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COMMUN. IN PARTIAL DIFFERENTIAL EQUATIONS, 18(3&10), 1765-1794 (1993)

AN EMBEDDING THEOREM AND THE HARNACK
INEQUALITY FOR NONLINEAR SUBELLIPTIC EQUATIONS

Luca Capogna
Donatella Danielli

and

Nicola Garofalo*

Department of Mathematics, Purdue University, West Lafayette, IN 47907

1. Introduction

Let Xi,...,Xm be C® vector fields in R™ satisfying Hérmander's con-

dition for hypoellipticity [H]:
rank Lie[X;,..., Xn]l=n,

at every point z € R™. Denote by X} the formal adjoint of X;. The linear

m
operator L = Z X ;X is the subelliptic Laplacian associated to the vector
—

fields X1,...,Xm. Since the appearance of Hormander’s fundamental work
[H], the study of properties of solutions of Lu = 0 has received increasing

attention, see [B], [RS], [FP), [S], (3], [IS], [KS1], [KS2], [CGL]. A large
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1766 CAPOGNA, DANIELLI, AND GAROFALO

part of this development has been related to some fundamental properties of
a metric, which is naturally associated to the vector fields Xj,..., X, see
[NSW]. Concerning linear equations, there exists nowadays a rather satis-
factory picture. On the other hand, the consideration of problems related
to the geometry of CR manifolds, see {JL1], (JL2], [GL], suggests that a
corresponding nonlinear theory should be developed. An important moti-
vating example is given by the energy functional in the subelliptic Sobolev
embedding. Given an open set U C R", and a function u € C*(U), denote
by Deu = (Xju,...,Xnu) the subelliptic gradient of u. For1 < p < 0o we
consider the functional

p/2

Jp(u)=L|Dcu[pdz=‘/t] dz,

> (X ju)?
j=1

and define S1'?(U) to be the completion of C3(U) in the norm generated by
Jp. The Euler equation of Jp is

(1.1) D X;(1DcufP2 X u) = 0.

=1

We call the operator in (1.1) the subelliptic p-Laplacian. Critical points
of J, are (weak) solutions of (1.1), and vice-versa. In the linear case (p = 2),
the Harnack inequality for nonnegative solutions of (1.1) follows either from
the work of Jerison {J) and Lemma 3.2 in this paper, or from the work of

Kusuoka and Stroock [KS1].

In this paper, we propose to study a general class of nonlinear subelliptic
equations, whose prototype is constituted by (1.1) above. Our objectives
are: a) To establish an optimal embedding result of Sobolev type for the
subelliptic spaces .g’ 1, b) To prove a Harnack type inequality for nonnegative
solutions. From b) the Holder continuity of solutions with respect to the

(X1,...,Xm)—control distance will follow. To generalize equation (1.1) we
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consider measurable functions A: R®" xRx R™ — R™, f: R* xR XxR™ — R,
and suppose that A = (4;1,...,4n). We assume that 4;, ¢ = 1,...,m,
and f, satisfy the following structural conditions: There ezist p € (1,00),
¢ > 0, end measurable functions fi, fa, f3, 92,93, ha on R", such that for
ae. z€R*, u € R and { €R™

|A(z,u, )l < ailCIP~ + ga(@)ulP~! + gs(2)
(8) 1f(2,u, O < 1(@)ICP7! + fo(2)|ulP~" + f3(2)
A(z,u, ) ¢ 2 [P = fo(2)]ul? - ha(2).

Given C° vector fields Xj,..., X,» in R", satisfying Hérmander's con-

dition for hypoellipticity, we consider the equation

12) Y XjAju, Xy, Xeu) = f,u, X, Xmu).

j=1

(1.2) must be interpreted in a suitable weak sense. Given an open set
U c R*, denote by SVP(U) the completion of C!(U) in the norm

1
P
ullsiowy = | [ (Deul +1ulr)e]

A function u € L&, (U) is said to belong to S;P(U) if pu € SVP(U) for
every ¢ € CH(U). Let u € SLP(U). We say that u is a (weak) solution to

loc

(1.2) if for every ¢ € SVP(U)
(1.3) Xm:/UAJ-(a:,u,Xlu,...,Xmu)chpd:c=
j=1
/Uf(z,u,Xlu,...,Xmu)cpdx.
It is worth noting that the choice
Aj(z,u,Q) = 4;(Q) = [¢IP7%¢, i=1,...,m, f=0,

makes (1.1) just a special case of (1.2). Given the structural conditions (S),
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in order for definition (1.3) to be well posed one needs to specify the relevant
integrability assumptions on the functions fi, gi, hi. A distinctive feature
of our results is the optimal choice of the Lebesgue spaces, to which the
functions f;, g;, k; in (S) are required to belong. This follows from the sharp
exponents in the Sobolev type embedding

(1.4) SYP(U) = LY).

We recall that a piecewise C! curve v : [0,T] — R™ is said to be sub-

unitary if for every £ € R™ and t € (0,T)

(') - ) < D (Xi(x(t) - €
i=1
Given two points z,y € R™®, the (Xj,..., Xy )—control distance from z to y

is defined as follows:

(1.5) d(z,y) = inf{T > 0|There exists a subunitary v : [0,T) — R",
with ¥(0) = z,%(T) = y}.

