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Abstract—Motivated by the ongoing debate over whether physics-informed neural
networks (PINNs) can serve as universal solvers for partial differential equations
(PDEs), this paper uses elliptic PDEs as a concrete setting to describe a family of
physics-preserving neural network (P2NN) methods. Beyond being physics-informed,
P2NN methods are designed to preserve the underlying physical principles which
are often violated by PINNs. Specifically, P2NN methods employ neural networks
as approximating functions, an equivalent formulation of the governing PDEs, and
physics-preserving numerical differentiation operators. For diffusion-reaction equations,
the Ritz and the dual formulations, associated with the primal and dual variables
respectively, provide natural optimization principles and hence preserve physics. For
convection-diffusion-reaction equations, we examine the Bramble-Schatz and first-
order system least-squares (LS) formulations and assess their applicability. Finally,
we emphasize that a viable NN-based method also hinges on accurate numerical
integration and physics-preserving numerical differentiation. These components are
essential, nontrivial, and are discussed within the proposed P2NN framework.

N eural networks (NNs) have demonstrated re-
markable performance in computer vision,
natural language processing, and other core

areas of artificial intelligence. Recently, there has been
a rapid surge of interest in leveraging NNs to solve
partial differential equations (PDEs). Yet, despite the
rapid proliferation of articles in recent years, NN-based
numerical methods for solving PDEs in the context
of science and engineering remain at an early stage.
Before these approaches can become dependable
tools for computational science and engineering, sev-
eral foundational controversies must be confronted,
many of which stem from a mismatch between data-
driven learning pipelines and numerical discretization
principles. In our view, the most consequential open
questions are:

(i) For which applications do NNs offer clear advan-
tages over finite elements for approximation?

(ii) How can we develop NN discretization methods
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that are not only physics-informed, but more
importantly physics-preserving?

(iii) How can we develop reliable and efficient “train-
ing” algorithms for NN discretizations, given the
underlying nonconvex optimization?

(iv) For a given task, how can we design a nearly op-
timal NN architecture that achieves a prescribed
accuracy?

Questions (i), (iii), and (iv) have been partially
addressed in [6], [10], and [17], respectively (see also
references therein). We will return to Question (iii) later
in this paper. The main focus of this paper is Question
(ii): we use elliptic partial differential equations as
a concrete setting to describe a family of physics-
preserving neural network (P2NN) methods.

Existing NN-based numerical methods for solving
PDEs broadly fall into two main categories: (1) Energy-
based methods, such as deep Ritz method [15], [25],
[17], [19], which employ the Ritz formulation for the pri-
mary variable [16], and the dual neural network (DuNN)
[20], which targets a complementary energy optimiza-
tion for the dual variable [5], [16]. (2) Least-squares
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(LS)/residual-minimization methods, which formu-
late PDE residuals into manufactured least squares
using various norm choices and problem forms [14],
[1], [21], [24], [8], [7].

When a genuine minimization principle exists (typ-
ically self-adjoint and positive definite problems that
commonly arise in continuum mechanics), energy-
based methods are naturally aligned with classical vari-
ational discretizations and are, in that sense, physics-
preserving. However, many scientific and engineering
problems are non-self-adjoint and/or not positive defi-
nite, and thus lack a natural optimization principle. In
such cases, one can then apply the LS principle to
create a manufactured one (see, e.g., [4], [11], [3],
[12], [2] for scalar elliptic PDEs). The LS framework
is highly flexible: any set of consistent equations and
data can, in principle, be incorporated into a single LS
functional. In practice, however, balancing the various
terms is delicate; poorly scaled LS functionals can
degrade accuracy and slow down training. The minimal
requirement for a viable LS formulation is its equiv-
alence to the original PDE; otherwise, the physical
fidelity of the resulting model is no longer guaran-
teed. For convection-diffusion-reaction equations, we
examine the classic Bramble-Schatz and first-order
system least-squares (FOSLS) formulations for their
applicability.

Beyond problem formulation itself, the numerical
discretization of PDEs also entails choosing an ap-
proximation function class, and designing numerical
integration and differentiation operators. With the
physics-preserving formulation perspective in place,
we, in this paper, turn from general neural-network
approximations to the specific structure of ReLU neural
networks and study the numerical operators required to
make the ReLU-NN-based methods both computable
and physics-preserving. Although ReLU NN functions
are continuous piecewise linear, the induced physical
partition [17] of a desired NN approximation is irregular
and unknown; moreover, this partition evolves through-
out training. Consequently, numerical integration and
differentiation are both essential and nontrivial compo-
nents of NN-based discretization.

