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Abstract

In this report, we study the system
Ne4+ W+ (NW), — tNe =0, Wi+ N+ WW, — W, =0, (%)

which describes approximately the two-dimensional propagation of surface waves in a uniform horizontal channel of length
Ly filled with an irrotational, incompressible, inviscid fluid which in its undisturbed state has depth /. The non-dimensional
variables N{x, t) and W(x, 1) represent the deviation of the water surface from its undisturbed position and the horizontal
velocity at water level /2/3h, respectively. The natural initial-boundary-value problem corresponding to the situation wherein
the channel is fitted with a wavemaker at both ends is formulated and analyzed theoretically. We then present a numerical
algorithm for the approximation of solutions of the system () and prove the algorithm is fourth-order accurate both in time
and in space, is unconditionally stable, and has optimal computational complexity, which is to say the operation cost per time
step is of order M where M is the number of grid points in the spatial discretization. Further, we implement the algorithm as a
computer code and use it to study head-on collisions of solitary waves. Qur numerical simulations are compared with existing
theoretical, numerical and experimental results. We have tentatively concluded that the system (*) is a good candidate for
modeling two-dimensional surface water waves. Copyright © 1998 Elsevier Science B.V.

Keywords: Boussinesq systems; Solitary waves; Two-way propagation of water waves

1. Introduction

Consideration is given to the propagation of waves in a uniform horizontal channel of length Ly filled to a depth
h with an incompressible perfect fluid. Assuming that the wave motion is generated irrotationally and that it is
uniform across the width of the channel, the two-dimensional Euler equations are the full equations of motion. Even
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the two-dimensional version of the Euler equations are currently challenging both theoretically and with respect
to the numerical approximation of solutions. Consequently, when the practical need arises to model waves, further
approximations are often made. Assuming that the maximum deviation ¢ of the free surface from its undisturbed
position is small relative to 4 (small-amplitude waves), that the typical wavelength A is large relative to & (long
waves), and that the Stokes number S = a2/ k? is of order 1, the Euler equations may be formally approximated
by a restricted, four-parameter class of model equations derived by Bona et al. [6], having the form

N +uy + @) + Qutexy — bnexr =0, U + Nx + sty + Ciixxx — didyy =0, (nH
in scaled variables, where a, b, ¢ and d are real constants satisfying the restrictions
a=30*—bHr,  b=1O*-Ha -,

2
c=la—6hu,  d=i0-6%01-pw, ”

where 0 <8 < 1, and A, i € R. Subscripts connote partial differentiation, the independent variable x corresponds
to distance along the channel while 7 is proportional to elapsed time. The dependent variable = n(x.¢) is
proportional to the derivation of the liquid’s free surface from its rest position at the location x at time ¢ and
u = u(x, t) is proportional to the horizontal velocity at the height 8.

As pointed out in {6], all the models in (1) yield approximations which, like the classical Boussinesq system
([8l,a=b=c=0,d = %), are formally accurate to order € = a/h. An interesting issue immediately presents
itself as to which of these models should be chosen in concrete modeling situations. The theory developed by Craig
f15] is not helpful in this instance because it deals with an ill-posed model, though his theory is definitive for
unidirectional, Korteweg—de Vries-type models. The developments in [6] indicate that many of the possibilities in
(1) are mathematically ill posed or that they do not preserve energy or other physical quantities conserved by the
full Euler equations. After these are eliminated, there still remain several potentially useful classes of models of the
form depicted in (1).

