A Singular Perturbation Problem for the
p-Laplace Operator

D. DANIELLI, A. PETROSYAN ¢» H. SHAHGHOLIAN

ABSTRACT. In this paper we initiate the study of the nonlinear
one phase singular perturbation problem

div(IVus[P2vus) = Be(u), (1 <p <o)
in a domain Q of RN. We prove uniform Lipschitz regularity of
uniformly bounded solutions. Once this is done we can pass to
the limit to obtain a solution to the stationary case of a combus-

tion problem with a nonlinearity of power type. (The case p = 2
has been considered earlier by several authors.)

1. INTRODUCTION

Our objective in this paper is to study the singular perturbation problem
(P:) Apuf =B (uf), ut=0

in a domain Q of RN. Here, for 1 < p < o, A, denotes the p-Laplace operator,
e, Apu = div(|Vu|P—2Vu). We recall that a solution to (P¢) is a function
ut € whr(Q) n L*(Q) such that

(1.1) J |IVUué|P2vut - Vo dx = —{ @Bs(uf) dx
Q Q
for all € Cy’(Q). We require B¢ to be Lip(R) and to satisfy
A &
(12) 0<Be=Zx00 and | Bels)ds =M

for positive constants A and M. In particular, these conditions are fulfilled when
the functions B¢ are constructed from a single nonnegative Lipschitz function
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supported in [0, 1] by setting

(13) pe(s) =16 (3).

Although our analysis applies to a general type of operators, as the ones considered
in [17] of the form div(A (x, u, Vu)), for simplicity and clarity of the arguments
we focus on the specific form of the p-Laplacian A,,.

The motivation of the study in this paper comes from the applications to
the one-phase case of the combustion problem, appearing in the description of
laminar flames as an asymptotic limit for high activation energy, that corresponds
to the limit as € — 0 in (Pg). For the case p = 2 there is an extensive study of the
problem and more or less a complete resolution of it; see [2], [15] for the elliptic
case and [8], [3], [6], [7], [4], [9] for the parabolic one. However, the nonlinear
case, addressed here, has never been considered earlier. This might partly depend
on the lack of an established theory for the p-Laplace operator, and partly on the
fact that some of the earlier techniques fail in the absence of linearity.

We show that, in a sense, the limit of (P¢) as € — 0 is a free boundary problem

Apu =0 in{u > 0},
(P)

[IVul=c ondf{u>0}nQ,

with ¢ = ((p/(p — 1))M)/P. Namely, the main result of this paper (Theorem
4.3 in Section 4) asserts that the uniform limits u of u¢ have the asymptotic
development

1/p
u(x) = (%M> (x = x0,m)" +0(lx = xol),

near xXo € 0{u > 0}, provided 0{u > 0} admits a measure theoretic normal and

u is not degenerate at x¢ (see Definitions 4.1-4.2).

The free boundary problem (P) for the p-Laplacian was studied earlier under
certain geometric (convexity) assumptions, by different techniques; see e.g. [1] by
Acker and Meyer and a series of papers [11]-[13] by Henrot and Shahgholian.

To prove the main theorem (Theorem 4.3) we need a uniform bound (The-
orem 2.1) for the gradient of the solutions, in order to have some stability of the
problem as one passes to the limit. This type of uniform bounds on the gradient
usually constitutes the basics of the analysis to follow, and it is by no means an
obvious generalization of earlier results. Indeed, it needs to be pointed out that
one of the main difficulties in the consideration of operators that do not admit
linearization, as it is for the p-Laplacian, appears in the deduction of the uniform
gradient bound, which has its own independent interest. In this part of our analy-
sis we apply techniques that have been recently developed for related free boundary
problems, see [14] and [5].
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2. THE UNIFORM GRADIENT BOUND FOR SOLUTIONS

In this section we prove that the solutions u® of the singular perturbation problem
(P¢) are locally uniformly Lipschitz. Our main theorem in this section is the
following.

Theorem 2.1. Let Ut be a nonnegative solution of (Pe) in a domain Q of RN
with Be satisfying (1.2) and such that |u¢l|1~ ) < L. Then for every compactK € Q
there is a constant C = C(N, p, A, L, dist(K, 0Q)) independent of € such that

IVuslli=x) < C.

It is also noteworthy that as far as the proof of Theorem 2.1 goes, one can
relax the conditions on B¢. An important observation is that the same technique to
follow shows that, in the case of two-phase problems (see [6]-[7]), one may deduce
gradient bound for the non-negative part of the solution if one already knows that
the negative part of the solution is Lipschitz. In [3], L. Caffarelli applied this idea
in combination with the monotonicity formulas to deduce gradient bound for the
solution of the two-phase singular perturbation problem for the Laplacian; see also
[4]. In the absence of the monotonicity formula we are not able to prove a similar
result as that in [3]. It is apparent that some new technique is to be developed to
handle the sign change in the case of the p-Laplacian or any other nonlinear case.
This remains an open and tantalizing problem.

