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Abstract  We consider the class of minimal surfaces given by the graphical strips S in the
Heisenberg group H! and we prove that for points p along the center of H' the quantity
W is monotone increasing. Here, Q is the homogeneous dimension of H'. We also

prove that these minimal surfaces have maximum volume growth at infinity.

Keywords Minimal surfaces - H-mean curvature - Integration by parts - First and second
variation - Monotonicity of the H -perimeter

1 Introduction

In recent years the study of surfaces of constant horizontal mean curvature H (to be defined

below) in sub-Riemannian spaces has seen an explosion of interest. Similarly to the classical
situation, this interest has provided a strong stimulus for the development of a corresponding
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618 D. Danielli et al.

geometric measure theory. For a partial account of such surge of activity the reader should
consult [1-7,9-20,22,25-27,29-32,34-50,53-62,64,65].

In this context, the Heisenberg group H" occupies a central position, especially in connec-
tion with the sub-Riemannian Bernstein and isoperimetric problems. We recall that H" is the
stratified nilpotent Lie group whose (real) underlying manifold is R?**! with the non-Abelian
group law inherited by the complex product in C"*!

/ / / / / / 1 / /
(x9y’t)‘(x7y,t):(x+x’)’+y’t+f+§(<x’)’>_<xvy}))~
Ifweset p = (x, y,1), p’ = (x', ¥/, t') € R*"*! define the left-translation map by L,(p") =

pop’,and we indicate with L7 its differential, then the Lie algebra of all left-invariant vector
fields in H" is spanned by the 2n + 1 vector fields

Xi = L*(0x) = 0y — 200, Xpwi = LE(3y) = 0y + 2o, T =L*@3,) =9

1 — p(xi)—xi_2t7 n+i — p(yi)—yi+2t7 - p(t)—t,
where i = 1, ..., n. We note the important commutation relations [X;, X, ;1 =T,i, j =
1,..., n. They guarantee that the vector fields X1, . .., X, suffice to generate the whole Lie

algebra, and therefore the Heisenberg group is a stratified nilpotent Lie group of step two,
see [8,33,66]. Such group is in fact the basic model of such sub-Riemannian manifolds, and
it plays in this context much the same role played by R” in Riemannian geometry. The first
Heisenberg group H' is obtained when n = 1. If we indicate with p = (x,y,7) € R® a
generic point of its underlying manifold, then the generators of its (real) Lie algebra are the
two vector fields
X1 =L5@) =0y — 20, Xa = Lj(dy) = 8y + 0,
p 2 prry Y 2

and we clearly have [X, X»] =T = L;‘,(Bt) = 0.

To introduce the results in this paper we recall that one of the most fundamental properties
of classical minimal surfaces S C R is the following well-known monotonicity theorem,
see [52], and also [21,51,63].

Theorem 1.1 Let S C R™ be a C? hypersurface, with H being its mean curvature, then for
every fixed p € S the function

wme&@w>+/m—1

rm—1

/ |H| dH,,_; dt, (1.1)
0 SNB.(p.t)

tm—l

is non-decreasing. In particular, if S is minimal, i.e., if H = 0, then

Hy—1 (SN Be(p, 1))
—
rm—l

(1.2)
is non-decreasing.

In (1.1), (1.2) we have denoted by H,,— the (m — 1)-dimensional Hausdorff mea-
sure in R™. Theorem 1.1 has many deep implications. It says, in particular, that minimal
hypersurfaces have maximum volume growth at infinity, i.e., there exists ¢,;,, > 0 such that
Hpu_1(SNB(p,r)) > cpur™ Vasr — oo.

In this paper we are interested in related growth properties of the sub-Riemannian volume
on a minimal surface in H'. By minimal we mean a C? oriented surface S C H!' such that
its horizontal mean curvature H vanishes identically on S, see Definition 2.2 below. The
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Sub-Riemannian calculus and monotonicity of the perimeter 619

sub-Riemannian volume instead is the so-called horizontal perimeter, see Definition 2.3
below. We should say right upfront that, despite the efforts of several workers, the mono-
tonic character of the sub-Riemannian volume on a general minimal hypersurface in H"
continues to represent a fundamental open question. As far as we are aware, our main result,
Theorem 1.3 below, is the first sub-Riemannian monotonicity theorem.

The main obstacle so far has been represented by finding an appropriate substitute of some
basic properties such as, for instance, the following elementary, yet fundamental fact from
Riemannian geometry. Consider in R” the radial vector field ¢ (x) = >/~ x;dy,, then on
any C? hypersurface S C R™, one has

divs¢ = m —1, (1.3)

where we have indicated with divs the Riemannian divergence on S. The elementary identity
(1.3) has many deep implications, and one could safely claim that behind most fundamental
results from the classical theory of minimal surfaces there is (1.3). For instance, Theorem 1.1
and the Sobolev inequalities on minimal surfaces [52] are consequences (highly non-trivial,
of course) of (1.3). The number m — 1 in the right-hand side of (1.3) is dimensionally correct
since the standard volume form o on a hypersurface in R scales according to the rule

o (8, (E)) = ""'o(E), ECS,

where 3, (x) = Ax represent the isotropic dilations in R™.