—For z € R® and R > 0, let B(z,R) = {y € R"|d(z,y) < R}. An
important consequence of the work in [FP], [NSW] is the existence, for any

bounded set U C R", of positive constants, C, Ry and @, such that
(1.6) |B(z,tR)| > Ct®|B(z, R)|,

foreveryz € U, R < Ry and 0 < t < 1. We call the number Q in (1.6)

the homogeneous dimension relative to U. We mention that (1.6) plays a

pervasive role in the results of this paper. Also, the following estimates of
m

the fundamental solution of £ = ZX;Xj, found by A. Sanchez Calle [S],
i=1
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are important to us. Let I'(z,y) denote the (positive) fundamental solution

of L. Then, there exists C > 0 such that:

d(z,y)? z R CIY ) v
- EN €3 R i v-Te: ) &
(19) DD < 07 = S0 gy,

|B(z,d(z,y))|’

see also [NSW].

An outline of the paper is as follows. In section 2 we prove the following
embedding theorem of Sobolev type. Suppose Br = B(z, R) is a ball in the
metric (1.5) of sufficiently small radius and consider the subelliptic Sobolev
space g’l”’(BR). Let r € U CC R" and denote by Q the homogeneous
dimension relative to U. Theorem 2Q3 asserts that, if 1 < p < @, then

D

3‘1,11(3}2) — LY(Bgr)for1 £ ¢ < 5——— Furthermore, we have for u €

g‘l,p(BR)

1

(1.9) 2 |u|ﬂdz)° <CR (—1— \DeulPds )
'BR; Bgr

|Br| /B

for some C = C(U,X1,...,Xm) > 0. (1.9) and a standard partition of the
unity argument imply (1.4) for any U CC R™.

The ideas involved in the proof of the above result have a classical flavor.
Our approach relies on some subelliptic representation formulas. Of course,
(1.6), {1.7), and (1.8) play an important role throughout. We should mention
that in the proof of Theorem 2.3 interpolation is not used. In a classical
fashion, we reduce the proof to the study of the mapping properties of a
suitable fractional integration operator, see (2.6) and Theorem 2.7. For the
latter, we adapt to our context a nice idea, due to Hedberg [He), for the
classical Hardy-Littlewood-Sobolev theorem. We mention that (1.4) extends

previous results of Folland and Stein [FS], [F], relative to Sobolev spaces on
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nilpotent groups. If r is the number of commutators necessary to span R",
then a result of Rothschild and Stein [RS] gives .;'""(U) s V‘i’l?'P(U). Here,
V‘ifi"?(U) denotes the usual Sobolev space of fractional order % By Sobolev’s
embedding theorem, Vi’l"”(U) — LI(U), with :} = %— % In general,
however, the exponent ¢ thus determined is much smaller than the number
Qp/(Q — p) in Theorem 2.3. When p = ¢, (1.9) is contained in Jerison’s
Poincare inequality [J]. We mention that a different proof of (1.9), based on
an adaptation of Jerison’s work on the Poincaré inequality, has been found

by Lu [L).

Section 3 of the paper is devoted to the proof of the Harnack inequality
for nonnegative solutions of (1.2), see Theorem 3.1, The relevant integrability
assumptions on the functions f;, gi, hi in (S) are stated in (i)—(iii) at the
beginning of the section. As mentioned above, the choice of the Lebesgue
classes is optimal for Theorem 3.1 to hold. An example is provided by the
model case of the Heisenberg group H". Consider the function u(z,t) =
log | log[(Jz|* + t?)%]|, with (z,2) € H". Then u belongs to the Folland-
Stein space .091'2(U), with U = {(z,t) € H"||2|* + #? < e~*}. Furthermore,
it is a nonnegative solution of Apsu = Vu in U, with V € L%"(U). This
example shows that the assumption f, € L] ., with s > Q/p, in (ii) of section
3, is optimal for the local boundedness of solutions to (1.2), see Theorem
3.4. Similar examples prove the optimality of the other requirements in (i)~
(iii). As a consequence of Theorem 3.1, we prove that solutions of (1.2)
are Holder continuous with respect to the (Xj,..., X,,)—control distance
(1.5), see Theorem 3.35. Our results constitute a generalization of a classical
work of Serrin [Se] concerned with quasi-linear degenerate elliptic equations.
Similarly to the results in [Se], our proof relies on a suitable adaptation of
Moser’s iteration technique [M). This is made possible by the embedding
results in section 2, the existence of suitable cut—off functions, see Lemma

3.2, and the Poincaré inequality in [J].
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We finally mention that the results in sections 2 and 3 have suitable
extensions to equations for which the dependence in the z variable is allowed
to degenerate with respect to the metric d(z,y). The precise statements of

the theorems and their proofs will appear elsewhere.

2. Subelliptic Embedding Theorems of Sobolev Type

The main theme of this section will be the use of some representation
formulas, which generalize those established in [CGL]. By means of these
formulas we are able to represent, in a classical fashion, an arbitrary smooth
function in terms of a fractional integral involving its subelliptic gradient,
see Proposition 2.4. We are thus led to study fractional integration on spaces
of homogeneous type. The main result in this context is Theorem 2.7. By
the latter, and by Proposition 2.4, we obtain the Sobolev type embedding
Theorem 2.3.

