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Abstract. We establish a nonlocal generalization of a well-known inequality by C. Fefferman and
D. H. Phong

/ Vuldx < C/ |Dul? dx,
Rll R”l
5,25

foru e C§°(R"™) and V belonging to the Morrey space M;,“" with 1 < s < n/2, when the gradient in
the right-hand side is replaced by the energy associated to an arbitrary system of Lipschitz continuous
vector fields. Accordingly, the multiplier V' is taken in an appropriate Morrey space defined using the
Carnot—Carathéodory metric generated by the vector fields.

As an application, we prove the Harnack inequality and the Holder continuity of solutions for a
wide class of second order quasilinear subelliptic equations.
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1. Introduction

A theorem of C. Fefferman and D. H. Phong [F] states that a sufficient condition
for a measurable V > 0 to satisfy the embedding

f Vu?dx < c/ |Dul?dx, u e CSCR"), (1.1)

is membership of V in the Morrey space M$?, where 1 < s < n/2. Here, for
1 <s <ooand A > 0, the Morrey space M:* is defined as the collection of all
V’sin Lj (R™) such that

loc

1 1/s
sup (ﬁ/ V? dy) < 00. 1.2)
xeRr \T lx—yl<r

r>0
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We observe that when s = n/2, then M$% = L"?(R"), and (1.1) simply
follows from the Sobolev embedding, after an application of Holder inequality. We
also note that M3-% < M2, so in general (1.1) would follow from an analogous
result for the class M,}~2. The latter, however, is false. This can be seen by con-
sidering the Radon measure du = V dx, for V € M2, Should (1.1) be true, such
measure would define an element of the dual space W2(R")*. But this would
contradict the necessary and sufficient condition due to Hedberg and Wolff [HW],
see also [Z, Thm 4.7.5]. It is important to note that, if the Schrédinger operator
H = —A—V isessentially self-adjoint on C§°(R"), then its positivity is equivalent
to (1.1) (via integration by parts). Furthermore, Fefferman and Phong have shown
[F] that (1.1) is useful to obtain eigenvalue estimates for H. The proof of (1.1)
in [F] rested on a variant of Lusin area integral and on related maximal function
inequalities.

In this paper we establish a nonlocal generalization of Fefferman and Phong’s
inequality (1.1) when the standard gradient in the right-hand side is replaced by
the energy associated to an arbitrary system of Lipschitz vector fields. Accord-
ingly, the multiplier V will be taken in an appropriate Morrey space defined using
the Carnot-Carathéodory metric associated to the vector fields. Our main point is
to show that, even in such generality, Fefferman and Phong’s embedding can be
obtained from two basic facts:

(1) The size estimates of the metric balls;
(2) A weak Poincaré type inequality.

The interest of such general setting arises from the fact that it includes, for
example, the case of C* systems of Hormander type and the general subelliptic
operators studied in [OR], [FSC], since by the results in [PS] the factorization
matrix of a smooth positive semi-definite matrix has in general at most Lipschitz
continuous entries. It is important to stress the nonlocal nature of our result. By this
we mean that the relevant functional class does not involve functions with compact
support, as it is for (1.1). Moreover, our estimates hold for a class of domains which
is essentially as large as possible, see the discussion below. As a consequence, some
of the statements are new even in the standard Euclidean context.

We also would like to mention that the presence of a differentiable structure is
not really crucial for us. Therefore, appropriately reformulated, the main theorems
go over to the interesting purely metric context studied in [Ha].

In order to state our results we introduce the relevant assumptions. We consider
in R" a system X = {Xi,..., X,,} of vector fields having real valued, locally
Lipschitz coefficients. We write
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and denote by X}f = — Y 4_1(8/3x)(bjr-) the formal adjoint of X ;. For a given
function u, we let Xu = (Xyu, ..., X,,u), and set |Xu| = (3", (X;u)*)*/. For
1 < p < ocoandan open set 2 C R"” we let

LYPQ) ={uelP(Q) | Xjuel’(Q),j=1,...,m}.

Here the derivative along the vector fields X ;u, j = 1, ..., m, are understood in
the distributional sense. Endowed with the norm

1/p
llull g1.r (@) = (/ (lul? 4 | Xul?) dx) ,
Q

£L17(2) becomes a Banach space. We also define the space 3‘1*"(52) as the com-
pletion of the set

{u € Lipg(2) | ull 10 (g < 00},

with respect to the norm || - || 1.p ().

A piecewise C* curve y:[0, T] — R” is called sub-unitary (with respect to
the system X) if, whenever it exists, y/(¢) is sub-unit according to [FP]. Given
x,y € R", denote S(x, y) the collection of all sub-unitary curves connecting x to
y. The sub-unitary length of y is defined to be /;(y) = T. Throughout the paper
we assume S(x, y) # @. Then

d(x,y) =inf{l;(y) | y € S(x, y)}

defines a distance, usually called the control, or Carnot-Carathéodory, distance
generated by X. We will denote B = B(x,R) = {y € R" | d(x,y) < R} the
metric ball and, whenever convenient, simply write aB for B(x, aR). The Euc-
lidean distance will be denoted d.(x, y) = |x — y|, and the relative metric balls
with B,(x, R). We shall also suppose that metric balls are open in the Euclidean
topology of R”. A very useful consequence of such assumption is that, in fact, the
metric topology and the Euclidean topology are compatible, so that, in particular,
compact sets in either topology coincide. We stress that, even when the system X
is C*, it is not always true, in general, that the inclusion i: (R", d,) — (R", d) be
continuous.
We now introduce the relevant quantitative assumptions.

