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Abstract. This paper analyzes local convergence of the block Newton (BN) method in-
troduced in [5, 6] for one-dimensional shallow neural network approximation to func-
tions and diffusion-reaction problems. The BN method consists of the 2 x 2 block non-
linear Gauss-Seidel, linear Gauss-Seidel, or Jacobi method for outer iteration and the
Newton method for inner iteration. The blocks are corresponding to the linear and the
nonlinear parameters. Under some reasonable assumptions, we establish local conver-
gence of the BN methods as well as the reduced BN (rBN) method for one-dimensional
diffusion-reaction problems and least-squares function approximation. Unlike com-
mon optimization methods, the rBN allows for the reduction of the number of pa-
rameters during the optimization process when some neurons contribute little to the
approximation or are at nearly optimal locations.

AMS subject classifications: to be provided by authors

Key words: Neural network, Elliptic problems, Least-Squares approximation, Newton’s method,
Local convergence analysis.

1 Introduction

One dimensional ReLU shallow neural network (NN) with 7 neurons generates a set of
continuous piecewise linear functions. Specifically, the set with restriction of the biases
in the interval I =(0,1) is given by

n
MH(I):{a+Zcia(x—bi) :oce]R,cl-elR,O:bo<b1<---<bn<bn+1:1},
i=0
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where ¢ (t) =max{0,t} is the ReLU activation function. Denote by ¢=(co,--,c,)T € R"*!
and b=(by,--- ,bn)T € R" the respective linear parameters and nonlinear parameters, and
denote by 0= (co,c1,++,cn,b1,-+,by)T € R¥"1 all parameters. Notice that the weights of
all hidden layer is chosen to be one by normalization (see [11]). Each function in M, (I)

v(x;eb)=a+) cio(x—b)
i=0

depends on the parameters ¢ and b and is a piecewise linear function of x € [0,1] with
respect to the partition by the breaking (mesh) points: 0=by <b; <--- <b, <b,41=1.

It is known (see, e.g., [11]) that the set M,,(I) is equivalent to the free-knot splines
(FKS) (see [16]), where FKS utilizes local hat basis functions. FKS can substantially en-
hance the approximation order and reduce the number of degrees of freedom for non-
smooth functions (see [3] and the discussion in [5]). As an example of this, the order of
the best approximation to f(x) =x* (0 <a <1) on I is merely a <1 (i.e., O(n~*)) when
using finite elements on a fixed uniform mesh, whereas for FKS, the order becomes one
(i.e., O(n~ 1)) no matter how small the exponent a >0 is (see, e.g., [8,16]). This is a huge
improvement in approximation.

Despite the remarkable approximation capability of FKS for non-smooth functions,
there are two essential difficulties that have led numerical analysts moving away from
FKS: (1) no successful extension of FKS to two or higher dimensions has been achieved,
and (2) determining the optimal knot locations (the nonlinear parameters b) results in a
high-dimensional, non-convex optimization problem, that is computationally expensive
and hence dismisses its benefit in approximation. To the best of our knowledge, there
are no available efficient optimization schemes that enable the competitiveness of FKS.
While the first issue may be addressed by employing neural networks due to their global
supported basis functions, the second issue still remains a major challenge.

To address this challenge, a major advance on fast iterative solver was recently made
in [5, 6] for solving non-convex optimization problems arising from shallow ReLU NN
approximation to a given function or solutions of elliptic differential equations in one
dimension. Specifically, a well-designed damped block Newton (dBN) method was de-
veloped. First, the dBN adopts a classical outer-inner iterative strategy (see, e.g., [1,2,7,
10,12, 14,15]), alternating between updates of the linear and nonlinear parameters. Sec-
ond, to solve the resulting dense, ill-conditioned linear systems due to the global basis
functions of NNs, the dBN uses the fact that the exact inversion of those matrices can
be represented in terms of products of sparse matrices (see [6]). Third, the dBN deals di-
rectly with singularities of the Hessian for the nonlinear parameters by removing neurons
whose linear parameters are small or whose nonlinear parameters have reached nearly
optimal locations. As a result, the computational cost per iteration of the dBN is O(n),
and numerical experiments show that this method is capable of moving mesh points ef-
fectively and efficiently. Beyond strong one dimensional results, the methodology of the
dBN is conceptually promising for higher dimensions, as it demonstrates how to design
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iterative solvers that exploit the problem structure and the approximation and geometric
meanings of the NN parameters.

The purpose of this paper is to provide a theoretical guarantee on why this sophisti-
cated dBN moves the mesh points efficiently. This will be done by analyzing local con-
vergence of block Newton (BN) methods. The BN method consists of the 2x2 block
nonlinear Gauss-Seidel, linear Gauss-Seidel, or Jacobi method for outer iteration and the
Newton method for inner iteration. The blocks are corresponding to the linear and the
nonlinear parameters. By following the machinery in [13] on local convergence of the
componentwise Gauss-Seidel method, we first develop a local convergence theory for
the block Newton methods applicable to shallow ReLU NNs in both one and multiple
dimensions, provided that the Hessian matrix at a critical point is symmetric positive
definite (SPD) and that the 2 x2 block nonlinear Gauss-Seidel, linear Gauss-Seidel, or
Jacobi matrix is invertible.