Another controversy concerns the source and
meaning of “data” in scientific machine learning. In NN-
based discretization for PDEs, “data” are typically not
labeled input–output pairs from a standard supervised
pipeline. Instead, they are integration (quadrature)
points at which the solution is unknown, while the gov-
erning physical constraints are known. Consequently,
both the selection of integration points and the associ-
ated quadrature rule must be designed with care: they
largely determine whether the essential characteristics

of the (unknown) solution can be captured. In addition,
when the PDE solution lacks sufficient smoothness,
designing physics-preserving numerical differentiation
operators becomes crucial for the viability of NN-based
methods. These issues, along with robust integration
over a moving, implicit partition and differentiation com-
patible with non-smooth solutions, will be discussed in
this paper.

ReLU Neural Networks
This section describes l-hidden-layer ReLU NNs as
a set of continuous piecewise linear functions. ReLU
refers to the rectified linear activation function defined
by ξ(s) = max{0, s} that is a continuous piecewise
linear function with one breaking point at s = 0. For
k = 1, ... , l , let nk denote the number of neurons at the
k th hidden layer; denote by

b(k ) ∈ Rnk and ω(k ) =
(
ω(k )

1 , ... ,ω(k )
nk

)T
∈ Rnk×nk−1 (1)

the biases and weights of neurons at the k th hidden
layer, respectively, where ω(k )

i ∈ Snk−1 is the weights of
the i th neuron, Snk−1 denotes the unit sphere in Rnk−1 ,
and n0 = d . Let x(0) = x ∈ Rd . For k = 1, ... , l , define
vector-valued functions x(k ) : Rn0 → Rnk by

x(k ) = ξ
(
ω(k )x(k−1) + b(k )

)
. (2)

A ReLU neural network with l hidden layers and nk

neurons at the k th hidden layer can be defined as the
collection of continuous piecewise linear functions:

M(l)=

{
c0+

nl∑
i=1

ciξ(x(l)
i ) : ci , b(k )

i ∈R,ω(k )
i ∈Snk−1

}
, (3)

where x(l) is recursively defined in (2). The constraint
that the weight vector of each neuron lies on the
unit sphere arises from normalization for the ReLU
activation function (see, e.g., [17]). This restriction can
narrow the set of solutions for a given approximating
problem. Any NN function in M(l) is determined by
the linear parameters c = (c0, c1, ... , cnl )

T and the
nonlinear parameters b(k ) and ω(k ) for k = 1, ... , l .

Regardless of the input dimension, network depth,
or the number of neurons per layer, a NN function
v (x) ∈ M(l) is always a continuous piecewise linear
function with respect to a physical partition deter-
mined by the nonlinear parameters (see, e.g., [17]).
The physical partition associated with an optimal NN
approximation, whether for a target function or a PDE
solution, can adapt to local features of the underly-
ing problem. This adaptive partitioning helps explain
the network’s strong approximation capability for non-
smooth or even discontinuous functions with unknown
interface locations (see, e.g., [23], [7], [9]).
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Elliptic Partial Differential Equation
and Its Equivalent Formulations

Let Ω be a bounded domain in Rd (d = 2 or 3) with
Lipschitz boundary ∂Ω = Γ̄D ∪ Γ̄N and ΓD ∩ ΓN = ∅,
and let n be the outward unit vector normal to the
boundary. Consider the following linear second-order
scalar elliptic partial differential equation:

−div (A∇ u) + β · ∇u + c u = f , in Ω,
u = gD , on ΓD ,

n · A∇ u = gN , on ΓN ,
(4)

where ∇ =
(

∂

∂x1
, ... ,

∂

∂xd

)T

and div are the gradient

and divergence operators, respectively; A(x) is the
diffusion coefficient, a d × d symmetric matrix-valued
function in L2(Ω)d×d ; β(x) = (β1, · · · ,βd )T ∈ L2(Ω)d

is the advective velocity field; c(x) ∈ L2(Ω) is the
reaction coefficient; and f ∈ L2(Ω), gD ∈ H1/2(ΓD),
and gN ∈ H−1/2(ΓN ) are given scalar-valued functions.
Here and hereafter, we use the standard notations and
definitions for the Sobolev spaces Hs(Ω)d and Hs(Γ)d

for s and Γ ⊂ ∂Ω. The standard associated inner
products are denoted by (·, ·)s,Ω and (·, ·)s,Γ, and their
respective norms are denoted by ∥ · ∥s,Ω and ∥ · ∥s,Γ.

