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Abstract. This chapter offers a comprehensive introduction to the least-squares neural network (LSNN)4
method introduced in [14, 16], for solving scalar first-order hyperbolic partial differential equations, specifically5
linear advection-reaction equations and nonlinear hyperbolic conservation laws. The LSNN method is built on an6
equivalent least-squares formulation of the underlying problem on an admissible solution set that accommodates7
discontinuous solutions. It employs ReLU neural networks (in place of finite elements) as the approximating func-8
tions, uses a carefully designed physics-preserved numerical differentiation, and avoids penalization techniques such9
as artificial viscosity, entropy condition, and/or total variation. This approach captures shock features in the so-10
lution without oscillations or overshooting. Efficiently and reliably solving the resulting non-convex optimization11
problem posed by the LSNN method remains an open challenge. This chapter concludes with a brief discussion12
on application of the structure-guided Gauss-Newton (SgGN) method developed recently in [21] for solving shallow13
NN approximation.14
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1. Introduction. Over the past five decades, numerous advanced mesh-based numerical17

methods have been developed for solving nonlinear hyperbolic conservation laws (HCLs) (see,18

e.g., [44, 36, 54, 45, 57, 40]). However, accurately approximating solutions to HCLs remains com-19

putationally challenging due to two key difficulties. First, the location of the discontinuities in20

the solution is typically unknown in advance. Second, the strong form of the partial differential21

equation (PDE) becomes invalid at points where the solution is discontinuous.22

Recently, neural networks (NNs) have emerged as a novel class of functions approximators for23

solving partial differential equations (PDEs) (see, e.g., [17, 33, 53, 55] and Section 1.1). A neural24

network function is a linear combination of compositions of linear transformations and a nonlinear25

univariate activation function. One commonly used activation function is the Rectified Linear26

Unit (ReLU), defined as σ(s) = max{0, s}. A ReLU neural network thus constructs a function as27

a piecewise linear approximation, with “break points” determined by its parameters, effectively28

forming a data-adaptive partition of the domain. As demonstrated in [14, 18, 20], ReLU NNs can29

approximate discontinuous functions with unknown interfaces far more effectively than traditional30

approximating functions, such as polynomials or continuous/discontinuous piecewise polynomials31

defined on a quasi-uniform, predetermined mesh. This makes ReLU NNs particularly suitable for32

addressing the first challenge.33

The strong form of a hyperbolic PDE is typically written with partial derivatives along coor-34

dinate directions, supplemented by the Rankine-Hugoniot (RH) jump condition at discontinuity35

interfaces for HCLs. Due to the unknown location of these interfaces, enforcing the RH condition36

in computations is difficult, if not impossible. To address this, we reformulate the PDE using37

physically meaningful derivatives, allowing the new form of the PDE to remain well-defined at the38

interface (see (2.5) for the directional derivative and (2.21) for the divergence operator). By apply-39

ing the L2 least-squares principle to this reformulated PDE, we derive an equivalent least-squares40

minimization problem on an admissible solution set that accommodates discontinuous solutions.41

Through appropriate numerical integration for the integral and physics-preserved numerical differ-42

entiation for the physically meaningful derivative, the least-squares neural network (LSNN) method43

is established as minimizing the discrete counterpart of the least-squares functional over the set of44
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2 M. LIU AND Z. CAI

NN functions.45

Without relying on penalization techniques such as inflow boundary conditions, artificial vis-46

cosity, entropy conditions, or total variation constraints, the LSNN method introduced in [14, 16]47

effectively captures the shock of the underlying problem without oscillations or overshooting. Ad-48

ditionally, the LSNN method is substantially more efficient in terms of degrees of freedom (DoF)49

compared to adaptive mesh refinement (AMR) methods, which locate the discontinuity interface50

through an adaptive mesh refinement process.51

Despite the impressive approximation capabilities of NNs, the discretization resulting from52

NN-based methods leads to a non-convex optimization problem in the NN parameters. This high-53

dimensional, non-convex optimization is often computationally intensive and complex, presenting54

a significant bottleneck in using NNs for numerically solving PDEs. Nonetheless, considerable55

research efforts are underway, with some promising progress in developing efficient and reliable56

iterative solvers (training algorithms) and in designing effective initializations [21, 22, 23].57

The chapter is organized as follows. Section 2 describes the advection-reaction equation and the58

scalar nonlinear HCL, their equivalent least-squares formulations, and preliminaries. ReLU neural59

network and its approximation property to discontinuous functions are introduced in Section 3.60

The physics-preserved numerical differentiation and the LSNN method are defined in Section 4.61

Section 5 discusses efficient iterative solvers. Finally, numerical results for various benchmark test62

problems are given in Section 6.63

1.1. Methodological Remarks and Related Work. Since NN functions are inherently64

nonlinear with respect to certain parameters, it is both convenient and natural to discretize a PDE65

by reformulating it as an optimization problem through either natural energy minimization or66

manufactured least-squares (LS) principles. Consequently, existing NN-based numerical methods67

for solving PDEs fall into two main categories: (1) Energy-based methods, such as deep Ritz and68

finite neuron methods [33, 58, 46, 48], which employ the Ritz formulation for the primary variable69

[34], and the dual neural network (DuNN) [49], which uses complementary energy minimization for70

the dual variable [13, 34]. (2) Deep LS methods, which formulate PDE residuals into manufactured71

least squares using various norm choices and problem forms [32, 3, 53, 55, 17, 14]. Energy-based72

approaches are applicable to a class of self-adjoint and positive definite problems that commonly73

arise in continuum mechanics. These methods are not only physics informed but also physics74

preserved, when using NN as approximating functions, it is natural to discretize the underlying75

problem based on an energy formulation.76

However, many scientific and engineering problems are non-self-adjoint and thus lack a natural77

minimization principle. In such cases, one can then apply the LS principle to create a manufactured78

one. The LS principle offers great flexibility: all consistent equations and data can be incorporated79

into the LS functional. Yet, balancing the various terms is challenging; ill-scaled LS functionals80

can lead to suboptimal accuracy and inefficient training. The minimal requirement for a viable LS81

formulation is its equivalence to the original PDE; otherwise, the physical fidelity of the model is82

compromised.83

A classical example is the Bramble–Schatz LS (BSLS) formulation [11] for scalar elliptic PDEs,84

which applies the LS principle directly to the strong form of the PDE, the boundary and the ini-85

tial conditions using appropriate Sobolev norms [12]. When the solution is sufficiently smooth,86

e.g., belongs to H2(Ω) (the collection of functions whose second-order weak derivatives are square-87

integrable), the BSLS is equivalent to the underlying problem and yields a well-balanced formula-88

tion. However, it fails in the presence of singularities, such as those caused by geometric corners or89

material interfaces. To address this, LS methods have been extended to first-order systems with90

properly chosen norms, resulting in numerous viable LS finite element methods. These methods,91

grounded in L2-based norms, have been thoroughly developed and analyzed for problems such as92

convection-diffusion-reaction, elasticity, and Stokes equations [7, 8, 6, 9, 10, 28, 27]. In particular,93

the LS methods introduced in [24, 25, 29] are based on the original physical first-order systems,94
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LEAST-SQUARES NEURAL NETWORK METHOD 3

ensuring equivalence with the underlying PDEs. When adapted for NN discretizations, these for-95

mulations preserve physical laws provided that the numerical differentiation of certain differential96

operators also respects the underlying physics.97

For scalar nonlinear hyperbolic conservation laws, several NN-based numerical methods have98

been recently introduced by various researchers ([2, 15, 14, 35, 53, 52]). Those methods can99

be categorized as the physics-informed neural networks (PINNs) [2, 35, 53, 52] and the LSNN100

methods [15, 14, 16]. Both methods are based on the least-squares principle, but the former uses101

the discrete l2 norm while the latter uses the continuous L2 norm. This difference explains why the102

latter can employ ReLU activation function, that is not differentiable pointwisely, and adaptively103

find accurate numerical integration (see Section 4). Fundamentally, the former is based on the104

strong form ((2.1) or (2.12)) that violates the underlying physics (see Section 2), and the latter105

builds on a correct (“weak”) form ((2.5) or (2.21)) that preserves the underlying physics.106

Due to such a violation, the original PINN produces unacceptable approximate solution of107

the underlying problem by scientific computing standard. This phenomenon was observed by108

several researchers, e.g., [35, 52]. Furthermore, [35] modified the loss function by penalizing the109

artificial viscosity term. [52] applied the discrete l2 norm to the boundary integral equations over110

control volumes instead of the differential equations over points and modified the loss function by111

penalizing the entropy, total variation, and/or artificial viscosity. Even though the least-squares112

principle permits freedom of various penalizations, choosing proper penalization constants can113

be challenging in practice and it affects the accuracy, efficiency, and stability of the method. In114

contrast, the LSNN does not require any penalization constants (see Section 4).115

