)-dimensional
measure |I'| is finite.

Functions of the form in (1.1) are encountered in many applications such as classification tasks
in data science and linear and nonlinear hyperbolic conservation laws with discontinuous solutions
(see, e.g., [1, 13, 5, 7]). Generally, a piecewise constant function has the form

(1.2) X(x) = ZaiXi(X)a

where «; is a real number, x;(x) = 1lg,(x) is the indicator function of a subdomain Q; C €,
and {Q;}.~, forms a partition of the domain €. The partition means that {Q,...,,,} are open,
connected, and disjoint subdomains of {2 and that Q = U™ ,€2;. Once we know how to approximate
x(x) in (1.1) by neural networks (NNs), then approximating (1.2) is a matter of concatenation or
parallelization of the NNs (see, e.g., [10]).

A critical component of using NNs as a model is the use of a properly designed architecture
(e.g., the number of layers), and carelessly chosen architectures could lead to poor performance
regardless of the size of the network (see, e.g., [7, 8]). To efficiently approximate piecewise constant
functions with unknown interface location, several practical guidelines on the architecture of NNs
have been provided recently (see, e.g., [12, 15, 9, 7]). The first notable work was done by Petersen
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2 7. CAI J. CHOI, AND M. LIU

and Voigtlaender in their 2018 paper [15]. For any prescribed accuracy € > 0, if the discontinuity
interface I' is in C” with 8 > 0, they showed that there exists a NN function A/(x), generated by a
ReLU NN with at most (3 + [log, 8])(11 + 283/d) layers and at most ce~P(4~1)/8 nonzero weights
for some constant ¢ > 0, such that

(1.3) X =Nl <e.

In the case that I' can locally be parametrized by functions of Barron-type, it was proved in [9]
that for every N € N, there exists a NN function N (x), generated by a four-layer ReLU NN with
a total of O(d + N) neurons, such that

X = Nllzro) < Cd® N~ %,

where C' and « are positive constants independent of N. Here, the magnitude of the weights and
biases can be chosen to be O(d + N'/?).

Recently, we studied this problem in [7] through an explicit construction based on the two-
layer ReLU approximation p(x) in Lemma 3.2 of [6]. Under the assumption that the interface T’
may be approximated such that there exists a region of £ width containing the interface, we were
able to construct a continuous piecewise linear (CPWL) function with a sharp transition layer
of € width whose approximation to the piecewise constant function x(x) has the approximation
accuracy €. Combining with the main results in [2], this indicates that a ReLU NN with at most
[logy(d 4+ 1)] + 1 layers is sufficient to achieve the prescribed accuracy e. However, [7] does not
provide an estimate of the minimum number of neurons in each layer.

The purpose of this paper is to address the following two questions:

(1) What is the minimum number of hidden-layers of a ReLU NN in order to approximate a

piecewise constant function with the prescribed accuracy?

(2) How many neurons per each hidden-layer are needed?
Under the assumption that the interface I' may be approximated by a connected series of hyper-
planes with a prescribed accuracy € > 0 (see Figure 1(b)), we show that a three-layer (two-hidden-
layer) ReLU NN is sufficient and necessary to accurately approximate the piecewise constant
function x(x), in any dimensions, with an error bound of O(¢'/?) in the L?(£2) norm (see Theorem
3.2). Again, this is done through an explicit construction based on a novel three-layer ReLU NN
approximation (see, e.g, N'(x) in (4.2) when the interface is a hyperplane). Moreover, the number
of neurons at the first hidden-layer and their locations depend on the hyperplanes used for approx-
imating the interface and the number of neurons of the second hidden-layer depends on convexity
of the interface.

For classification problems or partial differential equations with a discontinuous solution, our
approximation results would provide a guideline on the choice of ReLU NN architectures and on
initialization for any training algorithm. It is well-known that initialization is critical for success
of any optimization/iterative/training scheme when the resulting discrete problem is a non-convex
optimization.

The remainder of the paper is organized as follows. Three-layer ReLU NN functions with
relevant concepts and terminology are described in Section 2. Then in Section 3, we describe
how to approximate the interface I' with necessary assumptions, and state the main result of the
approximation theory by three-layer ReLU NN functions. The proof of a lemma for the theorem
is provided in Section 4. Finally, multiple examples with d > 2 are given in Section 5 to confirm
our theoretical findings.

