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Abstract

Let Sp2n(F) be the metaplectic double cover of Sp2n(F) where F is a local field of
characteristic 0. We use the Uniqueness of Whittaker model to define a metaplectic
analog to Shahidi local coefficients and we use these coefficients to define gamma fac-
tors. We show that these gamma factors are multiplicative and satisfies crude global
functional equation. Then, we compute these factors in various cases and obtain ex-
plicit formulas for Plancherel measures. These computations are then used to prove
some irreducibility theorems for parabolic induction on the metaplectic group over p-
adic fields. In particular we show that all principal series representations induced from
unitary characters are irreducible. We also prove that parabolic induction from unitary
supercuspidal representation of the Siegel parabolic sub group is irreducible if and only
if a certain parabolic induction on SO2n+1(F) is irreducible.

Key words: The metaplectic group, The Langlands-Shahidi method, gamma factors.

0 Introduction

Over a period of about thirty years Freydoon Shahidi has developed the theory of local
coefficients and its applications. Nowadays this method is known as the Langlands-Shahidi
method. The references [35], [36], [37], [38], [39], [40], [41], [42], [44] are among Shahidi’s
works from the first half of this period. The applications of this theory are numerous;
see the surveys [13], [43], [45] and [23] for a partial list. Although this theory addresses
quasi-split connected reductive linear algebraic groups, our aim in this paper is to extend
this theory to Sp2n(F), the metaplectic double cover of the symplectic group over a local
field of characteristic 0, which is not a linear algebraic group, and use it to prove a few
irreducibility theorems of parabolic induction.

The properties of Sp2n(F) enable the extension of the general representation theory of
quasi-split connected reductive linear algebraic groups as presented in [48] and [53]. A great
part of this extension is already available in the literature; see [22], [10], [1], [2] and [55]
for example. An analog to Bruhat decomposition holds in Sp2n(F). If F is a p-adic field,
Sp2n(F) is an l-group in the sense of Bernstein and Zelevinsky, [7]. Furthermore, in Sp2n(F)
the analogs of the Cartan and Iwasawa decompositions hold as well. If F is not 2-adic then
Sp2n(F) splits over the standard maximal compact subgroup of Sp2n(F). Over any local field
(of characteristic different than 2) Sp2n(F) splits over the unipotent subgroups of Sp2n(F).
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For a subset H of Sp2n(F) we denote by H its pre-image in Sp2n(F). Let P = M nN be a
parabolic subgroup of Sp2n(F). P has a ”Levi” decomposition: P = M n µ(N), where µ is
an embedding of N in Sp2n(F) which commutes with the projection map.

The general theory of Harish-Chandra, see [48] and [53], extends to the metaplectic
group. In fact many of the geometric proofs that are given in [7] and [8] apply word
for word to the metaplectic group. This includes the general theorems regarding Jacquet
modules, L2-representations, matrix coefficients, intertwining operators, Harish-Chandra’s
c-functions etc’. Same holds for Harish-Chandra’s completeness theorem and the Knapp-
Stein dimension theorem which follows from this theorem. We note that although the
metaplectic Knapp-Stein dimension theorem may be proven in the same way as its linear
analog, such a proof does not exists in the literature. We shall give this proof elsewhere.

Many of the properties mentioned in the last paragraph are common to general n-fold
covering groups of classical groups. However, the following property is a special feature of
Sp2n(F): If g and h commute in Sp2n(F) then the pre-images in Sp2n(F) also commute. In
particular, the inverse image of a commutative subgroup of Sp2n(F) is commutative. This
implies that the irreducible representations of TSp2n(F), the inverse image of the maximal
torus of Sp2n(F), are one dimensional. As noted in [6], this is the reason that a Whittaker
model for principal series representation of Sp2n(F) is unique. In [50] the uniqueness of
Whittaker model for any irreducible admissible genuine representations of Sp2n(F) is proven.
We emphasize that this uniqueness does not hold for general covering groups; see [12] and
[1]. It is the uniqueness of Whittaker model that enables a straight forward generalization
of the definition of the Shahidi local coefficients to the metaplectic group.

We now give an rough outline of the main results and arguments of this work . Exact
definitions and notation are given in the body of the paper. Let F be a local field of
characteristic 0. Let P−→

t
(F) be the inverse image in Sp2n(F) of the parabolic subgroup of

Sp2n(F) whose Levi part is isomorphic to GLn1(F)×GLn2(F) . . .×GLnr(F)×Sp2k(F). Let τi

be an admissible representation of GLni(F) and let σ be an admissible genuine representation
of Sp2k(F). Let γψ be the normalized Weil Index. We define π =

(⊗r
i=1(γ

−1
ψ ⊗ τi)

) ⊗ σ to

be a representation P−→
t
(F) as explained in Section 2.1 and define I(π) = Ind

Sp2n(F)
P−→

t
(F) π. In

Section 3.1 we introduce the metaplectic Shahidi local coefficients

C
Sp2n(F)
ψ (P−→

t
(F),−→s , (⊗r

i=1τi)⊗ σ, w
)
.

Here w is a Weyl element and −→s ∈ Cr. This definition requires of cause that the inducing
representations are ψ-generic. Using the local coefficients we also define

γ(σ × τ, s, ψ) =
C

Sp2n(F)
ψ

(
Pm;k(F), s, τ ⊗ σ, jm,n(ω′−1

m )
)

C
Sp2m(F)
ψ

(
Pm;0(F), s, τ, ω′−1

m

) ,

the γ-factor attached to σ, an irreducible admissible genuine ψ-generic representation of
Sp2k(F), and τ , an irreducible admissible generic representation of GLm(F); see (3.8). Here
Pm;0 is the Siegel parabolic subgroup and the ω′m is the long Weyl element. This definition
of the γ-factor is an exact analog to the definition given in Section 6 of [42] for quasi-split
connected reductive algebraic groups.

Theorem A. γ(σ×τ, s, ψ) is multiplicative in the since of Part 3 of Theorem 3.15 of [42]
and satisfies global crude functional equation which is the metaplectic analog to the crude
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functional equation proven by Shahidi in Theorem 4.1 of [37], see also Part 4 of Theorem
3.15 of [42].

Theorem B. Let F be a p-adic field and let τ be an irreducible admissible generic
representation of GLm(F). Then,

C
Sp2m(F)
ψ

(
Pm;0(F), s, τ, ω′−1

m

)
= c(s)

γ(τ, sym2, 2s, ψ)
γ(τ, s + 1

2 , ψ)
. (0.1)

The γ factors on the left hand side of (0.1) are the symmetric square and standard γ factors
and c(s) is an exponential factor.

Theorem C. Let F be a p-adic field. Any principal series representation of Sp2n(F)
induced from unitary characters is irreducible.

Theorem D. Let F be a p-adic field. If the inducing representations are unitary,
supercuspidal and generic then I(π) is reducible if and only if there exists 1 ≤ i ≤ r such
that τi is self dual and

γ(σ × τi, 0, ψ)γ(τi, sym2, 0, ψ) 6= 0.

Theorem E. If π = τ ⊗ γ−1
ψ , where τ is an irreducible admissible supercuspidal rep-

resentation of GLn(F), then I(π) is irreducible if and only if Ind
SO2n+1(F)
PSO2n+1

(F)τ is irreducible.

Here SO2n+1(F) is the split odd orthogonal group and PSO2n+1 is its maximal parabolic
subgroup whose Levi part is GLn(F).

The main ingredient of the proof of the multiplicativity of γ(σ × τ, s, ψ) is a certain
decomposition of the intertwining operators. This decomposition resembles the decompo-
sition of the intertwining operators in the linear case. The only small difference is that
two Weyl elements may carry cocycle relations. Our choice of Weyl elements is such that
these relations are non-trivial only in the field of real numbers and in 2-adic fields. The
proof of the crude global functional equation requires some of the local computations of the
metaplectic spherical Whittaker functions given in [6].

Theorem B follows essentially from Theorem A and Proposition 5.1 of [42]. The proof
of Theorems C and D uses a metaplectic analog to Knapp-Stein dimension Theorem. These
irreducibility results are proven via the computation of various Plancherel measures, ex-
pressed as a multiplication of two local coefficients. For Theorem C we use the detailed
metaplectic rank one computation given in [51]. The proof of Theorem E is achieved by
showing that the two corresponding Plancherel measures are essentially equal.

I would like to thank David Soudry for his endless devotion and support and Freydoon
Shahidi for carefully explaining to me the delicate points of his theory and for motivating
some of the directions taken in this paper.

1 The metaplectic group

1.1 General notations

All The fields in this work are assumed to be of characteristic 0. Let F be a p-adic field.
Let OF be the ring of integers of F and let PF be its maximal ideal. Let q be the cardinality
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of the residue field F = OF/PF. Let | · | be the absolute value on F normalized in the usual
way: |π| = q−1. Let ψ be a character of F. ψ is said to be normalized if its restriction to
OF is trivial while its restriction to P−1

F is not.

For any field (of characteristic different than 2) we define (·, ·)F to be the quadratic
Hilbert symbol of F. The Hilbert symbol defines a non-degenerate bilinear form on F∗/F∗2.
For future references we recall some of the properties of the Hilbert symbol:

1. (a,−a)F = 1 2. (aa′, b)F = (a, b)F(a′, b)F 3. (a, b)F = (a,−ab)F. (1.1)

Let ψ be a non-trivial character of F. For a ∈ F∗ let γψ(a) be the normalized Weil factor
associated with the character of second degree of F given by x 7→ ψa(x2) (see Theorem 2 of
Section 14 of [54]). We have γψ(F∗2) = 1 and γψ(F∗)4 = 1. It is known that

γψ(ab) = γψ(a)γψ(b)(a, b)F (1.2)

1.2 The symplectic group

Let F be a field of characteristic different then 2. Let X = F2n be a vector space of even
dimension over F equipped with < ·, · >: X × X → F, a non degenerate symplectic form
and let Sp(X) = Sp2n(F) be the subgroup of GL(X) of isomorphisms of X onto itself which
preserve < ·, · >. Following Rao, [32], we shall write the action of GL(X) on X from the
right. Let

E = {e1, e2, . . . , en, e∗1, e
∗
2, . . . , e

∗
n}

be a symplectic basis of X; for 1 ≤ i, j ≤ n we have < ei, ej >=< e∗i , e
∗
j >= 0 and

< ei, e
∗
j >= δi,j . In this base Sp(X) is realized as the group

{a ∈ GL2n(F) | aJ2nat = J2n},

where J2n =
(

0 In

−In 0,

)
. Through this paper we shall identify Sp2n(F) with this realization.

For 0 ≤ r ≤ n define ir,n to be an embedding of Sp2r(F) in Sp2n(F) by

(
a b

c d

)
7→




In−r

a b

In−r

c d


 ,

where a, b, c, d ∈ Matr×r(F), and define jr,n to be an embedding of Sp2r(F) in Sp2n(F) by

(
a b

c d

)
7→




a b

In−r

c d

In−r


 .

Let TGLn(F) be the subgroup of diagonal elements of GLn(F), let ZGLn(F) be the group
of upper triangular unipotent matrices in GLn(F) and let BGLn(F) = TGLn(F)nZGLn(F) be
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the standard Borel subgroup of GLn(F). Let TSp2n(F) be the subgroup of diagonal elements
of Sp2n(F) and let ZSp2n(F) be the following maximal unipotent subgroup of Sp2n(F);

{(
z b

0 z̃

)
| z ∈ ZGLn(F), b ∈ Matn×n(F), bt = z−1bzt

}
,

where for a ∈ GLn we define ã = ta−1. The subgroup BSp2n(F) = TSp2n(F) n ZSp2n(F) of
Sp2n(F) is a Borel subgroup. We call it the standard Borel subgroup. A standard parabolic
subgroup of Sp2n(F) is defined to be a parabolic subgroup which contains BSp2n(F). A
standard Levi subgroup (unipotent radical) is a Levi part (unipotent radical) of a stan-
dard parabolic subgroup. In particular a standard Levi subgroup contains TSp2n(F) and a
standard unipotent radical is contained in ZSp2n(F).

Let n1, n2, . . . , nr, k be r+1 nonnegative integers whose sum is n. Put
−→
t = (n1, n2, . . . , nr; k).

Let M−→
t

be the standard Levi subgroup of Sp2n(F) which consists of elements of the form

[g1, g2, . . . , gr, h] = diag(g1, g2, . . . , gr, Ik, g̃1, g̃2, . . . , g̃r, Ik)ik,n(h),

where gi ∈ GLni(F), h ∈ Sp2k(F). When convenient we shall identify GLni(F) with its
natural embedding in M−→

t
(F). Denote by P−→

t
(F) the standard parabolic subgroup of Sp2n(F)

that contains M−→
t
(F) as its Levi part. Denote by N−→

t
(F) the unipotent radical of P−→

t
(F).

We denote by PSp2n(F) or simply by P (F), the Siegel parabolic subgroup of Sp2n(F):

P(n;0)(F) =
{(

a b
0 ã

)
| a ∈ GLn(F), b ∈ Matn×n(F), bt = a−1bat

}
. (1.3)

Note that M(n;0)(F) ' GLn(F). A natural isomorphism is given by

g 7→ ĝ =
(

g

g̃

)
.

Define
V = span{e1, e2, . . . , en}, V ∗ = span{e∗1, e∗2, . . . , e∗n}.

These are two transversal Lagrangian subspaces of X. The Siegel parabolic subgroup is
the subgroup of Sp(X) which consists of elements that preserve V ∗. Let S be a subset of
{1, 2, . . . , n}. Define τS , aS to be the following elements of Sp(X):

ei · τS =

{
−e∗i i ∈ S

ei otherwise
, e∗i · τS =

{
ei i ∈ S

e∗i otherwise
, (1.4)

ei · aS =

{
−ei i ∈ S

ei otherwise
, e∗i · aS =

{
−e∗i i ∈ S

e∗i otherwise
. (1.5)

The elements τS1 , aS1 , τS2 , aS2 commute. Note that aS ∈ P (F), a2
S = I2n, and that

τS1τS2 = τS14S2aS1∩S2 , (1.6)

where S14S2 = S1 ∪ S2\S1 ∩ S2. In particular τ2
S = aS . For S = {1, 2, . . . , n} we define

τ = τS , in this case aS = −I2n.
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Denote by W ′
Sp2n

(F) the subgroup of Sp2n(Z) generated by the elements τS , and ŵπ,
where S ⊆ {1, 2, . . . , n}, and wπ ∈ GLn(F) is defined by wπi,j = δπ(i),j ; π is a permutation
in Sn. If F is a p-adic field then W ′

Sp2n
(F) is a subgroup of Sp2n(OF). Note that W ′

Sp2n
(F)

modulo its diagonal elements may be identified with the Weyl group of Sp2n(F) denoted
by WSp2n(F). Define WP−→

t
(F) to be the subgroup of W ′

Sp2n
(F) which consists of elements w

such that
M−→

t
(F)w = wM−→

t
(F)w−1

is a standard Levi subgroup and

w
(
ZSp2n(F) ∩M−→

t
(F)

)
w−1 ⊂ ZSp2n(F).

This means that up to conjugation by diagonal elements inside the blocks of M−→
t
(F), we

have
w[g1, g2, . . . , gr, s]w−1 = [g(ε1)

π(1), g
(ε2)
π(2), . . . , g

(εr)
π(r), s], (1.7)

where π is a permutation of {1, 2, . . . , r}, and where for g ∈ GLn(F), ε = ±1 we define

g(ε) =

{
g ε = 1
ωng̃ωn ε = −1

,

where

ωn =




1

1

. ..

1


 .

We may assume, and in fact do, that WP−→
t
(F) commutes with ik,n(Sp2k(F)).

For w ∈ WP−→
t
(F), let P−→

t
(F)w be the standard parabolic subgroup whose Levi part is

M−→
t
(F)w, and let N−→

t
(F)w be its standard unipotent radical.

1.3 Rao’s cocycle

In [32], Rao constructs an explicit non-trivial 2-cocycle c(·, ·) on Sp(X) which takes values
in {±1}. The set Sp(X) = Sp(X)× {±1} is then given a group structure via the formula

(g1, ε1)(g2, ε2) =
(
g1g2, ε1ε2c(g1, g2)

)
. (1.8)

It is called the metaplectic group. For any subset A of Sp2n(F) we denote by A its inverse
image in Sp2n(F). If F is either R or a p-adic field, this group is the unique non-trivial
double cover of Sp2n(F). We now describe Rao’s cocycle. Detailed proofs can be found in
[32]. Define

Ωj = {σ ∈ Sp(X) | dim(V ∗ ∩ V ∗σ) = n− j}.
Note that P (F) = Ω0, τS ∈ Ω|S| and more generally, if α, β, γ, δ ∈ Matn×n(F) and σ =(

α β

γ δ

)
∈ Sp(X) then σ ∈ Ωrank(γ). The Bruhat decomposition states that each Ωj is

a single double coset in P (F)�Sp(X)�P (F), that Ω−1
j = Ωj and that

⋃n
j=0 Ωj = Sp(X). In

particular every element of Sp(X) has the form pτSp′, where p, p′ ∈ P (F), S ⊆ {1, 2, . . . , n}.
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Let p1, p2 ∈ P (F). Rao defines

x(p1τSp2) ≡ det(p1p2 |V ∗)
(
mod(F∗)2

)
, (1.9)

and proves that it is a well defined map from Sp(X) to F∗/(F∗)2. Note that x(aS) ≡ (−1)|S|.