By expressing the BN method as a fixed-point iteration, local convergence of the BN
method is established by showing that a norm of the corresponding Jacobian at the criti-
cal point is strictly less than one. Note that derivation of the Jacobian matrix is non-trivial
(see Lemma 3.1). To guarantee feasibility of each Newton step, the BN method is modi-
fied to the reduced BN (rBN) method that allows a reduction in the number of parameters
during the optimization process. Local convergence of the rBN is justified by showing
that some nonlinear parameters are at nearly optimal locations.

The paper is structured as follows. Section 2 introduces BN methods with three differ-
ent outer iteration methods. Local convergence analysis of these methods are presented
in Section 3. Sufficient conditions on SPD of the Hessian for one-dimensional problems
are derived in Section 4. Section 4.4 discusses the reduced Block Newton method and
some conclusions and remarks are presented in Section 5.

2 Block Newton methods

c
b 4
continuously differentiable function F=F(0)=F(c,b):D—R, we aim to find a minimizer

0" = (;) € D such that

Let 8 = ( where ¢ € R"*! and b € R”. Given an open set D C R*"*! and a twice

F(6")=minF(8).

Optimality conditions imply that 6" satisfies the system of nonlinear algebraic equations

VoF(0)= (gbiiz))) = (g) (2.1)
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where V. and V}, denote the gradients of F(6) with respect to ¢ and b, respectively. The
Hessian matrix is given by

ario [ VecF(0) VEF(0)\ (Hi1(6) Hia(6) (2n+1)% (2n+1)
v,,P(e)_(v%CP(e) V%bF(6)>_<7{21(9) sz(ﬂ))elR : ’

where H;;(0) for i,j=1,2 are given by
H11(0) =VeF(0), Hia(0)=VzF(0), H2(0)=ViF(6), Han(6)=Vi,F(6).

The nonlinear system in Eq. (2.1) can be solved using Newton’s method, though this
may be computationally expensive. To reduce cost, we can use a block Newton (BN)
method by performing an outer-inner iteration that alternates between the variables ¢
and b. For the outer iteration, one may use a Gauss—Seidel or Jacobi scheme, and apply a
Newton iteration to each block during the inner solve.

More specifically, let (¢¥),b()) denote the current iterate. Then the block nonlinear
Gauss-Seidel (see, e.g., [13]) method, as the outer iteration, computes the new iterate
(¢, bk+1) as follows:

1. Update the variable c(*+1):

(k1) — (k) _ [Hn <c<k>,b(k>)}

_1VCF(c(k),b(k)>.

2. Update the variable b(**1):

bED _pk) _ [sz (c(k“),b(k)ﬂ T'VLF (c<k+l>,b(k>) _

In other words, the new iterate (c**1), b(*+1)) is the solution of the block diagonal system
of nonlinear algebraic equations

Hit (c(k),b(k)) 0 (k1) _ (k) V.F (C(k),b(k)>
(k+1) _ k) | — , (22)
0 Hon <C<k+1>,b<k>> b+ —p VyF (C<k+1>,b<k>)
which can be solved sequentially by computing two systems of linear algebraic equa-
tions.
This nonlinear Gauss-Seidel method differs from the classical linear Gauss—Seidel

method, where the new iterate is obtained by solving the block lower-triangular system
of linear equations

Hi (c(k),b(k)) 0 (k1) _ oK) V.F <C<k),b(k))
. o= . 3)
Ho1 (¢, bE)  Hy (C<k>,b<k>) pkt+1) _p k) Vo F (C<k>,b<k>)
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On the other hand, in the Jacobi method, the new iterate (c(k+1),b(k+1)) solves the block
diagonal system of linear algebraic equations

Hir (c(k),b(k)> 0 (k1) _ (k) V.F (C(k),b(k)>
=— . (29
( 0 Hor (C(k)’b(k)>) (b(k+1)_b(k)> (VbP (C(k)’b(k)))

3 Convergence analysis

For brevity, we refer to the schemes defined in (2.2), (2.3), and (2.4) as NL-GS, L-GS, and
JB, respectively. This section presents analytic tools for deriving local convergence con-
ditions for the BN methods introduced in the previous section. To this end, we introduce
the following assumption:

Invertibility Assumption: there exists an open set O C D such that #11(0) is invertible;
moreover, Hy,(G1(0),b) is invertible for NL-GS and #H,(0) is invertible for L-GS and JB.

Define the mapping
G1(0
G2(6)

where G1: D —R"! and G,:D — R" are respectively given by

G1(8)=c—H;}(8) V.F(0), (3.1)
and by
b—H,,' (G1(6),b) V,F(G1(8),b) for NL—GS,
G2(8) =S b—H5, () (VbF(6)+H21(6) (Gl(e)—c)> for L—GS, (3.2)
b—H,,' () V,F(0), for JB.

Then the BN methods can be expressed as the fixed-point iteration of G(0), i.e.,
0 1=G(0) for keN={0,1,2,---}. (3.3)

Denote by J5(6) € R(Z"+1)*(21+1) the Jacobian matrix of G at 8. A sufficient condition
for local convergence of the fixed-point iteration in (3.3) was given in Theorem 10.1.3
of [13]. For the convenience of readers, we state it below and provide its proof.

