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Abstract

Let Span(F) be the metaplectic double cover of Spa,(F) where F is a local field of
characteristic 0. We use the Uniqueness of Whittaker model to define a metaplectic
analog to Shahidi local coefficients and we use these coefficients to define gamma fac-
tors. We show that these gamma factors are multiplicative and satisfies crude global
functional equation. Then, we compute these factors in various cases and obtain ex-
plicit formulas for Plancherel measures. These computations are then used to prove
some irreducibility theorems for parabolic induction on the metaplectic group over p-
adic fields. In particular we show that all principal series representations induced from
unitary characters are irreducible. We also prove that parabolic induction from unitary
supercuspidal representation of the Siegel parabolic sub group is irreducible if and only
if a certain parabolic induction on SOq,11(F) is irreducible.
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0 Introduction

Over a period of about thirty years Freydoon Shahidi has developed the theory of local
coefficients and its applications. Nowadays this method is known as the Langlands-Shahidi
method. The references [35], [36], [37], [38], [39], [40], [41], [42], [44] are among Shahidi’s
works from the first half of this period. The applications of this theory are numerous;
see the surveys [13], [43], [45] and [23] for a partial list. Although this theory addresses
quasi-split connected reductive linear algebraic groups, our aim in this paper is to extend
this theory to Spe,(FF), the metaplectic double cover of the symplectic group over a local
field of characteristic 0, which is not a linear algebraic group, and use it to prove a few

irreducibility theorems of parabolic induction.

The properties of Spa,(F) enable the extension of the general representation theory of
quasi-split connected reductive linear algebraic groups as presented in [48] and [53]. A great
part of this extension is already available in the literature; see [22], [10], [1], [2] and [55]
for example. An analog to Bruhat decomposition holds in Spa,(F). If F is a p-adic field,
Spon(F) is an [-group in the sense of Bernstein and Zelevinsky, [7]. Furthermore, in Spa, (IF)
the analogs of the Cartan and Iwasawa decompositions hold as well. If F is not 2-adic then

Spon (F) splits over the standard maximal compact subgroup of Spa, (F). Over any local field
(of characteristic different than 2) Spa, (F) splits over the unipotent subgroups of Spa, (F).



For a subset H of Spa,(F) we denote by H its pre-image in Sp,(F). Let P = M x N be a

parabolic subgroup of Spa,(F). P has a "Levi” decomposition: P = M x u(N), where p is

an embedding of N in Spa,(F) which commutes with the projection map.

The general theory of Harish-Chandra, see [48] and [53], extends to the metaplectic
group. In fact many of the geometric proofs that are given in [7] and [8] apply word
for word to the metaplectic group. This includes the general theorems regarding Jacquet
modules, Lo-representations, matrix coefficients, intertwining operators, Harish-Chandra’s
c-functions etc’. Same holds for Harish-Chandra’s completeness theorem and the Knapp-
Stein dimension theorem which follows from this theorem. We note that although the
metaplectic Knapp-Stein dimension theorem may be proven in the same way as its linear
analog, such a proof does not exists in the literature. We shall give this proof elsewhere.

Many of the properties mentioned in the last paragraph are common to general n-fold
covering groups of classical groups. However, the following property is a special feature of
Spon(F): If g and h commute in Spa,(F) then the pre-images in Spa, (F) also commute. In
particular, the inverse image of a commutative subgroup of Spa,(F) is commutative. This
implies that the irreducible representations of Tsp,, (F), the inverse image of the maximal
torus of Spa,(F), are one dimensional. As noted in [6], this is the reason that a Whittaker
model for principal series representation of Sps,(F) is unique. In [50] the uniqueness of
Whittaker model for any irreducible admissible genuine representations of Spa, (F) is proven.
We emphasize that this uniqueness does not hold for general covering groups; see [12] and
[1]. Tt is the uniqueness of Whittaker model that enables a straight forward generalization

of the definition of the Shahidi local coefficients to the metaplectic group.

We now give an rough outline of the main results and arguments of this work . Exact
definitions and notation are given in the body of the paper. Let F be a local field of
characteristic 0. Let P4 (F) be the inverse image in Spa, (F) of the parabolic subgroup of
Spon (F) whose Levi part is isomorphic to GLy, (F) X GLp, (F) ... X GL,, (F)x Spax(F). Let 7;
be an admissible representation of GL,, (F) and let & be an admissible genuine representation
of Spok(F). Let 7y be the normalized Weil Index. We define m = ( 717:1(71;1 ® 7)) ®7T to
n(F)
(F)

m. In

be a representation P (IF) as explained in Section 2.1 and define I(7) = I ndip 2
t

Section 3.1 we introduce the metaplectic Shahidi local coefficients

SO (P (F), 7, (€]_17) © 7, w).

Here w is a Weyl element and s € C". This definition requires of cause that the inducing
representations are 1-generic. Using the local coefficients we also define

3P ® (BelB), 5,7 9 7, (i)

CoPm ) (B (F), 5,7, wi )

i

(@ x T,5,1) =

the ~-factor attached to &, an irreducible admissible genuine t-generic representation of
Spok(F), and 7, an irreducible admissible generic representation of G Ly, (F); see (3.8). Here
P.0 is the Siegel parabolic subgroup and the w}, is the long Weyl element. This definition
of the ~-factor is an exact analog to the definition given in Section 6 of [42] for quasi-split

connected reductive algebraic groups.

Theorem A. ~(c x 7, s,1) is multiplicative in the since of Part 3 of Theorem 3.15 of [42]
and satisfies global crude functional equation which is the metaplectic analog to the crude



functional equation proven by Shahidi in Theorem 4.1 of [37], see also Part 4 of Theorem
3.15 of [42].

Theorem B. Let F be a p-adic field and let 7 be an irreducible admissible generic
representation of GL,,(F). Then,

Sp2m(F) /—1
C Ppo(F), s, 7w, ") =c(s
v ( ) v(r, 5+ 3,7)

(0.1)

The ~ factors on the left hand side of (0.1) are the symmetric square and standard ~ factors
and ¢(s) is an exponential factor.

Theorem C. Let F be a p-adic field. Any principal series representation of Spay, (IF)
induced from unitary characters is irreducible.

Theorem D. Let F be a p-adic field. If the inducing representations are unitary,
supercuspidal and generic then I(7) is reducible if and only if there exists 1 < i < r such
that 7; is self dual and

(@ x 73,0,0)y(7, sym?,0,) # 0.

Theorem E. If 1 = 7® Yo ! where 7 is an irreducible admissible supercuspidal rep-

resentation of GL,(FF), then I(r) is irreducible if and only if T nd202 1)
Psogy,, 41 (F)

Here SO2,41(F) is the split odd orthogonal group and Pso,,,, is its maximal parabolic
subgroup whose Levi part is G L, (F).

7 1s irreducible.

The main ingredient of the proof of the multiplicativity of v( x 7,s,1) is a certain
decomposition of the intertwining operators. This decomposition resembles the decompo-
sition of the intertwining operators in the linear case. The only small difference is that
two Weyl elements may carry cocycle relations. Our choice of Weyl elements is such that
these relations are non-trivial only in the field of real numbers and in 2-adic fields. The
proof of the crude global functional equation requires some of the local computations of the
metaplectic spherical Whittaker functions given in [6].

Theorem B follows essentially from Theorem A and Proposition 5.1 of [42]. The proof
of Theorems C and D uses a metaplectic analog to Knapp-Stein dimension Theorem. These
irreducibility results are proven via the computation of various Plancherel measures, ex-
pressed as a multiplication of two local coefficients. For Theorem C we use the detailed
metaplectic rank one computation given in [51]. The proof of Theorem FE is achieved by
showing that the two corresponding Plancherel measures are essentially equal.

I would like to thank David Soudry for his endless devotion and support and Freydoon
Shahidi for carefully explaining to me the delicate points of his theory and for motivating
some of the directions taken in this paper.

1 The metaplectic group

1.1 General notations

All The fields in this work are assumed to be of characteristic 0. Let F be a p-adic field.
Let Op be the ring of integers of I and let Pr be its maximal ideal. Let g be the cardinality



of the residue field F = Qp/Py. Let | - | be the absolute value on F normalized in the usual
way: |r| = ¢~!. Let v be a character of F. 4 is said to be normalized if its restriction to
Op is trivial while its restriction to Py 1 is not.

For any field (of characteristic different than 2) we define (-, ) to be the quadratic
Hilbert symbol of F. The Hilbert symbol defines a non-degenerate bilinear form on F* /F*2,
For future references we recall some of the properties of the Hilbert symbol:

1. (a,—a)p =1 2. (ad,b)r = (a,b)p(a’,b)r 3. (a,b)r = (a, —ab)p. (1.1)

Let v be a non-trivial character of F. For a € F* let v, (a) be the normalized Weil factor
associated with the character of second degree of F given by z +— 1),(22) (see Theorem 2 of
Section 14 of [54]). We have 7, (F*?) = 1 and 7, (F*)* = 1. It is known that

Yy (ab) = vy (a)yy (b)(a; b)r (1.2)

1.2 The symplectic group

Let I be a field of characteristic different then 2. Let X = F?" be a vector space of even
dimension over F equipped with < -,- >: X x X — F, a non degenerate symplectic form
and let Sp(X) = Span(F) be the subgroup of GL(X) of isomorphisms of X onto itself which
preserve < -,- >. Following Rao, [32], we shall write the action of GL(X) on X from the
right. Let

* % *
E:{617627'--)671761762)'"7677,}

be a symplectic basis of X; for 1 < 4,5 < n we have < ¢;,e; >=< ef,e}f >= 0 and
< ej,€j >=4; ;. In this base Sp(X) is realized as the group

{a € GLyp(F) | adona' = Jon},

where Jo, = < 0 I"> . Through this paper we shall identify Spa, (F) with this realization.
-1, 0

For 0 < r < n define i, to be an embedding of Spa,(F) in Spa,(F) by

In—r

a b a b
= )
(& d In—?‘

c d

In_y

Let Tzr,, (F) be the subgroup of diagonal elements of GL,,(F), let Zgr, (F) be the group
of upper triangular unipotent matrices in GL,,(F) and let Bar, (F) = Tar, (F) x Zar, (F) be



the standard Borel subgroup of GL,(IF). Let T, (F) be the subgroup of diagonal elements
of Span(F) and let Zgy, (F) be the following maximal unipotent subgroup of Spa, (F);

{(Z b) ‘ S ZGLn(IF)7b € Mat,xn(F), b = Zflbzt}7
0 3

z

where for a € GL,, we define @ = ‘a . The subgroup Bs,, (F) = Tsp,, (F) X Zsy,, (F) of
Span(F) is a Borel subgroup. We call it the standard Borel subgroup. A standard parabolic
subgroup of Spy,(F) is defined to be a parabolic subgroup which contains Bgp,, (F). A
standard Levi subgroup (unipotent radical) is a Levi part (unipotent radical) of a stan-
dard parabolic subgroup. In particular a standard Levi subgroup contains Ty, (F) and a
standard unipotent radical is contained in Zgp,, (F).

Let ni,na,...,ny, k be r+1 nonnegative integers whose sum is n. Put T = (n1,ng,...,np; k).
Let M~ Dbe the standard Levi subgroup of Spon(F) which consists of elements of the form

[917927 <o 9ry h] = diag(glag% <o Gry Ik?agvlagé’ s ag\;ﬂlk)ik,n(h%

where ¢g; € GLy,(F),h € Spor(F). When convenient we shall identify GL,,(F) with its
natural embedding in M~ (IF). Denote by P (FF) the standard parabolic subgroup of Spa, (F)
that contains M~ (F) as its Levi part. Denote by N—(F) the unipotent radical of P (F).
We denote by P, (F) or simply by P(IF), the Siegel parabolic subgroup of Spa, (F):

HMMEZ{@ Q|mﬂ%“®ﬁeM@mdmﬁ%w4mﬂ. (1.3)

Note that M,.p)(F) =~ GL,(F). A natural isomorphism is given by

)

V = span{ei,ea,...,en}, V* =span{e],e;,... e}

9H§=<g
Define

These are two transversal Lagrangian subspaces of X. The Siegel parabolic subgroup is
the subgroup of Sp(X) which consists of elements that preserve V*. Let S be a subset of
{1,2,...,n}. Define 75, ag to be the following elements of Sp(X):

—ef 1€ 8§ e 1€8

€ - Ts = ! ., 6T =1 . (1.4)
e otherwise e otherwise
—e; 1€8 —ef 1€ 8

e -as = ’ ., erag=1q ' o (1.5)
€; otherwise e; otherwise

The elements Ts,, as,, Ts,, as, commute. Note that ag € P(F), a% = Iz, and that

7_517—52 = 751A52a510527 (16)

where S1AS; = 51 U S5\ S1 N S2. In particular 72 = ag. For S = {1,2,...,n} we define
T = Tg, in this case ag = —Isj,.



Denote by Wép% (F) the subgroup of Sp2,(Z) generated by the elements 7g, and wy,
where S C {1,2,...,n}, and wy € GL,(F) is defined by wx; j = dr(;),5; 7 is a permutation
in S,,. If F is a p-adic field then Wy, (F) is a subgroup of Sp2,(Or). Note that Wg, (F)
modulo its diagonal elements may be identified with the Weyl group of Spa,(F) denoted
by Wep,, (F). Define Wp_.(F) to be the subgroup of Wy, (F) which consists of elements w
such that

M~ (F)" = wM—- (F)w™

is a standard Levi subgroup and
W (Zsps, (F) 0 M (F))w™" C Zgp, (F).
This means that up to conjugation by diagonal elements inside the blocks of M- (F), we

have

wlg1, 92, 9r, s]w_l = [97(:(11))797(r6(22))7 S agfre(:n))a s], (1.7)

where 7 is a permutation of {1,2,...,r}, and where for g € GL,,(F), e = +1 we define

where

Wnp =

1
We may assume, and in fact do, that Wp_ (F) commutes with i, (Spak (F)).

For w € Wp_(F), let P3(F)" be the standard parabolic subgroup whose Levi part is
M= (F)¥, and let N—(IF)* be its standard unipotent radical.

1.3 Rao’s cocycle

In [32], Rao constructs an explicit non-trivial 2-cocycle ¢(+,-) on Sp(X) which takes values
in {£1}. The set Sp(X) = Sp(X) x {£1} is then given a group structure via the formula

(91, €1) (92, €2) = (9192, €1€2¢(91, 92))- (1.8)

It is called the metaplectic group. For any subset A of Spa,(F) we denote by A its inverse
image in Spo,(F). If F is either R or a p-adic field, this group is the unique non-trivial
double cover of Spy,(F). We now describe Rao’s cocycle. Detailed proofs can be found in
[32]. Define

Q={oceSp(X)|dim(V*NV*o) =n—j}
Note that P(F) = Qo, 75 € Qg and more generally, if a, 3,7,0 € Mat,xn(F) and o =

(a ?) € Sp(X) then 0 € Q,4pnp(y). The Bruhat decomposition states that each €2; is
.

a single double coset in P(F)\SP(X)/P(]F), that Qj_l = (2, and that U?:o Q; = Sp(X). In
particular every element of Sp(X) has the form prgp’, where p,p’ € P(F), S C {1,2,...,n}.



Let p1,p2 € P(F). Rao defines
z(p17sp2) = det(pip2 |v+) (mod(F*)?), (1.9)

and proves that it is a well defined map from Sp(X) to F*/(F*)2. Note that z(ag) = (—1)5l.

More generally; if p = <g 2, € P(F) then z(p) = det(a). We shall use the notation
det(p) = det(a). Also note that x(7g) = 1 and that for g € Q;, p1,p2 € P(F),
2(g7") = 2(9)(=1), 2(pigp2) = x(p1)z(g)2(p2)- (1.10)

Theorem 5.3 in Rao’s paper states that a non-trivial 2-cocycle on Sp(X) can be defined by

1(1—1)

c(o1,02) = (2(01), 2(02)) g (—2(01)2(02), 2(0102)) (1), dr(p))  (—1, 1) hIFEP)a |
1.11

where p is the Leray invariant —q(V*, V*o1, V*oy!), dr(p) and hp(p) are its discriminant,
and Hasse invariant, and 2] = j; + jo — j — dim(p), where o1 € Q;,, 02 € Q;,, 0102 € ;.
We use Rao’s normalization of the Hasse invariant. (Note that the cocycle formula just
given differs slightly from the one that appears in Rao’s paper. There is a small mistake in
Theorem 5.3 of [32]. A correction by Adams can be found in [25], Theorem 3.1).

