NEURAL NETWORK METHODS:
SCALAR HYPERBOLIC CONSERVATION LAWS

Zhigiang Cai’

Collaborators: Min Liu?, Jingshuang Chen?3, Junpyo Choi', Brooke Hejnal'

b, -
4 e
Department of Mathemat ics1 <l ay i-‘
E PURDUE School of Mechanical Engineering 2 p
IIIIIIIIII




2

* Neural Network (as a class of approximating functions)

» Scalar Hyperbolic Conservation Laws

» Least-Squares Neural Network (LSNN) Method (a space-time approach)

« Evolving Neural Network (ENN) Method (an approach emulating physics)
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Neural Network (NN): a “new” class of approximating functions

Fully-connected (Multi-Layer Perceptron) NN (Rosenblatt 1958)
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(’ Linear Elements on fixed and moving meshes

« COLinear Element on a fixed mesh in [a,b]

( ema z € (Ti—1,%;)
Lg Li—1
0 — C;0; ¢ ER i1 —
81 (A) Span {¢z {Z di(x } ¢i(x) = S ksl . relx 1)
Tit+1 — T4
U otherwise

* CO?Linear Element on a moving mesh in [a,b]

SP(n) = {Z colrr, x4 1) e R ¢ g b]} (e :EO'Ol, rc 01l

1=0

— {Co—l—Cl(ﬂ?—a)‘i‘Zcia(x_xz): ci€R7 CU,L'E(CL,b)}
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One hidden-layer NN in R*

* One hidden-layer NN (C°piecewise linear function)
Mn(d) =<qCo T ZCiJ(wiX -+ bz) : bz e R’ w; € Sd—l

1=1

» Breaking Hyper-Planes
Pi:wix+b;=0 fori=1,...,n

* Linearly Independence

{o(w;x+b;)};_, are linearly independent if {P;}]_, are distinct.

Physical Partition of NN approximation to Kellogg function
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Scalar Hyperbolic Conservation Laws

« Scalar Nonlinear Hyperbolic Conservation Laws

[ w(x,t)+ Vy-f(u) = 0, in QxI,
< u = g, on I'_,
. U(X, 0) = Ug (X)v in €,

« Numerical Difficulties
« PDE theory

* Discontinuous solution with unknown interfaces
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Approximation to Unit Step Function with Interface

« Unit step function and its CPWL approximation

< —
0, a<z<eg, 0, G<TZC—E,
fe(z) = pe(z) = z—(c—¢) c—e<z<c+e
1, c<xz<b % ’ == ’
1, c+e<z<b
a b
1 6.1/7’

Ife =pelley =5 and fe =pellern = gz pyim

How to compute or approximate p.(x) when c is unknown?
(1) On fixed quasi-uniform mesh (2) On mesh (neural network)
- very fine mesh-size: h=¢

- overshooting, oscillation, etc.

1
by — by
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Approximation to Unit Step Function with

 Piecewise Constant function with unknow interface
C., J. Choi, and M. Liu (2022) (d=2, 3, |=2; d=4,...,8, 1=3)

Let X(x) be a piecewise constant function with C%piecewise smooth interface I, then there
exists a CPWL function p(x) generated by a DNN with L=[logy(d+ 1)] hidden layers such that for

any given € > 0, we have
lIx —pllg < 2/ }041 — a2| VE.

(b) Exact solution (c) 2 layer NN approximation

(g) 2 layer NN breaking lines (f) 3 layer NN trace on y = x

(h) 3 layer NN breaking lines

(d) 3 layer NN approximation

2-300-1 2.5-5-1
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Approximation to Unit Step Function with

 Piecewise Constant function with unknow interface
C., J. Choi, and M. Liu (2022) (d=2, 3, L=2; d=4,...,8, L=3)

Let X(x) be a piecewise constant function with C%piecewise smooth interface I, then there
exists a CPWL function p(x) generated by a DNN with L=[logy(d+ 1)] hidden layers such that for

any given € > 0, we have
lIx —pllg < 2/ |a1 — a2| VE.

