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LEAST-SQUARES NEURAL NETWORK (LSNN) METHOD
FOR SCALAR HYPERBOLIC PARTIAL DIFFERENTIAL EQUATIONS*

ZHIQIANG CAI'T AND MIN LIU%

Abstract. This chapter offers a comprehensive introduction to the least-squares neural network (LSNN) method
introduced in [5, 4], for solving scalar hyperbolic partial differential equations (PDEs), specifically linear advection-
reaction equations and nonlinear hyperbolic conservation laws. The LSNN method is built on an equivalent least-
squares formulation of the underlying problem on an appropriate solution space that accommodates discontinuous
solutions. It employs ReLU neural networks (in place of finite elements) as the approximating functions, uses
a carefully designed physics-preserving numerical differentiation, and avoids penalization techniques such as the
artificial viscosity, entropy condition, and/or total variation. This approach captures shock features in the solution
without oscillations or overshooting. Efficiently and reliably solving the resulting non-convex optimization problem
posed by the LSNN method remains an open challenge.

Key words. advection-reaction equation, discrete divergence operator, least-squares method, ReLU neural
network, nonlinear hyperbolic conservation law

1. Introduction. Over the past five decades, numerous advanced mesh-based numerical
methods have been developed for solving nonlinear hyperbolic conservation laws (HCLs) (see,
e.g., [25, 18, 31, 26, 35, 22]). However, accurately approximating solutions to HCLs remains com-
putationally challenging due to two key difficulties. First, the location of the discontinuities in
the solution is typically unknown in advance. Second, the strong form of the partial differential
equation becomes invalid at points where the solution is discontinuous.

Recently, neural networks (NNs) have emerged as a novel class of approximating functions
for solving partial differential equations (see, e.g., [6, 16, 30, 32]). A neural network function is
a linear combination of compositions of linear transformations and a nonlinear univariate activa-
tion function. As demonstrated in [5, 7, 8], ReLU NNs can approximate discontinuous functions
with unknown interfaces far more effectively than traditional approximating functions, such as
polynomials or continuous/discontinuous piecewise polynomials defined on a quasi-uniform, pre-
determined mesh. This makes ReLU NNs particularly suitable for addressing the first challenge.

The strong form of a hyperbolic PDE is typically written with partial derivatives along co-
ordinate directions, supplemented by the Rankine-Hugoniot (RH) jump condition at discontinu-
ity interfaces. Due to the unknown location of these interfaces, enforcing the RH condition in
computations is difficult. To address this, we reformulate the PDE using physically meaningful
derivatives, allowing the new form of the PDE to remain well-defined at the interface (see (2.3) for
the directional derivative and (2.11) for the divergence operator). By applying the L? least-squares
principle to this reformulated PDE, we derive an equivalent least-squares minimization problem on
a suitable solution space that accommodates discontinuous solutions. Through appropriate numer-
ical integration for the integral and physics-preserved numerical differentiation for the physically
meaningful derivative, the LSNN method is established as minimizing the discrete counterpart of
the least-squares functional over the set of NN functions.

Without relying on penalization techniques such as inflow boundary conditions, artificial vis-
cosity, entropy conditions, or total variation constraints, the LSNN method introduced in [5, 4]
effectively captures the shock of the underlying problem without oscillations or overshooting. Ad-
ditionally, the LSNN method is substantially more efficient in terms of degrees of freedom (DoF)
compared to adaptive mesh refinement (AMR) methods, which locate the discontinuity interface
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2 7. CAI AND M. LIU

through an adaptive mesh refinement process.

Despite the impressive approximation capabilities of NNs, the discretization resulting from
NN-based methods leads to a non-convex optimization problem in the NN parameters. This high-
dimensional, non-convex optimization is often computationally intensive and complex, presenting
a significant bottleneck in using NNs for numerically solving PDEs. Nonetheless, considerable
research efforts are underway, with some promising progress in developing efficient and reliable
iterative solvers (training algorithms) and in designing effective initializations [9, 10, 11].

The chapter is organized as follows. Section 2 describes the advection-reaction equation and the
scalar nonlinear HCL, their equivalent least-squares formulations, and preliminaries. ReLU neural
network and its approximation property to discontinuous functions are introduced in Section 3.
The physics-preserved numerical differentiation and the LSNN method are defined in Section 4.
Section 5 discusses efficient iterative solvers. Finally, numerical results for various benchmark test
problems are given in Section 6.

2. Scalar Hyperbolic Partial Differential Equations. Let () be a bounded open domain
in R? (d = 1, 2, or 3) with Lipschitz boundary, and I = (0,7) be the temporal interval. This
section describes linear advection-reaction equations defined on €2 and scalar nonlinear hyperbolic
conservation laws defined on 2 x I and their equivalent least-squares formulations.