In sub-Riemannian geometry, however, the correct dimension is dictated by the non-iso-
tropic dilations of the ambient non-Abelian group, and this seemingly natural fact becomes a
source of great complications. For instance, given a C! hypersurface S C H", and indicating
with oy the horizontal perimeter on S (for its definition we refer the reader to Sect. 2), then
one has

o8, (E)) = A2 oy (E), ECS, (1.4)

where 8, (x, v, t) = (Ax, Ly, 121) indicates the non-isotropic dilations in H” associated with
the grading of its Lie algebra. Here, the number Q = 2n + 2 represents the homogeneous
dimension of H" associated with the dilations {5, },~¢. Thus for instance, when n = 1, we
have Q = 4.

Guided by the analogy with (1.3) one would like to find a horizontal vector field ¢ in H"
whose sub-Riemannian divergence on S (to be precisely defined below) satisfy the equation

divy.sc =0 — 1. (1.5)

Such attempt would not possibly work however, for several reasons which are all connected
to one another. First of all, the integration by parts formula in which one would like to use
such a ¢ contains a corrective term which is produced by the above mentioned non trivial
commutation relations which connect the generators of the Lie algebra of H". Secondly, one
should not forget that not only the radial vector field ¢ satisfies (1.3), but it also possess the
equally important property that

sup  [(¢(x), VSIx)| < r, (1.6)
xeSNB(0,r)

where V¢ indicates the Riemannian gradient on S. Because of these obstructions, there
has been no progress so far on the question of the monotonic character of sub-Riemannian
minimal surfaces.

One of the main contributions of the present paper is a monotonicity formula for an
interesting class of minimal surfaces in H', the so-called graphical strips. Such surfaces
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were introduced in the work [28], where they played a crucial role in the solution of the
sub-Riemannian Bernstein problem in H!.

Our main result hinges on the discovery that, despite the original evidence against it, for
such class of surfaces the generator of the non-isotropic group dilations in H' provides a
valid replacement of the radial vector field in R". This sentence must, however, be suitably
interpreted, in the sense that things do not work so simply. What we mean by this is that the
horizontal integration by parts formulas from [25] (see also [23]) which constitute the sub-
Riemannian counterpart of the classical integration by parts formulas on hypersurfaces (for
these, see, e.g., [21,51,63]), do not suffice. They need to be appropriately intertwined with
a twisted vertical integration by parts formula also discovered in [25]. Both such formulas
have played a pervasive role in the establishment of a general second variation formula for
the horizontal perimeter. For other independent works on integration by parts and variation
formulas one should also see [15,44,53,65]. To state our main result we recall the relevant
definition.

Definition 1.2 We say that S C H' is a graphical strip if there exist an interval I C R, and
G € C?*(I), with G’ > 0 on I, such that, after possibly a left-translation and a rotation about
the 7-axis, then either

S ={x,y,)eH | (y,t) eRx I, x = yG(1)}, (1.7)
or
S ={(x,y,)eH | (x,1) eRx I,y =—xG(1)}. (1.8)

If there exists J C I such that G’ > 0 on J, then we call S a strict graphical strip.

When the interval / can be taken to be the whole real line, then we call S an entire graph-
ical strip (strict, if G’ > 0 on some J C R). Examples of entire strict graphical strips are the
surfaces

x=yt+p), a>0, (y1) ek
and
x = ytantanht¢, (y,?) € RZ.

In Theorem 1.5 in [28] it was proved that every graphical strip is a minimal surface in H!.
The relevance of these minimal surfaces lies in some results from [28], which we recall in
Proposition 4.1, Theorems 4.2 and 4.3 below. The main result of this paper is the following
theorem.

Theorem 1.3 Let S C H' be a graphical strip, and denote by oy the sub-Riemannian
volume form, or horizontal perimeter, on S. For every pg = (0,0, ty) € S the function

o1 (SN B(po. 1))
- s
rO-1

> 0,

is monotone non-decreasing. Moreover, there exists a universal constant w > 0, independent
of the point pg and of the particular graphical strip S, such that

oy (SN B(po, 1)) > wrl7!, foreveryr > 0.
As a consequence, graphical strips have maximum volume growth at infinity along the center

of H'.
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Sub-Riemannian calculus and monotonicity of the perimeter 621

In the statement of Theorem 1.3 we have denoted by B(po, r) = {p € H" | d(p, po) < 1},
where d(p, po) = N(p, ! p) represents the gauge distance on H" defined via the Koranyi-
Folland gauge function N (p) = (|z|* + 16t5) /4, p = (z, 1) € H".