It is our purpose to examine in some detail one of the more promising of the potentially useful models derived in
6], namely

n - %hznxxt = —hw, — (qw)y, Wy — %hzwxm = =gy — Wiy,
for (x,1) € @ = [0, Lg] x [0, Tol. 3)

The system (3)is (1) witha =c =0, b=d = %, but written in physical variables, where x is the distance along
the channel, t the elapsed time, g the acceleration of gravity, # the undisturbed depth, and 7 is such that A + n(x, 1)
is the total depth at location x at time ¢, as before. The dependent variable w = w(x, ) is the horizontal velocity
at the water level ./2/3h at the location x along the channel at time ¢. To simplify the notation in the rest of the
paper, we will resort to the standard non-dimensional variables (already in use in the systems in (1)), X =x/h,
t=1t//R/g, N =n/h, and W = w/co, where co = /gh. The corresponding scaled Boussinesq system is

N; = ¢Nisi = —We = (NW)g, W; — s Wizi = —Ne — W,

X’X?

for (£,1) € 2 =1[0,L] x [0, T]. (4)

where L = Lo/hand T = Tp//h/g.

The theory developed in [6] for certain of the systems in (1) was for the pure initial-value problems posed on the
entire real line, and thus pertains to wave motion far from the ends of a channel or for very long-crested waves in
field situations. In this report, attention will be directed to the initial- and boundary-value problem for which there
is specified
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N(O,f) = h(f), N(L,7) = hy(t),
WO.5) =v(f), W(L,{)=n{), (5)
N(x,0) = fi(¥), W(& 0 = fHH(X).

The consistency requirements for the initial- and boundary-conditions are the obvious ones dictated by continuity
considerations, namely

hi(0) = £1(0),  h2(0) = fi(L), vi(0) = 2(0), v2(0) = fo(L). (6)

The problem (4)—(6) is appropriate to the situation where, in addition to disturbances already in the channel tnitially,
wave motion can be added at both ends of the channel. Our particular interest in this problem stems from some
forthcoming water-tank experiments in which wave motion is initiated by wavemakers at both ends of the channel.
One reason for choosing the system (4) from the various well-posed possibilities in (1) is that it is reasonably
straightforward to implement the initial-boundary-value problem in (5) for the system (4). Another salient point is
that accurate and efficient numerical algorithms are readily developed for the system (4).

The plan of the paper is as follows. In Section 2, the initial-boundary-value problem (4) and (5) is written as a
system of integral equations. Existence, uniqueness, and regularity results for the solutions of (4)—(6) are established
by recourse to the integral equations. A numerical algorithm having optimal order of efficiency for the approximation
of solutions of (4)—(6) is then proposed in Section 3. The scheme is based on the system of integral equations. In
Section 4, it is shown that the numerical scheme is unconditionally stable and fourth-order convergent in both space
and time. The algorithm is then implemented as a computer code and the rate of convergence tested in Section 5.
Numerical simulations of the head-on collision of solitary waves are also presented in this section. The paper
concludes with a brief summary.

2. Theoretical results

In this section, we prove that corresponding to given compatible initial- and boundary-data as in (5) and (6),
there exists a unique solution to (4) and (5), defined at least on [0, L] x [0, T'] for some T > 0, and we examine
the regularity of this solution. The existence of a solution is established by converting (4) and (5) into integral
equations and applying the contraction-mapping principle. The regularity then follows from the fact that solutions
of the integral equations are exactly as smooth as the data affords. The argument is similar to that proposed in {2,3]
for a single equation which models unidirectional waves and in {7] for the pure initial-value problem for another
Boussinesg-type system (see also [6]). In what follows, we drop the carets adorning the independent variables
in (4).

To begin, write the system (4) in the form

(1=a 2N, = —Wy —(NW),, (I —a 20HW, = =N, - WW,,
where a® = 6. Inverting the operator 1 — @237 subject to the boundary conditions in (5), one obtains
L

Ne(x, t) = / G(x,s)(—W, — (NW)s) ds + S(L — x)h| + S(x)h5,

0
L

W, (x, 1) = /G(X- s)(=Ns — WWy)ds + S(L — x)v) + S(x)vy,
0
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where
alcosh(a(L — x — 5)) — cosh{a(L — |x — 5|))]
G(x,s) =— ;
2sinh(al)
and
S(x) = Sinh(ax)
sinh(al)