An immediate consequence of Rao’s formula is that if g and h commute in Spay, (F) then
their pre-image in Spa,(F) also commute (this may be deduced from more general ideas.
See page 39 of [30]). In particular, a pre-image in Spa,(F) of a commutative subgroup of
Spon(F) is also commutative. This does not hold for general covering groups; see [1] for
example.

If F is a local field then Spa, (IF) is a locally compact group. If F is a p-adic field, Spa, (F)
is an l-group in the sense of [7]; since ¢(-, -) is continuous, it follows that there exists U, an
open compact subgroup of Spa, (), such that ¢(U, U) = 1. Thus, a system of neighborhoods
of (Iap,1) is given by open compact subgroups of the form (V, 1), where V' C U is an open
compact subgroup of Spay, (IF).

From (1.11) and from previous remarks we obtain the following properties of ¢(:,-); for
o,0" € Qj, p,p' € P(F) we have

iG=1)

c(a,cr_l) = (3:(0'),(—l)jac(a))]F(—l,—1)IF 2 (1.12)
C(pa, U/p,) = C(Jv UI) (x(p), x(a )[F(x(p/)a x(0/>)[{? (x(p), x(p/))]p(x(pp/)v x(gal))F' (1'13)

As a consequence of (1.13) we obtain

c(p,0) = c(o,p) = (z(p),2(0)) - (1.14)
Another property of the cocycle noted in [32] is that

J(G+1)

C(TSI7TSQ) = (_17_1)1FT7 (1‘15)

where j is the cardinality of S N S2. From (1.6), (1.13) and (1.15) we conclude that if S
and S’ are disjoint then for p,p’ € P(F) we have



c(prs, Tsrp’) = (at(p),a;(p’))]F. (1.16)
It follows from (1.14) and (1.1) that

1

(1) (o, €)(p,e1) " = (pop™ ', €), (1.17)

for all 0 € Sp(X), p € P(F), €1,¢e € {£1}. Furthermore, assume that p € P(F), o0 € Sp(X)
satisfy opo~! € P(F). Then

(0,1)(p ) 1)) = (opo, ). (1.18)
Indeed, due to (1.17) and the Bruhat decomposition we only need to show that if T¢prs~! €
P(F) then
c(p, s)e(tsp, 75 )e(Ts, TsT) = 1.
iG=1)
Define j to be the cardinality of S. From (1.12) it follows that c(rg,7s7!) = (=1,-1) 2 .
From (1.14) it follows that c(p,7s) = 1. It is left to show that if V*7gprg’ = V* then

JG=1)

co(rsp, 7)) = (=1, -1)p = . (1.19)

Recall that the Leray invariant is stable under the action of Sp(X) on Lagrangian triplets;
see Theorem 2.11 of [32]. Therefore,

g(V*\ Virsp, Virs) = q(Virs ™!, Virsprs ™, V) = q(Vi1s ™1, V5, V)
is an inner product defined on the trivial space. (1.11) implies now (1.19).
We recall Corollary 5.6 in Rao’s paper. For S C {1,2,...,n} define
Xs = span{e;,e; | i € S}.

We may now consider zg and cx,(+,-) defined by analogy with = and ¢(-,-). Let S; and S
be a partition of {1,2,...,n}. Suppose that 01,07 € Sp(Xg,) and that 2,0, € Sp(Xs,).
Put o = diag(o1,02), 0’ = diag(o}, ). Rao proves that ¢(o,0’) equals

€Sy (017 0/1)052 (027 Ué) ($51 (01)7 TSy (02))15‘ (.%,5‘1 (0/1)7 TSy (Ué))F ($S1 (0103)7 TSy (020/2))IF'(1'20)

From (1.20) it follows that (s,€) — (irn(s),€) and (s,€) — (jrn(s),€) are two embeddings
of Spo,(F) in Spon(F). We shall continue to denote these embeddings by 4, and j.p

respectively. Note that the map g — (g,1) is not an embedding of GL,(F) in Spa,(F),
although, by (1.14), its restriction to Zgy,, (IF) is an embedding.

1.4 Some splittings

For FF, a p-adic field of odd residual characteristic it is known (see page 58 of [28]) that
SLa(F) splits over SLy(Op), the standard maximal compact subgroup of SLy(F) and that

Lo SLQ(@]F) — {:l:l}



defined by
" (a b) _Jledr 0<le <1
c d 1 otherwise

is the unique map such that the map

k— ka(k) = (k,w2(k))

is an embedding of SL2(Op) in SLy(F). More generally, it is known, see [28], that if F is a

p-adic field of odd residual characteristic then Spo, (F) splits over Spa,(OF); there exists a
map

ton = Span(Op) — {£1}

such that the map
k — HQn(]C) = (k‘, Lgn(k))

is an embedding of Sp2,(OF) in Spa,(F). Since k2 is the unique splitting of SLy(Of) in
SLs(F) and since Spa,(Op) is generated by various embeddings of SLo(Op) it follows that
Loy, is also unique.

Lemma 1.1. The restrictions of ta, to P(F) N Spe,(Or) and to Wy, (F) are trivial.

Proof. Since for odd residue characteristic (O, Of)r = 1 we conclude, using (1.14), that ¢z,
restricted to P(F)NSpa,(Or) is a quadratic character and hence has the form p — y(det p),
where x is a quadratic character of Op. By the inductivity property of Rao’s cocycle and
by the formula of 12 we conclude that

Lon, (il’n(SLQ(@F)) N P(IF) =1.

Thus x = 1. We now move to the second assertion. We note that the group generated by
the elements of the form 7g is the group of elements of the form 7g,ag,, where S, 51, 52 C
{1,2,...,n). The group {w, | 7 € S,} is disjoint from that group and normalizes it. Hence
we need only to show that for all 51,52 C {1,2,...,n}, and for all 7 € S,,

ton(Wras, 7s,) = 1.

The fact that g, (wras,)=1 was proved already. We now show that to,(7s,) = 1: The
fact that for |S1| = 1: w2,(7s,) = 1 follows from the properties of 12 and the inductivity
properties of Rao’s cocycle. We proceed by induction on the cardinality of S7; suppose that
if | S1 |< 1 then t9,(7s,) = 1. Assume now that | S |=1+ 1. Write S; = S’ US”, where S’
and S” are two non-empty disjoint sets. By (1.15) we have

ton(Ts,) = toan(Ts)tan(Tsm)c(Tsr, Tsr) = 1.

Finally,
Lon(Wras,Ts, ) = ton(Wx)ton(as ) ton (Ts)c(Wr, agr)c(Wrag, Tg) = 1.



1.5 Some facts about parabolic subgroups of Sps,(F)

Let F be a local field. By a parabolic subgroup of Sps,(F) we mean an inverse image of a
parabolic subgroup of Spay, (IF).

Lemma 1.2. Let Q a parabolic subgroup of Span(F). Write Q@ = M x N, a Levi decomposi-
tion. Then, there exists a unique function p' : N — {£1}, such that n — pu(n) = (n,1/'(n))

is an embedding of N in Spon(F). Furthermore: Q = M x #(N). By abuse of language we
shall refer to the last equality as the Levi decomposition of Q.

Proof. Suppose first that @ is standard. From the fact Spo, (IF) splits over N via the trivial
section it follows that 4/ is a quadratic character of N. Since N = N? we conclude that /'
is trivial. Using (1.18) we get Q = M x p(N). Assume now that Q is a general parabolic
subgroup. Then, Q = (w,1)Q’(w,1)~! for some w € Sps,(F), and a standard parabolic
subgroup @’'. For n € @ define n’ = w™'nw. From the proof in the standard case it follows

that

-1 -1

i (n) = c(w,n)e(wn/, w He(w™ w) = c(nw, w—1)c(w™ !, w)
is the unique function mentioned in the lemma. The fact that Q@ = M x u(N) follows also

from the standard case. O

Lemma 1.3. Let F be a p-adic field. Spop(Or) is a mazimal open compact subgroup of
Spon(F). For any parabolic subgroup Q of Span(F) we have

Span(F) = (Q,1)Spar(Or) = Spar(Or)(Q, 1).

IfF is a p-adic field of odd residual characteristic then Spa,(F) = Qran (Sp2n(OF)).

By an abuse of notation we call the last decomposition an Iwasawa decomposition of
Sp2n(F).

Proof. This follows immediately from the analogous lemma in the algebraic case. O

1.6 The global metaplectic group

Let F be a number field, and let A be its Adele ring. For every place v of F we denote by

F, its completion at v. We denote by Spa,(A) the restricted product [], Spa,(F,) with
respect to

{K,Qn (San((O)FV)) | vis finite and odd}.
SM) is clearly not a double cover of Spa,(A). Put
c’ :{ [[T.e)  []ev = 1}.

SpZn (A) =’ \ Sp2n(A)
to be the metaplectic double cover of Spa,(A). It is shown in page 728 of [21] that

el J ()

v

We define

is an embedding of Spa, (F) in Spa,(A).

10



2 Some representation theory of Spo,(F)

In this Section F will denote a p-adic field. Recall that a representation (V,7) of Spa,(F)
is called genuine if
o (Iog, —1) = —Idy.

This means that & does not factor through the projection map Pr : Spo,(F) — Spo,(F).
Same definition applies to representations of M- (F).

2.1 Genuine parabolic induction

For a representation (7,V) of GL,(F) and a complex number s we denote by 7(,) the
representation of GL,(F) in V defined by

g — |det(g)|°T(g)-

Put ¢ = (n1,n2,...,n; k), where k+ > 7 n; =n. Let (11, V3), (12, Vp,), ..., (14, V5,) be
r representations of GLy, (F), GLy,(F),...,GL,, (F) respectively. Let (7, V5) be a genuine
representation of Spoy(IF). We shall now describe a representation of P (FF) constructed
from these representations. We cannot repeat the algebraic construction since generally

M= (F) % GLn, (F) X GLuy(F) ... X GLn, (F) X Spoy(F)

(it can be shown that these groups are isomorphic in the case of p-adic fields of odd residual
characteristic). Instead we define

(©F1(v," @ 7igsy)) @ 7T : M3 (F) — GL((@1Z1Vr) @ Ve)

by

(®;‘:1(7121 02y 7_1(5,))) & E(jn—k,n(:d)v 1)(2k’,n(h)7 E)) = 71;1 (det(g)) ( ®::1 TZ(sl)(gl)) & E(hv 6)1

(2.1)
where for 1 <i <r, g; € GLy,(F), g = diag(g1,92,---,9r) € GLy_k(F), h € Spor(F) and
€ € {£1}. When convenient we shall use the notation

m(F) = (®i(1,' ® 7)) ®7F (2.2)
m = 7(0).
Lemma 2.1. 7('s) is a representation of M—(F).
Proof. Let o = (jn_k,n(fq\),l) (ikm(h),e) and o = (jn_k,n(gA’),l) (ik,n(h’),e’), where for
1L <i<r,gig; € GLy(F), g = diag(gy,g2.---.9r), g = diag(g1,95,-.,9;) € GLn_i(F),
h,h' € Spox(F) and €,¢ € {£1} be two elements in M~ (IF). It is sufficient to show that if
v = (®]_,v;) ®w is a pure tensor in (®=]V;,) ® V& then m(¢/a)v = 7(a/)(m(a)v). Indeed,

(@) (m(@)v) =7, (det(g))7,," (det(g")) ( ®f_1 n(gé)n(gi)w) ®@a(h,e)a(h, ew.
Due to (1.2) and (1.14), for p,p’ € P(F) we have
vy (det(p)) vyt (det(p)) e(p, p') = 7, (det(pp')). (2.3)
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Recalling that @ is genuine we now see that

7(a) (71'(0[)1)) = 66,’)/1;1 (det(gg'))c(jn_km (L(;’), jn_k,n@))c(h’, h) <®§:17'i (gggi)vi) @a(h'h, 1)w.

Next, we note that since (jn_km(gA’), 1) and (ikm(h), e) commute we have 24
o' = (noin(@9).1) (it (WD) €'l (s (). utn (@) ).

(2.4) implies now that m(a/a)v = 7(a’) (7(a)v). O

As in the linear case we note that if 71, 7,...,7 and @ are smooth (admissible) rep-

resentations then 7(7s") is also smooth (admissible). Due to (1.18) it is possible to extend
7(s’) to a representation of P—(F) by letting (N—(F), 1) act trivially.

Assuming that 71, 7,...,7. and & are smooth we define smooth induction
_ Span (F)
I(ﬂ'(?)) = I(Tl(sl), 7'2(52), ce 7Tr(sr)7 0') = IndPI;Q(]F() )71’(?) (25)
and
I(m) :I(Tl,Tg,...,TT,E):Indi%&(f)m (2.6)

All the induced representations in this paper are assumed to be normalized, i.e., if (7w, V) is
a smooth representation of H, a closed subgroup of a locally compact group G, then I ndgﬂr
acts in the space of all right-smooth functions on G that take values in V' and satisfy

f(hg) = g’;ézgw(h)f(g), for all h € H,g € G. Whenever we induce from a parabolic

subgroup (a pre-image of a parabolic subgroup in a metaplectic group) we always mean
that the inducing representation is trivial on its unipotent radical (on its embedding in the
metaplectic group).

We claim that if the inducing representations are admissible, then 7(7s") is also admis-
sible. Indeed, the proof of Proposition 2.3 of [8] which is the p-adic analog of this claim

applies to Spa, (F) as well since it mainly uses the properties on an l-group; see Proposition
4.7 of [55] or Proposition 1 of [1].

Next we note that similar to the linear case we can define the Jacquet functor, replacing
the role of Zgy,,, (F) with (Zsp,, (IF),1). The notion of a supercuspidal representation is de-
fined via the vanishing of Jacquet modules along unipotent radicals of parabolic subgroups.
The (metaplectic) Jacquet functor has similar properties to those of the Jacquet functor in
the linear case; see Section 4.1 of [1] or Proposition 4.7 of [55]. This similarity follows from
the fact that (Zgp,, (F), 1) is a limit of compact groups.

2.2 An application of Bruhat theory

Let t = (n1,n2,...,ny; k) where ny,no,...,n., k are r + 1 non-negative integers whose
sum is n. Recall that I/Vp7 (F) is the subgroup of Weyl group of Spa,(F) which consists of
elements which maps M- (F) to a standard Levi subgroup and commutes with iy, ,, (Spay (F));
see Section 1.2.
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Lemma 2.2. For 1 <i<r let g; be an element of GLy,,(F) and let (h,€) be an element of

Spak(F). Denote again g = diag(g1,92,---,9r) € GLy—i(F). Forw € Wp_.(F) we have
(wa 1) (jn—k,n(/g\)v 1) (Zk:,n(h)v 6) (wa 1)_1 = (wjn—k,n(/g\)w_la 1) (Zk:,n(h)7 6)
Proof. This follows from (1.18) and from the fact that w commutes with h. O]

For 1 <i < rlet 7; be an irreducible admissible supercuspidal representation of GL,, (F).
Let @ be an irreducible admissible supercuspidal genuine representation of Spoy(F). Then,

m= (9, om) T

is an irreducible admissible supercuspidal genuine representation of M- (F). For w €

Whp . (F) denote by 7% the representation of M- (F)* defined by
(m,€) = m((w, 1)~ (m, €)(w, 1)).
Exactly as in the linear case, see Section 2 of [8], I(m) and I(7*) have the same Jordan

Holder series.

Recalling (1.7), we note that due to Lemma 2.2 and the fact that vy (a) = v, (a™') we
have

((®§:n;1 ® Ti(s;)) © 6) ((w, D)7 (Gt (@), 1) (i (h), €)) (w, 1)) (2.7)
=7, (det(9)) (@11 | det(gs) 1“7 (g:)7 (b €),

where for 1 <1< T, gi € GLTLZ(F)v g = diag(glvg%"wgr) € GLnfk(F)v h € Ska(F)7
7i(9i) € =

Ti((wn@wn) € = —
understood via the identification of G Ly, (F) with its image in the relevant block of M.
Hence, it makes sense to denote by 7% the representation

¢ € {£1} and where T.(q)(gi) =

; X where ¢! (wng};wn)tw is to be

(@175 ® (1)) OF

Note that Ti(_l) ~ 7;, where 7; is the dual representation of 7;; see Theorem 4.2.2 of [5] for
example.

