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Abstract

We consider a Boussinesq system which describes three-dimensional
water wavesin uid layers with a depth small with respect to the wave
length. We prove the existence of a large family of bifurcating bi-p eriodic
patterns of travelling waves, which are non symmetric with resgect to the
direction of propagation. Up to now, the existence of bifurcating asym-
metrical bi-p eriodic travelling wave is still an open problem for the Euler
equation (potential o w, without surface tension).

Here the lattice of wave vectors is spanned by two vectors k1; k. of
non equal lengths, and the direction of propagation of the wavesis close
to the critical one (solution of the dispersion equation). The wave pattern
may be understood at main order asthe superposition of two plane waves
of di erent amplitudes, respectively propagating along directions k; and
kz.

Our class of non symmetric waves bifurcates from a 3-dimensional
set of parameters which come from the componernts of the two basic wave
vectors, constrained by the dispersion equation. Here we are able to escape
from the small divisor problemin restricting the study with one rationality
condition relating the bifurcation set and the direction of propagation
closeto the critical direction. However, we needto solve a problem of lack
of smoothness with respect to the propagation direction, of the pseudo-
inverse of the linearized operator. The rationalit y condition in uences
mildly the domain of existence of the bifurcating waves. This theory also
applies when the lattice is built with wave vectors k1, k2 of equal lengths
with the bisector direction asthe critical propagation direction. In such a
case,the parameter setis two-dimensional and there is still onerationalit y
condition for the bifurcating asymmetrical waves which propagate in a
direction making a small angle with the bisector of k1, k».

Examples of wave patterns for ki, k> of equal or dierent length,
with various amplitude ratios along the two basic wave vectors, and with



various angles between the traveling direction and the critical direction,
are shown in the last section of the paper.

1 Intro duction

We considerthe following Boussinesgsystem

(troov+Er (V)

t =0;
(1)

vt =0;

ol ol -

1
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which wasput forward by Bona, Colin, Lannes|[2], and describe small-amplitude
and long wavelength (the depth is small with respect to wave length) gravity
waves of an ideal, incompres%b@uid. Here the horizontal coordinate x and
time t are scaledby hg and = hg=g, with g being the acceleration of gravity
and hg being the averagewater depth. JThe elevation of waves (x;t) and the
horizontal velocity v(x;t) at the levelof = 2=3h, of the depth of the undisturb ed
uid, are scaledby hg and = ghg respectively. The derivation of (1) is similar
to its one-dimensionalversion, which is given in detail in [1].

We are interested in travelling waves of constart velocity ¢ which have a
periodic horizontal pattern in x 2 R?: In the paper [6] we considereddiamond
patterns spannedby wave vectors k; k, having the samelength and proved
the existenceof symmetric solutions, propagating in the direction of the bisector
of the wave vectors, bifurcating from 0, for which the amplitudes "; and ", along
the basic wave vectors are equal. On the system above we managedto apply
a Lyapunov-Schmidt method, impossibleto manage on the physical problem
ruled by the full Euler equationswithout surfacetension, due to a small divisor
problem (see[7]).

In the presert work we considerasymmetrical wavesasexperimentally shown
by Hammadk et al in [5]. Assuming the presene of surface tension, asymmetri-
cal waveswere theoretically obtained with the full Euler equation by Craig and
Nicholls in [3] (numerically sketched on page 631) in using Lyapunov Schmidt
reduction, and by Grovesand Haragusin [4], with the use of spatial dynamics
theory. As in [3] and [4] these waves may result from a choice of pattern
spannedby two wave vectors k1;k, having dierent lengths. They may also
result from a pattern  spannedby two wave vectors k1; k, having the same
length, but with di er ent amplitudes”;;", alongthesebasicwavesvectors. Our
main result is givenin Theorem 3. In both casesto avoid a small divisor prob-
lem, we restrict the study with onerationality condition betweenthe bifurcation
setand the direction of propagation w closeto the critical direction (givenby the
dispersion relation). This condition in uenc es mildly the domain of existen@
of the bifurcating wavesin allowing an existencedomain of the order (Ins) ?;
where s is the denominator of a rational number closeto the ratio of lengths of
the projections of k1 and k» alongthe critical propagation direction. In the case
when the wavespropagatein the critical direction our restriction only bearson



the rationalit y of the ratio of the projections of k; and k, on this direction. This
theory also applies when the lattice is built with wave vectorsk;, k, of equal
lengths with the bisector direction asthe critical propagation direction. In such
a case,the parameter set is two-dimensional and there is still one rationalit y
condition for the bifurcating asymmetrical waveswhich propagatein a direction
making a small angle w with the bisector of k1, k».

Despite the non smamthnessin the wave angle parameter w of the linear
pseudo-inverseoperator (seeLemma2) , we are able to usea Lyapunov-Schmidt
method for solving the bifurcation problem. This correspondsin solving a still
open situation on the physical problem originally ruled by Euler equations,
without surfacetension. We show in the last sectionse\eral patterns of traveling
asymmetrical waves computed with the explicit expressionof the elewation for
the terms of order 1 and 2 in amplitudes ("1;">):

2 Position of the problem

We are looking for solutions of system (1) under the form of 2-dimensional
travelling waves,i.e. and v are functions of x  ct; wherex = (x1;x2) 2 R?;
and c is the velocity of the travelling wave, which plays the role of a parameter.
For these solutions, the system (1) readsas

r(v+ v) c¢r( é
1 1 2)
r(+§(vv)) cr(v 6 ;

where we assumethat curl(v) = 0O; asit is shavn to be consistent in [6]. We
considerin what follows periodic solutions with Fourier expansionsof the form

(x) = e

. ®3)
v(x) = veekX;
k2
where is a lattice of the plane de ned by two noncolinearvectorsk; k,: This
meansthat

k2 :k=(k;k2) =niks+ ngky; ng;np 2 Z; (4)
and sincethe unknown ( ;Vv) is such that curl(v) = 0; we have
vk k=0:

For simplicity, werequire vg = 0; , = 0, sothe averagesof the elewvation and
of the horizontal velocity are setto be zero. One might treat the nonzerocase
asfor the symmetric doubly periodic wave pattern (c.f. [6]), but this introduces
3 additional parameterswhich appear to not changethe results qualitativ ely.