HYPOTHESIS. For any (Euclidean) bounded set U c R” there exist numbers Cy,
Cy, Ry > 0and a > 1 such that for x € U and 0 < R < Ry one has

B(x, 2R)| < C1B(x, R), (L.3)
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sup 111y € B | uy) sl > 2] < CzR/ |Xul dy
A> aB

for every u € C*(aB). (1.4)

In (1.4) we have letuz = 1/|B| [, udy. Givenaset U C R" as in the Hypothesis,
with relative parameters Ci, Ry, we let

0 =log, Ci,

and call this number the local homogeneous dimension of U. The number Q plays
in our results the same role played by the Euclidean dimension in (1.1). In fact,
when X = {3/0xy,...,d/0x,} is the standard basis in R", then (1.3) holds (with
equality) with C; =2", and therefore Q =n. In this case (1.3) is fulfilled with
Ro = 0o, whereas (1.4) trivially follows from the Poincaré inequality.

Other more important examples are as follows:

(@) Let G be astratified nilpotent Lie group of step r andlet g = V... V" bea
stratification of its Lie algebra. If X ={X1, ..., X,,} isabasis of V1, then (1.3)
holds with C; =22, Q being the homogeneous dimension of G (see [FoS]).

(b) More in general, if X is a system of C vector fields satisfying Hormander’s
finite rank condition [H]: rank Lie [X3, ..., X,,] = n, then (1.3) follows from
the fundamental work of Nagel, Stein, and Wainger [NSW].

(c) An interesting family of nonsmooth vector fields for which our assumptions
hold is provided by the Baouendi—Grushin systems modelled on

Xk+j:|x|a—, j:l,...,n—k, (15)

where we have written a generic point in R” as (x, y), with x € R¥, y ¢ Rk,
These vector fields, and the associated second order pde’s, were introduced in [B]
and subsequently studied in [G]. Later on, Franchi and Lanconelli [FL1], [FL2],
[FL3] developed the relevant De Giorgi-Moser theory for a class of vector fields
modelled on (1.5), see also the subsequent works [FSe], [Fr], [FGW]. In particular,
(1.3) follows from the results in [FL1]. So far, we have not discussed (1.4). A proof
of the latter (in a version which involves the strong L*-norm of the function « in the
left-hand side) that covers the cases (a) and (b) simultaneously is due to D. Jerison
[J]. In the case (c), on the other hand, the condition (1.4) has been proved in [FL2].
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Before stating our main result we need to introduce the relevant Morrey spaces.
Let  be a bounded open set. Given 1 < p < oo, a function u € L (Q) is said to

loc
belong to the Morrey space M§’A(S2), with A > 0, if

N 1/p
el o = sup (r— Iull’dy> < 0
My (@) e \QN B, Nl Janpe.r
O<r<dp

where dy = min(diam(2), Ry). Here, diam(2) = sup,.od(x, y). We note that
the continuity of the inclusion i: (R", d.) — (R", d) implies that any (Euclidean)
bounded set 2 is also d-bounded and therefore diam(2) < oo. We have the fol-
lowing

THEOREM 1.6. Let U C R" be a bounded set with relative homogeneous dimen-
sion Q, and let Ry > 0 be as in the Hypothesis. Assumel < p < Q0,1 <s < Q/p,
B >1landV € My”(BB), where B = B(xg, R), xo € U,0 < R < Ry, and
BB C U. Then, there exists C = C(U, X) > 0 such that for any u € L?(8B)
one has

/ lu(x) —up|”|V(x)|dx < C”V”M;””(ﬂB)/ | Xu|” dx, (1.7)
B BB
where ug = 1/(|B|) [, udy. If instead u egl’P(B), then

/ lu()|”IV(x)dx < C“V”M;"”(B)/ | Xul” dx. (1.8)
B B

REMARK. It is clear that when X = {8/dx1, ..., d/dx,} in R”, then ML*(Q) =
MP"(2) and Theorem 1.6 gives back (1.1) when p = 2. In this context, the case

p # 2 was proved in [CF] with a clever approach completely different from that
in [F]. A crucial role in [CF] is played by the pointwise gradient estimates of the
solution to the Dirichlet problem for V e M, """
{ Au =YV in B, = B,(xp, R),
u lyp,= 0.
Such estimates, in our context, would be possible if pointwise bounds of the
subelliptic gradient of the Green’s function G(x, y) of

L= XIX;
j=1
were available. What we are alluding to is an estimate of the type

d(x,y)

XG(x, <C———.
XGOS CBG e, ]
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We emphasize that such bounds are known to hold when the system X is C*
and of Hormander type (see [NSW], [SC]), and it is thus possible to adapt the
ideas in [CF] to obtain a very short proof of Theorem 1.6. Under our very weak
assumptions, however, they may plainly be false. Pointwise estimates such as

d(x, y)? L d(y)?
BBV G,y <t B
B, d(x, ) S &Y 1B(x,d(x.y))|

would not suffice for the approach in [CF]. We have thus adopted some of the ideas
in [FS], [Sa], and [KS], but with some simplifications based on the paper [He] and
on the use of the atomic decomposition for tent spaces in [S2]. Another important
tool is the recent work [FW].

In the second part of the paper we present some applications of Theorem 1.6 to
the regularity of solutions to quasilinear subelliptic equations of the type

D XA j(x u, Xu) = f(x,u, Xu). (1.9)

j=1

The latter are modelled on the p-sublaplacian

> XH(1Xu|P? X ju) =0, (1.10)

j=t

first introduced in [CDG1]. For C* systems of Hormander type, a complete study
of the local properties of weak solutions to (1.9) was developed in [CDG1], [CDG3].
There the authors were able to generalize the theory established by Serrin in his
famous papers [Sel], [Se2]. The structural assumptions in [CDGL1], [CDG3] re-
quired membership of the “lower order’ coefficients in appropriate L? spaces which
are optimal for the applications of the sharp subelliptic Sobolev embedding estab-
lished in [D2], [CDG1], [L1], [L2]. Earlier (non optimal) results in this framework
were obtained in [Xul].