Define W () to be the following subgroup of Wp? (F):
W(r) ={w e Wp_ | 7 ~7}. (2.8)

7 is called regular if W (r) is trivial and singular otherwise. Bruhat theory, [3], implies the
following well known result :

Theorem 2.1. If 7 is regular then

Homm(l(w),l(ﬁ)) ~ C. (2.9)
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See the Corollary in page 177 of [17] for this theorem in the context of connected
algebraic reductive p-adic groups, and see Proposition 6 in page 61 of [1] for this theorem
in the context of an r-fold cover of GL,(F). This theorem follows immediately from the
description of the Jordan-Holder series of a Jacquet module of a parabolic induction; see
Proposition Theorem 5 in page 49 of [1]. This Jordan-Holder series is an exact analog to
the the Jordan-Holder series of a Jacquet module of a parabolic induction in the linear case.
The proof of Proposition Theorem 5 in page 49 of [1] is done exactly as in the linear case. It
uses Bruhat decomposition and a certain filtration (see Theorem 5.2 of [8]) which applies to
both linear and metaplectic cases. An immediate corollary of Theorem 2.1 is the following.

Theorem 2.2. Let t = (n1,n2,...,np5 k) where ny,na,...,n., k are r + 1 non-negative
integers whose sum is n. For 1 < i < r let 7; be an irreducible admissible supercuspidal
representation of GLy,(F). Let @ be an irreducible admissible supercuspidal genuine repre-
sentation of Spop(F). Denote m = ( le(%zl ®Ti)) ®o. If i £ 1j foralll <i<j<n and
7 # 75 for all 1 <i < j <n then (2.9) holds. If we assume in addition that 7; is unitary
for each 1 <i < r then I(m) is irreducible.

Proof. From (2.7) it follows that 7 is regular. Thus, (2.9) follows immediately from Theorem
2.1. Note that since the center of Spoy(F) is finite & is unitary. Therefore, the assumption
that 7; is unitary for each 1 < ¢ < r implies that 7 is unitary. Hence I(7) is unitary. The

irreducibility of I(m) follows now from (2.9). O

2.3 The intertwining operator

Let ni,no, ..., n,, k be r+1 nonnegative integers whose sum is n. Put T = (n1,ng,...,np k).
For 1 < ¢ < r let (73, V) be an irreducible admissible representation of GL,,(F) and
let (7,V%) be an irreducible admissible genuine representation of Spoi(F). Fix now w €
Wp_ (F). Define

N7 (F) = Zsp,, (F) N (wN (F)"w™),

where N—(IF)~ is the unipotent radical opposite to N— (FF), explicitly in the Spa, (F) case:
N+ (F)™ = Jon N7 (F) J;,,

For g € Span(F) and f € I(n(’s")) define

Auf(g) = /N  H(((wt). 1) (1) dn, (2.10)

t,w

where t,, is a particular diagonal element in M- (F) N Wg,, (IF) whose entries are either 1
or -1. The exact definition of t,, will be given in Section 3.1; see (3.5). The appearance of
tw here is technical.

As in the linear case (see Section 2 of [37]) the last integral converges absolutely in some
open set of C" and has a meromorphic continuation to C". In fact, it is a rational function
in ¢*1,¢*,...,¢°. See Chapter 5 of [1] for the context of a p-adic covering group. We
define its continuation to be the intertwining operator

. = (e1) (€2) (er)
Ay : I(Tl(sl)’ T2(s2) -+ =5 Tr(sr) 7) — I((Tﬂ'(l)>(€181)’ K )(5252)’ Y (7_71-(7‘))(67‘57")’ U)

61))

Denote 5% = (151, €252, - - ., €:5,) and (®_;7;)" = (®§:177(r(i)
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2.4 The Knapp-Stein dimension theorem

We keep the notation and assumptions of the first paragraph of Section 2.2. From Theorem
2.1 it follows that outside a Zariski open set of values of (¢, ...,¢%") € (C*)",

Homm<l(7r(?)),f(7r(?))> ~ C.
This implies that for every wg € Wp. (F) there exists a meromorphic function 8(s, 71, ..., 7, &, wo)
such that

A1 Auy = BHE 1y Ty T, wo)Id. (2.11)

Remark: In the case of connected reductive quasi-split algebraic group this function differs
from the Plancherel measure by a well understood positive function; see Section 3 of [43]
for example. For connected reductive quasi-split algebraic groups it is known that if (in
addition to all the other assumptions made here) we assume that 71,...,7,,7 are unitary
then 8(s", 11,..., 7, @, wp), as a function of 5 is analytic on the unitary axis. This is (part
of) the content of Theorem 5.3.5.2 of [48] or equivalently Lemma V.2.1 of [53]. The proof
of this property has a straight forward generalization to the metaplectic group.

Let Ep?(F) be the set of reflections corresponding to the roots of Tg,,, (F) outside
M~ (F). Wp_(r) is generated by Xp_ ). Following [47] we denote by W () the subgroup
of W(r) generated by the elements w € 3 p—(F) N W () which satisfy

_
ﬂ(o 77—17"-)7—71767/11)) = 0
The Knapp-Stein dimension theorem states the following:

Theorem 2.3. Let t = (n1,n2,...,np k) where ny,na,...,n., k are r + 1 non-negative
integers whose sum is n. For 1 < i < r let 7; be an irreducible admissible supercuspidal
unitary representation of GLy,(IF). Let & be an irreducible admissible supercuspidal genuine
representation of Spor(F). We have:

Dim(Hom(I(x),I(m)) = [W(x) : W (m)].

The Knapp-Stein dimension theorem was originally proved for real groups, see [24].
Harish-Chandra and Silberger proved it for algebraic p-adic groups; see [47] and [48]. It
is a consequence of Harish-Chandra’s completeness theorem; see Theorem 5.5.3.2 of [48].
Although Harish-Chandra’s completeness theorem was proved for algebraic p-adic groups
its proof holds for the metaplectic case as well; see the remarks on page 99 of [10]. Thus,
Theorem 2.3 is a straight forward generalization of the Knapp-Stein dimension theorem to
the metaplectic group. The precise details of the proof will appear in a future publication of
the author. We note here that the theorem presented in [47] is more general; it deals with
square integrable representations. The version given here will be sufficient for our purposes.

3 Local coefficients and gamma factors

3.1 Definitions

Let F be a local field of characteristic 0 and let ¢ be a non-trivial character of F. We shall
continue to denote by ¢ the non-degenerate character of Zg,,, (F) given by

P(z) = w(z(nzn) + E?:_llz(i,i-i-l))-
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From 1.14 it follows that Zgy,, (F) ~ Zgy,, (F) x {£1}. We define a character of Zg,,, (IF)
by (z,€) — ey(z), and continue to denote it by ¥. We shall also denote by 1) the char-
acters of Zgp, (r) identified with (zkn (jm’k(ZZZF))), 1) and of Zg,,, (F) identified with
ik (Zsp,y, (F)), obtained by restricting ¢ as a character of Zgy,, (F).

Let (m,V;) be a smooth representation of Spo,(F) (of GL,(F)). By a ¥-Whittaker
functional on m we mean a linear functional w on V; satisfying

w(w(z)v) = YP(2)w(v)

forallv € Vi, 2z € Zgp,, (F)(Zar, (F)). Define Wy, to be the space of Whittaker functionals
on 7 with respect to . If IF is archimedean we add smoothness requirements to the definition
of a Whittaker functional, see [18] or [36]. 7 is called i-generic or simply generic if it has
a non-trivial Whittaker functional with respect to . If w is a non-trivial »-Whittaker
functional on (m, V') then one may consider W,,(m, ), the space of complex functions on

Spon(F) (on GL,(F)) of the form
g+ w(m(g)v),

where v € V. W, (m, 1) is a representation space of Spa, (F)( of GL,(F)). The group acts on
this space by right translations. It is clearly a subspace of I nd?n"i%w (of I ndCZ;CL;Z(ﬂzI)F)w).
Spon n
From Frobenius reciprocity it follows that if 7 is irreducible and dim(Wr ) = 1 then
W (7, 1) is the unique subspace of I ndgzz—%w (of I ndgé“zg%)
7. In this case we drop the index w and we write W (m, ). One can identify 7= with W (mr, )

which is called the Whittaker model of .

1) which is isomorphic to

For quasi-split algebraic groups, uniqueness of Whittaker functional for irreducible ad-
missible representations is well known, see [46], [14] and [7] for the p-adic case, and see
[18] and [46] for the archimedean case. Uniqueness of Whittaker models for irreducible
admissible representations of Spa,(F) was proven in [50]:

Theorem 3.1. Let 7 be an irreducible admissible representation of Spo,(F), where F is a
p-adic field. Then,
dim(me) < 1.

Uniqueness for SLg(R) was proven in [52]. To prove uniqueness for Spa,(R) for general
n, it is sufficient to consider principal series representations. The proof in this case follows
from Bruhat Theory. In fact, the proof goes almost word for word as the proof of Theorem
2.2 of [18] for minimal parabolic subgroups. The proof in this case is a heredity proof in
the sense of [33]. The reason that this, basically algebraic, proof works for Sps,(R) as well
is the fact that if the characteristic of F is not 2 then the inverse image in Spa,(F) of a
maximal torus of Spa,(F) is commutative. This implies that its irreducible representations
are one dimensional. Uniqueness for Spa, (C) follows from the uniqueness for Spa, (C) since
Span(C) = Span(C) x {£1}.

We note that uniqueness of Whittaker model does not hold in general for covering
groups. See the introduction of [2] for a k fold cover of GL,,(F), see [4] for an application
of a theory of local coefficients in a case where Whittaker model is not unique and see [12]

for a unique model for genuine representations of a double cover of G La([F).
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Unless otherwise is mentioned, through the rest of this section F will denote a p-adic
field. We shall define here the metaplectic analog of the local coefficients defined by
Shahidi in Theorem 3.1 of [37] for connected reductive quasi split _a)lgebraic groups. Let
ni,ng, ..., Ny, k be r + 1 nonnegative integers whose sum is n. Put ¢ = (ny,ng,...,n.; k).
Let (71,Vy), (12, V4,), ..., (7, V7.) be 7 irreducible admissible generic representations of
GLy, (F),GLypy(F),...,GLy, (F) respectively. It is clear that for s; € C, 74(,,) is also generic.
In fact, if A is a »-Whittaker functional on (7, V;,) it is also a 1-Whittaker functional on
(Ti(s;)s Vo). Let (7, V) be an irreducible admissible 1-generic genuine representation of
Spor(F). Let

I(ﬂ'(?)) = 1(71(51)77—2(52)7 e TT(ST),E)

be the parabolic induction defined in Section 2.1. Since the inducing representations are
generic, then, by a theorem of Rodier, [33], extended to a non linear algebraic setting in
2], I (W(?)) has a unique 1)-Whittaker functional. Define Ar, 4, Aryp, -+ -5 Ar, o to be non-
trivial ¢-Whittaker functionals on V;,V,,,..., V, respectively and fix Az, a non-trivial
1-Whittaker functional on Vz. Define

-> . .
6( t ) = ]n—k(dlag(enpenzv sy €ny€ngy€ngy e e 7€nr)a

where €, = diag(1,—1,1...,(=1)"") € GL,(F). We fix Ja, as a representative of the long
Weyl element of Spa,(F) and

Wp =

1

as a representative of the long Weyl element of GL,(F). We now fix
— . . .
wl( t ) = Jn—kmn (dzag(emwm y EngWnas « + + 5 €nWnypy €ny Wiy s €ngWnoy - - enrwnr))lk,n(_Jﬂc)
as a representative of the long Weyl element of P~ (F). We also define
— —
wi(t) =wi(t)Jon. (3.1)

Note that w; (7) is a representative of minimal length of the longest Weyl element of Spa,, (F)
modulo the Weyl group of M~ (F). It maps the positive roots outside M~ (F) to negative

roots and maps the positive roots of M~ (IF) to positive roots. The presence of e(?) in the

definition of wl(7) and wg(?) is to ensure that
6 ((wi(0), 1) n(wi(1),1)) = v(n) (32)

for all n € M— (]F)“’l’(?) NZsp,, (F) (the reader may verify this fact by (1.18) and by a matrix
multiplication). Consider the integral
lim ((®£:1>\Ti,w—1) ® )‘E,zb) (f (wi (T
k—o0 N+ (P]F_k)w

1) ))eT m)dn. (33)

By abuse of notations we shall write

/N~(1F)w <<®f=1%,w71) ® /\w) (f(w;(
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Since Zgy,, (F) splits in Spo,(IF) via the trivial section the integral converges exactly as in
the linear case, see Proposition 3.1 of [37] (and see Chapter 4 of [1] for the context of a p-adic
covering group). In fact, it converges absolutely in an open subset of C". Due to (1.17), it
defines, again as in the linear case, a 1)-Whittaker functional on I(71(s,), T2(s5)» - - - > Tr(s,)> 7).
We denote this functional by

\F (@) 7,0),

where 5 = (s1,82,...,5:). Also, since the integral defined in (3.3) is stable for a large
enough 7 it defines a rational function in ¢°!,¢%2, ..., ¢°" .

Fix now w € Wp_(F). Let t,, be the unique diagonal element in M~ (F) n Wg, (F)
whose first entry in each block is 1 such that

U ((wtw, 1) n(wty, 1)) = 9(n) (3.5)

for each n € M~ (F)¥ N Zgy,, (F). (3.5) assures that
AEY(®_1m)" @7, 1) 0 Ay,

is another 1-Whittaker functional on I (Tr(?)) It now follows from the uniqueness of
Whittaker functional that there exists a complex number

PO (PL(F), 3, (@lym) © 7,w)

defined by the property

AT, (@) ©7,9) = OO (PL(F), 7, (91ym) 07, w) A (T, (9]7)" ©7, 1) 0 A,

(3.6)
It is called the local coefficient and it clearly depends only on s ,w and the isomor-
phism classes of 79, 72,...,7, (not on a realization of the inducing representations nor on
Arias Araaby v ooy Arpdd Y1, Azp)- Also it is clear by the above remarks that

S ijzn(IF)(P?(IE‘), T, (®I_7) @7, w)

defines a rational function in function in ¢*1,¢%2,...,¢*". Note that (3.6) implies that the
zeros of the local coefficient are among the poles of the intertwining operator.

Remark: Assume that the residue characterist_ig of F is ogd. Then, by Lemma 1.1
Kan(w) = (wiy, 1) for all w € Wp_(F) and rop (wy(t)) = (w)(t),1). Keeping the Adelic
context in mind, whenever one introduces local integrals that contain a pre-image of w €

Wép% (F) C Span(Or) inside Spay,(F) one should use elements of the form ko, (w).

Let T = (n1,n2,...,n.; k) where ny,na, ..., n,., k are r + 1 non-negative integers whose
sum is n. For each 1 < i < r let 7; be an irreducible admissible generic representation of
GL,,(F) and let @ be an irreducible admissible generic genuine representation of Spay (IF).
From the definition of the local coefficients it follows that

ﬁ(?,Tl,...,Tn,E,wo) (3.7)
Soo (F) —
— ijzn(]F) (P? (F), ?’ (®§:17—i) ® 7, wO)CZp%(F) (P?(F), Swo’ ((®§:m) ® E)wo’ w[)_l)’
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Recalling Theorem 2.3, the significance of the local coefficients for questions of irreducibility
of a parabolic induction is clear.

Let @ be an irreducible admissible generic irreducible admissible generic genuine repre-
sentation of Spok(IF). Let 7 be an irreducible admissible ¢-generic representation of G L, (F).
Put n =m + k. We define:

5P (B (B), 5,7 © 7, i (W)

Cinm(F) (Pm;o (), s, T, wgl)

7(6 X T,S, 1/}) = y (38)

where w], = < _w’”>. It is clearly a rational function in ¢°*. Note that if £ = 0 then
Wm
o is the non-trivial character of the group of 2 elements and (7 x 7,s,1) = 1.

This definition of the y-factor is an exact analog to the definition given in Section 6
of [42] for quasi-split connected algebraic groups over a non-archimedean field. We note
that similar definitions hold for the case F = R. In this case the local coefficients are
meromorphic functions.

3.2 Multiplicativity of the local coefficients and gamma factor

Let F be a local field of characteristic 0. Let @ be a genuine irreducible admissible t-generic
representation of Spor(F). Let 7 be an irreducible admissible 1)-generic representation of
GL,,(F). For two nonnegative integers I,r such that [ +r = m denote by PP (F) the
standard parabolic subgroup of GL,,(FF) whose Levi part is 7

Mz[,)r(F):< ouw (F)>.