P. Petersen and F. Voigtlaender (2018) (For C'and d=2, L=36)

Theorem 3.5. Forr € N, d € N>y, and p,3,B > 0, there are constants ¢ = c(d,r,p,3,B) > 0 and
s = s(d,r,p, B, B) € N, such that for any K € K, 3,48 and any € € (0,1/2), there is a neural network
®K with at most (3 + [logy B]) - (11 + 26/a) layers, and at most ¢ - e P4=D/B nonzero, (s, ¢)-quantized
weights such that

IRe(®X) — Xk ||l Lo(m1/o1/may <€ and  [[Ro(®E)|lsup < 1.

Remark 3.6. Theorem 3.5 establishes approrimation rates for piecewise constant functions. It should be
noted that the number of required layers is fized and only depends on the dimension d and the regularity
parameter B; in particular, it does not depend on the approximation accuracy €.
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Physics-Informed Neural Network (PINN), a statistical approach

Psichogios-Ungar (92), Lagaris-Likas-Ftiadis (98), Rasissi-Perdikaris-Karniadakis (19), ...

PDE: Lu)=0inQeR®* and B(u)=0 on 0
1INt . u Nu b Nb
training data: {z¢};", cQ and {z0}. " C 99
1 1 = 2
2 i . _ u\Y))2 b
I* residual: L(u) — N 2 (L(u(zy)))” + A ; (B(u(z?)))
(mean squares error)
PINN: u,, = argmin L(v)
veEN

What are issues to use Neural Network in scientific computing?
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Issues for NN-based Methods

« What is a proper equivalent formulation of a given PDE?

2

 How to choose NN architecture for a given problem?

 Numerical Issues (unlike finite elements)

= Numerical Integration (important): adaptive numerical integration
= Numerical Differentiation (critical): proper discrete differential operator

» Algebraic solver (training NN) (critical): iterative solvers 7??

PURDUE
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Least-Squares Neural Network (LSNN) method

* Linear advection-reaction problem

ug +yu=f in €, u‘r_ =g

« Least-squares formulation Find u € Vg(Q2) = {v € L*(Q) : vyg € L*(Q)} such that

L(u;f) = min L(v;f)

veVg

where L(v;f) = |lvg +yv — f||g,§2 + |lv — 9||2—5

« Coercivity and continuity there exists positive constants a« and M such that

2 2
ol < £(v;0) < M vl
De Sterck-Manteuffel-McCormick-Olson, 2004
E PURDUE 1/23/23 | 12
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Least-squares neural network (LSNN) method

« LSNN method  find u, € M(d,n) such that

2

Llug f)—

where M(d,1,[logy(d+1)] +1,n) = M(d,n)

* Quasi-optimal approximation

M 1/2
o= unlly < ()

* A priori error estimate

= unlly < € (Jar - as| vE +

PURDUE
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min L (fu f )
veM(d,n)

inf
veEM(d,n

inf u — vl 3.
UE./{/lll(d.n) Il = ©llg:

i+ o=l

C.-Chen-Liu, JCP, 443 (2021), 110514, C.-Choi-Liu (2022)
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Famous Transport Equation u+u, =0

2

PURDUE

UNIVERSITY

Department of Mathematics

10

o8

06

5 000 02s 0so 075 100

C.-Chen-Liu, JCP, 2021

Liu-Zhang, CMAME, 2020

-0.5

0.0

0.5

1.0

(2-6-1)

1/23/23 | 14



100 { — u_numerical
— u_true
075
0.50
025
0.00
-0.25
-0.50
-0.75
-1.00
0.0 0.2 04 06 08 10
10 T T T T TITT 7
7 ]
———
v 5
i Z =
T
0.8 1
7 — e
= S ==
1 3 |74
: NG HTAY
0.6 3 = i —
o PN LA — v cm—
vy H—
| A 4
ya L e st = =
> 1
N, i
0.4 7 SIS
= f —PR
e I 1 A 1 -
< AT =
AT ' -
LA AN . =
VA . aTam T mIa s T we
NN T A T
02 e d A T e i
g A FaAmTIEEL .
e
S S v S AT T AL
.4 P A S AL IS T
e = = i ————
VT D = A - i
e N T S
T e in e i
bV anS, T STZOT TR
0.0 s BN =
0.0 0.2 0.4 0.6 0.8 10
X

(e) 2-layer NN breaking lines
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10 7

—— first hidden layer breaking lines

—— second hidden layer breaking lines
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(f) 3-layer NN breaking lines
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C.-Chen-Liu, LSNN method for linear advection-reaction equation, JCP, 443(2021), 110514.