By using Theorem 1.6 we can sharpen the results in [CDG1], [CDG3] by al-
lowing the ‘lower order’ terms in the relevant structural assumptions to belong to
appropriate Morrey spaces. The ensuing Harnack inequality and Hélder continuity
for weak solutions of (1.9) are presented in Section 4.

In closing, we remark that the inequality (1.2) is one of several criteria for (1.1)
to hold.

In 1962, Maz’ya [M1], see also [M3, Thm 2.5.2], obtained the following neces-
sary and sufficient condition for (1.1)

V(x)d
sup M < 00, (1.11)
KR cap K
K compact
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which, combined with the inequality

cap K > c(m)| K2,
implies the sufficient condition

S V(x)dx
|K (n—2)/n

n

sup

KCR!
K compact

(1.12)

These criteria can be generalized to the present context, as we show in Section 5.
Next, we recall the definition of the Kato class K". A measurable V > 0 is said
to belong to K" (n > 3) if

. \%4
IlngJ sup %
=Y xeRn Jijx—y|<r |X - }’|

Schechter [Sc] proved that if V € K" (in fact, K¢, would suffice), then a local
version of (1.1) holds. One can easily see that M1* c K, for 0 < A < 2, but this
inclusion does not suffice to recover Fefferman and Phong’s result. More recently,
several authors have obtained stronger results than the one in [F], see [CWW],
[ChwW], [KS], [MV]. However, we chose as the subject of extension the Fefferman—
Phong criterion and not, for example, its improvement

1 2s
sup —— (LV ()~ dy < oo,
.xe]R(;l r |x—yl<r
r>

(see [MV]) because we feel it is more flexible for the applications to partial dif-
ferential equations. The Harnack inequality and the ensuing Hélder continuity of
solutions to (1.9) constituted, in fact, our main motivation to study the embeddings
(1.7) and (1.8).

2. Fractional Integration in Spaces of Homogeneous Type and Morrey
Spaces

This section is devoted to establishing a basic ingredient in the proof of The-
orem 1.6. We stress right away that our results here do not depend on any differen-
tiable structure and, in fact, hold in any space of homogeneous type according to
[CW]. To avoid the introduction of new notations and definitions we will however
keep the discussion to the context of R" with Lebesgue measure dx, and leave
it to the interested reader to provide the needed modifications of our statements.
Hereafter, we fix a bounded set U  R" and denote by C1, Ry its doubling con-
stants as in (1.3). The number Q = log, C; will indicate the relative homogeneous
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dimension. For xo € U, 0 < R < Ry and B = B(xg, R) we introduce the operator
of fractional integration of order « € (0, Q)

d(x, y)*
|B(x,d(x, y))l

The goal of this section is to establish the following.

Lo f(x) =/Blf(y)| dy, xe€B.

THEOREM2.1. Letl < p < Q0,1 <s < Q/p,and V € My"”(B), V > 0. Then,
there exists C > 0, depending only on C, such that for any f € L”(B) one has

[ @apyrvar < civiye [ 11

The proof of Theorem 2.1 will be accomplished in several steps. We start with a
simple, yet useful, lemma which generalizes a result in [He]. We need to introduce
the maximal function and a variant of it. If f e L (R"), then the fractional
maximal function of f of order « € [0, Q] is

o

M, f(x) = sup |f ()l dy.

r>0 |B()C, I’)l B(x,r)
When o = 0 we obtain the Hardy-Littlewood maximal function in a space of
homogeneous type, see [CW] or [C], and simply write M f, instead of My f.

LEMMA 22. Forany 0 < o« < Q@ and 0 < 6 < 1 one has for some C =
C(C,0,a) >0

Lo f(x) < CM, f () Mf(x)*7.

Proof. For 0 < § < R we have for x € B

d(x, y)*

Lo f(x) = oLy
VF () fB'f(y)'|B(x,d<x,y>>|

d(x, y)*®
< — - d
/B<x,s> T ONEE aw o @

d(x, y)*
+/ | ()’)|—y
B(x,2R)\B(x,5) |B(x,d(x,y))l

Here, we are supposing that f has been set to be zero outside B. Using (1.3) we
obtain

[e e}

d , af
()] =2 )

| _eny
pre /;a(x,zka)\B(x,z(kH)a) |B(x,d(x,y))|
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< Ci (@70 IF)ld
s 1B, 258)] Jozis?

< CMf(x)8%.
On the other hand, again by (1.3) we have for kg >~ log,(R/3)

ko

d(x,y)"‘e
11 = lf O —————dy
=5 J B(x,26+18)\B(x,258) |B(x,d(x,y))|
(2k+15)a6‘
< CZ |£()Idy

|B(x, 2k+15)| B(x,2k+1s)

< CM, f ()80,
In conclusion, we obtain
Iaé)f(X) < CMf(x)(S‘“) —+ CMaf(x)S—a(l—())'

Minimizing with respect to § > 0 yields the conclusion. m|

To state our next result consider a nonnegative Borel measure on R”, du. For
0 < o < Q its fractional maximal function of order « is given by

o

,
M,
n(x) = fL:LS'B( )IM( (x,7)),

where for any Borel set E we set u(E) = fE du.

LEMMA 23. Letl < p < 0,0 < o < Q/p. Suppose that u is a nonnegative
Borel measure satisfying for some M > 0

Myppu(x) <M, xeR".

Then, there exists C > 0, depending only on C; in (1.3), such that

/Maf”du < CM/ f17 dx,
B B

for every f € L?(B).