More generally; if p =
(

a b
0 ã

)
∈ P (F) then x(p) ≡ det(a). We shall use the notation

det(p) = det(a). Also note that x(τS) ≡ 1 and that for g ∈ Ωj , p1, p2 ∈ P (F),

x(g−1) ≡ x(g)(−1)j , x(p1gp2) ≡ x(p1)x(g)x(p2). (1.10)

Theorem 5.3 in Rao’s paper states that a non-trivial 2-cocycle on Sp(X) can be defined by

c(σ1, σ2) =
(
x(σ1), x(σ2)

)
F
(−x(σ1)x(σ2), x(σ1σ2)

)
F
(
(−1)l, dF (ρ)

)
F
(−1,−1

) l(l−1)
2

F hF(ρ),
(1.11)

where ρ is the Leray invariant −q(V ∗, V ∗σ1, V
∗σ−1

2 ), dF(ρ) and hF(ρ) are its discriminant,
and Hasse invariant, and 2l = j1 + j2 − j − dim(ρ), where σ1 ∈ Ωj1 , σ2 ∈ Ωj2 , σ1σ2 ∈ Ωj .
We use Rao’s normalization of the Hasse invariant. (Note that the cocycle formula just
given differs slightly from the one that appears in Rao’s paper. There is a small mistake in
Theorem 5.3 of [32]. A correction by Adams can be found in [25], Theorem 3.1).

An immediate consequence of Rao’s formula is that if g and h commute in Sp2n(F) then
their pre-image in Sp2n(F) also commute (this may be deduced from more general ideas.
See page 39 of [30]). In particular, a pre-image in Sp2n(F) of a commutative subgroup of
Sp2n(F) is also commutative. This does not hold for general covering groups; see [1] for
example.

If F is a local field then Sp2n(F) is a locally compact group. If F is a p-adic field, Sp2n(F)
is an l-group in the sense of [7]; since c(·, ·) is continuous, it follows that there exists U , an
open compact subgroup of Sp2n(F), such that c(U,U) = 1. Thus, a system of neighborhoods
of (I2n, 1) is given by open compact subgroups of the form (V, 1), where V ⊆ U is an open
compact subgroup of Sp2n(F).

From (1.11) and from previous remarks we obtain the following properties of c(·, ·); for
σ, σ′ ∈ Ωj , p, p′ ∈ P (F) we have

c(σ, σ−1) =
(
x(σ), (−1)jx(σ)

)
F(−1,−1)

j(j−1)
2

F (1.12)

c(pσ, σ′p′) = c(σ, σ′)
(
x(p), x(σ)

)
F
(
x(p′), x(σ′)

)
F
(
x(p), x(p′)

)
F
(
x(pp′), x(σσ′)

)
F. (1.13)

As a consequence of (1.13) we obtain

c(p, σ) = c(σ, p) =
(
x(p), x(σ)

)
F. (1.14)

Another property of the cocycle noted in [32] is that

c(τS1 , τS2) = (−1,−1)
j(j+1)

2
F , (1.15)

where j is the cardinality of S1 ∩ S2. From (1.6), (1.13) and (1.15) we conclude that if S
and S′ are disjoint then for p, p′ ∈ P (F) we have
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c(pτS , τS′p
′) =

(
x(p), x(p′)

)
F. (1.16)

It follows from (1.14) and (1.1) that

(p, ε1)(σ, ε)(p, ε1)−1 = (pσp−1, ε), (1.17)

for all σ ∈ Sp(X), p ∈ P (F), ε1, ε ∈ {±1}. Furthermore, assume that p ∈ P (F), σ ∈ Sp(X)
satisfy σpσ−1 ∈ P (F). Then

(σ, ε1)(p, ε)(σ, ε1)−1 = (σpσ−1, ε). (1.18)

Indeed, due to (1.17) and the Bruhat decomposition we only need to show that if τSpτS
−1 ∈

P (F) then
c(p, τS)c(τSp, τ−1

S )c(τS , τS
−1) = 1.

Define j to be the cardinality of S. From (1.12) it follows that c(τS , τS
−1) = (−1,−1)

j(j−1)
2

F .
From (1.14) it follows that c(p, τS) = 1. It is left to show that if V ∗τSpτ−1

S = V ∗ then

c(τSp, τS
−1) = (−1,−1)

j(j−1)
2

F . (1.19)

Recall that the Leray invariant is stable under the action of Sp(X) on Lagrangian triplets;
see Theorem 2.11 of [32]. Therefore,

q(V ∗, V ∗τSp, V ∗τS) = q(V ∗τS
−1, V ∗τSpτS

−1, V ∗) = q(V ∗τS
−1, V ∗, V ∗)

is an inner product defined on the trivial space. (1.11) implies now (1.19).

We recall Corollary 5.6 in Rao’s paper. For S ⊂ {1, 2, . . . , n} define

XS = span{ei, e
∗
i | i ∈ S}.

We may now consider xS and cXS
(·, ·) defined by analogy with x and c(·, ·). Let S1 and S2

be a partition of {1, 2, . . . , n}. Suppose that σ1, σ
′
1 ∈ Sp(XS1) and that σ2, σ

′
2 ∈ Sp(XS2).

Put σ = diag(σ1, σ2), σ′ = diag(σ′1, σ
′
2). Rao proves that c(σ, σ′) equals

cS1(σ1, σ
′
1)cS2(σ2, σ

′
2)

(
xS1(σ1), xS2(σ2)

)
F
(
xS1(σ

′
1), xS2(σ

′
2)

)
F
(
xS1(σ1σ

′
1), xS2(σ2σ

′
2)

)
F.(1.20)

From (1.20) it follows that (s, ε) 7→ (
ir,n(s), ε

)
and (s, ε) 7→ (

jr,n(s), ε
)

are two embeddings
of Sp2r(F) in Sp2n(F). We shall continue to denote these embeddings by ir,n and jr,n

respectively. Note that the map g 7→ (ĝ, 1) is not an embedding of GLn(F) in Sp2n(F),
although, by (1.14), its restriction to ZGLn(F) is an embedding.

1.4 Some splittings

For F, a p-adic field of odd residual characteristic it is known (see page 58 of [28]) that
SL2(F) splits over SL2(OF), the standard maximal compact subgroup of SL2(F) and that

ι2 : SL2(OF) → {±1}
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defined by

ι2

(
a b

c d

)
=

{
(c, d)F 0 < |c| < 1
1 otherwise

is the unique map such that the map

k 7→ κ2(k) =
(
k, ι2(k)

)

is an embedding of SL2(OF) in SL2(F). More generally, it is known, see [28], that if F is a
p-adic field of odd residual characteristic then Sp2n(F) splits over Sp2n(OF); there exists a
map

ι2n : Sp2n(OF) → {±1}
such that the map

k 7→ κ2n(k) =
(
k, ι2n(k)

)

is an embedding of Sp2n(OF) in Sp2n(F). Since κ2 is the unique splitting of SL2(OF) in
SL2(F) and since Sp2n(OF) is generated by various embeddings of SL2(OF) it follows that
ι2n is also unique.

Lemma 1.1. The restrictions of ι2n to P (F) ∩ Sp2n(OF) and to W ′
Sp2n

(F) are trivial.

Proof. Since for odd residue characteristic (O∗F,O∗F)F = 1 we conclude, using (1.14), that ι2n

restricted to P (F)∩Sp2n(OF) is a quadratic character and hence has the form p 7→ χ(det p),
where χ is a quadratic character of O∗F. By the inductivity property of Rao’s cocycle and
by the formula of ι2 we conclude that

ι2n

(
i1,n(SL2(OF)

) ∩ P (F) = 1.

Thus χ = 1. We now move to the second assertion. We note that the group generated by
the elements of the form τS is the group of elements of the form τS1aS2 , where S, S1, S2 ⊆
{1, 2, . . . , n). The group {ŵπ | π ∈ Sn} is disjoint from that group and normalizes it. Hence
we need only to show that for all S1, S2 ⊆ {1, 2, . . . , n}, and for all π ∈ Sn

ι2n(ŵπaS1τS2) = 1.

The fact that ι2n(ŵπaS2)=1 was proved already. We now show that ι2n(τS1) = 1: The
fact that for |S1| = 1: ι2n(τS1) = 1 follows from the properties of ι2 and the inductivity
properties of Rao’s cocycle. We proceed by induction on the cardinality of S1; suppose that
if | S1 |≤ l then ι2n(τS1) = 1. Assume now that | S1 |= l + 1. Write S1 = S′ ∪ S′′, where S′

and S′′ are two non-empty disjoint sets. By (1.15) we have

ι2n(τS1) = ι2n(τS′)ι2n(τS′′)c(τS′ , τS′′) = 1.

Finally,
ι2n(ŵπaS2τS1) = ι2n(ŵπ)ι2n(aS′)ι2n(τS)c(ŵπ, aS′)c(ŵπaS′ , τS) = 1.
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1.5 Some facts about parabolic subgroups of Sp2n(F)

Let F be a local field. By a parabolic subgroup of Sp2n(F) we mean an inverse image of a
parabolic subgroup of Sp2n(F).

Lemma 1.2. Let Q a parabolic subgroup of Sp2n(F). Write Q = M nN , a Levi decomposi-
tion. Then, there exists a unique function µ′ : N → {±1}, such that n 7→ µ(n) =

(
n, µ′(n)

)

is an embedding of N in Sp2n(F). Furthermore: Q = M n µ(N). By abuse of language we
shall refer to the last equality as the Levi decomposition of Q.

Proof. Suppose first that Q is standard. From the fact Sp2n(F) splits over N via the trivial
section it follows that µ′ is a quadratic character of N . Since N = N2 we conclude that µ′

is trivial. Using (1.18) we get Q = M n µ(N). Assume now that Q is a general parabolic
subgroup. Then, Q = (w, 1)Q′(w, 1)−1 for some w ∈ Sp2n(F), and a standard parabolic
subgroup Q′. For n ∈ Q define n′ = w−1nw. From the proof in the standard case it follows
that

µ′(n) = c(w, n′)c(wn′, w−1)c(w−1, w) = c(nw, w−1)c(w−1, w)

is the unique function mentioned in the lemma. The fact that Q = M n µ(N) follows also
from the standard case.

Lemma 1.3. Let F be a p-adic field. Sp2k(OF) is a maximal open compact subgroup of
Sp2n(F). For any parabolic subgroup Q of Sp2n(F) we have

Sp2n(F) = (Q, 1)Sp2k(OF) = Sp2k(OF)(Q, 1).

If F is a p-adic field of odd residual characteristic then Sp2n(F) = Qκ2n

(
Sp2n(OF)

)
.

By an abuse of notation we call the last decomposition an Iwasawa decomposition of
Sp2n(F).

Proof. This follows immediately from the analogous lemma in the algebraic case.

1.6 The global metaplectic group

Let F be a number field, and let A be its Adele ring. For every place ν of F we denote by
Fν its completion at ν. We denote by ̂Sp2n(A) the restricted product

∏′
ν Sp2n(Fν) with

respect to {
κ2n

(
Sp2n(OFν )

) | ν is finite and odd
}

.

̂Sp2n(A) is clearly not a double cover of Sp2n(A). Put

C ′ =
{∏

ν

(I, εν) |
∏
ν

εν = 1
}

.

We define
Sp2n(A) = C ′ \ ̂Sp2n(A)

to be the metaplectic double cover of Sp2n(A). It is shown in page 728 of [21] that

k 7→ C ′∏
ν

(k, 1)

is an embedding of Sp2n(F) in Sp2n(A).
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2 Some representation theory of Sp2n(F)

In this Section F will denote a p-adic field. Recall that a representation (V, σ) of Sp2n(F)
is called genuine if

σ(I2k,−1) = −IdV .

This means that σ does not factor through the projection map Pr : Sp2n(F) → Sp2n(F).
Same definition applies to representations of M−→

t
(F).

2.1 Genuine parabolic induction

For a representation (τ, V ) of GLn(F) and a complex number s we denote by τ(s) the
representation of GLn(F) in V defined by

g 7→ |det(g)|sτ(g).

Put
−→
t = (n1, n2, . . . , nr; k), where k +

∑r
i=1 ni = n. Let (τ1, Vτ1), (τ2, Vτ2), . . . , (τr, Vτr) be

r representations of GLn1(F), GLn2(F), . . . , GLnr(F) respectively. Let (σ, Vσ) be a genuine
representation of Sp2k(F). We shall now describe a representation of P−→

t
(F) constructed

from these representations. We cannot repeat the algebraic construction since generally

M−→
t
(F) 6' GLn1(F)×GLn2(F) . . .×GLnr(F)× Sp2k(F)

(it can be shown that these groups are isomorphic in the case of p-adic fields of odd residual
characteristic). Instead we define

(⊗r
i=1(γ

−1
ψ ⊗ τi(si))

)⊗ σ : M−→
t
(F) → GL

(
(⊗i=r

i=1Vτi)⊗ Vσ

)

by
(⊗r

i=1(γ
−1
ψ ⊗ τi(si))

)⊗ σ
(
jn−k,n(ĝ), 1)(ik,n(h), ε)

)
= γ−1

ψ

(
det(g)

)(⊗r
i=1 τi(si)(gi)

)
⊗ σ(h, ε),

(2.1)
where for 1 ≤ i ≤ r, gi ∈ GLni(F), g = diag(g1, g2, . . . , gr) ∈ GLn−k(F), h ∈ Sp2k(F) and
ε ∈ {±1}. When convenient we shall use the notation

π(−→s ) =
(⊗r

i=1(γ
−1
ψ ⊗ τi(si))

)⊗ σ (2.2)
π = π(0).

Lemma 2.1. π(−→s ) is a representation of M−→
t
(F).

Proof. Let α =
(
jn−k,n(ĝ), 1

)(
ik,n(h), ε

)
and α′ =

(
jn−k,n(ĝ′), 1

)(
ik,n(h′), ε′

)
, where for

1 ≤ i ≤ r, gi, g
′
i ∈ GLni(F), g = diag(g1, g2, . . . , gr), g′ = diag(g′1, g

′
2, . . . , g

′
r) ∈ GLn−k(F),

h, h′ ∈ Sp2k(F) and ε, ε′ ∈ {±1} be two elements in M−→
t
(F). It is sufficient to show that if

v = (⊗r
i=1vi)⊗ w is a pure tensor in (⊗i=r

i=1Vτi)⊗ Vσ then π(α′α)v = π(α′)
(
π(α)v

)
. Indeed,

π(α′)
(
π(α)v

)
= γ−1

ψ

(
det(g)

)
γ−1

ψ

(
det(g′)

)(⊗r
i=1 τi(g′i)τi(gi)vi

)
⊗ σ(h′, ε′)σ(h, ε)w.

Due to (1.2) and (1.14), for p, p′ ∈ P (F) we have

γ−1
ψ

(
det(p)

)
γ−1

ψ

(
det(p′)

)
c(p, p′) = γ−1

ψ (det(pp′)
)
. (2.3)
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Recalling that σ is genuine we now see that

π(α′)
(
π(α)v

)
= εε′γ−1

ψ

(
det(gg′)

)
c
(
jn−k,n(ĝ′), jn−k,n(ĝ)

)
c(h′, h)

(
⊗r

i=1τi(g′igi)vi

)
⊗σ(h′h, 1)w.

(2.4)
Next, we note that since

(
jn−k,n(ĝ′), 1

)
and

(
ik,n(h), ε

)
commute we have

α′α =
(
jn−k,n(ĝg′), 1

)(
ik,n(h′h), εε′c(h′, h)c

(
jn−k,n(ĝ′), jn−k,n(ĝ)

))
.

(2.4) implies now that π(α′α)v = π(α′)
(
π(α)v

)
.

As in the linear case we note that if τ1, τ2, . . . , τr and σ are smooth (admissible) rep-
resentations then π(−→s ) is also smooth (admissible). Due to (1.18) it is possible to extend
π(−→s ) to a representation of P−→

t
(F) by letting (N−→

t
(F), 1) act trivially.

Assuming that τ1, τ2, . . . , τr and σ are smooth we define smooth induction

I
(
π(−→s )

)
= I(τ1(s1), τ2(s2), . . . , τr(sr), σ) = Ind

Sp2n(F)
P−→

t
(F) π(−→s ) (2.5)

and
I(π) = I(τ1, τ2, . . . , τr, σ) = Ind

Sp2n(F)
P−→

t
(F) π. (2.6)

All the induced representations in this paper are assumed to be normalized, i.e., if (π, V ) is
a smooth representation of H, a closed subgroup of a locally compact group G, then IndG

Hπ
acts in the space of all right-smooth functions on G that take values in V and satisfy
f(hg) =

√
δH(h)
δG(h)π(h)f(g), for all h ∈ H, g ∈ G. Whenever we induce from a parabolic

subgroup (a pre-image of a parabolic subgroup in a metaplectic group) we always mean
that the inducing representation is trivial on its unipotent radical (on its embedding in the
metaplectic group).

We claim that if the inducing representations are admissible, then π(−→s ) is also admis-
sible. Indeed, the proof of Proposition 2.3 of [8] which is the p-adic analog of this claim
applies to Sp2n(F) as well since it mainly uses the properties on an l-group; see Proposition
4.7 of [55] or Proposition 1 of [1].

Next we note that similar to the linear case we can define the Jacquet functor, replacing
the role of ZSp2n(F) with (ZSp2n(F), 1). The notion of a supercuspidal representation is de-
fined via the vanishing of Jacquet modules along unipotent radicals of parabolic subgroups.
The (metaplectic) Jacquet functor has similar properties to those of the Jacquet functor in
the linear case; see Section 4.1 of [1] or Proposition 4.7 of [55]. This similarity follows from
the fact that (ZSp2n(F), 1) is a limit of compact groups.

2.2 An application of Bruhat theory

Let
−→
t = (n1, n2, . . . , nr; k) where n1, n2, . . . , nr, k are r + 1 non-negative integers whose

sum is n. Recall that WP−→
t
(F) is the subgroup of Weyl group of Sp2n(F) which consists of

elements which maps M−→
t
(F) to a standard Levi subgroup and commutes with ik,n(Sp2k(F));

see Section 1.2.
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Lemma 2.2. For 1 ≤ i ≤ r let gi be an element of GLni(F) and let (h, ε) be an element of
Sp2k(F). Denote again g = diag(g1, g2, . . . , gr) ∈ GLn−k(F). For w ∈ WP−→

t
(F) we have

(w, 1)
(
jn−k,n(ĝ), 1

)(
ik,n(h), ε

)
(w, 1)−1 =

(
wjn−k,n(ĝ)w−1, 1

)(
ik,n(h), ε

)

Proof. This follows from (1.18) and from the fact that w commutes with h.