We assume that A(x) is uniformly positive definite
for almost all x ∈ Ω. When employing NNs as approxi-
mating functions, a crucial step is to identify or develop
an equivalent minimization formulation of (4) that lends
itself well to discretization.

Least-squares formulations
The convection-diffusion-reaction problem in (4) is not
self-adjoint, and hence there is no natural minimization
principle. In such case, one can then apply the least-
squares (LS) principle to create a manufactured one.
The LS principle offers great flexibility: all consistent
equations and data can be incorporated into the LS
functional. Yet, balancing the various terms is challeng-
ing; ill-scaled LS functionals can lead to suboptimal
accuracy and inefficient training. The minimal require-
ment for a viable LS formulation is its equivalence to
the original PDE; otherwise, the physical fidelity of the
model is compromised.

A classical example is the Bramble–Schatz LS
(BSLS) formulation [4] (see also [2]) for elliptic PDEs,
which applies the LS principle directly to the strong
form of the PDE with the boundary conditions in
(4) using appropriate Sobolev norms. Specifically, the
Bramble-Schatz least-squares functional is defined as

L(v ) = ∥−div (A∇ v ) + β · ∇v + c v − f∥2
0,Ω

+∥v − gD∥
2
3
2 ,ΓD

+ ∥A∇v · n − gN∥
2
1
2 ,ΓN

(5)

for all v ∈ H2(Ω), where the H3/2(ΓD) and H1/2(ΓN )
are used for the respective Dirichlet and Neumann
boundary conditions. Then the Bramble-Schatz LS
formulation [4] is to find u ∈ H2(Ω) such that

L(u) = min
v∈H2(Ω)

L(v ). (6)

When the solution of (4) is sufficiently smooth, e.g.,
belongs to H2(Ω) (the collection of functions whose
second-order weak derivatives are square-integrable),
the BSLS is equivalent to the underlying problem and
yields a well-balanced formulation. However, it fails in
the presence of singularities, such as those caused
by geometric corners or material interfaces. Such a
limitation is overcome by the FOSLS formulation (see
(8)– (9)), i.e., applying the LS principle to an equivalent
first-order system (see, e.g., Cai-Lazarov-Manteuffel-
McCormick [11])).

Introducing the dual (flux) variable (an important
physical quantity), σ = −A∇u, problem (4) may be
rewritten as the following first-order system:{

σ + A∇u = 0, in Ω,
divσ + β · ∇u + cu = f , in Ω

(7)

with boundary conditions

u = gD on ΓD and σ · n = −gN on ΓN .

Let H(div;Ω) be the collection of all square integrable
vector fields whose divergence is also square inte-
grable:

H(div;Ω) = {τ ∈ L2(Ω)d : div τ ∈ L2(Ω)}.

Then, the first-order system least-squares (FOSLS)
formulation is to find (σ, u) ∈ H(div;Ω) × H1(Ω) such
that

G(σ, u) = min
(τ ,v )∈H(div;Ω)×H1(Ω)

G(τ , v ), (8)

where the FOSLS functional is given by

G(τ , v )=∥div τ + β ·∇v + cv − f∥2
0,Ω + ∥v − gD∥2

1
2 ,ΓD

+∥A− 1
2 τ + A

1
2 ∇v∥2

0,Ω + ∥τ · n + gN∥2
− 1

2 ,ΓN
, (9)

where the H1/2(ΓD) and H−1/2(ΓN ) are used for the re-
spective Dirichlet and Neumann boundary conditions.

Primal and dual formulations
When the convection velocity field vanishes, i.e., β ≡
0, (4) becomes the following diffusion-reaction problem

−div (A∇u) + c u = f in Ω ∈ Rd ,

u
∣∣
ΓD

= gD , and
(
A∇u

)
·n
∣∣∣
ΓN

= gN .
(10)
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We assume that A(x) is uniformly positive definite and
that c(x) ≥ 0 for almost all x ∈ Ω. Under these
assumptions, (10) is self-adjoint, coercive, and hence
has natural optimization principles.