2. Three-layer ReLU neural network functions. In this paper, we will restrict our atten-
tion to three-layer (two-hidden-layer) neural network functions that are scalar-valued. A function
N :RY — R is a three-layer neural network (NN) function if the function N has a representation
as a composition of 3 functions x() : R™-1 — R™ (nyg =d, ng = 1) for I = 1,2,3:

(2.1) N =x® 0x® oxD)

This manuscript is for review purposes only.



84
85
86

87

112

113
114

115

116

RELU NEURAL NETWORK APPROXIMATION 3

where x(® is affine linear, and x® and x(!) are affine linear with a function o : R — R, called
an activation function, applied to each component of the functions. Such a function is called a
d—ni—ns—1 NN function.

As the activation function, we use the rectified linear unit (ReLU):

0, ift<o0,

o(t) = ReLU(t) :== max{0,t} = {t 150
) 1 )

and refer to such a three-layer NN function as a three-layer (two-hidden-layer) ReLU NN function.
Therefore, the collection of all three-layer ReLU NN functions from R? to R is the collection of all
functions A : R? — R defined by

N(x) =w®0 (w(2)0 (w(l)x _ b(l)) _ b(2)) _p®),

where for each [ = 1,2,3, w® e Rm*m-1 bl) € R™ for n;,n;_1 € N. We may also assume that
each row of the matrix w(®) has unit length by adjusting the entries of w(® and b() (see, e.g.,

[10]).
We will follow the same terminology in [7]. Finally, in the numerical examples in this paper,
as in [7], we will see the breaking hyperplanes of the first- and second-(hidden-) layers, which are

defined as follows. For [ = 1,2, let
w® = (wi L wIhT e Rrxmand @ = (b, )T

-5 Opy

Then the first- (hidden-) layer breaking hyperplanes are for i = 1,...,nq,
pM = {x eR?:wilx — bV = 0} ,
and the second- (hidden-) layer breaking (poly-) hyperplanes are for i = 1,..., ns,

p? = {x e RY: W,Ez)O' (w(l)x — b(l)) — bl(-z) = O} .

K2

ReLLU NN functions are continuous piecewise linear with respect to the partition of Q C
R? determined by the breaking hyperplanes. The constructions of approximations to piecewise
constant functions in this paper will be better understood with the help of breaking hyperplanes.

3. Main results. Let I' = 9Q; N 0Qy be an interface in C°. For any given ¢ > 0, assume
that there exists a connected series of hyperplanes

(3.1) a,-x—b;=0 fori=1,...,n

approximating the interface I' such that the hyperplanes divide the domain 2 by a partition
{Ql,ﬂg} (see Figures 1(a), 1(b), and 1(c)) and that

(3.2) ‘91\Q1l+|92\92‘ <k,

where ’Ql \ QZ| is the d-dimensional measure of Q; \ Q. Let x be the indicator function of the
subdomain Qg, ie.,

. O, X € Ql,
(3-3) X(x) = .
]., X € QQ.
Then it is easy to see that (3.2) implies that

o A 1/
(3.4) Ix = Xllze () = (\Ql\myﬂﬂz\ﬂz) Y <,

This manuscript is for review purposes only.
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4 7. CAI, J. CHOI, AND M. LIU

— lInterface — Interface
=== Approximation
Q;
>
0]}
X X
(a) The interface I’ (b) An approximation of the interface by con-
nected series of hyperplanes
=== Approximation
/SSTTTTE \\
l/ N,
; \
; \
; \
// \\ A
, \
\ Q,
1
1
> i
A i
(O] | |
N, ’
N, 7’
N, ’
N /
N, ’
N, ’
N, /
N %
X
(c) X

Fic. 1. An approzimation of the interface T’

LEMMA 3.1. Let ' = 8@1 N 8@2. There exists a d-ny-ng—1 ReLU NN function N such that
(3.5) X = Nlzeoy < C(IT]) e/,

where ny and ny are integers depending on, respectively, the number of the hyperplanes and con-
vezity of I, and C(|I'|) is a positive constant depending on the (d — 1)-dimensional measure of the
interface |T.

Proof. The proof of the lemma is provided in Section 4. O

THEOREM 3.2. Under the assumption on the interface ', there exists a d—nj-no—1 ReLU NN
function N such that

(3.6) Ix = Mlzooy < C(T]) "2,

where ny and ny are integers depending on, respectively, the number of the hyperplanes and con-
vezity of I', and C(|T'|) is a positive constant depending on the (d — 1)-dimensional measure of the
interface |T'|.