The proof of Theorem 1.3 is inspired to the ideas set forth in the beautiful paper [52],
except that, as we have said, we need some new ideas to bypass the obstacles posed by the
sub-Riemannian setting.

A description of the content of the paper is as follows. In Sect. 2 we introduce the rele-
vant geometric setup, and we recall the main integration by parts theorems from [25] which
constitute the backbone of the paper. In Sect. 3 we combine such results with a suitable
adaptation of the ideas in [52] to establish some general growth results for hypersurfaces in
H". A basic new fact is the identity (3.12) in Proposition 3.5 which represents the appropri-
ate sub-Riemannian analogue of (1.3). Combining it with the integration by parts we obtain
the growth Theorem 3.6, which concludes Sect. 3. Finally, Sect. 4 is devoted to proving
Theorem 1.3.

2 Sub-Riemannian calculus on hypersurfaces

In this section we introduce the relevant notation and recall some basic integration by parts
formulas involving the tangential horizontal gradient on a hypersurface, and the horizontal
mean curvature of the latter, which are special case of some general formulas discovered in
[25]. Such formulas are reminiscent of the classical one, and in fact they encompass the latter.
However, an important difference is that the ordinary volume form on the hypersurface S
is replaced by the horizontal perimeter measure doy . Furthermore, they contain additional
terms which are due to the non-trivial commutation relations, which is reflected in the lack
of torsion freeness of the horizontal connection on S. Such term prevents the correspond-
ing horizontal Laplace-Beltrami operator from being formally self-adjoint in L>(S, dog) in
general.

We next recall some basic concepts from the sub-Riemannian geometry of a C? hypersur-
face S C H". For a detailed account we refer the reader to [25]. We consider the Riemannian
manifold H" equipped with the left-invariant metric tensor with respect to which X1, ..., X»,
is an orthonormal basis, the corresponding Levi-Civita connection V on H", and the horizon-
tal Levi-Civita connection V¥ . We assume that S is oriented and denote by v the Riemannian
Gauss map on S. We define the so-called angle function on S as follows

2.1

The characteristic set of S, hereafter denoted by Xs, is the compact subset of S where the
continuous function W vanishes

X(S8) ={peS|W(p) =0} (2.2)
The next definition plays a basic role in sub-Riemannian geometry.

Definition 2.1 We define a horizontal normal on S as follows

2n

N = > (v, X)X, (2.3)
j=1

@ Springer



622 D. Danielli et al.

so that W = [N |. The horizontal Gauss map v on S is defined by

NH
vl = —— onS\Z(S). (2.4)
INT|
Henceforth, we set (vH, Xi)=D;, (vH, Xu+i) =¢q;,i =1,...,n,so that

P+ AP+ =1

We note that N*! is the projection of the Riemannian Gauss map on S onto the horizontal
subbundle HH" C TH". Such projection vanishes only at characteristic points, and this is
why the horizontal Gauss map is not defined on 2 (S). The following definition is taken from
[25], but the reader should also see [43] for a related notion in the more general setting of
vertically rigid spaces.

In what follows we will indicate with

HTS < 75 N HE”

the so-called horizontal tangent bundle of S. Let {eq, . . ., e2,—1} denote an orthonormal basis
of the horizontal tangent bundle HT'S.

Definition 2.2 The horizontal or H-mean curvature at a point pg € S\ X(S) is defined as

2n—1
H = > (Ve v")

i=1
If instead py € X(S), then we define H(po) = lim,_, ,,H(p), provided that the limit exists
and is finite.
Given an open set 2 C H" denote by

o 1/2

2n
F(Q) = ¢=Z¢ijeCé(sz,HH">|||¢||oo=sgp N
J=1 j=1

Given ¢ = 23”:1 pjXj € Cé (Q, HH"), we let divyg ¢ = 23":1 Xj¢;. The H-perimeter of
a measurable set £ C H" with respect to 2 was defined in [11] as

Py(E;2) = sup /divmpdg.

F(Q
peF( )EOSZ

If E is a bounded open set of class C!, then the divergence theorem gives

2n
Py(E; Q) = sup /Z(u,xj>¢jda= sup /(NH’qj)do

9T, png =1 97, Eng

_ / N |do,

dENQ

where do is the Riemannian surface measure on 0E. It is clear from this formula that the
measure on 0F, defined by

on(ENQ) ¥ Py(E: Q)
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Sub-Riemannian calculus and monotonicity of the perimeter 623

on the open sets of dF, is absolutely continuous with respect to o, and its density is rep-
resented by the angle function W of d E. We formalize this observation in the following
definition.

Definition 2.3 Given a C? non-characteristic hypersurface S C H", with angle function W
asin (2.1), we will denote by

doy = |N"|do = Wdo, (2.5)
the H -perimeter measure supported on S.

