NEURAL NETWORKS IN SCIENTIFIC COMPUTING

Zhigiang Cai’
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 RelLU Neural Network (as a class of approximating functions)

e

« Scalar Hyperbolic Conservation Laws

Least-Squares Neural Network (LSNN) Method (J. Chen, J. Choi, and M. Liu)
Evolving Neural Network (ENN) Method (B. Hejnal)

* A Structure-guided Gauss-Newton Method

(T. Ding, M. Liu, X. Liu, and J. Xia)
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Neural Network (NN)

Fully-connected (Multi-Layer Perceptron) NN (Rosenblatt 1958)

Input layer | Hidden layers i Output layer
x€R? NO  N@® - NO | v(x) €R

NN function
t, t>0,
v(x) = a(t) =
0, t<O0.

Let x(9 = x and x,gk) (x) =0 (wgk)x(k_l) + b,gk)>
fore=1,...,ng and k=1,...,1
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Free Knot Spline

« CO?Linear spline (finite element) on a fixed mesh (T — T
T € (Ti—1,%;),
L Ti—1
S?(A) = Span {¢’L {Zcz¢z EAS R} ¢’L(x) = ;Ei—'_l —;U s & (acz-,acH_l),
1+1 — L9
u(z) = 2%, 2 €0,1] L 0, otherwise

« CO?Linear free knot spline in [a,b] (1960s)

1=0

Si(n) = {Z%@(%%—b%@iﬂ) 1 ¢ €R, x; € [a, b]}

— {c0+cl(x—a)+zcz'0($—$z‘)i ci €R, x; € (a,b)}

1=2
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Shallow ReLUNNin R?

* Shallow ReLU NN (C°piecewise linear function)

Mn(d) = {CO + ZCiU(wz’X'i‘bi) cc,b ER, w; € Sd_l}

1=1

* Linear Independence
{o(w;x+b;)};_, are linearly independent if {P;};_, are distinct.
» Breaking Hyper-Planes

P;: w;x+b; =0 fOr’l::].,...,’n,

» Physical Partition of NN approximation to Kellogg function

h

05 -0.08
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(h) Optimum break lines (i) Optimum NN model of 69
(69 neurons, 1286 elements) neurons, § = 0.008476



How to Design NN Methods from Numerical Analysis Perspective?

* For a given PDE, start with a proper equivalent formulation

natural energy minimization

various artificial least-squares minimizations
 Choose a proper NN architecture -- a difficult task (adaptive NN, Liu-C. 22)
 Numerical Issues

= Numerical Integration (important):  adaptive numerical integration (L-C-R 23)
= Numerical Differentiation (critical): proper discrete differential operator

= Algebraic solver (training NN) (critical): iterative solvers ???
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Physics-Informed Neural Network (PINN)

Dissanayake-Phan-Tien (94), Lagaris-Likas-Ftiadis (98), Rasissi-Perdikaris-Karniadakis (19), ...

PDE: Lu(z))=0at zc Qe R? and B(u(z)) =0 at = € 9Q

training data: {z¢}", CQ  and {mf}ivz”l C o0

I? residual: L(u) = Niu i (L(u(z?)))* + Nib Z (B(U(wg)))z
PINN: u,, = argmin L(v)
veN

PDE at points: L(u(z¥)) =0 and B(u(x?)) =0 for i =1,..., N, (V)
(continuous LS) G(u) = [, [L al:1:+f8Q w(z))) ds

PINN is a discrete least-squares neural network (LSNN) method
and produces unreasonable approximation!
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Scalar Hyperbolic Conservation Laws

« Scalar Nonlinear Hyperbolic Conservation Laws

—u(x,t) + Z ifi(u(x, t)) = 0, in RYx (0,T),

u(x,0) = wup(x), in R4

 Numerical Difficulties

« PDE theory

* Discontinuous solution with unknown interfaces
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Approximation to Unit Step Function with Interface

« Unit step function and its CPWL approximation

0, a<x<c—e,
0, a<zxz<ec,

r—\CcC—¢€

1, c+e<z<b

1, e<x<b

1/r

1+7)l/r

1 €
”fc _pc||L°°(I) — 5 and ||fc _pc||L7"(I) - 21—1/r(

How to compute or approximate p.(x) when c is unknown?
(1) On fixed quasi-uniform mesh (2) On mesh (neural network)
- very fine mesh-size: h=¢

- overshooting, oscillation, etc.