Denote its unipotent radical by Nlor (F). Let 7, 7 be two irreducible admissible i-generic
representations of GL;(F) and GL,(FF) respectively. In the p-adic case; see [39], Shahidi
defines

Y(1 X T 8,0) = XTT(—]T)lchm(IF) (Pl(,]r(]F)’ (g, _?8), TR T, wﬁl), (3.9)
I, . G L (F)
where w,; = ( >, Xr, is the central character of 7, and C (, ), the GL,,(F)
I

local coefficient in the right-hand side defined via a similar construction to the one presented
above. In the same paper the author proves that the ~-factor defined that way is the
same arithmetical factor defined by Jacquet, Piatetskii-Shapiro and Shalika via the Rankin-
Selberg method, see [20]. Due to the remark given in the introduction of [40], see page 974
after Theorem 1, we take (3.9) as a definition in archimedean fields as well. The archimedean
~-factor defined in this way agrees also with the definition given via the Rankin-Selberg
method, see [19].

For future use we note the following:

w;ll = wfa’l =W ,, wr,lMl?r(F)wl,r = MOI(F), (3.10)

Ty

and

w(wl,rnwr,l) = ¢(n)7 (3.11)
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for all n € Zgyg, (F) N M, l?r (F). @y, is a representative of the long Weyl element of G'L,(IF)
modulo the long Weyl element of Ml?r ().

Theorem 3.2. Assume that 7 = IndGLm(F)Tl@JT,«,where 71, Ty are two irreducible admissible

Pp,.(F)
generic representations of GL|(F) and GL,(F) respectively, where l + 1 = m, then

v(@ x 1,8,%) =5(@ X 171,8,V)Y(T X 77, 8,). (3.12)

Theorem 3.3. Assume that & Indsm’z())('yw ® 1) ® Ty, where 1 is an irreducible
admissible generic representation of GLi(F) and @, is an irreducible admissible genuine
-generic representation of Spa,(F), where I +r = k. Let T be an irreducible admissible
generic representation of GLy(F). Then,
1)

y(@xT,8,1) =x ( m)Xm (=) (=1, =1)F" l’y(aTXT,s,q/J)'y(ﬁxv-,s,w)v(TZXT,s,w). (3.13)

We start with proving Theorem 3.2. We proceed through the following lemmas:

Lemma 3.1. With notations in Theorem 3.2 we have:

CPE) (B (F), 5,7 © 7, (Wi ) = OO (Byn(®), (5,9), 71 @ 77 7, fimn (1))

(3.14)
In particular, for m = n, that is when k = 0 and & is the non trivial representation of the
group of two elements, we have

5P ®) (B o), 5,7, i ') = C5P2 B (B o), (s, 8),m @ 77, ). (3.15)

Proof. We find it convenient to assume that the inducing representations 7;, 7 and &
are given in their ¢-Whittaker model. In this realization f +— f(I;), f — f(I,) and
f = f(I2p, 1) are 1»-Whittaker functionals on 77, 7, and @ respectively. We realize the space
on which 7 acts as a space of functions

£+ GLy(F) x GLy(F) x GL,(F) — C

which are smooth from the right in each variable and which satisfies
* T =l
F( 7 7) gontornro) = | det(a) £ det(0)] ¥ i) 0) 1 o o).
for all g € GLy(F), lo,a € GLi(F), ro,b € GL,(F), n € Zgr,(F), n' € Zg, (F). In this
realization 7 acts by right translations of the first argument (see pages 11 and 65 of [49] for
similar realizations). According to the GL,,(F) analog to the construction given in Section

3.1, i.e., Proposition 3.1 of [37] for GL,,(F), and due to (3.10) and (3.11), a 1)-Whittaker
functional on 7 is given by

deol) = [ F@en by ) dn (3.16)

We realize the representation space of I(7(,),7) as a space of functions

f 2 Span(F) x Spok(F) x GLp,(F) x GL)(F) x GL,.(F) — C
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which are smooth from the right in each variable and which satisfy

f((jmm(m),1)ik7n(h)us,ny,( “ Z) g,n'lo,n”ro) = f(s,yh,gm,lpa,mob) (3.17)

) det(a)| 2| det(b)] 7 ¢(n)i(n')(n”),

2k+

7;1 (det(m)) | det(m)|

for all s € Spa,(F), h,y € Spox(F), ( N *> € PP (F), m,g € GL(F), lg € GLy(F), rg €
. :

GL:(F), u € (Npk(F),1), n € Zsp,, (F), n" € Zgr,(F), n" € Zgr,(F). In this realization
Spon(F) acts by right translations of the first argument. Due to (3.16), we have

As, 7 @7,9)(f) :/

>‘7’,'¢) (f(wi(ma k)nv 1)’ (IQka ]-)7 Im7 Il’ IT)>¢_1(n)dn =

Lo (U@ D, (Tas D s 1 1o 0y ) i
nENp,;(F) n’ENB’l(IF)
(3.18)
Note that w], = ( _I’""> < “m > Thus, z(—€nw),) = (=1)™. Due to (3.17) and
Inm Wm,
(1.14), we observe that for n € N, (F),n’ € Ml?T(IF)
7 (Gmon( =&t ), 1), (T, 1), e, 1, 1) =
(-1, —1){;““%1(—1’"’>f<(jm,n<—z5?,ﬂ?aw;1)n, 1), (Iok, 1>,Im,IlJr).

We shall write R

— T Emw), = — T emwi, 1,
where for g € GL;,(F) we define

= (emwm) G (€mwm).

g
Since n — # maps N?,(F) to NP (F), we get by (3.2) and (3.17):

T

A(s, T®7,9)(f) = (3.19)
(=1, =DF " (=17) / I (G (=& )1, 1), (T, 1), Iy I, I )90~ () din.
Nl,'r;k(F)
(Clearly the change of integration variable does not require a correction of the measure).

We turn now to I (Tl(s),TT(S),E). We realize the space of this representation as a space of
functions

£+ Sp2a(F) x Spar(F) x GLy(F) x GL,(F) — C

which are smooth from the right in each variable and which satisfy

—

f((jm7n< @ b),1)ik,n(h)us,ny,n’lo,n"rg):f(s,yh,loa,rob) (3.20)
spttaen (0 st 0 I e det )] plu o)
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for all s € Spo,(F), h,y € Spop(F), ( “ > e MY (F), ly € GL(F), o € GL,.(F),
b b

u € (Niyi(F),1), n € Zgp,, (F), n' € Zgr,(F), n" € Zgr, (F). In this realization Spoy(F)

AN
t)
to be a particular representative of minimal length of the longest Weyl element of Spa, (FF)
modulo the Weyl group of M~ (F). Since

acts by right translations of the first argument. Recall that in (3.1) we have defined wj(

wi (1,75 k) = Jimn(—G0T1rEmwy, ),

go = ( (=) > ;
I,

! <(jm,n(—g%75z7n?mw;1)n, 1), (Iok, 1), I, Ir) ¢~ (n) dn.

where

We have:

)\((s, $), T, RT, w) (f) = /

Nlﬂ“;k’(F)
(3.21)
Note that
f((jm,n<—g7)@aw;1>n, 1), (I 1), I, Ir)
= (_17 _1)%”71&(_1”);70<(jm,n(_.éf)@€/\mw;n)n7 1)7 (IZka 1)7 (_Il)r7 I"‘)
= (-1, —1)1?”%(—1”))(2(—Iz)(f<(jm,n(—@6’\mwin)n, 1), (Iak, 1), I, Ir) :
Thus,
A(s,8), @1 @7,9)(f) = (=1, =1y (=1")x7 (1) (3.22)

/ f((jm,n<—a7aw;1>n, 1), (I 1), I, n)w-%n)
Ny i1 (F)

For f € I(7(,),7) define

f: Spam(F) x Spo(F) x GL;(F) x GL,(F) — C

by f(s,y, ro,l0) = f(8,Y, Im,70,lp). The map f — fis an Spon, (F) isomorphism from
I(7(5),7) to I(Ti(s), Tr(s), 0). Comparing (3.19) and (3.22)we see that

As, 7@, )(f) = x5, (=1)A((s,8), 1 @ 7w @7, ) (f). (3.23)
We now introduce an intertwining operator
o (D) : I(T(S),E) — I(?’\(,s),ﬁ),

defined by

A]‘m n(wgl) (S> Yy, m, lOa TO) = / f((]m,n(e/\mw;n)n7 1)87 y,m, lOv rO)dn'
' jm,n(N(m;O)(F))
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Note that for f € I(7(,),7) we have

imm(iz Spom (F) x Spok(F) x GLy(F) x GLy(F) x GL,(F) — C

is smooth from the right in each variable and satisfies

Ay ), D tus, g () gunftp'r) =

5 det ()5 det(b)| 2 Y (n)i ()b ()0 £ (s, yh, i, loa, rob),

(3.24)
for all s € Spo,(F), h,y € Spay(F), ( a Z) € Pl?T(IF), m,g € GLy(F), lo € GLi(F),
ro € GLy(F), u € (Nyg(F), 1), n € Zgpy, (F), n' € Zgr,(F), 0" € Zgr, (F). Since § = g
and since @, = how,, where

()
0 — )
(=)

7y (det(m))| det(m)]

we have,
A=5,7@7,9)(f)
= / F(Gmn(—€mwi)n, 1), (Iag, 1), hohowy,n', I, I )~ (0!~ (n) dn’ dn
NnENp,. 1 (F) n’ENO (F)
= X5 (= I)xs (=) (=1, =Dyt (=17)

/ / F(Gmn (—wrn'Enly ), 1), (Tog, 1), I, Iy 1)~ )~ (n) dn’ dn
nENy, 1 (F) Jn’'eN? (F)
X (=L)X, (= 1) (=1, =)yt (—17)

/ / F(Urmon (=i )i, 1), (o 1), T I I )0~ (0™ () dit din.
n m;k ]F) n'eN? ( )

We have shown:

A=s,7 @7, 9)(f) = x5 (= I)xG, (=) (=1, =D)F ' (-17) (3.25)
f((jm7n(_wr,le/\mw;n)n/n7 ]-)7 (I2k7 ]-)7 Ima Il7 Ir)wil(n) dn.
n€N; 1,1 (F)

Consider now

~

ij,n(w;,:l) t(Tigs), Tr(s), ©) = L(Tr(—s)s Ti(=s)50);5
defined by

A, —1y(8,9,lo, 70) = f((jmn(e/\mw'_l)n, 1)s,y,l,r)dn.
]m,n(wm ) R ) m
J (Nm 0)

Note that for f € I(7(), Tr(s),7), We have

jmm(wi;l)f : San(F) X Ska(F) X GLl(IF) X GLT(]F) —C
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is smooth from the right in each variable and satisfies

—

gjm,n(w'/rrjl) (f)((]m’n ( > ’ 1)lk‘,n(h)us7 ny, ’I’Lllo, nNTO) = f(sa yh? loéa TOB) (326)

wpter (0 Plden(( P NP den(a) B det)] F wmpuia (),

a

for all s € szn(IF), h,y € Spgk(F), ( b > S MB,I’ lp € GL[(IF), o € GLT(IF),
a
u € (Npyi(F),1), n € Zgy,, (F), 0’ € Zgr,(F), n" € Zgy, (F). Similar to (3.22) we have:

A(=s,=5), 7 @ 1. 9) (f) = (=1, =DF" s (=17)x, (=)

/ / <(jm,n<—§o@aw;n>n, 1), (I 1), I, Ir) o (n) (3.27)
Nr,l;k(F)

For f € I(7(_s) ® 7) define

f  Spam(F) x Spar(F) x GLy(F) x GL,(F) — C

by

~

f(87y7T07l0) - f(s)y7 Im7r0)l0)~

The map f — fis an Spay, (F) isomorphism from I(7_y), @) to I(7(—s), Ti(=s), 7). By (3.25)
and (3.27) we have,

M=s,7@5,9)(f) = Xo (~I)A((=s, =9), 7 @ 5 © 7, ¢) (f). (3.28)

We use (3.23), (3.28) and the fact that for all f € I(7°* ® 7) , we have

to complete the lemma:

Spen(F) (5 7m _ . =1\ A(s, 7 ®@7,0)(f) o
G Brnio ). 7 T dmnleom ) = 35 704, @)

A(s,8), @7 @7,%)(f) T o /
= — =C P i(F), (s, ), L @F, (W)
)\((—S’—S)aﬂ®ﬁ®5,w) (Ajm,n(w;;l)(f)) ¥ ( 1k (F), (8, 8), TRTr QT fimn(w ))

O]

The heart of the proof of Theorem 3.2 is the following lemma which is a slight modifica-
tion of the following argument, originally proved for algebraic groups (see [37] for example):
If wy, wy are two Weyl elements such that I(wjws) = [(wy) + I(wgz), where I(-) is the length
function in the Weyl group, then Ay, o Ay, = Ay w,- See Lemma 1 of Chapter VII of [1]
for a proof of this factorization in the case of an r-fold cover of GL, (F).
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Lemma 3.2.

Cimn(]F) (le;k(F)a (8, 5)7 YT Y0, jm,n(wgl)) = qu;l("ﬂa [ TT)CI(S)C2(5)C3(S)’

where
Spon(F) (5o _ . _
01(3) - C¢p2 ( )(Pl,r;k(F>7 (37 3); TR ® Uvjm,n(“ﬁ 1))7
Spon(F) 577 ~ . _
ca(s) = O3 (Pp(F), (5, =), 1 @ 72 @, fimon (w3 1)),
Spon(F) 57 ~ . _
es(s) = CoP O (P i (F), (—5,8), 72 @ 1 @ T, jinn (w3 1))
P
and where
I I
w1 = e ) w2 = ’25]\77-, w3 = o )
I I
[ wy
d
an 12(1-1)

Su(r, L) = (1, =1)g 2 xr (=)', " ((=D)").

In particular :

5P (B (F), (5,5). 1 © 1, iy ) = 6511 704 ()h(5)h (),

where

ci(s) = C’ijm(F) (Pl’T;O(IE‘), (s,8), 71 ® Tr, wl_l)

cy(s) = P (Po(F), (5, —5), 1 @ 7oy w3 ")

cy(s) = C3P*m O (Pg(F), (—s,9), 77 @ 7, w3 ).

Proof. We keep the realizations used in Lemma 3.1 and most of its notations. Consider the
following three intertwining operators:

G (w7 1) : I(Tl(s),Tr(,s),E) — I(Tl(s),ﬁﬂ(,s),ﬁ) (329)
Ajm,n(w;l) : I(Tl(s)a 7yT'(—s)aﬁ) - I( v7"(—5)7 Tl(s)va)
Jon(wg ) LT () T1(5),0) = (T (=) TU(-5), )

Suppose that we show that

1 OA' (’w;l) OAjm,n(wfl) = ¢¢(T717 TT)A (w;‘gl), (330)

jm,n(w:; ) Jm,n Jm,n

This will finish the lemma at once since
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FT () o A(s,8),m @1 @7,9)(f) 3
Cy (Prk(F),(5,8), 1 @ T @FT, jmn(w,)) = M(s—9).5 2707 0) (Ajm’n(wgl)(f)) =
)\((S, $), M1 RT, @Z)) (f) )\((5, —8), QT ®0, 1/)) (Ajmm(wl—l)(f))

Mo =997 90.0) (4, 0 D) M58 7 on oo b4, oA, o)

M(=s.9), 7 @n @, Y)(4; w1 °4y, w ()
)\((_87_8)7’7} ®’7_l ®o, w) (Ajm,n( OAjm,n(w;l) jmv"(wfl)(f)) '

-1

wy )

By definition the right-hand side equals
(;5;1(7“, I, mr)e1(s)ca(s)es(s).

Thus, we prove (3.30). It is sufficient to prove it for Re(s) >> 0 where 4, (w1 1s given
by an absolutely convergent integral. Our argument will use Fubini’s theorem, whose use
will be justified by (3.33).