Define the energy functional by

J(v ) =
1
2

{∥∥∥A
1
2 ∇v

∥∥∥2

0,Ω
+
∥∥∥c

1
2 v
∥∥∥2

0,Ω
+ ∥v − gD∥2

1
2 ,ΓD

}
−(f , v )0,Ω − (gN , v )0,ΓN (11)

for all v ∈ H1(Ω), where the H1/2(ΓD) norm is used
for the Dirichlet boundary condition. Then the primal
formulation (often called the Ritz form) is to find the
primal variable u ∈ H1(Ω) such that

J(u) = min
v∈H1(Ω)

J(v ). (12)

For applications in continuum mechanics, the dual
variable, such as flux in porous media flow or stress in
elasticity, often stands as the primary physical quantity
of interest. While it can be derived from methods based
on the primal variable, such as pressure or displace-
ment, through differentiation, this approach comes at
the cost of degrading the order of the approximation
for the dual variables. To compute the dual variable
directly, one often uses the complementary energy
functional defined by

J∗(τ ) =
1
2

{∥∥∥A− 1
2 τ
∥∥∥2

0,Ω

+
∥∥∥c− 1

2 (div τ − f )
∥∥∥2

0,Ω

}
+(gD , τ · n)0,ΓD (13)

for all τ ∈ ΣN = H(div;Ω) ∩ {n · τ |ΓN = gN}, where we
assume that c > 0. Then the dual formulation is to find
the dual variable σ ∈ ΣN such that

J∗(σ) = max
τ∈ΣN

J∗(τ ). (14)

If c(x) = 0 for all x ∈ Ω, the complementary energy
functional and the solution set are modified as

J∗(τ ) =
1
2

∥∥∥A− 1
2 τ
∥∥∥2

0,Ω

+ (gD , τ · n)0,ΓD

and ΣN,0 = {τ ∈ ΣN : div τ = f}, respectively. For
more details, see [20].

Physics-Preserving Neural Network
(P2NN) Methods

For the diffusion-reaction problem, the deep Ritz [15]
and the dual neural network (DuNN) [20] were stud-
ied recently by seeking an approximated solution in
the set of NNs based on the primal and the dual
formulation, respectively. These methods do preserve
the underlying physics. For the primal formulation in
(12), the Dirichlet boundary condition is essential and

is enforced through penalization in either L2(ΓD) norm
[15] or H1/2(ΓD) norm [19]. Notice that the well-known
Nitsche method, using a perturbed Robin boundary
condition, is equivalent to the L2(ΓD) norm penalization.

In many applications, the dual variable is often the
primary quantity of interest. Based on the dual formu-
lation in (14), the DuNN method was introduced in [20].
The key in the design of the DuNN is the introduction
of the discrete divergence operator that preserves the
underlying physics. Additional benefit of the DuNN is
that the essential (Neumann) boundary condition of the
dual formulation can be enforced through the discrete
divergence operator.

Recently, several NN-based least-squares ap-
proaches have been proposed for elliptic PDEs and
nonlinear hyperbolic conservation laws. Those meth-
ods can be categorized as PINNs [14], [21] and the
least-squares neural network (LSNN) methods [8], [7],
[6]. PINNs applies the discrete l2 norm LS principle
to the strong form of the PDE, precisely a discrete
version of the BSLS but using the l2 norm penalization
for both Dirichlet and Neumann boundary conditions.
In practice, they often rely on Monte Carlo sampling
for numerical integration and on numerical or auto-
matic differentiation along coordinate directions. Since
the strong form of a PDE with non-smooth solution
is always wrong/incomplete, the resulting PINNs loss
may no longer faithfully represent the intended physics,
which can lead to inaccurate or even physically incon-
sistent approximations.

The LSNN methods are built on a correct “weak”
form of the PDE that preserves the underlying physical
principles by design. Moreover, they employ the con-
tinuous L2 norm, admit ReLU activation function, in-
corporate physics-preserving numerical differentiation,
and use adaptive integration strategies to accurately
evaluate the loss over the induced partition of the
domain.

For the convection-diffusion-reaction problem in (4),
the deep FOSLS approach in [8] employs the conven-
tional divergence operator defined along coordinate-
direction differentiation. This choice can be adequate in
one dimension, where H(div;Ω) = H1(Ω) when Ω ⊂ R,
but it would fail in multi-dimension, e.g., for elliptic
interface problem. In this section, we therefore modify
the deep FOSLS framework to obtain an LSNN method
by replacing the standard divergence with the discrete
divergence operator introduced in [6].