1
by — by
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pe(x) = lo(x —b1) —o(x —b2)], bi=c—¢, ba=cH+e



Interface of Unit Step Function in R
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Approximation to Unit Step Function with

 Piecewise Constant function with unknow interface
C., J. Choi, and M. Liu (2022) (d=2, 3, |=2; d=4,...,8, 1=3)

Let X(x) be a piecewise constant function with C%piecewise smooth interface I, then there
exists a CPWL function p(x) generated by a NN with L=[log,(d+1)] hidden layers such that for

any given € > 0, we have
lIx —plls < V2II[|ar — az| Ve,

10

— 1stLayer
— 2nd Layer

08
06{

0.4

02 s

04 06 08 10 0.0

0.0 02 04 06 08

(b) Exact solution (c) 2 layer NN approximation

(g) 2 layer NN breaking lines (f) 3 layer NN trace on y = x

(d) 3 layer NN approximation (b) 3 layer NN breaking lines

2-300-1 2.5-5-1
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Linear Advection-Reaction Problem and its Least-squares Formulation

* Linear advection-reaction problem

ug +vyu=f in €, u‘r_ =g

« Least-squares formulation Find u € Vg(Q) = {v € L?*(Q) : vg € L*()} such that

Llu:f) = min L{uv; )

veVg

where L(v;f) = |lug+vv—fllgo+1v—9l’s
« Coercivity and continuity  there exists positive constants « and M such that
2 2
allvll < £(v;0) < M |lv]l3
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Numerical Issues

* Numerical integration

/ (v +yv — f)° (x)dx Adaptive numerical integration (Liu-Ramani-C 2023)
Q

 Numerical differentiation

d
ou(x) S ST -
ug(x) = Z Bi(x) v Is invalid at where the solution is discontinuous.
=1 :

~ u(x) — v(x— pB(x))

Physics-preserved numerical differentiation D ’U(X) = ~ v (X):
ysics-p & p/1B(x)] e

 Algebraic solver (training algorithm) 7?7
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Least-squares neural network (LSNN) method

* Discrete LS functional

Ly (vif) = ) Qk ((Dgv+yv— 1))

KeT
* LSNN method find u¥ € M(L,n) such that
Ly (uyf) = min L (v;f)

* A priori error estimate

o= unlly <€ (Jor = aal VE+ _jaf i~ el
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Famous Transport Equation u+u, =0

e
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(f) 3-layer NN breaking lines
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C.-Chen-Liu, LSNN method for linear advection-reaction equation, JCP, 443(2021), 110514.




Least-Squares Neural Network (LSNN) method

« Scalar nonlinear hyperbolic conservation laws

d
%u(x, t)—|—; aii filu(x,t)) =0, in R¥x(0,T), u(x,0)=up(x), in R?

» Least-squares formulation

Find u € Vy = {v e L?(Q) x I| (f(v),v) € H(div; Q x I)} such that

u=argmin L(v;f), where L(v;f) = [[v;+ V£ (0)[[§ axr+v(-, 0)—uollg o
veVe

» Least-squares neural network (LSNN) method
Find u, € M(l,n) C V¢ such that wu, = argmin L7 (v;f),
veEM(l,n)
where L (v;f) is a discrete LS functional based on L(v;f).
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Discrete Divergence Operator

 Divergence operator

=us+ V- f(u) =div (f(u),u) = divF(u)

» Discrete divergence operator
+ based on conservative numerical schemes (C.-Chen-Liu, ANM(2022))
+ new discrete divergence operator (C.-Chen-Liu, ) Comput Appl Math (2023))
Let T be a partition of the domain  C Ré+!,
For any K € T, let zx be the centroid of K.