Proof. It is based on the atomic decomposition for tent spaces given in Sec-
tions 2 and 3 of Chapter Il in [S2]. In Section 3.2 Stein considers the problem of
determining those unbounded positive functions ¢(x, ) on R for which

/ sup [p(x, )F(x,H)]"dx < A | |f(x)]”dx,
R R

n 0<t<oo
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where F(x,t) = 1/|B(x, t)lfB(x,t) | f1dy. More in general, given a nonnegative
Borel measure due on R” one can study the validity of an analogous inequality
when the integral in the left-hand side is taken with respect to du, i.e.

/ sup [@(x, 1) F(x,1)]” du(x) < A/ | f(x)]” dx. (2.4)
R Rn

n 0<t<oo

Testing (2.4) against f = xp(y,.r) ONe obtains from (2.4)

/ sup [o(x, 1) F(x, 17 du(x) < AlB(xo, r)l. (2.5)
B

(x0,r) O<t<r

Now, if x € B(xp,r) and 0 < r < r we have
Fx,t) > C

so that (2.5) gives the following necessary condition for (2.4)

/ sup @(x, 1)” du(x) < C|B(xo, 1)l (2.6)
B(xq,r) O<t<r

Using the atomic decomposition in Section 2.6 of [S2] and proceeding as in
the proof of the Proposition on page 70 there, we see that (2.6) is also sufficient
for (2.4). One only needs to observe that the proof of the existence of an atomic
decomposition for the tent spaces is based on the Whitney decomposition, and the
latter is available in any space of homogeneous type. We refer the reader to [S2].

The above being said, we next observe that

My f(x) = sup @(x,0)F(x,1),

O<t<oo

where ¢ (x, t) = t*. Therefore, the conclusion of Lemma 2.3 can be formulated as
(2.4) with such choice of ¢(x, 7). But then, the necessary and sufficient condition
(2.6) would read

/ sup *? du(x) < C|B(xo, r)l,
B

(xp,r) O<t<r

or, equivalently, M., (xo) < C. This completes the proof of Lemma 2.3. m]
We are now ready to give the

Proof of Theorem 2.1. With p and s given as in the statement of the theorem
wetake @ = 5,0 = 1/s,du = V*dx. Then

/Ilfdex=/Ia9f”de,
B

B
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(Lemma2.2) < C / M, fPMfA=9ry dy,
B

0 1-6
(Hélder inequality) < C(/ M, frvie dx) (/ MfP dx)
B B

= C(/B Mafpdu>9(/BMdex>w. 2.7)

The first factor in the right-hand side of (2.7) is estimated using Lemma 2.3,
since V € My"’(B) implies

Mpx/-’L = Mps(vx) < ”V”}YW Q.

5. ps <
(B

For the second factor we use the L”-continuity of the Hardy-L.ittlewood max-
imal function in a space of homogeneous type, see [C]. We conclude from (2.7)

/ Ilf”V dx < C”V”M;{'W(B)/ |f|”dx
B B
The proof of Theorem 2.1 is completed. a

Although we will not use the next result in the proof of Theorem 1.6, we include
it because of its large independent interest.

THEOREM 2.8.Let0 <a < Q0,1 < p < Q/a,ap < A < Q. Then there exists a
positive constant C = C(Cy, A, p, «) such that

”I(Xf”M;i(/(B) < C”f”M;A(B)’ (29)

where1l/q =1/p — a/A.
If p=1,and B, = B(y,r),y€ B,0 <r < Rg,onehasforqg =A/(A — )

B,
sup 19 |{x € BN B, || Lo f(0)] > u}] < €27

q
u>0 r* ”f”M)l('A(B).

Proof. First we consider the case 1 < p < Q/a. Let f € Mf;’K(B), x € B.
Then

d(x, y)*
lf(x) = /B( ) (x.7)

|B(x,d(x,y))]

d(x, y)*

+/ f(y—dy:]j-l—l(f.
BNB(x,8)¢ |B(x,d(x,y))|
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Proceeding as in the proof of Lemma 2.2 we obtain

- d(x, y)*
1L < / | f ()| ——————dy
; 2-*k+tDg<d(x,y) <2 e |B(x,d(x,y))|

00 2- —k o\«
<y IFO)ldy,

— |B(x, 2-*De)| S p(x.2ke)
(by the doubling condition (1.3))

< CleMF(x). (2.10)

We now estimate 72. Let ko be an integer such that 2%0e < 2R < 2b+1g and let R,
denote the ‘ring’ (B(x, 2*1e) \ B(x, 2€¢)) N B. Moreover, set f = 0in B¢. We
then have, for some 0 < o < 1,

d(x, y)*
2 < / JA0) G inli
(B(x,2R)\B(x,¢))NB 1o |B(x,d(x,y))| Y
ko oo 1/p
d(x, y)*r )
< P
g( e OB at i @

d(x, y)*d=o)p/(p=1) (r—1)/p
. (/Rk |B(x,d(x, y))|<1—o)(p/(P_1)))
(again by the doubling condition (1.3))

ko

( k+1€)aa AP ( k+18)ot(1 o)
< - -
= |B( 2kg)|o—1/p ||f”M" B)|B(x, 2kg)|1-o—(1=1/p)
g CN”f”M)P(v)‘(B)Ea_}L/p' (211)

Combining estimates (2.10) and (2.11) we obtain

o f ()] < C{e" M [ (x) + € ”pIIfIIMw(B)}

The choice
_ ( Mf @) )p“
I W prp )
gives
L f ()] < COMF )P £107 (2.12)

MY*(B)
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The conclusion now follows from the LP7-continuity properties of the
Hardy-Littlewood maximal operator in spaces of homogeneous type, see [C].