2. Scalar Hyperbolic Partial Differential Equations. Let Ω be a bounded open domain116

in Rd (d = 1, 2, or 3) with Lipschitz boundary, and I = (0, T ) be the temporal interval. This117

section describes linear advection-reaction equations defined on Ω and scalar nonlinear hyperbolic118

conservation laws defined on Ω× I and their equivalent least-squares formulations.119

2.1. Advection-Reaction Equations. Let β(x) = (β1, · · · , βd)
t ∈ C1(Ω̄)d be the advective120

velocity field having no stagnation point and γ ∈ C(Ω̄) be the reaction coefficient. Without loss121

of generality, assume that the magnitude of β(x) is one in Ω, i.e., |β(x)| ≡ 1. Otherwise, the122

equation below in (2.1) may be rescaled by dividing |β(x)|.123

Let f ∈ L2(Ω) and g ∈ L2(Γ−) be given scalar-valued functions, where Γ− is the inflow part124

of the boundary Γ = ∂Ω given by125

Γ− = {x ∈ Γ : β(x)·n(x) < 0}126

with n(x) the unit outward normal vector to Γ at x ∈ Γ. Consider the following linear advection-127

reaction equation [44]128

(2.1)


d∑

i=1

βi(x)
∂u(x)

∂xi
+ γu = f in Ω,

u = g on Γ−.
129

If the inflow boundary data g is discontinuous, so is the solution u(x). Hence, the solution has no130

partial derivative along any coordinate direction on the discontinuity interface I, which, in turn,131

implies that the PDE in (2.1) is not valid on the I.132

To deal with this issue, let us introduce characteristic curves of (2.1) defined by133

(2.2)
dxξ(t)

dt
= β(xξ(t))134

with initial condition xξ(0) = ξ, where ξ is a point on the inflow boundary Γ−. Now, the PDE in135

(2.1) becomes the following ordinary differential equations136

(2.3)
d u(xξ(t))

dt
+ γu(xξ(t)) = f(xξ(t))137
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with initial condition u(xξ(0)) = g(ξ) for all ξ ∈ Γ−. Denote by138

Γd
− = {ξ ∈ Γ− : g is discontinuous at ξ}139

the set of discontinuity of g. Then the discontinuity interface of the solution is given by140

I =
{
xξ(t) ∈ Ω : ξ ∈ Γd

−, t ∈ [0,∞), and xξ(t) is the solution of (2.3)
}
.141

The interface I partitions the domain Ω into submains {Ωi}, and one may compute the solution142

in each subdomain. This approach requires calculation of the discontinuity interface and is not143

applicable to nonlinear HCLs.144

To circumvent this difficulty, let us describe the approach developed in [14]. To this end,145

introduce the directional differential operator along the direction β by146

(2.4) Dβ v(x) = lim
τ→0

u(x)− u
(
x− τβ(x)

)
τ

147

for function v whose directional derivative along β exists. Then the linear advection-reaction148

equation with discontinuous solution may be written in the entire domain Ω as follows149

(2.5)

{
Dβ u+ γu = f in Ω,

u = g on Γ−.
150

Now, we are ready to introduce LS formulations of the linear advection-reaction problem based151

on (2.5). To do so, denote the solution space by152

(2.6) Vβ =
{
v ∈ L2(Ω) : Dβ v ∈ L2(Ω)

}
,153

and define the following least-squares functional154

(2.7) L(v;g) = ∥Dβ v + γ v − f∥20,Ω + ∥v − g∥2−β, ∀ v ∈ Vβ,155

where g = (f, g), and ∥ · ∥0,Ω and ∥ · ∥−β are the L2(Ω) and the weighted L2(Γ−) norms on the156

domain and the inflow boundary given by157

∥v∥0,Ω = (v, v)1/2 =

(∫
Ω

v2 dx

)1/2

and ∥v∥−β = ⟨v, v⟩1/2−β =

(∫
Γ−

|β ·n| v2 ds

)1/2

,158

respectively. Then the least-squares formulation of problem (2.5) studied in [4, 30, 5] is to seek159

u ∈ Vβ such that160

(2.8) L(u;g) = min
v∈Vβ

L(v;g).161

The well-posedness of the least-squares formulation in (2.8) was established in [30].162

Problem (2.8) enforces the inflow boundary condition via a penalization in the weighted L2(Γ−)163

norm. Alternatively, the condition can be imposed directly within the solution set, or both in the164

functional and the solution set. Specifically, define165

(2.9) Vβ(g) =
{
v ∈ Vβ : v|Γ− = g

}
=
{
v ∈ L2(Ω) : Dβ v ∈ L2(Ω), v|Γ− = g

}
.166

An equivalent least-square formulation is to find u ∈ Vβ(g) such that167

(2.10) L(u;g) = min
v∈Vβ(g)

L(v;g) or L̂(u) = min
v∈Vβ(g)

L̂(v).168

where L̂(v) = ∥Dβ v+γ v−f∥20,Ω is the first term of the LS functional L(v;g) in (2.7). Although the169

LS formulations in (2.8) and (2.10) are theoretically equivalent, practical considerations, especially170

the limited understanding of optimizers for non-convex problems, often motivate the use of first171

formulation in (2.10), with an appropriately weighted second term in L(v;g).172
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Remark 2.1. The advection-reaction equation is often expressed in a conservative form as173

follows174

(2.11)

{
div (βu) + γu = f in Ω,

u = g on Γ−.
175

When the solution u is discontinuous, the divergence operator div must be interpreted in a weak176

sense, as similarly defined in (2.19). We can then apply the LS principle to (2.11) (see the subse-177

quent section for details).178

2.2. Scalar Nonlinear Hyperbolic Conservation Laws. Let f(u) = (f1(u), ..., fd(u)) be179

the spatial flux vector field, Γ− be the part of the boundary ∂Ω × I where the characteristic180

curves enter the domain Ω× I ⊂ Rd+1, and the boundary data g and the initial data u0 be given181

scalar-valued functions defined on Γ− and Ω, respectively. Consider the following scalar nonlinear182

hyperbolic conservation law183

(2.12) ut(x, t) +

d∑
i=1

∂fi (u(x, t))

∂xi
= 0 in Ω× I184

with the inflow and initial conditions185

(2.13) u = g on Γ− and u(x, 0) = u0(x) on Ω,186

respectively, where ut is the partial derivative of u with respect to the temporal variable t. Without187

loss of generality, assume that fi(u) is twice differentiable for all i ∈ {1, . . . , d}.188

The solution of (2.12) is often discontinuous due to a discontinuous initial or inflow boundary189

condition or shock formation. Hence, the strong form in (2.12) is only valid where the solution is190

differentiable. Let I denote the discontinuity interface of the solution. To fully characterize the191

behavior across I, an additional equation, the so-called Rankine-Hugoniot (RH) jump condition192

(see, e.g., [44, 37]), is required:193

(2.14)
(
f(u+), u+

)
· n+

∣∣
I +

(
f(u−), u−) · n−∣∣

I = 0,194

where n+ = (n+
x , n

+
t ) and n− = (n−

x , n
−
t ) are the unit vector normal to the interface I with195

opposite directions, and u(x, t) have two different values on I, u+(x, t) and u−(x, t), defined by196

u±(x, t) = lim
ϵ→0

u(x− ϵn±
x , t− ϵn±

t ) ∀ (x, t) ∈ I.197

Thus, a complete formulation of the scalar nonlinear hyperbolic conservation law must include198

both the PDE and the RH condition, yielding:199

(2.15)

 ut(x, t) +
d∑

i=1

∂fi (u(x, t))

∂xi
= 0, in (Ω× I) \ I,

(f(u+), u+) · n+ + (f(u−), u−) · n− = 0, on I,
200

supplemented with the inflow and initial conditions in (2.13).201

In practice, however, the interface I is unknown a priori, making it extremely challenging to202

enforce the RH condition directly in numerical simulations. Traditional methods often rely on203

entropy conditions or artificial viscosity to approximate physically admissible solutions, but these204

approaches may introduce numerical artifacts such as smearing or oscillations near discontinuities.205

To deal with this difficulty, let us introduce the total flux206

(2.16) F(u) = (f(u), u) = (f1(u), . . . , fd(u), u).207

This manuscript is for review purposes only.