The proof of Theorem 2.1 will be based on the following lemma.

Lemma 2.2. Let v be a bounded nonnegative solution of
0 < Apv < AX{o<v<1}

in the unit ball By of RN, with v(0) < 1. Then there is a constant C = C(N, p, A)
such that
lvlL= (B, < C.

Remark 2.3. We explicitly observe that v € C1*(Q) for some & > 0,
thanks to the results in [17]. In the case when Ay,v = B(v) with [B(s)| <
Cols|? + c1|s|P~! for some constants ¢ and c¢;, the conclusion of the Lemma
2.2 follows directly from Serrin’s Harnack inequality for nonhomogeneous quasi-
linear operators, see [16]. Our proof, however, uses only Harnack inequality for
homogeneous operators and is based on compactness rather than energy methods,
which allows to generalize it to a broad range of operators.

Proof- Indeed, assume the contrary. Then there exists a sequence of functions
{vk}, k=1, 2, ..., satisfying the assumptions of the lemma and such that

max Vg (x) > ék.
Byy4 3
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Consider the sets
Qp = {X € B; | Vi (x) > 1} and I} = an N Bj.

Note that vk is p-harmonic in Q. Let now 6 (x) = dist(x, By \ Q) and define
1
O = {x eI 5un) < 31 -IxD | 5 By
Observe that By /4 C Ok. In particular

my := sup(l — |x|)vr(x) = émaka(x) > k.
Ok 4 Bl/4

Since vi (x) is bounded (for fixed k), we will have (1 —|x|)vi(x) — Oas|x]| — 1,
and therefore my will be attained at some point xx € Ok:

(2.1) (1 =[xk Dvk(xk) = "}ﬁx(l — [x)vr(x).

Clearly,

Vi (xx) = > my > k.

1 — |xkl

Since xx € O, by the definition we will have
1
(2.2) Ok := Or(xk) < (1~ |xXk ).

Let now yi € Ik be a point where 0y = dist(xx, Ix) is realized, so that
(2.3) |k — xk| = Ok.

Then we will have two inclusions, Bs, (k) C B; and Bs, /2(k) C Ok, both con-

sequences of (2.2)-(2.3). In particular, for z € Bs, ;2 (k) the following inequality
holds

1
(1= 12) 2 (1~ i) — Ixe— 21 2 (1~ ) = 2602 21~ Ix).

This, in conjunction with (2.1), implies that

S max Vg < 2Uk(xk).
Bsy 2 (yi)

Next, since Bs, (xx) C Q, v satisfies Apvx = 0 in Bs, (xk). By the Harnack
inequality for p-harmonic functions there is a constant ¢ = ¢ (N, p) > 0 such that

. min Vg = cUk(Xg).
Bss 4 (xk)
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In particular,

_max Vg = CUk(Xk).
Bsy 4 (yi)

Further, define
Uk (Vk + 0k X)

forx € B;.
Uk (xk)

wi(x) =
Summarizing the properties of vy above, we see that wy satisfies the following
system
A(Sk)?P
kp-1
maxg , Wk < 2, maxg, Wk =€ > 0,

0<Apwy < in By,

wr >0, wi(0) < %

Therefore, from a priori estimates, we can conclude that a subsequence of {wy}
will converge in C1'* norm on every compact subset of By, to a function wy that
satisfies

ApWO =0 in BI/Z,

maxg , Wo = C > 0,
wo = 0, WQ(O) =0.

This, however, contradicts the strong maximum principle for p-harmonic func-
tions. The lemma is proved. o

Proof of Theorem 2.1. We start with the observation that it is enough to prove
the theorem in the case when Q = B, K = Bjs, and under the assumptions
uf(0) = € and |[uf|lp~(p,) = 1. Denote

Qf={xeB|ut>¢e} and TI¢=00QfnNnBAB.

Step 1. Prove that there is a constant C = C(N, p, A) such that

(24) IVuf(x)I SC, fOI‘XEBl/z\QE.

Indeed, take a point x¢ € By;2 with uf(x¢) < € and consider a function

ut(xo + £x)
. .

vi(x) =

Direct computation shows that v¢ satisfies

0=< Ap’UE < AX{0<v5<1}-
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All the assumptions of Lemma 2.2 are thus fulfilled for v = v¢ and we can con-

clude

(2.5) maxv& < C(N, p, A).
Byy4

From interior gradient estimates we obtain

IVut(xo)l = IVve(0)| < Ci(N,p,A) maxv® < C(N,p,A)

Bi/4
for all xg € By;; \ Qf. Hence (2.4) is proved.
Step 2. Prove that
(2.6) [ut(x)| < €+ C(N,p,A)dist(x,B; \ QF) for x € Byj4 N QF.