Let us de ne the basisfkq;kog of the lattice

ki=11(1; 1); ka=12(; 2); Ij; >0, j=12
where j = tan ;. Wethen have for k = (ki;k2) = niky + n2kz
ki = nuli+ nalz; ko =n1 1la ng ola: )

The lattice  makes a diamond pattern if we choose ki;k, symmetric with
respect to the x; axis, making an angle with this axis. In such a case,we
have

_ def

1 - 2 = )
_ def

1 - 2 =

Now we de ne the Soholev space
X .
HY € fu=" u** 2 HPIR2= %;
k2

where Yis the lattice of periods de ned by
°=fny 1+ n2 22R% ) kn=2 jnijin2fL2g(nin2) 2 Z%g: (6)
Obsene that any u 2 HY is invariant under the shift
X7 X+ g

The scalar product in H{ is the usual scalar product of the Sobolev spaceH P
on a periodic domain (parallelogram built with  ; and ;). We notice that
li hasto be chosensmall enoughfor the consistenceof the Boussinesgmodel,
where the horizontal wave lengthsj ;j should be large with respect to 1 (which
is the depth at rest of the uid layer). The basicfunction spacein our study is

Gp ©ru=(:v)2 HE g\ feurl(v) = 0g\ f 4= 0; vo = Og;
and we reformulate the system(2) in the form
LcU+ GN (U;U) = 0; ()
where,

rv cr( ¢ )

LU= r cr(v g v

; ®)

NUU) = G v v GED = fir o)



It is clear that the linear maps
Le @ Gp! Gps;p 3
G : Gy! Gp1;p 1
are bounded, and that the quadratic map
N:Gy! Gy, p 2

is bounded (p 2 is there for having the product of two functions of H{ in
H\‘f): Moreover, with the Hermitian scalar product of fH{ g*; we have after
integration by parts, that for any U; and U, 2 Gp; p 3 (secondidentit y valid
forp 1)

hLCU]_; U2| Ho
hGJ]_; U2i HoO

hUy; LcUoipo;

9
hU1; GUsiyo: ©)

The system (7) possessegmportant symmetries. By de ning the bounded
linear operators T, ; Sp as follows

(Ty U)(x) U(x +y);
(SoU)(x) (¢ xxv( x);

it is clear that we have the following commutation properties

TyLe =LcTy; TyN(U;U) = N(T,U;TyU); T,G= GTy;
SoLc = LcSo; SoN (U;U) = N(SoU;SU); SoG= G So;

the rst setof properties results from the invariance of the original systemunder
the translations of the plane, while the secondset comesfrom the reversibility
of the original system.

In the casewhen the lattice  has a diamond structure, the wave vectors
k1; k2 being symmetric with respectto the x; axis, then we have an additional
symmetry: let us de ne the symmetry S; by

(S1U)(x) = ( (R);0(R));

where® is the symmetric vector of x with respectto the x; axis: & = (Xx1; X2):
It is clearthat in the casewhen the velocity ¢ of the wave s colinear to the x4
axis, we have the following additional commutation properties

(10)

SiLc = L¢St; SIN(U;U) = N (S1U;SU); S1G= GSy: (11)

3 Study of the linearized operator
We start with the study of the linearized system

LU= P; (12)



where
U=(;v); P=(@p)2G; I o

The vector function p and scalar function q are periodic with Fourier series

X
pxit) = pk€ X po=0 px k=0

. (13)
qx;) = &€ @=0
k2
and we get for k 2
1. .2 .
@+ GikiP)(e k) K vie= i
L (14)
ko @+ gikie Kvie= ipi
De ne 1
(kic)=(1+ éjka)z(c k)?  jkj%; (15)

the linearized operator L. has a nontrivial kernel in G, if there exists a pair
(ko; co) satisfying
( ko;cp) = 0Oand ko 6 O: (16)

If ( k;c) 6 0, the solution of (14) reads

- (1+ giki®)(c K)gc+ Kk pi

K = | ( k;C) y (17)
_ (1 FkjP) (e K)pk + gk
Vg = i ) ; (18)
where we notice that _
curl(vie® X) = 0
Ifk=0,vo= ,=0.
If (k ¢)=0andk 6 0, aspecial caseof (17,18) leadsto
o= PP s ik (19)
k2 kP2

If ( k;c)= 0,k 6 0; when (pk; o) satis es the compatibilit y condition
sgn(k c)k pk + jKjok = 0; (20)
the solution reads
. [
k = isgn(k c)jkj + jKj

(21)
vk = sgn(k c)k



where is arbitrary in C.

For having a chanceto obtain bifurcating solutions we needto have a non-
trivial kernel for the operator L. for critical values of the parameters Hence
we needto study the set of k in the plane, satisfying ( k;c) = O for a given
velocity c¢; where k belongsto the lattice : We do not restrict the geneality
in assumingthat ¢ = co = ¢9(1;0): The basic wave vectors k1;k, needto be
solutions of

( kisco)=0; j=12 (22)
This meansthat
_ I
0(2)_ fl |JZ 1 2 21 J_1!2 (23)
+ 1+ g
i.e
1 FE -
%: cosl+6001Sl = cos;1+600232 ; 0< < =2 (24)

which leadsto the relationship (automatically satis ed when we choosea dia-
mond lattice )
12 I
cos , cos 1’
which indicates that, for xed angles i1; »; the point (I1;12) (closeto 0) needs
to belong to a hyperlola in the plane The critical set in the 4-dimensional
space( 1; 2;l1;12) is a 3-dimensionalhypersurface(restricted to the quadrant
1; 2;11;12 > 0: When is a diamond lattice, we only have two parameters
( ;1) for the critical set.
Replacingk by nik; + n2k» in the equation ( k;co) = O; we obtain:

6(cos 1 coOs ) =

(25)

1. on L .
a+ 6Jn1k1+ nzkgjz)jc (n1ky + n2ky)j = jniky + nakyj; (26)

or more precisely

2
1
0= 1+ éf(n1|1+ n2lo)2+ (N1 1l N2 2l2)2g  G(naly + nalp)?+

(27)
f(nile+ n2l2)®+ (N 1li N2 2l2)%g;
where we already know the solutions
(n1;n2) = ( 1,0);(0; 1):
It is now important to know how many solutions (n1; n,) does(26) have.
Let us assumethat the scalarsl; and |, are sud that
|l lo +
== _—2Q7; (28)
Il so



whererg, so are mutually prime. This assumption allows to avoid co k to be
small for large jkj, whency k 6 0: Indeed, we have

Col2
Co k= co(nails + naly) = ;(nlro + N2So);

. . Co|2
co kj —=
JCo K] -
for any (ny;n,) 6 0in Z2 such that ¢y k 60: It is then clear that, for jkj > K
where 9s
K = —O;
Col2

and for any (n1;ny) 6 0in Z2? (evenwhency k = 0); we have the estimate
1. 5. S 1. .
(1+ Siki%ico ki kj > Siki;

which provides a lower bound for j ( k;co)j: Notice that when is a diamond
lattice, we havel; = I, = | and sp = 1:

In satisfying the identity (23), the critical set in the 4-dimensional space
of parameters( 1; 2;l1; I2) is a 3-dimensional hypersurface. Expressing ¢ in
function of 1;ly; for a xed couple (n1;n), the equation (27) represens a 2-
dimensional sub-manifold, for instance ( 1; 2) in function of (I1;12): Then the
intersectionwith a condition (28) providesa curve and if we are ableto avoid, for
all possiblevaluesof (ny; ny); to sit on thesecurvesin the 3-dimensionalcritical
hypersurface,except (ni;nz) = ( 1;0); (n1;n2) = (0; 1); then the dimension
of the kernel is just 4. Now, we have (proved below with the estimate (43))

jkj  dy(n? + n3)*2:
This shavsthat k 2 sud that jkj < K; leadsto

(nf + )2 < -
th
where d; satis es (43). In choosing a region in the parameter space where
di > > 0;i.e. I; and I, outside a small ball, we only have a nite number of
possible(ny; ny): Henceit is easyto avoid to sit on this nite number of curves
on the 3-dimensionalmanifold given by (23).

More generally, if we do not considerthe restriction (28), for the ratio 11=ly;
the setof relations (27) is denumerablefor all (n1;ny) 2 Z2; which makesa deru-
merable set of 2-dimensional sub-manifolds of the 3-dimensionalcritical hyper-
surface. Then, there is a full measureset of choice of parameters( 1; 2;l1;12)
in the 3-dimensional hypersurface,suc that none of relations (27) is satis ed,
except for (n1;n2) = ( 1;0); (n1;n2) = (0; 1): Finally, a general choice of
parameters provides no solution of (26) except ki; Ka:



Assumethat (co;lj; j);j = 1;2aresudhthat  kj;j = 1;2arethe only non-
trivial solutionsin of (26) (the geneal case) and let us de ne the eigervectors
K, by
Leo &, = 05 Co= (Co;0);

G = (q 1+ ZL( )" e o (29)
then we obsene that with the Hermitian scalar product in fH{ g® the compat-
ibilit y condition (20) reads

hP; o = 0 (30)
Moreover in operating the symmetries, we have

T = Ke™MYiS = K= i (31)

In the casewhen the lattice has a diamond structure, the wave vectors
k1; ko being symmetric with respect to the x; axis, we have in addition the
following symmetry property

S]_ K1 = kz: (32)

The above calculations (see[6] for the complete proof of estimates) show
that we are able to de ne an operator I€. '; which is the pseudo-irverseof L,,
mapping Gy into Gy+1 for any p  O; solving (12) with co = (co; 0), provided
the compatibilit y condition (20) is satis ed, and suc that

U
f LeCOlP Ok

. 'p;
Uk = ( «:Vk)s

where

fLeCOngk = ( y:;Vvk) is given by (17), (18) for ( k;co) 6 Oi.e. for k 6
ki; ko;and k 6 O;

fIe.'Pgo = 0, for k = (0;0),
for k = k; we set (see(21))

1 R I I L L I
fI—eCO Pg kj _( Ejk]j' 5 JkJJZJ)l

so that LeCOlP is orthogonal, in fH{g*, to the four-dimensional space
E =spanf K, 1] = 1;20:
He

Co

P ke =0 j= L2

Notice that the pseudo-inverseoperator I?Col is de ned here, evenfor P =
(g; p) not satisfying the compatibility condition (20).



Lemma 1. Letc = ¢y(1;0); :—;: ;—g 2 Q" and (co;lj; j);) = 1,2 satisfy (23)
and suchthat k;;j = 1;2 are the only solution in  of (26). Then, for any
given

P=(@p)2Gp;, p O

suchthat the compatibility conditions (30) hold, the geneal solutionU = ( ;v) 2
Gp+1 of the system
L, U= P;

is given by _ .
U=E'P+A +A +B  +B ;

27

(33)

where

q . .
K =1+ BL( T ey

A;B 2 C, and I?Col is the boundd linear operator: Gp ! Gp+1 \ fkerlg, gﬁ.o
de ned alove, and we have

i, GiLe, ¢ (34)

In what follows we needto considerthe perturbed operator L c,1.w) = L¢, +
wL® for w closeto 0, where