Numerical integration
The evaluation of the least-squares functionals L(v )
and G(τ , v ) defined respectively in (5) and (9), involves
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integrations over the computational domain Ω ⊂ Rd

(d = 2 or 3) and the boundary ∂Ω. In practice,
these integrals must be approximated using numerical
quadrature. To this end, let

T = {K : K is an open subdomain of Ω}

be a partition of the domain Ω, referred to as the
integration mesh. Here, the partition means that the
union of all subdomains of T equals the whole domain
Ω and that any two distinct subdomains of T have no
intersection. A composite quadrature over T is then
written as∑

K∈T

QK (w) ≈
∑
K∈T

∫
K

w(x) dx =
∫
Ω

w(x) dx,

where QK (w) ≈
∫

K w(x) dx represents a quadrature
rule over subdomain K . The specific quadrature rule
QK may vary across different elements K ∈ T , and can
be chosen from standard formulas such as Gaussian
quadrature or Newton-Cotes formulas, including the
midpoint, trapezoidal, or Simpson’s rule. For instance,
using the midpoint rule for all K ∈ T , QK (w) =
w(xK )|K |, where xK is the centroid of element K and
|K | denotes its d-dimensional measure.

The true solution u of a PDE is unknown and
may exhibit localized features such as steep gradients,
discontinuities, or singularities. How to choose an inte-
gration mesh, that represents the solution well, and in
turn an accurate quadrature rule is highly non-trivial.
When computational cost is not a concern, one may
use a uniform partition T that is fine enough to ap-
proximate the unknown solution well using a piecewise
polynomial. A better and most efficient way to achieve
this goal is the so-called adaptive quadrature, (see,
e.g., [22]), which was used and studied in [19] for the
deep Ritz method in linear elasticity and in [6] for the
LSNN method for scalar hyperbolic PDEs.

Physics-preserving numerical differentiation
The solution u of (4) is always in H1+α(Ω) for some
α > 0, but α is less than one for either the domain
Ω having re-entrant corner or the diffusion coeffi-
cient having discontinuity (elliptic interface problem).
In those cases, σ = −A∇ u is not in H1(Ω)d but only
in H(div;Ω). Therefore, the FOSLS formulation in (8)
is equivalent to the original problem, while the BSLS
formulation in (6) is not since the solution space H2(Ω)
is too small.

A H(div;Ω) vector field is known for continuity of
its normal component across any surface in the do-
main Ω, while its tangential components could have
discontinuities across some interfaces. This makes

conventional numerical or auto-differentiations along
coordinate directions inadequate for approximating the
divergence operator. To overcome this obstacle, we
introduced the discrete divergence operator in [6], [18]
based on a weak definition of the divergence operator:

div τ (x) = lim
ϵ→0

1
|Bϵ(x)|

∫
∂Bϵ(x)

τ · n dS, (15)

where Bϵ(x) ∈ Rd is a ball of radius ϵ centered at x,
∂Bϵ(x) is the boundary of Bϵ(x), and n is the outward
unit vector normal to ∂Bϵ(x).

Now, we define the physics-preserving discrete
divergence operator at each integration point x with
a corresponding control volume Kx that contains the
point as

divT τ (x) =
1∣∣Kx
∣∣Q∂Kx (τ ·n) , (16)

where Q∂Kx (·) denotes a composite quadrature rule
applied over the boundary ∂Kx of the control volume
Kx and n is the unit outward vector normal to ∂Kx.

Under the midpoint quadrature rule QK , each sub-
domain K ∈ T has a single integration point xK ,
typically chosen as the centroid of K . In this case, the
control volume is simply K . More generally, suppose
the quadrature rule QK for a subdomain K ∈ T has J
distinct integration points,

xKj ∈ K ⊂ T , for j = 1, ... , J.

Let TK = {Kj}J
j=1 be a partition of K such that xKj ∈ Kj ,

where Kj is referred to as the control volume of the inte-
gration point xKj . Let Q∂Kj (·) be a composite quadrature
rule over the boundary ∂Kj , then the discrete diver-
gence operator divT at the integration point xKj can be
defined analogously via (16).

A least-squares neural network (LSNN)
method
For S = D or N, denote by

ES = {E = ∂K ∩ ΓS : K ∈ T } (17)

the collections of the Dirichlet or Neumann boundary
faces of the integration mesh T . For each face E in
ES , let QE (w) denote a quadrature rule applied to an
integrand w defined on E .