Since G (x, s} is continuous with respect to s, continuously differentiable exceptats = x,and G(x, L) = G(x,0) =
0 for all x € [0, L], the integrals on the right-hand sides may be integrated by parts, thereby leading to

L

N, = f K(x,s)(W+ NW)ds + S(L — x)h| + S(x)hy = Fi(x,t, N, W),
0, (7)
W, = / K(x,s)(N + iWhHds + S(L — x)v| + S(x)vhy = Fa(x, 1, N, W),
0
with
K(x,5)= %g = %Z(S(L —x —§)+sign(x —s5)S(L — [x — sD).

Now integrating the equations in (7) with respect to the temporal variable, one obtains

L
Nix,t) = f](x)+[/K(x,s)(W+NW)dsdr
00
+S(L = X)(1 (1) = 11 () + SCIha(r) = ha(0)), "

t L
Wx, 1) = fg()f)—}—ffK(x,s)(N-i—%WW)dsdr
00

+ S(L — x)(i1(®) — v1(0)) + S(x)(va(t) — v2(0)).

Note that any classical solution of (4) and (5) satisfies the integral equations in (8) since all the steps followed in
the derivation of (8) may then be justified.

Denote by C*(a, b) the Banach space of k-times continuously differentiable functions defined on [a, b], equipped
with the norm

Ifllce = sup  sup |fYx)I.

O<j<k a<x<b

We will systematically abbreviate || f |0 by || f1I.
Before presenting the local existence and uniqueness result, it is convenient to prove some properties of the
mapping M defined by

L
M(v)(x):/K(x,s)v(s) ds (9
0

forany v € C(0, L).
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Lemma 1. There is a constant ¢| depending only on L and constants Dy, k =0, 1, ..., depending on & and L such
that _ .
(@) if Aj = supg <z {fif K (x, )| ds + 7 1K (x. )| ds}. j > 0, then
A; < (V6 ar,
and

(b) if v € C*(0, L) for some k > 0, then M(v) € C*¥*1(0, L) and
NMW ek < Dillvllce.

In(a), K )Sj ) connotes the jth partial derivative of K with respect to x, computed classically on the intervals [0, x]
and [x, L].

Proof. Observing that for |x| < L, |S(x)| < 1 and that K (x, 5) is continuous in s except at s = x, where there is a
jump discontinuity with
Kx,xH) —K(x,x")=a*> =6, (10)

one easily obtains that |K (x, 5)| < 2a? which yields that Ag is bounded by the constant 2a%L. Since for |x| < L,
|5 (x)]| is bounded by a constant depending only on L, and K is continuous, it is seen that A} is bounded by a
constant which also depends only on L. It is easy to verify that for x # s,

K2 (x,s) = a’K(x,s) foranym >0, (1

which yields (a) for j > 0 with ¢| being any constant which bounds Ao and A;.
Let v € C(0, L) and denote M{(v) by ¢. Using part (a), one sees that

O=x=

L
el < SUPL/IK(X,S)IdSIIvII < cillvl.
0

Using (10) and (1 1), one shows that

L

o' (x) = [ K (x,5)v(s)ds + 6v(x),
0
and that

¢ D (x) = 66" (x) + 60"V (x)  form > 0.
The first equation yields ¢ € C" in the case v € C° with
lpllcr < (cr +6)vll,

and the second equation, when used as the basis for an inductive argument, yields (b) for any k=>0. O

For any Banach space X (for instance X = C*), the space C(0, T; X) is the Banach space of continuous maps
u: [0, T] — X with the norm

lullc.r;x) = sup [lu(®)|x.
O0<r<T
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The product space X x X will be abbreviated by X2; it carries the norm
Ifllx = max{ll fillx, Il f2lf x}
forf = (fi, f2).

We are now ready to prove the local existence and global uniqueness of solutions of the system of integral
equations (8) corresponding to specified auxiliary data as in (5).