Least-Squares Neural Network (LSNN) method

« Scalar nonlinear hyperbolic conservation laws

ug(x,t) + Vx - f(u) =0, in Q x I, u’r_ =g, u(X,O)‘Q:uO(x)

» Least-squares formulation
Find uwe Ve = {ve L*(Q x I)|(f(v),v) € H(div;Q x I)} such that

E(u; g) = min E(U; g)

vEVE

where L(v;g) = [[v: + Vi - £(0)[I§ qus +lv = gll5 r_ + llv(x,0) = uo(x)[I§ o

» Least-squares neural network (LSNN) method

find u, € M(d,l) C V¢ such that  un(x,t) = argmin L(v; g)
veM(d,l)

E PURDUE 11/23/23 | 16
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Discrete Divergence Operator

 Divergence operator

0=wu;+ V-f(u) =div(f(u),u) = divF(u)

» Discrete divergence operator
+ based on conservative numerical schemes (C.-Chen-Liu, ANM(2022))
+ new discrete divergence operator (C.-Chen-Liu, ) Comput Appl Math (2023))
Let 7 be a partition of the domain  C R4*1,
For any K € T, let zx be the centroid of K.

1

div, F(u(z,)) =~ avggdiv f(u) = Kl Jox

F(u)-ndS
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(a) Exact solution u on Q x I
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(d) Traces of exact solution and
approximation u4 - on the plane
t=0.8
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(e) Traces of exact solution and ap-
proximation us - on the plane t =
1.0
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(c) Traces of exact and numerical
solutions uz - on the plane ¢t = 0.4
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(f) Traces of exact solution and
approximation ug - on the plane
t=1.2

C.-Chen-Liu, Applied Numer. Math,, 174 (2022), 163-176




Inviscid Burger Equation f(w) = "-u?

1.0 4 1.0 |_numerica |
Riemann Problem Shock **
formation: exact solution 06 |
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Inviscid Burgers . o . | . o
equation with o o g
smooth initial - - -
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(d) Traces of reference and numer- (e) I'races of reference and numer- (f) "I'races of reference and numer-
ical solutions u4 - on the plane ical solutions us - on the plane ical solutions ug  on the plane
t—=02 t—0.25 t =03
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(g) 'Traces of reference and numer- (h) Traces of reference and numer-
ical solutions uz - on the plane ical solutions ug , on the plane
( ) t = 0.35 t—04

F1G. 3. Approzimation results of Burgers’ equation with a sinusoidal initial condition




Riemann Problem with Higher order flux — f(u) = }u“

(a) 'Iraces of exact and numerical (b) Zoom-in plot near the discontin
solutions u) - using the trapezoidal

(¢) Traces of exact and numerical
uous interface of sub-figure (a) solutions uz - using the trapezoidal
rule on the plane ¢t — 0.2 rule on the plane ¢ — 0.4
7777777777777777777 ' " 1 - B ‘
Beiws | ik
|
| o8
|
‘
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|
|
— | — ot 1
: : " : Y o

(d) Traces of exact and numerical

(e) Zoom-in plot near the discontin
solutions u1, using the mid-point

(f) Traces of exact and numerical
uous interface of sub-figure (d) solutions u2 - using the mid-point
rule on the plane ¢t — 0.2 rule on the plane ¢ — 0.4
FiG. 5.

Numerical results of the problem with f(u) %ul

using the composite trapezoidal and mid-point rules (2—10—10—1)
55 PURDUE
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Buckley-Leverett Problem  f(u) = u(1 —uw)/[u? + a(1 — u)?]