Indeed, for xo € By;4 N QFf denote

mo = ué(xp) —€ and & = dist(xg, B; \ QF)
Notice that, since 0 € T¢, ¢ < % We want to prove that
(2.7) my < C(N, p,A)dy.

Since Bs, (x0) is contained in Qf, u® — € will be nonnegative and p-harmonic
there. We can thus apply the Harnack inequality to conclude

min (uf(x) —¢€) = cymyp
Bsg2(x0)

for c; = ¢1(N,p) > 0. Next, consider the p-capacitary potential @ (x) of the
ring By \ By)2 which satisfies

Ap@(x) =0 inBi\Bij, @y =0, andq)|aBl/2 =1.

The function @ will be spherically symmetric with [V@| = ¢y = co(N, p) > 0 on
0B;. Define

W(x) = crmo@ (Xg—ox‘)) for x € B, (x0) \ Bsys2(x0)-

From the comparison principle for p-harmonic functions we will have

(2.8) Y(x) <uf(x) —e forx € Bs,(x0) \ Bs,/2(x0)-
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Take Yo € 6B50 (X()) NIk Then Yo € Bl/z, and
(2.9) W (o) =u(yo) —€=0

We infer from (2.8), (2.9), and (2.4) that [V (y)] < [Vut(yy)| < c2(N,p, A).
Observe now that |V ()| = cimocy/6o and therefore we obtain

my < 7(50.
CoCq

Thus, inequalities (2.7) and (2.6) are proved.

Step 3. Prove that
(2.10) IVué(x)| < C(n,p,A) forx € Bz n QF.
Indeed, let x¢ € By;3 N QF, 8¢ = dist(xo, B1 \ Q) and define

ué(xg + 0gx) — €
oo

w(x) = for x € By.

Then, from the inclusion Bs,(xo) C QF and inequality (2.6) we will have
0<w =< C(N,p,A) inB;.
Since also w is p-harmonic in By, from the interior gradient estimates we obtain
IVut(xo)l = [Vw(0)| < C1(N, p, A),

which proves (2.10).
Now the theorem follows from (2.4) and (2.10). O

3. PASSAGE TO THE LIMIT: &; \ 0

From now on we will assume that functions B¢ in (P¢) satisfy (1.2)-(1.3).
This section embodies the main technical tools that one needs to establish the
main theorem (Theorem 4.3).

Lemma 3.1. Let {u} be a uniformly bounded famzly of solutions to (Ps). Then
for every sequence €; — O there exists a subsequence 8 — 0 and u € Lip(Q) such
that:

() Ui — w uniformly on compact subsets of Q;
(i) Apu =0inQ\d{u > 0};
(i) Vu® - Vu in L (Q).
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Proof. Part (i) follows by Theorem 2.1 and a standard compactness argu-
ment. Let now E € {u > 0} be open. Then u > ¢ > 0 in E. By the uniform

convergence, we will have % > ¢/2 in E for small 6;-. Hence, if also e}- <c/2,

u% will be p-harmonic in E. This implies that u is p-harmonic in E and since E
was arbitrary, (ii) follows.

Finally, we prove (iii). Let ¢ be a nonnegative C;°(Q) function, and 6 > 0.
Take (u — 8)" Y as a test function. Since Apu = 0 in the positivity set of u,
integrating by parts, we obtain

J IVul”([J:—J IVulP2vu-vyu+46 IVulP2vu - vy.
{fu>68} {u>98} {u>48}

Letting 6 — 0 we find

(3.1) J IVuI"’L,Uz—J IVul??vVu - Vy u.
{u>0} {u>0}

On the other hand, the observation B¢ (uf)u® = 0 yields

(3.2) JQIVuEI’”Lps—JQIVuEI’””VuE-V(puE.

Using the uniform convergence of u¢ to u and the weak convergence of | Vuf [P ~2Vu¢
to [VulP~2Vu in LP/P "V (Q), we infer from (3.1) and (3.2) that

(3.3) limsupJIVuEfl’”tps JIVuI’”L]J.

Jj—oo
Since Vué — Vu in LﬁC(Q), we have

(3.4) J IVulPy < liminf [ [Vus Py,
J—>00

It follows from (3.3), (3.4), and a simple compactness argument that Vué — Vu
in Ll (Q).
The conclusion of part (iii) is proved, and so is the lemma. O

We now prove that limit solutions are solutions to the free boundary problem
in a very weak sense.