Definition 2.4 Let S C H" be a non-characteristic, C2 hypersurface, then we define the
horizontal connection on S as follows. Let V7 denote the horizontal Levi-Civita connection
in H". For every X, Y € Cl(S; HTS) we define

HSy _ wHy _ vHvV JH\,H
VyTY = VoY — (VgY, v 7,
where X, Y are any two horizontal vector fields on H” such that X = X, Y =Y on S.

__ One can check that Definition 2.4 is well-posed, i.e., it is independent of the extensions
X, Y of the vector fields X, Y.

Proposition 2.5 For every X, Y € C'(S; HTS) one has

viSy — vibSx =[x, v1? — (X, Y1 vl

In the latter identity the notation [X, Y 17 indicates the projection of the vector field
[X, Y] onto the horizontal bundle HH". It is clear from this proposition that the horizontal
connection VS on S is not necessarily torsion free. This depends on the fact that it is not
true in general that, if X,Y € C!(S; HTS), then [X, Y17 € C'(S; HTS). In the special
case of the first Heisenberg group H' this fact is true, and we have the following result, see
Proposition 7.3 in [25].

Proposition 2.6 Given a C? non-characteristic surface S C H', one has [X, Y1 € HT S
forevery X, Y € C\(S;: HTS), and therefore the horizontal connection on S is torsion free.

Definition 2.7 Let S be as in Definition 2.4. Consider a function u € C!(S). We define the
tangential horizontal gradient of u as follows

VS, € v (vHE pf)
where # € C'(G) is such that # = u on S.

We are now ready to state the integration by parts formulas from [25] which constitute
the backbone of this paper.

Theorem 2.8 (Horizontal integration by parts formula) Consider a C? oriented hypersurface
SCH" Ifu € Cé (S\Xs), then we have

/vl.H*Su doy = /u [roft = ' SVdon, i=1,....m, (2.6)
S S
where the C' vector field ¢S = > CZH’SX,' is given by

S =0t =@ (@ X1+ + G, Xn — D1 Xng1 — - — DpX2n) . (2.7)
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624 D. Danielli et al.

H.S is perpendicular to the horizontal Gauss map v¥  i.e., one has

(™S vy = o0, 2.8)
and therefore ¢S € C1(S\Zs, HTS).

As a consequence, €

Remark 2.9 We note explicitly that in view of (2.7) we can re-write (2.6) as follows

/VH’SM dog = /u {H vH E(VH)J‘}dGH. (2.9)
S S

We have the following notable consequences of Theorem 2.8.

Theorem 2.10 Let S C H" be a C? oriented hypersurface, with characteristic set . If
¢ € C{(S\Xs, HTS), then we have

/{divH,S; n (cH’S,g“)} doy = /H(g,vH) doy, (2.10)
S S

where we have let
2n
. H,S
leH,Sf = E Vi gi.
i=1

We next recall a different integration by parts formula which involves differentiation along
a special combination of the vector fields v? and T.

Theorem 2.11 (Vertical integration by parts formula) Ler S C H" be a C? oriented hyper-
surface. For every f € cls), g€ Cé (S\X(S)), one has

/f(T—wY)gdaH = —/g(T—aY)fdaH + /fngdaH, 2.11)
S S S

where we have let Yf = (Vf, vil).

3 Growth formulas for the horizontal perimeter on hypersurfaces

In this section we establish some preparatory results which constitute sub-Riemannian ver-
sions of some basic growth lemmas on hypersurfaces which in the Riemannian case were
first found in [52]. Throughout the section we will work in H", for arbitrary n € N. In what
follows, we consider functions p € C!(H") and A € C!(R), to be determined later.

Lemma 3.1 Consider a horizontal vector field ¢ = lei] ¢iX; € CY(H", HH"). Let S C
H" be a C? hypersurface with empty characteristic locus X(S). Suppose that the level sets
of p are compact, and let ). be non-decreasing, with A(t) = 0 fort < 0. Given ¥ € C(S),
for every r > 0 we have

/ {divH,sz + (eH5, z>} Ar —p) ¥ doy — / N —p) (g, VIS p) doy
S S

< [ao=priel {11y + 1975 w1} dou. G.1)

S
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In particular, choosing ¥ = 1 we obtain from (3.1)

[ divis ¢+ 5.0} a0 = py dow ~ [ 6 = p)ie. " p) do
S S

< /w ) I¢] M do. (3.2)
S

Proof For a fixed r > 0 we define

u = g rr—p)y, (3.3)

where A : R — R is non-decreasing, and A = 0 for ¢t < 0. We have

Z (dive,sg) A — p) ¥ + AGr = p) (. VSy) = V(G — p) w(c, V).
_ (3.4)

We now integrate (3.4) on S with respect to the measure o . Applying (2.6) in Theorem 2.8
we obtain

/divH,S CAr—p)Ydoy + /A(r — p)(¢, VIS y)doy

S S
= [ ¥ =0 v VS pldon + [ 4= p) ™S c)don
S S
= /H A —p) (¢, vdoy. (3.5)
From the identity (3.5) we easily obtain (3.1). O

We next use the formula (2.11) in Theorem 2.11 with the choice g(p) = A(r — p(p)) to
obtain the following result.