Ay O A ) © Ajmm(wl—l)(f)(&y, lr) = (3.31)
/ Ajmyn(wgl) o Ajmyn(wfl)(f)((jm7n(tw3w3)n3, 1)3, y, 1, 'r)dng =

Nusg (F)
/ / Ajmn(wl—l)(f)((jm7n(tw2’u)2)n2,1) (jmm(twgwg)ng,1)s,y,l,r)dn2dn3 =

Nag (F) J N,y (F) '

/ / / f((jm,n(tuu wl)n17 1) (jm,n(tw2w2)n27 1ij,n(tw3w3)n3a 1)57 Y, 1, T) dnidnadng,
Nuwy (F) Ny () Ny, (F)

where, as a straight forward computation will show, NV, (F) is the group of elements of the
form

I 0
I z
I Og sym
, z € Mat)) (F),
I
I
T
Ny, (F) is the group of elements of the form
Il z
I
I
k , 2 € Maty«.(F),
I
—zt I
Iy,
Ny, (F) is the group of elements of the form
I Or
I; z
I 0
b | Lz e Mat)UT(F),
I
Iy,
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o —

and where ¢, = ( L >, twy, = Im, twy, = < Ir > We consider the first
€
): By (

argument of f in (3.31): 1.14) and (1.18) we have:

(jm,n(twlwl)nly 1) (jm,n(twng)n27 1) (jm,n(tw3w3)n37 1) (332)
= (jm,n(twlwl s )(nla 1) (]m n(tw2w2) ]-) (n27 1) (jm,n(tw:;w?))a 1) (77,3, 1)
= (]m n(twlwl ) (Jm n twng ) ( Im n tw3w3 1) (n,ln,2n37 1)

)
= ([2717 )(]mn(tw1wltw2w2tw3w3 1) n1n2n37

o —

1
1

(I, €) (jm,n<( I )a:w;l), 1) (s, 1),
I(~1)!

where

nll = Jmn (w3t Waty,) ! (nl)jm,n (watw, w3ty ) ! ) n’2 = Jmn (w3tw3)71 (n2)jm,n(w3tw3 )s

and where
€ = C(tw, W1, tw, W2)C(tw, W1tw, W2, tyyws).

We compute:

I 0 I, 2
I z I
. -1 I 0 . -1 1,
Im,n (w3tw3w2tw2) k k Jmn (w2tw2w3tw3) = k
I; I
I I
Iy,
Il z Il z!
I7 ]1- Z/t
. _1 I . o Iy
Jm,n (w3tw3) Im,n (w3tw3) = 5
I I
—zt Ir Ir
I I

where 2/ = zw,ty,. Hence we can change the three integrals in (3.31) to a single integration
on Jm.n (Nm;O(F)) without changing the measure and obtain

Ajm,n(wgl) © Ajm,n(wz—l) °© Ajmm(wl_l)(f)(sa y,1, 7”) (3'33)

= 5/ f((]mm(( h )6/%0%)”, 1)s,y,l7r)dn
jm,n(Nm;O) IT(fl)l

= ot (“L)' " (FO A,y (Ds.0. ).

12(1-1)

It is left to show that e = (—1,—1)p ®> . Indeed, we have

I I I
ErWr —I,

I
tw1w1 = 5 7fwng = "
I I I

€rWr I, I,
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Tgl(rfl)

Thus, by (1.14) we have c(ty, w1, tw,w2) = (=1,—1)y > . Since

I I 1.
twl w1 twg wa = erer Ir h s

ErWp I I

-1 €Wy
tw3 w3 = ’

I €rWr

rBi(r—1) | 12(1-1)
we conclude, using (1.16), that c(tw, witw, w2, tws,ws) = (=1, =1) M

Lemma 3.3. Keeping the notations of the previous lemmas we have:

T _ . _ Spa(r F) == _ . _
CSPQH(IF) (-Pl,r;k(F)a (37 S)7Tl®Tr®07]m,n(w1 1)) - C¢p2( +k)( )(Pr,k(F)7 S, Tr®07]r,r+k(w; 1))

(3.34)
ﬁ - - . _ GL(F ~ -
C¢p2 ( )(lek(]F), (S, *8), TR Tr & Ua]m,n(w2 1)) = 01/) ( )(Pl(,)r(F)7 (57 *S)a T @ Tr, wlﬂ“l)'
(3.35)
—— o _ T () P— . _
c,r () (P (F), (=85, 8), 7 @TIQT, jmn (w3 ")) = prw”“)( )(B;k(F>7S,Tl®07]l,l+k(w1/ﬂ Y).
(3.36)
In particular:
Co N (Po (@), (s,5), 71 @ 7w t) = CoP ) (P (B), 5, 70,71,
Spam (F) ~  — GLmn(F = -
C¢p2 ( )(B,’V‘;O(]F)7 (S, _3)’ T ® Tr, w2 1) = C’ll) ( )(Pl(,)’l’(]F)7 (S, _3)5 Tl ® Tr, wl,rl)‘
oo (F N _ Spay (F) -
cpr B (P10F), (=5,5), 7 © 7 ©7,w;") = Cwml( '(Bro(®), s, w7").

Proof. We prove (3.34) and (3.35) only. (3.36) is proven exactly as (3.34). We start with

(3.34): As in Lemma 3.1 we realize I(7,(,),7) as a space of functions

f : Sp2(r+k)(F) X szk(F) X GLT(F) —C

which are smooth from the right in each variable and which satisfies

F Gt @i (hyus, ny,n'ro) = 57 (det (8))| det ()M 5 (n)p (n' Yo f (s, yh rob),  (3.37)

for all s € Spg(r+k)(F), h,y € Spgk(F), b,rg € GLT(F), u € (Nl;k(F),l), n € ZSP%(F)
n' € Zgr,, (F). For f € I(1i(5), Tr(s),7), g € Span(F) we define

fg : Sp2(r+k) (F) X Spgk(F) X GLT(}F) —C

by
fg(S,y,T) = f(ir+k,n(g)s7y7[lvr)'
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Recalling (3.20) we note that f; € I(7,(s),7). We want to write the exact relation between
)\((s, $), T ®T 7, w) and /\(s, T Q0, w) To do so we consider the left argument of f in
(3.21): We decompose n € N ,.,(F) as n = n'n", where

*

I * * * *

I, Orxk * Orxr Orxk

. *
n' € Zr—l—k,n(Nr,k(F))a n” € Uo(F) = {’LL = T ; Ok Okxk | u € szn(F)}.
l
* I
* I,
We have
(wj(l,r, k)n, 1)
I; €Wy
€rwr I
_ I I wn', 1)
I —€wy
—€rWp I,
Iy I,
€Wy
I
. . ~ I
= (Zr—l—k,n (]T’,r—f—k(_erw;))n, ¥ nﬂa 1>
—€lwy
I
Iy,
Thus, for an appropriate € independent of n’ and n”, we have:
(wy(l,7, k)n, 1) =
€Wy
I
. . ~ I
(’Lr_t,_k;,n (]nHk(—erw;))n', 1) < k n",s).
— €Wy
I
Iy,

We denote the right element of the last line by g(n”), and we see that
A(s,8),m @7 ®0, w) (f) (3.38)

/ / () (T 1), 1)~ ()™ (") i d”
UO rk

_/ A(s, 7 @7, 0) (fynr )¢_1(n”) dn”.
Uo(F)

For f € I(7i(s); Tr(=s),0), 5 € Sp2n(F) we define f; as we did for I(7,), 7r(5),7). In this
case fy € I(71(_s),0). Exactly as (3.38) we have

)\((s, —$), T @ Tr ® T, w) (f) = /U - /\(—s, T R0, ¢) (fg(nu))wfl(n")dn". (3.39)
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Let
—1y 2 (71 ()5 Tr(s), @) — L(Ti(), Tr(—s), T)

Jmn(wy )
be as in lemma 3.2 and let
Aoty A (Tr(s),0) = 1(Tr(—4),0)
be the intertwining operator defined by
Ajr r+k(w;_1)(f) = / f(jr,r—&-k(erw;n)v (I, 1), Ir)¢_1(n)dn
' jr,r+k(Nr;0(F))

Using the fact that A; . (c.w)-1(fg) = (A i n(w;1)(f))g we prove (3.34):

P E) (B F), (5,5),m © 7o © 7, g (wi )
A(s:8),nen®7,9)(f)
M(s,=9), 1@ % ©7,9) (4, (1))
- fUO(lF) (S Tr@a’w)(fg(n”))¢ Hn")dn"
— on ) )\(—s Tr ®0,¢)( PR 1(fg(n”)))1/) L(n)dn"

P2 im E) (p— S .
on p2( +k)( )(Pr,k(F) S, 7'7~®0' ]rr+k( - 1)))\(—S,Tr®07¢) (AjT,TJrk(erw{n)—l(fg(n")))"vb 1(71”)(111”

Joow M=8: 7 @T,0) (A5, ey (Fo(n)) L (") dn”

[T IVRIN ) P
_ Cd}m( T ( )(Pr;k(F) 5,77 @ T, jrrsn(w) — 1))

To prove (3.35) one uses similar arguments. The key point is that for f € I(7;(s), Tr(=s),7), g €

Span(F), the function
fg : GLy(F) x GL)(F) x GL.(F) — C

defined by

2k+m+1

fola,lr) = |detal ™3 w(a)f((jm,nm),1)g,<12k,1>,z,r),

lies in I(Tl(s),ﬁ_(,s)). ]
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These three lemmas provide the proof of Theorem 3.2
V(@ X 7,8, 9)
Span SN _ . _
CP O (P (F), 5,7 @5, jonn (Wi V)

P (Pro(E), s, 7,win )

CW(W’ (3, 5), T RT K0, jm,n(wgl))
C5pen®) (B ), (5,8), 71 @ 17wl )

¥
ijzn(]F) (B,r;k(F)a (Sa 5)7 YT ®0o, ]m,n(wfl)) Cipzn(F) (Pl,r;k(F)’ (57 _S)a & 7/_;‘ ® o, Jm,n(wgl))
o Spom (F) 5 7o — Spom (F) /577 ~ _
CoPm O (B0 (F), (s.8),m @ 7wy L) CiPm ) (P (), (5, —5), 1 © 7y w3 )

Cgpgn(lF) (Prrse(F), (—5,8), 7 @11 @ T, fmn(w3 "))
5p2m (F) (m, (=s,8), 7 ® 1, w:)?l)

P
Spo(rii)(F) 5= — - GLn, T, O
O B (B), 5,7 9T, k() ) CT O (POLF), (5,—5), 1 © 7, w1,
= - T~ GLpy(F = -
PO Pro®)smt ) OO (PLE). (5, —0) m @ 7))

S F _ . _
C¢p2(l+k)( )(Pl;k(F)7377'l ® 7, jiirk(wy ) _ _
Spar(F) ) :’Y(UXTl,S,@Z))’Y(O’XTT,S,¢).
Cw 2 (Pl;O(F)7877_l7wT_ )

The proof of Theorem 3.13 is achieved through similar steps to those used in the proof
of Theorem 3.2. We outline them: First one proves an analog to Lemma 3.1 and shows that

Spon(F) /5= _ . _ Spon(F) =~ . _
C,/)m (F) (Pm;k(F)a 8, TR0, ]m,n(w;n 1)) = Cd,pQ ) (Pm,l;r(F)7 (37 0)7 TRT® Urv]m,n(w;n 1)) .
(3.40)
Then one gives an analog to Lemma 3.2: Using a decomposition of A (ol yr ODE shows
that

CoPr ) (B 1 (B), (5,0),7 @ 1 @ 7, fimrtn (Wi 1)) = (=1, —1)F ks (s)ka(s)ks(s),  (3.41)

where
ki(s) = P (B 1 (F 7. -1
1(3) =Yy ( m,l;r( )a (370)7 TOT® Ur,,jm+l,n(w4 ))?
Spon(F) /5= . _
ka(s) = O © (Prmir(F), (0,8), 71 @ T ® T7, fmin (w5 1)),
Span(F) /5=~ - . _
ks(s) = Co7" ) (P (F), (0, =), 71 @ 7 @ 7, fimerin (w5 1))
and where
I
Wy =Wy, Wh= L we = .

Wm

The third step is, an analog to Lemma 3.3:

Span(F) (5=~ . _ GLomsi(F s —s _
Cwm ( )(Pm,l;r(F)v (5a0)77_®7—l®0ra]m+l,n(w4 1)) =C +( )(PO Z(F)(i’ 7),T®Tl,wmb),

Pt s
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Spon(F) 5 70on . _ Spa(mary(F) 5= . _
prz ( )(Pl,m;r(F)a (O, S)le®T®Jr)]m+l,n(w5 1)) = Czppz( ) )(B;T(F)75,T®0r7]m,m+k(w;n1

SN PO - 5 —s .
CoP ) (P (B, (0,=8), 707, i (w5 1)) = O O (P, (F) (5, 500, mo?, ).
(3.42)
Combining (3.40), (3.41), (3.42) we have:
Y@ X 7,8,9) = (=1, =)'y (a7 x 7,5,)
GLy i1 (F s —s 1\ AGLp i1 (F s —s .
Cypi ! )(PSL,I(F)(? 7)7 T® Tlﬂﬂm?l)cw—l ! )(P%,I(F)(ia 7)7 ¥ Tﬂ”u}z)‘

With (3.9) we finish.

3.3 Some computations

Lemma 3.4. Let n1,m2,...,n be k characters of F* and let 7;1 ®x = (7;1 odet) ® x be
the character of Tsp,, (F) defined by

k

(diag(ti,ta, ... tity t5 ot ) €) = 671;1(t1t2 o) Hm(ti).
=1

Let a1, g, ...,y be m characters of F* and let p be the character of Ty, (F) defined by
m
Diag(ty, ta, ... tm) — [ [ its).
i=1

Define @ and 7 to be the corresponding principal series representations:

G L (F)
Barm@ ™

— __ _ Spay (F) -1 _ _
J—I(X)—Indwfyd) ®x, 7T=1I(u)=1Ind

There exists ¢ € {£1} such that
k m
v(@ x75,9) = c [T [T (s x n s, )v(mi x a,5,40). (3.43)
i=1j=1

G L (F)
P{),m— 1 (]F)

G L1 (F)

Proof. Note that 7 ~ Ind Bon (F
m—1

implies that

a1 ® 7', where 7" = Ind ) ®i%, o Theorem 3.2

V(@ x 7,8,9) =v(T x a1, 8,9)y(T x 7', 5,1).

Repeating this argument m — 1 more times we observe that

m
V@ x 7,8,9) = [[1(@ x aj,5,9). (3.44)
j=1
Next we note that & = Ind>P2:®) (’yq;l ®n1)®0’, where o/ = Ind%’@l ® (®?;1177j)-

Prp—1(F) Bspy_1)
By using Theorem 3.3 we observe that for all 1 < j < m. There exists ¢ € {£1} such that

7(6 X Qg 8##) = C/’Y(g X Qj, 8, ¢)’Y(0‘J X 771_1» Saw)’}/(nl X Qy, S,?ﬂ)- (345)
By Repeating this argument k£ — 1 more times for each 1 < j < m and by using (3.44) we
finish. O
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Lemma 3.5. Let x be a character of F* viewed as a character of Bgr,w). There erists an
exponential factor, € (x,s,1), such that

(X2, 2s,1)

: 3.46
Y(x, 5+ 3,0) (3.46)

S 5 —
C¢L2(F) (BSLQ(]F)7S’X7( (1) 01 )) = 6/(X787¢)

If F is p-adic field of odd residual characteristic, x is unramified and ¥ is normalized then
¢(x,89) = 1.

Proof. This lemma was proven in [51] for p-adic fields and for the field of real numbers. We
remak that the computations are extremely technical in the case of 2-adic fields. We now
give a short proof for F = C.

Since SLy(C) = SLy(C) x {£1} and since v, (C*) = 1 it follows that

€ (Bora(©) 50 (49) = OO (Bsna @ s ( 48)- (347

Recall that any character of C* has the form
inf

X(reia) = Xn,so (rew) = %0,

for some sg € C, n € Z. We may assume that sp = 0 or equivalently that x = xnp0.
Theorem 3.13 of [40] states that

L(x7',1—5)
L(x,s)

where ¢/(s) is an exponential factor. The corresponding local L-function is defined by

CZLQ(C) (BSL2 (C)v 5 X ( —01 (1))) = CI(S) (348)

il

Le(xno,5) = (2m) "0+ 500(s +

Due to (3.47) and (3.48) we only have to show that

T+ ) 2r(1+n—2s)r(§+%+s)

Tl 1) T(n+25)T(L + 2 —5)

This fact follows from the classical duplication formula

T'(2)T(z + l) = 21722 /71 (22).

2
]
Lemma 3.6. Let ag, aa, ..., q, be m characters of F* and let u be the character of Tgr,, (F)
defined by
m
Diag(ty, ta, ... tm) — [ [ ca(ts).
i=1

We also regard p as a character of Bar,, (F). Define T to be the corresponding principal

series representation:
G L (F)
Bernm™

T=1(p) =Ind
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There exists an exponential function c(s) such that

Spam (F) /o 2 25,)
Csp2m(IF) Pmo(IF) S, T, w/ 1 — C(S)’Y(T’ sym-, ’
b B )= V(7 s+ 1,9)

(3.49)

If F is a p-adic field of odd residual characteristic, 1 is normalized and T is unramified then

c(s) =1

Remark: In Section 4.3 we shall show that (3.49) holds for every irreducible admissible
generic representation 7 of GL,,(IF); see Theorem 4.3.