6 M. LIU AND Z. CAI

Denote by div the space-time divergence operator. When u is differentiable at (x, t), the classical208

definition of the divergence gives:209

(2.17) div F(u(x, t)) = ut(x, t) +

d∑
i=1

∂fi (u(x, t))

∂xi
.210

To interpret the (2.14) condition, we notice that it is indeed expresses a jump condition in the211

solution. From the perspective of of continuum mechanics, however, it represents the continuity212

of the normal component of the total flux F(u) across the interface I, i.e.,213

(2.18) [[F(u) · n]]I ≡
(
f(u+), u+

)
· n+

∣∣
I +

(
f(u−), u−) · n−∣∣

I = 0,214

where [[·]]I denotes the jump over the interface I and n(x, t) is the unit normal vector to the215

interface. This observation motivates a generalized, weak definition of the divergence operator,216

applicable even at points where u is discontinuous. Specifically, for any (x, t) ∈ I, we define the217

space-time divergence operator via the Gauss divergence theorem as:218

(2.19) div F(u(x, t)) = lim
ϵ→0

1

|Bϵ(x, t)|

∫
∂Bϵ(x,t)

F(u) · n dS,219

where Bϵ(x, t) ∈ Rd+1 is a ball of radius ϵ centered at (x, t), ∂Bϵ(x, t) is the boundary of Bϵ(x, t),220

and n is the outward unit normal to ∂Bϵ(x, t).221

Theorem 2.2. Let u be a solution of (2.15) and (2.13), then the divergence of the total flux222

F(u) vanishes on I, i.e.,223

(2.20) div F(u) = 0 in I.224

Proof. For any (x, t) ∈ I, let Bϵ(x, t) be a ϵ-ball in Ω× I centered at (x, t). Then the interface225

I partitions Bϵ(x, t) into two subdomains denoted by B+
ϵ (x, t) and B−

ϵ (x, t) sharing part of I. It226

follows from (2.18), Gauss’ divergence theorem, and the first equation of (2.15) that227 ∫
∂Bϵ(x,t)

F(u) · n dS =

∫
∂B+

ϵ (x,t)

F(u) · n dS +

∫
∂B−

ϵ (x,t)

F(u) · n dS228

=

∫
B+

ϵ (x,t)

div F(u) dS +

∫
B−

ϵ (x,t)

div F(u) dS = 0,229

which, together with the weak definition of the divergence operator in (2.19), implies (2.20). This230

completes the proof of the lemma.231

Using Theorem 2.2 and (2.15), the nonlinear scalar hyperbolic conservation law has the fol-232

lowing simplified form233

(2.21) div F(u) = 0 in Ω× I ∈ Rd+1,234

supplemented by the inflow and initial conditions in (2.13).235

As the linear case studied in Subsection 2.1, the inflow and initial conditions may be enforced236

either in the functional as penalization terms or in the solution set or in both the functional and the237

solution set. To this end, denote the collection of square integrable vector fields whose divergence238

is also square integrable by239

H(div; Ω× I) =
{
τ ∈ L2(Ω× I)d+1 : div τ ∈ L2(Ω× I)

}
.240
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Let us introduce the following two solution sets of (2.21)241 {
Vf =

{
v ∈ L2(Ω× I) : F(v) = (f(v), v) ∈ H(div; Ω× I)

}
and

Vf (g) =
{
v ∈ Vf : v|Γ− = g, v|Ω×{0} = u0

}
,

(2.22)242

where g = (g, u0). Define two least-squares (LS) functionals as243

(2.23) L̂(v) = ∥div F(v)∥20,Ω×I and L(v;g) = L̂(v) + ∥v − g∥20,Γ−
+ ∥v − u0∥20,Ω×{0},244

where ∥ · ∥0,S denotes the standard L2(S) norm for S = Ω × I, Γ−, or Ω × {0}. Now, the245

corresponding least-squares formulation is to either (1) seek u ∈ Vf such that246

(2.24) L(u;g) = min
v∈Vf

L(v;g)247

or (2) seek u ∈ Vf (g) such that248

(2.25) L(u;g) = min
v∈Vf (g)

L(v;g) or L̂(u) = min
v∈Vf (g)

L̂(v).249

Comments on theory and practice of these three LS minimization problems in the previous section250

are valid here as well.251

3. ReLU Neural Network and its Approximation to Discontinuous Functions. This252

section describes l-hidden-layer ReLU neural network as a set of continuous piecewise linear func-253

tions and illustrates its striking approximation power to discontinuous functions with unknown254

interface locations [14, 20].255

ReLU refers to the rectified linear activation function defined by256

(3.1) σ(s) = max{0, s} =

{
s, s > 0,

0, s ≤ 0.
257

The σ(s) is a continuous piecewise linear function with one breaking point s = 0. For k = 1, . . . , l,258

let nk denote the number of neurons at the kth hidden layer; denote by259

b(k) ∈ Rnk and ω(k) ∈ Rnk×nk−1260

the biases and weights of neurons at the kth hidden layer, respectively. Their ith rows are denoted261

by b
(k)
i ∈ R and ω

(k)
i ∈ Rnk−1 , that are the bias and weights of the ith neuron at the kth hidden262

layer, respectively, where n0 = d or d+ 1 for applications in Section 2. Let263

x(0) = x ∈ Rd or x(0) = (x, t) ∈ Rd+1.264

For k = 1, . . . , l − 1, define vector-valued functions x(k) : Rn0 → Rnk by265

(3.2) x(k) = x(k)
(
x(0)

)
= σ

(
ω(k)x(k−1) + b(k)

)
,266

where the application of the activation function σ to a vector-valued function is defined component-267

wise.268

A ReLU neural network with l hidden layers and nk neurons at the kth hidden layer can be269

defined as the collection of continuous piecewise linear functions:270

(3.3) M(l) =

{
c0 +

nl∑
i=1

ciσ
(
ω

(l)
i x(l−1) + b

(l)
i

)
: ci, b

(l)
i ∈ R, ω

(l)
i ∈ Snl−1

}
,271
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where x(l−1)
(
x(0)

)
is recursively defined as in (3.2), and Snl−1 denotes the unit sphere in Rnl−1 .272

The constraint that the weight vector of each neuron lies on the unit sphere arises from normal-273

ization for the ReLU activation function (see [47]). This restriction can narrow the set of solutions274

for a given approximating problem. The total number of parameters of M(l) is given by275

(3.4) M(l) = (nl + 1) +

l∑
k=1

nk × (nk−1 + 1).276

We now explain why any function v
(
x(0)

)
in M(l) is always a continuous piecewise linear277

function, regardless of the dimension, the number of layers, or the number of neurons per layer. To278

illustrate this, we first consider the shallow NN case, i.e., l = 1. For simplicity, let x(0) = x ∈ Rd,279

then any NN function v(1) (x) ∈ M(1) has the form of280

(3.5) v(1) (x) = c0 +

n1∑
i=1

ciσ
(
ω

(1)
i x+ b

(1)
i

)
.281

Since the ReLU activation function σ(s) is itself a continuous piecewise linear function with a single282

breaking point at s = 0, each neuron σ
(
ω

(1)
i x+ b

(1)
i

)
is a continuous piecewise linear function with283

a breaking hyperplane (see [14, 47]):284

(3.6) P(1)
i =

{
x ∈ Ω ⊂ Rd : ω

(1)
i · x+ b

(1)
i = 0

}
.285

These hyperplanes, together with the boundary of the domain Ω, generate a physical partition K(1)286

of Ω as described in [47, 26]. This partition K(1) is uniquely determined by the parameters of the287

first layer
{(

ω
(1)
i , b

(1)
i

)}n1

i=1
and consists of irregular, polygonal subdomains of Ω (see Figure 3(e)288

below for a visual example for such partition). The NN function v(1)(x) in (3.5) is then a continuous289

piecewise linear function with respect to K(1).290

Any NN function v(2) (x) in M(2) has the form291

(3.7) v(2) (x) = c0 +

n2∑
i=1

ciσ
(
ω

(2)
i x(1) + b

(2)
i

)
,292

where x(1) = σ
(
ω(1)x+ b(0)

)
∈ M(1)n1 is a vector-valued function whose components are con-293

tinuous piecewise linear functions. Hence, each pre-activated NN function294

g
(2)
i (x) = ω

(2)
i x(1) + b

(2)
i ,295

being an affine function of x(1), is also a continuous piecewise linear function of x, defined with296

respect to the physical partition K(1). The zero level set of g
(2)
i (x), denoted by297

(3.8) P(2)
i =

{
x ∈ Ω ⊂ Rd : ω

(2)
i x(1) + b

(2)
i = 0

}
298

defines a breaking poly-hyperplane that refines the partition K(1) (see [26] for details). It follows299

that v(2) (x) is a continuous piecewise linear function with respect to the refined physical partition300

K(2), generated by incorporating the breaking poly-hyperplanes
{
P(2)
i

}n2

i=1
into K(1). By induction,301

any ReLU NN function v(l) (x) ∈ M(l) is a a continuous piecewise linear function with respect302

to the physical partition K(l), which is determined by the network parameters across all hidden303

layers.304
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One of the key challenges in numerically solving HCLs lies in the fact that the location of305

the discontinuities in the solution is typically unknown in advance. To capture these unknown306

interfaces, traditional mesh-based numerical methods require fine meshes, whick leads to high307

computational cost and often produces spurious oscillations near the interface, an artifact com-308

monly referred to as the Gibbs phenomenon. In the remainder of this section, we highlight a309

remarkable approximation property of ReLU NN functions for representing piecewise constant310

functions with unknown discontinuity interfaces.311

To this end, let χ(x) be a piecewise constant function defined on Ω ∈ Rd, given by312