Lemma 3.2 Let S C H" be a C? hypersurface with empty characteristic locus. Suppose
that the level sets of p are compact, and let ) be non-decreasing, with A(t) = 0 fort < 0.
For every r > 0 we have for any f € C'(S)

/w _p) (T —@Y)f doy = / F X — p)(T —@Y)p doy

S

+/A(r — o) f ®Hdoy. (3.6)

S

At this point we combine (3.2) in Lemma 3.1 with (3.6) in Lemma 3.2, obtaining the
following basic result.

Theorem 3.3 Let S C H" be a C? hypersurface with empty characteristic locus. Consider
a horizontal vector field { = zlzil ¢iX; € CLH", HH"). Suppose that the level sets of p
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are compact, and let ). be non-decreasing, with L(t) = 0 fort < 0. For everyr > 0 we have
forany f € C1(S)

[divis ¢+ 004 (7 =@} 460 = p) do

S
- / Vi —p) [(6. V5 p) + £(T @Y dow
S
< /A(r—p){|§|+lf|5} M) do. 3.7)
S

In particular, if S is minimal, we obtain from (3.7)

/ [divis ¢+ (€.0) + (T ~@¥) f] 10 — p) don
S
- [ ¥ = {90+ T ~a1)p) do
S
< 0. (3.8)

We now turn to the fundamental question of the choice of the horizontal vector field ¢ and
of the function f in Theorem 3.3. With this objective in mind we introduce the following
definition.

Definition 3.4 Let pg € H", then the generator of the non-isotropic dilations {8, },~0 cen-
tered at pg is defined by

n
Zpof(p) = D (i = x0.)Xi + (yi = 0.0 Xnpi + [2t = 10) + ((x, yo) — (x0, Y)IT
i=1
Definition 3.4 is motivated by the following considerations. Let F € C!(H"), then

Z, F(p) & 4 -
nF(p) = d_AF(POSA(PO P))

r=1

Now

podi(py ' p) = (xo + A(x —x0), y + Ay — yo),
1
fo + A* (r = fo + 5 ((x, y0) = (xo, y>))

A
+ 5((?60, y —yo) — {yo, x — xo))) .

A simple calculation now gives

d —1
— F(pod
’h (podr(py p))

. OF aF
= > (i = x0.)7—(p) + (i = y0.)7—(p) + [2t —10)
a=1 im 0x; dyi

1
+ 5((% yo) — {x0, YDITF(p). (3.9)
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Sub-Riemannian calculus and monotonicity of the perimeter 627

If in (3.9) we now use the fact that
oF oF X;
— —(p) = XntiF(p) — TF(p),
0Xx; ayi 2

we easily obtain the formula in Definition 3.4.
Guided by Definition 3.4, we now choose the horizontal vector field ¢ and the function f
in Theorem 3.3 as follows

(p) = XiF(p)+ %TF(m,

n

t(p) = D ((xi = x0.0Xi + (i — 0.0 Xnti) - (3.10)
i=1
S(p) =2t —10) + (x, yo) — (x0, y)- (3.11)
With these choices, we next establish a remarkable identity which should be considered as

the sub-Riemannian counterpart of the above recalled (1.3). In what follows, similarly to
formula (2.11) above, we will use the notation Y f = (V f, vf).

Proposition 3.5 Fix a point pg = (xg, Yo, to) € H" and consider the horizontal vector field
¢ € C®(H", HH") given by (3.10), and the function f € C'(H") in (3.11), then on any
C? non-characteristic hypersurface S C H" (or on any hypersurface S, but away from its
characteristic set ¥.(S)) one has the identity

divgs ¢+ S, o)+ T —wV)f = 0—1. (3.12)

Proof We begin by observing that with ¢ = l’f: 1(Ci Xi + Cnyi Xyyi) one has
v/hs

_ H.S 5 .
; ;lzl—pz Vn—i-l;n'i'l:l_qlz’ l=1,...,n.

i
Therefore,

n

n
divise = > (V6 + Vi) = m =Y Bl +a) = 2m—1 = 0-3.
i=1 i=1
(3.13)
We now have from (2.7)
¢S = B@ X1+ + Gy Xn — D1 Xng1 — - — DpXan),
and therefore

(€5, ¢) = @z, W) — (20, 0T,

where, abusing the notation, we have setz1 = >0 xiXi + YiXnti 20 = 2oy X0 Xi +
¥0,i Xp+i- On the other hand, since Y1 = 5(x1q) + -+ + xXuq,, — Y1P1 — " — YnPp)> W€
have

(T —@Y)2(t — 1p)) = 2Tt — 2&Yt =2 — &z, w1).
We also have
(T —@Y)((x, yo) — (x0. ¥)) = =&Y ({x, yo) — (x0. ¥)) = @(z0. W) "),
and so
S 0y + (T —aY)f = 2. (3.14)
Combining (3.14) with (3.13) we obtain (3.12). O
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If we now combine (3.8) in Theorem 3.3 with Proposition 3.5, we obtain the following
basic result.