Allowing w 6 0 (which plays the role of a parameter) meansthat we intend to
nd travelling waves moving not exactly in the direction of the x; axis. We
shall seethat this is linked with the ratio of amplitudes "1;", of the wave along
the basic wave vectors k1;k,: The perturbation wL® appearsto be singular
asit leadsto a small divisor problem when we invert L ¢ .); (contrary to the
inversion of L, with our assumption (28)): Indeed, the ( k;c) in the denom-
inators of (17, 18) may becomevery small for large jkj. In what follows, we
control the smallnessof ( k;c) in assuminga rationalit y condition. We showv
the following

Lemma 2. Letc = co(1;w), and x 2 (0;1); then chamse < , < 1
l< andjwj £ with

roh
w = %; r;s2 N: (35)
1 2

[~

Ny
nl|=

Assume(co;lj; j);j = 1,2 satisfy (23) and suchthat k;;j = 1;2 are the only
solution in  of (26). Then, exeptfor » in a smal neighlorhood of a nite set

(zp)( 1;11;12) of cardinal at most O(In s), the linear operator L. hasa bounded
inverse such that

i% 'GiLe) o) I 0 (36)

10



and for anygqg O

X
e t=1el+ ( WML .+ Rg(w); 37)
1 ngq

ij q(W)ij (GG 2(q+1+1 ) joq+l a+l C(S)

holds, where the linear operator I€, * is computed in fkerLc, g0 , (1€, L@ )"E. ! 2
L(Gi;Gi 2n+1) and > 0is independent of s: The function c(s) is increasing,
bounded by Ins:

Remark: we obsene that the dependancy in w of the operator €, in
L(Gi; Gi+1) is wealky di erentiable in 0. The formula (37) gives precisely the
lossof regularity of the successie derivativesin w at the origin (the lossis 2 at
ead increasingorder).

Pro of: First, for any k = niky + n2kz , nj 2 Z; we have in using (35)

|1(1+ 1W) _r

+ .

|2(l 2W) s 2Q

Hence r
c k= colo(1 2W)(n1§ + ny)

and d

ic Kj % ifc k6 O; (38)
whered is sud that

d |2j1 2le

In choosingw sudh that jwj ¢ we cantake

_ Al
d= =

Notice that if ¢ k = 0; we have (19) then

I+ vkl j?j(lckl"'lpk]): (39)
Now, if ¢ k 6 O; we have
1. o o o jkjcod
(1+ 6JkJ dic kj o jkj o jkjf 6s 19

and for jkj L we obtain

iki.

oo
(1+61|<J Jic Kj o jkj 5

11



We then obsene that
(kic) = f(1+ éJkJ Jic Kj o jkjof (1 + éJkJ )ic kj+ jkijg
jki Lo
6H1+6mJMckr+mm,
and (17, 18) leadsto the estimate
N I
I+ vkl ﬂa(ﬂkl+lpkn3 (40)

We also obsene that if jkjjc kj > 7; (40) holds.
It remainsto study the region R of the plane (n1;n;) where

jKj %; jkjic kj 7, ( k;c)6 0; andc k 6 O: (412)

For estimating R, let us notice that jkj2 = (N1l + nal2)2 + (N1 111 N2 2l5)?
is a positive de nite quadratic form, hence

di(ni+n3) jkj* d§(ni+ n)

where

1P —

, 2 (42)
= (1+ DE+ @A+ DIF° A} 1+ 2)?

1
G=3 @+ DE+ar P

and, sincefor a> 0; a P a? > bP=2a

d; > l1l2( 1+ 2) —: (43)
@+ DF+@a+ B~
Hencethe region R is included in the region A de ned by
( , , )
A= (nnp)2ZZn2+n2< —o iny+ fnyj — P
(M) 225m M gag, ™' " oo’ e

We can compute the areaof A in the plane (n1;n2); in using polar coordinates

n, = co?; n,= sin ; )
min €98 o 1=2'sin( ) 172 7s

where
tan o= r=s; o2 ( =2,0):

12



R _
Wethen obtain by estimating2 > 2( )d +4 -5 for larges; where 2( ) =

Codd1
T jsin j Tandsin = %o,
14cos ¢ 1 285 . ,,COS g
ArealA In + sin
aA) Codd; (tan :2) Codd; ( )
1l4cos ¢ Ins
Codd; '

We notice that by construction, r=s is closeto |,=l,; hencecos g is closeto
P2 and the following estimate holds
1 2

coso 5 (1+ 22+ L+ 3T
dd,; (12 + 12)172( 1+ )

For ,< !wehavean estimateofc, (see(23)) independart of - (then de-
pendingonl, and ); which showvsthat Area(A) o(In s) with ; independen
of s: Hencethe number of points (ny;ny) lying in A is of order In s:

It is useful in what follows to notice that for

71,02
f1,i2 A
"> oy

then
nyk, < O: (44)

To seethis, we look at the intersection of the curve (in polar coordinates) which
bounds the region A

2_ fCOS o, . _—

with the n; axis( = 0). The points of this curvesuchthat o< < Oaresuc
that n; > 0; n, < 0: This shaws that for points in the region of A sud that

7 s
2 2
n{+ns> ———
15727 coddy r
n; and n, have opposite signs. Then for obtaining (44) we concludein observing
that r=sis closeto I1=l;; and ko = nil; 1 nal, 2 hasthe sign of ny:
The equation

@+ Zikidje ki iki= 0
is equivalent to writing (27) wherewe replacec3 by its expression(23) in function
of 2;l2; which makesfor every "bad" couple (n1;n;) a polynomial equation of
degree8in ;,: Hencewe cannot have more than 8 roots , > 0 for every "bad"
couple(ny;ny). This makesa nite setof "bad" valuesfor , = (2")( 1;11;12) of

cardinal O(In s): We then needto excludelittle neighborhoods of theseroots for
cortrolling the sizeof the inverseof (1+ %jka)jc kj jkj: Let usexcludeO(In s)