Proposition 3.2. Let {u®i} be a family of solutions to (Pe,). Assume that uti —
u uniformly on compact subsets of Q as €j — 0. Then there exists a locally finite
measure | supported on the free boundary Q 0 o{u > 0} such that Be,(u®) —
u in Q. In particular, Apu = p in Q, i.e.,

(3.5) JQIVuI""2Vu-Vq9dx:—JQ(pdu
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forall p € CP(Q).

Proof. By definition of weak solutions to (P¢), if @ € Cy°(Q), one has

(3.6) j@ IVUEP2VUE - Ve = — JQ Be(u) .

Since u% — w uniformly on compact subsets of Q, by Lemma 3.1 we know
Vué — Vu in L} (Q), and so the left-hand side of (3.6) converges to the left-
hand side of (3.5). Now let F € Q be compact, and take ¢ € C5’(Q), @ = 0,
@ = 1in F. The sequence {J, Be; (%)@ dx} is convergent, and therefore it is
bounded. Hence

J Be; (u®) dx < J Be,(u) @ dx < C(@).
F Q

This implies that there exists a locally finite measure p such that, passing to a
subsequence (still denoted by ;) if necessary, B¢, (u®) — u as measures in Q.
Passing to the limit in (3.6), we get (3.5). Moreover, since Apu = 0in Q\ 0{u >
0} by Lemma 3.1, we conclude that p is supported in Q N 0{u > 0}. The proof
is thus complete. O

Lemma 3.3. Let {uti} be a family of solutions to (Pe,) in Q such that u®i — u
uniformly on compact subsets of Q and €j — 0 as j — co. Let X0, xn € QN0{u > 0}
be such that xn — Xo asn — . Let Ay — 0, Uy, (x) = (1/Ap)u(xy + Anx), and
(U)a, (x) = (1/Ap) U (xn + Anx). Suppose that ux, — U asn — oo uniformly
on compact sets of RN. Then, there exists j(n) — oo such that for every jn > j(n)
there holds that €, |An — 0, and

(i) (uén)r, — U uniformly on compact sets of RN ;
(i) V(uéin)a, — VU in LY (RN);
(iii) Vua, — VU in L (RN).

Proof. The proof is along the lines of the one of Lemma 3.2 in [6]. We
discuss here only the relevant modifications. For simplicity we assume x5, = Xo.
Proceeding as in the cited reference, one can show that (i) holds. The functions
(utin),,, are solutions to

Ap(ufin)a, = Bej;, ja, ((Uin)y,)
in By, where k is a fixed positive number. By Lemma 3.1 there exists a subse-
quence, still denoted by jy, such that V(ufin),, — VU in L? (Bx). Then also (ii)

holds. In order to prove (iii), let 6 > 0 and consider

IVua, = VUl < [IVua, = V), I+ 1IV(u)a, — VU =1 +11,
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where all the norms are in L (By). By (ii) we already know that IT < § if j > jn
and n is sufficiently large. Moreover, by virtue of Lemma 3.1 it holds

IP = J [IVu — Vud|?(xo + Apx) dx
Bk

1

=N B )IVu—VuEJ'I”(x)dx<5’”
n Ank (Xo

if j and n are sufficiently large. This proves (iii). O

We now turn our attention to the special case when the limit function u is one-
dimensional.

Proposition 3.4. Let x € Q, and let u® be solutions to
Apufk = Bfk (ugk)

in Q. Ifus converge to x(x — xo){ uniformly on compact subsers of Q, with x € R,
and gx — 0 as k — oo, then

1/p
Osas<p M> .
p—-1

Proof: Without loss of generality, we assume x¢ = 0. Since u® = 0, we
readily have o« = 0. Next, let ¢ € C5°(Q). Choosing U W as a test function in the
weak formulation of Apu® = B¢, (u%) (see Remark 3.5 below) and integrating
by parts, we obtain

(3.7) —lj IVusk|P @y, +[ |Vusk|P 2y vusk . vy = J Be, (U )Py, .
pJa Q Q

Here, B¢, (s) = fOS Be (T) dT. Since 0 < B, (s) < M, there exists M(x) € L®(Q),
0 < M(x) = M, such that on a subsequence (still denoted by &x) B, (ué) —
M(x) x-weakly in L®(Q). If ¥y € Qn {x; > 0}, then u®* > «y;/2 in a
neighborhood of y for k sufhiciently large. Hence, if u® (x) = & we have, by
(1.2),

utk (x) /&g
B () (x) = | B(s)ds = M.
0
Moreover, using Proposition 3.2, it is immediate to recognize that VBg, (u®) =