Theorem 2. Letf = (fi, f2) € C(O,L)*, h = (h1,h2), v = (v1,v2) € C(0,T)2 for some T, L > . Sup-
pose f, h and v to satisfy the compatibility conditions (6). Define ||f]| = max{|l fillco.y. I f2llco.)}s (1R]} =
max{l|ailicio.r), Ih2lc.r)}, and IV] = max{|[villc.7). lv2licio.r)} Then there is a Ty = To(T. L. IENL [t
[Ilvll) < T and a unique solution pair (N, W) in C(0, Tp; C(0, L))? that satisfies (8). Moreover, forany T) < T,
there is at most one solution of (8) in C(0, 7;: C(0, L)?.

Proof. Let C = C(0, Typ; C(0, L))? and write the pair of integral equations in (8) in the tidy form
U = AU,

where U = (N, W). It will be shown that the operator A defined by the right-hand side of (8) has a fixed point in C
for suitably chosen Ty by using the contraction-mapping theorem. From Lemma 1 and the compatibility conditions,
itis readily adduced that if U € C, then AU € C. Suppose now that both U and W lie in the closed ball B & of radius
R about 0 in C; then we have the helpful inequality

1y
AW (x, 1) — AU(x, D)lle < c1(1 + U}l + IIWIIc)f U - Wcdr
0
<c1To(1 +2R)U — Wl
=0|U - W|,. (12)

If @ < 1, then A is a contraction-mapping. For U € B, let B denote the terms in (8) involving the initial- and
boundary-values, namely

B (fl () 4+ S(L — x)(h1 () = h1(0)) + S(x)(ha(t) — h2(0)) )
T\ )+ S = 0@ (1) — v (0)) + Sx)(walt) — va(0)) |-

It is obvious that IBllco.7:c0.0)2 <& = IIfl +2(|/h|| + ||¥|)), and therefore
AUllc = |AU — A0+ Bllc < @|Ullc + ||Bllc < @R +b.

Thus if we choose R = 2b and Ty = Ty(db) = 1/2(1 + R)cy, it is seen that
©@=1 and |AU|c <R.

The contraction-mapping theorem can be applied to establish the local existence of a solution of (8).
For uniqueness, let H = U — W, where U and W are two solutions of (8)inC = C(0, T1; C(0, L))?. Asin (12),
one can show that

!
IHJe < c/ |Hllc d
0
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for 0 <t < Ty, where C depends on both ||U||¢ and |W||. Gronwall’s lemma then implies that
IHlc =0,

which finishes the proof of the theorem. O

Theorem 3 ((Regularity)). Let £ = (f1, f2) € C2(0, L)%, h = (hy, h2), v = (v1, v2) € CY0, T)? for some T,
L > 0 satisfy the compatibility conditions (6). Then any solution pair (N, W) in C(0, Tp; C(0, L))? of (8) lies in
C1(0, Ty; C*(0, L))? and is a classical solution of the initial- and boundary-value problem (4) on the interval [0, Tp].

Proof. Since U = (N, W) has continuous component functions, one shows by using Lemma 1(b) that AU is
differentiable with respect to t, whence U, exists and is given by (7). Since h’ and v/ € C 000, T)2, it transpires that
U, € C. Rewrite (8) as

N = fitx) + [ MW + NW)dt + S(L — x)(h1(1) — h1(0)) + S(x)(h2(r) — h2(0)),

W = falx) + f M(N + FWW)dt + S(L — x)(1(1) — vi(0) + S (v2(1) — v2(0)),
0

where M is defined in (9). Lemma | yields that the terms on the right-hand side of the latter equations are in
C'(0, Ty: C'(0, L)), which is equivalent to saying that N and W are in C'(0, Tp; C'(0, L)). Using the same
argument once more gives that (N, W) € cH0, Ty; C%(0, L))