Proof. Tt follows from (3.4), Lemma 3.1 and the triangle inequality that there exists a d-nj—
no—1 ReLU NN function N for some nq,ns € N such that

(B7) Ix~Mlzoey = Ix =2+ %~ Nzr@) < = Llzr@) + % ~NMzoey < (COE) +1) 7,

which completes the proof of the theorem. ]

This manuscript is for review purposes only.



RELU NEURAL NETWORK APPROXIMATION 5

134 4. Proof of Lemma 3.1 . This section proves Lemma 3.1 in Subsection 4.1 and Subsection
135 4.2 when the subdomain 2; is convex and non-convex, respectively.

136 4.1. Convex (1. This section shows the validity of Lemma 3.1 in a special case that the
137 subdomain €; is convex (see Figure 2(a)).

—— Interface — Interface

éz éZ

(¢) The region ) is divided by the extension (d) Subdividing each of the convex quadrilat-
of a; - x — b;. erals with blue sides into two triangles

Q

(e) Removing the triangles not adjacent to the
interface I

Fi1G. 2. The subdomain Ql is conver.

138 Without loss of generality, assume that the normal vectors a; of the hyperplanes are the unit
139 vectors and point toward 3. Then we approximate the unit step function x(x) in (3.3) by the

This manuscript is for review purposes only.
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6 7. CAI J. CHOI, AND M. LIU

following ReLU NN function

1 n
(4.1) N(x)zl—o(l—gi_zla(ai~x—bi)>.

The N (x) is a d-n-1-1 ReLU NN function.
When the interface I' is a hyperplane a-x — b= 0 in R¢, i.e., n = 1, the N(x) has the form

(4.2) Nx) =1-0¢ (1 - éo(a x— b)) .

The second term of A/(x), a three-layer ReLU NN function, is a ramp function that equals negative
one in ©; and vanishes in Qo \ Yz, where Yo = {x € Q: 0 <a-x —b < ¢} is a strip with e-width.
It is then easy to see that

0, X€Q1U<QQ\YE)a

Y(x) — N (x) =
X(x) (x) {U(lig(a.xb)), x €Y.,

which, together with a simple calculation, implies the upper bound in (3.5).

Now, we consider the case n > 2. For simplicity of presentation, the proof of the error bound
in (3.5) is carried out in two dimensions d = 2. Denote by Q. C Q the region produced by
translating a; - x — b; = 0 toward Qs along a; by ¢ (see Figure 2(b)). By extending the line
segments a; - x — b; = 0, we partition the region (). into convex subregions (see Figure 2(c)).

The subregions of the first type are denoted by {Y1;}._,, where T1; is the subregion bounded
by the line a; - x — b; = 0, its translated line a; - x — b; = €, and two neighboring lines or one
neighboring line and the boundary of Q (the convex quadrilaterals with red sides in Figure 2(c)).
More precisely, we have that

TH:{XEQE:O<a1-x—b1<5 and az-x—b2<0},

Tln:{XEQE:O<an-x—bn<5 and an,1~x—bn,1<0},
and that fori =2,...,n—1
TM:{X€Q€:O<ai-x—bi<6,ai,1~x—bi,1<07 and ai+1~x—bi+1<0}.

Notice that € \ (U, T1;) consists of n — 1 convex quadrilaterals (with blue sides in Figure
2(c)). Subdividing each of these convex quadrilaterals into two triangles (see Figure 2(d)) and
removing the triangles not adjacent to the interface I (see Figure 2(e)), the remaining triangles
are denoted by {Tgi}?;ll, where Ys; is given by

Tgi:{xeflgzaj-x—bj>Oforj:i,i—|—1, and (ai+ai+1)-x—(bi+bi+1)<€}.