Proof. We first prove by induction that there exists d € {£1} such that

ijzm(F)(m s, 7wl (3.50)
m m—1
SLa(F) (57 GLyyy1—i(F ~ _
— dHCQZ} 2( )<BSL2(F)737QZ7( _01 %])) H C"ZJ 1 ( )(’PlO,WL7Z(]F)7 (S, _S),az‘ ®Ti7w1,71n—i)
i=1 i=1

where for 1 <i:<m—2, 1, = Inngm l(%) ®;7“:i+1 aj and 7,1 = ap,. Furthermore, d = 1

if IF is a p-adic field of odd residual characteristic and 7 is unramified. For m = 1 there is
nothing to prove. Suppose now that the theorem is true for m — 1. With our enumeration
this means that there exists d’ € {1} such that

CSp2(m71)(F)(4Pm_1;04(ﬂ7),S,Tl,w,_l )

P m—1
m m—1
SLa(F) 55— GLy—;i(F ~ _
= d,HCw 2 )(BSLQ(F)787ai7( —01 é)) H Cw ( )(Pl,m*’i(F)Ov(Sv —S),Oéi ®7—i7w1}n_1_i)
=2 1=2

and that d' = 1 if F is a p-adic field of odd residual characteristic and 7 is unramified. (3.50)
GLn (F)

lml

follows now once we observe that since 7 ~ [ nd

3.2 and 3.3 that

a1 ® 11 it follows from Lemmas 3.1,

OO (B B 5.l !) = 40O (B, B s, 94)

Spaim—1y(F) _ . .
P 0O (BT o), 5,1l ) CSE E (P, (F), (s, —5), 01 @ AL oty )

m—1

for some d” € {£1}. If F is a p-adic field of odd residual characteristic and 7 is unramified
then d”’ = 1.

From (3.9) and from the known properties of (7, s, ) (see [39] or [20]) it follows that
for every 1 <i <m — 1 there exists d; € {£1} such that

m

CGlmr=®(pY(F), (s, —8), s @ T wi b ) = di ] v(eiay,2s,0). (3.51)
j=it+1

and that d; = 1 provided that F is a p-adic field and 7 is unramified. From (3.46) it follows
that

SLo(F) 4 7 (a?,2s,¢)
Ho (Boa®lson( 41) ¢TI LS5 @)
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where ¢f(s) is an exponential function that equals 1 if F is a p-adic field of odd residual
characteristic, 9 is normalized and 7 is unramified. Plugging (3.51) and (3.52) into (3.50)
we get

m

Cim’"(m (P (F), s, 7, wiy ! H( (07,25, ) H (oo, 2s, U}))

i=1 Ckz,8+2,d} j=i+1

By definition, (3.49) now follows.

4 An analysis of Whittaker coefficients of an Eisenstein series

4.1 Unramified computations

We keep all the notations we used in Lemma 3.4 but we add the following restrictions; we
assume that F is a p-adic field of odd residual characteristic, that 1 is normalized and that
x and p are unramified. We define the local unramified L-function of & x 7 with respect to

P
Ly(T xT,5) H H L, 8)L(n; ey, 8). (4.1)

1<i<k 1<j<m
The subscript 1 is in place due to the dependence on Yo 1 in the definition of 7.
Similar to the linear case, I(x(s)) has a one dimensional ko (Spex(Qr)) invariant sub-

space. Let f>(()<s) be the normalized spherical vector of I(xs)), i.e., the unique xay, (S’pgk(@[g))

invariant vector with the property fg - (I, 1) = 1. For f € I(x(s)) the corresponding Whit-
taker function is defined by

1 —
Wi =g [ H(Uuu1)g)o @ du
X(S) Zspzk(F)
where
i 1
Cyioy = [ +mma T2 JT (=g ni(m)ni(m)™ (@ = g ni(m)n; (m)g—>)).
i=1 1<i<j<k
With the normalization above, Theorem 1.2 of [6] states that Wy = W? | where

X(s) X(s)’

WQ( , is the normalized spherical function in W(I(x(s)),%)- To be exact we note that in

[6], the 1~ !-Whittaker functional is computed. This difference manifests itself only in the
SLy(F) computation presented in page 387 of [6]. Consequently the left product defining
Cx<s) presented in [6] differs slightly from the one given here. Let fg be the normalized
spherical vector of I(u). Define

Wilg) = — f(wmug)y ™ (u) du,
Dy Jzar,,®

where



Denote by WO the normalized spherical function of W (I(u),). Theorem 5.4 of [9] states
that Wyo = W Let Arp and Az be Whittaker functionals on I(p) and I () respectively.
Note that

Arw(T(9)f) = Wilg), A (@(s)f) = Wy(s). (4.2)

Similar to Section 3.2, we realize

_ Span (F)
I Ind P2 (F)(’yw ® T(5)) ®

as a space of complex functions on Spa,(F) X GLy,(F) x Spok(F) which are smooth from
the right in each argument and which satisfy

f((]m,n(/g\)v 1)ik,n(y)nh> bgo, (b/ )yO)
= 6’}/1;1 (det(g) det(b'))|det(g )2

nthtl

0Bay, ) (0)0Bs,, @ )ud)x(b)f(h, 909, y0y),

For all g,g0 € GLin(F), 4,90 € Spok(F), n € (Nynik, 1), b € Span(F), b € Bar,, ), (Vs €) €
Bsyp,, (7). We realize

I = 28 (371 0 Wiy (r, ) © W(o, )

as we did in Lemma 3.1. An isomorphism 7} : Iy — I} is given by

(T f)(h,g,y) = f(s,wmnag, (Jogna, Dy) e (n1) ™" (ng).

Dy Jniezar,, @ /nzezspzkm

Let f?l € I1 be the unique function such that
F1 (Tns 1) In, (I, 1)) = 1

and such that for all o € ko, (Spgn((O)]F)), g € GL,(F), y € Spor(F) we have
f(0.9.9) = filg) - ().

Let f?{ € I{ be the unique function such that
f?{((bm 1), I, (Iox,1)) =1

and such that for all o € ko, (Spgn((@F)), g € GL,(F), y € Spok(F) we have

7 (0,9:9) = Wi(g) - Wy (y)-

According (4.2): Tl(flol) = f?{. We denote by X (s, 7 ® 7,1) the Whittaker functional on
I{ constructed in the usual way.

Lemma 4.1.

L(r,s+ %)
L(r,sym?,2s + 1)Ly(cd @ 1,5 + 1)

A/(SaT ®5»?/))f% =
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Proof. For f € I} we have:

N(s,7@7,¢)(T1(f)) )
= / ) (Tlf) ((jm,n(w,ln)u, 1), L, (IQk, 1))¢71(u)du

= f((J2nu7 1), I, (Lo, 1))¢_1(u)du.

In particular

0 1

1 - m f?l ((JQTLUa1)7Im’(‘[2k’1))1/)71(u)du'

NSPQn (F)

Let j1(5y ® x be the character of Ty, (IF) defined by

(Do (t)) = | det ()] p(t)x (1),

where ¢t € Tqy,,(F), t' € Tgp,, (F). We realize I(pe) @ x) = Ind%v@l ® p(s) @ X, in
P2n

the obvious way. For the Whittaker functional defined on this representation space,
Moo @) = [ a1 wda,
Npay, (F)

we have
)‘(87 & X)(f?(,us®x)) = C#(g)@X' (45)
The isomorphism 75 : I} — I(p() ® x) defined by

(Tof)(h) = f (R, Im, (T2, 1)),

whose inverse is given by

n+k+1

(T3 £)(hy g,y) = e (det(g))ldet(9)] =2 f((Gmn (@), Dikn(y)h),

has the property:

Using (4.4), (4.5) and (4.6) we observe that

CM(S)(XJX - )‘(87 X & /L)(f?()(s@,u)) = / (TQ(,](%)) (J2nu7 1)¢_1(u)du =
Span (F)
/ 1 ((F2nw, 1), I, (I, 1))y (u)du = Cx DX (5,7 @ 7, 90) f . (4.7)
Nspo,, (F)

Since )
CM(s)®X . L(Ta s+ §)
CyD,  L(r,sym?,2s+1)L,(G @ 7,5+ 1)’

the lemma is proved. O
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Remark: In the case k = 0 (4.3) reduces to

L(t,s + %)
L(7,sym2,2s + 1)

)‘/(857- ®5,1/})f% =

This case appears in the introduction of [6].

Let Ams)@X, 1A A ,_1, be the intertwining operators defined on I(u (s) @

. —1
mn( ) jmv"(win )7 Jm,n(

X), I, I respectlvely.

Lemma 4.2.

N(— ST®U,w)( () ( )) (4.8)

L(7,—s+ ) Ly(c ® 7, ) L(7, sym?, 2s)
L(7,sym?, —2s+ 1)Ly (6 @ T, —s + 1) Ly(T ® 7, s + 1) L(7, sym?,2s + 1)

Proof. Application of Lemma 3.4 of [6] to the relevant Weyl element proves that

H(s)®X 0 _ 0
A " )( )= K"’(S)®Xf1(u(fs)®x)’

Gonm (wim 1) N B(s) X
where
I _ Lo®rT,s) L(7, sym?,2s)
HOX T L(E @1, s+ 1) L(, sym?,2s + 1)
We define
Sp2n (F) (-1) Span(F) ( —1 -1 —
T Indp2 0t @ 701 07 — IndZ2 0 (' @ Wy (7V.4) © W (7, 0)

and

Sp2n (F) (=1 Sp2n (F)
Ty : Ind (F)(W T _ s))®a—>Indm’y¢ ®,u( s)®X
by analogy with 77 and T5. Note that T1 commutes with A;  and that T2 commutes with

e ()" Therefore,

T4y, iy I0) €A (D)
and ®
Ty (4 o) C A" e (jf;;l) (I(psy @ x))-

We denote by f[ and f], the spherical functions ofA (@ /71)(11) and A’ e 1)([{) respec-

tively. Since T, 15, ,Tl, T 5 map a normalized spherical function to a normahzed spherical
function and since a straightforward computation shows that

H(a _ / —1
TIT A]m n(wm ) Ajm n( ’— I)TITQ )
we have o
H(s) X
A/ (fI/) T]_T A @) /—1 (f]/) - N(s)®Xf[’ .

n( Wm )

Jmn(w

From this and from (4.7) we conclude that

o~ —_ C S
)\'(—S,T®a,¢) (A;m,n 1 (fI,)) #<g)®x)‘/( s 7’®0‘,¢)(fl,) = Ky 0x . D®VX

This finishes the proof of this lemma. O
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4.2 Crude functional equation.

The argument presented here depends largely on the theory of Eisenstein series developed
by Langlands, [27], for reductive groups. Moeglin and Wladspurger extended this theory
to coverings groups; see [29]. Throughout this section, F will denote a number field. For
every place v of IF, denote by I, the completion of F at v. Let A be the adele ring of F.
We fix a non-trivial character ¢ of F\A. We write ¢(x) = [[, ¢ (z,), where for almost all
finite v, 1, is normalized. As in the local case, 1) will also denote a character of Zgr, (A),
ZSp,, (A) and of their subgroups.

Let 7 and @ be a pair of irreducible automorphic cuspidal representations of G L,,(A)

and Spoy(A) respectively. Let 7 and @ act in the spaces V; and Vi respectively. We assume
that 7 is genuine and globally ¥-generic, i.e., that

/ G, 1)~ (n) dn # 0 (4.9)
N€Zspy, (F)\Zspy, (A)

for some ¢z € V5. Fix isomorphisms T} : ®!, 7, — 7and T, : ®!,5, — 7. Here, for each place
v of F, 7, and @, are the local components. Outside a finite set of places S, containing the
even places and those at infinity, 7, and &, come together with a chosen spherical vectors
a? and ﬂgu respectively. We may assume, and in fact do, that 1, is normalized for all

Tv
v¢sS.
Let T =Ty ® Ty. We identify (®/,7,) ® (®],7,) with ® (1, ®7,) in the obvious way. We

also identify the image of T with the space of cusp forms on GL,,(A) x Spor(A) generated

by the functions (g, h) — ¢-(g9)¢z(h), here g € GL,,(A), h € Spar(A), ¢ € V; and ¢5 € V5.
T then is an isomorphism T': ®/,(1, ® 7,) — 7 ® 7. Denote for ¢ € V;g7.

Wy(g,h) = ¢(n1g, (n2, R)Y ™" (n1)Y " (n2)dny dny.

/nl eZGL'm (]F)\ZGLm (A) /nQEZSPQk (F)\Zspzk (A)

By our assumption (4.9), there exists ¢ € Vg5 such that Wy # 0 is not the zero function.
Note that the linear functional

Az w(8) = W (I, (Ion, 1))

is a non-trivial (global) ¢-Whittaker functional on V;gz, i.e,

Az (T @ T(n1,n2)0) = Y(n1)Y(n2) Argz,y(9),

for all (n1,n2) € GLy,(A) x Spar(A). The last fact and the local uniqueness of Whittaker
functional imply that

Lemma 4.3. There exists a unique, up to scalar, global 1- Whittaker functional on T ® &

¢ = Aragy(9) = /

/ ¢(n1, (n2, 1))~ (n)yp ™" (na)dna dns.
Zarm FN\ZaLy, (A) Zspgk (F)\Zspgk (A)

For each v let us fix a non-trivial 1, Whittaker functional A\, g5, 4, on Vi, ez, at each place
v, such that if T, ® T, is unramified then

)\TV®EV7'¢'V <a70'1, ® 521,) = 1
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Then, by normalizing Ar gz, 4, ot one ramified place, we have

Arez,p (@) = H Ay @5, b (Vr, @ Vg, ),

where ¢ = T(Q, (vr, ®vz,)), i.e., ¢ corresponds to a pure tensor.

We shall realize each local representation

_ Span(Fu — —
Ly(Ty(s), 0v) = In%(mi ® Tu(s)) ® Ty

as the space of smooth from the right functions

f : San(Fu) - VTV ® VEV

satisfying

s+ n+k+1

F(Gman (@), Vign(y)nh)= 750 (9)l det(9)ls” 2 7(9) ®7u(y) f(h)

for all g € GLy(Fy), y € Spok(Fy), n € (Npi(Fy), 1), h € Spay(F,). For each place where
7, and 7, are unramified we define fl(,)’s € I,,(T,,(S),El,) to be the normalized spherical

function, namely, fl(,)’o (Ion, 1) = oagy ® ﬂgu. We shall realize the global representation
_ Span (&), — _
I(7(5),0) = In%(’ywl ®T(s)) ®T

as a space of functions

f 2 Spon(A) X GLy(A) x Spor(A) — Vigs

smooth from the right in the first variable such that

n+k+1

F(Gmn(@)s Dikn@)nh, 9o, y0) = v, (9) det(9)|* 2 7(9) @ 3(y) f (R, 909, yoy),

for all g,g0 € GLin(A), y,y0 € Spar(A), n € (Nm,k(A), 1), h € Span(A), and such that for

all h € Spa,(A) the map (g,y) — f(h,g,y) lies in V,g5.

I(7(5),7) is spanned by functions of the form f(g) = T((@Vf,,(g,,)), where f, € I,(7(s),0v)
and for almost all v: f, = fJ (for a fixed g, f(g) is a cuspidal automorphic form corre-
sponding to a pure tensor).

We note that for (p,1) € (P (F), 1) we have f((p,1)g) = f(g). This follows from the
fact that ], 'YQZz} (a) =1 for all a € F*. Hence, it makes sense to consider Eisenstein series:
For a holomorphic smooth section fs € I(7(,),7) define

E(f57g) = Z fs((’77 1)9’Im7(12k71))

WEPm;k(F)\Sp?n(F)

It is known that the series in the right-hand side converges absolutely for Re(s) >> 0, see
Section II.1.5 of [29] and that it has a meromorphic continuation to the whole complex
plane, see Section IV.1.8 of [29]. We continue to denote this continuation by E(fs, g).
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We introduce the - Whittaker coefficient

Ey(fs,g9) = E(fs7 (u, 1)g)w*1(u) du.

/LLEZsp% )\ Z5py,, (A)

Note that no question of convergence arises here since Zg,, (F)\Zsp,, (A) is compact. It is
also clear that Fy(fs,g) is meromorphic in the whole complex plane.