We begin with a consequence of the work in [NSW], which plays a

pervasive role in the results of this section.

PRroOPOSITION 2.1. Given a bounded set U C R™ there exist Q@ > n,
Ry >0 and C >0, such that foreveryz € U, R< Rpand0 <t < 1

|B(z,tR)| = Ct®|B(z, R)|.
Proof: By Theorem 1 in [NSW] we have for every z € U, and R < Ry,
(2.2) C1A(z,R) £ |B(z,R)| £ C2A(z, R),

where Az, R) is a polynomial function in R with positive coefficients de-
pending on z. Recalling that the degree of the polynomial function A(z, R)

is between n and the number @(z) = lim log A(z,7)

S Togr weobtainfor0 <t <1
=

|B(z,tR)| > C1A(z,tR) > C1t2® A(z, R) > C5t9(?)|B(z, R)|.

Define now Q@ = Q(U) = sup Q(z). From the latter estimate, Proposi-
z€U
tion.2.1 follows. |
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Remark: We explicitly observe that (2.2) implies that for any U < C R
there exist C > 0 and Ry > 0 such that foranyz € U and 0 < R < Ry

|B(z, R)| 2 C|B(z, 2R)|.

We have the following

THEOREM 2.3 (SOBOLEV EMBEDDING THEOREM). Let U C R™ be a
bounded open set and denote by Q the homogeneous dimension relative to
U. Let 1 < p < Q. Then there exist C > 0 and Ry > 0 such that for any
z € U, Bg = B(z,R), with R € Ry, we have
)

1 % 1 4
— ul|*Pdz SCR( D u”dr)
(IBRI o ) 1Bal Ja, P!

Q
Q-p

The proof of Theorem 2.3 is based on the following representation result.

forany u € .g'l’P(BR). Here, 1 < & <

PROPOSITION 2.4. Let D C R" by a C* domain and let u € C}(D).

For every x € D we have
u(@)= [ Del(z,6)- Deu(€)de.

PROOF. It follows from that of Proposition 2.1 in [CGL], with minor mod-

ifications. |

Let now Bp = B(z,R) be as in Theorem 2.3. For u € C}(Bg) and

z € Bp we obtain from Proposition 2.4
@)l < [ 1D )l Deu(o)les
R

Using (1.8), we have for some constant C > 0 and any = € By
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25) lu(z) < C /B IDeu©)l gty e

We now introduce for 0 < a < @ the operator of fractional integration

. L@ = [ el gan L

Using (2.6) we can rewrite (2.5) as follows

lu(z)] € CL(|Dcuf)(z) for x € Bp.

The proof of Theorem 2.3 will be a direct consequence of this estimate

and of the following

THEOREM 2.7. Let U C R™ and Q be as in Theorem 2.3. Assume

1 < p € oo. Then, I, maps LP(Bg) continuously into L(Br), with 0 <

;; - l < -5—. Moreover, there exist C > 0 and Ry > 0 such that for any
q

zo € U, Br = B(zo, R), with R £ Ry, we have

(_1_ Ha(f)(x)lqdz)% =CF (IBI_RI /BR lf(x)ldeY :

|BR| Br

for every f € LP(Bgr). When p = 1 one must have

|
w0y |
A

3|
o

1
Remark: We note explicitly that the case 1—7 - % = Z forces the restric-

Q
tionl < p< g—. When p = %, I, does not map LP(Bg) into L*°(Bg).

There is, however, an end-point result analogous to Trudinger’s Euclidean

inequality, see [D2].
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- PROOF OF THEOREM 2.7. We start with the case 0 < %— 1 < < and

g Q
suitably adapt the approach in [GT] based on Young’s convolution theorem.

Let r > 1 be defined by 1 — % = %— ;— We claim that for a fixed z € Bp,

d(z,y)*

=t = h(z,y) is in L7(Bg) and, in fact,
Bz, dlz,g)] ~ oY) i L(Br) and, i

the function y

h C -
(30} y ' rr S S —
zGBpR " (117 )HL (Br) IBer-l

To see this we proceed as follows. Let ¢ € Bg. Then, B(z,2R) D B,
so that

d(z,y)*"
h(z,y)"dy < / ICIT ) M)
@S | o Bl da )T Y

=i/ dz,v)”

2 Jy-s reategy<a-rir 1B Az, )T

Br

o0
(2% R)er N
< [B(z, 2 ¥R)|"-1 .
<C ; |B(z, 2~ R)jr-1 (by Proposition 2.1)

o (2—kR)ar
<C —ToTCe =
2 FRET, B

Rar
= CBE R

the series being convergent, since ar > Q(r —1) is equivalent to Zs1-=-=
r

Q
11
s Observing that, by (2.2), |B(z, R)|*~" < C|B(z,2R)|*~" < C|Bg|'"T,
we finally obtain the claim. We then write for f € LP(Bg)

LF)Ih(z,y) = h(z,¥) Thiz, )7 |FW)|F | ()PP,

Holder’s inequality gives for z € Bg

Ln@is ([ R If(y)l"h(:c,y)’dyy (f R ey &
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(/[ ) o "

Integration of this inequality yields
i 3
([ tatry@id)" < swp e leren ([ Pay)
Bgr z€EBR Bgr
1

< croizat= ([ R s )

1

where in the latter inequality we have used the above claim. Recalling that

1-— ! = 1 %, we conclude that Theorem 2.7 holds.