For 1 ≤ i ≤ r let τi be an irreducible admissible supercuspidal representation of GLni(F).
Let σ be an irreducible admissible supercuspidal genuine representation of Sp2k(F). Then,

π =
(⊗r

i=1(γ
−1
ψ ⊗ τi)

)⊗ σ

is an irreducible admissible supercuspidal genuine representation of M−→
t
(F). For w ∈

WP−→
t
(F) denote by πw the representation of M−→

t
(F)w defined by

(m, ε) 7→ π
(
(w, 1)−1(m, ε)(w, 1)

)
.

Exactly as in the linear case, see Section 2 of [8], I(π) and I(πw) have the same Jordan
Holder series.

Recalling (1.7), we note that due to Lemma 2.2 and the fact that γψ(a) = γψ(a−1) we
have

(
(⊗r

i=1γ
−1
ψ ⊗ τi(si))⊗ σ

)(
(w, 1)−1(jn−k,n(ĝ), 1)(ik,n(h), ε)

)
(w, 1)

)
(2.7)

= γ−1
ψ (det(g))(⊗r

i=1|det(gi)|εisiτi
(εi)(gi)σ(h, ε),

where for 1 ≤ i ≤ r, gi ∈ GLni(F), g = diag(g1, g2, . . . , gr) ∈ GLn−k(F), h ∈ Sp2k(F),

ε ∈ {±1} and where τ
(εi)
i (gi) =

{
τi(gi) εi = 1
τi

(
(ωng̃iωn

)
εi = −1

, where t−1
w

(
ωng̃iωn

)
tw is to be

understood via the identification of GLni(F) with its image in the relevant block of M−→
t
.

Hence, it makes sense to denote by πw the representation

(⊗r
i=1γ

−1
ψ ⊗ (τ (εi)

i )(εisi)
)⊗ σ.

Note that τ
(−1)
i ' τ̂i, where τ̂i is the dual representation of τi; see Theorem 4.2.2 of [5] for

example.

Define W (π) to be the following subgroup of WP−→
t
(F):

W (π) = {w ∈ WP−→
t
(F) | πw ' π}. (2.8)

π is called regular if W (π) is trivial and singular otherwise. Bruhat theory, [3], implies the
following well known result :

Theorem 2.1. If π is regular then

Hom
Sp2n(F)

(
I(π), I(π)

) ' C. (2.9)
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See the Corollary in page 177 of [17] for this theorem in the context of connected
algebraic reductive p-adic groups, and see Proposition 6 in page 61 of [1] for this theorem
in the context of an r-fold cover of GLn(F). This theorem follows immediately from the
description of the Jordan-Holder series of a Jacquet module of a parabolic induction; see
Proposition Theorem 5 in page 49 of [1]. This Jordan-Holder series is an exact analog to
the the Jordan-Holder series of a Jacquet module of a parabolic induction in the linear case.
The proof of Proposition Theorem 5 in page 49 of [1] is done exactly as in the linear case. It
uses Bruhat decomposition and a certain filtration (see Theorem 5.2 of [8]) which applies to
both linear and metaplectic cases. An immediate corollary of Theorem 2.1 is the following.

Theorem 2.2. Let
−→
t = (n1, n2, . . . , nr; k) where n1, n2, . . . , nr, k are r + 1 non-negative

integers whose sum is n. For 1 ≤ i ≤ r let τi be an irreducible admissible supercuspidal
representation of GLni(F). Let σ be an irreducible admissible supercuspidal genuine repre-
sentation of Sp2k(F). Denote π =

(⊗r
i=1(γ

−1
ψ ⊗ τi)

)⊗σ. If τi 6= τj for all 1 ≤ i < j ≤ n and
τi 6= τ̂j for all 1 ≤ i ≤ j ≤ n then (2.9) holds. If we assume in addition that τi is unitary
for each 1 ≤ i ≤ r then I(π) is irreducible.

Proof. From (2.7) it follows that π is regular. Thus, (2.9) follows immediately from Theorem
2.1. Note that since the center of Sp2k(F) is finite σ is unitary. Therefore, the assumption
that τi is unitary for each 1 ≤ i ≤ r implies that π is unitary. Hence I(π) is unitary. The
irreducibility of I(π) follows now from (2.9).

2.3 The intertwining operator

Let n1, n2, . . . , nr, k be r+1 nonnegative integers whose sum is n. Put
−→
t = (n1, n2, . . . , nr; k).

For 1 ≤ i ≤ r let (τi, Vτi) be an irreducible admissible representation of GLni(F) and
let (σ, Vσ) be an irreducible admissible genuine representation of Sp2k(F). Fix now w ∈
WP−→

t
(F). Define

N−→
t ,w

(F) = ZSp2n(F) ∩ (wN−→
t
(F)−w−1),

where N−→
t
(F)− is the unipotent radical opposite to N−→

t
(F), explicitly in the Sp2n(F) case:

N−→
t
(F)− = J2nN−→

t
(F)J−1

2n .

For g ∈ Sp2n(F) and f ∈ I
(
π(−→s )

)
define

Awf(g) =
∫

N−→
t ,w

f
(
((wtw), 1)−1(n, 1)g

)
dn, (2.10)

where tw is a particular diagonal element in M−→
t
(F) ∩W ′

Sp2n
(F) whose entries are either 1

or -1. The exact definition of tw will be given in Section 3.1; see (3.5). The appearance of
tw here is technical.

As in the linear case (see Section 2 of [37]) the last integral converges absolutely in some
open set of Cr and has a meromorphic continuation to Cr. In fact, it is a rational function
in qs1 , qs2 , . . . , qsr . See Chapter 5 of [1] for the context of a p-adic covering group. We
define its continuation to be the intertwining operator

Aw : I(τ1(s1), τ2(s2), . . . , τr(sr), σ) → I
(
(τ (ε1)

π(1))(ε1s1)
, (τ (ε2)

π(2))(ε2s2)
, . . . , (τ (εr)

π(r))(εrsr)
, σ

)

Denote −→s w = (ε1s1, ε2s2, . . . , εrsr) and (⊗r
i=1τi)

w = (⊗r
i=1τ

(εi)
π(i)).
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2.4 The Knapp-Stein dimension theorem

We keep the notation and assumptions of the first paragraph of Section 2.2. From Theorem
2.1 it follows that outside a Zariski open set of values of (qs1 , . . . , qsr) ∈ (C∗)r,

Hom
Sp2n(F)

(
I
(
π(−→s )

)
, I

(
π(−→s )

)) ' C.

This implies that for every w0 ∈ WP−→
t
(F) there exists a meromorphic function β(−→s , τ1, . . . , τr, σ, w0)

such that
Aw−1

0
Aw0 = β−1(−→s , τ1, . . . , τn, σ, w0)Id. (2.11)

Remark: In the case of connected reductive quasi-split algebraic group this function differs
from the Plancherel measure by a well understood positive function; see Section 3 of [43]
for example. For connected reductive quasi-split algebraic groups it is known that if (in
addition to all the other assumptions made here) we assume that τ1, . . . , τr, σ are unitary
then β(−→s , τ1, . . . , τr, σ, w0), as a function of −→s is analytic on the unitary axis. This is (part
of) the content of Theorem 5.3.5.2 of [48] or equivalently Lemma V.2.1 of [53]. The proof
of this property has a straight forward generalization to the metaplectic group.

Let ΣP−→
t
(F) be the set of reflections corresponding to the roots of TSp2n(F) outside

M−→
t
(F). WP−→

t
(F) is generated by ΣP−→

t
(F). Following [47] we denote by W ′′(π) the subgroup

of W (π) generated by the elements w ∈ ΣP−→
t
(F) ∩W (π) which satisfy

β(
−→
0 , τ1, . . . , τn, σ, w) = 0.

The Knapp-Stein dimension theorem states the following:

Theorem 2.3. Let
−→
t = (n1, n2, . . . , nr; k) where n1, n2, . . . , nr, k are r + 1 non-negative

integers whose sum is n. For 1 ≤ i ≤ r let τi be an irreducible admissible supercuspidal
unitary representation of GLni(F). Let σ be an irreducible admissible supercuspidal genuine
representation of Sp2k(F). We have:

Dim
(
Hom(I(π), I(π)

)
= [W (π) : W ′′(π)].

The Knapp-Stein dimension theorem was originally proved for real groups, see [24].
Harish-Chandra and Silberger proved it for algebraic p-adic groups; see [47] and [48]. It
is a consequence of Harish-Chandra’s completeness theorem; see Theorem 5.5.3.2 of [48].
Although Harish-Chandra’s completeness theorem was proved for algebraic p-adic groups
its proof holds for the metaplectic case as well; see the remarks on page 99 of [10]. Thus,
Theorem 2.3 is a straight forward generalization of the Knapp-Stein dimension theorem to
the metaplectic group. The precise details of the proof will appear in a future publication of
the author. We note here that the theorem presented in [47] is more general; it deals with
square integrable representations. The version given here will be sufficient for our purposes.

3 Local coefficients and gamma factors

3.1 Definitions

Let F be a local field of characteristic 0 and let ψ be a non-trivial character of F. We shall
continue to denote by ψ the non-degenerate character of ZSp2n(F) given by

ψ(z) = ψ
(
z(n,2n) + Σn−1

i=1 z(i,i+1)

)
.
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From 1.14 it follows that ZSp2n(F) ' ZSp2n(F) × {±1}. We define a character of ZSp2n(F)
by (z, ε) 7→ εψ(z), and continue to denote it by ψ. We shall also denote by ψ the char-
acters of ZGLm(F) identified with

(
ik,n

(
jm,k( ̂ZGLm(F))

)
, 1

)
and of ZSp2k

(F) identified with
ik,n

(
ZSp2k

(F)
)
, obtained by restricting ψ as a character of ZSp2n(F).

Let (π, Vπ) be a smooth representation of Sp2n(F) (of GLn(F)). By a ψ-Whittaker
functional on π we mean a linear functional w on Vπ satisfying

w
(
π(z)v

)
= ψ(z)w(v)

for all v ∈ Vπ, z ∈ ZSp2n(F)(ZGLn(F)). Define Wπ,ψ to be the space of Whittaker functionals
on π with respect to ψ. If F is archimedean we add smoothness requirements to the definition
of a Whittaker functional, see [18] or [36]. π is called ψ-generic or simply generic if it has
a non-trivial Whittaker functional with respect to ψ. If w is a non-trivial ψ-Whittaker
functional on (π, V ) then one may consider Ww(π, ψ), the space of complex functions on
Sp2n(F) (on GLn(F)) of the form

g 7→ w
(
π(g)v

)
,

where v ∈ V . Ww(π, ψ) is a representation space of Sp2n(F)( of GLn(F)). The group acts on

this space by right translations. It is clearly a subspace of Ind
Sp2n(F)
ZSp2n

(F)ψ (of Ind
GLn(F)
ZGLn (F)ψ).

From Frobenius reciprocity it follows that if π is irreducible and dim(Wπ,ψ) = 1 then

Ww(π, ψ) is the unique subspace of Ind
Sp2n(F)
ZSp2n

(F)ψ (of Ind
GLn(F)
ZGLn (F)ψ) which is isomorphic to

π. In this case we drop the index w and we write W (π, ψ). One can identify π with W (π, ψ)
which is called the Whittaker model of π.

For quasi-split algebraic groups, uniqueness of Whittaker functional for irreducible ad-
missible representations is well known, see [46], [14] and [7] for the p-adic case, and see
[18] and [46] for the archimedean case. Uniqueness of Whittaker models for irreducible
admissible representations of Sp2n(F) was proven in [50]:

Theorem 3.1. Let π be an irreducible admissible representation of Sp2n(F), where F is a
p-adic field. Then,

dim(Wπ,ψ) ≤ 1.

Uniqueness for SL2(R) was proven in [52]. To prove uniqueness for Sp2n(R) for general
n, it is sufficient to consider principal series representations. The proof in this case follows
from Bruhat Theory. In fact, the proof goes almost word for word as the proof of Theorem
2.2 of [18] for minimal parabolic subgroups. The proof in this case is a heredity proof in
the sense of [33]. The reason that this, basically algebraic, proof works for Sp2n(R) as well
is the fact that if the characteristic of F is not 2 then the inverse image in Sp2n(F) of a
maximal torus of Sp2n(F) is commutative. This implies that its irreducible representations
are one dimensional. Uniqueness for Sp2n(C) follows from the uniqueness for Sp2n(C) since
Sp2n(C) = Sp2n(C)× {±1}.

We note that uniqueness of Whittaker model does not hold in general for covering
groups. See the introduction of [2] for a k fold cover of GLn(F), see [4] for an application
of a theory of local coefficients in a case where Whittaker model is not unique and see [12]
for a unique model for genuine representations of a double cover of GL2(F).
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Unless otherwise is mentioned, through the rest of this section F will denote a p-adic
field. We shall define here the metaplectic analog of the local coefficients defined by
Shahidi in Theorem 3.1 of [37] for connected reductive quasi split algebraic groups. Let
n1, n2, . . . , nr, k be r + 1 nonnegative integers whose sum is n. Put

−→
t = (n1, n2, . . . , nr; k).

Let (τ1, Vτ1), (τ2, Vτ2), . . . , (τr, Vτr) be r irreducible admissible generic representations of
GLn1(F), GLn2(F), . . . , GLnr(F) respectively. It is clear that for si ∈ C, τi(si) is also generic.
In fact, if λ is a ψ-Whittaker functional on (τi, Vτi) it is also a ψ-Whittaker functional on
(τi(si), Vτi). Let (σ, Vσ) be an irreducible admissible ψ-generic genuine representation of
Sp2k(F). Let

I
(
π(−→s )

)
= I(τ1(s1), τ2(s2), . . . , τr(sr), σ)

be the parabolic induction defined in Section 2.1. Since the inducing representations are
generic, then, by a theorem of Rodier, [33], extended to a non linear algebraic setting in
[2], I

(
π(−→s )

)
has a unique ψ-Whittaker functional. Define λτ1,ψ, λτ2,ψ, . . . , λτr,ψ to be non-

trivial ψ-Whittaker functionals on Vτ1 , Vτ2 , . . . , Vτr respectively and fix λσ,ψ, a non-trivial
ψ-Whittaker functional on Vσ. Define

ε(
−→
t ) = jn−k(diag(εn1 , εn2 , . . . , εnr , εn1 , εn2 , . . . , εnr),

where εn = diag
(
1,−1, 1 . . . , (−1)n+1

) ∈ GLn(F). We fix J2n as a representative of the long
Weyl element of Sp2n(F) and

ωn =




1

1

. ..

1




as a representative of the long Weyl element of GLn(F). We now fix

wl(
−→
t ) = jn−k,n

(
diag(εn1ωn1 , εn2ωn2 , . . . , εnrωnr , εn1ωn1 , εn2ωn2 , . . . , εnrωnr)

)
ik,n(−J2k)

as a representative of the long Weyl element of P−→
t
(F). We also define

w′l(
−→
t ) = wl(

−→
t )J2n. (3.1)

Note that w′l(
−→
t ) is a representative of minimal length of the longest Weyl element of Sp2n(F)

modulo the Weyl group of M−→
t
(F). It maps the positive roots outside M−→

t
(F) to negative

roots and maps the positive roots of M−→
t
(F) to positive roots. The presence of ε(

−→
t ) in the

definition of wl(
−→
t ) and w′l(

−→
t ) is to ensure that

ψ
((

w′l(
−→
t ), 1

)−1
n
(
w′l(
−→
t ), 1

))
= ψ(n) (3.2)

for all n ∈ M−→
t
(F)w′l(

−→
t )∩ZSp2n(F) (the reader may verify this fact by (1.18) and by a matrix

multiplication). Consider the integral

lim
k→∞

∫

N−→
t
(P−k
F )w

(
(⊗r

i=1λτi,ψ−1)⊗ λσ,ψ

)(
f
(
w′l(
−→
t ), 1

)−1(n, 1)
)
ψ−1(n) dn. (3.3)

By abuse of notations we shall write
∫

N−→
t
(F)w

(
(⊗r

i=1λτi,ψ−1)⊗ λσ,ψ

)(
f
(
w′l(
−→
t ), 1

)−1(n, 1)
)
ψ−1(n) dn. (3.4)
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Since ZSp2n(F) splits in Sp2n(F) via the trivial section the integral converges exactly as in
the linear case, see Proposition 3.1 of [37] (and see Chapter 4 of [1] for the context of a p-adic
covering group). In fact, it converges absolutely in an open subset of Cr. Due to (1.17), it
defines, again as in the linear case, a ψ-Whittaker functional on I(τ1(s1), τ2(s2), . . . , τr(sr), σ).
We denote this functional by

λ
(−→s , (⊗r

i=1τi)⊗ σ, ψ
)
,

where −→s = (s1, s2, . . . , sr). Also, since the integral defined in (3.3) is stable for a large
enough r it defines a rational function in qs1 , qs2 , . . . , qsr .