2.1. Advection-Reaction Equations. Let 8(x) = (81,---,8a4)" € C'(Q)? be the advective
velocity field and v € C(€) be the reaction coefficient. Let f € L?(Q2) and g € L*(T'_) be given
scalar-valued functions, where I'_ is the inflow part of the boundary I' = 92 given by

. ={xel: B(x)n(x) <0}

with n(x) the unit outward normal vector to I' at x € I'. Consider the following linear advection-
reaction equation

u = g on I'_.

Without loss of generality, assume that the magnitude of B(x) is one in , ie., |B(x)] = 1.
Otherwise, the equation in (2.1) may be rescaled by dividing |3(x)|. If the inflow boundary data
g is discontinuous, so is the solution u(x). Hence, the PDE in (2.1) is not valid at where u is
discontinuous.

To deal with this issue, let us define the directional derivative of u along the direction 3 by

- u(x) —u(x - pB(x))
(2.2) up = lim ; ,

Then (2.1) may be rewritten as

ug+~yu = f in
(2.3) o
u = g on I'_.

Note that (2.3) is well-defined in the entire domain €.
Denote the solution space by

(2.4) Vs = {ve L*Q):vg € L*(Q)},
and define the following least-squares functional

(25) Lif) = llog + 70— fBa+ v —glPe VveVs
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LEAST-SQUARES NEURAL NETWORK METHOD 3

where f = (f,g) and || - | _g is the weighted L?(I"_) norm on the inflow boundary given by

1/2
vll-g = <’U>’U>1_/52 = (/ |B-n|v? ds) .
r_

Then the least-squares formulation of problem (2.3) studied in [1, 13, 2] is to seek u € Vg such
that

(2.6) L(u;f) = 5161%13 L(v;f).

REMARK 2.1. The advection-reaction equation is often given in a conservative form as follows

@7 { div (Bu) +~vu = f in Q,

u = g on I'_.

If the solution u is discontinuous, then the divergence operator div should be understood in a weak
sense as similarly defined in (2.9).

2.2. Scalar Nonlinear Hyperbolic Conservation Laws. Let f(u) = (f1(u), ..., fa(u)) be
the spatial flux vector field, I'_ be the part of the boundary 02 x I where the characteristic
curves enter the domain Q x I € R and the boundary data g and the initial data ug be given
scalar-valued functions defined on I'_ and €2, respectively. Consider the following scalar nonlinear
hyperbolic conservation law

d )
wet)+ 3 SOy g
i=1 i
(2.8) u = g, on I'_,|
U(X,O) = UO(X)7 in Qv

where u,; is the partial derivative of u with respect to the temporal variable t. Without loss of
generality, assume that f;(u) is twice differentiable for al i € {1,...,d}.

The solution of (2.8) is often discontinuous due to a discontinuous initial or inflow boundary
condition, or a shock formation. Hence, the strong form in (2.8) is only valid at where the solution
is differentiable. The Rankine-Hugoniot (RH) jump condition (see, e.g., [25, 19]) is supplemented
at the discontinuity interface. But the interface is unknown a priori, it is then difficult to enforcing
the RH jump condition in computation.

To deal with this difficulty, denote the total flux by

F(u) = (f(u),u) = (f1(u), ..., fa(uw), u)
and define the space-time divergence operator div in a weak sense as follows:

1
2.9 div F(u(x,t)) = lim ——— F(u) -ndS,
(2.9) (ux,1)) = lim B0 oo (u)

where B,(x,t) is a ball in R%*! centered at (x,t) with the radius €, dB.(x,t) is the boundary of
B.(x,t), and n is the unit outward vector normal to B.(x,t). Clearly, if u is differentiable at
(x,1), then

d
(2.10) div F(u(x,t)) = us(x,t) + Z M

T
i=1 Oz;
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4 Z. CAI AND M. LIU

If w is discontinuous at (x,t), then div F(u(x,t)) defined in (2.9) leads to the continuity condition
of the normal component of the space-time flux F(u) that is identical to the RH jump condition.
Now, problem (2.8) may be rewritten as the following form
Find u € Vg = {v € L*(Q x I)|F(v) € H(div; 2 x I)} such that

u=argmin L(v;f), where L(v;f) = ||div F()|[§ . + v = uoll§ 0x 0y

vEVE
divF(u) = 0, in QxIeRHL
(2.11) u = g, on I'_|
u(x,0) = wup(x), in Q.

Denote the collection of square integrable vector fields whose divergence is also square integrable
by
H(div;Q x I)={r e L* (@ x I)"'|divr € L*(Q x I)}.