1
Next, we study the case ——-1- == Recall that nowmustbel < p < -g—.
We follow an idea in [He). Set f =0in B§. Foranyz € Brand0<e< R

we write

L(f)(z) = I(f (=) + I3(f)(=),
where

. dewr
noe = [ IEE ey

2 z) = ___" .
B =[Gy

dy

We estimate first I1(f)(2).

BH@ =3 /.
—ka

< Ce® ——— d
< 06 0 e gy 010

|f(y)||—3—d—(—”-’-y)—“—dy

(k+1)e<cd(z,y)<2—*e (z,d(z, y))I

where in the latter inequality we have used (2.2). The above gives

(2.8) IL(f)(z) £ CiM f(z)e®,
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where M f(z) = sup ,—;—]/ |f(y)|dy denotes the Hardy-Littlewood maximal
z€B B

operator with respect to the metric balls B. Next, we estimate I2(f)(z).

We observe that for any # € Br B(z,2R) D Bpg. Therefore, by Holder’s

inequality we obtain

) d(z,y)”
e BO@S [ s

1

<(/ R fPay)”

/ e\
B(z,6)enB(z,2R) ]B(z,d(z,y))lP' v '

We now choose k¢ € N such that 2%0¢ > R > 2k0=1¢, Then,

/ d(z) y)ap' dy ;lr —
B(z,£)cNB(z,2R) 'B(:L‘, d(‘7’7 y))lp'

1
5 / dz,y)r N\
TBl o I iy &Y S
k=0 Y 2¥e<d(z,y) <25+, IB(a:,d(x,y))lP
1
(2ke)er "
Z [B(a: 2ke)|P' -t ’
where in the latter inequality we have used (2.2). By Proposition 2.1 we

infer

|B(z,2%e)| > C2~(k=¥Q|B(z, R)|.

Substitution in the above yields

; 4

d(z,y)e? ’
2.10 / ~d; <
(2.10) <B<,,,)cn3<z,m 1Bz, d(z, s y) s

ko - ' e

(2~ (ko—k) R)orp ’
C <
(; @ CheMBE, BP- ) S
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CRa2—koor ko 2kap' fr
|B(x, R)|1/P2—koQ/P ;) 2kQ(p' -1) )

Recalling that 2% < 2—?, and noting that Q(p' ~ 1) > ap' since a < Q,
p
we finally obtain from (2.9) and (2.10)

(2.11) B(f)(=) < é|1f||L»<BR>R%xB<x,R)l-%e"%“.
Since by (2.2) we have for any z € Bp,
|B(z,R)|"% < C|B(z,2R)|™% < C|Br|™7,
by (2.8) and (2.11) we finally obtain

a °X - .24,
L()(2) £ CiMf(2)e® + Callfll o(mmy R 1BRI™Fe™ 3+,
Minimizing the right-hand side with respect to ¢ yields

L(f)(z) < CsR®| BRI #IFIE 5, MF ()%,
D

where, we recall, ¢ = . The conclusion of the proof of Theorem 2.7

will follow by the LP—continuity of the Hardy-Littlewood maximal operator

in a space of homogeneous type, see [CW] or [C]. |

Remark: With the constant R in the right-hand side replaced by the

larger constant |Bgr|'/9, Theorem 2.3 was announced in [D2].
3. Harnack Inequality and the Regularity of Solutions

Throughout this section U C R™ will denote a given bounded open set,

with relative homogeneous dimension @ = @(U) > 0. Moreover, we assume
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1 < p < Q. We state the relevant integrability requirements on the functions

fi, gi, hi in the structural assumptions (S) for the equation (1.2):

ifp=Q;

i : Q . Q
(l) 92,93 € L{oc(U), withr = ;‘—f if p< Q,and r > Q— T

(ii) fa2, fa,hs € L (U), with s > %;

(i) f1 € Lt (U), with t > Q.
Q
p—¢’

. From now on, the letter ¢ will only be used with this meaning.

Assumptions (ii) and (iii) allow to write, forsome 0 < e < 1, s =
Q
1—e¢
The main result of this section is the following

t=

THEOREM 3.1 (HARNACK INEQUALITY). Let u € S\P(U) be a nonneg-
ative solution to the equation (1.2). Then, there exist C > 0 and F¢ > 0
such that for any Bg = B(z, R), with B(z,4R) C U, and R < R,,

ess supu < C (&ss infu+ K(R)) .
Br Br

Here,

1

K(R) = (1BaI¥ | fsllzeoay + lgslerom) T + (1BlElbsllzeom)

o

with r,s as in (i), (ii) above.

Essential to the proof of Theorem 3.1 are the subelliptic cut—off functions
found in [CGL). For the sake of completeness we reproduce the proof of their

existence.