We turn our attention to the case p = 1. Let I} and /2 be as above. First
of all we notice that the estimate (2.12) holds also when p = 1. Secondly, we
note that, thanks to the doubling condition (1.3), a covering lemma of Vitali type
can be established, see [S1]. As a consequence, one can easily prove the weak L*
continuity of M. We thus deduce from (2.12) for u > 0

{x € BOB, [ [ 1o f(x)] > p}|

3/ (=)
<|IxeBnB | Mf(x) > +/x
CIAN,

CIAIE

< —i / |fldx
A = BNB,

C |B N B, | 3O
< NI

M‘l (B)

C |B|
< —q—llfllq Ly

This concludes the proof. m]

REMARK. One of the main applications of Theorem 2.8 is the following improve-
ment of the Sobolev inequality: Let0 <A < Q0,1 <p <A, g=Ap/(A—p),B >
1. Then there exists C > 0 such that if u € L2X(8B) and Xu € M2 (BB) one
has

||u C”Xu”MpA

gl ) < (8B)"

Moreover, if u €S (B) with Xu € M%™*(B), then

el ) < CIXull g

These embedding results follow immediately from an application of (2.9) and The-
orem 3.1 below. In the case of Hérmander type vector fields, they were proved in
[L3], [L4] with an approach based on the Rothschild-Stein lifting theorem [RS].

Our next result is an approximation property of Morrey spaces. For the standard
spaces M/"*, it was first proved in the cited paper [CF]. In order to generalize it to
the context of a space of homogeneous type, we need to establish some preliminary
results. The first one is related to Lemma 2.3.
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LEMMA 2.13. For 1 < p < oo, there exists a positive constant C = C(p, Cy)
such that for any measurable functions in B ¢ > 0 and f, one has

/(Mf(X))”¢(X)dx < C/ |f ()" M¢(x)dux.
B B

Lemma 2.13 is due to C. Fefferman and E. Stein [FS] in the Euclidean setting. A
slight variant of their arguments, see also [GR, Thm 11.2.12], generalizes the con-
clusion to spaces of homogeneous type. For the reader’s convenience we include
the proof.

Proof of Lemma 2.13. Without loss of generality, we may assume M¢(x) < oo
for a.e. x € B. Let i and v be two positive measures on B such that du(x) =
M@ (x)dx and dv(x) = ¢(x) dx. We need to prove that M is a bounded operator
from L?(B,du) to L?(B, dv), and this will be done using Marcinkiewicz inter-
polation theorem. First we consider the case p = oo. If M¢(x) = 0 for some
x € B, then ¢(x) = 0 for a.e. x € B and the conclusion is immediate. Suppose
M¢(x) > O0foreveryx € Band leta > || f| L~5,au). We have

/ Mop(x)dx =0
{IfI>a}

and therefore |{x € B|| f(x)] > «} = 0, which implies | f(x)] < « for a.e.
x € B. Hence also Mf(x) < « forae. x € B,sothat |Mf| o4 < a. This
gives the (oo, 0o) result

IMSfllLoos.avy < N fllee(B.ap-

It will now suffice to show that M is of weak type (1,1). Without loss of generality,
we may assume f € LY(R"), f > 0. Letr > 0 be given, and let E, = {x € B |
Mf(x) > t}. By Theorem I11.1.3 and the proof of Theorem 111.2.1 in [CW], there
exists a collection of balls {B(x;, kr;)} with k > 1 such that:

(i) the balls B(x;, r;) are disjoint;
(i) E;, = U;B(x;, kr;);
(iii) (1/|B(xi’ri)|)f3(x,~,r;) f(x)dx >t forany i € N.

Then

dx < d
E,¢(x)x ZfB ¢ (x) dx

(xi.kri)

(by the doubling condition (1.3))

Coy Bl
|B(x;, kr;)| B(xi,kry)

i
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C 1
< = S — o (x) dx/ (x) dx
t Z |B(xi, kri)| J B i) B(xi,ri) !

i

< %Z FOOM(x) dx

B(xi,ri)

< & [ reomomar.
B
This concludes the proof of the Lemma. m]

Next, we recall an extension of a result due to Coifman and Rochberg [CR].
Since the proof is a step by step repetition of its Euclidean counterpart, we will
omit it and refer the reader to [GR, Thm 111.3.4].

LEMMA 2.14. Let n be a positive Borel measure such that Mu(x) < oo for a.e.
x € B. Then for every y € (0, 1) the function w = (M )" is an A;-weight in B.
In particular, there exists a constant C > 0 such that

Mw(x) < Cw(x) for a.e. x € B.

In the sequel, we will need the following estimate for the maximal function of
the characteristic function of a ball.

LEMMA 2.15. Lety € Band 0 < r < Ryq. If x denotes the characteristic function
of B(y, r), then

|B(y, )|
|B(x,d(x,y) =)’

My (x) <

for every x € B withd(x, y) > r.
Proof. It suffices to observe that, if d(x, y) > r, then

B(x,p)NB(y,r) #0 & p =2d(x,y) —r.

Hence

Mx(x)zsuplB(x,p)ﬂB(y,r)l < |B(y, )l '
>0 |B(x, p)l |B(x,d(x,y) —r)]

Our next result shows that for any given V. € My" (B) there exists an A;-
weight in the same class majorizing V. Precisely, we have the following (cfr. [CF]).

LEMMA 2.16. Let V e M*?(B),1 < p < 0,1 <5 < O/p. Then (MV*)¥/ ¢
AN My”(B)forany 1 < s; < s.
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Proof. We know that (M V*1)1/51 e A, by virtue of Lemma 2.14. Now let y € B,
0 < r < min(2R, Ry) and let x denote the characteristic function of B, = B(y, r).
We infer from Lemma 2.13 that there exists a positive constant C such that

/ (MVS)shsidx < C/ |VISM x dx.
B,NB B

Let ko be an integer such that 2k, < 2R < 2k+ly Let also R, denote the set
(B(y, 2571r) \ B(y, 2¥r)) N B. Applying Lemma 2.15 we obtain

ko
/ (MV*)stdx < C / |V|de+z [VI*Myx dx
B,NB B, k=0 v Rk

|B N B| 1B, |
<C v gy T d
IV s Z Rk |B(x, d(x,y) — 1)l x}

|B, mB|
<C

1
v S, pSs B Vb—d
e IVl ’<B>+Z' o BG 2 x}

(by the doubling condition (1.3))

B, mB|

1
s s
<Cy——IVII *P‘(B)—'_Z'B' Vi mdx}

ko

7ﬁ - Bl V|*dx
rp V1, X7 B Z |B(y, 2°1r)| Jp(y 21008 .