Using (8) again shows that (5) is valid because S(0) = 0, S(L) = 1, and K(0,s) = K(L,s) = 0. That the
solution of (8) satisfies (4) can be established by observing that the derivation leading from (4) to (8) is reversible
if (N, W) € C1(0, Tp: C?(0. L))>. O

Theorem 4 ((More regularity of the solution)). Let £ = (f1, f2) € clo, L)2, h = (I1.h2), v = (v, v1) €
C*0,T)? forsome T, L > 0,1 > 2, k > 1, satisfy the compatibility conditions (6). Then any solution pair
(N, W)in C(0, Ty; C(0, Ly)? lies in CX(0, Ty; clo, L))? and is the classical solution of the initial- and boundary-
value problem (4) on the interval [0, Tg].

Proof. This results from a straightforward extension of the argument in the proof of Theorem 3. U

Definition. A polynomial P(x|, ..., x,) is said to have degree [; in the variable x; if when all the other variables
are held fixed, P is a polynomial of degree at most /;.

Denote the boundary terms |, ha, vy, v2, by @;ie. @ = (¢1.¢2, ¢3, Pa) = (hi, k2, vy, v2). By ||@()] we
mean maxj<;<4 ¢ (t)|. Bounds are now derived for the temporal and spatial derivatives of N and W in terms of
bounds for N and W.

Theorem 5 ((Bounds on solutions of (4))). Let £ = (f1, f2) € C'(0,L)%, @ e C'(0,T)?, for some T, L > 0,
I > 2, and suppose the compatibility conditions (6) to be satisfied. Let Tp > 0 and let (N, W) be the solution of (4)
corresponding to the auxiliary data f and @. For k </ a positive integer, define

i

3"W(x T)

8"N(x T) H

or(t) = max max{
7€(0.1]



198 J.L. Bona, M. Chen/Physica D 116 (1998) 191-224

and
Bl(t)= max (@ (@)ll},  |Ifllx = max [fV].
O<t<r 0<, <k
Then for ¢ € [0, Tp},
ok (t) < Pe(B' (1), Ifllk, 00(1)),

where P, can be bounded by a polynomial of degree & in Bl(¢)and ||f llx and of degree k+ 1 in g (¢) with coefficients
depending on k., L and Tp.

Proof. From (8), one verifies that for any ¢ > 0,

t L
Nx(x,t)=f1’(x)—|-Ed;[fK(x,s)(W-f-NW)dsdr
0 0

= 8" (L — x)(hy(t) — h1(0)) + 8" (x)(hz(t) — h2(0)),
t L
W, (x, 1) = f3(x) + Ed;/fK(x,s)(N+ Iw?dsdr
00
— §'(L — )(wi(r) = v1(0) + S (x) (v2(¢) — v2(0)).

Using Lemma 1(b) and the fact that |S(x)| < 1 for |x| < L, itis seen that

INcIl < Il + ToDollW + NWI + 4|8 (x) | B' ().
IWell < IIfll1 + ToDollN + L W2 + 418’0 11B (1),

which yields
max{||Nell, |Well} < PL(B (), N1, oo(2)).

Bounds for higher-order spatial derivatives can be obtained inductively using a similar argument and Lemma 1(b).
O

3. The numerical scheme

The numerical scheme is based on the integral equations (7). Finite-difference schemes can also be used to
approximate solutions of the system (4). If these are employed, proper treatment of the boundary conditions would
be required to achieve high-order accuracy in both space and time. As will appear presently, the imposition of the
boundary conditions in such a way that high-order overall accuracy is achieved is very simple when the scheme is
based on (7).