(3.9) χ(x) =

k∑
i=1

αi1Ωi
(x),313

where {Ωi}ki=1 forms a partition of the domain Ω and 1Ωi
(x) denotes the indicator function of the314

subdomain Ωi. For simplicity of presentation, consider a special case that k = 2, α1 = 0, and315

α2 = 1, i.e.,316

(3.10) χ(x) = 1Ω2
(x) =

{
0, x ∈ Ω1,

1, x ∈ Ω2,
317

where Ω1 and Ω2 are open, connected subdomains of Ω satisfying318

Ω1 ∩ Ω2 = ∅ and Ω̄ = Ω̄1 ∪ Ω̄2.319

Let ∂Ωi be the boundary of the subdomain Ωi, and assume the interface I = ∂Ω1 ∩ ∂Ω2 is a C0320

surface with finite (d − 1)-dimensional measure, i.e., |I| < ∞. Although this case only considers321

a single interface, the extension to general piecewise constant functions as in (3.9) with multiple322

discontinuities is straightforward.323

The complexity of the discontinuity interface I plays a crucial role in determining both the324

accuracy of the approximation and the required architecture of NN. To gain a clear understanding,325

we begin by examining the simplest non-trivial case, when the interface is a hyperplane, and defer326

a discussion of more general interfaces to Remark 3.2. Specifically, consider the case where the327

interface I is a portion of a hyperplane defined by328

I =
{
x ∈ Ω ⊂ Rd : a · x = b

}
,329

where a is the unit vector normal to I pointing to the subdomain Ω2. To approximate the step330

function χ(x) associated with this hyperplane interface, we introduce two representative ReLU NN331

constructions, both capable of capturing the discontinuity sharply and efficiently. For any given332

ε > 0, define the following NN functions as in [14] and [20]:333

(3.11) p1(x) =
1

2ε

(
σ(a·x− b+ ε)− σ(a·x− b− ε)

)
or p2(x) = 1− σ

(
−1

ε
σ(a·x− b) + 1

)
.334

Here, p1(x) is achieved by a two-layer ReLU NN with just two neurons, while p2(x) corresponds335

to a three-layer NN with one neuron per hidden layer. In one dimension, they are illustrated in336

Figure 1. Define the narrow transition regions as337

Ωp1 = {x ∈ Ω : −ε < a · x− b < ε} and Ωp2 = {x ∈ Ω : 0 < a · x− b < ε} .338

Then, both p1(x) and p2(x) serve as smoothed approximations to the ideal step function χ(x),339

with the following piecewise-defined formula:340

(3.12) p1(x) =


0, in Ω1 \ Ωp1 ,

a · x− b+ ε

2ε
, in Ωp1

,

1, in Ω2 \ Ωp1

and p2(x) =


0, in Ω1 \ Ωp2

,

(a · x− b)/ε, in Ωp2 ,

1, in Ω2 \ Ωp2 .

341
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10 M. LIU AND Z. CAI

(a) p1(x) (b) p2(x)

Fig. 1. NN Approximation of a 1D unit step function.

Lemma 3.1. There exists a positive constant C such that for all r ∈ (0,∞), we have342

(3.13) ∥χ− p1∥Lr(Ω) ≤ C |I|1/rε1/r and ∥χ− p2∥Lr(Ω) ≤ C |I|1/rε1/r,343

where |I| is the (d−1)-dimensional measure of the interface I.344

Proof. By (3.10) and (3.12), for i = 1, 2, we have345

χ(x)− pi(x) = 0, in Ω \ Ωpi
and

∣∣χ(x)− pi(x)
∣∣r ≤ 1, in Ωpi

,346

which, together with the facts that
∣∣Ωpi

∣∣ ≤ C
∣∣I∣∣ε, implies the validity of (3.13). This completes347

the proof of the lemma.348

(a) The interface Γ (b) An approximation of the interface by con-
nected series of hyperplanes

Fig. 2. Approximation of the interface Γ

These explicit constructions demonstrate the expressive power of ReLU NNs in approximating349

discontinuous functions, with simple architectures sufficing to localize and resolve interfaces aligned350

with hyperplanes. In the next remark, we discuss the extension of this approach to more general,351

non-planar interfaces.352

Remark 3.2. When the interface I is not a hyperplane but can be approximated, to a pre-353

scribed accuracy ε > 0, by a connected sequence of hyperplanes (see Figure 2 and [20]) in the354

maximum norm, the indicator function χ(x) = 1Ω2
(x) defined in (3.10) can still be effectively355

approximated by a ReLU NN of a given architecture, satisfying the error bound in (3.13).356

More precisely, based on the two-layer ReLU NN approximation p1(x) in (3.11), we showed357

in [18] that a ReLU NN with at most ⌈log2(d + 1)⌉ + 1 layers suffices to achieve the desired358
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approximation accuracy ε. However, [18] does not provide an estimate on the minimum number359

of neurons at each layer. This result is obtained by constructing a continuous piecewise linear360

(CPWL) function with a sharp transition layer of ε width, and combining the main findings of [1]361

regarding the ReLU NN representation of CPWL functions.362

Leveraging the three-layer ReLU NN approximation p2(x) in (3.11), it was shown in [20] that363

χ(x) can be approximated with the comparable accuracy using a three-layer ReLU NN. In this case,364

the number and locations of neurons at the first layer are determined by the hyperplanes used to365

approximate the interface, while the number of neurons in the second layer is dependent on the366

convexity of the interface (see Theorem 3.2 in [20]).367

4. Least-Squares Neural Network (LSNN) Method. This section introduces the least-368

squares neural network (LSNN) method for solving advection-reaction equations in (2.1) and scalar369

nonlinear hyperbolic conservation laws in (2.21) based on the equivalent least-squares formulations370

in (2.8)/(2.10) and (2.24)/(2.25), respectively. To evaluate the least-squares functionals, we discuss371

efficient numerical integration in Subsection 4.1 and physics-preserved numerical differentiation in372

Subsection 4.2. Finally, the LSNN method is defined in Subsection 4.3.373

4.1. Numerical Integration. The evaluation of the least-squares functionals L(v; f) and374

L̂(v; f), as defined in (2.7) or (2.23), involves integrations over the computational domain Ω ⊂ Rd375

or Ω × I ⊂ Rd+1 (d = 1, 2, or 3), as well as portions of their boundaries. In practice, these376

integrals must be approximated using numerical quadrature. This section outlines the basic setup377

for numerical integration and discusses key considerations for its implementation within the LSNN378

framework.379

Let380

T = {K : K is an open subdomain of Ω}381

denote a partition of the domain Ω, referred to as the integration mesh. Here, the partition means382

that the union of all subdomains of T equals the whole domain Ω and that any two distinct383

subdomains of T have no intersection; more precisely,384

Ω̄ = ∪K∈T K̄ and K ∩ T = ∅, ∀ K, T ∈ T .385

A composite quadrature over T is then written as386 ∑
K∈T

QK(w) ≈
∑
K∈T

∫
K

w(x) dx =

∫
Ω

w(x) dx,387

where QK(w) ≈
∫
K
w(x) dx represents a quadrature rule over subdomain K. The specific quadra-388

ture rule QK may vary across different elements K ∈ T , and can be chosen from standard formulas389

such as Gaussian quadrature or Newton–Cotes formulas, including the midpoint, trapezoidal, or390

Simpson’s rule (see [56]). For instance, using the midpoint rule for all K ∈ T , QK(w) = w(xK)|K|,391

where xK is the centroid of element K and |K| denotes its d- or (d+1)-dimensional measure.392

In the context of LSNN, the integrands typically depend on NN approximations of the solution393

u to the underlying PDE. These NN approximations are continuous piecewise linear functions394

defined over physical partitions (see Section 3), which are generally unknown in advance and395

evolve dynamically during training. Moreover, the true solution u itself is unknown and may396

exhibit localized features such as steep gradients, discontinuities, or singularities.397

Because of these considerations, adaptive numerical integration was introduced in [47] (see398

Algorithm 5.2) and in [48] (see Algorithm 3.1). Below, we briefly outline the adaptive mesh399

refinement strategy for numerical integration with a fixed NN in Algorithm 4.1 for problem (2.1).400

As usual, we begin with a uniform and coarse partition T ′ of the domain Ω. Based on this401

initial integration mesh, we apply the standard adaptive numerical quadrature procedure to refine402
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it according to the given integrands f and g. The goal is to construct an initial integration partition403

T such that404 ∣∣∣∣∣
∫
Ω

f2 dx−
∑
K∈T

QK

(
f2
)∣∣∣∣∣ ≤ ε and

∣∣∣∣∣∣
∫
Γ−

g2dS −
∑

E∈E−

QE

(
g2
)∣∣∣∣∣∣ ≤ ε,405

where E− denotes the collection of inflow boundary faces of T (see (4.3)).406

Let uT be the NN approximation obtained using this initial integration mesh T . For each407

subdomain K ∈ T , we define a local error indicator408

η
K
= ∥Dβ,τuT + γ uT − f∥0,K ,409

where Dβ,τ is a discrete directional derivative operator as defined in (4.1). The global error410

estimator is then given by η =

( ∑
K∈T

η2
K

)1/2

. These two error indicators guide the adaptive411

refinement process, which iteratively updates the integration mesh to better resolve regions with412

large local error contributions. The refinement procedure is summarized in Algorithm 4.1.413

Algorithm 4.1 Adaptive Quadrature Refinement (AQR) with a fixed NN.
(1) for each K ∈ T , compute the local error indicator ηK ;
(2) mark T by the either bulk or average marking strategy (see, e.g., [47]) and refine marked

subdomain to obtain a new partition T ′;
(3) compute new NN approximation uT ′ on the refined integration mesh T ′;
(4) for a given parameter γ ∈ (0, 1), if η(uT ′ ) ≤ γη(uT ), then go to Step (1) with T = T ′;

otherwise, output T .