/N
a

MHVH , 1+ﬂ
SO M (B) |B,N B’

At this point we need only to recall that Carnot—Carathéodory balls satisfy the
interior corkscrew condition (see [GN2]) and thus, in particular, the quotient | B, |/
|B N B,| is bounded above by a positive constant. The proof is now complete. O

3. Proof of Theorem 1.6

In this section we prove Theorem 1.6 along with some generalizations.
The following basic result is crucial to the proof of Theorem 1.6.

THEOREM 3.1. Let U be as in Theorem 1.6 and suppose that (1.3) and (1.4) hold.
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Then for any B = B(xg, R), with xo € U and 0 < R < Ry, there exist constants
C > 0and 8 > 1 depending on C; and C, such that for u € L£%'(8B)) and a.e.
x €B

d(x,y)
lu(x) —up| < C/ﬂB |Xu()’)|m dy. (3.2)

Furthermore, if u e§1~1(B), then one has for a.e. x € B

d(x,y)
<C X —_—dy. 3.3
u(x)] fBI u(y)llB(x,d(x,y))| y (3.3)

Theorem 3.1 was proved in [FLW1] for a C*> system X of vector fields of Hor-
mander type. In the same context an elementary proof based only on (1.3), (1.4) and
on the size estimates of the fundamental solution was first discovered in [CDG4].
Subsequently, Franchi, Lu and Wheeden [FLW2] made the interesting observation
that to obtain (3.2) one needs only (1.3), (1.4) and the following size estimate for
the metric balls: forany 0 <t < 1

|B(x,tR)| < C{*t*7|B(x, R)| forsomey > 0. (3.4)
Recently, Franchi and Wheeden [FW] have proved the important fact that, even for
a system of locally Lipshitz vector fields, 3.4) holds with y = 0, and that moreover

such linear growth is enough to deduce (3.2) from (1.3) and (1.4).

Proof of Theorem 1.6. For u € £L?(B8B) and
L()(x) = [ 1 fDIEA(x, y)/IB(x, d(x, y))]) dy, Theorem 3.1 gives

lu(x) —ug| < C IL(|Xul)(x) forae.x e B.

Invoking Theorem 2.1 we conclude

/|u(x)—u8|"|V<x>|dx
B
< c/ L(Xul)(0)?|V ()| dx
8B

< C||V||M§(’”“’(ﬁ3)/. [Xu(x)|” dx.
BB

This proves Theorem 1.6 when u € £L17(B8B). If, instead, u eglvP(B), then we
read the conclusion from (3.3) and Theorem 2.1. a
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In the case in which the measure du = V dx, with V > 0, is also doubling, i.e.,
for any given bounded set U C R", xo € U, 0 < R < Ry one has

/ Vdy < C3/ V dy, (3.5)
B(x0,2R) B(x0,R)

for some C3 > 0, then we can prove a more general (and global) version of The-
orem 1.6. To state it we recall the definition of the Poincaré—Sobolev domains in
[GN1], abbreviated in (PS)-domains hereafter.

DEFINITION 3.6. An open set @ c R” is called a (PS)-domain if there exist a
covering {B}ges Of 2 by metric balls, and numbers N > 0, « > 1, v > 1 such
that

(1) > per X@+1B < Nxa;

(ii) There exists a (central) ball By € F such that for any B € ¥ one can find a
chain By, By, ..., By = B, with B; N\ B; 11 D B; for some ball B;, for which
NB; D B; U Bi41;

(iii) Foranyi =0, ...,s(B) one has B C vB,.

The above definition is clearly purely metrical. In [GN1] it was proved that a
complete theory of Sobolev and isoperimetric inequalities can be developed for
(PS)-domains from the two elementary constituents (1.3), (1.4). The importance
of (PS)-domains rests in the following chain of inclusions, which holds true in the
Euclidean setting and, except for the first one, also in our very general context (see
[GN1] for a complete discussion)

Lip € NTA C (&, 8) C John C (PS).

We mention that it was proved in [GN1], [BKL] that, in fact
John = (PS).

We have the following global version of Theorem 1.6.

THEOREM 3.7. Suppose that (1.3) and (1.4) hold. For a bounded set U c R”",
let Q ¢ Q c U be a (PS)-domain such that diam(2) < Ro/2. For p and s as in
Theorem 1.6 let V. e My’ (), V > 0, satisfy (3.5). Then, there exists a positive
constant C such that for any u € L%7()

/|u—ug|”de <C||V||M;ps(9)f [ Xul? dx.
Q Q

We do not present here the rather technical proof of Theorem 3.7, but refer the
reader to [GN1] for complete details of the chaining argument that leads from a
local inequality, such as that in Theorem 1.6, to a global one, where both integrals
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in the left-and right-hand side are performed on the same (PS)-domain 2. The
arguments in [GN1] need to be suitably modified due to the fact that we are using
in the left-hand side the measure du = V dx instead of Lebesgue measure. Such
modifications, however, are easily accomplished by using (3.5).