Be,(uE)Vusk — 0in LL.(Q N {x; < 0}). Hence M(x) = M € [0,M] in
QN {x; < 0}. Passing to the limit in (3.7) yields

p—-1
14

WYy, dx + MJ WYy, dx,

of J Yy, dx =M
{x1>0} {x1<0}

{x1>0}
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and integrating by parts we find

p—-1
p

(x’”J pdx' =M (pdx'—MJ wdx'.
{x1=0} } }

{X1=0 {X1=0

The arbitrariness of ¢ € C¢°(Q) allows to conclude ((p—1)/p)a? = M—M < M,
since M > 0. Hence &” < (p/(p — 1))M, and the proof is complete. O

Remark 3.5. We recall that the weak solution u of the equation Apu = f in
Q with bounded f has a representative in W23(Q) if2 < p < o0, and in WP (Q)
for1 < p <2,seee.g. [17]. This, in conjunction with local L* bounds on |Vu®|
in Q, justifies the integration by parts in the proof of Proposition 3.4 above.

Proposition 3.6. Let x € Q, and let u® be solutions to
Aputt = B (u)

in Q. If u® converge to x(x — x0)7 + y(x — x0)7 uniformly on compact subsets of
Q, witho, y >0 and ey — 0ask — o, then

. 1/p
=y<|—+—M )
wmv = (55)

Proof: Without loss of generality we assume xo = 0. As in Proposition 3.4,
u satisfies (3.7), and it is immediate to recognize that B, (u%) — M in L (Q).
Passing to the limit in (3.7), and integrating by parts in the resulting equation, we
find that x = y.

Now we assume that « > ((p/(p — 1))M)V/? and show that this leads to a
contradiction.

Step 1. Let Ry := {x = (x1,x") € RN : |x1]| < 2, |x'| < 2}. Without loss
of generality, we may assume R, € Q. First of all, we construct a family {v%} of
solutions to (Pe;) in R, with the property

(3.8) V¥ (x1,x") =v9(=x1,x")  in Ry,

and such that v4 — u uniformly on compact subsets of R, where u(x) = «|x1].
To this end, we let be; = supg |u® — ul and v¥ be the minimal solution (i.e.,
minimum of all supersolutions) to (P¢,) in R with boundary values v% = u—b,
on 0R;. By virtue of Lemma 3.1, there exists v € Lip,,.(R>) such that, on a
subsequence, V¢ — v uniformly on compact subsets of R,. From the minimality
of v& it is immediate to recognize that u > v.

To prove the reverse inequality, we consider w € C?(R), satisfying

(Jw'P?w") =B(w)inR, w)=1, w'(0) =«
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and let
X] bEJ' -

w(x1) = &jw (— —L +s>.

&j YE&j

Here § < 0 is a constant, determined as in [6, Proposition 5.3], such that

1+ as, s=0,
w(s) =
y(s—5), s<S5.

Here « and y are related by «” — y? = (p/(p — 1))M and therefore y > 0 under
the assumption & > ((p/(p — 1))M)VP. Moreover, we have w’ (x1) = y for all
x1 € R. Observe also that w® < u—b,; = v% on 0R;. From Lemma 3.7 below,
it follows that wé < v% in R,. Let us point out that such an implication is not
immediate since, in general, there is no comparison principle for A, — B. As a
consequence, U < v in Ry N {x1 > 0}. Using (3.8), finally, we see that u < v in
R, and the construction is complete.

Step 2. Let R* = {x | 0 < x; < 1, [x'| < 1}. Then using the weak
formulation of (P¢,) in R* we have

Ej = JJ i <l|vvfj|l’> dx = JJ |vv£j|p72vvej ) V’U;‘{ dx
R+ ax1 1% R+

= JLV diV(|VvEJ|P72VUEJfo"1') dx — J’L{+ ,35‘,-(1)”)1};{ dx = F; - Gj.

Using the divergence theorem and that vffl (0,x") = 0 (from symmetry in the x;
variable) we find that

Cp_2. & o £ &
FJ:J |[Vver|P 2(vx"1)2dx’+J Vv P2,/ vy dS,
IR+ {x1=1} IR+ {Ix'|=1}

&Ej . . . . .
where v,{ is the exterior normal derivative of V¢ on 0R* N {|x’'| = 1}. From the
convergence V& — u = @x{ + oxy in Ry and Lemma 3.1 it follows (at least for
a subsequence) that

Ej . . .
Vuy, — xe; pointwise a.e. in Ry = Ry N {x; > 0}.