Theorem 3.1 (Ostroswki). Suppose that G: O — R*'*! has a fixed point 0* € O and that the
mapping G is differentiable at 0*. Denote by ||-|| a norm in R*"1, if ||Jo (0%)|| =0 <1, then the
fixed-point iteration in (3.3) converges locally to 6*.
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Proof. For any 0 <e <1—0, the assumption on the differentiability of G at 8" implies that
there exists a § >0 neighbourhood centered at 8*, B(0*;6) = {0 R>'1:||0—0*|| <5} CO,
such that

|G(0)—[G(0")+]c(6")(0—0")]|| <€|]|@—0"| forall 6cB(6%9). (3.4)
For any k€N, the assumption that 8" =G(6*) and (3.3) give
010 = G(6)~G(6") = (G(6)— [G(0") +1c(67) (6 ~0")] ) +Jc(67) (6 ~6"),
which, together with the triangle inequality, the assumption that oFe B(6%;6), and (3.4),
implies
167! —0%|| < (e+0)| 6" —0"|| < || 6F—67].

If the initial 8° belongs to B(8*;5), then the second inequality implies that 8% € B(6*;6) by
induction. Hence, we have

165~ 67| < (e+0) 16707,
which proves the theorem. O

Next, let

_(Hu(®) 0 . _ (Hn(06) 0
B(B)_(Hﬂ(ﬂ) 7{22(9)> ¢ o ( 0 ’sz(Gl(B),b))

Assume that 0" is a minimizer of F(0), then Taylor’s expansion of VoF(0) at 6* gives
VoF(08)=V3F(0%)(0—6")+R(6;8%), (3.5)
where R(6;0") is the remainder satisfying

li R(6;6" 0—0*||=0.
Tim [R(6;0°)]]/llo—0"|

Similarly, expanding V,F(G1(0),b) about 6 and using (3.1), we have
VF(G1(8),b) =V, F(0) —H1 (0)H;' (0)VF(0)+R(6),
where the remainder R(8) satisfies

IR(0)]

=0.
60 6—6°|
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Let

then combining with (3.5) yields

( V.F(0)

0 ) o
VbP(Gl((-)),b)> =B2(6) Vol (6)+ <R(9)> = By(0)V3E(6°)(0—6°) +R(6,6"), (3.6)

where

A 0
R(60;0*)=DB,(0)R(0;0* - )
(6:0) = Ba(0)R( >+(R(6)>
The next lemma provides a formula for J5(0*) when V3F(8*) is symmetric and pos-
itive definite (SPD) for Gauss-Seidel schemes. For the componentwise Gauss—Seidel
method, this result was proved in Theorem 10.3.3 of [13]. Here, we use block Gauss—
Seidel methods.

Lemma 3.1. Let G: O — R*"*! be the mapping defined in (3.2) for the L-GS or NL-GS, and let
0" € O be a fixed point of G. Assume that V3F(0*) is SPD. Then

J6(6%) = lLous1—B~1(6")V5F(6"), (37)
where Iy, 1 is the order-(2n+1) identity matrix.

Proof. By definition of differentiability, to show the validity of (3.7), it suffices to show
that if J(0") is given in (3.7), then

lim 16(8) —[G(67) +]c(67)(6—6)]]|

T lo—o7| =0 68)

To this end, for J5(0*) given in (3.7), we have

BEtc(e)=(; 72} and Be)-BeNe(e) - Vi),

which, together with the assumption that 8" is a fixed-point of G(0), implies
a(0,0")=B(0") (G(B) - [G(B*)+]G(9*)(6—6*)]>
—B(6") (G(e) —e) +V2E(0%)(0—67).

For the L-GS, (3.5) gives

G(0)—0=—B1(0)VeF(6)=—B 1(0)V3F(6*)(6—6")—B 1(8)R(6;0%),
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which implies
a(0,0") = (B(e) —B(e*))B*l(e)ng(e*)(e—e*)—B(e*)B”(e)R(e;e*). (3.9)
For the NL-GS, (3.6) leads to
G(6)—0=—B; ' (6)B2(6) VgF(6*)(6—6") — B ' (6)R(6;6%),

which, together with

Bs(0) = B;(6)B,(0) = (H”(‘” 0 )

H21(0) H(G1(8),b)
yields
a(e,e*)z(B3<e)—B(6*>)B;l(e)Bz(fJ)V%P(e*)(e—e*)—B(6*>B;1(6>R(e;e*>. (3.10)

By the assumptions that F(6) is twice continuously differentiable and that V3F(6") is
SPD, there exists a 6 >0 neighbourhood centered at 8%, B(0*;5) = {0 R*"*1:||0—0*| <
6} C O, such that ||[B~1(0)|| and ||B;*(8)|| are bounded for all 6 € B(6*;5) and that

JL%\*<B(6)—B(6*)>:0 and JL%‘*(B3(6)_B(9*)):O‘

Now, (3.8) is a direct consequence of (3.9), (3.10), the triangle inequality, and the facts that
lim ||R(6;0" 6—-0|=0 d lim ||R(6;6* 0—0"|=0.
lim [R(6:0)] /] 0—0"| =0 and ~ lim [[R(@;6")] /00" |

This completes the proof of the lemma. O

The following lemma was stated and proved in [9]. For convenience of readers, a
brief proof is provided.