Several examples of large families of (PS)-domains in Carnot-Cara-
théodory spaces were given in [CG], [GN1], [GN2]. We only recall that each
Carnot—Carathéodory ball of sufficiently small radius is a (PS)-domain (see [FGW]
and [GN1]). As a consequence of Theorem 3.7 we can then strengthen the first
conclusion of Theorem 1.6 as follows

[ s 1Vidy < Vg [ 1017 d,
B B

for every u € L%7(B).

4. Regularity of Solutionsto Quasilinear Sub-€lliptic Equations

In this section we are concerned with equations of the type (1.9). Throughout the
section U will denote a bounded open set, with doubling constants C; and Rg as in
(1.3) and homogeneous dimension Q = Q(U) > 0. We also let B = B(xp, R) be
a fixed metric ball, with xo € U and 0 < R < Ry, such that 4B C U. We consider
measurable functions A:R” x R x R™ — R™, f:R" x R x R™ — R and suppose
A= (A1, ...,A,). Weassume that A;,i =1, ..., m, and f satisfy the following
structural conditions: There exist p € (1, Q), g1 > 0 and measurable functions f,
2, f3, &2, g3, ha on R”, such that fora.e. x e R", u e Rand & € R™

|G, u, &) < gul€1P ™ + g2(0)[ul P~ + g3(x),
($) ) 1f 0w, O < AOIEPT + L0 ulP ™ + f3(x),
A(x,u,§) -§ 2 |57 — fa()[u|” — ha(x).

NN

The relevant integrability requirements on the functions f;, g;, #; in the structural
assumptions (S) are as follows: for some ¢ € (0, 1)

(i) g2. g5 € ME""V(U), with p/(p —1) < g < Q/(p — D);
(ii) fo. fa.hs € MEP™O(U), with 1 < g < Q/(p — &);
(i) f1 € MYy, with p < g < 0/ —&).
A function u € L}, .(U) is said to belong to OC,l(;f(U) if ou € L17(U) for every
¢ € CHU). We say that u ¢ aCllc;é’(U) is a (weak) solution to (1.9) if for every
¢ €SP ()

Z/ A(,(x,u,Xu)X(,(pdx:/ f(x,u, Xu)p dx.
olu U
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It is worth noting that with the choice
Aj(x,u, &) = Aj(§) = |&|1"7%;, j=1,....m, f=0,

one can recover (1.10) from (1.9).

Our aim is to prove three lemmas, which allow to bound the “lower order terms’

fi» i, h; appearing in (S) in the proof of the local boundedness and of the Harnack
inequality for solutions to (1.9).

LEMMA 4.1. Letg € (p/(p —1), Q/(p — D)1 and g € M%*?~D(B). Then, there
exists C = C(U, X) > 0 such that for any ¢, v €S>?(B)

/Bgl/f|<ﬂ|p1 dr < Cligllygar g

(p=1)/p 1/p
(/ |X¢I”dX) (/ le”dX> .
B B

Proof. Observe first that g7/ (=D ¢ M{(P~D/Pe(P=Da(py ith

”gp/(p* r/(p—1)

1) —
||M)<(<p—1)/p>q.(p—l>q(3) = ”g”M;[(,q(,D—l)(B)'

We then apply Hdélder’s inequality and Theorem 1.6 to obtain, for ¢, ¥ eglvP(B),

/gllfkpl”*ldx
B
1/p (p—=b/p
< (f W) (/ |g|”/"—1|¢|”dx)
B B
(p—1)/p 1/p
< C”g”M?‘/(l”D(B) : (/ |X(p|p) : </ |¢|p) .
B B

LEMMA 42. Lete € (0,1),1 < ¢ < Q/(p — ), max(L, gP~9/P) < s
min(g, Q/p) and h € ML4P~9(B). Set § = p(1 — s/q). Then there exists C =

C(U, X) > 0 such that for any ¢ egl"’(B)

O

-6
/Bl’l(pp dx g CR‘)2 ||h||M;’(’q(p78)(B)

5/p (p=8)/p
(o) (fmors) ™"
B B

Proof. It is easy to check that h”/7=% € My"*(B), and

-5 -5 -4
[P/ P3| PP RE |

M;‘(.px(B) M;}(.q(pfS)(B). (43)
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Proceeding as in the proof of Lemma 4.1 we obtain, for any ¢ e§l’P(B),

8/p (p—8)/p
//w”dx < (/ |<p|"dx) (/ |h|"/<”>|<p|"dx)
B B B

8/p
< C hp/(p—é) (PX—5S)/P . P dx
< Cl i (] 1o

(p—8)/p
. (/; |Xgo|pdx> . (4.4)

Combining (4.3) and (4.4) we infer the conclusion of the Lemma. m]

LEMMA 45. Lets € (0,1), f € MLY99(B) with p < g < Q/(1 — ), and set
o =1— ps/q formax(l, (g/p)(L—¢)) < s < min(g/p, Q/p). Then there exists
C = C(U, X) > 0such that for any ¢, ¥ eS‘LP(B)

/fsow—ldx
B

o/p
< CR870||f||M;1(.(176)q(B) (/ |<P|pdx>
B

(1-0)/p (p=1/p
(/ IXsol”dx) (/ IWI”dx) .
B B

Proof. Since it is completely analogous to the one of Lemma 4.2, we omit it. O

Using Lemmas 4.1, 4.2, and 4.5 one can prove the following.

THEOREM 4.6 (Harnack inequality). Let u € £,1(;f(U) be a nonnegative solution
to (1.9). Then

essBsup u < C(essBinf u+ K).

Here, K denotes a positive constant which depends solely on the norms of the
functions f;, g, h;, appearing in the structural assumptions (S), in the appropriate
Morrey spaces.