We then have the following lemma.
LEMMA 4.1. Let N (x) be the three-layer ReLU NN function defined in (4.1), then we have

2 ntl—j
O, x €N \ U Tji s
j=1 i=1

K2

(4.3) x(x) —N(x)= X(X)fl(ai.xfbi), x€Yy fori=1,...n

1
X(X)*g[(aﬂrawl)'?{*(bi+b¢+1)]7 x €Yy fori=1,...n—1

This manuscript is for review purposes only.
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Proof. Let
. . 2 nt+l—j
G=0\|J U Y
j=1 i=1
Since a; points toward QQ, clearly, we have o(a; -x —b;) =0 for all x € )y and i = 1,...,n. This
implies
(4.4) Nx)=1-0(1)=0, VxeQ.
Clearly, we have
1
1 n l—g(ai-x—bi), XETM‘,
1—-— gla; X — bi =
€ z_; ( ) 1
= 1-— g[(ai+ai+1)~x— (bi+bi+1)]7 x € Yo

It is easy to see that
>0, 0<a;-x—b; <eg,

SO, Egai'bei

1
1—€(ai-x—bi){

1
and that similar inequalities hold for 1 — = [(a; + a;41) - x — (b; + b;41)]; furthermore, by the def-
€

inition of Qg, we have
1 & .
1—*2 a(ai~x—bi)<0, V x € Q3.

9
i=1

Now, applying the activation function o, multiplying by —1, and adding 1 imply

(ai - x —bi)/e, x € Ty,
N(x) =1 [(ai+aip1) x—(bi+bip1)] /e, x €Ty,
1 X € Q3,

which, together with (4.4), leads to (4.3). This completes the proof of the lemma.

|

Proof of Lemma 3.1 for convex y. When € is convex, to show the validity of Lemma 3.1,

notice that for all p € [1,00), we have by Lemma 4.1,

p

%00 = NGOP = 160~ Z(a-x—b)| <1, ¥xe Ty,

p

and [§(3) ~ NP = |X0) — © [(a +aer) x— (4 bi)]| <1, Yxe Ta

which implies
(4.5) H)A(*N”ip(rn) < |T1i| and H)A(*N”ip(ym) < |T2i|7

where |Tji‘ denotes the area of the quadrilateral Y j;. It follows from (4.3) and (4.5) that

n n—1 n n—1
(46) 1% = Moy = D IR = NMZoge,y + DI = Mo,y < D [Tuil + D [Tau| <[
=1 =1 i=1 =1

)

which, together with the fact that ‘QE| <C |f‘} ¢ for a positive constant C, implies the error bound

n (3.5). This completes the proof of Lemma 3.1.

This manuscript is for review purposes only.
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4.2. Non-Convex Ql. This section shows the validity of Lemma 3.1 when Ql is non-convex
(see, e.g., Figure 3(a)). Our proof is again through explicit constructions. Specifically, we present
two approaches: one is based on the convex hull of {; (see Subsubsection 4.2.1) and the other uses
a convex decomposition of (see Subsubsection 4.2.2).

— Interface — Interface
—— Convex hull
> >
X X
(a) A non-convex 21 (b) Thue convex hull of €

— Interface — |Interface

—— Convex decomposition —— Convex decomposition
- Ky - Ky

K> K22
K23

X X

(¢) A convex decomposition of {2y (d) A subset of K3
Fic. 3. The subdomain Ql 18 MoM-convex.

4.2.1. Convex hull. Let
(4.7) Y =0 U (UK,

be the convex hull of ; (see Figure 3(b)) generated by a convex hull algorithm (see, e.g., [14, 4, 3]),
where K; are polytopes and pairwise disjoint. Without loss of generality, we assume that all K;
(i =1,...,k) are convex. Otherwise, the procedure presented in this section may be applied to
non-convex Kjs for the indicator functions 1g\ g, (x) of the subdomains Q \ K;. Note that the
procedure may be needed for several times recursively.

Let xo(x) be the unit step function defined on the convex hull le

Qll

) of the non-convex subdomain

0, xeal”ca,

(48) folx) = .
1, xeQ\Qy’,

then its discontinuity interface is Ty = 8951) no (Q \ Qg”) consisting of ny ¢ faces. As proved in
Subsection 4.1 (see (4.6)), there exists a d-nj o—1-1 ReLU NN function approximation Ny(x) such

This manuscript is for review purposes only.
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that

N . I LL
(4.9) %o = Nollze(e) = IR0 = Nollpra, o) < [Qe0] ™

where QE’O is the region with e-width containing the interface Lo by translating the faces of Iy
towards the subdomain Q\ le).