For a given parameter γ ∈ (0, 1), the stopping criterion used in Step (4) of Algorithm 4.1414

indicates that the adaptive procedure terminates when further refinement of the integration mesh415

produces a negligible reduction in residual. In other words, if the additional refinement does not416

significantly improve the accuracy of the global error evaluation for the current NN approximation,417

the algorithm halts and outputs the current integration partition.418

Remark 4.1. In the case where computational cost is not an issue, one may use a uniform419

partition T that is fine enough to approximate the unknown solution well using a piecewise poly-420

nomial.421

4.2. Physics-Preserved Numerical Differentiation. Solutions to the hyperbolic PDEs in422

(2.1) and (2.12) can exhibit discontinuities, making conventional numerical or auto-differentiations423

along coordinate directions, based directly on (2.1) and (2.12), inadequate. This section introduces424

physics-preserved numerical differentiation techniques derived from the equivalent formulations in425

(2.5) and (2.21), as proposed in [14, 16].426

When the solution u is discontinuous, as discussed in Subsection 2.1 and Subsection 2.2, both427

the directional derivative uβ(x) and the divergence of the total flux div F(u) can still be defined via428

limit processes, as given in (2.4) and (2.19), respectively. Approximating these quantities through429

any reasonable limiting process leads to what we call physics-preserved numerical differentiation.430

Based on (2.4), for any function v(x) that admits a directional derivative in the β direction431

at x ∈ Ω, we define the discrete directional differential operator Dβ,τ as432

(4.1) Dβ,τ v(x) =
v(x)− v

(
x− τβ(x)

)
τ

433

for 0 < τ ≪ 1. This operator provides an upwind finite difference approximation to the directional434

derivative in the direction of β with step size τ . Intuitively, for sufficiently small τ , this scheme435
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avoids crossing the discontinuity interface, thereby preserving the physical meaning of the direc-436

tional derivative. In contrast, standard numerical or automatic differentiation based on
d∑

i=1

βiuxi
,437

where uxi denotes the partial derivative of u with respect to xi, involves values from both sides438

of the interface and thus fails to capture the correct behavior at discontinuities. This can be il-439

lustrated by a simple model problem in Ω = (0, 1) × (0, 1) ⊂ R2 with β = (1, 1)T . If the inflow440

boundary condition g is discontinuous at the corner point (0, 0), the resulting discontinuity inter-441

face is I = {(x, t) ∈ Ω : x+ t = 0}. In this scenario, the standard differentiation ux+ut necessarily442

evaluates across the interface I, leading to non-physical or spurious results.443

To define a discrete divergence operator based on (2.19), we associate each integration point444

z with a corresponding control volume Kz that contains the point. The discrete divergence of the445

total flux F(v) at z is then given by446

(4.2) divT F(v(z)) =
1∣∣Kz

∣∣Q∂Kz (F(v)·n) ,447

where Q∂Kz(·) denotes a composite quadrature rule applied over the boundary ∂Kz of the control448

volume Kz and n is the unit outward vector normal to the boundary ∂Kz.449

Under the midpoint quadrature rule QK , each subdomain K ∈ T has a single integration point450

zK = (xK , tK), typically chosen as the centroid of K. In this case, the control volume is simple451

KzK
= K.452

More generally, suppose the quadrature rule QK for a subdomain K ∈ T has J integration453

points,454

zKj = (xKj , tKj ) ∈ K ∈ T , for j = 1, . . . , J.455

Let TK = {Kj}Jj=1 be a partition of K such that zKj ∈ Kj , where Kj is referred to as the456

control volume of the integration point zKj
. Let Q∂Kj

(·) be a composite quadrature rule over the457

boundary ∂Kj , then the discrete divergence operator divT at the integration point zKj
can be458

defined analogously via (4.2).459

The general definition of the discrete divergence operator divT in (4.2) depends on the quad-460

rature rule Q∂K(·) over the boundary ∂K, which, in turn, depends on the geometry of K. Since461

the integration mesh T is independent of the physical mesh induced by the NN approximation, it462

is practically advantageous to construct T as a composite mesh generated by the AQR procedure463

in Algorithm 4.1. In this setup, each element K ∈ T is taken to be simple cell such as a rectangle,464

a cuboid, or a hypercube in two, three, or higher dimensions, with all faces aligned parallel to the465

coordinate hyperplanes. For such integration mesh T in both two and three dimensions, explicit466

definitions of divT F(u(zK)) were proposed and rigorously analyzed in [16], specifically in the con-467

text of discontinuous solutions u. These formulations ensure that the numerical divergence remains468

consistent with the underlying physics, even across discontinuities and sharp interface features.469

4.3. The LSNN Method. Denote the collections of the inflow boundary faces and the470

initial-time faces of the integration mesh T by471

(4.3) E− = {E = ∂K ∩ Γ− : K ∈ T } and E0 = {E = ∂K ∩ (Ω× {0}) : K ∈ T },472

respectively. For each face E in E− or E0, let QE(w) denote a quadrature rule applied to an473

integrand w defined on E. We now define the discrete least-squares functionals. For problem474

(2.5), the functional is defined by475

(4.4) L̂T

(
v
)
=
∑
K∈T

QK

(
(Dβ,τv + γv−f)2

)
and LT

(
v; f
)
= L̂T

(
v
)
+
∑

E∈E−

QE

(
|β ·n|(v − g)2

)
476
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and for problem (2.21), it is defined as477

(4.5)


L̂T

(
v
)
=
∑

K∈T
QK (divT F(v)) and

LT

(
v; f
)
= L̂T

(
v
)
+
∑

E∈E−

QE

(
(v − g)2

)
+
∑

E∈E0

QE

(
(v − u0)

2
)478

To unify the notation across both formulations, let479

V = Vβ or Vf and V(h) = Vβ(g) or Vf (g)480

for problem (2.5) or (2.21), respectively. The LSNN method then seeks a function u
N,T ∈ M(l)481

that minimizes the discrete least-squares functional. Specifically, it solves either482

(4.6) LT

(
u

N,T ; f
)
= min

v∈M(l)
LT

(
v; f
)
.483

or when constrained to the admissible set V(hT ), solves,484

(4.7) LT

(
u

N,T ; f
)
= min

v∈M(l)∩V(hT )
L(v; f) or L̂T

(
u

N,T

)
= min

v∈M(l)∩V(hT )
L̂(v),485

where hT is an approximation of the prescribed data h = g or g.486

We now discuss how to weakly enforce the inflow boundary and initial conditions through487

the physics-preserved numerical differentiation in Subsection 4.2. For simplicity, assume that the488

quadrature rule QK(·) is the midpoint rule. In this case, the centroid of K, zK = xK or (xK , tK),489

is the sole integration point within each subdomain K. For each inflow boundary or initial face490

E ∈ E− ∪ E0, there exists a subdomain K ∈ T such that E ∈ ∂K. We denote this face by EK to491

indicate that E is part of the boundary ∂K of K.492

For each inflow boundary face EK ∈ E−, the directional derivative Dβ,τv(xK), as defined in493

(4.1), is computed by choosing the derivative step size τ so that the backward point xK − τβ(xK)494

lies on the boundary face E−. The directional derivative is then given by495

(4.8) Dβ,τv(xK) =
v(xK)− g

(
xK − τβ(xK)

)
τ

,496

where g is the prescribed inflow boundary condition in (2.1). Similarly, for problem (2.12), the497

discrete divergence operator at the integration point zK is modified to incorporate the boundary498

or initial data on the relevant face EK . Specifically, the discrete divergence becomes499

(4.9) divT F(u(zK)) =


1∣∣K∣∣ (Q∂K\EK

(
F(u)·n

)
+QEK

(
F(g)·n

))
, EK ∈ E−,

1∣∣K∣∣ (Q∂K\EK

(
F(u)·n

)
+QEK

(
F(u0)·n

))
, EK ∈ E0.