LemMMA 3.2, There exists Ry > 0 such that given a metric ball
B(z,t) cc U, with t £ Ry and 0 < s < t, there exists a function ¢ €
C°(B(z,t)) such that 0 < ¢ < 1, ¥ = 1 in B(z,s) and |Dzy| < %
Here, C > 0 is a constant independent of s and t.

Proof: Let h € C3°([0,at)) be such that 0 S h < 1, h =1 on [0, 2]
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and |h'} < —:_q— Here, a > 0 is as in Lemma 2.20. Recall the definition of

the function F(z,R) after (2.19). Set y(y) = h (F (:c, F(l y))) Using
Lemma 2.20 one sees that 1 € C§°(B(z,t)), and ¥ =1 on B(a; s). Denoting
F'(z,R) = dF(:C,R), we have

(353) IDev(u)] < IW(F (e, T(e )™ N PG, Py B S
c 1 DGz, )

S TS IEG FET@n ) 1)
< .C F(z,T(z,y)"') |DcI(z,y)
= t—s E(z,F(z,[(z,y)"1) T(z,y)? °

In the latter inequality we have used the fact that E(z, R) is a polyno-
mial function. Next, we observe that (1.7) and (2.2) give

C
F(xs y)

C,
I(z,y)

< E(mvd(zay)) <

Applying F(z,) to this inequality we obtain
Cidtz,) < F (2 o= ) < Chd(aus)
Substituting in (3.3) and using (1.8) we conclude

C F(z,T(z,y)) . C
1Dyl < 7 1) S

This proves Lemma 3.2. 1

Our next result concerns the local boundedness of weak solutions of
(1.2). We begin by observing that the structural assumptions (8) and (i)-
(i1i) above imply that (z,u,() — |A(z,u,()| belongs to L‘oc (U), whereas
(2,u,¢) - f(zu,¢) is in LT (U), with « = o

loc

s if p< @, and is in
LI*e(U) for some € > 0, when p = Q. In view of this observation we now

modify the definition of a weak solution to allow test functions ¢ € SP(U).
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We have

THEOREM 3.4. Suppose that u € SLP(U) is a weak solution to (1.2) in
U. Then, there exist C > 0 and Ry > 0 such that for any B = B(z, R) for
which B(z,4R) C U, and R < Ro, we have

1

! wva)i+xua

|B2r| JB,s

esssuplu| < C [(
Br

Here, K(R) is as in Theorem 3.1.

Proof: Let z € U. Choose Ry > 0 sufficiently small so that Byg, =
B(z,4R,) C U and Theorem 2.3 holds for B4g,. We observe that for a fixed
R < Ry and K = K(R), the function ¥ = |u| + K satisfies D u = DT a.e.
in U. Moreover, the assumptions (S) may be rewritten as follows

[A(z, 4, Q)| € o |¢P~! + gy lu|?~!
(S) [f(z,u, Q)| S AP + Folmlp~?
A(I,H,C) : ( 2 ’Clp - T2 l-u-lpv
with 7, = g2 + K!-?gs, and 72 = fo+ KY~Pfy + K~ Phs.

We observe explicitly that, with these choices, we have for any R < Ry

WFollzeBan) € IfallLe(Ban) + 21BRITE,

WG2llr (Bany S Hlo2llLr(Bory + 1

Following [Se] we define for £ > K and ¢ <1

19 fK<t<e
F(t) =
gli~lt—(g—1)09, fL<t

Also, with f =pg—p+ 1, we let
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G(r) = sgar [F(|r| + K)F'(Ir] + K) - ¢’ "' K7},

By the chain rule one can prove that F(%), G(u) € SpP(U). Let now
n € C&(B2r), 0 £ n £ 1, and define ¢ = n?G(u). Then, ¢ € g’l"’(U).-
Setting v = F(&) we obtain from (1.3) and (S)

(3.5)
0= Z/ Aj(m,u,Xlu,...,Xmu)chp—/ flzyu, Xauy ooy Xmt)e
=1V v

> /U [n”chv!”—vaDcn!(nchvl)"l—f1(nv)(n|Dcvl)’"l

— (14 B Falw)? — pq”"‘ﬁz(vIDcnl)(nv)"“]-

Holder’s inequality yields

66 [ dDennlDenty < (f ﬂ’chvl”)r;_x (f v”lle”)%-

To estimate the terms containing fi, f, in (3.5), supposeat first 1 < p <
Q 1 1 1 . % _
, so that ~ — — = —. Since f; € L."%, (n|Dcv})P~1 €
s sothat 1= = L since fy € L, (r1Dco)
LP/P7 e see that the factor nv in the product fi(7v)(n]Dcv])?~? belong to

loc

. 1 p—1 1-—¢ 1 € l—e ¢ £ l—-¢ ¢
o th — =] -~ —— e e = — = — =
foe with 5 g "wQ TR T
Therefore, Holder’s inequality gives

60 [ At)aDelr < ( / mff??)% (f n”|Dcvl‘°)%‘-'
(o) (for)®

-1
Hp=Q, welet p=@Q (1 + %) and observe that § < Q. Using

the fact (n|Dcv|)P~! € L;i/f"l, and arguing as for (3.7), we conclude with
9
0-

Q and let k =

kp ' Q kp ' p

%=

=1
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p=1

(3.8) /Uf:(nv)(nlDz:vl)“’"1 < ( . ff%)l%‘ (/U ”ng‘v@ p

( /. (nvﬁ)m; ( / (nv)';?yl—e”)/:;.