We turn now to the details of the scheme. Let At be the step-size for the temporal discretization and Ax the length
of the spatial discretization; fet (M + 1) be the number of spatial mesh points so that M Ax = L. The equations in (7)
are first discretized in space via numerical quadrature; the resultant system of ordinary differential equations are then
integrated forward in time by a finite-difference, predictor—corrector method. The resulting scheme is fourth-order
accurate in time and space, and we will show that for each time step, the only computational work involved is to
solve a trigiagonal system, which requires order M operations where M is as above.
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3.1. Spatial discretization

The spatial discretization is effected by approximating ¢(x;) = fOL K(x;,8)y(s)ds,i =0,1,..., M, by the
trapezoidal rule with boundary corrections,

kAx

k—1
1
/y(X)dx%b‘,k(y)EAx E(y(ij+)+y(kAx_))+ E y(iAx)
jAx i=j+l

+ ARG G AR — ¥ (kAxT)).

This approximation is of order 4 when y € C*(j Ax, kAx). Taking account of the fact that K (x, s) is discontinuous
at x = s and denoting K (x;, s) = K;(s), one has that

0
= JAX[Ki (0)y(0) + (Ki( Ax7) + Kii Ax M) y(i Ax) + Ki(L)y(L)]
M-1

+Ax ) Ki(FAx)Y( A%) + — AxL(Ki(5)y(5) e
j=1,j#i 12

—(Ki()y()) |jax- + (Ki($)y() |iax+ — (Ki($)y()) I pac-1-
Writing K (x, 5) = K'(x, s) + K%(x, 5) with
K'e,s) =1a’S(L—x —s),  K%(x,s) = Ya*sign(x — 5)S(L — |x — s).
and after some simple computation, one obtains fori =1,2,.... M — 1 that
Li(y)= F,-l + Fiz + F,-0 - ﬁaZszy’(i Ax),
where
M—-1
Fl'=ax ) (K] (jAx)y(jAx)),
j=1
M—1
F2=Ax Z (K2(jAx)y(jAx)) with K2(iAx) =0,
j=1
0_1,2 ) . 1 2 214! . ' )
F =3a"Ax[y(Osm—i — y(L)si] + za“Ax“ [y (O)sp—i + y'(L)sil,
and

si=S(Ax), fori=0,1,.... M.

The derivatives y'(0), y'(L) and y'(i Ax) in L;(y) may be replaced by the finite differences

V(0) & ——(—y(2Ax) + dy(Ax) — 33(0)),
2Ax

VL) ~ ——(v(L — 2Ax) — dy(L — Ax) + 3y(LY),
2Ax
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and
yo I ,
yiAx)~ Z——(y((t + DAx) — y((i — DAx)),
Ax

fori =1,2,..., M — 1. Write y; = y({Ax) so that ¢ (x;) = fOL K (x;, s)y(s) ds is approximated by

¢i(Y) = F! + F} + F — 512 Ax% (g1 — yi 1), (13)
where ¥ = (vo. ..., ym) and

FY = Ya® Axlyosp—i — ymsi

+ sa? Ax[(=y2 + 4y1 — 3yo)sy—i + (Ym—2 — 4yp—1 + 3yadsil.

Applying these spatial discretizations to (7) and denoting W = (Wp, ..., Wy) and N = (Ny, ..., Ny) where
Wi=W({Ax.t), Ny = N({Ax, 1), N:(x;, t) and W, (x;, ¢) can be approximated by

Ny (xi, 1) =~ ¢;(W + N o W) + S(L — x;)h} + S(xi)hb,
Wi (xi, 1) ~ ¢ (N + YW o W) + S(L — x;)v] + S(x;)vh.

The symbol N oW denotes the componentwise product of N and W, whichis to say NoW = (NoWy, ..., Ny Wyy).