Theorem 3.6 Let S C H" be a non-characteristic minimal surface, then with ¢ as in (3.10)
and f as in (3.11), one has for any pg = (xo, yo, ty) € H"

Q- 1)/)»(r—p) doy
S

- / Vi —p) [(6. V75 p) 4 £(T @Y} don
S
< o. (3.15)

4 Monotonicity for graphical strips

In this section as an interesting consequence of Theorem 3.6 we prove Theorem 1.3. To pro-
vide the reader with some motivation for the class of graphical strips we begin by recalling
a result which is part of Theorem 1.5 in [28].

Proposition 4.1 Every C? graphical strip is a minimal surface in H' with empty character-
istic locus.

One fundamental aspect of graphical strips is represented by the following Theorem 4.2,
which constitutes one of the two central results in [28]. In order to state it we mention that
by V,b; (S; X) we denote the second variation of the H-perimeter measure oy with respect
to a deformation of S in the direction of the vector field X. A minimal surface S with
empty characteristic locus is called stable if Vﬁ (S; X) > 0 for every compactly supported
X =aX|+bXy+kT. Otherwise, it is called unstable. We note that, since thanks to Propo-
sition 4.1 every graphical strip has empty characteristic locus, the horizontal Gauss map v
of such a surface is globally defined.

Theorem 4.2 Let S be a C? strict graphical strip, then S is unstable. In fact, there exists a
continuum of h € C(%(S), for which Vﬁ (S; vy < 0.

In connection with the stability assumption in Theorem 4.2 we mention that it represents
a new phenomenon with respect to the classical case. In fact, thanks to the strict convexity of
the area functional A(f) = fQ 1+ |V f|2dx, any critical point of the latter (and therefore
any minimal graph) is automatically stable, see for instance [21]. In the sub-Riemannian
setting this is no longer true. This central aspect of the problem was first discovered in [26]
where it was shown that the non-planar minimal surface S = {(x, y, ) € H' | x = yt}is
unstable (recall that such surface is a strict graphical strip).

The following theorem constitutes the second main resultin [28]. It underscores the central
relevance of graphical strips in the study of minimal graphs in H!.

Theorem 4.3 Let S C H! be a minimal entire graph of class C?, with empty characteristic
locus, and that is not itself a vertical plane

My = {(x,y,1) € H' | ax + by = p)}, (4.1)

then there exists a strict graphical strip So C S.
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By combining Theorems 4.2 and 4.3 the following solution of the sub-Riemannian Bern-
stein problem was obtained in [28].

Theorem 4.4 (of Bernstein type) In H! the only C? stable entire minimal graphs, with empty
characteristic locus, are the vertical planes (4.1).

After these preliminaries we turn to the proof of Theorem 1.3. In what follows we denote
by B(po,r) = {p € H" | d(p, po) < r}, where d(p, po) = N(palp) represents the gauge
distance on H" defined via the Koranyi-Folland gauge function N(p) = (|z|* + 16:2)1/4,
p = (z,t) € H". Using this function we now specialize the choice of the function p in
Theorem 3.6 by letting p(p) = N(py ! p). Of course, this is not the only possible choice of
p, but at the moment we will not further investigate this question since we plan to return to
it in a future study.

Notice that we can write

1/4
p(p) = [((r = x0% + (0 = 30)2)” +4 QU = 10) + (ryo —x0)? | (42)

A simple calculation gives

Xip=p 7 [(x —x0)|z — z01* = 2(y — yo) (t — t9) + (xyo — x0¥))],  (4.3)
Xap = p 7 [(vy = y0)lz — z0l* + 2(x — x0) 2t — t9) + (xyo — x0¥))]|, (4.4

Tp = p 4120t — to) + (xyo — x0¥)]. (4.5)
From (4.3), (4.4), (4.5) we obtain with ¢ and f as in (3.10), (3.11) respectively,
(€. VEp)+ fTp = p. (4.6)

On the other hand, we have from the expression of the horizontal covariant derivative on S
(6. VHSp) = (¢, VHp) — (v p vy (g, v,
Using (4.6) we find
(6. VISp) + f(T —@Y)p = (& VT p) + fTp
— (Vo vy vy @ frp
=p— (V) (e v +3r), @D
where in the last equality we have used the fact that Yp = (VHp vty

The next result provides a fundamental estimate. It is at this point that we use the special
structural assumption that S be a graphical strip in H!.