1

div, F(u(z,)) = avggdiv f(u) = ;s
K

F(u)-ndS
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Discrete Divergence Operator in 1D

* Primitive form over K;

! [ B nd 1/”“( t)dt+1/xi+l( it n)d
u)-nds = — (T, Tit1; — u(z;t;, tir1)de
[KijlJox,, 5 Je, ' h o 325

1 N 1 . .
~ SQ(J(wi,xi+1;t);tj,tj+1,n) + EQ(U(CE;tj,tj+1);$i,l’i+1,m) = dIVTF(U,Z'j)

* Error estimate

LEMMA 4.3. Assume that u is a C? function of t and a piece-wise C? function of x on two
vertical and two horizontal edges of K;j;, respectively. Moreover, u has only one discontinuous
point on each horizontal edge. Then there exists a constant C' > 0 such that

|div, f(u) — avg_div f(u)||Lr(k,,)

(4.7)

hi/ps2  p2§1/P pgl/p (hé)/P 2
= C( A2 2 +m1+1/q> s [wis]e, -
I=j
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(a) Traces of exact solution and

e (c) Traces of exact and numerical
approximation ui, on the plane

solutions uz ;- on the plane t = 0.4

(a) Exact solution uw on  x I

t=0.2
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(d) Traces of exact solution and (e) Traces of exact solution and ap- (f) Traces of exact solution and
approximation u4, - on the plane proximation us - on the plane t = approximation ug, . on the plane
t=0.8 1.0 t=1.2

C.-Chen-Liu, Applied Numer. Math,, 174 (2022), 163-176




Inviscid Burger Equation f(w) = "-u?
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formation: exact solution 06
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Riemann Problem
Rarefaction wave: exact
solution

X
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Inviscid Burgers . o . | . o
equation with o o g
smooth initial - - -

a;m om aw om Lm im 3 ;i

P =4 1
U (',B) — O~ ) + Sln(ﬂ-m) . (a) Traces of reference and numer- (b) Traces of reference and numer- (¢) Iraces of reference and numer-
ical solutions w; . on the plane ical solutions uz . on the plane ical solutions uz . on the plane

t = 0.05 t=0.1 t = 0.15
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(d) Traces of reference and numer- (e) I'races of reference and numer- (f) "I'races of reference and numer-
ical solutions u4 - on the plane ical solutions us - on the plane ical solutions ug  on the plane
t—=02 t—0.25 t =03
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(g) 'Traces of reference and numer- (h) Traces of reference and numer-
ical solutions uz - on the plane ical solutions ug , on the plane
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F1G. 3. Approzimation results of Burgers’ equation with a sinusoidal initial condition




Riemann Problem with Higher order flux  f(u) = }u“

(a) 'Iraces of exact and numerical (b) Zoom-in plot near the discontin
solutions u) - using the trapezoidal

(¢) Traces of exact and numerical
uous interface of sub-figure (a) solutions uz - using the trapezoidal
rule on the plane ¢t — 0.2 rule on the plane ¢ — 0.4
7777777777777777777 ' " 1 - B ‘
Beiws | ik
|
| o8
|
‘
| p
|
|
— | — ot 1
: : " : Y o

(d) Traces of exact and numerical

(e) Zoom-in plot near the discontin
solutions u1, using the mid-point

(f) Traces of exact and numerical
uous interface of sub-figure (d) solutions u2 - using the mid-point
rule on the plane ¢t — 0.2 rule on the plane ¢ — 0.4
FiG. 5.

Numerical results of the problem with f(u) %ul

using the composite trapezoidal and mid-point rules (2—10—10—1)
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Buckley-Leverett Problem  f(u) = u(1 —uw)/[u? + a(1 — u)?]

10 — u_true 1.0 — ut
—— u_numerica | f— |
0.8 4 0.8
u
0.6 0.6
0.4 4 0.4 1
0.2 4 0.2
0.0 q 0.0
-05 00 05 10 1s -0 00 05 10 15
(a) Numerical solution uy on 2 (b) Traces at t = 0.1 (c) Traces at t = 0.2

F1G. 6. Numerical results of Buckley-Leverett Riemann problem

|
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2D Inviscid Burger Equation  f (w) = - (u? u?)

s

PURDUE

UNIVERSITY

k k
Network structure | Block ||u”;ku||0 lo
Q0,1 0.093679
3-48-48-48-1 Q12 0.121375
Q23 0.163755
Q3.4 0.190460
Qa5 0.213013

(b) t=10.3

Department of Mathematics
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Evolving Neural Network (ENN) Method  (C. and B. Hejnal)

* One-Dimensional Scalar Nonlinear Hyperbolic Conservation Laws

r 0 0
5@ ) + o f(ul@,t)) = 0, in Qx(0,7),
X u(z,t) = g(t), on I'_,
f u(z,0) = wup(z), in Q

 Characteristic Line

_ ) f ’
Loty = plutetr). D) oha R S G0

F1G. 1. ock Region
(k) =(k 7 (k) (k)
X(t) bl*l b[( ) bl+1 bl+2
K . .