13



neighborhoods of thesespeci ¢ valuesof , and for insuring that it remainsmost
of good valuesfor the ( ,)%; we may choose,for ead (n1;n,); neighborhoods
of exclusionsof size O( =Ins) around every such root ,, with << 1. Let us
show that outside these neighborhoods we have

1, ... C ckj ]
1+ 6]k] Jic Kkj jkj s’ for large s: (45)

To show this, it is su cien t to show that the derivative of g( 2) de ned by
oo e
9( 2) = (1 + gikific ki jkj

with respectto 5 at any root ¢ of (27) is sud that jg% o)j > ¢kj for somec
independert of s: Indeed, an elemenary computation gives

@ic ki, _ w 6 131+ 2)
7] 2= 0_ + O 2 2 2
jic Kkj 1 ow 1+ fE+I15(1+ §)
hence
o o Nalake k2 6 W 6 131+ 2)
9=k e~ kFve 1T ow' °@r D6+BEA* D
For 7, P
o . _ 2 M=
kj>M; M = maXf7|1Codd1' 69

the inequality (44) above shows that the rst term on the right sideis > 0.
Moreover, for , < ! andjwj< =5; we have

w3
In taking |, small enough, such that
lb<1 I, o<1
and since ;< ; this is realized as soon as
lL< <1 (46)
we obtain 13(1+ 3) < 2; hence

6 120+ 3) 1.
6+ 3@+ 3 2

and it results that (recall that < ,< 1=)

6 13(1+ 3) S
@+ DB+ 13+ 3 20+ 9

14



which is independen of s: We notice that

4> 2(1+ ?)
hence
> ki —— - =dkj; c>0:
g°(0)112(1+2) 7 = Gki
In the region R where
ki M;

the number of points of the plane (n1; n») isboundedby a nite numberindepen-
dert of s: For avoiding the corresponding bad valuesof , nearthe corresponding
roots, we just needto avoid a xed (independen of s) small neiborhood of
this nite number of roots, sincethe minimal value of jgX o)j at theseroots is
independert of s:

This endsthe proof of the fact that in choosing , outside a small open set
of (; 1) and for jkj C70—Sd we obtain (45). Finally we nd aconstat > 0
independert of s sud that

S Ins,. . . .

I+ v W(J%ﬂpkl)I (47)

Now collecting (39,40,47)we obtain an estimate valid for all k such that k 6
ki, ko o

ki

c(s)’

and the required estimate (36) follows for 1€, 1G: The property (9) and

j(1+ EJKJZ)JC ki iKii

G Kj = ||]q 1+ ]2 K (48)
imply that the subspacef kerL ¢, gao is mapped into itself by G. Notice that the
dependancyin s of the bound of the linear operator 1€, 1G is delicate to cortrol,
sincethe dangerousvaluesof (ny; ny) (for which we may have roots of (27)) are
large ones,and not so frequert in the setA.

For obtaining (37) we rst obsene that the subspacefkerL, g/, is stable
under L@ sincewe have the property (9) and

_ q
L® o= 0 Dy 1+ 2o (49)
Then, for F 2 fkerLc,d/,0; the equation
LU= (L, + wL®)Uu=F

leadsto

C
1

€. 'F + Uy
LeUr = wL@WE'F,
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which leadsto (37) for g= 0: Writing now

U = wEI'LWEF+ U,
LU, = w2L® e LW e tF;

leadsto (37) for g = 1: Then the result of (37) for any q follows.

4 Bifurcation equations
Let us setc = 12-(1;w); and rewrite equation (7) as
LU+ GU+ (1+ )GN(U;U)+ wL@uU = o (50)

Then we decommseU 2 G, as

U=X+V
where
X = A+A (+B,+B |,2E;
WV, iwe = 0 j =12

Obsere that E Gy for all p  0: The above decomposition is unique for
any p  0; hencethe mapping U 7! V de nes a projection Q from G, to
Gp\ fkerL, gﬁ.o; which is orthogonal for p = 0: Now, we may obsene that

QGX
QL® X

0, QGV=GvV; p L
0, QLOV =LOv;p 3

AssumingU 2 Gp; p  3; we then obtain from (50) the following system

Le,aw)V+ GV + (1+ )QGN (X + V; X + V) =0; (51)

hGX +WLWX + (1+ )GN(X + V;X +V); i=0j=12 (52

We notice that (51) may be solved by the implicit function theorem in Gp \
fkerL, gﬁ.o, for any p  3; with respect to V: Indeed, equation (51) is of the

form
Lco(l;W)V + F(X,V, ): 0

in Gp 3; with F analytic in its argumerts asafunction fromE G, \ fkerL, g’-’H0
Rinto G, 1\ fkerLc,gf,,; satisfying

F(0;0; )=0; DyF(0;0,0)= 0;

and thanks to Lemma 2, the operator L, .w) has a bounded inverse from
Gp 1\ fkerLe, g0 to Gp\ fkerLc,gfo; its bound being uniform in function
of w; provided that w satises (35); < ,< ! l,< ;andsis boundel by

16



some xed : Due to the bound of f € .4\ 1 found at Lemma 2 we needto
assume
jiln << 1, jjXjiln << 1; (53)
in such a way that
iiViig,In  andj jjjVij,In << jjVijg,
and then obtain
jiVii = O@iiX ji#In ): (54)
It then results that for A; B closeenoughto 0, and for w satisfying (35); <
< Lly< ;s ;weobtain
V = V(A;A;B;B; ; w) 2 G\ fkerLe,gjo

which is analytic in (A; A;B;B; ), the dependancyin w being more subtle. In
fact V(A; A; B;B; ; w) hasin Gp\ fkerLg, g?Ho; p 3; anasymptotic expansion
in powers of w in the neighborhood of 0. To prove this, let us de ne