It is then easy to see that solutions of (2.11) are in the following subset of L?(Q x I)
(2.12) Vi ={ve L*(Qx1I)|F(v) € H(div;Q2x I)}.
Define the least-squares (LS) functional as

(2.13) L(v; £) = ||div F(v)

|(2J,Q><1 +llv—g |(2),r_ + [lv — uOH%,Qx{O}?

where f = (g,up), || - [|o.s denotes the standard L?(S) norm for S =Q x I, I'_, or Q x {0}. Now,
the corresponding least-squares formulation is to seek u € Vg such that

PROPOSITION 2.2. Assume that u € L>=(Q x I) is a piece-wise C* function. Then u is a weak
solution of (2.11) if and only if u is a solution of the minimization problem in (2.14).

Proof. The proposition is a direct consequence of Theorem 2.5 in [14]. ]

3. ReLU Neural Network and its Approximation to Discontinuous Functions. This
section describes [-hidden-layer ReLU neural network as a set of continuous piece-wise linear func-
tions and illustrates its striking approximation power to discontinuous functions with unknown
interface locations [5, §].

ReLU refers to the rectified linear activation function defined by

(3.1 0 =maxfo.y = T
3.1 o(t) = max{0,t} =
0, t<O0.
The o(t) is a continuous piece-wise linear function with one breaking point t = 0. For k =1,... 1,

let ny denote the number of neurons at the k** hidden-layer; denote by

b® e R™ and w®) g Rrwxme-

the biases and weights of neurons at the k** hidden-layer, respectively. Their i*”* rows are denoted

by bl(-k) € R and w™ € R™—1, that are the bias and weights of the i** neuron at the k** hidden-

9

layer, respectively. Introduce a vector-valued function N(*) : R7-1 — R ag

(3.2) N (x(k_l)) =0 (w(k)x(k_l) + b(k)) for xF~1) g R™e-1
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LEAST-SQUARES NEURAL NETWORK METHOD 5

where application of the activation function o to a vector-valued function is defined component-
wisely and ng is the input dimension.

A ReLU neural network with [ hidden-layers and n;, neurons at the &** hidden-layer may be
defined as the collection of continuous piece-wise linear functions:

b*) e R™ for k=1,...,1

¢t (NW o .oND(x)) +¢o: (co,c1) € RUTL k) g Rrwxne—1
(3.3) M(l) = { ( ) ,

where the symbol o denotes the composition of functions. The total number of parameters of M (1)
is given by

l

(3.4) M) = (m+1) + 3 i x (niet + 1),
k=1

In the remainder of this section, we use the step function with a hyper-plane interface to
illustrate the remarkable approximation property of the ReLU NN function. To this end, let x(x)
be a piece-wise constant function defined on €2 given by

(35) p =] et
. x) =
X 1, XGQQ,

where €27 and s are open, connected subdomains of € such that
leQQZQ) and ngluﬁz.

Let 0%; be the boundary of the subdomain ;, assume that the interface I' = 9Q; N 09, is C°
and that its (d — 1)-dimensional measure |T'| is finite.
When the interface I' is part of a hyper-plane

I‘:{XEQCRd:a-x:b}7

the step function in (3.5) can be approximated by either a two-layer or a three-layer NN function:

(3.6) pl(x):zig(o(a-xfb+s)fa(a~xfbfe)) or p2(x)—1cr(ia(a~xb)+1>

within any prescribed accuracy e > 0, where p;(x) and ps(x) were introduced in [5] and [8],
respectively.

LEMMA 3.1. There exists a positive constant C' such that for all r € [0,0), we have
(3.7) Ix = pllry < CTM7eV™ and  |x = Nllpr@) < C TV,

where || is the (d — 1)-dimensional measure of the interface T.

Proof. Let
Q) ={x€eQ: —e<a-x—b<e} and Q,,={xeQ:0<a-x—-b<e}.
Clearly, we have

(3.8) X(x)—p1(x) =0, Vx € 2\ Q,, and x(x)—p2(x)=0, Vx € Q\Q,,.
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— Interface — Interface
=== Approximation

Q

(O]}

X X

(a) The interface I’ (b) An approximation of the interface by con-
nected series of hyperplanes

Fic. 1. Approxzimation of the interface T’

It is then easy to see that
(39) () -p) <L ¥x e\ and  [x(x) ~pa()|” < 1, ¥x €2\ D,
which, together with the facts that
|2,| <C|Tle and [Qp,| < C|Te,
implies the validity of (3.7). This completes the proof of the lemma. 0

REMARK 3.2. In the case that the interface I is not a hyper-plane, but can be approximated
by a connected series of hyper-planes with a prescribed accuracy € > 0 (see Figure 1 and [8]), then
the piece-wise constant function x(x) may be approzimated by a ReLU NN function with given
architecture satisfying the error bound in (3.7).