"x 1) 7D (k—1) ¢ (k—1) ‘(kon (1)
dt XO bl—l bl bl bl+1 bt+1 bl+2

E PURDUE 4/12/24 | 27

UNIVERsITy Department of Mathematics



Representation of Initial Data

Set of Neural Network Functions:

Mn = {N(X) =C_1+ Z c,-a(w,-x— b,') : b,‘, Gt e R}
i=0

Find u,(\;)) € M, such that

H U,(VO) - Uo||L2(Q) =

E PURDUE 4/12/24 | 28
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Characteristic Scheme

» Propagate breaking points of the and data
u(xo, to) u(x(t),t)
® ®
to
L ¢ ° °
L 4 L 4 L XG X(t}
by by b3

» Error Estimate

HU(', ) — u 1/p

+g - gNH’Zp(/))

LP(Q) < (HUO - u’(VO) :p(Q)
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Finite Volume Characteristic Scheme

) =09 ~ (k) (K / |
D, b; 1) b,/ 1 (k) - (k)
-1 / I+1 1+2 ‘ b, b,
e 2 2 ® Lk ic:1 /{,J tk
Yo
/
) o O Lk-1
° 3 e . O ) Tk—1 (k-1 7 (k-1)
B(k=1) 7 (k-1) p(k=1) p(k-1) 7 (k-1) p(k=1) 2 P11
B o Pl Pl1 Ple2
F1G. 3. Breaking Points Merging Into a Shock
! ‘
]
‘ ;
T(k) (k) |
I bl bl+1 ‘\ p 94
. ° le! Q . th 21
! / A’-' \\ \
‘v\
. . o-ese 3 o .
7(k—1) (k—1) (k—1) 7(k—1)
bl bl bH—l bH—l
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Shock Formation (exponential initial profile)

Inviscid Burgers' Equation

~ k
laCt)-u$? 2 ¢q

‘_‘_.!\3'. iy W f\ Time RIS Ny

,_ 0.0 6.6207 x 10~ 83

, \ \ 0.2 7.2902 x 10™* 83
i 0.4 1.2718 x 1072 61

-2
Tl 0.6 2.1803 x 10 47
B e N ) 0.8 2.0423 x 1072 40
' ' 1.0 1.4822 x 1072 37

el 1L L ENN

AEEHEHHHH t IHHHHH L ’ 83 breaking points 2000 mesh points

> i .
E PURDUE 418 time Steps 5000 time steps 31
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Shock Formation (sinusoidal initial profile)

Inviscid Burgers' Equation

_ i(-,t)—ulld 1.0 P —— WENO Reference Solution
Time | Stz | ™ | et
0.0 6.6923 x 1074 78 067 |
0.1 7.8352 x 1074 78 *41 /

0.2 40166 x 102 | 56 ] Zz :
0.3 51491 x 102 | 38 s
0.4 5.3515 x 1072 30 0.4
0.5 5.4162 x 1072 25 067
N
» 78 breaking points 1000 mesh points 0.0 0.2 0.4 ) 0.6 038 1.0
» 587 time steps 2500 time steps H-HHHH
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Compound Wave

Buckley-Leverett Equation

u2

u? + 2 (1 - u)?

Time

K
”U(wtk)—ux)”L2an
”u('7tk)”[_2(Q)

0.00

1.3732 x 1072

40

0.25

6.9084 x 1073

16

0.50

5.8335 x 1073

15

e
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Summary

* NN provides a new class of approximating functions

“Moving” mesh vs uniform mesh and adaptive mesh

Scalar hyperbolic conservation laws

LSNN (a space-time approach)

No numerical artifacts such as overshooting, oscillation, or smearing
Complicated and expensive iterative solvers

ENN (a time-marching approach)

Super accurate and efficient for 1D scalar HCLs comparing with existing methods
Extension to multi-dimension?
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18th Copper Mountain Conference on
Iterative Methods
April 14-19, 2024

A STRUCTURE-GUIDED GAUSS-NEWTON METHOD FOR
SHALLOW ReLU NEURAL NETWORK

Z. Cai

Collaborators: Tong Ding, Min Liu, Xinyu Liu, and Jianlin Xia

https://www.math.purdue.edu/~caiz/paper.html
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https://www.math.purdue.edu/~caiz/paper.html