The semi-discrete algorithm is then to find vectors n = (no(t), ..., ny(¢)) and w = (wo(?), ..., wa(r)) which
are approximations to N and W, respectively, such thatfori =1,..., M — 1,
(ni)e = ¢i(Fy) + sm—ih) + sihs, (wi)y = @i (Fw) + Spr—ivy + 8iV5, (14)
no="hy, ny=hs, wo =V, Wy =V,
where f, = w+nowandf,, = n+ %w ow. Denotingn = (ny,...,ny-1) and W = (wy, ..., wy—_1), and

identifying ng, na, wo, war as ki, A2, vy, v2, the system (14) may be written as the system of ordinary differential
equations

d R\ _ (f( A,

de \w/  \ B 0,
where u = (A, W)T and f(r,u) = (f;(r, i, W), f2(z, A, W))T. Observing that the dependence of f; and f> on the
boundary terms @ = (h1, hy, vy. v2) is separate from their dependence on n and w, we write (see (13))

R

) 4. _
)) or dtu_f(t,u), (15)

fi(t.n, W)= Ly(W+hoWw) + By(@, @),

L T , 1
f2(t, 8, W) = Ly(h + W o W) + By (P, @), (16)

where Ly is a matrix independent of i, W, and By (P, @) and Bw (P, @) are vectors whose components are
polynomials quadratic in the components of ¢ and @’

3.2. Acceleration procedure

If M + 1 is the number of spatial mesh points, a direct evaluation of ¢;(y),i =0, 1,..., M, will involve on the
order of M? operations. To reduce the computation to order M operations, we follow the scheme put forward in
[4,5] by defining

(DXY)i = yi — (i1 = 2vi + yi_ 1)/ (€2 =24 e7%) = Ay + BOig1 + yi-1).
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where
—1
) 1 e—abdx

and A=1-2B.

Notice that if y = (yg, y1,...) and y; = e% 2% then
(D?y); =0 for alli.
Denoting FO = (1:",.0), F' = (F,.l) (see (13)), then since e®¥ = e“/ % it transpires that
(D*F%, =0, i=1,....M—1,
(DFNH; =0, i=1,....M—1.
Defining K by
Kij = sign(i — jedli=J18%,

it is straightforward to verify that

m—1 Byz. i = l,
DX > Ky || = BGisi —yicD), i=23.... .M =2,
i=l1 i —Byy_2, i=M-—1.

In consequence, if G = F! + F? + F°, where G = (G;), F? = (F,.z), then

(D*G); = AG; + B(Giy| + Gi-1) = (D*F?);

la*BAxy,, i=1,
=4 1a*BAx(visy — yi1), i=23,....M =2,
—%azBAxyM,g P=M-—1.
To complete the system of equations for Gy, ..., Gy—_1, observe that

AG) + BGy = —BGq + $a’ BAxy».
where
Go = 15(()) = %azAx[yo + I—lg(—yz +4y1 — 3yo)]
and
AGy 1 +BGy-2 = —BGy — $a*BAxypy_a,
with
Gy = Fy = =3a* Axlym — 1;(vm—2 — 4ym-1 + 3ym)].

Thus, evaluating ¢; (y), fori = 1,2,..., M — 1, can be accomplished by solving the preceding tridiagonal linear
system for G1. ..., Gy—1, and then using (13) in the form

¢i(y) = Gi — Ja* Ax(yi41 — yi-1)

fori = 1,..., M — 1. The total operation count for this procedure is of order M, which is optimal.
It is easy to verify that wo = wy = 0 because

Kl(s)=—K3(s) and K} (s) = —Ki(s).
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3.3. Temporal discretization

The Adams fourth-order predictor—corrector scheme, (P4 EC4E) in the parlance of Isaacson and Keller [19], is
used for the integration of (15) in time. In case the exact values of the boundary terms ®’(¢) are not available, they
are calculated via the fourth-order central difference formula

1
(A~ dP' = — (P2 — 8!l — @12y,
(At v A[( ) amn
where @/ = @ (IA1), [ € N.Letf (u) denote the function obtained by approximating @' (! At) with d&' inf(lAt, u)
(i.e. replacing By (®, ®)) and By (@, ®') by By (P, d®) and B, (P, dd), respectively). The numerical scheme
foruis

it =u + S Ar[55F (uf) — 59F (T + 370 2l ) — of P,

(13)
ﬁ1+l — lll + 2_14At[9fl+l(ﬁl+l) + lgfl(ul) + Sfl—l(ul—l) +fl—2(ul—2)]_

The fourth-order Runge-Kutta—Simpson method can be used for the first three steps to generate the starting values
for the Adams method whenever it is necessary. The fourth-order predictor—corrector scheme was employed because
it requires two-functional evaluation instead of four when compared with the fourth-order Runge-Kutta scheme.
The advantage in stability of the fourth-order Runge—Kutta scheme for the ordinary differential equation is not
important because the system is not stiff. Indeed, we will show presently that our scheme is unconditionally stable.