More precisely, based on the one-hidden-layer ReLU NN approzimation pi(x) in (3.6), we
showed in [7] that @ ReLU NN with at most [logy(d + 1)] + 1 layers is sufficient to achieve the
prescribed accuracy €. However, [7] does not provide an estimate on the minimum number of
neurons at each layer.

Based on the two-hidden-layer ReLU NN approzimation pa(x) in (3.6), we showed in [8] that
X(x) may be approrimated with the same accuracy by a two-hidden-layer ReLU NN. Moreover, the
number of neurons at the first hidden-layer and their locations depend on the hyper-planes used
for approzimating the interface and the number of neurons of the second hidden-layer depends on
convezity of the interface (see Theorem 3.2 in [8]).

REMARK 3.3. Let {Qi}le be a partition of the domain Q. Let x(x) be a piece-wise constant
function with respect to the partition with x(x) = «; in Q; for i =1,..., k. Then we have

k
X) = 3 ailo, (%),
=1

where 1q,(x) is the indicator function of the subdomain ;. As indicated in Remark 3.2, each
indicator function may be approximated by a ReLU function with a prescribed accuracy, and so is

X(x)-

4. Least-Squares Neural Network (LSNIN) Method. This section introduces the least-
squares neural network (LSNN) method for solving advection-reation equations in (2.1) and scalar
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LEAST-SQUARES NEURAL NETWORK METHOD 7

nonlinear hyperbolic conservation laws in (2.11) based on the equivalent least-squares formula-
tions in (2.6) and (2.14), respectively. To evaluate the least-squares functionals, we discuss ef-
ficient numerical integration in subsection 4.1 and physics-preserved numerical differentiation in
subsection 4.2. Finally, the LSNN method is defined in subsection 4.3.

4.1. Numerical Integration. Evaluation of the least-squares functional £(v;f) defined in
(2.5) or (2.13) requires integrations over the computational domain @ C R? or Q x I C R4+!
(d = 1,2, or 3) and their partial boundaries. In practice, each integration is approximated by
a numerical integration. This section describes basic numerical integration and discusses some
strategies in the application of the LSNN method.

To this end, let

T ={K : K is an open subdomain of Q}

be a partition of the domain . Here, the partition means that union of all subdomains of T
equals to the whole domain €2 and that any two distinct subdomains of 7 have no intersection;

more precisely, B ~
Q=UgerK and KNT=0, VK, TeT.

On the integration mesh T, we denote a composite numerical integration as follows

> )~ 3 [ wixyax= [ wix)ax

KeT KeT

where Qg (w) ~ [, w(x)dx denotes a quadrature rule over K. First, Qi may vary on K € T.
Second, its choice is one of the standard quadrature rules like the Gaussian quadrature or Newton—
Cotes formulas such as the midpoint, trapezoidal, or Simpson rule (see [33]). In the case of the
midpoint rule for all K € T, Ok (w) = w(xxk)|K|, where xj is the centroid of K and |K]| is the
d-dimensional measure of K.

In the application of the LSNN method, integrands depend on NN approximations to the
solution u of the underlying PDE. Each NN approximation is a continuous piece-wise linear function
with respect to a physical partition [27] that is in general unknown and moving. Moreover, the
solution u is unknown and has some local features.

Because of these considerations, adaptive numerical integration was introduced in [27] (see
Algorithm 5.2) and in [28] (see Algorithm 3.1). Below, we briefly describe the adaptive mesh
refinement for numerical integration with a fixed NN in Algorithm 4.1 for problem (2.1). As usual,
we start with a uniform and coarse partition 7 of the domain 2. Assume that the inflow boundary
data g can be approximated with a prescribed accuracy by continuous linear function with respect
to the partition 7. Let u, be a NN approximation based on an initial partition 7. For each
subdomain K € 7T, the local error indicator is given by

Mk = | (U’T)ﬁ T YU — f||07K'

1/2
Then the global error estimator is given by n = < > ni) . The adaptive mesh refinement is
KeT
summarized in Algorithm 4.1.

As indicated in [27, 28], the stopping criterion used in Algorithm 4.1 is based on whether or
not the quadrature refinement on numerical integration improves approximation accuracy. When
the refinement does not improve accuracy much, the adaptive quadrature stops and outputs the
current integration mesh.

REMARK 4.1. In the case that computational cost is not an issue, one may use a uniform
partition T that is fine enough to approzimate the unknown solution well by a piece-wise constant
function.
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8 7. CAI AND M. LIU

Algorithm 4.1 Adaptive Quadrature Refinement (AQR) with a fixed NN.
(1) for each K € T, compute the local error indicator ng;
(2) mark 7 by the either bulk or average marking strategy (see, e.g., [27]) and refine marked
subdomain to obtain a new partition 7”;
(3) compute new NN approximation w7+ on the refined integration mesh 7”;
(4) if n(u,,) < yn(u,), go to Step (1) with 7 = T”; otherwise, output 7.