500

where g and u0 denote inflow boundary and initial conditions in (2.12), respectively.501

5. Efficient and Reliable Iterative Solvers. Both LT

(
v; f
)
and L̂T

(
v
)
are convex func-502

tionals with respect to v, but become non-convex when viewed as functions of the NN parameters.503

As a result, the discrete problems formulated in (4.6) or (4.7) are non-convex optimization prob-504

lems over the NN parameters. These high-dimensional, non-convex optimization problems are505

typically computationally intensive and complex, and they remain a major bottleneck in applying506

NNs to numerically solve PDEs. Despite these challenges, there has been active research and some507

notable progress in developing more efficient and reliable iterative solvers (training algorithms)508

and in designing effective initialization strategies for NN-based PDE methods [21, 22, 23].509
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The Adam (Adaptive Moment Estimation) method [42] is a first-order gradient-based op-510

timization algorithm widely used in training NNs. At each iteration, Adam updates the NN511

parameters using an adaptive learning rate based on estimates of the first and second moments512

of the gradients. This adaptive learning rate mechanism makes it particularly effective for large-513

scale optimization problems with noisy or sparse gradients. However, for solving high-dimensional,514

non-convex optimization problems arising from NN-based PDE discretizations, first-order meth-515

ods like Adam often suffer from slow convergence, motivating the development of more efficient516

second-order solvers that can better exploit the structure of the optimization landscape.517

Below, we first explore the algebraic structure of the problem and then introduce a second-518

order Gauss-Newton based iterative method. As a nonlinear PDE, (2.21) possesses its own intrinsic519

nonlinearity that warrants special treatment. In this section, we focus solely on the linear problem520

in (2.5). For simplicity of presentation, we use the second minimization problem defined in (4.7),521

namely the task of finding u∗
N,T

(x) ∈ M(l) such that522

(5.1) u∗
N,T

(x) = argmin
v∈M(l)∩V(hT )

L̂(v)523

where L̂(v) defined in (4.4), as an example to illustrate the algebraic structures underlying this524

non-convex optimization problem. These structures can be leveraged for designing more efficient525

and reliable iterative solvers.526

Problem (5.1) is often called separable nonlinear least-squares (SNLS) problem (see, e.g., [41]),527

due to the presence of both the linear and nonlinear parameters. There are two approaches for528

solving SNLS problems: (1) block iterative methods that alternate between updates of the linear529

and the nonlinear parameters (serving as outer iteration), and (2) the Variable Projection (VarPro)530

method of Golub-Pereyra [38], which eliminates the linear parameters to reduce the dimensionality531

of the problem. Although the VarPro method yields a problem with fewer degrees of freedom, it532

alters the original nonlinear structure of the SNLS problem. Therefore, in this work, we will focus533

exclusively on the first approach.534

To this end, any function v(x) ∈ M(l) has the following form535

(5.2) v(x) = c0 +

nl∑
i=1

ciσ
(
ω

(l)
i x(l−1) + b

(l)
i

)
,536

where x(l−1) is recursively defined in (3.2). Clearly, v(x) is determined by the linear and nonlinear537

parameters538

ĉ = (c0, c) = (c0, c1, . . . , cnl) ∈ Rnl+1 and Θ =
{
r(k)

}l

k=1
=

{(
r
(k)
1 , . . . , r(k)nk

)T
}l

k=1

,539

respectively, where r
(k)
i =

(
b
(k)
i ,ω

(k)
i

)
is the bias and weights of the ith neuron at the kth hidden540

layer. To indicate this dependence, we often write v(x) = v(x; ĉ,Θ). Now, a solution541

u∗
N,T (x) = uN,T (x; ĉ∗,Θ∗)542

of the problem in (5.1) is to minimize the least-squares functional L̂(v) over M(l) ∩ V(hT ); or543

equivalently, the optimal parameters (ĉ∗,Θ∗) minimize the function L̂ (v(·; ĉ,Θ)) of variables (ĉ,Θ)544

in a domain of high dimension. Hence, (ĉ∗,Θ∗) satisfies the following optimality conditions545

(5.3) ∇cL̂T

(
u

N,T (·; ĉ∗,Θ∗)
)
= 0 and ∇ΘL̂T

(
u

N,T (·; ĉ∗,Θ∗)
)
= 0,546

where ∇ĉ and ∇Θ denote the gradients with respect to ĉ and Θ, respectively.547
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Below we discuss algebraic structures of (5.3). First, this is a coupled nonlinear system of548

algebraic equations on ĉ∗ and Θ∗. Next, we derive specific forms of these algebraic equations. To549

do so, let σ0(x) = 1 and σi(x) = σ
(
ω

(l)
i x(l−1) + b

(l)
i

)
for i = 1, . . . , nl, and set550

Σ(x) = (σ1(x), . . . , σnl
(x))T and Σ̂(x) = (σ0(x), σ1(x), . . . , σnl

(x))T .551

Since the ReLU activation function σ(s) is not point-wisely differentiable, it is then difficult to com-552

pute gradients of the discrete LS functional L̂T (v(·; ĉ,Θ)). Instead, we introduce an intermediate553

functional before numerical integration,554

(5.4) L̂τ (v(·; ĉ,Θ)) =

∫
Ω

(Dβ,τv + γv−f)2 dx,555

compute gradients of this functional, and then approximate the coefficient matrix and the right-556

hand side vector by numerical quadrature.557

Because σ(s) has the first order weak derivative, by the facts that v(x) = Σ̂(x)T ĉ and that558

∇ĉv(x; ĉ,Θ) = Σ̂(x), we have559

1

2
∇ĉL̂τ (v(·; ĉ,Θ)) =

∫
Ω

(Dβ,τ v + γ v − f)∇ĉ (Dβ,τ + γ) v dx560

=

∫
Ω

(Dβ,τ v + γ v − f) (Dβ,τ + γ) Σ̂(x)dx =

∫
Ω

(Dβ,τ + γ) Σ̂(x)
{
(Dβ,τ + γ) Σ̂(x)T ĉ− f

}
dx,561

which, together with the optimality condition, implies562

(5.5) 0 =
1

2
∇ĉL̂τ (v(·; ĉ,Θ)) =

∫
Ω

{[
(Dβ,τ + γ)Σ̂

] [
(Dβ,τ + γ)Σ̂

T
]
ĉ− f

[
(Dβ,τ + γ)Σ̂

]}
dx.563

Approximating the integral by numerical quadrature, then the first equation in (5.3) implies564

the following system of algebraic equations565

(5.6) A (Θ) ĉ = F (Θ) ,566

where A (Θ) and F (Θ) are the coefficient matrix of order (nl + 1) × (nl + 1) and the right-hand567

side vector (nl + 1)× 1 given by568

(5.7)


A (Θ) =

∑
K∈T

QK

([
(Dβ,τ + γ)Σ̂

] [
(Dβ,τ + γ)Σ̂

T
])

and

F (Θ) =
∑

K∈T
QK

(
f
[
(Dβ,τ + γ)Σ̂

])
,

569

respectively. Here the actions of the numerical integration and numerical differentiation operators570

QK and Dβ,τ are applied component-wisely.571

At each step of a block iterative method for solving the SNLS problem in (5.3), given the572

current estimate of the nonlinear parameters Θ, (5.6) is a linear system with the coefficient matrix573

A (Θ). Let aij (Θ) be the ij-element of A (Θ), then574

aij (Θ) =
∑
K∈T

QK ([Dβ,τσi + γσi] [Dβ,τσj + γσj ]) = aji (Θ) ,575

which shows that A (Θ) is symmetric. Under reasonable assumptions (e.g., the assumption for576

one hidden layer is that the corresponding breaking hyperplanes are distinct), the set {σi(x)}nl

i=1577

is linearly independent, implying that A (Θ) is positive definite (see, e.g., [21] for shallow NN).578
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However, due to the global support of the basis functions {σi(x)}nl

i=1, A (Θ) is a dense matrix579

and can be highly ill-conditioned (see, e.g., [22, 23], especially for shallow NNs in one dimension).580

Consequently, gradient-based optimization methods may suffer from slow convergence, limiting581

their efficiency for solving such systems.582

Similar systems of algebraic equations to (5.7) arise from the least-squares approximation using583

shallow ReLU NNs [21] and the shallow Ritz method for one-dimensional diffusion and diffusion-584

reaction problems [22, 23]. In those special cases, efficient and reliable iterative solvers have been585

developed and analyzed. However, in broader NN applications, the design of fast solvers for the586

linear parameters remains a critical and largely unresolved challenge. When the number of the587

linear parameters is relatively small, techniques such as truncated singular value decomposition588