First, we discuss how to weakly enforce the Neu-
mann boundary condition through the discrete diver-
gence operator defined in (16). For simplicity, assume
that the quadrature rule QK (·) is the midpoint rule.
In this case, xK is the centroid of K and the sole
integration point within each subdomain K . For each
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K ∈ T , if ∂K ∩ ΓN ̸= ∅, then we modify the discrete
divergence operator at the integration point xK by

divT τ (xK ) =
Q∂K\(∂K∩ΓN )

(
τ ·n

)
−Q∂K∩ΓN

(
gN
)∣∣K ∣∣ . (18)

Now, we are ready to define a discrete FOSLS
functional using the L2(ΓD) penalization as

GT (τ ,v ) =
∑
K∈T

QK

(
(divT τ +β ·∇v + cv−f )2+|τ +A∇v |2

)
+ γD

∑
E∈ED

QE

(
(v − gD)2

)
,

where γD is a penalization constant. Another option is
to use the discrete H

1
2 (ΓD) norm in [19] to obtain a

less sensitive γD . The LSNN (modified deep FOSLS)
method is to find

(
σN,T , uN,T

)
∈ M(l)d+1 such that

GT

(
σN,T , uN,T

)
= min

(τ ,v )∈M(l)d+1
GT

(
τ , v

)
. (19)

Numerical Experiments
Consider a two-dimensional Kellogg interface problem
posed on the unit disk Ω = {(r , θ)| r ∈ [0, 1), θ ∈ [0, 2π)}
and satisfying the Helmholtz equation in (10) with
c = −I, ΓN = ∅, ΓD = ∂Ω, and A = α(θ)I. The
diffusion coefficient α(θ) is discontinuous, equaling to
1 in the second and fourth quadrants and jumps to
161.4476387975881 in the first and third quadrants.
The right-hand side is prescribed by f (r , θ) = −rβµ(θ),
where

µ(θ)=


c1 cos((θ − π/2 + ρ)β), 0 ≤ θ ≤ π/2,

cos(ρβ) cos((θ − π + σ)β), π/2 ≤ θ ≤ π,

cos(σβ) cos((θ − π − ρ)β), π ≤ θ ≤ 3π/2,

c2 cos((θ − 3π/2 − σ)β), 3π/2 ≤ θ ≤ 2π.

Here β = 0.1, ρ = π/4,σ = −14.92256510455152, c1 =
cos((π/2 − σ)β), and c2 = cos((π/2 − ρ)β). The exact
solution is given by u = −f .

The Kellogg problem is a challenging benchmark
test for adaptive mesh refinement methods,(see e.g.
[13]), and the Poisson equation was previously tested
using the Ritz formulation in [17]. In the present exam-
ple, the reaction coefficient c in this test is negative, so
the problem is self-adjoint but not positive definite and
therefore does not admit a natural minimization princi-
ple. The problem is further complicated by intersecting
discontinuous interfaces and by the point singularity of
∇u at the origin. Consequently, u ∈ H1+β(Ω) but not
in H2(Ω). As a result, the BSLS (5) and its discrete
version, the vanilla PINN [21] formulation are not the-
oretically well suited for this problem.

To test the LSNN method under P2NN framework,
we introduce the flux variable σr in polar coordinates,

σr = −α∇r u = −α

(
ur

r−1uθ

)
=

(
σr1

σr2

)
,

and the corresponding FOSLS loss functional is,

G(τ r ,v )=∥divτ r −v−f∥2
0,Ω+∥τ r +α∇r v∥2

0,Ω+γD∥v−gD∥2
0,ΓD

.

The numerical accuracy of the proposed P2NN
method is influenced by several factors, including the
NN approximation error, the numerical integration and
differentiation errors, and the optimization error. To in-
vestigate these effects, we conducted sensitivity stud-
ies with respect to the network architecture, the inte-
gration mesh size, and the quadrature rule and sub-
interval size used in the discrete divergence operator.

Specifically, we employed three two-hidden-layer
ReLU NNs of the form din-n1-n2-dout as the approxima-
tion set in M(2)3. Here din = 2 denotes the input di-
mension. The two inputs are the spatial variable (r , θ).
dout = 3 is the NN output dimension. The three outputs
are the numerical approximations of u(r , θ), σr1(r , θ),
and σr2(r , θ). We considered n1 = n1 = 30, 50, and 80
neurons in each hidden layer, corresponding to 1083,
2803, and 6883 trainable parameters, respectively. The
penalty parameter γD for the Dirichlet boundary term
was chosen empirically to be of order O(1/h), where
h denotes the integration mesh size.