4.2. Physics-preserved Numerical Differentiation. Solutions of hyperbolic PDEs in
(2.1) and (2.8) could be discontinuous. This indicates that numerical and auto-differentiations
along coordinates based on (2.1) and (2.8) are inadequate. In this section, we describe the physics-
preserved numerical differentiation based on (2.3) and (2.11) introduced in [5, 4].

When wu is discontinuous, as discussed in Subsection 2.1 and Subsection 2.2, the directional
derivative ug(x) and the divergence of the total flux div F(u) may be defined, respectively, in
(2.2) and (2.9) through the limit process. Any approximation to those limits leads to the so-called
physics-preserved numerical differentiation.

Based on (2.2), for any x € Q, define the discrete differential operator Dg by

v(x) —v(x — pB(x))

(4.1) Dgu(x) = 5

~ vg(x),

where p is the directional derivative “mesh” size and the 0 < p < 1 is a parameter. That is, the
directional derivative vg along the B direction is approximated by the backward finite difference
quotient with the “mesh” size p. The Dg defined in (4.1) ensures that the derivative is computed
without crossing the discontinuous interface.

To define the discrete divergence operator based on (2.9), for each integration point z, we
associate with a subdomain (control volume) K, containing the point. Then the discrete divergence
operator at z is defined as

1

(4.2) div, F(v(z)) = m

Qok, (F(v)-n),

where Qpk, (+) is a composite quadrature rule over the boundary 0K, of the control volume K,
and n is the unit outward vector normal to the boundary 0K,.

For the midpoint rule Qf, there is only one integration point zx = (Xk,tx) that is the
centroid of the subdomain K € 7, then the control volume is the subdomain K, i.e., K,, = K.
For a quadrature rule Qk having J integration points

ZK, :(ij7tKj) EKGT, for i=1,...,J,

Let T = {Kj}jzl be a partition of K such that zx, € K;, where K; is referred to the control
volume of the integration point zr,. Let Qax; () be a composite quadrature rule over the boundary
0K}, then the discrete divergence operator div, at the integration point zy; can be similarly
defined as in (4.2).

The generic definition of the discrete divergence operator div,. in (4.2) depends on the quad-
rature rule over the boundary 0K, Qi (-), and in turn on the shape of K. Since the partition
T is an integration mesh independent of the physical partition of the NN approximation, in prac-
tice, it is then convenient to choose the integration mesh 7 to be a composite mesh generated
by the AQR in Algorithm 4.1 so that each K € 7T is a rectangle, cuboid, or hypercube in two,
three, or four dimensions, respectively; moreover each face of K is parallel to one of the coordinate
hyper-planes. For such integration mesh 7 in both two and three dimensions, explicit definitions
of div, F(u(zx)) was introduced and analyzed in [4] in the case that u is discontinuous.
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LEAST-SQUARES NEURAL NETWORK METHOD 9

4.3. Least-Squares Neural Network (LSNN) Method. Denote the collections of the
inflow boundary faces and the initial faces of the integration mesh 7 by

E ={E=0KNT_:KeT} and &E={E=0KN(Qx{0}):KeT}

respectively. For each E in £_ or &, let Qr(w) denote a quadrature rule for integrand w defined
on E. Define the discrete least-squares functionals by

(4.3) Ly (vif) =Y Q (Dgv+vv—f)>)+ Y Qe (IBn|v-9g)°)

KeT Ee&_

for problem (2.1) and by

(44)  L(nf) = Y Ok ([div, Fw) + Y Qe (w—9)") + 3 Qe ((v - uw)?)

KeT Eece&_ Eecé&y

for problem (2.8). Then the least-squares least-squares (LSNN) method for problems (2.1) or (2.8)
is to seek u, ., € M(I) such that
(4.5) L, (uy, ) = vgl./\i/ll%l) L, (v;f).

The least-squares functionals in (4.3) and (4.4) enforce the inflow boundary and initial condi-
tions through penalization: the summation terms over E in £_ and &;. Below, we impose them
weakly through the physics-preserved numerical differentiation in Subsection 4.2.

For simplicity of presentation, let us assume that the Qk(-) is the midpoint rule. Then the
centroid of K, zx = xi or (Xk,tk), is the only integration point in K. For each inflow boundary
or initial face F € £_ or &y, there exists a subdomain K € 7 such that £ € K. For convenience,
denote it by Efx to indicate that E is part of the boundary 0K of K.