Vo = V(A/A;B;B;; 0)
Vi V(A;A;B;B;; w) Vo

Then V; satis es

0=LeawmVa+ We®Vo+ GVi+ 2(1+ )QGN (X + Vo; Vi) (55)
+ (1+ )QGN (V1;V1):

SincewL M v, 2 Gp 3\ fkerLcog'-’Ho; with a small norm, we can solve equation
(55) with respectto Vi in Gp 2\ fkerLcog'-’Ho; provided that p  5: Denoting
by Vio the value of the solution Vi when one replacesL ¢,.w) by L¢,; we can
setVp = Vi + V2 and obtain V, by the implicit function theorem in Gp 4\
fkerL¢,g,0; and soon. Now we have estimates of the form

iiVoiie, o )X ii%;
jiVilie, » o )iwiii X ji%;
iiVaiie, . c( )iwjZiiX ji%;

and soon. This provesthe assertionon the asymptotic expansionin powers of w
(not convergingin general)for V(A; A;B;B; ; w) in any spaceG,\ fkerLCog?HO;
p 3 (notice that the choiceof pis arbitrary, but we needto stop the expansion
at someorder to insure the existenceof the solution in somespaceGy).

Now, we have the symmetry properties (10) of the basic equation (50) and
(31), and we also have easily

TyQ = QTy; SQ = QSo:

17



Then, the uniquenessof V, leadsto the following properties:

(AIB; B ; w) =V(AekrY:Ae iY.BekeY:Be k2 V: : w); (56)
:A;B;B;; w)=V(A;A;B;B; ; w):

More precisely we have in any Gp\ fkerL, g7H0; p 3

V(A;A;B;B; ; w) = B 'QGN (X;X) 57)
+ O((j j+ iwpiiXjiZ + jiX ji®):

Now replacing V by V(A; A;B;B; ; w) in the system of 4 equations (52), we
obtain in fact 2 complex equations, with their complex conjugates, of the form

hi(A;A;B;B;; w) = 0
ho(A; A;B;B; ; w) = 0

whereh; is obtained with k; in (52) and h, with k»; and h;; j = 1;2; is analytic
in (A;A;B;B; ) and C' at the origin with respectto w (I is arbitrary) : The
symmetry properties (10), (31) and (56) lead, for any y 2 R?; to the following
relationships

hi(Ae'krV:Ae K1y:BekzY:Be k2 ¥: : w) =ek:Yh (A;A;B;B; ; w);
ho(Ae'krY:Ae K1y:BekzY:Be k2 ¥: - w) =ek2Yh,(A; A;B;B; ; w);
hi(A;A;B;B; ; w) = hi(A/A;B;B; ; w):

It results classically that

iAg 1(JAJ%;JBI% 5 w);
iB g2(jAj% jBj?; s w);

hi(A;A;B;B; ; w)
h2(A; A;B;B; ; w)

where g; and g, are real valued smooth functions of their argumerts. When
B = 0 (or A = 0) one obtains plane waves, with basic wave vector k1 (or
k2); the direction of propagation being somewhatarbitrary (provided it is not
orthogonal to k; (or kz): When AB 6 O; one obtains the bi-periodic travelling
waves,which are the main object of our study. For concludingon their existence,
we needto solve the real system of two equations:

% (jAj%;jBj?
®(Aj%jBj?; 5 w) =0

7 w) =0;
(58)

In the casewhen the lattice  has a diamond structure, and we choose
the x1 axis sud that ki and k, are symmetric with respect to this axis, we
have the additional symmetry properties (11), and (32) which, thanks to the
uniguenessof V , and for w = 0 (i.e. whenc isin the x; direction), leadsto

S1V(A;A;B;B; ; 0)= V(B;B;AA; ; O):

18



This implies o o
hi(B;B A A; ; 0)= h2(A;A;B;B; ;0);

hence nally

% (iBj%jAi% 5 0) = g(jAj%[Bj%; ; 0): (59)
The next section is devoted to the computation of the principal part of the
system (58), leading to the existenceof non-symmetric travelling wavesfor (1).

5 Bifurcating solutions
We rst notice that (57), with the symmetry properties (56), leadsto
V= A%k X+ Ale 2k: )+ ga(B2eMK X 4 Ble 2ik: X )+
+ 14(AB glkitka) x 4 ABg i(kitka) x)y (60)

+ ;. (ABéKr kx4 Age (k1 k) Xy 4 ot

where
pp€2K1 % = €.'GN (4,5 «,)i
0;282”‘2 X = @ColGN( K2t Kp)s
1;1e|(k1+k2) P - Zl—ecolGN( Ky kz);
y lel(k1 ka) x  — ZI_ECOJ‘GN( Ky kg);

the suppressionof the projection Q comingfrom the nonresonanceof 2k 1; 2k ; k1
k> with  k;; and where we notice that

GN(ki; ki):O; j=L2

We obtain
1
2l,(1+ 2)%2 T
ON( k) = @ i1+ 3 Aefkx
i 1|1(l+ %)
21+ 232 T
CN(kys k) = @ il,(1+ 3) Atk
i 2|2(1+ %)
P—yp P
L 1+ %+|2 1+ % -
2N (ki k) = i1 12)@ I+ 1 A g(kitka) x 4
il 12 2) .
q q i 1+ 2+1, 1+ 2
+i 1+ % 1+ %@ 0 Aei(k1+kz)x;
0
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o p— pP—1
lp 1+ % I, 1+ % .
26N ( ki kz) =i(1 1 2)@ i 1 A gk k2) xy

(1li+ 12 2)

1
q q I, 1+ % I, 1+ %
+i 1+ 2 1+ 2@ 0 A gitka k2)x.
0
and therefore, we nd by using (17), (18)

o, p—— 1
221+ 2) 200 1+ iDgo+ 1+ §

20 = ﬁ@ C0D1;0+2p1+ 2 A, (61)

1(CoDgo+ 2 1+ %)