Fix now w ∈ WP−→
t
(F). Let tw be the unique diagonal element in M−→

t
(F) ∩ W ′

Sp2n
(F)

whose first entry in each block is 1 such that

ψ
(
(wtw, 1)−1n(wtw, 1)

)
= ψ(n) (3.5)

for each n ∈ M−→
t
(F)w ∩ ZSp2n(F). (3.5) assures that

λ
(−→s w, (⊗r

i=1τi)w ⊗ σ, ψ
) ◦Aw

is another ψ-Whittaker functional on I
(
π(−→s )

)
. It now follows from the uniqueness of

Whittaker functional that there exists a complex number

C
Sp2n(F)
ψ (P−→

t
(F),−→s , (⊗r

i=1τi)⊗ σ,w
)

defined by the property

λ
(−→s , (⊗r

i=1τi)⊗ σ, ψ
)

= C
Sp2n(F)
ψ (P−→

t
(F),−→s , (⊗r

i=1τi)⊗ σ, w
)
λ
(−→s w, (⊗r

i=1τi)w ⊗ σ, ψ
) ◦Aw.

(3.6)
It is called the local coefficient and it clearly depends only on −→s , w and the isomor-
phism classes of τ1, τ2, . . . , τr (not on a realization of the inducing representations nor on
λτ1,ψ, λτ2,ψ, . . . , λτr,ψ ψ−1, λσ,ψ). Also it is clear by the above remarks that

−→s 7→ C
Sp2n(F)
ψ (P−→

t
(F),−→s , (⊗r

i=1τi)⊗ σ, w
)

defines a rational function in function in qs1 , qs2 , . . . , qsr . Note that (3.6) implies that the
zeros of the local coefficient are among the poles of the intertwining operator.

Remark: Assume that the residue characteristic of F is odd. Then, by Lemma 1.1
κ2n(w) = (wtw, 1) for all w ∈ WP−→

t
(F) and κ2n

(
w′l(
−→
t )

)
=

(
w′l(
−→
t ), 1

)
. Keeping the Adelic

context in mind, whenever one introduces local integrals that contain a pre-image of w ∈
W ′

Sp2n
(F) ⊂ Sp2n(OF) inside Sp2n(F) one should use elements of the form κ2n(w).

Let
−→
t = (n1, n2, . . . , nr; k) where n1, n2, . . . , nr, k are r + 1 non-negative integers whose

sum is n. For each 1 ≤ i ≤ r let τi be an irreducible admissible generic representation of
GLni(F) and let σ be an irreducible admissible generic genuine representation of Sp2k(F).
From the definition of the local coefficients it follows that

β(−→s , τ1, . . . , τn, σ, w0) (3.7)

= C
Sp2n(F)
ψ (P−→

t
(F),−→s , (⊗r

i=1τi)⊗ σ,w0

)
C

Sp2n(F)
ψ (P−→

t
(F),

−→
sw0 , ((⊗r

i=1τi)⊗ σ)w0 , w−1
0

)
,
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Recalling Theorem 2.3, the significance of the local coefficients for questions of irreducibility
of a parabolic induction is clear.

Let σ be an irreducible admissible generic irreducible admissible generic genuine repre-
sentation of Sp2k(F). Let τ be an irreducible admissible ψ-generic representation of GLm(F).
Put n = m + k. We define:

γ(σ × τ, s, ψ) =
C

Sp2n(F)
ψ

(
Pm;k(F), s, τ ⊗ σ, jm,n(ω′−1

m )
)

C
Sp2m(F)
ψ

(
Pm;0(F), s, τ, ω′−1

m

) , (3.8)

where ω′m =
(

−ωm

ωm

)
. It is clearly a rational function in qs. Note that if k = 0 then

σ is the non-trivial character of the group of 2 elements and γ(σ × τ, s, ψ) = 1.

This definition of the γ-factor is an exact analog to the definition given in Section 6
of [42] for quasi-split connected algebraic groups over a non-archimedean field. We note
that similar definitions hold for the case F = R. In this case the local coefficients are
meromorphic functions.

3.2 Multiplicativity of the local coefficients and gamma factor

Let F be a local field of characteristic 0. Let σ be a genuine irreducible admissible ψ-generic
representation of Sp2k(F). Let τ be an irreducible admissible ψ-generic representation of
GLm(F). For two nonnegative integers l, r such that l + r = m denote by P 0

l,r(F) the
standard parabolic subgroup of GLm(F) whose Levi part is

M0
l,r(F) =

(
GLl(F)

GLr(F)

)
.

Denote its unipotent radical by N0
l,r(F). Let τl, τr be two irreducible admissible ψ-generic

representations of GLl(F) and GLr(F) respectively. In the p-adic case; see [39], Shahidi
defines

γ(τl × τr s, ψ) = χτr(−Ir)lC
GLm(F)
ψ

(
P 0

l,r(F), (
s

2
,
−s

2
), τl ⊗ τ̂r, $r,l

)
, (3.9)

where $r,l =
(

Ir

Il

)
, χτr is the central character of τr and C

GLm(F)
ψ (·, ·, ·, ·), the GLm(F)

local coefficient in the right-hand side defined via a similar construction to the one presented
above. In the same paper the author proves that the γ-factor defined that way is the
same arithmetical factor defined by Jacquet, Piatetskii-Shapiro and Shalika via the Rankin-
Selberg method, see [20]. Due to the remark given in the introduction of [40], see page 974
after Theorem 1, we take (3.9) as a definition in archimedean fields as well. The archimedean
γ-factor defined in this way agrees also with the definition given via the Rankin-Selberg
method, see [19].

For future use we note the following:

$−1
r,l = $t

r,l = $l,r, $r,lM
0
l,r(F)$l,r = M0

r,l(F), (3.10)

and
ψ($l,rn$r,l) = ψ(n), (3.11)
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for all n ∈ ZGLm(F) ∩M0
l,r(F). $r,l is a representative of the long Weyl element of GLn(F)

modulo the long Weyl element of M0
l,r(F).

Theorem 3.2. Assume that τ = Ind
GLm(F)
P 0

l,r(F) τl⊗τr,where τl, τr are two irreducible admissible

generic representations of GLl(F) and GLr(F) respectively, where l + r = m, then

γ(σ × τ, s, ψ) = γ(σ × τl, s, ψ)γ(σ × τr, s, ψ). (3.12)

Theorem 3.3. Assume that σ = Ind
Sp2k(F)
Pl;r(F) (γ−1

ψ ⊗ τl) ⊗ σr, where τl is an irreducible
admissible generic representation of GLl(F) and σr is an irreducible admissible genuine
ψ-generic representation of Sp2r(F), where l + r = k. Let τ be an irreducible admissible
generic representation of GLm(F). Then,

γ(σ×τ, s, ψ) = χl
τ (−Im)χm

τl
(−Il)(−1,−1)ml

F γ(σr×τ, s, ψ)γ(τ̂l×τ, s, ψ)γ(τl×τ, s, ψ). (3.13)

We start with proving Theorem 3.2. We proceed through the following lemmas:

Lemma 3.1. With notations in Theorem 3.2 we have:

C
Sp2n(F)
ψ

(
Pm;k(F), s, τ ⊗ σ, jm,n(ω′−1

m )
)

= C
Sp2n(F)
ψ

(
Pl,r;k(F), (s, s), τl ⊗ τr ⊗ σ, jm,n(ω′−1

m )
)
.

(3.14)
In particular, for m = n, that is when k = 0 and σ is the non trivial representation of the
group of two elements, we have

C
Sp2m(F)
ψ (Pm;0(F), s, τ, ω′−1

m ) = C
Sp2m(F)
ψ (Pl,r;0(F), (s, s), τl ⊗ τr, ω

′−1
m ). (3.15)

Proof. We find it convenient to assume that the inducing representations τl, τr and σ
are given in their ψ-Whittaker model. In this realization f 7→ f(Il), f 7→ f(Ir) and
f 7→ f(I2n, 1) are ψ-Whittaker functionals on τl, τr and σ respectively. We realize the space
on which τ acts as a space of functions

f : GLm(F)×GLl(F)×GLr(F) → C

which are smooth from the right in each variable and which satisfies

f(
(

a ∗
b

)
g, nlo, n

′r0) = |det(a)| r2 | det(b)|−l
2 ψ(n)ψ(n′)f(g, l0a, r0b),

for all g ∈ GLm(F), l0, a ∈ GLl(F), r0, b ∈ GLr(F), n ∈ ZGLl
(F), n′ ∈ ZGLr(F). In this

realization τ acts by right translations of the first argument (see pages 11 and 65 of [49] for
similar realizations). According to the GLm(F) analog to the construction given in Section
3.1, i.e., Proposition 3.1 of [37] for GLm(F), and due to (3.10) and (3.11), a ψ-Whittaker
functional on τ is given by

λτ,ψ(f) =
∫

N0
r,l(F)

f($l,rn, Il, Ir)ψ−1(n) dn. (3.16)

We realize the representation space of I(τ(s), σ) as a space of functions

f : Sp2n(F)× Sp2k(F)×GLm(F)×GLl(F)×GLr(F) → C
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which are smooth from the right in each variable and which satisfy

f
(
(jm,n(m̂), 1)ik,n(h)us, ny,

(
a ∗

b

)
g, n′lo, n′′r0

)
= f(s, yh, gm, l0a, r0b) (3.17)

γ−1
ψ

(
det(m)

)| det(m)| 2k+m+1
2

+s| det(a)| r2 | det(b)|−l
2 ψ(n)ψ(n′)ψ(n′′),

for all s ∈ Sp2n(F), h, y ∈ Sp2k(F),
(

a ∗
b

)
∈ P 0

l,r(F), m, g ∈ GLm(F), l0 ∈ GLl(F), r0 ∈
GLr(F), u ∈ (Nm;k(F), 1), n ∈ ZSp2k

(F), n′ ∈ ZGLl
(F), n′′ ∈ ZGLr(F). In this realization

Sp2n(F) acts by right translations of the first argument. Due to (3.16), we have

λ(s, τ ⊗ σ, ψ
)
(f) =

∫

Nm;k(F)
λτ,ψ

(
f
(
w′l(m; k)n, 1), (I2k, 1), Im, Il, Ir

))
ψ−1(n)dn =

∫

n∈Nm;k(F)

∫

n′∈N0
r,l(F)

f
(
(jm,n(−ε̂mω′m)n, 1), (I2k, 1), $l,rn

′, Il, Ir

)
ψ−1(n′)ψ−1(n) dn′ dn.

(3.18)

Note that ω′m =
(

−Im

Im

)(
ωm

ωm

)
. Thus, x(−ε̂mω′m) = (−1)m. Due to (3.17) and

(1.14), we observe that for n ∈ Nm;k(F), n′ ∈ M0
l,r(F)

f
((

jm,n(−ε̂mω′m)n, 1), (I2k, 1
)
, $l,rn

′, Il, Ir

)
=

(−1,−1)mrl
F γ−1

ψ (−1rl)f
((

jm,n(−$̂l,rn̂′ε̂mω′m)n, 1
)
, (I2k, 1), Im, Il, Ir

)
.

We shall write
−$̂l,rn̂′ε̂mω′m = −$̂l,r ε̂mω′m

̂̆
n′,

where for g ∈ GLm(F) we define

ğ = (εmωm)−1g̃(εmωm).

Since n 7→ n̆ maps N0
r,l(F) to N0

l,r(F), we get by (3.2) and (3.17):

λ(s, τ ⊗ σ, ψ)(f) = (3.19)

(−1,−1)mrl
F γ−1

ψ (−1lr)
∫

Nl,r;k(F)
f
(
jm,n(−$̂l,r ε̂mω′m)n, 1), (I2k, 1), Im, Il, Ir

)
ψ−1(n) dn.

(Clearly the change of integration variable does not require a correction of the measure).
We turn now to I(τl(s), τr(s), σ). We realize the space of this representation as a space of
functions

f : Sp2n(F)× Sp2k(F)×GLl(F)×GLr(F) → C

which are smooth from the right in each variable and which satisfy

f((jm,n

̂(
a

b

)
, 1)ik,n(h)us, ny, n′lo, n′′r0) = f(s, yh, l0a, r0b) (3.20)

γ−1
ψ (det

(
a

b

)
)| det(

(
a

b

)
)| 2k+m+1

2
+s| det(a)| r2 |det(b)|−l

2 ψ(n)ψ(n′)ψ(n′′),
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for all s ∈ Sp2n(F), h, y ∈ Sp2k(F),
(

a

b

)
∈ M0

l,r(F), l0 ∈ GLl(F), r0 ∈ GLr(F),

u ∈ (
Nl,r;k(F), 1

)
, n ∈ ZSp2k

(F), n′ ∈ ZGLl
(F), n′′ ∈ ZGLr(F). In this realization Sp2n(F)

acts by right translations of the first argument. Recall that in (3.1) we have defined w′l(
−→
t )

to be a particular representative of minimal length of the longest Weyl element of Sp2n(F)
modulo the Weyl group of M−→

t
(F). Since

w′l(l, r; k) = jm,n(−ĝ0$̂l,r ε̂mω′m),

where

g0 =
(

(−Il)r

Ir

)
,

We have:

λ
(
(s, s), τl⊗τr⊗σ, ψ

)
(f) =

∫

Nl,r;k(F)
f

((
jm,n(−ĝ0$̂l,r ε̂mω′m)n, 1

)
, (I2k, 1), Il, Ir

)
ψ−1(n) dn.

(3.21)
Note that

f

((
jm,n(−ĝ0$̂l,r ε̂mω′m)n, 1

)
, (I2k, 1), Il, Ir

)

= (−1,−1)mlr
F γψ(−1lr)f

((
jm,n(−ĝ0$̂l,r ε̂mω′m)n, 1

)
, (I2k, 1), (−Il)r, Ir

)

= (−1,−1)mlr
F γψ(−1lr)χr

τl
(−Il)(f

((
jm,n(−$̂l,r ε̂mω′m)n, 1

)
, (I2k, 1), Il, Ir

)
.

Thus,

λ
(
(s, s), τl ⊗ τr ⊗ σ, ψ

)
(f) = (−1,−1)mlr

F γψ(−1lr)χr
τl
(−Il) (3.22)∫

Nl,r;k(F)
f

((
jm,n(−$̂l,r ε̂mω′m)n, 1

)
, (I2k, 1), Il, Ir

)
ψ−1(n)

For f ∈ I(τ(s), σ) define

f̃ : Sp2m(F)× Sp2k(F)×GLl(F)×GLr(F) → C

by f̃(s, y, r0, l0) = f(s, y, Im, r0, l0). The map f 7→ f̃ is an Sp2m(F) isomorphism from
I(τ(s), σ) to I(τl(s), τr(s), σ). Comparing (3.19) and (3.22)we see that

λ(s, τ ⊗ σ, ψ)(f) = χr
τl
(−Il)λ

(
(s, s), τl ⊗ τr ⊗ σ, ψ

)
(f̃). (3.23)

We now introduce an intertwining operator

Ajm,n(ω′−1
m ) : I(τ(s), σ) → I(τ̂(−s), σ),

defined by

Ajm,n(ω′−1
m )(s, y, m, l0, r0) =

∫

jm,n(N(m;0)(F))
f
(
(jm,n(ε̂mω′m)n, 1)s, y,m, l0, r0

)
dn.
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Note that for f ∈ I(τ(s), σ) we have

Ajm,n(ω′−1
m )f : Sp2m(F)× Sp2k(F)×GLm(F)×GLl(F)×GLr(F) → C

is smooth from the right in each variable and satisfies

Ajm,n(ω′−1
m )(f)((jm,n(m̂), 1)ik,n(h)us, ny,

(
a ∗

b

)
g, n′lo, n′′r0) =

γ−1
ψ (det(m))| det(m)| 2k+m+1

2
−s| det(a)| r2 | det(b)|−l

2 ψ(n)ψ(n′)ψ(n′′)ψf(s, yh, gm̆, l0a, r0b),
(3.24)

for all s ∈ Sp2n(F), h, y ∈ Sp2k(F),
(

a ∗
b

)
∈ P 0

l,r(F), m, g ∈ GLm(F), l0 ∈ GLl(F),

r0 ∈ GLr(F), u ∈ (
Nm;k(F), 1

)
, n ∈ ZSp2k

(F), n′ ∈ ZGLl
(F), n′′ ∈ ZGLr(F). Since ˘̆g = g

and since $̆l,r = h0$r,l, where

h0 =
(

(−Ir)l

(−Il)r

)
,

we have,

λ(−s, τ̆ ⊗ σ, ψ
)
(f)

=
∫

n∈Nm;k(F)

∫

n′∈N0
r,l(F)

f
(
(jm,n(−ε̂mω′m)n, 1), (I2k, 1), h0h0$l,rn

′, Il, Ir

)
ψ−1(n′)ψ−1(n) dn′ dn

= χr
τl
(−Il)χl

τr
(−Ir)(−1,−1)mrl

F γ−1
ψ (−1lr)∫

n∈Nm;k(F)

∫

n′∈N0
r,l(F)

f
(
(jm,n(−$r,ln̆′ε̂mω′m)n, 1), (I2k, 1), Im, Il, Ir

)
ψ−1(n′)ψ−1(n) dn′ dn

= χr
τl
(−Il)χl

τr
(−Ir)(−1,−1)mrl

F γ−1
ψ (−1lr)∫

n∈Nm;k(F)

∫

n′∈N0
r,l(F)

f
(
(jm,n(−$r,lε̂mω′m)n′n, 1), (I2k, 1), Im, Il, Ir

)
ψ−1(n′)ψ−1(n) dn′ dn.

We have shown:

λ(−s, τ̆ ⊗ σ, ψ
)
(f) = χr

τl
(−Il)χl

τr
(−Ir)(−1,−1)mrl

F γ−1
ψ (−1lr) (3.25)∫

n∈Nr,l,k(F)
f
(
(jm,n(−$r,lε̂mω′m)n′n, 1), (I2k, 1), Im, Il, Ir

)
ψ−1(n) dn.

Consider now
Ãjm,n(ω′−1

m ) : I(τl(s), τr(s), σ) → I(τ̂r(−s), τ̂l(−s), σ),

defined by

Ãjm,n(ω′−1
m )(s, y, l0, r0) =

∫

jm,n(Nm;0)
f
(
(jm,n(ε̂mω′−1

m )n, 1)s, y, l, r
)
dn.