(SVD) can effectively mitigate the issues caused by large condition numbers and provide accurate589

solutions despite the ill-conditioning [21]. Nevertheless, scalable and efficient algorithms for larger590

systems are still an active area of research.591

At each step of the block iterative method, the second equation in (5.3) remains a nonlinear592

system of algebraic equations for Θ, given the current estimate of the linear parameters ĉ. A593

natural choice for solving such NLS problems is the Gauss-Newton (GN) method [31, 51], since594

its associated GN matrix is always positive semi-definite. A major limitation of the GN method is595

the potential singularity of the GN matrix, which often necessitates regularization strategies, most596

notably the shifting technique used in the Levenberg-Marquardt (LM) method [43, 50], to ensure597

invertibility. These regularization techniques, while widely adopted, modify the original optimiza-598

tion problem and introduce additional complexity. In particular, selecting an appropriate shift599

parameter is highly problem-dependent and remains a challenging and delicate task in practice.600

For the least-squares approximation of a target function using shallow NNs, in [21] we ad-601

dressed the limitations of the LM by deriving a structured form of the GN matrix and explicitly602

eliminating its singularity. The resulting structure-guided Gauss-Newton (SgGN) method achieves603

faster convergence and significantly greater accuracy than the LM approach. An extension of the604

SgGN method to least-squares approximation problems using deep ReLU NNs will be presented605

in a forthcoming paper.606

Next, we describe the SgGN method for solving the second equation in (5.3) when using shallow607

ReLU NNs. Any NN function v (x) ∈ M(1) has the form of608

(5.8) v (x) = v(x; ĉ, r) = c0 +

n∑
i=1

ciσ (ωix+ bi) .609

Here and thereafter, we drop the subscript 1 of n1 and the superscript (1) for notational simplicity.610

The nonlinear parameters consist of r = (r1, . . . , rn), with each ri = (bi,ωi). Substituting this611

into the second equation in (5.3), we obtain612

(5.9) 0 = ∇rL̂T

(
u

N,T (·; ĉ∗, r∗)
)

613

Again, we use the intermediate functional L̂τ to derive a structured form of the GN matrix and614

then approximate the integral by quadrature.615

Denote by H(s) = σ′(s) =

{
0, s < 0,
1, s > 0

the Heaviside step function, where σ′(s) is the616

weak derivative of σ(s) in the distribution sense. Let Id+1 be the order-(d + 1) identity matrix,617

D(c) be the diagonal matrix with the ith-diagonal elements ci, and y = (1, x1, . . . , xd)
T be the618

homogeneous-coordinates. A direct calculation (see (4.5) in [21]) gives619

(5.10) ∇rv(x; ĉ, r) = (D(c)⊗ Id+1) (H(x)⊗ y) ,620

where H(x) =
(
H1 (x; r1) , . . . ,Hn (x; rn)

)T
with Hi (x; ri) = H (ωix+ bi) = H (riy) and the621
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symbol ⊗ denotes the Kronecker product of two matrices/vectors. Denote by622

(5.11) G(ĉ, r) =

∫
Ω

(Dβ,τ v + γ v − f) (Dβ,τ + γ) (H(x)⊗ y) dx623

a scaled gradient vector of L̂τ (v(·; ĉ, r)) with respect to r. By (5.10), we have624

∇rL̂τ (v(·; ĉ, r)) = 2

∫
Ω

(Dβ,τ v + γ v − f) (Dβ,τ + γ)∇rv dx = 2 (D(c)⊗ Id+1)G(ĉ, r)625

The principal part of the Hessian without the second-order derivative with respect to r is called626

the GN matrix given by627  G(c, r) = 2 (D(c)⊗ Id+1)H(r) (D(c)⊗ Id+1)

with H(r) =
∫
Ω
[(Dβ,τ + γ) (H(x)⊗ y)]

[
(Dβ,τ + γ) (H(x)⊗ y)

T
]
dx,

628

where H(r) is referred to as the layer GN matrix. Approximating the integral by numerical629

quadrature, we then have the corresponding components630

(5.12)


GT (ĉ, r) =

∑
K∈T

QK {(Dβ,τ v + γ v − f) (Dβ,τ + γ) (H⊗ y)} ,

HT (r) =
∑

K∈T
QK

{
[(Dβ,τ + γ) (H⊗ y)]

[
(Dβ,τ + γ) (H⊗ y)

T
]}

, and

GT (c, r) = 2 (D(c)⊗ Id+1)HT (r) (D(c)⊗ Id+1) .

631

Now, we describe the SgGN method [21] for solving problem in (5.1). The algorithm starts632

with an initial function approximation u
(0)
n,T (x) = un,T

(
x; ĉ(0), r(0)

)
by initializing the nonlinear633

parameters r(0), as they define the breaking hyperplanes that partition the domain, and effectively634

forming a computational “mesh” for our approximation. Given r(0), we compute the optimal linear635

parameters ĉ(0) on the current physical partition by solving636

(5.13) A
(
r(0)
)
ĉ(0) = F

(
r(0)
)
,637

where A
(
r(0)
)
and F

(
r(0)
)
are defined in (5.7). For a detailed discussion of this initialization638

strategy, see [47, 14]. Then, given the approximation u
(k)
n,T (x) = un,T

(
x; ĉ(k), r(k)

)
at the kth639

iteration, the process of obtaining640

u(k+1)
n,T (x) = un,T

(
x; ĉ(k+1), r(k+1)

)
641

proceeds as follows:642

(i) First, identify a set of active neurons in the current approximation u
(k)
n,T (x) by defining643

(5.14) Iactive =
{
i ∈ {1, . . . , n}

∣∣∣ ∣∣∣c(k)i

∣∣∣ ≥ ϵc

}
,644

where ϵc is a prescribed tolerance. The parameters corresponding to these active neurons,645

denoted as c̃(k) and r̃(k), are extracted to form a reduced system.646

(ii) Next, we form G̃T

(
ĉ(k), r̃(k)

)
, D

(
c̃(k)

)
, and H̃T

(
r̃(k)

)
, compute the search direction in647

the reduced space by648

(5.15) p̃(k+1) =
(
D−1

(
c̃(k)

)
⊗ Id+1

)
H̃−1

(
r̃(k)

)
G̃T

(
ĉ(k), r̃(k)

)
,649

and then map it back to the full parameter space by initializing p(k+1) = 0 and setting650

p
(k+1)
i = p̃

(k+1)
i only for indices i ∈ Iactive.651
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(iii) Then, the nonlinear parameter is updated by652

r(k+1) = r(k) − γk+1p
(k+1),653

where the optimal step size γk+1 is computed by minimizing one dimensional function:654

γk+1 = argmin
γ∈R+

0

L̂T

(
un,T

(
·; ĉ(k), r(k) − γp(k+1)

))
.655

(iv) Finally, u
(k+1)
n,T (x) = un,T

(
x; ĉ(k+1), r(k+1)

)
is obtained by solving656

(5.16) A
(
r(k+1)

)
ĉ(k+1) = F

(
r(k+1)

)
.657

We conclude this section with a few remarks on initialization. The optimization problem in658

(5.1) is inherently non-convex, making initialization a critical factor for the success of any opti-659

mization/iterative/training scheme. This challenge can be addressed by leveraging (1) the physical660

interpretations of the linear and nonlinear parameters and (2) method of various continuations.661

For the shallow ReLU neural network, since the breaking hyper-planes of neurons form a662

partition of the computational domain, initialization of the nonlinear parameters r is given by lying663

those hyper-planes that uniformly partition the domain. Initialization of the linear parameters c664

is then the solution of (5.13) (see [14, 16, 21, 22, 23]).665

The adaptive neuron enhancement (ANE) method introduced in [47, 26] provides a natural666

method of continuation. The method of model continuation for linear advection-reaction problems667

with variable advection field was studied in [14]. Finally, the method of subdomain continuation for668

the block space-time LSNN method was introduced in [16] for the nonlinear hyperbolic conservation669

laws.670

6. Numerical Experiment. In this section, we present three numerical examples to demon-671

strate the performance of the LSNN method for linear and nonlinear hyperbolic problems. In each672

experiment, the discrete LS functionals were minimized using the Adam first-order optimization673

algorithm [42]. Implementation of the second-order Gauss-Newton method, as presented in Section674

5, is beyond the scope of the current experiments and is deferred to future work or for readers to675

explore. The structure of the ReLU NN used is denoted as d-n1-n2 · · ·nl−1-do for a l-layer network,676

where n1, n2 and nl−1 represent the number of neurons in the first, second, and (l − 1)th layers,677

respectively. Here, d and do indicate the input and output dimensions of the problem.678