Table 1 reports the relative L2 error,
∥u − uN,τ∥0,Ω

∥u∥0,Ω
,

produced by the LSNN method. The results were
obtained on an integration mesh T of size 100 × 360,
aligned with the polar coordinate axes, together with a
midpoint quadrature using one interval per segment
for the discrete divergence operator estimation. As
expected, increasing the network size improves the
approximation capability of the NN and leads to smaller
numerical errors. In addition, the method appears fairly
robust with respect to the choice of γD . As shown in
Table 1, comparable relative L2 errors are observed for
γD ranging from 100 to 1000.

TABLE 1. Relative L2 errors: sensitivity with respect to γD .

Network
γD

20 100 200 500 1000
2-30-30-3 0.457 0.115 0.066 0.068 0.099
2-50-50-3 0.343 0.060 0.057 0.064 0.066
2-80-80-3 0.291 0.057 0.053 0.056 0.077

Next, we examine the effects of numerical in-
tegration and divergence operator estimation us-
ing the network structure 2-80-80-3. Two integration
mesh/control-volume sizes were tested, together with
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two quadrature rules, namely the trapezoidal and mid-
point rules, were tested using different number of sub-
intervals in the boundary integral of the discrete diver-
gence operator (16). Table 2 shows that the numerical
accuracy improves as the integration mesh is refined
and as the number of sub-intervals used in the bound-
ary integral increases. This trend is consistent for
both quadrature rules, highlighting the importance of
accurate numerical integration in the proposed discrete
divergence operator. On the coarser mesh, the two
quadrature rules yield comparable results, whereas
on the finer mesh the midpoint rule gives slightly
smaller errors. Overall, these results indicate that the
proposed method is stable with respect to the choice of
quadrature rule, while benefiting from finer integration
meshes and more accurate boundary integration in the
discrete divergence operator calculation.

We also compared the proposed numerical inte-
gration scheme with Monte Carlo integration based on
random sampling. Specifically, 9,000 random points,
comparable to the 50 × 180 integration mesh, were
sampled. Around each sample point, a control volume
was constructed as a small disk of radius

√
1/9000,

and the boundary integral in the discrete divergence
operator was evaluated using 4 sub-intervals along
the circular boundary, roughly comparable to using 1
sub-interval per segment in the structured integration
mesh. The results (see Table 2.) show that Monte Carlo
integration, when combined with the proposed diver-
gence operator, still produces physically meaningful
solutions, with a relative L2 error of 0.120. Neverthe-
less, this is substantially less accurate than the 0.064
error achieved by the specifically designed numerical
integration scheme.

TABLE 2. Effect of quadrature rule and integration-point
resolution in the discrete divergence operator, combined with
different integration mesh/control-volume sizes.

Integration Mesh
T

Quadrature
rule Q∂Kj

(·)
# of sub-intervals in ∂Kj

1 2 4

50 × 180
Trapezoidal 0.071 0.065 0.053

Midpoint (0.064) 0.061 0.059

100 × 360
Trapezoidal 0.059 0.060 0.055

Midpoint 0.053 0.049 0.044
Random sample

9000 points
Midpoint (0.120)

For ∇r v , the above tests were carried out using a
forward finite-difference approximation, with the step
size dr = hr/2, and dθ = hθ/2, where hr and hθ

denote the integration mesh size along radial and
angular directions, respectively. We further performed
a sensitivity study on the numerical differentiation (ND)
with varying the step sizes, and compared the results

with those obtained using automatic differentiation
(AD). Table. 3 shows that ND with different step sizes
yields very similar results, indicating that the method
is relatively insensitive to the choice of differentiation
step size within this range. In contrast, the AD-based
approach performs significantly worse and yields a
non-physical solution (see. Figure 1(b) for the graphical
illustration of the result) . This degradation is likely due
to the presence of interfaces and the low regularity of
the solution.

TABLE 3. Sensitivity analysis with respect to the step size in
numerical differentiation (ND), and comparison with automatic
differentiation (AD).

Net: 2-80-80-3
T : 50 × 180
γD = 200

ND
dr = hr/m, dθ = hθ/m AD
m=2 m=4 m=8
0.064 0.060 0.064 0.536

We also examined the performance of a vanilla
PINN. Since PINNs rely on automatic differentiation
and the Helmholtz equation contains a second-order
Laplacian term, the ReLU activation function is not
suitable because its second derivative vanishes al-
most everywhere. We therefore replaced ReLU with
smoother activation functions, namely sigmoid, hyper-
bolic tangent, and Swish1, and tested all three using
a 2-80-80-1 network with 9,000 randomly sampled
collocation points. As expected, the strong-form PINN
formulation does not perform well for this low-regularity
problem. The resulting PINN solution is non-physical,
as illustrated in Figure 1(c). For all three activation
functions, the relative L2 error is around 0.3.