Remarks.

(i) The same method can be used to develop schemes of arbitrary order of accuracy by using higher-order derivative
corrections for the trapezoidal rule (i.e. the Euler-Maclaurin formula) and higher-order prediction—correction
time stepping methods.

(ii) In some of our computations, the initial Runge—Kutta steps can be avoided. This situation is obtained when
we are approximating a known, exact solution or in cases where the disturbance comes entirely through the
boundary, so that zero initial conditions are appropriate.

4. Analysis of the numerical scheme

In this section, we prove that the algorithm (18) is fourth-order accurate in time and in space, and that it is
unconditionally stable.

Lemma 6 ((Error for the Trapezoidal rule with boundary correction)). If y € C 4 JjAx, kAx), then

kAx A 4 kAx

X
fy(x)dx«h.k(w:m f 1y ()] dx.
JAx jAx

Proof. This is a standard result (cf. [16]). O

Lemma 7 ((Spatial discretization error)). Letthere be giveny € C 40, L), apositive integer M and Ax = L/M <
1. Lety = (yo0, ¥»---, ¥yyu) Where y; = y(iAx). Thenfori=1,... .M — 1,
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L

¢i(y) —/Ki(S)y(S) ds| < caMaAx?,
0

where M4 = maxg<; <a{l¥(x) 1} and ¢7 is a constant depending only on L.

Proof. By the definition of ¢; (y) and using Lemma 6, one finds that

L
Sy — f Ki(s)y(s) ds
0

L
< Li(y)”’[Ki(s))'(S)dS + L (¥) — i (¥)]
0
4 iAx L
Ax @ N
< (K - )7V ())ds + | (K- vy (s)lds
384
0 iAx
24,2
a“Ax ' Vil — Yi-1 , —y2+4y1 — 3y
V(i Ax) - ———— il [¥' (@) — — - i1y
+ T {l}(l x) A + [spr—i| |y (©) TAx + Isi| |y (L)
_ym—2—4ym-1+3ym
2Ax )

Applying Lemma 1(a) to the first two terms, the conclusion emerges. O
We will denote the max-norm of a vector y by |y|.

Lemma 8 ((Lipschitz condition for the mapping f in Eq. (15))).
(a) The functions ¢;(y) are Lipschitz,i = 1,.... M — 1;ie. forany y,z € RM+1

| max 19i(y) - ¢i ()| = CLly — 2|,

where Cy is a constant depending only on L.
(b} The max-norm of the matrix Ly in (16) is bounded, which is to say there is a contant C;. depending only on L
such that

lLnlloo < Cr.

(¢) Forfixedd € C 10, T)*, £(¢. u) is uniformly Lipschitz continuous on bounded subsets of l»,. More precisely,
for any uy, up € RZM =2 there is a constant C;. depending on L, but not on uy, uz or M, so that

£, u) —f(z, w)| < Cp (1 + |uy| + [uz)up —uz|.

Proof. From (13), validating part (a) only requires estimating the max-norm of the matrix AxK [ with K'(i, j) =
K 11 (jAx), I = 1, 2. A simple calculation shows that Ax || K /|| oo is bounded by a constant depending only on L, and
(a) is proved.

Lety = (y1,..., ym—1). ¥ = (0,§,0), and similarly, let Z = (z1, ..., zm—1), Z = (0, Z, 0). Since

(Lny)i = ¢i(¥),


































