6.1. A 2D linear problem with a variable advection velocity field. Consider a variable679

advective velocity field β(x, y) = (1, 2x), (x, y) ∈ Ω = (0, 1)×(0, 1), and the boundary of the input680

of the problem is Γ− = {(0, y) : y ∈ (0, 1)} ∪ {(x, 0) : x ∈ (0, 1)}. The inflow boundary condition681

is given by682

g(x, y) =

{
y + 2, (x, y) ∈ Γ1

− ≡ {(0, y) : y ∈ [ 15 , 1)},

(y − x2)e−x, (x, y) ∈ Γ2
− = Γ− \ Γ1

−.
683

The exact solution of this linear advection-reaction problem is684

(6.1) u(x, y) =

{
(y − x2)e−x, (x, y) ∈ Ω1 ≡ {(x, y) ∈ Ω : y < x2 + 1

5},

(y − x2 + 2)e−x, (x, y) ∈ Ω2 = Ω \ Ω1.
685

The LSNN method was implemented using a 2–60–60–1 ReLU NN model and a uniform in-686

tegration grid of size h = 0.01 (see [19] for experiment details). The directional derivative vβ687

was approximated by the backward finite difference quotient (4.1) with ρ = h/10. We report688
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the numerical results after 200,000 Adam iterations in Figure 3 and Table 1. As shown in Fig-689

ures 3(b) to 3(d), the LSNN method is capable of approximating the discontinuous solution with690

the curved interface with non-constant jump accurately without any oscillation or overshooting.691

In Figure 3(e), the graph of the physical mesh created by the trained ReLU NN function shows692

that the optimization process tends to distribute the breaking polylines in the second layer along693

the interface (see Figure 3(a)) presented in the problem, allowing the discontinuous solution to694

be accurately approximated using a piecewise linear function. Table 1 shows the relative numer-695

ical errors measured in different norms. With 3841 parameters, the ReLU NN can accurately696

approximate the solution with reasonable accuracy.697

Table 1
Relative errors of the linear advection-reaction problem.

Network structure
∥u−u

N,T ∥0

∥u∥0

|||u−u
N,T |||β

|||u|||β

L1/2(uN,T ;g)
L1/2(uN,T ;0)

Parameters

2–60–60–1 0.071953 0.115680 0.035981 3841

Table 2
Relative L2 errors of LSNN for the Riemann problem with f(u) = 1

4
u4

Time block
Number of sub-intervals

m̂ = n̂ = 2 m̂ = n̂ = 4 m̂ = n̂ = 6

Ω0,1
Trapezoidal rule 0.067712 0.010446 0.004543
Mid-point rule 0.096238 0.007917 0.003381

Ω1,2
Trapezoidal rule 0.108611 0.008275 0.009613
Mid-point rule 0.159651 0.007169 0.005028

6.2. A 1D Riemann problem with a spatial flux f(u) = 1
4u

4. The second numerical698

example is a Riemann problem with a convex flux f(u) = (f(u), u) = ( 14u
4, u) and an initial699

condition with a unit jump u
L

= 1 > 0 = u
R

at (0, 0) [16]. The computational domain is700

chosen as Ω = (−1, 1) × (0, 0.4) and is subdivided into two blocks, Ω0,1 = (−1, 1) × (0, 0.2) and701

Ω1,2 = (−1, 1)× (0.2, 0.4), allowing efficient computation. The numerical integration is performed702

using a uniform grid of size hx = ht = 0.01 and for the discrete divergence operator divT 4.9, we703

tested two quadrature methods for calculating the line integral Q∂K(·): the composite trapezoidal704

rule and the midpoint rule. Furthermore, we also investigated the impact of the number of sub-705

intervals, along each boundary edge of ∂K, on the precision of the LSNN method.706

A 2–10–10–1 ReLU NN model was used as an approximate function, and the Adam optimizer707

trains its associated parameters in 50, 000 iterations, the resulting relative L2 errors are reported708

in Tables 2.And the traces of the exact and numerical solutions in t = 0.2 and t = 0.4 are plotted709

in Fig. 4.710

From Table 2, it is evident that the accuracy of the LSNN method depends on the number of711

sub-intervals, with m̂ and n̂ denoting the number of sub-intervals along the spatial and temporal712

directions, respectively. In general, larger values of m̂ and n̂ lead to higher accuracy in the LSNN713

approximation. However, increasing m̂ and n̂ also raises the computational cost, particularly for714

evaluating the line integral Q∂K(·), which becomes more expensive with finer partitions. Moreover,715

the accuracy achieved using the composite trapezoidal and midpoint rules in the LSNN method is716

comparable; both are capable of accurately simulating this Riemann problem and capturing the717

correct shock propagation speed.718

6.3. A 2D inviscid Burgers equation. The last numerical test considers a two-dimensional719

inviscid Burgers equation, where the spatial flux vector field is f̃(u) = 1
2 (u

2, u2). Given a piecewise720
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(a) The interface (b) The trace of Figure 3(d) on y = 1− x

(c) The exact solution (d) A 2–60–60–1 ReLU NN function approxi-
mation

(e) The breaking hyper-planes of the approxi-
mation in Figure 3(d)

(f) The loss curve

Fig. 3. Approximation results for the linear advection-reaction problem in Sec. 6.1.

constant initial data,721

u0(x, y) =


−0.2, if x < 0.5 and y > 0.5,
−1.0, if x > 0.5 and y > 0.5,
0.5, if x < 0.5 and y < 0.5,
0.8, if x > 0.5 and y < 0.5,

722
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(a) Traces at t = 0.2 (trapezoidal) (b) Zoom-in plot near the discontinuous in-
terface of sub-figure (a)

(c) Traces at t = 0.4 (trapezoidal) (d) Traces at t = 0.2 (mid-point)

(e) Zoom-in plot near the discontinuous in-
terface of sub-figure (d)

(f) Traces at t = 0.4 (mid-point)

Fig. 4. Numerical results of the problem with f(u) = 1
4
u4 using the composite trapezoidal and mid-point rules

the exact solution to this problem is as follows [39],723

u(x, y, t) =



{
−0.2, y > 0.5 + 3t/20,

0.5, otherwise
and x < 0.5− 3t/5,{

−1, y > −8x/7 + 15/14− 15t/28,

0.5, otherwise
and 0.5− 3t/5 < x < 0.5− t/4,{

−1, y > x/6 + 5/12− 5t/24,

0.5, otherwise
and 0.5− t/4 < x < 0.5 + t/2,{

−1, y > x− 5
18t (x+ t− 0.5)2,

1
2t (2x− 1), otherwise

and 0.5 + t/2 < x < 0.5 + 4t/5,{
−1, y > 0.5− t/10,

0.8, otherwise
and x > 0.5 + 4t/5.

724
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Setting the computational domain Ω = (0, 1)2 × (0, 0.5), and the inflow boundary conditions725

prescribed using the exact solution, a 4-layer ReLU NN (3–48–48–48–1) was used as the model726

function. Again, the numerical integration was performed on uniform grids of size hx = hy =727

ht = 0.01, and the computation domain is decomposed into five time blocks of equal sizes, namely728

Ω0,1,Ω1,2, · · · ,Ω4,5. The three-dimensional discrete divergence operator divT is computed using729

the mid-point quadrature rule with m̂ = n̂ = k̂ = 2, where m̂, n̂ and k̂ are the number of sub-730

intervals along the spatial x, spatial y and the temporal direction. Table 3 reported the relative731

L2errors of LSNN in each time block. Specifically, 30, 000 iterations of Adam optimization were732

performed for the first time block, and the rest blocks were trained with 20, 000 iterations. Fig.5733

presents the numerical results at time t = 0.1, 0.3, and 0.5. This experiment shows that the LSNN734

method can be extended to two-dimensional problems and is capable of simulating the shock and735

rarefaction waves simultaneously.736

As anticipated, numerical error accumulated when using a block space-time method, mentioned737

in the previous paragraph that decomposes the time interval [0, 5] into 5 blocks (see [15]). By t =738

0.5, the relative error L2 reached 21.3% (see Table 3) . This result raises an important question for739

future research: how to enhance the accuracy of the LSNN method for high-dimensional hyperbolic740

problems. Theoretical studies suggest that a three-layer ReLU NN is sufficient for such problems741

from a function approximation standpoint [20]. However, developing an efficient and reliable742

iterative solver suitable for these high-dimensional, non-convex optimization problems remains a743

challenge. The discussion in Sec. 5 offers insights into leveraging the unique structure of NNs to744

guide the iterative process, though the problem remains unresolved.745

Table 3
Relative L2 errors of LSNN for a 2D Burgers’ equation

Network structure Block
∥uk−uk

T
∥0

∥uk∥0

3-48-48-48-1
Ω0,1 0.093679
Ω1,2 0.121375
Ω2,3 0.163755
Ω3,4 0.190460
Ω4,5 0.213013

(a) t = 0.1 (b) t = 0.3 (c) t = 0.5

Fig. 5. Numerical results of 2D Burgers’ equation.
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