The Adam optimizer was used to solve the discrete
minimization problem in all the tests reported above.
The optimization was initialized with a learning rate
of 10−3, which was reduced by 50% every 20,000
iterations. To ensure convergence to a stable accu-
racy level and to make comparisons across differ-
ent parameter choices consistent, we used a total of
150,000 iterations and the same learning-rate decay
strategy in all tests. Figure 1(c) shows the training
loss curves for the LSNN method combined with ND
and AD, together with the loss curve of the vanilla
PINN. As shown in the figure, all three loss curves
decrease rapidly in the early stage and then continue
to decrease more gradually. However, the vanilla PINN
loss stagnates at a relatively large residual level and
leads to a nonphysical solution. For the LSNN method
using AD, the corresponding loss curve decreases
faster and reaches a smaller residual. Nevertheless,
a nonphysical solution is still obtained, even though
the loss is minimized to a relatively small value. In
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contrast, only the LSNN method combined with the
physics-preserving numerical differentiation operator
converges to a physically correct approximation (See
Figure 1(a), 1(d) and 1(e) for the three outputs.)

The loss decay behavior also reflects the difficulty
of using first-order gradient-based optimization to solve
nonlinear and nonconvex NN discretizations for low-
regularity interface problems. Consequently, a rela-
tively large number of iterations is typically required.
This observation is closely related to Question (iii)
raised in the Introduction and further motivates the
development of more efficient nonlinear solvers for
P2NN discretizations, which is an important direction
of our ongoing work.

For the ReLU NNs, the neurons in the first hidden
layer were initialized to partition the domain uniformly
in the angular direction, while the neurons in the
second hidden layer were initialized randomly. A ReLU
NN represents a continuous piecewise linear function
over a physical partition induced by its hidden-layer
neurons, and this partition can adapt to the PDE solu-
tion during training. As shown in Figure 2, the training
process deforms the initial partition in Figure 2(a) into
a more suitable learned partition in Figure 2(b). In this
example, the learned partition aligns with the intersect-
ing interfaces and automatically becomes denser near
the singular point at the origin. This behavior illustrates
the moving-mesh capability of NN-based methods and
highlights their potential advantage over fixed-mesh
methods, particularly when interface locations are un-
known.

Conclusion and Discussion
As illustrated in this paper and in [20], [7], [6], [18],
designing a physics-preserving neural network (P2NN)
method begins with an equivalent optimization formu-
lation of the underlying PDE. A second essential step
is to discretize key differential operators, for example,
the divergence operator in elliptic PDEs and hyperbolic
conservation laws, using physical-preserving numeri-
cal differentiation. Numerical integration for NN-based
methods is also non-trivial, because the final physical
partition is irregular and unknown, accurate quadrature
becomes critical, as it directly controls the quality of the
“training data”.

The numerical results in this paper provide evi-
dence that the proposed P2NN framework can im-
prove upon vanilla PINN-type discretizations for elliptic
interface problems by using equivalent formulations,
physics-preserving differential operators, and carefully
designed numerical integration. These results should
not be interpreted as claiming that P2NN methods

resolve all difficulties associated with NN-based PDE
solvers. Rather, they show that preserving the mathe-
matical and physical structure of the underlying PDE
is a necessary step toward reliable NN-based dis-
cretizations. In particular, natural optimization princi-
ples, when they exist, are generally preferable to manu-
factured formulations based solely on the LS principle.

Although the degrees of freedom (DoFs) of an opti-
mal NN approximation can be substantially lower than
those of finite element methods (FEMs) for problems
with discontinuities, thin interior/boundary layers, and
interface singularities, the computational cost of deter-
mining the nonlinear parameters in NNs is often much
higher than solving the corresponding linear systems
in FEMs. Two key factors contribute to this gap: (i)
NN parameters enter the approximation nonlinearly,
and (ii) there remains a lack of optimization algorithms
specifically designed to efficiently adapt the implicit
“mesh” encoded by the network. Recent progress has
been made along these lines; see, for example, [10]
and references therein. Nevertheless, existing results
are largely limited to shallow networks and/or one-
dimensional settings.
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