<7 10 0.025

v r ' v ' : T
15 ©0.000 —0.5 0.0 0.5 10 15 -05 0.0 0.5 1.0 15

(a) Numerical solution uy on 2 (b) Traces at t = 0.1 (c) Traces at t = 0.2

F1G. 6. Numerical results of Buckley-Leverett Riemann problem
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Evolving Neural Network (ENN) Method  (C. and B. Hejnal)

* One-Dimensional Scalar Nonlinear Hyperbolic Conservation Laws

r 0 0
au(az,t)+a—xf(u(x,t)) = U in Qx(0,T),
< u(z,t) = g{t)) on T,
\ e 0) — uglz) I S

 Characteristic Line

= xo+ (t—t0) f' (u(x0, t0))
Zo(t) = f(u(z(?),1)) : o
x(t) W W

9 u(x(t), ) =0 |

‘ PETTY (k=1) p(k=1) D) (k1)
dt XO bl—l bl bl bH»l bH»l bl+2
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Representation of Initial Data

Set of Neural Network Functions:

M,, - {N(X) =C_1+ Z c,-a(w,-x— b,‘) : b,', Ci, Wj € R}
i=0

Find u\” € M, such that

0
H U,(V) g U0||L2(Q) —

E PURDUE 1/23/23 | 25
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Characteristic Scheme

» Propagate breaking points of the and
to ¢
ty ¢

by b, b

» Error Estimate

H“(‘> te) - uf,”

E PURDUE

UNIVERsITy Department of Mathematics

data

u(xo, to)

@ " (H“" - oy Z(Q)

1/p
+ g - gn HFL,p(/))

_u(x(t);t)

x(t)
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Finite Volume Characteristic Scheme

= = ( (k)
b,_{ b, b, b, 5
o °
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o ® ® )
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EE ol 9141 D141
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F1G. 3. Breaking Points Merging Into a Shock
7(k) (k)
, by biia 5
. e} Q .
. o-eee . o TS
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Shock Formation (exponential initial profile)

Inviscid Burgers' Equation

~ k
laCt)-ul? 20
la,t)l 2 qy

0.0 6.6207 x 10~ 83
\ 0.2 7.2902 x 10~* 83
0.4 e =
R ' | 0.6 2.1803x 102 | 47
T A o 0.8 2.0423 x 1072 40
1.0 14822x102 | 37

= Wi .
N\ Approximate Solution 101 — approximate Solution VaY I m e n
£ V. interpolation points + Interpolation Points /£y I k
f\ 0s /ot

0.2 Va 02 s
20 e ———] 00 ———— ——— EN N
10 -08 -06 -04 -02 00 02 06 08 10 0.

. s . » 83 breaking points 2000 mesh points

B i .
? PURDUE 418 time steps 5000 time steps
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Shock Formation (sinusoidal initial profile)

Inviscid Burgers' Equation

_ i(-,t)-uld 1.0 P —— WENO Reference Solution
Time | Mfitataa | TN T s
0.0 6.6923 x 1074 78 067 |
0.1 7.8352 x 1074 78 1/

0.2 40166 x 1072 | 56 ] Zz :
0.3 51491 x 102 | 38 s
0.4 5.3515 x 1072 30 0.4
0.5 5.4162 x 1072 25 067
N
» 78 breaking points 1000 mesh points 0.0 0.2 0.4 ) 0.6 0.8 1.0
» K587 time steps 2500 time steps H-HHH
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Compound Wave

Buckley-Leverett Equation

u2

u? + 2 (1 - u)?

Time

k
luCte)-uy 20
”U(wtk)”LZ(Q)
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Summary

* NN provides a new class of approximating functions

“Moving” mesh vs uniform mesh and adaptive mesh

Scalar hyperbolic conservation laws

LSNN (a space-time approach)

No numerical artifacts such as overshooting, oscillation, or smearing
Complicated and expensive iterative solvers

ENN (a time-marching approach)

Super accurate and efficient for 1D scalar HCLs comparing with existing methods
Extension to multi-dimension?

E PURDUE !
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