For each boundary face Ex € £_, to compute the directional derivative Dgv(xk) defined in
(4.1), we choose the directional derivative “mesh” size p such that xx — pB(xk) lies on £_. Then
the directional derivative is given by

v(xk) — g(xKx — pB(XK)
(4.6) Dgv(xk) = ( ) ,
p
where g is the given inflow boundary condition in (2.1). In a similar fashion, for problem (2.8),
the discrete divergence operator at zx is modified as

‘11(‘ (Qor\ix (F(u)m) + Qg (F(9)m)), Execf,
(4.7) div F(u(zg)) = 1
m (Qor\px (F(u)n) + Qp, (F(ug)'m)), Ex € &.

where g and ug are the given inflow boundary and initial conditions in (2.8), respectively.
Denote the modified least-squares functionals by

(4.8) G, (i) = 3 Qi ((Dpv+yv—)?) and G, (v:f) = 3 Qi (div, F(v))
KeT KeT

for problems (2.1) and (2.8), respectively, where the discrete directional and divergence operators
at subdomains K € T, whose boundary intersects £_ or &y, are modified in the respective (4.6)
and (4.7). Then the modified least-squares least-squares (LSNN) method for problems (2.1) or
(2.8) is to seek u, € M(I) such that

(4.9) G, (uNﬂ_;f) = vénj\i/[rb)g,r (U;f).
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10 7. CAI AND M. LIU

5. Efficient and Reliable Iterative Solvers. Both £ (v;f) and G, (v;f) are convex as
functionals of v but non-convex as functions of the NN parameters, the resulting discrete problem
in (4.5) or (4.9) is then a non-convex optimization problem in the NN parameters. This high-
dimensional, non-convex optimization is often computationally intensive and complex, presenting
a significant bottleneck in using NNs for numerically solving PDEs. Nonetheless, considerable
research efforts are underway, with some promising progress in developing efficient and reliable
iterative solvers (training algorithms) and in designing effective initializations [9, 10, 11].

As a nonlinear PDE, (2.8) has its own nonlinearity that deserves a special treatment. In this
section, we only consider the linear problem in (2.1). To this end, we first describe algebraic
structures of the resulting non-convex optimization problems in (4.5) and (4.9), that may be used
for designing efficient and reliable iterative solvers.

The least-squares problems in (4.5) and (4.9) are nonlinear due to the nonlinear parameters:
the biases and weights of all hidden-layers

(5.1) o=} - {(r§k>,...,r<k>)T}l
k=1 " k=1

with rz(-k) = (bgk), wgk)) the bias and weights of the i*" neuron at the k' hidden-layer. The output
bias and weights
Cc = (Co, Cl) = (Co,Cl7 e 7Cnl) c RnH’l

are referred to as the linear parameters. A least-squares problem with both the linear and nonlinear
parameters are usually called as the separable nonlinear least-squares (SNLS) problem (see, e.g.,
[23]). There are two approaches for solving a SNLS problem: (1) block iterative methods between
the linear and the nonlinear parameters as outer iteration and (2) the Variable Projection (VarPro)
method of Golub-Pereyra [20] in 1973 that eliminates the linear parameters.

Since the VarPro method changes the nonlinear structure of a SNLS problem and the number
of the linear parameters is often much smaller than that of the nonlinear parameters, i.e.,

l
n+ 1<K Z?’Lk X (ng—1 + 1),
k=1

this section discusses only the first approach: block iterative methods. To this end, let

(5.2) oo(x) =1 and oi(x) =0 (w@ (Nu—l)o_ . .oN(l)(x)) n b§”) _

%

Let u, € M(I) be a solution of problem (4.5) or (4.9), then

ny
(5.3) Uy, = Zciai(x) =c'2(x),
i=0
where 3(x) = (0¢(x), . .., 0m,(x))", and the linear parameter ¢ = (ci,...,c,)" and the nonlinear

parameter O satisfy the following optimality conditions
(5.4) V.G, (uN,T; f) =0 and Ve§G, (uN,T; f) =0,

where V. and Vg denote the gradients with respect to c and ©, respectively.
Clearly, the functional G (u nrif ) is quadratic with respect to the linear parameters c. Hence,
the first equation in (5.4) implies the following system of linear equations

(5.5) A(®) c=F(©),
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where A (©) and F (©) are the coefficient matrix of order (n; + 1) x (n; + 1) and the right-hand
side vector (n; + 1) x 1 given by

A©)= ¥ Ok (IDs=+73][DpD +73]")
KeT
(5.6)
and F(©)= 5 Qi (f[Dp%+73),
KeT
respectively. Here the actions of the numerical integration and differentiation operators Qy and
Dg are applied component-wisely. Let a;; (@) be the ij-element of the coefficient matrix A (©),
then
ai; (©) = > Qx ([Dpoi + 0] [Dao; +75]) -
KeT

Hence, A (©) is symmetric. Due to non-local supports of {o;}.",, A(®) is dense; moreover, it
could be highly ill-conditioned. This fact, in turn, implies inefficiency of the optimization methods
of gradient descent type.