Note that for f ∈ I(τl(s), τr(s), σ), we have

Ãjm,n(ω′−1
m )f : Sp2n(F)× Sp2k(F)×GLl(F)×GLr(F) → C
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is smooth from the right in each variable and satisfies

Ãjm,n(ω′−1
m )(f)((jm,n

̂(
b

a

)
, 1)ik,n(h)us, ny, n′lo, n′′r0) = f(s, yh, l0ă, r0b̆) (3.26)

γ−1
ψ (det

(
b

a

)
)| det(

(
b

a

)
)| 2k+m+1

2
−s| det(a)| r2 |det(b)|−l

2 ψ(n)ψ(n′)ψ(n′′),

for all s ∈ Sp2n(F), h, y ∈ Sp2k(F),
(

b

a

)
∈ M0

r,l, l0 ∈ GLl(F), r0 ∈ GLr(F),

u ∈ (
Nr,l;k(F), 1

)
, n ∈ ZSp2k

(F), n′ ∈ ZGLl
(F), n′′ ∈ ZGLr(F). Similar to (3.22) we have:

λ
(
(−s,−s), τ̆r ⊗ τ̆l, ψ

)
(f) = (−1,−1)mlr

F γψ(−1lr)χl
τr

(−rl)

∫

Nr,l;k(F)
f

((
jm,n(−ĝ0$̂r,lε̂mω′m)n, 1

)
, (I2k, 1), Il, Ir

)
ψ−1(n) (3.27)

For f ∈ I(τ̆(−s) ⊗ σ) define

f̂ : Sp2m(F)× Sp2k(F)×GLl(F)×GLr(F) → C

by
f̂(s, y, r0, l0) = f(s, y, Im, r0, l0).

The map f 7→ f̂ is an Sp2n(F) isomorphism from I(τ̆(−s), σ) to I(τ̆r(−s), τ̆l(−s), σ). By (3.25)
and (3.27) we have,

λ(−s, τ̆ ⊗ σ, ψ)(f) = χr
τl
(−Il)λ

(
(−s,−s), τ̆r ⊗ τ̆l ⊗ σ, ψ

)
(f̂). (3.28)

We use (3.23), (3.28) and the fact that for all f ∈ I(τ s ⊗ σ) , we have

Ãjm,n(ω′−1
m )(f̃) = ̂Ajm,n(ω′−1

m )(f),

to complete the lemma:

C
Sp2n(F)
ψ

(
Pm,k;0(F), s, τ ⊗ σ, jm,n(ω′−1

m )
)

=
λ(s, τ ⊗ σ, ψ)(f)

λ(−s, τ̆ ⊗ σ, ψ)
(
Ajm,n(ω′−1

m )(f)
) =

λ
(
(s, s), τl ⊗ τr ⊗ σ, ψ

)
(f̃)

λ
(
(−s,−s), τ̆r ⊗ τ̆l ⊗ σ, ψ

)(
Ãjm,n(ω′−1

m )(f̃)
) = C

Sp2n(F)
ψ

(
Pl,r;k(F), (s, s), τl⊗τr⊗σ, jm,n(ω′m)

)
.

The heart of the proof of Theorem 3.2 is the following lemma which is a slight modifica-
tion of the following argument, originally proved for algebraic groups (see [37] for example):
If w1, w2 are two Weyl elements such that l(w1w2) = l(w1) + l(w2), where l(·) is the length
function in the Weyl group, then Aw1 ◦ Aw2 = Aw1w2 . See Lemma 1 of Chapter VII of [1]
for a proof of this factorization in the case of an r-fold cover of GLn(F).
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Lemma 3.2.

C
Sp2n(F)
ψ

(
Pl,r;k(F), (s, s), τl ⊗ τr ⊗ σ, jm,n(ω′−1

m )
)

= φ−1
ψ (r, l, τr)c1(s)c2(s)c3(s),

where

c1(s) = C
Sp2n(F)
ψ

(
Pl,r;k(F), (s, s), τl ⊗ τr ⊗ σ, jm,n(w−1

1 )
)
,

c2(s) = C
Sp2n(F)
ψ

(
Pl,r;k(F), (s,−s), τl ⊗ τ̂r ⊗ σ, jm,n(w−1

2 )
)
,

c3(s) = C
Sp2n(F)
ψ

(
Pl,r;k(F), (−s, s), τ̂r ⊗ τl ⊗ σ, jm,n(w−1

3 )
)

and where

w1 =




Il

−ωr

Il

ωr


 , w2 = $̂l,r, w3 =




Ir

−ωl

Ir

ωl


 ,

and

φψ(r, l, τr) = (−1,−1)
l2(l−1)

2
F χτr(−Ir)lγ−1

ψ

(
(−1)rl

)
.

In particular :

C
Sp2m(F)
ψ

(
Pl,r;0(F), (s, s), τl ⊗ τr, ω

′−1
m

)
= φ−1

ψ (r, l, τr)c′1(s)c
′
2(s)c

′
3(s),

where

c′1(s) = C
Sp2m(F)
ψ

(
Pl,r;0(F), (s, s), τl ⊗ τr, w

−1
1

)

c′2(s) = C
Sp2m(F)
ψ

(
Pl,r;0(F), (s,−s), τl ⊗ τ̂r, w

−1
2

)

c′3(s) = C
Sp2m(F)
ψ

(
Pl,r;0(F), (−s, s), τ̂r ⊗ τl, w

−1
3

)
.

Proof. We keep the realizations used in Lemma 3.1 and most of its notations. Consider the
following three intertwining operators:

Ajm,n(w−1
1 ) : I(τl(s), τr(−s), σ) → I(τl(s), τ̆r(−s), σ) (3.29)

Ajm,n(w−1
2 ) : I(τl(s), τ̆r(−s), σ) → I(τ̆r(−s), τl(s), σ)

Ajm,n(w−1
3 ) : I(τ̆r(−s), τl(s), σ) → I(τ̆r(−s), τ̆l(−s), σ)

Suppose that we show that

Ajm,n(w−1
3 ) ◦Ajm,n(w−1

2 ) ◦Ajm,n(w−1
1 ) = φψ(r, l, τr)Ajm,n(ω′−1

m ), (3.30)

This will finish the lemma at once since
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C
Sp2n(F)
ψ

(
Pl,r;k(F), (s, s), τl ⊗ τr ⊗ σ, jm,n(ω′m)

)
=

λ
(
(s, s), τl ⊗ τr ⊗ σ, ψ

)
(f)

λ
(
(−s,−s), τ̆r ⊗ τ̆l ⊗ σ, ψ

)(
Ajm,n(ω′−1

m )(f)
) =

λ
(
(s, s), τl ⊗ τr ⊗ σ, ψ

)
(f)

λ
(
(s,−s), τl ⊗ τ̆r ⊗ σ, ψ

)(
Ajm,n(w−1

1 )(f)
)

λ
(
(s,−s), τl ⊗ τ̆r ⊗ σ, ψ

)(
Ajm,n(w−1

1 )(f)
)

λ
(
(−s, s), τ̆r ⊗ τl ⊗ σ, ψ

)(
A

jm,n(w−1
2

) ◦Ajm,n(w−1
1 )(f)

)

λ
(
(−s, s), τ̆r ⊗ τl ⊗ σ, ψ

)(
Ajm,n(w−1

2 ) ◦Ajm,n(w−1
1 )(f)

)

λ
(
(−s,−s), τ̆r ⊗ τ̆l ⊗ σ, ψ

)(
Ajm,n(w−1

3 ) ◦Ajm,n(w−1
2 ) ◦Ajm,n(w−1

1 )(f)
) .

By definition the right-hand side equals

φ−1
ψ (r, l, τr)c1(s)c2(s)c3(s).

Thus, we prove (3.30). It is sufficient to prove it for Re(s) >> 0 where Ajm,n(ω′−1
m ) is given

by an absolutely convergent integral. Our argument will use Fubini’s theorem, whose use
will be justified by (3.33).

Ajm,n(w−1
3 ) ◦Ajm,n(w−1

2 ) ◦Ajm,n(w−1
1 )(f)(s, y, l, r) = (3.31)

∫

Nw3 (F)
Ajm,n(w−1

2 ) ◦Ajm,n(w−1
1 )(f)

((
jm,n(tw3w3)n3, 1

)
s, y, l, r

)
dn3 =

∫

Nw3 (F)

∫

Nw2 (F)
Ajm,n(w−1

1 )(f)
((

jm,n(tw2w2)n2, 1
)(

jm,n(tw3w3)n3, 1
)
s, y, l, r

)
dn2dn3 =

∫

Nw3 (F)

∫

Nw2(F)

∫

Nw1 (F)
f
((

jm,n(tw1w1)n1, 1
)(

jm,n(tw2w2)n2, 1
)(
jm,n(tw3w3)n3, 1

)
s, y, l, r

)
dn1dn2dn3,

where, as a straight forward computation will show, Nw1(F) is the group of elements of the
form 



Il 0l

Ir z

Ik 0k

Il

Ir

Ik




, z ∈ Matsym
r×r (F),

Nw2(F) is the group of elements of the form



Il z

Ir

Ik

Il

−zt Ir

Ik




, z ∈ Matl×r(F),

Nw3(F) is the group of elements of the form



Ir 0r

Il z

Ik 0k

Ir

Il

Ik




, z ∈ Matsym
l×l (F),
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and where tw1 =
̂(
Il

εr

)
, tw2 = Im, tw3 =

̂(
Ir

εl

)
. We consider the first

argument of f in (3.31): By (1.14) and (1.18) we have:
(
jm,n(tw1w1)n1, 1

)(
jm,n(tw2w2)n2, 1

)(
jm,n(tw3w3)n3, 1

)
(3.32)

=
(
jm,n(tw1w1), 1

)
(n1, 1)

(
jm,n(tw2w2), 1

)
(n2, 1)

(
jm,n(tw3w3), 1

)
(n3, 1)

=
(
jm,n(tw1w1), 1

)(
jm,n(tw2w2), 1

)(
jm,n(tw3w3), 1

)
(n′1n

′
2n3, 1)

= (I2n, ε)
(
jm,n(tw1w1tw2w2tw3w3), 1

)
(n′1n

′
2n3, 1)

= (I2n, ε)
(
jm,n

̂
(
(

Il

Ir(−1)l

)
ε̂mω′m), 1

)
(n′1n

′
2n3, 1),

where

n′1 = jm,n(w3tw3w2tw2)
−1(n1)jm,n(w2tw2w3tw3)

−1, n′2 = jm,n(w3tw3)
−1(n2)jm,n(w3tw3),

and where
ε = c(tw1w1, tw2w2)c(tw1w1tw2w2, tw3w3).

We compute:

jm,n(w3tw3w2tw2)
−1




Il 0l

Ir z

Ik 0k

Il

Ir

Ik




jm,n(w2tw2w3tw3)
−1 =




Ir z

Il

Ik

Ir

Il

Ik




,

jm,n(w3tw3)
−1




Il z

Ir

Ik

Il

−zt Ir

Ik




jm,n(w3tw3) =




Il z′

Ir z′t

Ik

Il

Ir

Ik




,

where z′ = zωrtw3 . Hence we can change the three integrals in (3.31) to a single integration
on jm,n

(
Nm;0(F)

)
without changing the measure and obtain

Ajm,n(w−1
3 ) ◦Ajm,n(w−1

2 ) ◦Ajm,n(w−1
1 )(f)(s, y, l, r) (3.33)

= ε

∫

jm,n(Nm;0)
f

((
jm,n

̂
(
(

Il

Ir(−1)l

)
ε̂mω′m)n, 1

)
s, y, l, r

)
dn

= εχτr(−Ir)lγ−1
ψ

(
(−1)rl

)
Ajm,n(ω′−1

m )(f)(s, y, l, r).

It is left to show that ε = (−1,−1)
l2(l−1)

2
F . Indeed, we have

tw1w1 =




Il

εrωr

Il

εrωr







Il

−Ir

Il

Ir


 , tw2w2 =




Il

Ir

Il

Ir


 .
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Thus, by (1.14) we have c(tw1w1, tw2w2) = (−1,−1)
r3l(r−1)

2
F . Since

tw1w1tw2w2 =




Il

εrωr

Il

εrωr







Il

Ir

Il

Ir







−Ir

Il

−Ir

Il


 ,

tw3w3 =




Ir

−Il

Ir

Il







Ir

εlωl

Ir

εrωr


 ,

we conclude, using (1.16), that c(tw1w1tw2w2, tw3w3) = (−1,−1)
r3l(r−1)

2
+

l2(l−1)
2

F .

Lemma 3.3. Keeping the notations of the previous lemmas we have:

C
Sp2n(F)
ψ

(
Pl,r;k(F), (s, s), τl⊗τr⊗σ, jm,n(w−1

1 )
)

= C
Sp2(r+k)(F)
ψ

(
Pr;k(F), s, τr⊗σ, jr,r+k(ω′−1

r )
)
.

(3.34)

C
Sp2n(F)
ψ

(
Pl,r;k(F), (s,−s), τl ⊗ τ̂r ⊗ σ, jm,n(w−1

2 )
)

= C
GLm(F)
ψ

(
P 0

l,r(F), (s,−s), τl ⊗ τ̂r, $
−1
l,r

)
.

(3.35)

C
Sp2n(F)
ψ

(
Pr,l;k(F), (−ss, s), τ̂r⊗τl⊗σ, jm,n(w−1

3 )
)

= C
Sp2(l+k)(F)
ψ

(
Pl;k(F), s, τl⊗σ, jl,l+k(ω′−1

r )
)
.

(3.36)

In particular:

C
Sp2m(F)
ψ

(
Pl,r;0(F), (s, s), τl ⊗ τr, w

−1
1

)
= C

Sp2r(F)
ψ

(
Pr;0(F), s, τr, ω

′−1
r

)
.

C
Sp2m(F)
ψ

(
Pl,r;0(F), (s,−s), τl ⊗ τ̂r, w

−1
2

)
= C

GLm(F)
ψ

(
P 0

l,r(F), (s,−s), τl ⊗ τ̂r, $
−1
l,r

)
.

C
Sp2m(F)
ψ

(
Pr,l;0(F), (−s, s), τ̂r ⊗ τl ⊗ σ, w−1

3

)
= C

Sp2l(F)
ψ

(
Pl;0(F), s, τl, ω

′−1
r

)
.

Proof. We prove (3.34) and (3.35) only. (3.36) is proven exactly as (3.34). We start with
(3.34): As in Lemma 3.1 we realize I(τr(s), σ) as a space of functions

f : Sp2(r+k)(F)× Sp2k(F)×GLr(F) → C

which are smooth from the right in each variable and which satisfies

f(jr,r+k (̂b)ik,n(h)us, ny, n′r0) = γ−1
ψ (det(b))| det(b)|k+r+ 1

2 ψ(n)ψ(n′)ψf(s, yh, r0b), (3.37)

for all s ∈ Sp2(r+k)(F), h, y ∈ Sp2k(F), b, r0 ∈ GLr(F), u ∈ (Nl;k(F), 1), n ∈ ZSp2k
(F)

n′ ∈ ZGLm(F). For f ∈ I(τl(s), τr(s), σ), g ∈ Sp2n(F) we define

fg : Sp2(r+k)(F)× Sp2k(F)×GLr(F) → C

by
fg(s, y, r) = f(ir+k,n(g)s, y, Il, r).
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Recalling (3.20) we note that fg ∈ I(τr(s), σ). We want to write the exact relation between
λ
(
(s, s), τl ⊗ τr ⊗ σ, ψ

)
and λ

(
s, τr ⊗ σ, ψ

)
. To do so we consider the left argument of f in

(3.21): We decompose n ∈ Nl,r;k(F) as n = n′n′′, where

n′ ∈ ir+k,n(Nr,k(F)), n′′ ∈ U0(F) =

{
u =




Il
∗ ∗ ∗ ∗ ∗
Ir 0r×k ∗ 0r×r 0r×k

Ik
∗ 0k×r 0k×k

Il

∗ Ir

∗ Ik



| u ∈ Sp2n(F)

}
.

We have

(w′l(l, r, k)n, 1)

=
(




Il

εrωr

Ik

Il

−εrωr

Ik







εlωl

Ir

Ik

−εlωl

Ir

Ik




n′n′′, 1
)

=
(

ir+k,n

(
jr,r+k(−ε̂rω

′
r)

)
n′




εlωl

Ir

Ik

−εlωl

Ir

Ik




n′′, 1
)

Thus, for an appropriate ε independent of n′ and n′′, we have:

(w′l(l, r, k)n, 1) =

(
ir+k,n

(
jr,r+k(−ε̂rω

′
r)

)
n′, 1

)(




εlωl

Ir

Ik

−εlωl

Ir

Ik




n′′, ε
)

.

We denote the right element of the last line by g(n′′), and we see that

λ
(
(s, s), τl ⊗ τr ⊗ σ, ψ

)
(f) (3.38)

=
∫

U0(F)

∫

Nr;k(F)
fg(n′′)

(
jr,r+k(−ε̂rω

′
r)n

′, (I2k, 1), Ir

)
ψ−1(n′)ψ−1(n′′) dn′ dn′′

=
∫

U0(F)
λ
(
s, τr ⊗ σ, ψ

)
(fg(n′′))ψ

−1(n′′) dn′′.