At this point we use Sobolev embedding Theorem 2.3 to estimate the
last integrals in the right hand sides of (3.7), (3.8). We obtain

1

(L) <o ([ 1petmr) v

<c [( / n”IDch">’+‘ ¥ ( i v”IDcnI”> _} ,
where C = C(U) > 0 is as in Theorem 2.3. Substitution in (3.7) yields
69 [ stmiaiper <o Bmf’%)‘% (f n”chvl”>&;4'

(o) (L oen) (o)

When p = Q, from (3.8) and Theorem 2.3 we obtain an estimate similar
to (3.9), but with p in the right hand side replaced by 5. Since 7 < p,
a routine application of Hdlder’s inequality allows to conclude that (3.9)
holds also when p = Q. By analogous arguments we can estimate the terms

contaifling f,, g, in the right hand side of (3.5). One proves

o froree([ ) (for)
(froer) ™+ (] v”lvmm)ﬂ ,

(f v”leI")L}‘ +( /U #IDzol ) L] '
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Using (3.6) and (3.9)—(3.11) in (3.5), we obtain the following inequality

InDevli} < pllaDevlls~ lvDenlly
HAldnDevllF InellglnDevll;™ + llvDenlly ™)
+(1+ B)" I F2llallnvll; (In Dol + flvDenlls ™)

+p¢" 7 1 @all- + [feDenllp(loDenllp™ + Do)

In the above, all norms are in the Lebesgue spaces, thus, e.g, [lul|} =
[ulP. The exponents t, s, r for fi, f, and g, are as in (i)-(iii). We

now recall the following numerical lemma [Se): Let z > 0, and suppose
N

2¢ < Za,-z'g", with @¢; > 0, and 0 £ B; < a. Then, z < C’Zfi_l al’.

lemma in the above inequality we obtain after some elementary, but lengthy,

computations

1

Inpeolly < (il +llslo+ (04 B 1Tl
+1+8)a T ol
+Hp+ G- alill+ (- 3+ ATl
+Hoar 520} + 7 3l [o Dl
Observing that 8gP~! < (p+ 1)¢? we finally obtain

(3.12) (/Unpchvl”)%5045[(/(](nv)”)%+(Lv”chnlp)%],

with a C > 0 which solely depends on U, p, || f1llzt vy, | f2llzecvys g2l vy
If 1 < p < @, we use the embedding Theorem 2.3, which gives, along with

(3.12),
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- L
1 xp 2 1 K
3.13 = v "”) <C cR[( v ”)
(313) (\Ble Bm(77 ) e | B2r| Bm( )
+( ! P|D |”>%]
— v Ln .
|Bz2r| JB, 5

. In the case p = @, (3.13) holds with p and

Q
Q-

We recall that £ =

& in the left hand side replaced by 5= Q/(1 +¢/2Q) and kK =

(recall

N

p<p)

At this point we specialize the choice of the cut—off function 7 in (3.13).
For 1 < a < b < 2 we choose € CP(Byr), with 7 = 1 on Byp, and
|Den| € —b—-_g— Such a function exists in virtue of Lemma 3.2. We draw

a)R
from (3.13) if p < @

=5 & &t 3
¢1‘|B2R| P P

o ([ ) sctfiE (1 )

( ) ( Bsr (b—a) Byr

If p = @ we obtain instead

(1] e s
(3.15) (/ ,,:;)”zcgi@_z_n_l‘il_/i( / )
B.r - (b—a) Byr ’

where p and K are as above. We now observe explicitly that, in (3.14),
|BgR|:_P"% = |BZRI$. Similarly, using the above definitions of 5, K, one

recognizes that -,';—5 -1 = L (% - 1). At this point we let £ — oo in the

p Q
definition of F. Consequently, v = F(%) tends to ¥ monotonically. By the

monotone convergence theorem we thereby obtain from (3.14), (3.15)

1 L

2 Ld
(3.16) (/ gﬂqp>m < Cﬂuﬁ’ij (/ mp> v
B.r (b - a’) /e Byr

In (3.16) we havelet 6 = rand 7= 1,if 1 < p < Q, whereas 8§ =

Ep

2 £ . . . . . .
?Q and 7 = 56 —~1,if p= Q. At this point, by Moser’s iteration technique
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we easily infer from (3.16)

1

1 P
esssupu < C (-——-— i'[") .
BR |B2RI Bz}z

Recalling now that T = |u| + K = |u| + K(R), the conclusion of the

theorem follows. [ ]

