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C0 Linear Elements on  fixed and moving meshes
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• C0 Linear Element on a fixed mesh in [a,b]

• C0 Linear Element on a moving mesh in [a,b]
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One hidden-layer NN in R d

• One hidden-layer NN (C0 piecewise linear function)

• Breaking Hyper-Planes

• Linearly Independence 

• Physical Partition of NN approximation to Kellogg function
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Neural Networks (NNs):  a class of new approximating functions

Fully-connected (Multi-Layer Perceptron) NN (Rosenblatt 1958)
§ DNN function (models)

§ ReLU Activate function
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Scalar Hyperbolic Conservation Laws

• Scalar Nonlinear Hyperbolic Conservation Laws

• Mathematical and Numerical Difficulties
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• Mathematical theory of PDE

• Solutions are discontinuous with unknown locations
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Approximation to Unit Step Function with Unknown Interface

• Unit step function and its CPWL approximation

• How to compute or approximate p(x) when c is unknown?
         (1)  On fixed quasi-uniform mesh
                  - very fine mesh-size:     𝒉 = 𝜺

                  - overshooting, oscillation, etc.               
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(2) On moving mesh (neural network)
          - two neurons 

          - no overshooting or oscillation
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Approximation to Unit Step Function with Unknown Interface in R d

• Piecewise Constant function with unknow interface 
C., J. Choi, and M. Liu (2022)  (d=2, 3,  L=1; d=4,…,8, L=2)

     Let    (x) be a piecewise constant function with C0 piecewise smooth interface I, then there 
exists a CPWL function p(x) generated by a DNN with L=                     hidden layers such that for 
any given            , we have

P. Petersen and F. Voigtlaender (2018)        (For C1 and d=2, L=36)
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Physics-Informed Neural Network (PINN), a statistical approach

Psichogios-Ungar (92), Lagaris-Likas-Ftiadis (98), Rasissi-Perdikaris-Karniadakis (19), …
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Why PINN is uncompetitive?
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Issues for NN-based Methods

• What is a proper formulation of a given PDE?

            various least-squares formulations 

• How to choose NN architecture for a given problem?
            adaptive neural enhancement method (ANE)
• Numerical Issues  (unlike finite elements)
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§ Numerical Integration (important):           adaptive numerical integration

§ Numerical Differentiation (critical):           discrete differential operator

§ Algebraic solver (training NN)  (critical):  ??? 
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LS formulation for linear advection-reaction problem
• Linear advection-reaction problem

• Least-squares formulation

• Coercivity and continuity 

10De Sterck-Manteuffel-McCormick-Olson, 2004
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Error Estimation for LSNN 

• LSNN method

        where 
• Quasi-optimal approximation

• A priori error estimate      (decomposition:                                )                        
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C.-Chen-Liu, JCP, 443 (2021), 110514; C.-Choi-Liu (2022)
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Famous Transport Equation ut+ux =0
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C.-Chen-Liu, JCP, 2021

(2-6-1)

Liu-Zhang, CMAME, 2020
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C.-Chen-Liu, LSNN method for linear advection-reaction equation, JCP, 443(2021), 110514.

(2-5-5-1)(2-200-1)
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C.-Choi-Liu, LSNN method for linear advection-reaction equation: general discontinuous interface.

(2-65-65-1)(2-4000-1)Exact solutionCurve interface

Trace on y=x Physical partitions
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C.-Choi-Liu, LSNN method for linear advection-reaction equation: general discontinuous interface.

(2-65-65-1)(2-4000-1)Exact solutionCurve interface

Trace on y=x Physical partitions
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C.-Choi-Liu, LSNN method for linear advection-reaction equation: general discontinuous interface.

(2-50-50-1)(2-1500-1)Exact solution at z=0.5

Trace on y=x Physical partitions

Surface interface
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LSNN method for nonlinear scalar HCLs

• Least-squares formulation 

• LSNN method

• Numerical Issues:  discrete divergence operator 

16C.-Chen-Liu,  ANM (2022) and J. Comput. Appl. Math. (2023)
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Discrete Divergence Operator

• Divergence operator

• Discrete divergence operator
                +   based on conservative numerical schemes (C.-Chen-Liu (2022), ANM)

                  +  new discrete divergence operator (C.-Chen-Liu (2023), J. Comput. Appl. Math.)
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Discrete Divergence Operator in 1D
• Primitive form over Kij

                            
• Error estimate
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Inviscid Burger Equation    𝒇 𝒖 = 𝟏
𝟐
𝒖𝟐
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Riemann Problem Shock 
formation: exact solution

t=0.2 t=0.4

t=0.6 (2-10-10-1)
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t=0.2

t=0.4

Riemann Problem 
Rarefaction wave: exact 
solution

(2-10-10-1)
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Riemann Problem  with Higher order  flux 𝒇 𝒖 = 𝟏
𝟒
𝒖𝟒
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(2-10-10-1)
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Riemann Problem with Non-convex  flux 𝒇 𝒖 = 𝟏
𝟑
𝒖𝟑
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2-64-64-64-1
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2D Inviscid Burger Equation    𝒇 𝒖 = 𝟏
𝟐
(𝒖𝟐, 𝒖𝟐)
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Summary

• NN provides a new class of approximating functions  
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• Scalar hyperbolic conservation laws

NN is possibly a better class of approximating functions for scalar HCLs than existing ones. 

implicit moving “mesh” vs fixed quasi-uniform and adaptive meshes

• Non-convex optimization

Bottleneck, the method of continuation, …
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THANK YOU
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