Lemma 4.4. [[,4q Ly, (G0 ® 7y, s) converges absolutely for Re(s) >> 0. This product has
a meromorphic continuation on C. We shall denote this continuation by Li(ﬁ ®T,8). We
have:

L3(1,s + %)

E I, 1)) =
»¢;(f37( 2n )) LS<T,Sym2’28—|—1)Li(6®7;s+1)

[[ 57 ®7u.9)(5).  (4.10)

ves

Recall that [[,¢g L(7y,s) and [[,¢g L(70, sym?, s) converge absolutely for Re(s) >> 0
and that these products have a meromorphic continuation on C; see [26]. These continua-
tions are denoted by L°(r,s) and L°(7, sym?, s) respectively.

Proof. Recall that in Section 1.2 we have denoted by Wg,,, the Weyl group of Spa,(F).
We now and denote by Wy, the Weyl group of M, . We fix 2, a complete set of
representatives of Wy, \Wgp,,. Recall the Bruhat decomposition

Sp?n(F) = U Pm,k(F)wBszn (]F)
well

Clearly for w € Q:
P (F)wBsp,, (F) = Pk (F)wZsp,, (F).

Also, for w € Q, p1,p2 € P (F), ui,us € Zsgp,, (F) we have: If pjwu; = powus then
ugty € Zw(F) = Zgp,,, (F) Nw ™ Zsp,, (Fw.

Thus, every element ~ of Spy,(F) can be expressed as g = pwu, where p € P, ;(IF) and
w € 2 are determined uniquely and u € Zgy,, (F) is determined uniquely modulo Z,,(F)
from the left (note that if W, w1 = Wy, wa it does not follow that Z,, (F) = Z, (F).
This is why we started from fixing €2). Thus, for fs € I(7(s),7) and Re(s) >> 0 we have:

Ey(fs; (Ian, 1)) (4.11)
Z Fs((vu, 1), I, (T2, 1)) 00 (u)du

'yepm;k (]F)\SPQn (F)

oY Y fal(wnu 1), L, (T 1) du

WEQ € Zuw (F)\Zsps,, (F)

o) Y (1), I (T 1)) du

neEZy (]F)\ZSpgn (]F)

() fs (wu, Iy, (g, 1)) du.

/uezspgn (FN\Zspy,, (A)

/uGZspQTL (F)\Zsp,,, (A)

wel) /UEZSPQn (F)\Zspzn (A)

/uEZw (F)\Zspy,, (A)

we
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We now choose wy = wj(m;k) (see (3.1)) as the representative of Jo, in Q. We note that
Zwy = ZSpy, N M, 1. By the same argument used in page 182 of [35] one finds that

/ (W) fs (wut, Iy, (Ing, 1)) =0, (4.12)
UEZw (F)\Zspy, (A)

for all w € Q, w # wp. Thus, from (4.11) we have:
E’L/) (f87 (IQm 1)) (4'13)
(W) fs (wors, I, (Iog, 1)) du

/uezsm (F)NMp 1 (F)\Zspy,, (A)

/ ¢71(u)fs(w()ua Im’(IQIml))du
UE Zspg, (FINMy ke (FI\ (Zs gy, (A)NMyy 1 (8) ) Nooio (A)

-/ i) | 7 () fu (woun, L, (I, 1)) dudn
NEN e (A) UE Ly, (F)NM i (FI\ ( Zspy,, ()M, 1 (A))

= / 1/;_1(71)/ / 1/;_1(n2)1,b_1(n1)f5 (wgn, ni, (ne, 1))du dn.
NEN, K (A) MEZG Ly, F)\ZGLm (8) Jn2€Zsp,, (F)\Zspy,, (A)

Recall that S is a finite set of places of F, such that for all v ¢ S, v is finite and odd, 7, 7,
is unramified and v, is normalized. Assume now that fs corresponds to the following pure
tensor of holomorphic smooth sections, fs(g) = T(®l,fs,l,(gl,)), where f,, € VIU(TV(S),E) and

forv¢ S: fs, = 05 By Lemma 4.3, we have

Ey (f8> (I2n, 1)) = H /neN L ))‘ﬂ/@@,wu ((p(won)fsy))¢_1(n) dn = HA(577V®EZM¢J) (fs)

(4.14)
(see Section 3.3 of [34] for the general arguments about Eulerian integrals). The last equa-
tion should be understood as a global metaplectic analog to Rodier’s local algebraic heredity.
(4.14) and (4.3) imply that for Re(s) >> 0

L3 (1,5 + %)

E I5,.1)) =
1[)(f37( n )) L5(7, sym?2,2s5 + 1) HV¢SL¢(EI,®TI,,3+1

) H >\(57 Ty @ Oy, ¢) (fs,u)'
ves
(4.15)
We claim that we may choose fs as above such that for all v € S
)‘(877_11 ®Euaw) (fs,u) =1 (416)
for all s € C. Indeed, we choose f,, which is supported on the open Bruhat cell
Pm;k(FV) (wg(m; k)Zm;k(IFu): 1)

which satisfies
Fsw(wi(m; k)2,1)(9,y) = ¢(2)Wx, (9) Wz, (y)-

Here z € Z,,,1(Fy), g € GLp(Fy), y € Spar(F,), ¢ is a properly chosen smooth compactly
supported function on Z,,.1(F,) and W, (I,,) = Wa, (I, 1) = 1. We have

)\(877—1/ ®El/7¢) (fl/) = A (F )(Z)(z)@/}_l(znm) dn.
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We now choose ¢ such that (4.16) holds. For such a choice we have

L3(t,s + 3)
L3(r,sym?,2s + 1) [[,¢5 Ly(@ @ Ty s + 1)

E?/J (fs, (IZny 1)) =

The absolute convergence of [ ],¢ g Ly(0 ® 7y, s) for Re(s) >> 0 is clear now. Furthermore,
the fact that this product has a meromorphic continuation to C follows from the meromor-
phic continuations of Ey (fs, (I2n,1)), L3(1,s) and L%(r,sym?,s). Finally, the validity of
(4.10) for all s follows from (4.15).

O

Theorem 4.1.
Li(ﬁ X T,S)

Ly(@x7,1—s)

H Y@y X Ty, 8,¢) =

ves

(4.17)

Proof. The global functional equation for the Eisenstein series states that

E(fs,9) = E(A(fs,9)),

where A is the global intertwining operator; see Section IV.1.10 of [29]. We compute the
1-Whittaker coefficient of both sides of the last equation. By (4.8) we have

L5(r,s+3)
LS(1, sym?2,2s + 1)LS(5 ®T,s+1)
L3(T, —s + )LS(0'®T s) Lo (1, sym?,2s)
LS(7, sym?2, —2s + 1)LS( RT,—s+ l)Li( o®T,s+ 1)LY(1,sym?2,2s5 + 1)

[[A=s5 @5, v) (A, (D),

ves

H /\(37 Ty @ 0Oy, w)(fsy)

Or equivalently, by the definition of the local coefficients
LS(?, —s+ %)LS(T, sym?,28) L3 (7 @ 7, 5)

S
Sp2n(F) (7Y — -1 ¥
C ]FV 99 V® 178 - ~ ~ *
Vlgg ik (F0), 8, 7@ jmn (Wi )) LS(7,s+ %)LS(T, sym?2, —2s + 1)L3}(E ®T,1—3)
(4.18)
In particular, for £k =0
L3(7, —s 4+ 3)L5(r, sym?, 2s)
szm(IF /—1 ) 2 ) )
) T , - = . (419
1,1;15* ( ) S, Ty ]m n(w )) LS(T,S 4 %)LS(T, Sme’ — 925+ 1) ( )
Dividing (4.18) and (4.19) we get (4.17). O

4.3 Computation of Cpzm(®) P,o(F), s, 7,w'-!) for generic representations
() ; m

Theorem 4.2. Let F be a p-adic field and let 7 be an irreducible admissible supercuspidal
representation of GLy,(F). There exists an exponential function cp(s) such that

Vs +3.0)

C’q‘zmm(F) (Pro(F), s, 7wl ') = cr(s)
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Proof. Since 7 is supercuspidal it is also generic. Proposition 5.1 of [42] implies now that
there exists a number field K, a non-degenerate character ¢ of Zgy, x)\Zar, (a) and an
irreducible cuspidal representation ™ ~ ®,m, of GL,(A) such that

1. Ky, =F for some place vy of K.

2. Py, =,

3. My = T.

4. For any finite place v # vy of K, 7, is unramified.

Define S to be the finite set of places of K which consists of v, of the infinite and even
places and of the finite places where ), is not normalized. From the fourth part of Theorem
3.5 of [41] it follows that

L3(m, s)

11w (o v0) = SGE1-9)

ves

and that
L3 (m, sym?, s)

2 _
H 9E, (T, 5, sym”, dhy) = LS (7, sym2,1 — )’

vES

Therefore, (4.19) can be written as

S 5 7, sym?, 2s
HC¢52 ® )(Pm,O(IF ) S 7T1/7.7mn H ’7 v) Y Q;Z))
ves ves V (s + §’¢)

This implies that this theorem will be proven once we show that for all v € S, v # 1y,
there exists an exponential function ¢, (s) such that

vr, (7, sym?, 25, 1))

Cspzm(FD) Pm'O(]Fl/)vsﬂijmn(wgl) = sz( )
( 7 ’ ) ’YFV(WWS"" 27¢)

by

Since for all for all v € S, v # 1y, 7, is the generic constituent of a principal series
representation series, this follows from Lemma 3.6. O

Theorem 4.3. Let F be a p-adic field and let 7 be an irreducible admissible generic repre-
sentation of GLy,(F). There exists an exponential function cp(s) such that

RN ?,25,9)
v ®) (B —1y _ (7, sym®, 2s,9) 1,90
v ( ,0( ) o m ) CF(S) 7(7—7 5+ %7¢) ( )

Proof. By Chapter II of [7], 7 may be realized as a sub-representation of

G L, (F)

T =Ind,g (®iom),

where Q(F) is a standard parabolic subgroup of G L., (F) whose Levi part, M (F), is isomor-
phic to
GL,,(F) x GLy,(F) ... x GL,, (F)

and where for all 1 < i < r, 7; is an irreducible admissible supercuspidal representation
of GL,,(F). Since for all 1 < i < r, 7; has a unique Whittaker model it follows from the

44



heredity property of the Whittaker model that 7' has a unique Whittaker model; see [33].
This implies that 7 is the generic constituent of 7/. Hence,

C’ipzm(F) (m 8, T, W 1) Cipzm(m) (m s, 7w 1)

Thus, it is sufficient to prove (4.20) replacing 7 with 7/. By similar arguments to those used
in Lemmas 3.4 and 3.6 one shows that there exists d € {£1} such that

CW( Poo(F), s, 7wy 1 —dH< o S, () WST’L’ " 1 H V(73 X 75, 2s, ?/)))
j=i+1

Since for 1 < ¢ < r, 7; are irreducible admissible supercuspidal representations it follows
from Theorem 4.2 that there exits an exponential factor, cp(s), such that

- r . 2 9g w) "
¢ 3pam(F) Pro(F), s, 7 wi) = cp(s) | | 2 sym?, 2s, | | Y(Ti X 75,28,%) ).
¥ (P ) i:l( (7, s+ 5,9) =il ’ )

Using the known multiplicativity of the symmetric square ~y-factor (see Part 3 of Theorem
3.5 of [41]) we finish.
O

5 Irreducibility theorems

In this section we shall assume that [F is a p-adic field. We shall use various definitions and
notation given in the previous sections. Among them are 7% and the notion of a regular and
of a singular representation (see Section 2.2), Wp_.(F) (see Section 1.2), W () (see (2.8))
and Xp_ () (see Section 2.4).

Lemma 5.1. Let 81 and (B2 be two characters of F*. Denote 3 = ﬁlﬁgl. If F is a p-adic
field then

B O )grmm@ne—s) L5711 — (51 — 52))

G(B,~1) L(B,(s1—s2))
(5.1)

5 (B (F), (s1,2), 1082 (1)) =

where n is the conductor of ¢. If F =R then

5 —inB(—1 (s1—s L ﬁfl,l— —
5P (Bor ), (s1,52), 160, ( §4)) = Ba(=1)e ™7 (2m) == (L(5,<81(_8152>)82))'
(5.2)

Proof. See Lemma 2.1 of [38] for the p-adic case and see Theorem 3.1 of [40] for the real
case.

O
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Theorem 5.1. Let aq,...,qy, be n unitary characters of F*. Let « be the character of
Tsp,,, (F) defined by

n

n
(diag(ar, ... ,an,a™ ', .. a5"),€) — e'yq;l(H a;) Hai(ai).
i=1

i=1

Then I(«) is irreducible.

Proof. Since « is unitary, I(«) is also unitary. Therefore, the irreducibility of I(«) will
follow once we show that
HomSpTL(]F)(I(a)’ I(Od)) ~ C.

For 1 <i < j < n define

In—j1
and
W) = iy Wi)-

A routine exercise shows that

(]F):{w(i,j)\1§i<j§n}u{7'{,,}|1§T§n}U{wE |1<<i<j<n}. (5.3)

BSan 7‘».7)
Note that,
w(i,j)diag(ala s 7an)w(;‘37‘) = diag(ala sy @i—1,05, 04415 - - -, Aj—1, G4, G +] + 1a s an)7
w{?‘}diag(ala e 7a’n)w€,‘1} = dia’g(a’h <oy Qr—1, a?“_l) Ar41, .- ,(In)
and that
wEi’j)diag(al, .. ,an)wzi_j) = diag(ay,. .. ,ai_l,aj_l, i1y - ,aj_l,ai_l, a+ji+1,...,a,).
Therefore w(; ) € W(a) & a; = aj, 7 € W(a) & a, is quadratic and w/, ., € W(a) &
(4,9) Jr H{r} (4,9)

o = aj_l. Furthermore, W (a) is generated by ¥p, . NW(a). Thus, using Theorem 2.3
and (3.7), the proof of this theorem amounts to showing that

Spon (F n Spon(F) 5 7 —’u)> n w -
prz ( )(P?(]F),?, (®i:1ai)®’w)c¢p2 ( )(P?([F)?S (@ )" w 1): 0 (5.4)

for all w € 3 Bspy, (F) N W (a). We prove it for each of the three types in the right-hand side
of (5.3).