For f ∈ I(τl(s), τ̆r(−s), σ), s ∈ Sp2n(F) we define fg as we did for I(τl(s), τr(s), σ). In this
case fg ∈ I(τ̆r(−s), σ). Exactly as (3.38) we have

λ
(
(s,−s), τl ⊗ τ̆r ⊗ σ, ψ

)
(f) =

∫

U0(F)
λ
(−s, τ̆r ⊗ σ, ψ

)
(fg(n′′))ψ

−1(n′′)dn′′. (3.39)
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Let
Ajm,n(w−1

1 ) : I(τl(s), τr(s), σ) → I(τl(s), τ̆r(−s), σ)

be as in lemma 3.2 and let

Ajr,r+k(ω′r
−1) : I(τr(s), σ) → I(τ̆r(−s), σ)

be the intertwining operator defined by

Ajr,r+k(ω′r
−1)(f) =

∫

jr,r+k(Nr;0(F))
f(jr,r+k(εrω

′
rn), (I2k, 1), Ir)ψ−1(n)dn

Using the fact that Ajr,r+k(εrω′r)−1(fg) =
(
Ajm,n(w−1

1 )(f)
)
g

we prove (3.34):

C
Sp2n(F)
ψ

(
Pl,r;k(F), (s, s), τl ⊗ τr ⊗ σ, jm,n(w−1

1 )
)

=
λ
(
(s, s), τl ⊗ τr ⊗ σ, ψ

)(
f
)

λ
(
(s,−s), τl ⊗ τ̆r ⊗ σ, ψ

)(
Ajm,n(w−1

1 )(f)
)

=

∫
U0(F) λ

(
s, τr ⊗ σ, ψ

)
(fg(n′′))ψ−1(n′′)dn′′

∫
U0(F) λ

(−s, τ̆r ⊗ σ, ψ
)(

Ajr,r+k(εrω′r)−1(fg(n′′))
)
ψ−1(n′′)dn′′

=

∫
U0(F) C

Sp2(r+k)(F)
ψ

(
Pr;k(F), s, τr ⊗ σ, jr,r+k(ω′−1

r )
)
λ
(−s, τ̆r ⊗ σ, ψ

)(
Ajr,r+k(εrω′r)−1(fg(n′′))

)
ψ−1(n′′)dn′′

∫
U0(F) λ

(−s, τ̆r ⊗ σ, ψ
)(

Ajr,r+k(εrω′r)−1(fg(n′′))
)
ψ−1(n′′)dn′′

= C
Sp2(r+k)(F)
ψ

(
Pr;k(F), s, τr ⊗ σ, jr,r+k(ω′−1

r )
)
.

To prove (3.35) one uses similar arguments. The key point is that for f ∈ I(τl(s), τ̆r(−s), σ), g ∈
Sp2n(F), the function

fg : GLm(F)×GLl(F)×GLr(F) → C

defined by

fg(a, l, r) = |det a|− 2k+m+1
2 γψ(a)f

((
jm,n(a), 1

)
g, (I2k, 1), l, r

)
,

lies in I(τl(s), τ̆r(−s)).
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These three lemmas provide the proof of Theorem 3.2

γ(σ × τ, s, ψ)

=
C

Sp2n(F)
ψ (Pm;k(F), s, τ ⊗ σ, jm,n(ω′−1

m ))

C
Sp2m(F)
ψ (Pm;0(F), s, τ, ω′−1

m )

=
C

Sp2n(F)
ψ (Pl,r;k(F), (s, s), τl ⊗ τr ⊗ σ, jm,n(ω′−1

m ))

C
Sp2m(F)
ψ (Pl,r;0(F), (s, s), τl ⊗ τr, ω

′−1
m )

=
C

Sp2n(F)
ψ

(
Pl,r;k(F), (s, s), τl ⊗ τr ⊗ σ, jm,n(w−1

1 )
)

C
Sp2m(F)
ψ

(
Pl,r;0(F), (s, s), τl ⊗ τr, w

−1
1

)
C

Sp2n(F)
ψ

(
Pl,r;k(F), (s,−s), τl ⊗ τ̂r ⊗ σ, jm,n(w−1

2 )
)

C
Sp2m(F)
ψ

(
Pl,r;0(F), (s,−s), τl ⊗ τ̂r, w

−1
2

)

C
Sp2n(F)
ψ

(
Pl,r;k(F), (−s, s), τ̂r ⊗ τl ⊗ σ, jm,n(w−1

3 )
)

C
Sp2m(F)
ψ

(
Pl,r;0(F), (−s, s), τ̂r ⊗ τl, w

−1
3

)

=
C

Sp2(r+k)(F)
ψ

(
Pr;k(F), s, τr ⊗ σ, jr,r+k(ω′−1

r )
)

C
Sp2r(F)
ψ

(
Pr;0(F), s, τr, ω

′−1
r

)
C

GLm(F)
ψ

(
P 0

l,r(F), (s,−s), τl ⊗ τ̂r, $
−1
l,r

)

C
GLm(F)
ψ

(
P 0

l,r(F), (s,−s), τl ⊗ τ̂r, $
−1
l,r

)

C
Sp2(l+k)(F)
ψ

(
Pl;k(F), s, τl ⊗ σ, jl,l+k(ω′−1

r )
)

C
Sp2l(F)
ψ

(
Pl;0(F), s, τl, ω

′−1
r

) = γ(σ × τl, s, ψ)γ(σ × τr, s, ψ).

The proof of Theorem 3.13 is achieved through similar steps to those used in the proof
of Theorem 3.2. We outline them: First one proves an analog to Lemma 3.1 and shows that

C
Sp2n(F)
ψ

(
Pm;k(F), s, τ ⊗ σ, jm,n(ω′−1

m )
)

= C
Sp2n(F)
ψ

(
Pm,l;r(F), (s, 0), τ ⊗ τl ⊗ σr, jm,n(ω′−1

m )
)
.

(3.40)
Then one gives an analog to Lemma 3.2: Using a decomposition of Ajm,n(ω′−1

m ), one shows
that

C
Sp2n(F)
ψ

(
Pm,l;r(F), (s, 0), τ ⊗ τl ⊗ σr, jm+l,n(ω′−1

m )
)

= (−1,−1)ml
F k1(s)k2(s)k3(s), (3.41)

where

k1(s) = C
Sp2n(F)
ψ

(
Pm,l;r(F), (s, 0), τ ⊗ τl ⊗ σr, jm+l,n(w−1

4 )
)
,

k2(s) = C
Sp2n(F)
ψ

(
Pl,m;r(F), (0, s), τl ⊗ τ ⊗ σr, jm+l,n(w−1

5 )
)
,

k3(s) = C
Sp2n(F)
ψ

(
Pm,l;r(F), (0,−s), τl ⊗ τ̂ ⊗ σr, jm+l,n(w−1

6 )
)

and where

w4 = $̂m,l, w5 =




Il

−ωm

Il

ωm


 , w6 = $̂l,m.

The third step is, an analog to Lemma 3.3:

C
Sp2n(F)
ψ

(
Pm,l;r(F), (s, 0), τ⊗τl⊗σr, jm+l,n(w−1

4 )
)

= C
GLm+l(F)
ψ−1

(
P 0

m,l(F)(
s

2
,
−s

2
), τ⊗τl, $

−1
m,l

)
,
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C
Sp2n(F)
ψ

(
Pl,m;r(F), (0, s), τl⊗τ⊗σr, jm+l,n(w−1

5 )
)

= C
Sp2(m+r)(F)
ψ

(
Pl;r(F), s, τ⊗σr, jm,m+k(ω′−1

m )
)
,

C
Sp2n(F)
ψ

(
Pl,m;r(F), (0,−s), τl⊗τ̂⊗σr, jm+l,n(w−1

6 )
)

= C
GLm+l(F)
ψ

(
P 0

m,l(F)(
s

2
,
−s

2
), τl⊗τ̂ , $−1

l,m

)
.

(3.42)
Combining (3.40), (3.41), (3.42) we have:

γ(σ × τ, s, ψ) = (−1,−1)ml
F γ(σr × τ, s, ψ)

C
GLm+l(F)
ψ−1

(
P 0

m,l(F)(
s

2
,
−s

2
), τ ⊗ τl, $

−1
m,l

)
C

GLm+l(F)
ψ−1

(
P 0

m,l(F)(
s

2
,
−s

2
), τl ⊗ τ̂ , $−1

l,m

)
.

With (3.9) we finish.

3.3 Some computations

Lemma 3.4. Let η1, η2, . . . , ηk be k characters of F∗ and let γ−1
ψ ⊗ χ = (γ−1

ψ ◦ det)⊗ χ be
the character of TSp2k

(F) defined by

(
diag(t1, t2, . . . , tk, t−1

1 , t−1
2 , . . . , t−1

k ), ε
) 7→ εγ−1

ψ (t1t2 . . . , tk)
k∏

i=1

ηi(ti).

Let α1, α2, . . . , αm be m characters of F∗ and let µ be the character of TGLm(F) defined by

Diag(t1, t2, . . . , tm) 7→
m∏

i=1

αi(ti).

Define σ and τ to be the corresponding principal series representations:

σ = I(χ) = Ind
Sp2k(F)
BSP2k

(F)γ
−1
ψ ⊗ χ, τ = I(µ) = Ind

GLm(F)
BGLm(F)

µ.

There exists c ∈ {±1} such that

γ(σ × τ, s, ψ) = c

k∏

i=1

m∏

j=1

γ(αj × η−1
i , s, ψ)γ(ηi × αj , s, ψ). (3.43)

Proof. Note that τ ' Ind
GLm(F)
P 0

1,m−1(F)α1 ⊗ τ ′, where τ ′ = Ind
GLm−1(F)
BGLm−1

(F) ⊗m
i=2 αi. Theorem 3.2

implies that
γ(σ × τ, s, ψ) = γ(σ × α1, s, ψ)γ(σ × τ ′, s, ψ).

Repeating this argument m− 1 more times we observe that

γ(σ × τ, s, ψ) =
m∏

j=1

γ(σ × αj , s, ψ). (3.44)

Next we note that σ = Ind
Sp2k(F)
P1;k−1(F)(γ

−1
ψ ⊗η1)⊗σ′, where σ′ = Ind

Sp2(k−1)(F)
BSp2(k−1)

(F)γ
−1
ψ ⊗(⊗k−1

j=1ηj

)
.

By using Theorem 3.3 we observe that for all 1 ≤ j ≤ m. There exists c′ ∈ {±1} such that

γ(σ × αj , s, ψ) = c′γ(σ′ × αj , s, ψ)γ(αj × η−1
1 , s, ψ)γ(η1 × αj , s, ψ). (3.45)

By Repeating this argument k − 1 more times for each 1 ≤ j ≤ m and by using (3.44) we
finish.
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Lemma 3.5. Let χ be a character of F∗ viewed as a character of BSL2(F). There exists an
exponential factor, ε′(χ, s, ψ), such that

C
SL2(F)
ψ

(
BSL2(F), s, χ, ( 0 −1

1 0 )
)

= ε′(χ, s, ψ)
γ(χ2, 2s, ψ)

γ(χ, s + 1
2 , ψ)

, (3.46)

If F is p-adic field of odd residual characteristic, χ is unramified and ψ is normalized then
ε′(χ, s, ψ) = 1.

Proof. This lemma was proven in [51] for p-adic fields and for the field of real numbers. We
remak that the computations are extremely technical in the case of 2-adic fields. We now
give a short proof for F = C.

Since SL2(C) = SL2(C)× {±1} and since γψ(C∗) = 1 it follows that

C
SL2(C)
ψ

(
BSL2(C), s, χ, ( 0 1−1 0 )

)
= C

SL2(C)
ψ

(
BSL2(C), s, χ, ( 0 1−1 0 )

)
. (3.47)

Recall that any character of C∗ has the form

χ(reiθ) = χn,s0(re
iθ) = rs0einθ,

for some s0 ∈ C, n ∈ Z. We may assume that s0 = 0 or equivalently that χ = χn,0.
Theorem 3.13 of [40] states that

C
SL2(C)
ψ

(
BSL2(C), s, χ, ( 0 1−1 0 )

)
= c′(s)

L(χ−1, 1− s)
L(χ, s)

, (3.48)

where c′(s) is an exponential factor. The corresponding local L-function is defined by

LC(χn,0, s) = (2π)−(s+
|n|
2

)Γ(s +
|n|
2

).

Due to (3.47) and (3.48) we only have to show that

Γ(1 + |n|
2 − s)

Γ( |n|2 + s)
= 2

Γ(1 + n− 2s)Γ(1
2 + |n|

2 + s)

Γ(n + 2s)Γ(1
2 + |n|

2 − s)

This fact follows from the classical duplication formula

Γ(z)Γ(z +
1
2
) = 21−2z√πΓ(2z).

Lemma 3.6. Let α1, α2, . . . , αm be m characters of F∗ and let µ be the character of TGLm(F)
defined by

Diag(t1, t2, . . . , tm) 7→
m∏

i=1

αi(ti).

We also regard µ as a character of BGLm(F). Define τ to be the corresponding principal
series representation:

τ = I(µ) = Ind
GLm(F)
BGLm(F)

µ.
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There exists an exponential function c(s) such that

C
Sp2m(F)
ψ

(
Pm;0(F), s, τ, ω′−1

m

)
= c(s)

γ(τ, sym2, 2s, ψ)
γ(τ, s + 1

2 , ψ)
(3.49)

If F is a p-adic field of odd residual characteristic, ψ is normalized and τ is unramified then
c(s) = 1

Remark: In Section 4.3 we shall show that (3.49) holds for every irreducible admissible
generic representation τ of GLm(F); see Theorem 4.3.

Proof. We first prove by induction that there exists d ∈ {±1} such that

C
Sp2m(F)
ψ (Pm;0(F), s, τ, ω′−1

m ) (3.50)

= d

m∏

i=1

C
SL2(F)
ψ

(
BSL2(F), s, αi, ( 0 1−1 0 )

) m−1∏

i=1

C
GLm+1−i(F)
ψ

(
P 0

1,m−i(F), (s,−s), αi ⊗ τ̂i, $
−1
1,m−i

)

where for 1 ≤ i ≤ m− 2, τi = Ind
GLm−i(F)
BGLm−i

(F) ⊗m
j=i+1 αj and τm−1 = αm. Furthermore, d = 1

if F is a p-adic field of odd residual characteristic and τ is unramified. For m = 1 there is
nothing to prove. Suppose now that the theorem is true for m− 1. With our enumeration
this means that there exists d′ ∈ {±1} such that

C
Sp2(m−1)(F)
ψ (Pm−1;0(F), s, τ1, ω

′−1
m−1)

= d′
m∏

i=2

C
SL2(F)
ψ

(
BSL2(F), s, αi, ( 0 1−1 0 )

) m−1∏

i=2

C
GLm−i(F)
ψ

(
P1,m−i(F)0, (s,−s), αi ⊗ τ̂i, $

−1
1,m−1−i

)

and that d′ = 1 if F is a p-adic field of odd residual characteristic and τ is unramified. (3.50)
follows now once we observe that since τ ' Ind

GLm(F)
P 0

1,m−1
α1 ⊗ τ1 it follows from Lemmas 3.1,

3.2 and 3.3 that

C
Sp2m(F)
ψ (Pm;0(F), s, τ, ω′−1

m ) = d′′CSL2(F)
ψ

(
BSL2(F), s, α1, ( 0 1−1 0 )

)

C
Sp2(m−1)(F)
ψ

(
Pm−1;0(F), s, τ1, ω

′−1
m−1

)
C

GLm(F)
ψ

(
P 0

1,m−1(F), (s,−s), α1 ⊗ τ̂1, $
−1
1,m−1

)
.

for some d′′ ∈ {±1}. If F is a p-adic field of odd residual characteristic and τ is unramified
then d′′ = 1.

From (3.9) and from the known properties of γ(τ, s, ψ) (see [39] or [20]) it follows that
for every 1 ≤ i ≤ m− 1 there exists di ∈ {±1} such that

C
GLm+1−i(F)
ψ

(
P 0

1,m−i(F), (s,−s), αi ⊗ τ̂i, $
−1
1,m−i

)
= di

m∏

j=i+1

γ(αiαj , 2s, ψ). (3.51)

and that di = 1 provided that F is a p-adic field and τ is unramified. From (3.46) it follows
that

m∏

i=1

C
SL2(F)
ψ

(
BSL2(F), s, αi, ( 0 1−1 0 )

)
= c′(s)

m∏

i=1

γ(α2
i , 2s, ψ)

γ(αi, s + 1
2 , ψ)

, (3.52)
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where c′F(s) is an exponential function that equals 1 if F is a p-adic field of odd residual
characteristic, ψ is normalized and τ is unramified. Plugging (3.51) and (3.52) into (3.50)
we get

C
Sp2m(F)
ψ

(
Pm;0(F), s, τ, ω′−1

m

)
= c(s)

m∏

i=1

( γ(α2
i , 2s, ψ)

γ(αi, s + 1
2 , ψ)

m∏

j=i+1

γ(αiαj , 2s, ψ)
)
.

By definition, (3.49) now follows.

4 An analysis of Whittaker coefficients of an Eisenstein series

4.1 Unramified computations

We keep all the notations we used in Lemma 3.4 but we add the following restrictions; we
assume that F is a p-adic field of odd residual characteristic, that ψ is normalized and that
χ and µ are unramified. We define the local unramified L-function of σ× τ with respect to
ψ:

Lψ(σ × τ, s) =
∏

1≤i≤k

∏

1≤j≤m

L(ηiαj , s)L(η−1
i αj , s). (4.1)

The subscript ψ is in place due to the dependence on γ−1
ψ in the definition of σ.

Similar to the linear case, I(χ(s)) has a one dimensional κ2k

(
Sp2k(OF)

)
invariant sub-

space. Let f0
χ(s)

be the normalized spherical vector of I(χ(s)), i.e., the unique κ2k

(
Sp2k(OF)

)

invariant vector with the property f0
χ(s)

(I2k, 1) = 1. For f ∈ I(χ(s)) the corresponding Whit-
taker function is defined by

Wf (g) =
1

Cχ(s)

∫

ZSp2k
(F)

f
(
(J2ku, 1)g

)
ψ−1(u) du,

where

Cχ(s)
=

k∏

i=1

(
1 + ηi(π)q−(s+ 1

2
)
) ∏

1≤i<j≤k

(
(1− q−1ηi(π)ηj(π)−1)(1− q−1ηi(π)ηj(π)q−2s)

)
.