Lemma 4.5 Let S C H' be a C? graphical strip. Let py = (0,0, to) € S, then with ¢ as in
(3.10) and f asin (3.11), one has

sup |6, VS p) + (T —wY)p| = .
SNB(po,r)

Proof In view of (4.7), proving the lemma is equivalent to showing

sup |p— (v p, o) (16,0") +af)| = 1
SNB(po,r)

Without loss of generality we assume that

S={x,y,) el | (y,1) eR x I, x = yG(1)},
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for some G € C2(I), such that G’(r) > 0 for every t € I. We next recall some calculations
from [28]. It is obvious from the definition that S is a C? graph over the (y, 7)-plane. We can
use the global defining function

¢(x,y, 1) = x =yG(), (4.8)
and assume that S is oriented in such a way that a non-unit Riemannian normal on S be given
by N =V¢ = (X19)X1 + (X20) X2 + (T ¢)T. We thus find

2
p=X1¢=1+ %G/(t), q=X20=-G(t) — %G/(t), w =Tp=—yG'(1). (4.9

Incidentally, since p > 1 > 0, we see from (4.9) that £(S) = @.
From now on, to simplify the notation, we will omit the variable ¢ in all expressions
involving G(¢), G'(t). The second equation in (4.9) becomes on S

y2
g =-G (1 + TG/)' (4.10)
We thus find on S
2
W = p2+q2=x/1+G2(1+y7G/). (4.11)
The equations (4.9), (4.10) and (4.11) giveon S
- L & 5 yG' (4.12)
p — s q — — s w = — . .
VI+G2 VI+G2 VTG (1 + 56)
We thus have on S
2
_ yG y }
xXq —yp=-— + = —yv1+ G2, (4.13)
{«/1+G2 V14 G2
and also

yG@) yG@)

v = B _
TS 6w 1+ Gan

On the other hand, if pg = (x9, yo, o) € S, we must have xg = ygG(#p), and therefore

(4.14)

_ _ G(t9)G 1 } 14+ G(t))G @.15)
X09 — Yop = —Yo ==Y, .
VI+G? J1+G? V1+G?
and also
_ _ G — G(10)
xXop +yoq = —Yo—F—=- (4.16)
v1+ G?
We also have on S
xyo —xoy = yoy(G — G(ip)). 4.17)
Combining (4.14) and (4.16) we find
(g,v?) = x—x0)P+ (= y0)g = yow (4.18)
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From (4.12), (4.17) we have

2
_ 2G'(G - G(1)) 2(t — 19)yG’
B2t — 10) + (xy0 — X0Y)) = —2y0—= - e
VIH @ (1 + 56) VTG (1 + 56
(4.19)
Combining (4.18) and (4.19) we find
_ G — G(1)
v+ fo = yo——r
R N
2
LG (G -Gt 2(t —10)yG’
Ly, 2GG -Gy 2wy w0

VIHG (1 + 56) VT+67 (1 + 56')

When xo = yp = 0, and therefore pg = (0, 0, 1), we obtain from (4.20)

2(t — t9)yG’
(¢, v + fo=— U=ty - (4.21)
VIHG (1 + 56)
Next, we observe that we have on S
21> = y*(1 + G?). xlz]> =y’G(1 +G?), ylz]* =y (14 G).
If we use these formulas in (4.3), (4.4), in combination with (4.12), we obtain
4y(t — 19)(1 + G?
(i 5 ply = U0+ ET) (4.22)
p3 1+ G2
Combining equations (4.21), (4.22) we find
2
16(r — 10)>%- G’
Vi) (6. 0") + f3) = U3 (4.23)

P21+ %56)
Since on S we have
pt =24y 1600 —10)* = y* (1 + G*)? +16(1 — 10)°,
from this equation and from (4.23) it is at this point easy to check that on S one has
p— (Vo™ ((c.v") +@f) 0.
Since from (4.23) again we see that (V7 p, v) ((;‘, vHy 4+ f@) > 0, we finally obtain
p— (Vo) (160" + @) [=p= (V7 p,v™) (6. v") + @1 ) =5,
which, in particular, proves the lemma. O

We can now prove the main result in this section.
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Proof of Theorem 1.3 We define

P(r) = / AMr —p)don. (4.24)
S
We easily find
d (P 1
i (72) = 7o (P - 0 - vpe).

We next recall that for any pg = (xg, Yo, fo) € H" one has from (3.15),

(Q = DHP() - / N(r=p) {(6.V"90) + f(T —@Y)p| doy <0, @25)
S

where ¢ is asin (3.10) and f asin (3.11).
At this point the crucial Lemma 4.5 enters the picture. In it we have proved that on the set
B(po,r) = {p < r} one has

(€. VS p) + f(T —Y)p| = 7. (4.26)

Then from (4.26), the fact that 1’ (r — p) > 0 and from (4.25) we can conclude that
d (P@) 1
dr (rQ_l) =5 (PP’ = (@ = DP(M) = 0.