Lemma 3.2. Assume that A € R™*™ is SPD and that M € R™*™ is invertible. Then the matrix
M+MT — Ais SPD if and only if

I l2n1—M 1Al 4 <1,
where ||v|| o=/ (Av,v) and (-,-) is the standard inner product in R™.
Proof. For any veR", it is easy to check that
|(1= M 4|3 = (Av,v) = ( (M+MT = A) (M~ A)v, (M~ A)v),

which implies the validity of the lemma. O
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Now, we are ready to present a sufficient condition for local convergence of the fixed-
point iteration in (3.3) for the NL-GS and L-GS.

Theorem 3.2. If V3F(0*) is SPD, then the fixed point iteration (3.3) for the L-GS or NL-GS
converges locally to 0* in the norm induced by V3F(6*).

Proof. Symmetry and positive definiteness of the Hessian V3F(6*) implies that

(o) +5(67) - Vir(o) = (71 00)

is SPD. Hence, by Lemma 3.2, we have
[ l2u1—B(6*) ' VGF(6")) lwarery =0 <1,

which, together with Theorem 3.1 and Lemma 3.1, implies the validity of the theorem.
This completes the proof. O

Remark 3.1. For the Jacobi method described in (2.4), if V2F(0*) is SPD, then a similar
argument as that of Lemma 3.1 gives the following Jacobian matrix J;(6*) of G(6) at the
fixed point 6*

J6(6%) = Ly1—B(6") ' VGF(6"), where B(e)z@lgw) Hzg(f?))'

Moreover, the iteration is locally convergent to 6* if and only if

L L (i
is SPD.

4 Applications

This section applies the local convergence theory developed in the previous section to
one-dimensional least-squares (LS) function approximation and diffusion-reaction (DR)
problems studied in [6].

For the diffusion-reaction problem, let u be the exact solution of the differential equa-

tion
{ —(a(x)u' (x))'+r(x)u(x)=f(x) in I=(0,1), @)

u(0)=a, u(l)=4,

where the diffusion coefficient a(x), the reaction coefficient r(x), and the right-hand
side f(x) are given real-valued functions defined on I. Assume that a(x) and r(x) are
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bounded below by the respective positive constant >0 and non-negative constant ro >0
almost everywhere on I. Assume that f(x) € C(I) and that a(x) € C!(I). For the least-
squares approximation problem, we assume that the weight function r(x) >rp > 0. For
these problems, the NN approximation is to seek u},(x) =u,(x;0") € M, (I) such that

3 () = (x6") = argmin ] (1 (56)), @2)
upe M, (I)

where the functional J(v) is given by

1 /1 , 9 ) 1 o )
Z a(x) (v (x)) +r(x)(v(x))” | dx— x)v(x)dx+—=(v(1)—pB)°, DR,

o) i/91{<><<>> (D)) dx- [ fodr+ Te)-p) -
> | 0 —u(x)Pdx, s

4.1 Hessian

First, we calculate the Hessian matrices. To this end, denote by

1, >0,
’ t:()/
HH={1 t—0, and s()="
2 0, ££0,
0, t<0,

the Heaviside (unit) step function and the Dirac delta function, respectively. Clearly,
H(t)=0'(t) and 6(t) =0 (t) everywhere except at t=0. For each i=0,1,---,n, let

ai(x) :(T(x—bi), H,‘(X) :H(x—bi), 5,’(3() :(S(x—bi),

and let
(%) B (x)
Zaato=| "], H=| : |,
o Hy(x)
Hopa (x) = §°§§ , Au(x)= 51(sX)
H(x) ()

Fori=1,---,n,let

gi:giw):{ l8)5) B ), DR

r(bi) (4 (bi) —u(b;)), LS,
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where u},(b;) := ; 0Ci+4, and set

g(e):(glrrgn) 7 d:(l_bll"'ll_bn)T/ and é:(cll"'lcn)T'

For any u, (x;0) € M,,(I), the value of the functional J(u,(+;0)) at u,(x;0) is a function of
parameters 6. For simplicity of notation, denote this function by F, i.e., F(0) =] (uy(-;0)).
In [6], we derived the principle blocks of the Hessian matrix V4F(6) as follows

/

1 1
/ a(x)HnHHlex%-/ r(x)ZnHZ,fde%—yddT, DR,
Hi(0)=1¢ 9 0 (4.5)
/ (%) Zy 1 X 4 dx, LS,
0
D(¢)D(g) +D(é) ( r( Hde> D(¢ DR,
Hn(0) = (4.6)
D(¢)D(g)+D(¢) ( Hde> LS,

where D(g) =diag(g1,---,9n) and D(¢&) =diag(cy,---,cn) are diagonal matrices.