Suppose that wy; j) € W(a). We write:
Wij) = Wit )W(irt1,i+2) - - W-1,)W(=2-1) - - Wit 1) (5.5)
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We claim that the expression in the right-hand side of (5.5) is reduced. Indeed,

EIBSan (F) = {UJ(Z‘,+1) ‘ 1 << 1< n} U {T{l}} C EBSpQH(]F)

is the subset of reflections corresponding to simple roots and the length of wy; ;y is 2(j—i) —1
(any claim about the length of a given Weyl element w may be verified by counting the
number of positive root subgroups mapped by w to negative root subgroups). Thus, we

may use the same argument as in Lemma 3.2 and conclude that there exists ¢ € {£1} such
that

Spon (F n
C5P ) (Bsy,, (F), 3, (©]y00)), wii ) = (5.6)

j—2
C(H fk(s)fllc(s)> Co ) (Bay,, (1), 57, (@1,00)7, wiio1,)).
k=i

where
Span
(s =Cr ®) (Bspy, (F), 370, (@1 0;)"®), wig py1))
S n / !/
FL(F) = 3P (Bgp,, (F), 30, (@121 00)" 0, wip oy 1y),
where
W)y — Wii+)W(i+1,i42) - W(k—1,k)»
W = W) W(it1,i42) - - W(G—1,5)W(G—2,j—1)»
w(k) = W(it1)W(it1,i42) -+ - W(E—1,) W(i—-2,j— 1) W(Gi—1,5) W(j-2,5—1) - - - W(k+1,k+2)-

Since all the local coefficients in the right-hand side of (5.6) correspond to simple reflections
we may use the same argument as in Lemma 3.3 and conclude that

(5.7)
)

Spaon (F GLo(F

CoP ) By, (F), 5709, (©1,04)"®), wiogn)) = Cop 2P (Bars (F), (51, 5i48), 0 ® i wa, (1)
Span (F) o o GLy(F

CoPn ) (Bgy,, (1), 57, (@1 00) %, wi1j) = C5 > (Bar, (), (si87), 01 ® o, w2, (38)),

Span / ! G
Cz/;m *) (B5p2n (IF)’ ?w(k)7 (®?:10‘i)w(k) ) w(k,k+1)): Cw L2(F) (BGL2 (F)v (siJrkv 8]')7 Qi @ 0, Wa, ([1) (1) ))

9

Since ayq,...,ax are unitary, (5.7) and (5.1) implies that for i < k < j — 2,

C’ZPQH(F) (BSPQn (F)7 ?w(k) ’ (®?:1O‘i)w(k) ) w(kJH—l))

and Y
Cimn(JF) (Bspy, (F), 50 (@71 03) ") w j41))

are holomorphic at s’ = 0. Also, since w(; j) € W (a) implies that a; = a;, (5.7) and (5.1)
imply that

Span(F) T (@ a;)T
prz ( )(Bszn(F)v? , (@1 ) ,w(j_l,j))

vanishes for " = 0. Recalling (5.6) we now conclude that if w = w(; ;) € W(a) then (5.4)
holds.
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Suppose now that ¢, € W(a). We write

T(r} = Wierr+)Wir4+1,,42) -+ Win—1,n)T{n}Wn-1,n)Wn-2n-1) - - - Wr+1,r)- (58)

The reader may check that the expression in the right-hand side of (5.8) is reduced. We
now use the same arguments we used for w = w; j: We decompose

Span (F) I
C5P®) (Bgy,, (F), 3, (©1100), T(rp)

into 1+ 2(n — 1) local coefficients. 2(n — i) of them are of the form (5.1). These factors are
holomorphic at 5 = 0. The additional local coefficient, the one corresponding to T{n} 18

OS5 (B, (F), sy, (5 1)

Lemma 3.5 implies that there exists ¢ € C* such that

5O (B, (), 5, %, (% 5)) OO B, (F), —s.x 1 (% 8))
Lr(x* —2s +1) Lr(x* 25 + 1)
Lr(x?,2s) Lr(x?,—2s)

Since 7(,3 € W(a) implies that «, is quadratic, we now conclude that (5.4) holds for

w =T {r}
Finally, assume that wzij) € W(a). We write it as a reduced product of simple reflec-
tions:

U’Ei,j) = Wi, i+1)W(G+1,542) - - - Wn-1,n)T{n} Wn-1,n)Wn-2,n—-1) - - - W(i+1,)

Wit ) W(it1,i42) - - - W(G-1,)W(G-2,j-1) - - - W(it1,0)
Wi+ W(+1,j+2) - - - W(n—1,n)T{n} W(n—1,n)W(n-2,n-1) - - - W(j+1,0)-
We then decompose
Span (F n
prz ( )(Bszn (F), s, (®i:1ai)’wzi7j))

into 1 + 2(n — i) local coefficients coming either from GLy(F) or from SLy(F). All these
local coefficients are holomorphic at 5 = 0. The factor corresponding to w(jj—1) equals

GLa(F _
C¢ 2 )(BGLQ(F)’ (Siv _Sj)7 o & a; 17 ((1) (1) ))
Since wEi i € W («) implies that a; = aj_l we conclude, using (5.1), that (5.4) holds for
w= w(m.), provided that sz}j) e W(a). O
Remarks:

1. Assume that F is a p-adic field of odd residual characteristic. For the irreducibility of
principal series representations of SLa(F), induced from unitary characters see [31]. For the
irreducibility of principal series representations induced from unitary characters to the C!
cover of Spy(FF) see [55]. For a proof of Theorem 5.1 which uses the theta correspondence;
see [16].

2. Onme can show that Theorem 2.3 applies also to the field of real numbers in the case
of a parabolic induction from unitary characters of Bgp,, (R). Thus, repeating the same
argument used in this section, replacing (5.1) with (5.2), one concludes that Theorem 5.1
applies for the real case as well.
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Theorem 5.2. Let t = (n1,n2,...,np5 k) where ny,ng,...,n., k are r + 1 non-negative
integers whose sum is n. For 1 <1 < r let 7; be an irreducible admissible supercuspidal
unitary representation of GLy,(F) and let G be an an irreducible admissible supercuspidal
Y-generic genuine representation of Spag(F). Denote m = ( ;':1(77;1 ®7)) ®c. I(n) is
reducible if and only if there exists 1 < i < r such that 7; is self dual and

[Ty — . _
C?/)p2(k+ 0o (Pm;k(F)v 07 T ®0, Jnik+n; (w;h 1>) 7é 0 (5'9)
Proof. Since jp,n(wy; 1) is of order two as a Weyl element it follows that if 7; is self dual

then S
Sp n; S o — . —
01/; 2(k+n;) (F) (Pni;k(F)aoyTi Q O—a]ni,k+ni(w, 1)) -0

ng

if and only if

S n,; T /T p— . — SP mn,; ]:F T /T ~ — . —
C¢p2(k+ D (Pni;k(F)v $, T Q0, Ing k+n; (W;M 1))C¢ e Z( ) (Pni;k(]F)a —S5,Ti ®0'7]ni7k+ni (W;LZ 1))
(5.10)
vanishes at s = 0. Thus, since I(7) is unitary, we only have to show that
dim(Homm(I(w),I(ﬂ))) > 1 (5.11)

if and only if there exits 1 < ¢ < r such that 7; is self dual and (5.10) does not vanish at
s=0.

Suppose first that there exits 1 < ¢ < r such that 7; is self dual and (5.10) does not vanish
at s = 0. Since for any w € Wp_(F), I(7) and I(7") have the same Jordan Holder series
we may assume that ¢ = r. It follows from (2.7) that wo = jn, n(w) ') € op_.(F) N W(m).
Since wy is a simple reflection we may use a similar argument to the one used in Lemma
3.3 and conclude that

CjPQn(F) (P? (]F)v ?’ (®'7L'4:1T7ﬁ) ® 0, wO) = Cip2(k+n¢)(F) (Pni;k(]F)a SryTi @0, w0)>

where 5 = (s1, 82, ...,5,). Thus, our assumption implies that

PO (PL(F), 3, (91ym) ® 7, wo) O O (P (F), s, (9]_ym) @ 3)™ wp)  (5.12)

does not vanish at s = 0. Theorem 2.3 and (3.7) imply now that (5.11) holds.

We now assume that for any 1 < ¢ < r, if 7; is self dual then (5.10) vanishes at s = 0.
Again, by theorem 2.3 and (3.7) we only have to show that (5.12) vanishes at s = 0 for
any wg € X po(F) N W (). Similar to the proof of Theorem 5.1, there are three possible
types of wy € ZP?(F) N W (r):

Type 1. 7; ~ 7; for some 1 <4 < j < r then the if and only if the Weyl element that inter
change the G L, (F) and the G L, (F) blocks lies in Ep_m NW(m).

Type 2. 7; ~ 7 for some 1 < i < j < r if and only if the Weyl element that inter change
the GLy, (F) with the "dual” GLy,(F) blocks lies in Xp_ ) N W (m).

Type 3. 7; is self dual for some 1 < ¢ < r if and only if the Weyl element that inter change
the GLy, (F) with its ”dual” block lies in Xp_ ) N W ().
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In fact, by switching from 7 to 7% for some w € Wp (F), we may assume that there
are no elements in Zp?(F) N W (x) of type 2. Indeed, Let I C {1,2,...,r} such that

{1,2,....r} =] 4,

el
where A; are the equivalence classes
Ai={1<j<r|n~1orm~T}.

By choosing w € Wp_. (F) properly we may assume that 7; ~ 7; for all j € A;. Thus, we
only prove that (5.12) vanishes at s = 0 for any wg € Xpom N W (m) of type 1 or 3.

Assume that 7, ~ 7;. Let wy € ¥ P N W (r) be the corresponding Weyl element.
We decompose (5.12) into a product of local coefficients corresponding to simple reflections
which may be shown to be equal to local coefficients of the form

CGan+nq (F) ( 0

GLpgy4n, (F)
v PR o). (3, 50), 75 © 74, 54,) Cyy " (B

ng.Mp (F), (54, 8p), 7q ® Tp, wp,q)-
(5.13)
All these factors are analytic at (0,0); see Theorem 5.3.5.2 of [48]. One of these factors
corresponds to (p,q) = (i,7). Since by assumption 7; ~ 7;, the well-known reducibility
theorems for parabolically induced representation of GL, (F) (see the first remark on page
1119 of [15], for example) implies that the factor that corresponds to p =i, ¢ = j vanishes
at (0,0). This shows that (5.12) vanishes at s = 0 for any wg € Xp_m) N W (m) of type 1.

Assume that 7; is self dual. Let wg € Xp - (F) NW () be the corresponding Weyl element.
We decompose (5.12) into a product which consist of elements of the form (5.13) and of
factor of the form (5.10). All the factors of the form (5.13) are analytic and (0,0). Since 7;
is self dual, by our assumption the other factor vanishes at s = 0. This shows that (5.12)
vanishes at s = 0 for any wg € Ep?(]F) N W () of type 3. O

Corollary 5.1. We keep the notations and assumptions of Theorem 5.2. 1(w) is reducible
if and only if there exists 1 < i < r such that 7; is self dual and

Y(7 x 73,0,9)y(7;, sym?,0,9) # 0 (5.14)

Proof. Let 7 be an irreducible admissible generic representation of GL,,(F). From the
definition of v(a x 7,s,7), (3.8), and from Theorem 4.3 it follows that

V(s + 3,9)

O (Pl B, 5,7 8.7, () = c(5)3(7 % 75,1

for some exponential factor ¢(s). By (6.1.4) in page 108 of [39] we have

YT, 1 = s,0)y(1,8,¢) = 7(—1I,) € {£1}. (5.15)
Therefore, if we assume in addition that 7 is self dual we know that (7, 1,¢) € {£1}. This
implies that (5.9) may be replaced with (5.14) O

The following two corollaries follow immediately from Theorem 5.2.
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Corollary 5.2. With the notations and assumptions of Theorem 5.2, I(w) is irreducible if
and only if I(7;,7) is irreducible for every 1 <i <r.

Corollary 5.3. Let T = (n1,n2,...,n.;0) where ny,ng,...,n, arer non-negative integers
whose sum is n. For 1 < i < r let 1; be an irreducible admissible supercuspidal unitary
representation of G Ly, (F). Denote m = ;7:1(71;1 ®7;). I(m) is reducible if and only if there
exits 1 < i < r such that 7; is self dual and v(7;, sym?,0) # 0.

6 A comparison with SO, 1(F)

In this section F is again a p-adic field. Let SO2,+1(FF) be the special orthogonal group:

SO2n41(F) = {9 € GLan41(F) | 9J5119" = Jony1, det(g) = 1},
1

where J), = . " ). Denote by Bso,,..(F), Nso,,., () the standard Borel subgroup

1
and its unipotent radical respectively (see page 2 of [49] for example). Let ¢ be a non-trivial
character of F. We continue to denote by ¢ the character of Ngo,, , (F) defined by

() = (O urper).
k=1

We also view 1) a character of any subgroup of Ngo,, ., (F). Let Pso,, ., (F) be the standard
parabolic subgroup of SOg,,+1(F) whose Levi part and unipotent radical are

Ms50,,4, (F) ={ 1 | 9 € GLy(F)} ~ GLy(F),
g*
I, = =z
U502n+1 (F) = { 1 g« | € 502n+1(F)}’
I,
where g* = J}, . 'g !, 2’ = —'zJ]. Define
wy = (—1)n € SO2,41,

and let 7 be a generic representation of GL,(F) identified with Mgo,,.,(F). The local

coefficient

SOan, —
qu ? +1(F)(P502n+1(]F)75’7—7 w111/ 1)

is defined in the same way as in Section 3.1 via Shahidi’s general construction; see Theorem
3.1 of [37]. From the second part of Theorem 3.5 of [41] it follows there exists ¢ € C* such
that

C0 O (Pyo,, (), 5,7, w™h) = ey(r, sym?, 25,4)).
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Furthermore, if 7 is unramified then ¢ = 1. In Theorem 4.3 we have proven that

ijZm(F) (Pm;o(IF), S, T, w;;l) — C[E‘(S ’7(7-7 sym 71 S, 1/))
7(7-7 s+ 29 1/}>

9

where cp(s) is an exponential factor which equals 1 if F is a p-adic field of odd residual
characteristic, ¥ is normalized and 7 is unramified. Recalling (5.15) we have proved the
following.

Lemma 6.1. Let 7 be an irreducible admissible generic representation of GLy,(F). There
exits an exponential function c(s) such that

SO n F - SO n F T h
502 +1( )(PSO%H(F),S’T,WZ l)C 2n+1( )(PSO%H(F),*S,T,W’/ 1) (6.1)

P P n
= c(s)C5P ) (P (F), 5,7, wiy )OO (P (F), —s,7,wi 1),

c(s) = 1 provided that F is a p-adic field of odd residual characteristic, 1 is normalized and
T s unramified.

Theorem 6.1. Let 7 be an irreducible admissible self dual supercuspidal representation of
GL,(F). Then,

_ SpZn(]F) —1
I(7) = Indg=5 (7, odet) © 7)

is irreducible if and only if

_ SO2n41(F)
I'(r) = IndPSSZ:I(F)T

1s irreducible.

Proof. In both cases we are dealing with a representation induced from a singular repre-
sentation of a maximal parabolic subgroup. Therefore, applying Theorem 2.3 and (3.7) to
these representations, the theorem follows from Lemma 6.1. ]

Remarks:

1. One can replace the assumption that 7 is self dual and replace it with the assumption
that 7 is unitary, since by Theorem 2.9 the commuting algebras of these representations are
one dimensional if 7 is not self dual.

2. Theorem 6.1 may be proved without a direct use of Lemma 6.1. One just has to recall
Corollary 5.3 and the well known fact that I’(7) is irreducible if and only if (7, sym?,0) # 0;
see [44]. However, the last fact follows also from the Knapp-Stein dimension theory and
from the theory of local coefficients. In fact, Lemma 6.1 gives more information than
Theorem 6.1. This Lemma implies that 3(s,7,w ) has the same analytic properties as
the Plancherel measure attached to SO2,41(F), Pso,,,, (F) and 7.

3. Recently, using a different method, Gan and Savin proved that similar connection be-

tween the the parabolic inductions I nd%(m ((T®’yqzlodet)®5) and I ndg?(i‘”)“(m (106, (7))

holds. Here F is a p-adic field, Q(F) is the standard parabolic subgroup of Spa, (F) which has
GL,(F) x Spor(F) as its Levi part, Q'(F) is the standard parabolic subgroup of SOg;,+1(F)
which has GLy, (F) x SOg;4+1(F) as its Levi part (r+m = n), 7 is an irreducible supercusp-
idal generic representation of GL,,(IF) and & is an irreducible genuine supercuspidal generic
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representation of Spoy(F). Here 6, (@) is the generic representation of SO (F) obtained
from @ by the local theta correspondence, see [13].

Corollary 6.1. Let 7 be an irreducible admissible self dual supercuspidal representation of
GL,(F). Let & be a generic genuine irreducible admissible supercuspidal representation of
Spor(F). If I(T) is irreducible then I(1,7) is irreducible if and only if v(@ x 7,0,1¢) =0

Proof. Recalling Theorem 5.2, we only have to show that v( x 7,0,1) = 0 if and only if

CW(W’O’T ®67jm,n(w7/7;1)) = 0.

Therefore, from (3.8), the definition of v(7 x 7,0,1)), the proof is done once we show that

CoPm O (P (F), 5,7, wiy 1)

is analytic and non-zero in s = 0. The analyticity of this local coefficient at s = 0 follows
since by (6.1)

CoPm ) (B0 (), s, 7,wiy )OO (P (), —s, 7,wiy )

has the same analytic properties as

CjOQerl(F) (Psogyss (F), 5,7, w;;—l)cjom“(m (PsOgpir (F), =8, Ty win 1)

which is known to be analytic in s = 0; see Theorem 5.3.5.2 of [48] (note that that last
assertion does not relay on the fact that 7 is self dual). The fact that

CoPm ) (Pro(F), 5,7, 1) # 0

follows from Theorem 2.3 and the assumption that I(7) is irreducible. O

The corollaries below follow from [44]:

Corollary 6.2. Let 7 be as in Theorem 6.1. Assume that n > 2. Then I(7) is irreducible
if and only if

Span (F
I'(1) = Indpfo(%))r

1s reducible.

Proof. Theorem 1.2 of [44] states that I”(7) is irreducible if and only if I’(7) is reducible. [

Corollary 6.3. Let T be as in Theorem 6.1. If n is odd then I(T) is irreducible.

Proof. Corollary 9.2 of [44] states that under the conditions in discussion I”(7) is reducible.
O
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