2o 1+ 3Dgi+ 1+ 2
231+ 3 Dpir 1+ 3

02 = @ Doy + 2 I}*’ 2 A (62)
’ Do;2 : T
2(coDo;1+ 2 1+ %)
0 1 0 1
L Dico(ly + 1) 1 6D, 1
17 5o h+ly A+=52@  Dio(li+12)? A (63
11 il 2l 0 11 Dl+Co(|1+ L)( 1le 2l2)
L D co(ls 12)
1 1= @ 1, 1, As
1, 1 I+ + |
Oll 212 (64)
1 L, 6D 1
+ D7@ D co(ly 12)? A
1D el 12)( ala+ 2l2)
where
q q q q
Ly = 1 12+ 1+ § 1+ % Ip 1+ 2+ 1+ 3 ;
q q q q
L = 1 1+ 1+ % 1+ 3 Iy 1+ % 1, 1+ 35 ;
212 212
Dyo = 1+ ?1(1”' D) Do1=1+ ?2(1”' 2

Dao = 4f[(Duo)’cs 1+ DI
Doz = 4|§[(D0;1)2Cr2) (1+ %)],

D, = 1+ glh+ L+ b o))
D = 1+ é[(ll 12)2+ (Iy 1+ 12 2)2;
Dii = &1+ 12)?D2 (i+1)? (11 2 2)%
D11 = &1 12)?°D? (I 12)? (1 1+ 12 2)%
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Let us now calculate the leading terms in (58). Let us notice that

hy

J

D= 201+ 12) ;

where  denotesthe area of the paralellogram formed with 1; , (seethe
de nition of the lattice of periods in (6)): In fact, we have

42
(1t 2

Now, from (48) and (49) we have the following identities
hGy,: i = 2 i1+ §)*? ;
hwL® o= 20 w i+ B3
and it is clear that with our non resonanceassumption
haN (X; X); kji =0
For deriving the principal parts of g; and g, in (58), we write as follows
g =21+ ¥ +( Yw;+ajA’+pjBj*+ hot ; (65)

with

2,1+ %)3:2 a;

RGN (4,5 2087 %) ki

21+ ¥ b = MRGON( i 0262 %); i
n ) ) (0]
2il (1 + 5)322 by =2G N ( oL lel(k1 kz)X)+ N ( ) 1;1e|(k1+k2)x) : kli;
n

Kt

! 2

0
21,1+ 3)°% @ =G N( ,; 1, 1€ '* I+ N( 5 ,e00TRIx)

Solving (58) with respectto and w and denoting jAj = "1; jBj = "»; leadsto

ata,, bht+th, w2 L n2y2.
2+ O("1+ ")

2 ! 2 (66)
w( 1+ 2)=(ar a)'f+ (b bp)"3+ O("F+ 9%
where we neednot to forget the restriction
Lk,
It results from the bounds (53) and (54) that
"1+ 2= 0 [E(In ) ) (67)
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Notice that the value w = 0 leadsto asymmetrical wavesprovided that

(a2 a)(bh k) <O
Then this particular casegives (the propagation direction is the x;  axis)
= hp i o)
w2 (68)
20 bl)f(al +a)(p )+ (aa a)(b+ b)g+ O("7):

In the casewhenthe lattice hasa diamond structure, and we choosethe x4
axis such that k; and k, are symmetric with respect to this axis, we have the
additional symmetry (59) which implies

ap = by, ax = by;

and

||2+ ||2) + O(-|2+ ||2)2;

(a1 @) (69)

2

where only rational valuesof the small parameterw = (r s)=(r+ s); s
are allowed, which leadsto a restricted choicefor the amplitudes ", and "»: Here
the case"; = ", givesthe symmetrical wavespropagating in the x; direction
asdescribed in [6].

It remainsto compute the coe cien ts a; and Iy . We have

. i13(1 + 2)3 q
RGN (i 208" )5 i, =AEA* D7 4epye+ 5 1+ 2);

wo=(i ") +0('F+ "3

D20
| 231+ 3)° g
RGN ( ,: O;2e2|k2x); Ko :%(4%D0:1+5 1+ %),
; 2y1=2
hZGN( o1 lei(k1 kg)X); ‘ :II1(1+ l) fL2+
S ! Dy 1
+2L (1 12D co(li l)+6(1 12%D g
: i@+ P2
FOGN ( o l;1e|(k1+k2)x); o :| 1( . 1) f|-3+
1:1

+2L+(1 1 2)Dsco(li+12)+6(1 1 23D+ g

_il(1+ 5
- D1 1
+2L (1 1 2)D co(li )+ 6(1 1 2)*D 1)g;
_ila(1+ 3
- D11
+2L+ (1 1 2)Dsco(li+ 1)+ 6(1 1 2)%D+ 1g;

RGN (15 1. 1€K2 KO0y, fLZ+

OGN (g5 1280 2 %), fLZ+
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Hence

12(1+ 2)3=2 q
ap = u@cool;“ 5 1+ 2);
D2:0
12(1+ 2)3=2 q
b, = 2(|372)(4COD0;1+ 5 1+ %);
0;2
1 L? L2 L.D.
= + + 2(1 I+ 1)+
% 2(1+ 2) D11 Dy ( 1 2)l D11 (h+12)
L D D, 1 D 1
+ l;1p) +6(1 2 + ;
Dy 1 (I1 12)) +6( 1 2)( b by . )
1 LZ L? L.+ D,
= + + 2(1 I+ 1)+
by 21+ %) D11 Dy ( 1 2)l D11 (h+12)
L D D, 1 D 1
+ 1 1p) +6(1 2 + ;
D1 : (In  12)) +6( 1 2)( D11 Dy 1 )
where we neednot to forget the 2 relations (23) betweenco;lj; j;j = L2