For each convex polytope K; (i =1,...,k) in (4.7) having n; ; faces, let x;(x) be the unit step
function defined on Kj:
() 1, xeK; CQ,
Xil\X) =
0, xeQ\K;.
Define the following d-n; ;~1-1 ReLU NN function

(4.10) Ni(x) =0 1fgza(ai,j.xfbi,j) ,

j=1

where the hyperplanes a; ; - x —b; ; =0 (j = 1,...,n1,) are the faces of 0K; with a; ; pointing
toward Q \ K;. In a similar fashion as in Subsection 4.1, it is easy to check that

. . A1
(4.11) X5 = Nillzoy = IXi = Nill o,y < [9Qe] ™

)

where sti is a region having e-width.
Now, we are ready to define the following d—n;—ns—1 ReLU NN function:

k
(4.12) N(x) = No(x) + 3 Ni(x),

i=1
where Ny(x) is given in a similar fashion as in (4.1).

Proof of Lemma 3.1 for non-convex Q1. Note that
k
X = Z Xi-
i=0
Then it follows from (4.12), the triangle inequality, (4.9), and (4.11) that

k k
(4.13) 1= Moy € S = Nl < 3 (9],
1=0

=0

which, together with the fact that ’Q€Z| <G |f‘z‘ e for a positive constant C;, implies the error

bound in (3.5). Here Ty = dK; Nd(Q\ K;) for i = 1,...,k This completes the proof of Lemma
3.1. O

4.2.2. Convex decomposition. Assume that € has a convex decomposition (see, e.g., [11])

given by
1
Ql = U Ki,
i=1

where all K; are convex polytopes. For simplicity of presentation, assume that [ = 2, i.e., the
decomposition has only two convex polytopes: ©; = K; U Ky (see Figure 3(c)).

This manuscript is for review purposes only.



239

240

241
242
243

245

246

247
248
249

261

262
263
264
265

266

267
268
269
270

10 7. CAI J. CHOI, AND M. LIU

Denote the indicator function of the subdomain K; by
R ( ) 1, xeK; C Q,
X1(X) =
0, xe 9] \ K.
Let a-x — b = 0 be the hyperplane that divides Oy into K7 and K> (blue line in Figure 3(c)).

Assume that a points toward Ks. Translate a-x —b = 0 toward K3 by € to obtain the hyperplane
a-x—b—e =0 (red line in Figure 3(d)). Partition Ky by {Ks32, Ka3} (see Figure 3(d)), where

KQQZ{X691:€<a'X_b} and Kggz{x691:0<a~x—b<5}.
Denote by X22(x) and X23(x) the respective indicator functions of Kay and Kog:

A 1, x€ Ky CQ, . 1, xe Ko3 CQ,

X22(x) = { 0. x€O\ K. and Xo3(x) = { 0. x€0\ K.

Assume that polygonal domains K7 and K55 have n; and no faces, respectively. In a similar
fashion as in (4.10) and (4.11), there exist d-n;—1-1 and d-ny—1-1 ReLLU NN functions N; and
Nas such that

“ N A 1/p
X1 = Nillzr) = X1 = Ml oo, ) < Qe
w1 @ o) < Qe

N N A 1
and [ X22 *N22||LP(Q) = [|X22 *N22||Lp(§l&22) < |Qs,22| /p,

where Qs,l and 525722 are regions having e-width. Clearly, there exist positive constants Cy, Cas,
and Cqsz such that

(4.15) Q| < G [Ty

e, [Qeoo| < Coa|Tazle, and |Kas| < Cas|Tas|e

where f‘l, f‘gg, and f‘gg are the boundaries of Ky, Ko, and Ko3.

Proof of Lemma 3.1 for non-convex 0. Let
N(X) =1 —Nl(X) _N22(X).

Note that
X(x) = N(x) = (X1 — M) + (X22 — Naz) + Xos.
It follows from the triangle inequality, (4.14), and (4.15) that

X = Nllzr) < X1 = Mlleee) + [[X22 — Nazl o) + [[X23ll Lo (0)
(4.16) <17+ ||V + | Kas|P < Ce.

This completes the approximation. 0

Remark 4.2. The e-width region Koz is a subdomain of Ql, and its boundary contains the
hyperplanes a-x — b = 0 (blue line in Figure 3(c)) and a-x —b—¢ = 0 (red line in Figure 3(d))
which are not part of the interface I'. For any x € K3, it is easy to see that

1 1
) = V) = M0+ Niao) = (1= Harx =)+ (1= F-arx049)) =0,
which, together with (4.16), implies that the ReL. U NN function N'(x) approximates the discontinu-
ous step function x(x) without overshooting. Moreover, it is clear from the construction that N(x)

has no oscillation. No overshooting and no oscillation remain true for the ReLU NN approximation
N (x) constructed in Subsubsection 4.2.1.