To compute the off-diagonal block H1,(6) = ( ac,gg)>( ) of the Hessain matrix
V3F(0), let
1
(60 (=00 (3)83) = (3 (O 2) ) = (0 (1)), DR,
F(6)=¢ 7
/ r(x) (u(x) — 1t (x) ) Hj (x)dbx, LS,
0
for j=1,---,n. From (3.5) and (6.3) in [5], we have
d
=i E(0)=CiF(0), (4.7)

]
then together with the fact that g% =4jj (the Kronecker delta), we obtain

0’F oF;

Lemma 4.1. For the functional in (4.3), the off-diagonal block H15(6) has the form
1 1
R(6)— (/ a(x)Hn+1A,{dx+/ r(x)ZnHH,{dx) D(¢)—ydeT, DR,
0 0
1
R(6) — ( / r(x)zHlH,{dx) D(e), LS,
0

where Fy(0) =0 and R(0) = (R;j(0)) = ((5ij1:i(6))(n+1)><n

H12(0) =



208

209

210

211

212

213

214

215

216

217

218

12 Z. Cai, A. Doktorova, R. Falgout and C. Herrera / J. Intell. Algor. Sci. Comput., 1 (2026), pp. 1-23

Proof. The lemma is a direct consequence of (4.8) and the fact that

1 1
on |- /0 a(x) Hi (x)6;(x)dx — /0 r(x)oi(x)Hi(x)dx—y(1—b;), DR,

g( )= 1
! —/ r(x)o;(x)Hj(x)dx, LS,
0
foralli=0,1,...,n. O

For a given function w:I — IR, define the matrices

1 1
/Ow(x)ZnHZZde —/O w(x) L, 1 Hdx

1

Hz(w,’e): 1
—/ w(x)H, L), dx /w(x)HnH,Tldx
0 0

and

1 1
/ w(x)H, 1H] dx —/ w(x)H, 1 Aldx
HA(ZU,'B) = 0 0

1
—/ w(x)AH,  dx 0
0

Let Hy A (0) =Hsx(7;0)+1Ha (4;0). Combining (4.5), (4.6), and Lemma 4.1, the Hessian
matrix at 0 has the form

D(é)HZ+A(9)D(é)+DO(9)+7< ‘{) (d7,—¢T), DR,

D(&)Hx(r;0)D(2) +Do(8), LS,

V3F(6) JR(B)+{ (4.9)

where
P©=("s" ) PO=(3 pepE) ™ RKO=(zie o)

4.2 Local convergence

In this section, we present sufficient conditions for the local convergence of the BN method
for both the diffusion-reaction and the least-squares approximation problems.

First, we establish lower bounds of the smallest eigenvalues of the matrices Hy (w;0)
and H (w;0).To this end, let

hi:bi+1_bi/ Z':()/"'/n/' hmin: mln {hl}/ i;li:min{hifllhi}/ izl/"'/n'
0<i<n
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210 Lemma 4.2. Suppose that 0 <wy <w(x) € C(I). Then, for any a = (060,061,-~',0cn)T e R,
20 B=(B1,-+,Pn)" €R", and T € (0,1], we have

(a”, ") Hy (1;6) (ﬁ) > D0 2 0 Zh B
(“T,,BT)]I_IA(ZU,‘G) (;) > w0<1—4T)hmm|a|2_ 1 iw(bi)Z (h;11+h1_1>ﬁ12’

2two =

(4.10)

21 where || is the magnitude of w.

22 Proof. For any & = (ag,a1,-,0,)7 € R"™! and any B= (B1,---,B4)T €R", let Bop=0 and
223 define the following piecewise linear and constant functions

i i
x)=) wajoj(x)=) ajo(x—b;)) and Bi(x Z,B] (x) for i=0,1,...,n,
j=0 j=0

24 respectively. For x € (b;,bi11), ay(x) =a;(x) and B (x) =pBi(x) = Z;ZO,Bj :=a,. Clearly, we

25 have

(o767 s (i0) () = [ (0~ ul0)Pdx =0} [ o) - P, @)

i=0"bi

By the Simpson rule,
ai(b)=wi—1(b) and Y (ai(bi1) —ai)* > ) (a1 (Bi) —ai-1)?,

26 We obtain

n

122/bbi+1 (i(x)—a;)*dx> Zihi [(oi (b;) — )+ (ai(bisr) —ai)Z]

i=0" Vi i=0
> hi [(ai(by) — )+ (i (big1) —ai)*] + Y hi(oi1 (b)) —a:)* + Y ki1 (i1 (bi) —ai1)*
=0 i-1 i-1
12 n 12 i 2 12
Zizhi("‘i(bi)_ bit1) Z —a;_1) =§Zh? <Z"‘]’> +§Zfz,[3$
= = =0 \j=0 i=0

227 Now, the first inequality in (4.10) is a direct consequence of (4.11) and the following in-
28 equality

no [ i i1 \? no [ i 2 u /i1 \? no [ i 2
|ayzzz<2aj—2aj> <2y <Za]-> +2) (Z(x]) <4y <Zu¢j> . (412
i—0 \j=0 = i—0 \j= i=0 \j=0 i=0 \j=0
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229 To prove the validity of the second inequality in (4.10), let 5" (¢) and 6~ (¢) be ap-

230 proximations to the Dirac delta function such that

w

1
T te_ /2/€+ /2/ 7 te_ /2_61 /2/
5 ()= etp S N I e =p/2=ep/2]

0, otherwise, 0, otherwise,

1 forany € >0and p € (0,/imin)-
23 Foreachi=1,---,n,lete;=7h;/2,6; (x) =6%" (x—b;), and 6; (x) =617 (x—b;). Set