With the normalization above, Theorem 1.2 of [6] states that Wf0
χ(s)

= W 0
χ(s)

, where

W 0
χ(s)

is the normalized spherical function in W (I(χ(s)), ψ). To be exact we note that in
[6], the ψ−1-Whittaker functional is computed. This difference manifests itself only in the
SL2(F) computation presented in page 387 of [6]. Consequently the left product defining
Cχ(s)

presented in [6] differs slightly from the one given here. Let f0
µ be the normalized

spherical vector of I(µ). Define

Wf (g) =
1

Dµ

∫

ZGLm (F)
f(ωmug)ψ−1(u) du,

where
Dµ =

∏

1≤i<j≤m

(1− q−1αiα
−1
j ).
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Denote by W 0
µ the normalized spherical function of W (I(µ), ψ). Theorem 5.4 of [9] states

that Wf0
µ

= W 0
µ . Let λτ,ψ and λσ,ψ be Whittaker functionals on I(µ) and I(χ) respectively.

Note that
λτ,ψ

(
τ(g)f

)
= Wf (g), λσ,ψ

(
σ(s)f

)
= Wf (s). (4.2)

Similar to Section 3.2, we realize

I1 = Ind
Sp2n(F)
Pm;k(F)(γ

−1
ψ ⊗ τ(s))⊗ σ

as a space of complex functions on Sp2n(F) × GLm(F) × Sp2k(F) which are smooth from
the right in each argument and which satisfy

f
(
(jm,n(ĝ), 1)ik,n(y)nh, bg0, (b′, ε)y0

)

= εγ−1
ψ

(
det(g) det(b′)

)|det(g)|s+n+k+1
2 δBGLm(F)(b)δBSp2n

(F)(b
′)µ(b)χ(b)f(h, g0g, y0y),

For all g, g0 ∈ GLm(F), y, y0 ∈ Sp2k(F), n ∈ (Nm;k, 1), h ∈ Sp2n(F), b ∈ BGLm(F), (b′, ε) ∈
BSp2k(F). We realize

I ′1 = Ind
Sp2n(F)
Pm;k(F)

(
γ−1

ψ ⊗W(s)(τ, ψ)
)⊗W (σ, ψ)

as we did in Lemma 3.1. An isomorphism T1 : I1 → I ′1 is given by

(T1f)(h, g, y) =
1

CχDµ

∫

n1∈ZGLm(F)

∫

n2∈ZSp2k(F)

f
(
s, ωmn1g, (J2kn2, 1)y

)
ψ−1(n1)ψ−1(n2).

Let f0
I1
∈ I1 be the unique function such that

f0
I1

(
(I2n, 1), Im, (I2k, 1)

)
= 1

and such that for all o ∈ κ2n

(
Sp2n(OF)

)
, g ∈ GLm(F), y ∈ Sp2k(F) we have

f0
I1(o, g, y) = f0

µ(g) · f0
χ(y).

Let f0
I′1
∈ I ′1 be the unique function such that

f0
I′1

(
(I2n, 1), Im, (I2k, 1)

)
= 1

and such that for all o ∈ κ2n

(
Sp2n(OF)

)
, g ∈ GLm(F), y ∈ Sp2k(F) we have

f0
I′1

(o, g, y) = W 0
µ(g) ·W 0

χ(y).

According (4.2): T1(f0
I1

) = f0
I′1

. We denote by λ′(s, τ ⊗ σ, ψ
)

the Whittaker functional on
I ′1 constructed in the usual way.

Lemma 4.1.

λ′(s, τ ⊗ σ, ψ
)
f0

I′1
=

L(τ, s + 1
2)

L(τ, sym2, 2s + 1)Lψ(σ ⊗ τ, s + 1)
. (4.3)
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Proof. For f ∈ I1 we have:

λ′(s, τ ⊗ σ, ψ
)
(T1(f)) (4.4)

=
∫

Nm;k(F)
(T1f)

(
(jm,n(ω′m)u, 1), Im, (I2k, 1)

)
ψ−1(u)du

=
1

CχDµ

∫

NSp2n(F)

f
(
(J2nu, 1), Im, (I2k, 1)

)
ψ−1(u)du.

In particular

λ′(s, τ ⊗ σ, ψ
)
f0

I′1
=

1
CχDµ

∫

NSp2n(F)

f0
I1

(
(J2nu, 1), Im, (I2k, 1)

)
ψ−1(u)du.

Let µ(s) ⊗ χ be the character of TSp2n(F) defined by

(
jm,n(t̂)ik,n(t′)

) 7→ |det(t)|sµ(t)χ(t′),

where t ∈ TGLm(F), t′ ∈ TSp2k
(F). We realize I(µ(s) ⊗ χ) = Ind

Sp2n(F)
BSp2n

(F)γ
−1
ψ ⊗ µ(s) ⊗ χ, in

the obvious way. For the Whittaker functional defined on this representation space,

λ(s, χ⊗ µ)(f) =
∫

NSp2n(F)

f(J2nu, 1)ψ−1(u)du,

we have
λ(s, µ⊗ χ)(f0

I(µs⊗χ)) = Cµ(s)⊗χ. (4.5)

The isomorphism T2 : I1 → I(µ(s) ⊗ χ) defined by

(T2f)(h) = f
(
h, Im, (I2k, 1)

)
,

whose inverse is given by

(T−1
2 f)(h, g, y) = γψ

(
det(g)

)|det(g)|n+k+1
−2 f

(
(jm,n(ĝ), 1)ik,n(y)h

)
,

has the property:
T2(f0

I1) = f0
I(µs⊗χ). (4.6)

Using (4.4), (4.5) and (4.6) we observe that

Cµ(s)⊗χ = λ(s, χ⊗ µ)(f0
I(χs⊗µ)) =

∫

NSp2n(F)

(
T2(f0

I1)
)(

J2nu, 1)ψ−1(u)du =

∫

NSp2n(F)

f0
I1

(
(J2nu, 1), Im, (I2k, 1)

)
ψ−1(u)du = CχDµλ′(s, τ ⊗ σ, ψ

)
f0

I′1
. (4.7)

Since
Cµ(s)⊗χ

CχDµ
=

L(τ, s + 1
2)

L(τ, sym2, 2s + 1)Lψ(σ ⊗ τ, s + 1)
,

the lemma is proved.
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Remark: In the case k = 0 (4.3) reduces to

λ′(s, τ ⊗ σ, ψ
)
f0

I′1
=

L(τ, s + 1
2)

L(τ, sym2, 2s + 1)
.

This case appears in the introduction of [6].

Let A
µ(s)⊗χ

jm,n(ω′−1
m )

, Ajm,n(ω′−1
m ), A′

jm,n(ω′−1
m )

be the intertwining operators defined on I(µ(s)⊗
χ), I1, I ′1 respectively.

Lemma 4.2.

λ′(−s, τ̂ ⊗ σ, ψ
)(

A′
jm,n(ω′−1

m )
(f0

I′1
)
)

(4.8)

=
L(τ̂ ,−s + 1

2)Lψ(σ ⊗ τ, s)L(τ, sym2, 2s)
L(τ̂ , sym2,−2s + 1)Lψ(σ ⊗ τ̂ ,−s + 1)Lψ(σ ⊗ τ, s + 1)L(τ, sym2, 2s + 1)

.

Proof. Application of Lemma 3.4 of [6] to the relevant Weyl element proves that

A
µ(s)⊗χ

jm,n(ω′−1
m )

(f0
µ(s)⊗χ) = Kµ(s)⊗χf0

I(µ−1
(−s)

⊗χ)
,

where

Kµ(s)⊗χ =
L(σ ⊗ τ, s)

L(σ ⊗ τ, s + 1)
L(τ, sym2, 2s)

L(τ, sym2, 2s + 1)
.

We define

T̃1 : Ind
Sp2n(F)
Pm;k(F)(γ

−1
ψ ⊗ τ

(−1)
(−s) )⊗ σ → Ind

Sp2n(F)
Pm;k(F)

(
γ−1

ψ ⊗W(−s)(τ
(−1), ψ)

)⊗W (σ, ψ)

and
T̃2 : Ind

Sp2n(F)
Pm;k(F)(γ

−1
ψ ⊗ τ

(−1)
(−s) )⊗ σ → Ind

Sp2n(F)
BSp2n

(F)γ
−1
ψ ⊗ µ−1

(−s) ⊗ χ

by analogy with T1 and T2. Note that T̃1 commutes with Ajm,n and that T̃2 commutes with
Ajm,n(ω′−1

m ). Therefore,

T̃1

(
Ajm,n(ω′−1

m )(I1)
) ⊆ A′

jm,n(ω′−1
m )

(I ′1)

and
T̃2 :

(
Ajm,n(ω′−1

m )(I1)
) ⊆ A

µ(s)⊗χ

jm,n(ω′−1
m )

(
I(µ(s) ⊗ χ)

)
.

We denote by f̃0
I1

and f̃0
I′1

the spherical functions of Ajm,n(ω′−1
m )(I1) and A′

jm,n(ω′−1
m )

(I ′1) respec-

tively. Since T1, T2, , T̃1, T̃2 map a normalized spherical function to a normalized spherical
function and since a straightforward computation shows that

T̃1T̃2
−1

A
µ(s)⊗χ

jm,n(ω′−1
m )

= A′
jm,n(ω′−1

m )
T1T

−1
2 ,

we have
A′

jm,n(ω′−1
m )

(f0
I′1

) = T̃1T̃2
−1

A
µ(s)⊗χ

jm,n(ω′−1
m )

T2T
−1
1 (f̃0

I′1
) = Kµ(s)⊗χf̃0

I′1
.

From this and from (4.7) we conclude that

λ′(−s, τ̂ ⊗ σ, ψ
)(

A′
jm,n(ω′−1

m )
(f0

I′1
)
)

= Kµ(s)⊗χλ′(−s, τ̂ ⊗ σ, ψ
)
(f0

I′1
) = Kµ(s)⊗χ

Cµ̂−s⊗χ

CχDµ̆
.

This finishes the proof of this lemma.
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4.2 Crude functional equation.

The argument presented here depends largely on the theory of Eisenstein series developed
by Langlands, [27], for reductive groups. Moeglin and Wladspurger extended this theory
to coverings groups; see [29]. Throughout this section, F will denote a number field. For
every place ν of F, denote by Fν the completion of F at ν. Let A be the adele ring of F.
We fix a non-trivial character ψ of F\A. We write ψ(x) =

∏
ν ψν(xν), where for almost all

finite ν, ψν is normalized. As in the local case, ψ will also denote a character of ZGLm(A),
ZSp2n(A) and of their subgroups.

Let τ and σ be a pair of irreducible automorphic cuspidal representations of GLm(A)
and Sp2k(A) respectively. Let τ and σ act in the spaces Vτ and Vσ respectively. We assume
that σ is genuine and globally ψ-generic, i.e., that

∫

n∈ZSp2k
(F)\ZSp2k

(A)
φσ(n, 1)ψ−1(n) dn 6= 0 (4.9)

for some φσ ∈ Vσ. Fix isomorphisms T1 : ⊗′ντν → τ and T2 : ⊗′νσν → σ. Here, for each place
ν of F, τν and σν are the local components. Outside a finite set of places S, containing the
even places and those at infinity, τν and σν come together with a chosen spherical vectors
α0

τν
and β0

σν
respectively. We may assume, and in fact do, that ψν is normalized for all

ν /∈ S.

Let T = T1⊗T2. We identify (⊗′ντν)⊗ (⊗′νσν) with ⊗′ν(τν ⊗σν) in the obvious way. We
also identify the image of T with the space of cusp forms on GLm(A)× Sp2k(A) generated
by the functions (g, h) 7→ φτ (g)φσ(h), here g ∈ GLm(A), h ∈ Sp2k(A), φτ ∈ Vτ and φσ ∈ Vσ.
T then is an isomorphism T : ⊗′ν(τν ⊗ σν) → τ ⊗ σ. Denote for φ ∈ Vτ⊗σ.

Wφ(g, h) =
∫

n1∈ZGLm (F)\ZGLm (A)

∫

n2∈ZSp2k
(F)\ZSp2k

(A)
φ
(
n1g, (n2, 1)h

)
ψ−1(n1)ψ−1(n2)dn2 dn1.

By our assumption (4.9), there exists φ ∈ Vτ⊗σ such that Wφ 6= 0 is not the zero function.
Note that the linear functional

λτ⊗σ,ψ(φ) = Wφ

(
Im, (I2n, 1)

)

is a non-trivial (global) ψ-Whittaker functional on Vτ⊗σ, i.e,

λτ⊗σ,ψ

(
τ ⊗ σ(n1, n2)φ

)
= ψ(n1)ψ(n2)λτ⊗σ,ψ(φ),

for all (n1, n2) ∈ GLm(A) × Sp2k(A). The last fact and the local uniqueness of Whittaker
functional imply that

Lemma 4.3. There exists a unique, up to scalar, global ψ-Whittaker functional on τ ⊗ σ:

φ 7→ λτ⊗σ,ψ(φ) =
∫

ZGLm (F)\ZGLm (A)

∫

ZSp2k
(F)\ZSp2k

(A)
φ
(
n1, (n2, 1)

)
ψ−1(n1)ψ−1(n2)dn2 dn1.

For each ν let us fix a non-trivial ψν Whittaker functional λτν⊗σν ,ψν on Vτν⊗σν at each place
ν, such that if τν ⊗ σν is unramified then

λτν⊗σν ,ψν (α0
τν
⊗ β0

σν
) = 1.
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Then, by normalizing λτν⊗σν ,ψν at one ramified place, we have

λτ⊗σ,ψ(φ) =
∏
ν

λτν⊗σν ,ψν (vτν ⊗ vσν ),

where φ = T
(⊗

ν(vτν ⊗ vσν )
)
, i.e., φ corresponds to a pure tensor.

We shall realize each local representation

Iν(τν (s), σν) = Ind
Sp2n(Fν)

Pm;k(Fν)
(γ−1

ψν ⊗ τν (s))⊗ σν

as the space of smooth from the right functions

f : Sp2n(Fν) → Vτν ⊗ Vσν

satisfying

f
(
(jm,n(ĝ), 1)ik,n(y)nh

)
= γ−1

ψν (g)| det(g)|s+
n+k+1

2
ν τν(g)⊗ σν(y)f(h)

for all g ∈ GLm(Fν), y ∈ Sp2k(Fν), n ∈ (
Nm,k(Fν), 1

)
, h ∈ Sp2n(Fν). For each place where

τν and σν are unramified we define f0,s
ν ∈ Iν(τν (s), σν) to be the normalized spherical

function, namely, f0,0
ν (I2n, 1) = α0

τν
⊗ β0

σν
. We shall realize the global representation

I(τ(s), σ) = Ind
Sp2n(A)

Pm;k(A)
(γ−1

ψ ⊗ τ(s))⊗ σ

as a space of functions

f : Sp2n(A)×GLm(A)× Sp2k(A) → Vτ⊗σ

smooth from the right in the first variable such that

f
(
(jm,n(ĝ), 1)ik,n(y)nh, g0, y0

)
= γ−1

ψ (g)| det(g)|s+n+k+1
2 τ(g)⊗ σ(y)f(h, g0g, y0y),

for all g, g0 ∈ GLm(A), y, y0 ∈ Sp2k(A), n ∈ (
Nm,k(A), 1

)
, h ∈ Sp2n(A), and such that for

all h ∈ Sp2n(A) the map (g, y) 7→ f(h, g, y) lies in Vτ⊗σ.

I(τ(s), σ) is spanned by functions of the form f(g) = T
(
(⊗νfν(gν)

)
, where fν ∈ Iν(τν (s), σν)

and for almost all ν: fν = f0
ν (for a fixed g, f(g) is a cuspidal automorphic form corre-

sponding to a pure tensor).

We note that for (p, 1) ∈ (
Pm;k(F), 1

)
we have f

(
(p, 1)g

)
= f(g). This follows from the

fact that
∏

ν γ−1
ψν (a) = 1 for all a ∈ F∗. Hence, it makes sense to consider Eisenstein series:

For a holomorphic smooth section fs ∈ I(τ(s), σ) define

E(fs, g) =
∑

γ∈Pm;k(F)\Sp2n(F)
fs

(
(γ, 1)g, Im, (I2k, 1)

)

It is known that the series in the right-hand side converges absolutely for Re(s) >> 0, see
Section II.1.5 of [29] and that it has a meromorphic continuation to the whole complex
plane, see Section IV.1.8 of [29]. We continue to denote this continuation by E(fs, g).
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We introduce the ψ- Whittaker coefficient

Eψ(fs, g) =
∫

u∈ZSp2n(F)\ZSp2n
(A)

E
(
fs, (u, 1)g

)
ψ−1(u) du.

Note that no question of convergence arises here since ZSp2n(F)\ZSp2n(A) is compact. It is
also clear that Eψ(fs, g) is meromorphic in the whole complex plane.

Lemma 4.4.
∏

ν /∈S Lψν (σν ⊗ τν , s) converges absolutely for Re(s) >> 0. This product has
a meromorphic continuation on C. We shall denote this continuation by LS

ψ(σ ⊗ τ, s). We
have:

Eψ

(
fs, (I2n, 1)

)
=

LS(τ, s + 1
2)

LS(τ, sym2, 2s + 1)LS
ψ(σ ⊗ τ, s + 1)

∏

ν∈S

λ
(
s, τν ⊗ σν , ψ

)
(fν). (4.10)

Recall that
∏

ν /∈S L(τν , s) and
∏

ν /∈S L(τν , sym2, s) converge absolutely for Re(s) >> 0
and that these products have a meromorphic continuation on C; see [26]. These continua-
tions are denoted by LS(τ, s) and LS(τ, sym2, s) respectively.