This manuscript is for review purposes only.
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RELU NEURAL NETWORK APPROXIMATION 11

5. Examples. This section validates our theoretical findings with several examples in d > 2
dimensions. The first three examples demonstrate Theorem 3.2 for convex Ql, with the third
example extending to the case of d = 10000. The final example illustrates a non-convex case using
the twp decomposition procedures outlined in Subsection 4.2.

5.1. A two-dimensional circular interface. Let Q = (0,1)?,
Q1 ={(z,y) €Q: (- 052+ (y— 052 < 0.25%}), and Qo =Q\ Q.

The piecewise constant function x(x) is shown in Figure 4(a). The interface I is a circle centered
at (0.5,0.5) with a radius of 0.25 (see Figure 4(b)):

= {(z,y) € Q: (x —0.5)? + (y — 0.5)? = 0.25%}.

Consider approximations of the interface I' by n = 6 and 50 line segments (see Figures 4(c) and
4(d)), respectively. The 2-6-1-1 and 2-50-1-1 ReLU NN approximations given in (4.1) with
e = 1/25 and 1/2000 are shown in Figures 4(e) and 4(f), respectively. Figures 4(g) and 4(h)
illustrate the breaking lines of the first and second layers, with the distances between them equal
to e.

5.2. A three-dimensional spherical interface. Let Q = (0,1)3,

O ={(z,9,2) € V:2</0.72—22 —y2}, and Q2=0Q\ .

The intersection between the piecewise constant function x(z,y, z) and the hyperplane z = 0.205
is shown in Figure 5(a). The interface I' is part of a sphere centered at (0,0,0) with a radius of
0.7 (see Figure 5(b)):

I'={(z,y,2) € Q: 2> +y* + 2% =0.7°},

which is approximated by n = 9 and 100 plane segments (see Figures 5(c) and 5(d)), respectively.
The 3-9-1-1 and 3-100-1-1 ReLU NN approximations given in (4.1) with ¢ = 1/15 and 1/100
are depicted in Figures 5(e) and 5(f), respectively. Figures 5(g) and 5(h) illustrate the first- and
second-layer breaking hyperplanes on z = 0.205.

5.3. A 10000-dimensional hypercube interface. Let d = 10000, Q = (0,1)4,
O ={x=(a1,...,2q) €EQ:21 < 1/2,...,2g <1/2}, and =0\ Q.

The intersection between the piecewise constant function x(x) and the hyperplanes z; = 0.255 for
1 =3,...,10000 is shown in Figure 6(a). The interface I is the boundary of a hypercube in © (see
Figure 6(b) for a three-dimensional section of it):

d
F:U{xz(xl,...,xd)EQ:xizl/Q, and 0 < z; <1/2 for j # i}.

i=1

In this example, we can simply take y = x. Noting that the hypercube consists of 10000 hy-
perplanes of the form z; —1/2 =0 for ¢ = 1,...,10000, the corresponding NN approximation is

M | =

d
(5.1) Nx)=1-0 (1 —=> oz - 1/2)) .

=1

Two sectional views of N(x) are shown in Figures 6(c) and 6(d) with ¢ = 1/20 and 1/200,
respectively. Figures 6(e) and 6(f) plot the corresponding breaking hyperplanes.
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(a) The piecewise constant function x(x)

— Interface
Approximation

0.8

0.6

0.4

0.2

0.0

(¢) An approximation of the interface by n = 6
line segments

(e) An approximation of x(x) by the 2—6-1-1
ReLU NN function in (4.1) with e =1/25

1.0
—— 1st Layer
—— 2nd Layer
— Interface

0.8

0.6

>

0.4

0.2

0.0

0.0 02 0.4 0.6 0.8 1.0

(g) The breaking hyperplanes of the approxi-
mation in Figure 4(e)

1.0

0.8

0.6

0.4
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0.0 0.2 0.4 0.6 0.8 1.0
X

(b) The circular interface

1.0

— lInterface
Approximation
0.8
/
0.6
>
0.4
0.2
0.0
0.0 0.2 0.4 0.6 0.8 1.0

X

(d) An approximation of the interface by n =
50 line segments

(f) An approximation of x(x) by the 2-50-1-1
ReLU NN function in (4.1) with ¢ = 1/2000