Optimization in Machine Learning

Supervised Machine Learning (Least-squares Data Fitting)
For a given data set {(x%,u’)} , with x* € 2 C R% and u’ € R, let

1 & . . .
o J(v)= 5 Z/ﬁ (v(x";0) — uz)2 be a discrete LS loss function
=1
e M, (£;0) be a set of neural network functions
finding u,(x) € M,(Q2) such that

Un(x) = argmin J(v) or uy(x;0) = argmin J (v(-;0))= argminf(0)
vEMR () 0 OcRrN

Iterative/Optimization/Training Algorithms

methods of gradient descent (Adam, SGD, ...),
Newton’'s methods (BFGS, ...),

E PURDUE |
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Gauss-Newton’s Methods

"Iterative Solution of Nonlinear Equations in Several Variables” by Ortega and Rheinboldt (1970)
268 8. MINIMIZATION METHODS

— 1 T
where we assume, of course, that the indicated inverse exists. In the 8 (x) — '2'(F x) Fx
special case that f(x) = 1xTx, (4) reduces to the Gauss—Newton method

xkHl = xk — [F'(x*)T F'(x%)] 1 F'(x%)TFx*, k=0, 1,..., )

and, therefore, we shall call (4) a generalized Gauss—Newton method. Note
that the iterate x*+! of (5) is simply the unique global minimizer of the
quadratic functional

[Fxk + F'(xF)x — &F)]T [Fx* 4 F'(x%)(x — «9)],

and, hence, (§) is a paraboloid method for (2) in the sense of 8.1.
In place of (5), we may also consider the modified Gauss—Newton
iteration with parameters w, and A, :

ahtl = b — o, [F'(x%)T F'(x%) 4 AJ]72 F'(x¥)T Fxk, (6) Levenberg-Marquardt's method

Since F'(x¥)T F'(x*) is symmetric, positive semidefinite, the inverse in (6)

will always exist provided only that A, > 0. As in 8.2, the parameter w,

may be chosen to ensure that g(x%+1) < g(x*). Alternatively, this decrease
E UPH‘],%BLII,E may also be achieved by a suitable selection of A, (see E 8.3-4).
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Optimization in Machine Learning

Supervised Machine Learning (Least-squares Data Fitting)
For a given data set {(x%,u’)} , with x* € 2 C R% and u’ € R, let

1 & . . .
o J(v)= 5 Z/ﬁ (v(x";0) — uz)2 be a discrete LS loss function
=1
e M, (£;0) be a set of neural network functions
finding u,(x) € M,(Q2) such that

Un(x) = argmin J(v) or uy(x;0) = argmin J (v(-;0))= argminf(0)
vEMR () 0 OcRrN

Iterative/Optimization/Training Algorithms

methods of gradient descent (Adam, SGD, ...),
Newton’'s methods (BFGS, ...),

Gauss-Newton’'s methods
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Algebraic Systems for Critical Points

= neural network approximation

n n
un(X) = co + Zcia(wi X +b;) =co+ Zcia(ri 'y)
i=1 i=1

= linear and nonlinear parameters

¢ = (co, ) with ¢ = (¢1,...,¢n)

and r = (rl,. . .,I‘n) with r;, = (wz,bz)

= Algebraic Systems for Critical Points

Ved (un(58,r)) =0 and VT (un(+&,1)) =0
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Mass and Layer Gauss-Newton Matrices

= Mass Matrix A(r) for linear parameters

0=V¢J (up(;¢,r)) = A(r)c — f(r)

where A(r) =) uf [ZZT] (x") is SPD
i=1
= Gradient with respect tor

0=V:J (un(;¢,r)) = (D(c) ® lay1) G(& )

= Layer Gauss-Newton’s matrix for nonlinear parameters

GN = (D(c) ® Is+1)H(r)(D(c) ® I411)

m

where #(r) =) u'[HH"] ® [yy”] (x') is SPD
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The Structure-guided Gauss-Newton (SgGN) Method

Given (&®) r(®)) = (c(k),c(()k),r(k)>, compute (ek+D) p(kHD)Y:

(i) Compute ¢(k+1) by solving the system of linear equations
A(r(k)) c(k+1) — f(r(k))
(i) If cz(.k“) # 0 for all 4, compute the search direction

ptD) — (D—l (c*+D) ® Id+1) s(k+1),

where s(b+1) = —3¢ (r(’“))_lG(c(’“H),cg’““), r®).
(iii) Compute the nonlinear parameter
pb D) = p(0) o (D)
where the damping parameter ;41 IS computed by
Vk+1 = argminJ, (un(, c(k+1), r(k) 4 fyp(k+1))) .
E PURDUE e

UNIVERsITy Department of Mathematics
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Step Function
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Figure 2: One-dimensional piece-wise constant function approximation results

Table 1: Comparison for one-dimensional piece-wise constant function.