Since |Vv¥4i| are uniformly bounded, from the dominated convergence theorem
we deduce that

(3.9) lim F; = o? dx’.

j_’oo J5R+Q{X1=1}
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On the other hand
E'+G-=” Qx l|un'5f|"’+B (v¥) | dx
J J P p &j

1 ’
< J (—lefflp +ng(vf.f)> ax’.
IR+ Nix;=1} \ P

Using again that v&% — u = ax{ + ax| uniformly on compact subsets of R,, we
have |Vv¥é| - o« uniformly and Be; (V&) =M on 0R* n{x; = 1}, and therefore

1
- . EC SJ —o? + M| dx'.
(3.10) im sup (E i) Rn{x;=1} (po‘ ) i

j—oo

Combining (3.9) and (3.10) we obtain

1
0P <—o? +M
p

1/p
X < (LM) ,
p—-1

which is a contradiction. The proof is thus complete. O

or equivalently

Lemma 3.7. Let w*(x1) be a strictly increasing solution of
(lwP?w®)" = Be(w?)

on R, and vE(X) be a solution of Apve = B:(VE) in R = {x = (x1,x") | a <
x1 < b, |x'| <}, continuous up to OR. Then the following comparison principle
holds: if vE(x) = wé(x1) for all x € OR, then v (x) = wé(x1) forall x € R.

Proof. Without loss of generality we assume that w®(0) = 0. Since w¢ is
strictly increasing, we can find T > max{|al, |b|} such that

wé(x; - T) <vi(x) onR.

For n > 0 sufficiently small define wé"(x;) := w*(@y,(x1—cp)), where @ (s) =
s+ns?and ¢y > 0 is the smallest constant such that @ (s—cy) < s on [-27T,2T].
By the construction we readily have w®" < w¢ on [-27,27] and the straightfor-
ward computation shows that

Apw = (@) (Apw?) (@) + (W) (@)’ 1Ay,
> ((P;;)pBe(wE'n) = Be (W)
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on [-27,2T]. The first inequality follows from the observation that A, @, > 0

on [-27,27] (for small n > 0) and the second inequality follows from the fact

that x1 < ¢, implies B¢ (w*™) = 0 and that for x1 = ¢; we have @;, = 1.
Summarizing the construction above, we see that, for small n > 0, the func-

tion w1 is strictly increasing on the interval [-27,27], and satisfies A, w*" >

Bs(w#") and w&" < wé. Moreover, as N — 0, w&" converges uniformly to we.
Let now T* = 0 be the smallest constant with the property

woM(x; —T*) <vé(x) onR.

Evidently, T« < T, and in fact, we claim that T* = 0. Indeed, the minimality of
T* implies that there is a point x* € R such that w7 (x] — %) = v&(x*). If
T* > 0, we have w®"(- — %) < w®" < w® < v¢ on OR, and hence x* is an
interior point of R. At this point we observe that the gradient of w&"(x; — T*)
is non-degenerate. We can thus apply the strong comparison principle for the
p-Laplacian to obtain a contradiction, since at x* we have A, w1 (x{ — 7*) >
ApvE(x*). This shows that T* = 0, and in particular that w7 < v¢ on R.
Letting n — 0, we conclude the proof of the lemma. O

4. ASYMPTOTIC BEHAVIOR OF LIMIT SOLUTIONS

In this section we prove the asymptotic development of solutions to (Ps). We
begin with the relevant definitions.

Definition 4.1. A unit vector n € RY is said to be the inward unit normal in

the measure theoretic sense to the free boundary 0{u > 0} at a point xo € 0{u > 0}
if

.1
(4.1) lim JBHXO) |Xtu>0} = Xixl(x—xom>01 | dx = 0.

Definition 4.2. Let v be a continuous function in a domain Q ¢ RN. We
say that v is non-degenerate at a point xo € Q N {v = 0} if there exist ¢, rp > 0
such that .

el )vdxzcr for any v € (0, 19).
r (Xo

The main result in this section is the following.

Theorem 4.3. Let u® be solutions to (Pe;) in a domain Q C RN such that
Ui — w uniformly on compact subsets of QO and €j — 0. Let xo € Q N o{u > 0}
be such that 0{u > 0} has an inward unit normal n in the measure theoretic sense at
X0, and suppose that W is non-degenerate ar Xo. Under these assumptions, we have

1/p
u(x) = (plle> (x =x0,m7" +0(]x = xo|).
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The proof of Theorem 4.3 relies heavily on the following result.