Since the proof of Theorem 4.6 follows very closely the one of Theorem 3.1
in [CDG1] we will not present it and leave the easy modifications to the interested
reader. We only mention that one has to rely on Lemmas 4.1, 4.2, and 4.5, instead of
Holder’s inequality and Sobolev embedding theorem, in order to bound the relevant
integrals involving the ‘lower order terms’ f;, g, h;.
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In a classical fashion, it is possible to infer from Theorem 4.6 the Holder con-
tinuity of solutions to (1.9) with respect to the control distance d.

THEOREM4.7. Letu € £|1(;é’(U) be a (weak) solution to (1.9), and suppose

esssup |u| = M < oo.
U

Then, there exist C > 0and 0 < o < 1, depending on U and M, such that

ess su M < C
vyl d(x, y)®

REMARK. We explicitly observe that our results here properly include the ones in
[CDG1], thanks to the inclusions

C
LoDy £ M), L <q< Lo
p—-1 p—-1
0/(p—0) (1) 2 g1 0
LEP=OU) # My U), 1l<gc< :
p—¢
C
LWy £ MPTOW), p<g <
— &

Moreover, Theorem 4.6 generalizes to the subelliptic context the Harnack inequal-
ity obtained in [Za] for quasilinear elliptic equations. Finally, we would like to
compare our results with the ones obtained by G. Lu ([L5]). In [L5], the author
considers a wider class of equations. Namely, the second inequality in (S) is there
replaced by

£ Ceou, ) < bol€1” + ALOIEIT™ + L)l + fa(x).
When by = 0, however, our integrability assumptions on the functions f;, g;, h;

are weaker than the ones requested by Lu and therefore, in this respect, our results
are more general than the ones in [5].

5. An Extension of a Result by V. G. Maz'ya

In this section we prove that the embedding
/ ()7 |V ()] dx < c/ \Xul? dx, ueSYP(B), (5.1)
B B

holds under suitable generalizations of the criteria (1.11) and (1.12), established by
Maz’ya [M1].
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We need to recall the notion of contact p-capacity associated to a system X =
{X1,..., X} (see [D3], [CDG3]).

DEFINITION 5.2. Let 2 c R" be a bounded, open set, and K C 2 be compact.
For 1 < p < Q we define the (X, p)-capacity of the condenser (K, 2) as

cap, (K, Q) = inf{/ |Xul?dx |u € CF(Q),u=1in K}.
Q

Our first result is a sufficient condition for the inequality (5.1).

THEOREM 5.3. Let U C R” be a bounded set with homogeneous dimension Q,
and let Ry be as in the Hypothesis. Assume 1 < p < Q,0 < R < Ry, xo € U and
V € LL.(B), where B = B(xo, R). If
Jx IV ()| dx <
xkcen  Cap,(K,B) "

K compact

then there exists a positive constant C), such that (5.1) holds with C = C 8.

This result is a straightforward consequence of the following.

THEOREM 5.4. Assume p and B are as in Theorem 5.3. Let u eg‘l*”(B) and, for
t > 0, define N, = {x € B| |u(x)| > t}. Then

/'mmmmwwgquwm,
0 B

with C, = 221,

Since the proof of this theorem is a step by step repetition of its classical coun-
terpart, we omit it and refer the reader to, e.g., [M2, Rem. 4.1] or [M3, Rem. 2.3.1].

We explicitly observe that in the Euclidean context the choice of the constant
C, in Theorem 5.4 is not optimal. In fact, Maz’ya [M2, Thm 4.3], see also [M3,
Thm 2.3.1], proved that C, can be chosen as p?/((p — 1)?~) (C, = 1 when
p = 1). A generalization of this sharper result to the present context would require
a nontrivial extension of the subelliptic coarea formula presently available (see
[GN1]), which goes beyond the scope of this paper. For the applications to partial
differential equations, however, a non-optimal constant suffices.

Since it is clear that the inequality

Jx IV (x)| dx -
KCR" Capp(K7 B)

K compact

(5.5)
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is necessary for (5.1), we immediately obtain the following characterization.

COROLLARY 5.6. Under the assumptions of Theorem 5.3, the inequality (5.1)
holds if, and only if, condition (5.5) is satisfied.

Next, we recall the subelliptic Sobolev embedding theorem (see [D2], [CDG1],
[L1], [L2] and also [CDG2], [FGaW] for the case p = 1)).

THEOREM 5.7. Let p, Q, B, R be as in Theorem 5.3. Then there exists C > 0
such that for any u €S7(B) one has

1 1/kp 1 1/p
—/ |u|*P dx < CR —/ | Xu|” dx ,
|B| Jp |B| JB

where 1 <k < Q/(Q — p).
We can now prove the following ‘isoperimetric’ inequality.

PROPOSITION 5.8. Let p, Q, B, R be as in Theorem 5.3. Then, there exists C > 0
such that

Bl/Q p
cap, (K. B) > C1KI7/2 (=)

for any compact set K C B.
Proof. Let ¢ € C3°(B), ¢ = 1in K. By Theorem 5.7,

1 L 1/kp 1 1/p
— | || ”dx) < CR (—/ [ Xo|” dx) .
(|B| /B ¢ |Bl J ?

On the other hand, clearly

(Q—p)/pq (Q—-p)/ra
(i/|¢|PQ/(Qp)dx) > (@) .
|B| |B|

Hence

|K| (Q-p)/0 RP?
— <C /|X¢|de.
|B| |B| Jp

The conclusion follows from the definition of (X, p)-capacity. m]

At this point we observe that, as a consequence of the doubling condition (1.3),
the quotient |B|*2/R is bounded from below. Keeping this fact in mind and com-
bining Theorem 5.3 and Proposition 5.8, we obtain a non-capacitary criterion for
(5.2).
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COROLLARY 5.9. Under the assumptions of Theorem 5.3, suppose that

sup

KcR?

/|V|dx
K

<
|K|(@-p/Q = B,

K compact

for some 8 > 0. Then (5.1) holds.
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