We now fix 0 < r; < rp < oo and integrate the latter inequality on the interval (rq, 1)
obtaining

7

2
d (P@) P(r2)  P(r1)
o= [ 3 (e =T =

2

r

1 1
= F/A(Vz — p)dO'H — ﬁ/)\.(}’l — p)dO'H (427)
) "1

At this point we fix arbitrarily 0 < € < r1, and choose a non-decreasing 0 < A(s) < 1, with
A=0ifs <0, =1if s > €. With this choice we obtain from (4.27)

1 1
0= }’Q_l / A(ry — p)doy — ;/-Q—_l / A1 — p)doy
2 SNB(po,r2) I SNB(po,r1—€)
1
- / M1 — p)dory
"1

SN[B(po,rD\B(po,r1—¢)]
- oH(SNB(po,r2))  ou(SNB(po,r1 —¢€))

=< (4.28)
er_l rlQ_1
Letting ¢ — 0 we reach the conclusion
o (SN B(po.r1)) _ ou (SN B(po. 1))
rlel B erfl
O
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According to Theorem 1.3 the limit

5 on (SN B(po,r))
m
r—0t r@-1

exists. In the next proposition we show that such limit is actually positive and independent
of the point pg € S or of the function G (¢) which defines the graphical strip S.

Proposition 4.6 Let S be a graphical strip, that is,
= {(x,y,t)|x=yG({)} where G € CI(R), G'(t) >0 forallt € R,
then for every po = (0, 0, t9) € S we have

! og (SN B(po,r))
im 3
r—0t r

1
— /(1—r2)idz>0.
0

Note that this limit is independent of G(t) or of the point pg = (0, 0, fp) € S.
Proof Let ¢ be as in (4.8). We then have
SN B(po,r) = {(x,y,0) e H' [x =y G@®), y* (1 +G®)*)* + 16 —10)* < r*).

2
1X$| = (1 n %G'(t)) J1+G)2.

Hence
on(SNB(po,r)) _ 1 / X9
3 3 Vol
SNB(po.r)
1 2
== / (1 + %G’(t)) V1I+G@®)? dydt
r

{0 [y A+G (1)) +16(1—10)? <r*)

1
rr—160-1)H)

to+ V1162 5
_ /\/1+G(t)2 / (1+%G/(t)) dy | dt
10—7 (r4—16(r—to)2)%
V146G ()2

L
)

3 i

4 PRVIS / 4 PRV
e [(r 16(t — 10)2)7  G'(r) (r* — 16(t to))4]dt

+
V1I+G@)? 6 (1+G@)?)>

L

p
2 ot G'(t) (r* —16(t — 10)?)1
_ _ _ 2.1 - — 10
=3 /(r 16(t —19)“)3 + G 1+ G2 dt
t()—f
2
to+4 to—i-f
G'(1) 3
/(r4—16(t 1) )4dt—|——/ LG )2)(4—16(t—t0)2)4dt. (4.29)

t—— to——
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. . 2 .
To continue we make the change of variable  — #o = -7 and analyze the following two
terms.

L
7

o+ 1
2 7r s 1
3 (r —16(t—t0))4dt — r(l—r AZ (1—-—19%dr
re 0

0_

(4.30)

2
fo+ xT

2 G0 4 o
/6(1—|—G(t)2) (r 16(r — t9)") % dt

l‘()—rT

1
B 1/ G'(to + r’t/4)
33 ) 1+ G(tg+r2t/4)?
—1

2
P (1— 1'2)% % dt

1
2 / 2
Gt 4
- Go+r7e/d 2340 431)
12) T4 G +r27/4)?
—1

Using (4.30) and (4.31) in (4.29) and Lebesgue dominated convergence theorem, we obtain

5 o (SN B(po,r))
1m 3
r—0t r
| 2 ! G/ 2 4
7
— lim [(—>idr + . (o +r7z/4)

lim —
=0+ r—0+t 12 ) 14+ G(tg +r2t/4)?
0 -1

(1-— rz)% dt

1
G'(t 4
Z/(l—fz)‘l*err(hm —)/(l—r) (0+rr/)2d
r—0t+ 12 =0+ 1+ Gt + 2 7/4)
0

- / (1= 2} dr. (4.32)

Using (4.29), (4.30) and (4.31) we can also compute and obtain

on (SN B(po,r))
m

r—00 r3
1
2.1 .
(1—-19)%dt + lim
r—00
0 -1

(1—1)7 dr.  (433)

1 r2 G'(ty + r’t/4)
/12(1+G(to+r2r/4)2)

Of course, the above limit may or may not be finite.
At this point, combining Theorem 1.3 and Proposition 4.6 we obtain the maximum sub-
Riemannian volume growth of graphical strips at infinity.
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Corollary 4.7 Let S ¢ H' be a graphical strip, then for every py = (0,0, 1)) € S, and
every r > 0 one has

o (SN B(po,r)) = wrl™!,

where we have set w = fol(l — rz)% drt.
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