Theorem 4.4. Let i be a solution to (Pe;) in a domain Q C RN such that
ui — w uniformly on compact subsets of Q as €; — 0. Then

1/p
limsup |[Vu(x)| < <pM) )
X—Xo p -1

Proof: Let o = limsup, . [Vu(x)|. Since u € Lip(Q), clearly o < oo. If
« = 0, there is nothing to prove, so we may assume « > 0. There exists a sequence
Xn — Xo such that |[Vu(x,)| — «and u(xy) > 0. Let z, € Qno{u > 0} be
such that dy, = |z —xp| = dist(xy, 0{u > 0}). Define uy, (x) = (1/dp)u(z,+
dnx). Since u € Lip(Q) and uq,(0) = 0 for every n, {ug,} is uniformly
bounded on compact subsets of RN, and therefore for a subsequence (still denoted
by dn) ua, — uo uniformly on compact subsets of RN, where 1 € Lip(RV).

Now, set X = (Xn — zn)/dn € 0B1. We may choose the subsequence d, so
that X, — X € 0B;. Then ug is p-harmonic and nonnegative in B; (X). Consider
now the sequence
_ Vug, (xn)  Vulxy)

Vg, (X)) IVulxn)l

Vn

Passing to a subsequence, we assume, without loss of generality, that v,; — e;. At
this point we observe that By;3(X) C B;(Xy) for n sufliciently large, and there-
fore ug, is p-harmonic in By;3(x). By interior gradient estimates, uq, — Uo
in CH9(By2(x)) for some o > 0. This suffices to show that Vug, — Vuy
uniformly in B;;3(X) and thus, as a consequence, |Vu(xy)| — 0x,uo(x). In
particular, Ox, uo(X) = «.

Next, it is easy to show that |[Vug| < ocin RN Indeed, let R > 1, § > 0. Then
there exists Top > 0 such that |[Vu(x)| < o + 6 for any x € Byr(x0). Observe
now that [xy, — x¢| < ToR/2 and dy, < To/2 imply Ba,r (Xn) C Br,r(x0), and
therefore |Vug, (x)| < & + 6 in Bg for n large enough. In particular, Vug, —
Vug *-weakly in L®(Bg) and thus |Vug| < &+ 6 in Bg. Since d and R are
arbitrary, we conclude

[Vuol < ¢ in RN.

Let w = 0y, Uo, which is a weak solution to the equation
dx, (0:7(Vup)dx,w) =0 in By (),
with 9ij(§) = (p - 2)|§|p74§i§j + 5ij|§|p72§ij. We also know that w < « in
Bi(x), w(x) = . By the maximum principle (recall that 0y, uo(x) = « > 0),
w = o in By (x) and so ug(x) = &(x1 — 1) in By (x) for some y € RN, It is

not difficult to recognize that

ug(x) = a(xy —y1) in{x; = y1}.
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We now apply Lemma A.1 from the Appendix to ug in {x; — 1 < 0} and obtain
uo(x) =y(x-y)y +o(lx —y[) in{x; -y <0}

for some y = 0. Define, for A > 0, (ug)a(x) = (1/A)uo(Ax + ). There
exist a sequence Ay, — 0 and a function ugy € Lip(RY) such that (u¢)a, — oo
uniformly on compact sets of RN. We have ugo(x) = ax{ + yx; in RV, By

. 0 go, . .
Lemma 3.3, there exists a sequence &; — 0 such that u® is a solution to (P,o)
J

and u% — g uniformly on compact subsets of B;. Applying Lemma 3.3 again
(the second “blowup”) we find a sequence E?O — 0 and solutions % to (ngo)

converging uniformly on compact subsets of B; to o (x) = &x; + yx7 . Finally,
we may apply Proposition 3.4 or Proposition 3.6, depending on whether y = 0 or

y > 0, to conclude & < ((P/(P—l))M)l/p- =
We are now ready to prove Theorem 4.3.

Proof of Theorem 4.3. Without loss of generality we may assume x¢ = 0 and
n = e;. Define, for A > 0,

ua(x) = %u(Ax),

and let p > 0 be such that B, € Q. Since up € Lip(Bp/a) uniformly in A, and
ux(0) = 0, there exist a subsequence Aj — 0 and a function U € Lip(RN) such
that us; — U uniformly on compact subsets of RY. From Lemmas 3.1 and 3.3 it
follows that u, is p-harmonic in its positivity set {ua > 0}. Next, rescaling (4.1)
we see that, for every fixed k > 0

[{ur>0Nn{x; <0} NBg| -0 asA—-0.

Hence, U is nonnegative in {x; > 0}, p-harmonic in {U > 0}, and vanishes on
{x1 < 0}. By Lemma A.1, there exists &« > 0 such that

U(x) = ax{ +o(Ix]) in {x; > 0}.