In the context of Lebesgue spaces the assumptions in (ii) and (iii) above
are optimal for the local boundedness of solutions of (1.2). Nonetheless, for
1 < p < @, in the borderline cases s = Q and t = Q in (ii) and (iii) we
still have a Caccioppoli type inequality (see (3.12) above) in the small, or for
lower order terms with sufficiently small norms. This fact is of interest in

questions of existence and regularity of solutions of equations with critical

growth.
We are now ready to give the

Proof of Theorem 3.1: We assume without loss of generality u > a > 0
inU. With K = K(R) as in the statement of Theorem 3.1, welet T = u+ K.
For 7 € C§°(B,r) we choose ¢ = nPT' P as a test function in (1.3). This
is possible since, in virtue of Theorem 3.4, ¥ is bounded in Byg. Denoting

v = log 7, from (1.3) and (S) in the proof of Theorem 3.4, we obtain

(3.17) 0=i/UAj(x,u,Xlu,...,Xmu)ngo
=1
+_/l;f(z,u,X1u,...,Xmu)<,o <
[ [esaipesd=11pent + e 0enl
=(p = (I Deol)? + (p = DFon® +n(n|Deol)P~ fi +7217”]-

In what follows we assume for simplicity 1 < p < Q. The case p= Q is

dealt with by easy modifications, as in the proof of Theorem 3.4.
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We now specialize the choice of 7 € C§°(Bzg) in (3.17) using Lemma
3.2. We take n = 1 on Bpg, with |Dgn| < % With this choice, a routine use

of Holder’s inequality, and of the assumptions (i)-(iii), yields with x = 0—7

(3.18)
p=1 1

<P 3
[ g Dent < alercans ([ ) 7 ([ 1pent)
U Bzr Bir

C
EIBMI 4+ 92112 (B2n)
(3.19)

/UTzn” < (/Bm |72|Q/p)& (/Em 77“”)%

< |Bar [Tl Le/5(Ban)s
(3.20)
Ll

[ nepesy=ss ([ ) ff’)#( L )7 ([ wioeer) 7

2'—1
P
< {BZR‘:I;“fluLQ(Bm) (/;J ﬂp|Dcv|p) )

and finally

[ @ipesr=tipeni< ([ 1 Pwmp) ( i IDcn|’>
< Z1Bunl? (/Unpwcvl")g’_.

Inserting (3.18)-(3.21) in (3.17) yields

L—-l
fu nplucvlpscp[R-llel% ( /U 77”|Dcv|”>

- = 1 — — “F
+ R Byp|" % 172112+ (B2n) + |B2rl* | f2llzars(B,n)
=i
1 P
+ BaalFfllsocane) [ 71Deol ) J

(3.21)

(3.22)
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At this point we use the numerical lemma recalled in the proof of The-

orem 3.4, obtaining

1

(3.23) (/B chvI”>P < %[lel% + R7F|Byp |t 54
R

- B - % 1
15 couny + BBl (Il barscanny + WillEacam ) |

Estimating the right hand side of (3.23) would present a serious dif-
ficulty if Proposition 2.1 were not available. In the Euclidean context the
measure of a ball of radius R is like R", and the proof of Theorem 3.1 can
be reduced, by a rescaling, to the case R = 1, see [Se]. In the present subel-
liptic context, appealing to Proposition 2.1 we obtain R < C]B;zlé'. This
estimate, Theorem 1., and the fact fcl_p + % = 11-), allow to infer from (3.23)
(3.24)

/;BR [Devl? £ }—S;iBld L+ 182l 2B | + 1F2llLors(Bar) + 1fillLe(Ban) |

where C = C(p) > 0. Recall now that from (ii), (iii) f,, fi respectively

belong to Lj,. and L{ ., with s = ——, t = , for some 0 < ¢ < 1.

p—¢ l—e
Also, as in the proof of Theorem 3.4, we have || f;|l1:(B,2) < I f2llLe(Bor) +
2|Br|™%, |FellLr(Ber) < llg2llLe(Bany +1-

These estimates, together with Holder’s inequality and Theorem 1., give

I FallzarsBan) < 1B2rIZ 1T llLe(Ban)
< |Borl® (ufznb.(s,n, ; 2|BR|-%)
< C'(l + lenlleIszL'(Bm))'
Similarly,

I fillze ) < |1B2rl@H fill e (B2n)-

Inserting these inequalities in (3.24) we obtain
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(3.25)

C [
[Devl? < =IBrl|1+ lg20lLr(B.n)
Br "

+|Bar|® (”f2”L'(Bm) + |1 |1L*<B,n)>J

o

<
— Rr

|Br| {1+ ||g2llLr(v)

)

+|Ul& (”f2”L'(U) + 11 IlLr(U))].
Jerison’s Poincare inequality [J] and (3.25) finally give

1

— —vp.lP < C*
v—vpglP <
|BRI BR I Rl Y

where C* = C*(U, |lgzllr ), | f2ll o vy, Wl zequy) > O
By the John-Nirenberg theorem for spaces of homogeneous type, see

e.g. [Bu), we infer the existence of py > 0 and C > 0 such that

(3.26) ( . (—P)F“’-<c( . (r»)_%
. — a)re R — °
|B2r| JB,5 - |Bzr! J B,z

To complete the proof we need the following estimates:

1 o
(8.27) ess supu < C ( (E)”) '
. Bpr lBZR’ Bar
1 ~ %
3.28 essinfu>C ( T 'P°>
( , ) A . B |Bzr] Bm(

for some constant C' > 0 independent of u. Inequality (3.27) is a particular

case of the following

LEMMA 3.29. Let u > 0 be a weak solution of (1.2), and define T as in
the proofs of Theorem 3.1 and 3.4. Then, for every a > 0 there exist C > 0
and Ro > 0 such that, given Bgp = B(z, R), with B(z,4R) C U and R < Ry,

we have
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L
ess supu < C ( ! (T[)“) .
Br IBZHI Bzr