In the casewhenthe lattice has a diamond structure, and we choosethe
X1 axis such that k; and k, are symmetric with respect to this axis, these
formulas become

|2(1 + 2\3=2

a = b= D2 (4CoDl;0+5p 1+ 2);
2 2, 4 2y2
* bl:2(<%ﬁ7131) 400D*’5}11+ Z+5+12+ 2 gl(l+ )2);
where
Do = Doa=1+ %2(1‘* %);
Doo = Do2= 4%gDZ, 1+ 2));
D, = 1+ iz

Theorem 3. Assumethat co = ¢p(1;0); kg = 12(1; 1) and ks, = 12(1; ) are
suchthat the dispersion relation ( k;co) = O is satis ed only with k = kj;j =
1; 2; and assumethat

roh
w= > . rs2N:

|
i, o235

=

N

Let the propagation velaity be ¢ = ;2-(1;w) and x 2 (0;1) and 2 N

large enough. Choosel, <  and jwj< =5with1l s and choose values
of 2 (; 1) exeptin asmal neightorhood of a nite set (zp)( 1;11;12) of
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cardinal at most O(In s). Then, for any p  3; there is a family of bifurcating bi-
periodic travelingwaves,U = ( ;v) which are solutions of (2) in G,, in geneal
non symmetric with respect to the propagation direction ¢, and of the form

U=A k1 + K k1 +B k2 + g k2 + 2:0(A2€2ik1 X+ Kze 2k X)+
+ O;Z(BZGZikg X 4 §2e 2ik, X) + l;l(AB ei(k1+k2) X 4 ﬁe i(k1+kz) X)+
+ g L(ABE Kt k) x4 Age ilki k2) Xy 4 heoit:
where A;B 2 C; and kjs In are de ned in (29), (61), (62), (63), (64).
The amplitudesjAj = "1; jBj = ", are uniformly bounded by Of (j j=In )g
wherej j<< (In ) ;and and w satisfy (66). Any solution of the family,

corresnding to
A: uleikl y' B = uzeikgy

is deduced from the onewith A = "; > 0; B
X7 x+y:

"5 > 0in applying the translation

We can now plot the traveling surfacesin the (z1;z,) plane, where z; is the
traveling direction and points downward, i.e.

wzy + Z5 _ Z1t Wz

X1 = ——, X2 = —.
1+ w2 1+ w2

By choosing the wavesof the bifurcating family with
A="1; B="y

the elewation  of the wavesindicated in the pictures is computed with terms
up to degree2in ("1;"2) :

q q
2"y 1+ 2cogky; x)+2'; 1+ Zcoskz X)

+ 2'3( 20)1002ky X) + 2'5( )1C08(XK2 X)
+2'1"2( p)acog(ke + k2) X)+ 2"1"2( 1. 1)acos(ky  Kk2) Xx):

For xed valuesofl;; 1; 2, we compute |, with formula (23), and once"; and
", are xed, wecomputew with (66). When 1= , = andl; = I; the lattice

is symmetric. Figure 1 shawsthe in uence of the ratio ";1=", when the lattice

is symmetric: When ",="; = 1; the wave pattern is symmetric with respect
to the propagation direction (here the vertical direction). Figures 2, 3, 4 show
also caseswith a symmetric lattice  for di erent valuesof ; and comparethe
asymmetrical pattern for ",="; = 0:5 with the symmetric one for ",="; = 1:
Figures 5 and 6 shov caseswith a non symmetric lattice . Figure 7 provides
two examplesof waveswherew = 0; i.e. once"; is xed, we compute ", with
(66) in such a way that w = 0 (at main order). Notice that in view of Theorem
3, these solutions exist for |;=I, being rational. In our computed examplesthis
ratio is indeed not rational, sowe needto take for r=s a rational approximation
of I1=l, in such a way that w is very closeto O.
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1=0.5, € =0.1, 52/e1=0.1 1=0.5, £ =01, 22/21-0.5

1=0.5,¢, =0.1, ¢, /¢ =1

Figure 1:  symmetric, = 0513 = I, = 0:25"; = 0:1; i) "»="1 = 0:1, ii)
"o="1 = 05, i) "2="1 = 0:7 (asymmetrical waves), iv ",="; = 1 (Symmetric
waves). The direction of propagation of the wavesis the vertical axis. Crests

are white and troughs are dark.

1=0.7, € =0.1, 22l21-0.5 1=0.7, € =0.1, 22/21-1

Figure 2: symmetric, = 0:7;l; = I, = 0:25"; = 0:1; i) ",="1 = 05
(asymmetrical waves), ii) ",="1 = 1 (symmetric waves).
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=1, =0.1,¢,/e <05 =18, =01, ¢,/ =1

Figure 3:  symmetric, = 1;I; = I, = 0:25,"; = 0:1; i) "2="1 = 0:5 (asym-
metrical waves), ii) ",="1 = 1 (symmetric waves). The direction of propagation
of the wavesis the vertical axis
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1=1.5, £ =0.1, 22l21-0.5 1=1.5, £ =0.1, 22/21-1

Figure 4: symmetric, = 1.5/1; = I, = 0:25"; = 0:1; i) ",="1 = 05
(asymmetrical waves), ii) ",="1 = 1 (symmetric waves).

‘[1-0.5, 1, =0.7, g =0.1, g, le1-0.5 1:1-0.5, T, =0.7, g =0.1, g, ls1-1

Figure 5. asymmetrical, 1 = 0:5; , = 0:7;1; = 0:25;"1 = 0:1; i) ",="1 = 05,
i) "2="1 = 1. The direction of propagation of the wavesis the vertical axis
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Figure 6: asymmetrical, 1 = 0:5; o = 1;I; = 0:25;"1 = 0:1; i) ",="1 = 05,

i) "»,="1 = 1. The direction of propagation of the wavesis the vertical axis

Figure 7: asymmetrical, herew = 0;l; = 0:25;"; = 0:1,i) 1 = 05; , =
0:53 ", = 0:15,ii)) 1= 05; 2= 06"y = 0:05", = 0:2.
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