2

w

an<x>=§aiHi<x>, &m:éﬁi(si(x),
m(x):éw(bi)ﬁiar(x), ﬁ(X)ZéW(bi)ﬁifo(X)-

233 Foralli=0,---,nand j=1,---,n, it is easy to check that

W

/01w(x)Hi(x)sz(x)clx:2 </Olw(bj)Hi(x)(5;r(x)dx—i—/olw(bj)Hi(x)(Sj(x)dx) ,

2

W

« which, together with multiplying by «;8; and summing over i and j, implies

/Olw(x)ﬁcn(x)ﬁn(x)dx:; (/Olﬁcn(x)ﬁ+(x)dx+/01&n(x)ﬁ_(x)dx> ‘

235 Then the quadratic form of H (w;0) is bounded below by
(ocT,,BT) Ha (w;0) (2)
1 1
:/ w(x)ﬁc%(x)dx—Z/ w(x) i, (x) B (x)dx
0 0
1 1 1
Zwo/o &%(x)dx—/o ﬁcn(x)[3+(x)dx—/0 &y (x)B—(x)dx

=5 ) (Vi ()= () w5 [ (Vi ()= ()
o ( | 151(x>+/32_<x>dx>. (4.13)

23 To bound the first term below, let 8,11 =c,+1=Po=0and ep= % It follows from the facts
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27 that &, (x) and B (x) are piecewise constants, h; —e; =¢€;+ (1—1)h; and (4.12) that
1 X 1 2
/ (VaEwin()~— b () dx
n
> Zj(

/b_bi+ei+p/2+/hi+;;;2) (\/wio&n(x)_\/]%ﬁ+(X)>2dx
2 ‘ 2
o) (v ) < Byn-emo (vt

< €i w(bi)ﬁz 2 i ) :
Zg2((€i+p>\/%> +Z 1=k =) (mjzo“]>

1 &ew?(b)B? (1—=T)hmin—p, »
> L .
_Zwol-; (ei+p)? o 4 a

(4.14)

238 Similarly, for the second term in (4.13), following an argument analogous to the one used
230 for inequality (4.14), we obtain

[ (Vaawa(o) -

n+l bi1—€i1—p/2 b; 1 Zd
> +/ > N Woly(x)———F_(x X
;;(/bi—1+P/2 bi—ei1—p/2 ( oftn (x) va‘B ( ))
> 1 2 €i—1w2(bi),312_’_ (1—T>hmin—p|“‘2.

4.15
_ZZUOZ 1 (61'_1—{-[))2 wo 4 ( )
Since
n
[80x L(ertp) W)t and [ B =Y (e 1) (B,
i=1
20 after letting p — 0, it follows from (4.13), (4.14) and (4.15) that
T oT ) w >w0(1_T)hmin 2 1 - 2
(o 87 Hia o) () = P S ot () 2
a1 and the lemma is proved. O
22 Lemma 4.3. Forallie{1,---,n}, assume that c; # 0 and that
3 _ . . i 2(p.
(W MU (2 1 0 ()
F2(8) < - ; 1 H (4.16)
ToMmin \ ( 8i | 1ol
. oi L
@ ("ogmn ) (£47530), S

23 for some 0<T <1, then V5F(0)=V5](u,(~;0)) is SPD.
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Proof. For any a=(ag,&1,--,0,) T €ER"* and B=(B1,-,Bu)T €ER", let f= D( )B. For the
diffusion-reaction problem, it follows from (4.9), the fact that ( Td—pTe ) >0, (4.10), and
the assumptions on the lower bounds of a(x) and r(x) that

(a7 B)V3F(6) (ﬁ)
R(O) () + 0" B Hza©) (5 ) +5TDRID (@ +7 (a7 pTe)’
R() () + " B Hza @) (3) +ATDEID (@
>2Dﬂf—*+r°(hmm o+ e M

. aZ .
(8- Jl’”(hi_11+hi1>> (c:)

rohrgnm V(l_’f)hmin gz T’Qfli_az(b) 1
< 1 oF +20;B; i+ IR TR T (h L +h 1)) c2p?

n

M

i=1

In a similar fashion, we have

CIANOIAES

3
(1 Y 2 (42

for the least-squares approximation problem. Notice that ayx?+2ayxy+azy? > 0 for all
(x,y) # (0,0) if a; >0, a3 >0, and a3 < a1a3. Now, the positive definiteness of V4F(0) is a
direct consequence of (4.16). O

If ¢; #0, by (4.7), F;(0) vanishes at a critical point 8. Hence, R(8") =0, which gives

V%F((—)*){ D(é*)]HZJrA(B*)D(é*)+D0(6*)+ry<_dé*> (d7,—(&")7T), DR,

D(¢*)Hx(r;6*)D (") +Do(6"), LS.

*
Theorem 4.1. For an open set O CR***1 satisfying the invertibility assumption, let 0* = (;;k) €

O be a minimizer of problem (4.2). For all i€ {1,...,n}, assume that c; #0 and that

i 11
ot 4+, DR,
SR T (h;1+hj> (4.17)

0, LS.
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Then the Hessian matrix at the critical point 6%, V%F(B*) = V%](un(-;e*)), is SPD. Moreover,
the BN method using either NL-GS or L-GS converges locally to 0 in the norm induced by
V3F(6%).