1.0 T
—— 1st Layer

—— 2nd Layer

0.8

0.6

0.4

S

0.2 SOSSRILALT
SOSIKLY
X

0.0 0.2 0.4 0.6 0.8 1.0

(h) The breaking hyperplanes of the approxi-
mation in Figure 4(f)

FiG. 4. A convex example to illustrate Theorem 3.2 for the case d = 2
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(a) The piecewise constant function x(x) on

z=0.205

08  x
10 30

(¢) An approximation of the interface by n =9
plane segments

1.0
0.8
, 06
0.4
0.2
0.0

0.0
0.2

0.4
y 06

0.0
0.8

0.8 X
1.0 19

(b) The spherical interface

(d) An approximation of the interface by n =
100 plane segments

(e) An approximation of x(x) by the 3-9-1-1
ReLU NN function in (4.1) with e = 1/15 on
z = 0.205

1.0

—— 1st Layer
—— 2nd Layer

—— Interface
0.8

0.6

0.4

0.2

0.0
0.0 0.2 0.4 0.6 0.8 1.0

(g) The breaking hyperplanes of the approxi-
mation in Figure 5(e) on z = 0.205

(f) An approximation of x(x) by the 3-100-1-1
ReLU NN function in (4.1) with e = 1/100 on
z = 0.205

— 1stlayer
—— 2nd Layer |
—— Interface
N\ i

0.6

0.4

0.2

0.0

0.0 0.2 0.4 0.6 0.8 1.0

(h) The breaking hyperplanes of the approxi-
mation in Figure 5(f) on z = 0.205

Fic. 5. A convex example to illustrate Theorem 3.2 for the case d =3
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1.0 0.0

(a) The piecewise constant function x(x) on (b) The interface on x; = 0.255 for ¢ =
2; = 0.255 for i = 3,....,10000 4,...,10000

(¢) An approximation of x(x) by the 10000— (d) An approximation of x(x) by the 10000
10000-1-1 ReLU NN function in (4.1) with e = 10000-1-1 ReLU NN function in (4.1) with e =
1/20 on z; = 0.255 for ¢ = 3,..., 10000 1/200 on z; = 0.255 for ¢ = 3, ..., 10000
1.0 1.0
1st Layer 1st Layer
2nd Layer 2nd Layer
---- Interface ---- Interface
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0.0 0.0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
(e) The breaking hyperplanes of the approxi- (f) The breaking hyperplanes of the approxi-
mation in Figure 6(c) on z; = 0.255 for i = mation in Figure 6(d) on z; = 0.255 for ¢ =
3,...,10000 3,...,10000

F1c. 6. A conver example to illustrate Theorem 3.2 for the case d = 10000

307 5.4. A two-dimensional non-convex example. Let Q = (—2,2)? and ©; be the H-shaped
308 region depicted in Figure 7(b) whose boundary is the interface I' = 9Q; N 9Qs = 9Qy. The unit
309  step function x(x) is depicted in Figure 7(a). Again, in this example, we can simply take ¥ = x.
310  We construct 2-12-3-1 ReLLU NN functions using 2-4-1-1 ReLLU NN functions as discussed in
311 Subsections 4.2.1 and 4.2.2 (see Figures 7(c) and 8(a)). The approximations with ¢ = 1/12 and
312 1/200 are depicted in Figures 7(d) and 7(e) for the convex hull and Figures 8(b) and 8(c) for the
313 convex decomposition, respectively. Their corresponding breaking lines are plotted in Figures 7(f)
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314 and 7(g) for the convex hull and Figures 8(d) and 8(e) for the convex decomposition, respectively.
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(b) The interface
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(d) An approximation of x(x) by the 2-12-3-1
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(e) An approximation of x(x) by the 2-12-3-1
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ReLU NN function with e =1/200

—— 1stLayer
—— 2nd Layer
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(g) The breaking hyperplanes of the approxi-
mation in Figure 7(e)

Fi1c. 7. A non-convex example to illustrate Theorem 3.2 for the case d = 2 (convex hull)

This manuscript is for review purposes only.



RELU NEURAL NETWORK APPROXIMATION 17

—— Interface
—— Convex decomposition
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(a) A convex decomposition of {2 (b) An approximation of x(x) by the 2-12-3-1
ReLU NN function with ¢ = 1/12
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ReLU NN function with e =1/200 mation in Figure 8(b)
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mation in Figure 8(c)

F1G. 8. A non-convex example to illustrate Theorem 3.2 for the case d =2 (convex decomposition)
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