THIS EXAM IS CLOSED TO BOOKS AND NOTES.
CALCULATORS ARE NOT ALLOWED.
Use the back of the previous page if more space is needed!

MA303 FINAL EXAMINATION Practice

Name ID # Section #

There are 20 Problems on this booklet. For All problems, mark the answers clearly.
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1. Consider the differential equation
y =2t —y? y(0) = 0.

Compute an approximation to y(2) using the improved Euler scheme with h = 1. The
improved Euler scheme is:

fn= f(tm?/n)S th1 =t + I

h
Yn+1 = Yn + §(fn + f(tn +h, yn + hfn))

The approximate value of y(2) is




MA303

FINAL EXAMINATION

2. The phase portrait for a linear system of the form

_y _
T = Az,

where A is a 2 X 2 matrix is as follows.
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(i) Which of the following best describes the eigenvalues

a) two real distinct positive eigenvalues
b) two real distinct negative eigenvalues
¢) two real eigenvalues of opposite signs

f

e) two complex eigenvalues with negative real part
)

(
(
(
(d) two complex eigenvalues with positive real part
(
(f) one positive repeated eigenvalue

(

g) one negative repeated eigenvalue

(ii) Describe the type and the stability of the critical point (0, 0):

a) a unstable spiral point

b) an asymptotically stable spiral point

d) an asymptotically stable improper node

e) a unstable improper node

(
(
(c) a unstable saddle point
(
(e)

(f) a stable center

of A:
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3. Find all values of k for which the equilibrium point (0,0) of the system

GV -3 80

is a saddle point.

4. Find the solution of the linear system
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system

5. Find the solution of the linear
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™

7. 1ty + 2y + 5y =0, y(0) =1, y'(0) = 2, then y(z) =

8. What is the solution of initial value problem

y' =0t —m) — ot —2m); y(0) =y'(0) = 0.

a) y(t) = ur(t)t —ugr +

b) y(t) = (e — e

c) y(t) =c1 + cat
d) y(t) =ur(t) (t — ) — uz-(t) (t — 2m)

e) y(t) = ug(t)t — ugrt
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9. What is the solution of initial value problem

y'+2¢ +2y=6(t—m7); y(0)=1, ¥'(0)=0.

a) y(t) =e tcos(t) + e sin(t) + ug(t)e™ tsin(t — )
b) y(t) = e " cos(t) + 2e Fsin(t) 4+ ur(t)e™ sin(t — 7)
) y(t) = ur(t)e! " sin(t — )
d) y(t) = et cos(t) + 2~ sin(t) 4+ ur(t)e™ ' sin(t — 1) + un(t)e™ ' cos(t — )
e) y(t) = e cos(t) + e sin(t) + ug(t)e™ " cos(t — )
10. Let y(z) = i apx" be a series solution for
n=0

1—-2)y" +y=0

near x = 0. The recurrence relation for a,, is

a) (n+2)(n+1apy2 —n(n+1apt1 +a, =0, n>0

b) (n+2)(n+ 1)aps2+a, =0, n>0

d) (m+2)(n+ Dapt2 +n(n+1)aps1 +a, =0, n>0

€

)

) (n+2)
c) (n+2)

) (n+2)

) (n+2)

)

(n+1)

(n+ ay —n(n+ ags1 + ani2 =0, n >0
(n+1)

(n+1)

n+2)(n+ Dapr2 + n(n+ 1aps1 —4a, =0, n >0

PAGE 7
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11. (continue from the previous problem) Find the first four non-zero terms of the series solution
for

(1-2)y" +y=0, y(0)=1, ¢(0)=-1

y(r) =

12. Find all T'(¢t) such that u(z,t) = e*T(t) is a solution of
4“252: = Ut

T(1) =
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13. Consider the equation
Uy + yuy = 0.

(a) Find a pair of ordinary differential equations which can be used to replace the partial
differential equation.
(b) Find a non-constant solution u(z,y) =

14. A silver bar one meter long is initially heated to a temperature of 40°C on its left half and
60°C on its right half. It is perfectly insulated at its ends. For silver, the thermal diffusivity
is known to be 1.71 ecm? /sec.

Without solving, write down the problem that must be solved to determine the temper-
ature u(x,t) at a point x centimeters from the left end, at time ¢ seconds. That is, write
down the heat equation, boundary conditions and initial temperature distribution.
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15. The eigenvalues and the associated eigenfunctions of the following initial value problem:

y'(@) +dy(z) =0, ¢'(0)=0, y(1)=0

are

1 1
a) A, = (n+ 5)271'2, Yn(z) = sin(n + 5)7Tx, n=0,1,2...