Proof. This is a direct consequence of Lemma 4.3, (4.17), and the fact that F;(6*) =0 for all
i=1,--,n. O

4.3 Feasibility of BN

This section discusses feasibility of the BN with either NL-GS or L-GS, or equivalently,
invertibility of H11(0) and Hx(0). Invertibility of #11(6) was shown in [6]; moreover,
H11(0) is SPD.

Regarding H2»(0), the formula in (4.6) uses derivative of the diffusion coefficient a(x).
As discussed in Section 5 of [5], if a(x) is not differential at b; for some i € {1,...,n}, then
b; lies at the physical interface. This means that the (mesh) breakpoint b; is already at a
good location and hence should be fixed without further update.

Below, we discuss invertibility of H2,(6) at the kth iteration. For simplicity of notation,
the parameters are still denoted by ¢ and b without the superscript (k). The assumption
c;#0forallie {1,...,n} is a necessary condition for invertibility of H2,(6). During the
iterative process, this condition is not always satisfied. In the case that ¢; =0 for some
1€{1,...,n}, then H2(6) is singular. To deal with such singularity, similar to [4-6], the
nonlinear parameter b; is not updated at the current step, because the corresponding neu-
ron has no contribution to the current approximation. When this happens several times
to a neuron, then we can either remove or redistribute this neuron. Based on the above
discussion, we introduce the following set of indices for the non-contributing neurons

Slz{iE{l,--',n}l|Ci|<Tl Orbiél}, (4.18)

where 0 <75 <1 is a small parameter.

Next, at each step, to update the nonlinear parameters of neurons whose indices are
not in S, let us denote by 7:[22(6) the reduced Hessian after removing neurons with
indices in S;. For the diffusion problem, H,(8) is invertible if and only if g; # 0 for all
i ¢ S1. Under the assumption that u,(x) ~u(x), i.e., u,(x) is a good approximation to
u(x), it was shown in [5] that

giza(b)u" (b;), (4.19)

where g; is defined in (4.4). As discussed in [5], g; ~0 implies that b; is either at a nearly
optimal location or no need for update. In both cases, b; is not updated. Hence, we
introduce the following set of indices for non-updating neurons

Szz{ie{L..-,n}\Sl;a'zgl;|) <7 or d(b) DNE}, (4.20)

where 0 <1, <1 is a small parameter.
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The above strategy does apply to the diffusion-reaction problem because (4.4) and
(4.1) imply the validity of (4.19):

Qi =1(bi)un(b;)— f(bi) —a'(b;)uy, (b;) = r(by)u(b;) — f (bi) —a’ (by)u' (by) = a(b;)u” (by).

Nevertheless, the sufficient condition on the positive definiteness of H2,(0) was given in
Lemma 5.2 of [6]: 3
. i
%Jr% >0 forall i€ {1,---,n}\Sy, 4.21)
i
where 79 >0 for DR and (>0 for LS. Notice that the linear parameter c¢;=u/,(b; ") —u/,(b; )
means the change of the slope of u,(x) at b; (see Section 5 of [5]). Hence, c¢; ~u'(b;")—

u'(b;") and u”(b;) have the same sign, which implies

8i . a(bi)u"(b;) _ a(bi)|u”(b)]

Ci Ci |Ci|

4

which, together with positivity of a(b;), implies (4.21) is almost always valid.

For the LS problem, (4.21) is sufficient but not necessary for the positive definite-
ness of H(0). Moreover, positive definiteness differs from invertibility. Since g; =
r(b;) (un(b;) —u(b;)) is assumed to be small, for implementation purposes, we do not up-
date the i*" neuron if g;/c; < —1/73 is negatively large, where parameter 73 € (0,1). In this
case, |c;j| < 13/g;i| is small if g; is small. Hence, let

S, = {ie {1,..-,n}\sl;§<o and |c;] <T3|gi|}. (4.22)
i

Notice that the reduced Hessian 7:[22(0) is not guaranteed to be nonsingular after remov-

ing neurons with indices in S{US,. In cases where the reduced Hessian H2>(0) is not

invertible, one might consider the Gauss-Newton matrix

G2(0)=D(¢)Hx(r;0)D(¢),

which is SPD under the assumption that ¢; #0 for all i€ {1,---,n}.

4.4 Implementation

In this section, we outline the implementation of the BN method using a reduced non-
linear system constructed based on the sets (4.18), (4.20), and (4.22). The NL-GS scheme,
implemented in earlier works [5,6], is used to illustrate the implementation, which is also
applicable to the other two schemes described in Section 2.
To this end, let
S= {1,- ",71}\(51U52)

be the set of indices for the neurons which remain in the system, and denote by S°=5,US,
the complement of S, the set of indices to be removed. Next, for a given vector ve R",
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denote by vs € R"~I1%] as the vector obtained by removing entries whose indices belong
to S¢, where |S¢| denotes the number of indices in S¢. Similarly, for a matrix B € R"*",
define Bs € R("~I15°)x("=15l) a5 the matrix obtained by removing the rows of columns of
B corresponding to the indices in S°. Then the reduced search direction vector for the
Newton step is defined as

-1
dn(cb) =dn(0) =~ (Ha(0)s ) (VoF()) 423)
S
We are now ready to present the reduced block Newton (rBN) algorithm with the NL-
GS scheme (see Algorithm 4.1 for pseudocode). Given the previous iterate b*). Then the

(k+1)
current iterate 1) = (l(;(k“)) is computed as follows:

(i) Compute the linear parameters

T
(ii) Compute the search direction p*) = ( gk),- - ,p,(qk)) by

(pl(k)) _dR(C(k—H)’b(k)) and (pl(k))

icS

izs =0 (4.24)
where dg (c(k“),b(k)) is the reduced Newton’s direction vector defined in (4.23).