Similar systems of linear equations to (5.6) arise from the least-squares approximation using
shallow ReLU NN [9] and the shallow Ritz method for one-dimensional diffusion and diffusion-
reaction problems [10, 11]. Efficient and reliable iterative solvers in those special cases were
discussed in those papers, but how to design fast iterative solvers for the linear parameters in
many NN applications is important and remains an open question. When the number of the linear
parameters is not very large, methods like the truncated SVD would overcome the difficulty of
large condition number [9].

For the nonlinear parameters satisfying the second equation in (5.4), one may employ the
commonly used first-order gradient-based methods (see, e.g., survey papers [3, 17, 34]), second-
order methods (see, e.g., survey papers [3, 17, 34]), or the Gauss-Newton (GN) method [15, 29]
for nonlinear least-squares optimization. Nevertheless, it is non-trivial to derive a second-order or
Gauss-Newton method due to the fact that the ReLU activation function o(¢) has only first-order
weak derivative. A damped block Newton/Gauss-Newton for the second equation in (5.4) will be
studied in a forthcoming paper. Basic idea follows those of recent works on fast iterative solvers
introduced in [9] for the least-squares function approximation in R? and in [10, 11] for the shallow
Ritz method solving one dimensional diffusion and diffusion-reaction problems.

REMARK 5.1. The resulting discrete problems in (4.5) and (4.9) are non-convex optimization,
and hence initialization is critical for the success of any optimization/iterative/training scheme.
The initialization issue may be addressed through (1) the physical meaning of the linear and non-
linear parameters and (2) method of various continuations.

For the shallow ReLU neural network, since the breaking hyper-planes of neurons form a par-
tition of the computational domain, initialization of the nonlinear parameters r is given by lying
those hyper-planes that uniformly partition the domain. Initialization of the linear parameters c is
then the solution of (5.5) with fized r that is a linear problem (see [5, 4, 9, 10, 11]).

The adaptive neuron enhancement (ANE) method introduced in [27, 12] provides a natural
method of continuation. The method of model continuation for linear advection-reaction problems
with variable advection field was studied in [5]. Finally, the method of subdomain continuation for
the block space-time LSNN method was introduced in [4] for the nonlinear hyperbolic conservation
laws.

6. Numerical Experiment. In this section, we present three numerical examples to demon-
strate the performance of the LSNN method for linear and nonlinear hyperbolic problems. In each
experiment, the discrete LS functionals were minimized using the Adam first-order optimization
algorithm [24]. I The structure of the ReLU NN used is denoted as d-ni-ns - - - nyj_1-d, for a l-layer

1The second-order Gauss-Newton method as discussed in Section 5 is not implemented in this chapter.
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network, where ny, no and n;_; represent the number of neurons in the first, second, and (I —1)th
layers, respectively. Here, d and d,, indicate the input and output dimensions of the problem.

6.1. A 2D linear problem with a variable advection velocity field. Consider a variable
advective velocity field B(x,y) = (1,2), (z,y) € Q2 = (0,1) x (0, 1), and the boundary of the input
of the problem is I'_ = {(0,y) : y € (0,1)} U {(2,0) : € (0,1)}. The inflow boundary condition
is given by

1) y+2, (z,y) €L ={(0,y):y €[5, 1},
g\r,y) =
(y—2?)e ", (x,y) €2 =T_\TL.

The exact solution of this linear advection-reaction problem is

(y - 552)6_307 (‘T7
6.1 u(z,y) =
(6.1) (z,y) { (42?4t e, (=

y) € ={(z,y) €Q:y <a®+ 1},
y)Eszﬁ\Ql.

The LSNN method was implemented using a 2-60-60-1 ReLU NN model and a uniform
integration grid of size h, = h, = 0.01. The directional derivative vg was approximated by the
backward finite difference quotient (4.1) with p = h, /2. The numerical results after 200,000 Adam
iterations is reported in Figure 2 and Table 1. As shown in Figures 2(b) to 2(d), the LSNN method
is capable of approximating the discontinuous solution with a curved interface and non-constant
jump accurately without any oscillation or overshooting. In Figure 2(e), the graph of the physical
mesh created by the trained ReLU NN function shows that the optimization process tends to
distribute the breaking polylines in the second layer along the interface (see Figure 2(a)) presented
in the problem, allowing the discontinuous solution to be accurately approximated using a piecewise
linear function. Table 1 lists the relative numerical errors measured in different norms. With
3841 parameters (DoFs), the ReLU NN can accurately approximate the solution with reasonable
accuracy.