1 1
b) A\p=(n+ 5)2, Yn(x) = cos(n + §)x, n=0,1,2,...

1 1
c) \p = (n—|—§)2, Yn () :sin(n+§)x, n=0,1,2,...
1

1
d) \p=(n+ 5)27r2, Yn(x) = cos(n + i)ms, n=0,1,2,...

e) Ay =n?71?, yu(x) =cosnmz, n=0,1,2,...

16. The Fourier series for the following periodic function:

1, if —1<x<0, 5 for all
10={) oesor s J@t2)=f) orana

is

—) nm
o
d) 1+ ;(1 = (=1)")-—(cos na + sin nz)
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17. A string L = 7 m long and fixed at both ends is giving an initial velocity of g(z) = 1m/s from
equilibrium. The string has no initial displacement. Find an expression for the displacement
function wu(z,t) valid for all z in 0 < z < 7 and all t > 0. (Assume a = 1, where « is the
constant in the wave equation.)

Recall: The solution of the wave equation

aQum:utt, O<zxz<l, t>0,

satisfying the homogeneous boundary conditions u(0,¢) = u(l,t) = 0 for ¢ > 0 and initial
conditions
u(z,0) = f(x) and wui(z,0)=g(x) for 0<z<]

has the general form

nmwr nmwad nmwaod
u(zx,t) = sin —— (cn cos — + ky sin l )
n=1
where l l
2 2
Cn = 7/0 f(z) sin(@)dz and ky = 7’L7TO(/0 g(x) sin(@)dz

a) Z(l - (—1)”)# sin(nmzx) sin(nmt)

b) S (1 = (—1)")— sin(nz) sin(nt)

n2m

&) S (1 = (—1)") = sin(nz) cos(nt)

— n?m
d) Z(l —( 1)")% sin(nmz) cos(nmt)
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18. Consider
gy = uy

a) Find T'(t) such that u(x,t) = e*T'(t) is a solution
b) Find X () such that u(z,t) = X (z)e’ is a solution and u(0,t) = 0

¢) Find X (z) and T'(¢) such that their product u(x,t) is a solution and u(0,t) = u(5,t) =
0

oo
d) Find a solution such that w(0,t) = u(5,t) = 0,u(z,0) = Z k~2sin(kmz). Compute
k=1
u(3,4)

e) Find solution with u(z,0) = 2

19. Consider the equation
Upr T Uy =0, 0<z <1, O0<y<1

which satisfies the boundary conditions

w(0,y) =0, wu(l,y)=0, 0<x<1,
u(z,0) =0, wu(z,1)=1, 0<y<1.

Find the solution by using the following steps:
a) Let u(z,y) = X(2)Y(y). Find the two ordinary differential equations satisfied by
X(z) and Y (y).

b) solving X (z), namely finding the eigenvalues and eigenfunctions;

)
¢) solving Y (y) and write out the general solution for the homogeneous problem;
d) find the general solution for u(z,1) = f(x);

)

e) find the solution with f(x) = 1.
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20.

EXAMINATION (Answer)

1. 15

2. G;D

3. C

4. D

5. E

6. B

7. E

8. D

9. A

10. A . ]
1. 1—z—-2?+ —a!

2, 24
12, T(t) = c1e® + ce™
13 () aX'+AX =0, yY =AY =0, (b)zly

o o (0t 100.£) < 0. 0 40 0< 2z <30
. ( )Ua:x—ut;ux(7)_ux( 7)_ ,U,(.Z‘, )_ 60 50 <z < 100
15. D

16. A

17. B

18. (a) T(t) = c1e”, (b) X(z) = c2 sir211r12(;v/3),
(¢) X(x) = sin(nmz/5) and T'(t) = eI t

() Yk 2sin(kra)e T, u(3,4) = 0,

977,2 7r2

(e)z i(l — (=1)")sin(nmz/5)e” = t

19. (a) X"+ XX =0;X(0)=X(1) = 0; Y =AY =0;Y(0) =0
(b) A\, = n’r?, X,, = sin(nwz), n=1,2,

(c) Yo =¢€"" —e™ " u(x,y) Z Cypsin(nmx) ("™ — e ")

(d) C, = / f(z)sin(nmz)

0. 9]
2 ) nmy —nmy
u(z,y) Z o em T sin(nmzx)(e e )

n=1