(iif) Compute the nonlinear parameters

bk —p®) 4 p®).

(iv) Redistribute non-contributing breakpoints bfkﬂ) for all i € S; and sort b(k+1),

Remark 4.1. The redistribution implemented for the numerical results shown in [5,6] in

step (iv) was carried out as follows: For a neuron bl(kH) satisfying I € S1, we set

plk+1)

k+1
p{*H) TR

where me {1,---,n+1} is an integer chosen uniformly at random.
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Algorithm 4.1 Reduced block Newton (rBN) method for (4.2).

Require: Initial network parameters b(®)
Ensure: Network parameters ¢, b
fork=0,1,..., do
> Linear parameters
kD) 0 41 (¥, b)) =1V F (), b))
> nonlinear parameters
Compute the search direction p*) as in (4.24)
b*+1) k) pk)
> Redistribute non-contributing neurons and sort b**1)
end for

4.4.1 Numerical experiment

To illustrate the performance of the reduced BN method outlined above, consider a sin-
gularly perturbed reaction-diffusion equation:

{ —e2u" (x)+u (X) flx), xe(-11), (4.25)

u(=1)=u(l)=

For

(e (-)) o))
+tanh< (x —4>>—tanh(4>

problem (4.25) has the following exact solution:

u(x):tanh(i(x2—1>> —tanh(i). (4.26)

Denote by |-|; the H! seminorm on (—1,1). For v=¢2=10"°, the solution of (4.26) exhibits
sharp interior layers. It is well-known that overshooting and oscillations occur when us-
ing continuous piecewise linear approximation on a uniform partition (see Fig. 1(a) for
n=16). Using these uniform mesh points as an initial for the nonlinear parameters, 100
iterations of the BN method moves them efficiently toward the interior layers, and the re-
sulting approximation is greatly improved (see Fig. 1(b)). This example demonstrates
importance of non-uniform mesh in approximation and efficiency of the BN method
in non-convex optimization. For more numerical experiments, we refer readers to [5]
and [6].
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(a) (b)

Figure 1: For v=¢2=107°: (a) initial NN model with 16 uniform breakpoints; [ty =0.988, (b) optimized

[1]2

NN model with 16 breakpoints, 100 iterations, ‘ul_ullllm =0.173.

4.5 Reduced nonlinear system

This section studies the rBN method introduced in Section 4.4. As explained in Section
4.4, the iterative process may fix the location of certain breakpoints. We analyze the local
convergence of the method under the assumption that no additional breakpoints will be
fixed after a finite number of iterations.

To this end, for a given a € R, assume that there are k <n fixed breakpoints denoted
by

OZBO<E]<"'<Ek<1.

Define the set of shallow ReLU neural networks with k fixed and n—k moving break-
points as follows:

k n—k
M, (1) = {a—chia(x—Ei)—k Y crsjo(x—b;) i €R,0< by <~--<bn_k<1}.
i=0 =1

For any u, ;(x) € M, x(I), denote the corresponding parameters by

C
6 — c IRanLlfk,
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where c=(co,-,¢,)T €R"*! are again the linear parameters and bg=(by, - - by ) TERE
are the nonlinear parameters. After a certain number of the BN iterations, the optimiza-
tion becomes to seek 1, (x) =1, (x;0%) € M, 1 (I) such that

ty i (x) =1y (x;08) = argmin [ (ux(+;0R)).
un,kEMn,k(I)

The analysis presented in the preceding sections extends to the rBN method. Further-
more, following a similar reasoning as in Theorem 4.1, if ¢;_; #0 and

- a?(by) [ 1 1
h* L — |, DR,
o > 2y h7—1+h;’k

24
0, LS,

*
8i
*

Citk

+

for all i€ {1,---,n—k}, then the BN method applied to this reduced parameter set con-

verges locally to 0 = (;* ) .
R

Remark 4.2. In Section 3, we presented the local convergence analysis assuming the di-
mensions of the linear and nonlinear parameters are n+1 and n, respectively. For the
rBN method discussed here, the dimensions are n+1 and n—k. However, the proofs of
Lemma 3.2 and the other lemmas in that section do not depend on the specific dimension
of the parameter space. Therefore, the local convergence analysis extends directly to the
rBN method.

5 Conclusions

Alocal convergence analysis for the BN methods including the reduced BN (rBN) method
is presented in this paper. The rBN differs from the common optimization methods in re-
ducing the number of parameters during the optimization process. We established a local
convergence of the BN methods under some reasonable contiditions for one-dimensional
diffusion-reaction problems and least-squares function approximation. The analysis may
be extended to higher dimensions for shallow neural network approximation problems.
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