Method dBGN BFGS KFRA | Adam
Iteration 9 825 207 825 825 10,000
J(f) 8.76E-4 | 6.56E-9 | 4.03E-3 | 2.65E-3 | 1.61E-3 | 8.14E-3

—Adam

800
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Delta-like Function
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Piece-wise Constant Function

]
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20 40 60 80 100 120 140 Table 6.4: Comparison for a two-dimensional piece-wise constant function.
iterations
[ Method | SgGN | BFGS [ KFRA | Adam |
E PURDUE Department of Mathematics Tteration | 9 142 100 142 142 | 10,000
UNIVERSITY Tmp | 8.82E-2 | 3.16E-3 | 9.20E-2 | 8.92E-2 | 9.40E-2 | 9.23E-2




Two-dimensional function in EZMte)
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Table 6.5: Comparison for a two-dimensional piece-wise linear function with horizontal initial break-
ing lines (VI) and vertical initial breaking lines (VI).

1 1 1
| \ [ Method | SgGN [ BFGS [ KFRA | Adam |
05 0.5 05 Iteration 99 207 204 207 207 10,000
T (HI) | 6.28E-22 | 6.68E-27 | 7.50E-22 | 7.50E-22 | 6.12E-2 | 1.17E-5
=8 =0 = 0 = Tteration 4 105 30 105 105 10,000
0% - - Tmp (VI) | 2.35E-4 | 4.34E-26 | 5.21E-4 2.71E-4 | 5.56E-2 | 2.15E-4
’ exact . exact v exact exact
—break lines —break lines —break lines / —break lines
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A Data Science Application

—SgGN
—BFGS
KFRA

—Adam |

50 100 150 200
iterations

(a) 40 neurons

E PURDUE

UNIVERsITy Department of Mathematics

—SgGN
—BFGS
KFRA
—Adam |
50 100 150 200
iterations

(b) 80 neurons

4/12/24 | 46



Summary: the Structure-guided Gauss-Newton (SgGN) Method

= SgGN uses both the quadratic and NN structures
= more accurate approximation than other training algorithms

= mass and layer Gauss-Newton matrices

positive definite: no need of shifting

ill-conditioned: ?77? fast linear solvers???
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THANK YOU

Collaborators: Min Liu?, Jingshuang Chen3, Junpyo Choi', Brooke Hejnal’

Tong Ding’, Xinyu Liu', and Jianlin Xia’

https://www.math.purdue.edu/~caiz/paper.html
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Approximation to Unit Step Function with

 Piecewise Constant function with unknow interface
C., J. Choi, and M. Liu (2022) (d=2, 3, L=2; d=4,...,8, L=3)

Let X(x) be a piecewise constant function with C%piecewise smooth interface I, then there
exists a CPWL function p(x) generated by a DNN with L=[log,(d+1)] hidden layers such that for

any given € > 0, we have
lIx —plls < V2II[|ar — az| Ve,

P. Petersen and F. Voigtlaender (2018) (For C'and d=2, L=36)

Theorem 3.5. Forr € N, d € N>y, and p,3,B > 0, there are constants ¢ = c(d,r,p,3,B) > 0 and
s = s(d,r,p, B, B) € N, such that for any K € K, 3,4, and any € € (0,1/2), there is a neural network
®K with at most (3 + [logy B]) - (11 + 26/d) layers, and at most c - e P4=1/B nonzero, (s, ¢)-quantized
weights such that

IRe(®) — Xk ||l Lo(m1/o1/may <€ and  [[Ro(®E)|lsup < 1.

Remark 3.6. Theorem 3.5 establishes approxrimation rates for piecewise constant functions. It should be
noted that the number of required layers is fized and only depends on the dimension d and the regularity
parameter B; in particular, it does not depend on the approximation accuracy €.
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