Proof: An easy modification of the proof of Theorem 3.4 yields a con-
1
stant C > 0 such that, for any numbers a, b, with 3 Sa<bgl, we

have

g

: C 1
T < =\ p
(3.30) eslsaas:pu S h=aen <|3R| Bm(u) )

The proof of the lemma now follows from (3.30) and an adaptation of
an idea, due to Dahlberg and Kenig. Without loss of generality we assume

0 < @ < p and define

J(s) = |B|~4=®) ( /B @ ) ( /B R(ﬁ)")

By (3.30) we obtain
g -4
— c —a 2\*
“TT <C(|BR| “”) < (m f,) 7(3)"

We are going to prove that there exists C > 0, independent of R, such that

J<§><C AssumeJ( )>1 By(330)wehavefor—<s<-2-

3

pdad- 4
CQ(,,_,, ( 1 ("J p) 7 .
a)—)’_l iBR’ an

-2
a

=L
a

2
a

e

B8 [ @ (f R(m“)

< Cl(b—-a) QI F
This yields for

log J(a) < 2=Z[log C — Qlog(b — a) + log J(b)).
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For 6 > 1 to be suitably chosen, we let a = 4% in the above inequality

4 db
and integrate on the interval [(g—) ,1] with respect to > We arrive at

1 /! dp p—a/l dp
= [ logJ(p)— < Cy + —— log J(p) ==
eé g(mp 1 . (@}g(mp
1
p—o dp
§C+——-—-/l J(p)—,
] - éog(mp

where in the last inequality we have used the assumption J (%) > 1 and the

fact that log J(p) is increasing. Choosing now 6§ € {1, ;—E—;) we conclude

that J <§) < €y, for some C, > 0. This proves the lemma. |

To finish the proof of Theorem 3.1 we are left with proving (3.28). We

ChOOSeﬂ4S1—p<Oandsetq=E.+_'B_;l

< 0. Observe that by varying 3
on (—c0,1 — pl, ¢ ranges over (—0,0]. For 5 € C{®(B;g), with 0 < 5 < 1,
let ¢ = nPuP. As before, ¢ is an admissible test function for (1.3). From
the latter, and from (S) above, we obtain after some computations similar

to those in (3.5)
(3.31)
18] /U P?IDcol? < plalCy /U v|Denl(nlDevl)?!

+2a? [ TvlDenltony ™ + a1 +160) [ Fotooy

+ gl /U funo(nDeul)?=.

In the above inequality v = @?. At this point one proceeds as in the
estimates (3.9)-(3.11) above, arriving to an inequality analogous to (3.13).
The only difference is that the factor ¢¢ in the right hand side of (3.13)
must be replaced by (1 + |g|)¥. Using Lemma 3.2, for 1 < a < b < 2 choose
n € C5°(Bur), withn =1 on Bypr, and |Den| < . We finally obtain
from (3.31)

C
(b—a)R
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em (f )_ < SH” 0% gt (| o)

Q 1 1

, S0 that — — -~ = --1—. Since v = @, taking
-p Kp P Q
g-rooths in (3.32), and keeping in mind that ¢ < 0, we have

) . 2 L
(3.33) (/ wq) > CU+leh (/ gﬂq) &
Bar |BZR|"_°'(t - S); Bir

From (3.33), (3.28) follows by Moser’s iteration procedure. We omit the

Recall that x =

L)

standard details. The proof of Theorem 3.1 is thus completed. i

As a consequence of Theorem 3.1 we prove that weak solutions of (1.2)
are, in fact, Holder continuous with respect to the (X,..., X, )-control
distance. For this we need to strengthen assumption (i) as follows: g3, 93 €

Lj,. withr > for 1 < p £ Q. In the sequel, we write r =

Q 9
p—1 p—1-¢’
where ¢ € (0,1) is the same as in the proof of Theorem 3.4. With this

assumption and by (ii), Holder’s inequality implies

(3.34)

)

K(R) < (1BRI% | fsllze(5n) + | BRIT g5l 2r (B
1

(1BRI% ksl ey ) "

It is at this point that we use for the first time a bound from above of
|Br|. We recall that, from (2.2), |B(z, R)| £ C2A(z, R). Since the degree
of the polynomial function A(z,<) is 2 n, we have A(z,tR) < t"A(z, R).
These considerations yield: |Br| = |B(z, R)] £ CR", for every z € U and
R < Ry. We obtain from (3.34) K(R) £ CR", for some v > 0, where
C = CW, |l fsllz ), llgs
the following

L) lhsllzsvy) > 0. We are now ready to state

THEOREM 3.35. Letu € Sllo‘f(U) be a weak solution to (1.2), and sup-
pose that ess supy |u| = M < oo. Then, there exist C >0 and 0 < a < 1,
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depending on U and M, such that

[u(z) = u(y)|
ess sup —————— < C.
z,yEUp d(I) y)° -
By means of Theorem 3.1, and of the important observation K(R) <
CR", this result follows by a step by step imitation of a by now classical

argument. We omit the details.
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