TABLE 1
Relative errors of the linear advection-reaction problem.

lu—udflo | Mu—uil, [ 272y
Network structure Tl 2 HIuHITﬁ s [,1/2(u o) | Parameters
2-60-60-1 0.07184 0.1145 0.02609 3841
TABLE 2

Relative L2 errors of LSNN for the Riemann problem with f(u) = Lyt

Time block _ _ NumbeI: of st—interYals ]
m=n=2 | m=n=4| m=n==6
0 Trapezoidal rule | 0.067712 0.010446 0.004543
0.1 ™ Mid-point rule 0.096238 0.007917 0.003381
0 Trapezoidal rule | 0.108611 0.008275 0.009613
1.2 ™ Mid-point rule | 0.159651 0.007169 | 0.005028
6.2. A 1D Riemann problem with a spatial flux f(u) = ju*. The second numerical
example is a Riemann problem with a convex flux f(u) = (f(u),u) = (Fu*,u) and an initial
condition u, = 1 > 0 = u,,. The computational domain is chosen as Q = (-1
and is subdivided into two blocks, €91 = (—1,1) x (0,0.2) and £ 2 = (—1,1) x (0. 2 0 4) durmg

LSNN training, to allow for an efficient computation. The numerical integration is performed
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using a uniform grid of size h, = h; = 0.01. For the discrete divergence operator div.. (4.7), two
quadrature methods were tested for calculating the line integral Qg (+): the composite trapezoidal
rule and the midpoint rule. Furthermore, the impact of the number of sub-intervals used, along
each boundary edge of 0K, on the precision of the LSNN method was investigated.

A 2-10-10-1 ReLU NN model was used as an approximate function, and the Adam optimizer
trained its associated parameters in 50, 000 iterations, the resulting relative L? errors are reported
in Tables 2.And the traces of the exact and numerical solutions in t = 0.2 and ¢ = 0.4 are plotted
in Fig. 3.

From Tables 2, it is expected that the accuracy of the LSNN method depends on the number
of sub-intervals (7 and 7 are the corresponding number of sub-intervals along the spatial and
temporal directions, respectively); that is, the larger the 7i and 7, the more accurate the LSNN
method is. Moreover, the accuracy using the composite trapezoidal and mid-point rules in the
LSNN method is comparable, both are capable of simulating this Riemann problem with accurate
shock propagating speed.

6.3. A 2D inviscid Burgers equation. The last numerical test considers a two-dimensional
inviscid Burgers equation, where the spatial flux vector field is f (u) = %(u2, u?). Given a piece-wise
constant initial data

—-0.2, if < 0.5 and y > 0.5,

wo(z,y) = —1.0, if z>0.5 and y > 0.5,
oiL, Y 0.5, if #<0.5 and y < 0.5,
0.8, if x> 0.5 and y < 0.5,

we refer the readers to an exact solution to this problem in [21].

Setting the computational domain 2 = (0,1)? x (0,0.5), and the inflow boundary conditions
prescribed using the exact solution, a 4-layer ReLU NN (3-48-48-48-1) was used as the model
function. Again, the numerical integration was performed on uniform grids of size h, = h, =
hy = 0.01, and the computation domain is decomposed into five time blocks of equal sizes, namely
Qo,1,1,2, -+ ,Q45. The three-dimensional discrete divergence operator div . is computed using
the mid-point quadrature rule with m =n = k = 2, where m, n and k are the number of sub-
intervals along the spatial x, spatial y and the temporal direction. Table 3 reported the relative
L2errors of LSNN in each time block. Specifically, 30,000 iterations of Adam optimization were
performed for the first time block, and the rest blocks were trained with 20,000 iterations. Fig.4
presents the numerical results at time ¢t = 0.1, 0.3, and 0.5. This experiment shows that the LSNN
method can be extended to two-dimensional problems and is capable of simulating the shock and
rarefaction waves simultaneously.

As anticipated, numerical error accumulated when using a blocked space-time method. By
t = 0.5, the relative error L? reached 21.3% (see Table 3) . This result raises an important ques-
tion for future research: how to enhance the accuracy of the LSNN method for high-dimensional
hyperbolic problems. Theoretical studies suggest that a three-layer ReLU NN is sufficient for
such problems from a function approximation standpoint [8]. However, developing an efficient
and reliable iterative solver suitable for these high-dimensional, non-convex optimization problems
remains a challenge. The discussion in Sec. 5 offers insights into leveraging the unique structure
of NNs to guide the iterative process, though the problem remains unresolved.
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Fic. 2. Approxzimation results for the linear advection-reaction problem in Sec. 6.1.
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F1G. 3. Numerical results of the problem with f(u) = iu‘l using the composite trapezoidal and mid-point rules

Fi1c. 4. Numerical results of 2D Burgers’ equation.
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