By virtue of Lemma 3.3, we can find a sequence 53- — 0 and solutions u% to (PE;,)

such that u% — U uniformly on compact sets of RN as j — oo,

On the other hand, if we define Ur(x) = (1/A)U(Ax), Ux — ax{ uniformly
on compact subsets of RY as A — 0. Applying Lemma 3.3 the second time, we
find now a sequence 0; — 0 and solutions u% to (Py,) such that u% — oy
uniformly on compact subsets of RN, and
(4.2) Vu% — axix,>0i€1 in L (RN),

loc
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by virtue of Lemma 3.1.

Further, we proceed as in the proof of Proposition 3.4. Let ¢ € C5°(RV) and
choose Uy as a test function in the weak formulation of Apufi = Bg (1),
Then we find that By, (u%) — MXx, >0} + MXx, <0} *-weakly in L®(Q), and
((p-1)/p)ax? = M — M. We now claim that either M = 0 or M = M. To this
end, let K € {x; < 0}. Then for any € > 0 there exists 0 < < 1 such that

o
Km{5<u7<1—5}‘

IK N {e <Bg,;(u%) <M - ¢g}| <
gj

. a
Kn {ng(u".f) > FJ}‘ -0
as j — oo, where a = infjs,-518 > 0, since o, (u%) — 0 in L' (K) by virtue
of Proposition 3.2. At this point we observe that, thanks to a simple compactness
argument, the latter fact also implies that the convergence of By, (u%) to M is
actually in Ll ({x1 < 0}). We may thus conclude

IKNn{e<M<M-¢}=0

for every € > 0 and K € {x; < 0}. Hence, the claim is proved.
Let us see now that & > 0. By virtue of the non-degeneracy assumption on u
at 0, for every ¥ > 0 and j sufficiently large,

1

T_N 5 Up; = C7,

v

and passing to the limit as j — oo,

1
— U=cr.
N JBY cr

Clearly, this forces « > 0, and as a consequence, M = 0 and ¢ =
((p/(p - 1))M)1/p. We have thus shown that

1/p
_pP_ '
(43) U(x) = (p_l ) X1+0(|X|), x1 > 0;

0, x1 < 0.

Next, it follows from Theorem 4.4 that

1/p
IVU| < <% ) in RV,
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At this point it suffices to observe that U = 0 on {x; = 0} to conclude that
U= ((p/(p-1))M"YPx;in {x; > 0}. Applying Hopf’s boundary principle we
see that necessarily

1/p
Ux) = (LM) x; in {x; > O}
p—-1

As an immediate consequence we finally obtain

1/p
u(x) = (LM> xi +o(lxl),
p—-1

and the proof is complete. -

APPENDIX A.

Here we prove an analogue of Corollary A.1 in [6] on asymptotic development of
p-harmonic functions near flat boundary points, by a slight modification of the
proof of Lemma A.1 in [6].

Lemma A.1. Let U € Lip(B{) and assume that U is nonnegative in By, p-
harmonic in {U > 0} and vanishes on 0Bf N {x1 = 0}. Then in By, U has the
asymptotic development

U(x) = axx; +o(lx])

with & = 0.

Proof- Let 4y := inf{l | U(x) < Ixyin B;,k}. Since ¥k is a nonincreasing
sequence of nonnegative finite numbers, there exists & = limg—_.. €x. Then

U(x) < ax; +o(lx]) in Bf.

If & = 0, the conclusion of the lemma will follow. Assume therefore that & > 0.
Then there exists a sequence x* € Bf with 1y = [x¥| — 0 such that

U(x*) < axk - §om,

for some 8o > 0. Note that x* will belong to the cone C = {|x| = (x/d¢)x1},
and thus we can assume that v := x* /7y converges to some Vo € 0B] N C. Next,

let
Uk(x) = M

Since {U*} are uniformly Lipschitz, we may assume that Uy converges uniformly
on B to a nonnegative function V. Then from the construction we will have
V(x) < axy in B, and in addition

Vix) < axq — % and UK(x) < fixy — % on 0B N B:(v)
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for a sufficiently small € > 0 and large k.
Let now w be a p-harmonic function in Bi with smooth boundary values,
such that

w = X1 on an’ \Bz/Z(VO)n
wex -2 on 3B} N Be4(vo),
4
0o +
X]—— <w <x; ondBf NB:a(vy).

4

Then w vanishes on the flat boundary {x; = 0} n By, it is C17 up to {x; =
0} N By, and by the Hopf boundary principle

w(x) < (1-wx; in B;;

for some small i, y.

Now, from the comparison principle we will have U* < fyw in Bf for large
k, and consequently Uk < 01 (1 — p)x, in B;. This implies & < (1 — p) &, which
contradicts the assumption that & > 0. The lemma is proved. O
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