Proof. Recall that in Section 1.2 we have denoted by WSp2n the Weyl group of Sp2n(F).
We now and denote by WMm;k

the Weyl group of Mm;k. We fix Ω, a complete set of
representatives of WMm;k

\WSp2n . Recall the Bruhat decomposition

Sp2n(F) =
⋃
·

w∈Ω

Pm,k(F)wBSp2n(F).

Clearly for w ∈ Ω:
Pm,k(F)wBSp2n(F) = Pm,k(F)wZSp2n(F).

Also, for w ∈ Ω, p1, p2 ∈ Pm;k(F), u1, u2 ∈ ZSp2n(F) we have: If p1wu1 = p2wu2 then

u2u
−1
1 ∈ Zw(F) = ZSp2n(F ) ∩ w−1ZSp2n(F)w.

Thus, every element γ of Sp2n(F) can be expressed as g = pwu, where p ∈ Pm,k(F) and
w ∈ Ω are determined uniquely and u ∈ ZSp2n(F) is determined uniquely modulo Zw(F)
from the left (note that if WMm;k

w1 = WMm;k
w2 it does not follow that Zw1(F) = Zw1(F).

This is why we started from fixing Ω). Thus, for fs ∈ I(τ(s), σ) and Re(s) >> 0 we have:

Eψ

(
fs, (I2n, 1)

)
(4.11)

=
∫

u∈ZSp2n
(F)\ZSp2n

(A)

∑

γ∈Pm;k(F)\Sp2n(F)
fs

(
(γu, 1), Im, (I2k, 1)

)
ψ−1(u)du

=
∫

u∈ZSp2n
(F)\ZSp2n

(A)
ψ−1(u)

∑

w∈Ω

∑

n∈Zw(F)\ZSp2n
(F)

fs

(
(wnu, 1), Im, (I2k, 1)

)
du

=
∑

w∈Ω

∫

u∈ZSp2n
(F)\ZSp2n

(A)
ψ−1(u)

∑

n∈Zw(F)\ZSp2n
(F)

fs

(
(wnu, 1), Im, (I2k, 1)

)
du

=
∑

w∈Ω

∫

u∈Zw(F)\ZSp2n
(A)

ψ−1(u)fs

(
wu, Im, (I2k, 1)

)
du.
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We now choose w0 = w′l(m; k) (see (3.1)) as the representative of J2n in Ω. We note that
Zw0 = ZSp2n ∩Mn,k. By the same argument used in page 182 of [35] one finds that

∫

u∈Zw(F)\ZSp2n
(A)

ψ−1(u)fs

(
wu, Im, (I2k, 1)

)
= 0, (4.12)

for all w ∈ Ω, w 6= w0. Thus, from (4.11) we have:

Eψ

(
fs, (I2n, 1)

)
(4.13)

=
∫

u∈ZSp2n
(F)∩Mn,k(F)\ZSp2n

(A)
ψ−1(u)fs

(
w0u, Im, (I2k, 1)

)
du

=
∫

u∈ZSp2n
(F)∩Mn,k(F)\

(
ZSp2n

(A)∩Mn,k(A)
)
Nm;k(A)

ψ−1(u)fs

(
w0u, Im, (I2k, 1)

)
du

=
∫

n∈Nm;k(A)
ψ−1(n)

∫

u∈ZSp2n
(F)∩Mn,k(F)\

(
ZSp2n

(A)∩Mn,k(A)
) ψ−1(u)fs

(
w0un, Im, (I2k, 1)

)
du dn

=
∫

n∈Nm;k(A)
ψ−1(n)

∫

n1∈ZGLm (F)\ZGLm (A)

∫

n2∈ZSp2k
(F)\ZSp2k

(A)
ψ−1(n2)ψ−1(n1)fs

(
w0n, n1, (n2, 1)

)
du dn.

Recall that S is a finite set of places of F, such that for all ν /∈ S, ν is finite and odd, τν⊗σν

is unramified and ψν is normalized. Assume now that fs corresponds to the following pure
tensor of holomorphic smooth sections, fs(g) = T

(⊗νfs,ν(gν)
)
, where fs,ν ∈ VIν(τν (s),σ) and

for ν /∈ S: fs,ν = f0,s
ν . By Lemma 4.3, we have

Eψ

(
fs, (I2n, 1)

)
=

∏
ν

∫

n∈Nm;k(Fν)
λτν⊗σν ,ψν

((
ρ(w0n)fsν

))
ψ−1(n) dn =

∏
ν

λ
(
s, τν⊗σν , ψ

)
(fsν)

(4.14)
(see Section 3.3 of [34] for the general arguments about Eulerian integrals). The last equa-
tion should be understood as a global metaplectic analog to Rodier’s local algebraic heredity.
(4.14) and (4.3) imply that for Re(s) >> 0

Eψ

(
fs, (I2n, 1)

)
=

LS(τ, s + 1
2)

LS(τ, sym2, 2s + 1)
∏

ν /∈S Lψ(σν ⊗ τν , s + 1)

∏

ν∈S

λ
(
s, τν ⊗ σν , ψ

)
(fs,ν).

(4.15)

We claim that we may choose fs as above such that for all ν ∈ S

λ
(
s, τν ⊗ σν , ψ

)
(fs,ν) = 1 (4.16)

for all s ∈ C. Indeed, we choose fs,ν which is supported on the open Bruhat cell

Pm;k(Fν)
(
w′l(m; k)Zm;k(Fν), 1

)

which satisfies
fs,ν(w′l(m; k)z, 1)(g, y) = φ(z)Wτν (g)Wσν (y).

Here z ∈ Zm;k(Fν), g ∈ GLm(Fν), y ∈ Sp2k(Fν), φ is a properly chosen smooth compactly
supported function on Zm;k(Fν) and Wτν (Im) = Wσν(Ik, 1) = 1. We have

λ
(
s, τν ⊗ σν , ψ

)
(fν) =

∫

Zm;k(Fν)
φ(z)ψ−1(zn,n) dn.
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We now choose φ such that (4.16) holds. For such a choice we have

Eψ

(
fs, (I2n, 1)

)
=

LS(τ, s + 1
2)

LS(τ, sym2, 2s + 1)
∏

ν /∈S Lψ(σν ⊗ τν , s + 1)
.

The absolute convergence of
∏

ν /∈S Lψ(σν⊗τν , s) for Re(s) >> 0 is clear now. Furthermore,
the fact that this product has a meromorphic continuation to C follows from the meromor-
phic continuations of Eψ

(
fs, (I2n, 1)

)
, LS(τ, s) and LS(τ, sym2, s). Finally, the validity of

(4.10) for all s follows from (4.15).

Theorem 4.1. ∏

ν∈S

γ(σν × τν , s, ψν) =
LS

ψ(σ × τ, s)

LS
ψ(σ × τ̂ , 1− s)

. (4.17)

Proof. The global functional equation for the Eisenstein series states that

E(fs, g) = E
(
A(fs, g)

)
,

where A is the global intertwining operator; see Section IV.1.10 of [29]. We compute the
ψ-Whittaker coefficient of both sides of the last equation. By (4.8) we have

LS(τ, s + 1
2)

LS(τ, sym2, 2s + 1)LS
ψ(σ ⊗ τ, s + 1)

∏

ν∈S

λ
(
s, τν ⊗ σν , ψ

)
(fsν)

=
LS(τ̂ ,−s + 1

2)LS
ψ(σ ⊗ τ, s)LS(τ, sym2, 2s)

LS(τ̂ , sym2,−2s + 1)LS
ψ(σ ⊗ τ̂ ,−s + 1)LS

ψ(σ ⊗ τ, s + 1)LS(τ, sym2, 2s + 1)
∏

ν∈S

λ
(−s, τ̂ν ⊗ σν , ψ

)(
Ajm,n(ω′−1

m )(f
0
I′1

)
)
,

Or equivalently, by the definition of the local coefficients

∏

ν∈S

C
Sp2n(Fν)
ψν

(
Pm;k(Fν), s, τν⊗σν , jm,n(ω′−1

m )
)

=
LS(τ̂ ,−s + 1

2)LS(τ, sym2, 2s)LS
ψ(σ ⊗ τ, s)

LS(τ, s + 1
2)LS(τ̂ , sym2,−2s + 1)LS

ψ(σ ⊗ τ̂ , 1− s)
.

(4.18)
In particular, for k = 0

∏

ν∈S

C
Sp2m(Fν)
ψν

(
Pm;0(Fν), s, τν , jm,n(ω′−1

m )
)

=
LS(τ̂ ,−s + 1

2)LS(τ, sym2, 2s)
LS(τ, s + 1

2)LS(τ̂ , sym2,−2s + 1)
. (4.19)

Dividing (4.18) and (4.19) we get (4.17).

4.3 Computation of C
Sp2m(F)
ψ

(
Pm;0(F), s, τ, ω′−1

m

)
for generic representations

Theorem 4.2. Let F be a p-adic field and let τ be an irreducible admissible supercuspidal
representation of GLm(F). There exists an exponential function cF(s) such that

C
Sp2m(F)
ψ

(
Pm;0(F), s, τ, ω′−1

m

)
= cF(s)

γ(τ, sym2, 2s, ψ)
γ(τ, s + 1

2 , ψ)
.
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Proof. Since τ is supercuspidal it is also generic. Proposition 5.1 of [42] implies now that
there exists a number field K, a non-degenerate character ψ̃ of ZGLn(K)\ZGLn(A) and an
irreducible cuspidal representation π ' ⊗νπν of GLn(A) such that
1. Kν0 = F for some place ν0 of K.
2. ψ̃ν0 = ψ.
3. πν0 = τ .
4. For any finite place ν 6= ν0 of K, πν is unramified.
Define S to be the finite set of places of K which consists of ν0, of the infinite and even
places and of the finite places where ψ̃ν is not normalized. From the fourth part of Theorem
3.5 of [41] it follows that

∏

ν∈S

γFν (πν , s, ψν) =
LS(π, s)

LS(π̂, 1− s)

and that ∏

ν∈S

γFν (πν , s, sym2, ψν) =
LS(π, sym2, s)

LS(π̂, sym2, 1− s)
.

Therefore, (4.19) can be written as

∏

ν∈S

C
Sp2m(Fν)
ψν

(
Pm;0(Fν), s, πν , jm,n(ω′−1

m )
)

=
∏

ν∈S

γ(πν , sym2, 2s, ψ)
γ(πν , s + 1

2 , ψ)
.

This implies that this theorem will be proven once we show that for all ν ∈ S, ν 6= ν0,
there exists an exponential function cν(s) such that

C
Sp2m(Fν)
ψν

(
Pm;0(Fν), s, πν , jm,n(ω′−1

m )
)

= cν(s)
γFν (πν , sym2, 2s, ψ)

γFν (πν , s + 1
2 , ψ)

.

Since for all for all ν ∈ S, ν 6= ν0, πν is the generic constituent of a principal series
representation series, this follows from Lemma 3.6.

Theorem 4.3. Let F be a p-adic field and let τ be an irreducible admissible generic repre-
sentation of GLm(F). There exists an exponential function cF(s) such that

C
Sp2m(F)
ψ

(
Pm;0(F), s, τ, ω′−1

m

)
= cF(s)

γ(τ, sym2, 2s, ψ)
γ(τ, s + 1

2 , ψ)
. (4.20)

Proof. By Chapter II of [7], τ may be realized as a sub-representation of

τ ′ = Ind
GLm(F)
Q(F) (⊗r

i=1τi),

where Q(F) is a standard parabolic subgroup of GLm(F) whose Levi part, M(F), is isomor-
phic to

GLn1(F)×GLn2(F) . . .×GLnr(F)

and where for all 1 ≤ i ≤ r, τi is an irreducible admissible supercuspidal representation
of GLni(F). Since for all 1 ≤ i ≤ r, τi has a unique Whittaker model it follows from the
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heredity property of the Whittaker model that τ ′ has a unique Whittaker model; see [33].
This implies that τ is the generic constituent of τ ′. Hence,

C
Sp2m(F)
ψ

(
Pm;0(F), s, τ, ω′−1

m

)
= C

Sp2m(F)
ψ

(
Pm;0(F), s, τ ′, ω′−1

m

)
.

Thus, it is sufficient to prove (4.20) replacing τ with τ ′. By similar arguments to those used
in Lemmas 3.4 and 3.6 one shows that there exists d ∈ {±1} such that

C
Sp2m(F)
ψ

(
Pm;0(F), s, τ ′, ω′−1

m

)
= d

r∏

i=1

(
C

Spni (F)
ψ

(
Pni;0(F), s, τi, ω

′−1
ni

) r∏

j=i+1

γ(τi × τj , 2s, ψ)
)
.

Since for 1 ≤ i ≤ r, τi are irreducible admissible supercuspidal representations it follows
from Theorem 4.2 that there exits an exponential factor, cF(s), such that

C
Sp2m(F)
ψ

(
Pm;0(F), s, τ ′, ω′−1

m

)
= cF(s)

r∏

i=1

(γ(τi, sym2, 2s, ψ)
γ(τi, s + 1

2 , ψ)

r∏

j=i+1

γ(τi × τj , 2s, ψ)
)
.

Using the known multiplicativity of the symmetric square γ-factor (see Part 3 of Theorem
3.5 of [41]) we finish.

5 Irreducibility theorems

In this section we shall assume that F is a p-adic field. We shall use various definitions and
notation given in the previous sections. Among them are πw and the notion of a regular and
of a singular representation (see Section 2.2), WP−→

t
(F) (see Section 1.2), W (π) (see (2.8))

and ΣP−→
t
(F) (see Section 2.4).

Lemma 5.1. Let β1 and β2 be two characters of F∗. Denote β = β1β
−1
2 . If F is a p-adic

field then

C
GL2(F)
ψ

(
BGL2(F), (s1, s2), β1⊗β2, ( 0 1

1 0 )
)

=
β(πm(β)−n)q(n−m(β)n)(s1−s2)

G(β, ψ−1)
L

(
β−1, 1− (s1 − s2)

)

L
(
β, (s1 − s2)

) ,

(5.1)
where n is the conductor of ψ. If F = R then

C
GL2(R)
ψ

(
BGL2(R), (s1, s2), β1⊗β2, ( 0 1

1 0 )
)

= β2(−1)e
−iπβ(−1)

2 (2π)−(s1−s2) L
(
β−1, 1− (s1 − s2)

)

L
(
β, (s1 − s2)

) .

(5.2)

Proof. See Lemma 2.1 of [38] for the p-adic case and see Theorem 3.1 of [40] for the real
case.
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Theorem 5.1. Let α1, . . . , αn be n unitary characters of F∗. Let α be the character of
TSp2n(F) defined by

(
diag(a1, . . . , an, a−1, . . . , a−1

n ), ε
) 7→ εγ−1

ψ (
n∏

i=1

ai)
n∏

i=1

αi(ai).

Then I(α) is irreducible.

Proof. Since α is unitary, I(α) is also unitary. Therefore, the irreducibility of I(α) will
follow once we show that

Hom
Sp2n(F)

(
I(α), I(α)

) ' C.

For 1 ≤ i < j ≤ n define

w(i,j) =

̂


Ii−1

1

Ij−i−2

1

In−j+1




and
w′(i,j) = τ{i,j}w(i,j).

A routine exercise shows that

ΣBSp2n
(F) = {w(i,j) | 1 ≤ i < j ≤ n} ∪ {τ{r} | 1 ≤ r ≤ n} ∪ {w′(i,j) | 1 ≤< i < j ≤ n}. (5.3)

Note that,

w(i,j)
̂diag(a1, . . . , an)w−1

(i,j) = ̂diag(a1, . . . , ai−1, aj , ai+1, . . . , aj−1, ai, a + j + 1, . . . , an),

w{r} ̂diag(a1, . . . , an)w−1
{r} = ̂diag(a1, . . . , ar−1, a

−1
r , ar+1, . . . , an)

and that

w′(i,j) ̂diag(a1, . . . , an)w′−1
(i,j) = ̂diag(a1, . . . , ai−1, a

−1
j , ai+1, . . . , aj−1, a

−1
i , a + j + 1, . . . , an).

Therefore w(i,j) ∈ W (α) ⇔ αi = αj , τ{r} ∈ W (α) ⇔ αr is quadratic and w′(i,j) ∈ W (α) ⇔
αi = α−1

j . Furthermore, W (α) is generated by ΣBSp2n(F) ∩W (α). Thus, using Theorem 2.3
and (3.7), the proof of this theorem amounts to showing that

C
Sp2n(F)
ψ (P−→

t
(F),−→s , (⊗n

i=1αi)⊗, w
)
C

Sp2n(F)
ψ (P−→

t
(F),

−→
sw, (⊗n

i=1αi)w, w−1
)
= 0 (5.4)

for all w ∈ ΣBSp2n
(F) ∩W (α). We prove it for each of the three types in the right-hand side

of (5.3).

Suppose that w(i,j) ∈ W (α). We write:

w(i,j) = w(i,i+1)w(i+1,i+2) . . . w(j−1,j)w(j−2,j−1) . . . w(i+1,i). (5.5)
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We claim that the expression in the right-hand side of (5.5) is reduced. Indeed,

Σ′BSp2n
(F) = {w(i,+1) | 1 ≤< i < n} ∪ {τ{1}} ⊂ ΣBSp2n(F)

is the subset of reflections corresponding to simple roots and the length of w(i,j) is 2(j−i)−1
(any claim about the length of a given Weyl element w may be verified by counting the
number of positive root subgroups mapped by w to negative root subgroups). Thus, we
may use the same argument as in Lemma 3.2 and conclude that there exists c ∈ {±1} such
that

C
Sp2n(F)
ψ

(
BSp2n(F),−→s , (⊗n

i=1αi)), w(i,j)

)
= (5.6)

c
(j−2∏

k=i

fk(s)f ′k(s)
)
C

Sp2n(F)
ψ

(
BSp2n(F),−→s w̃, (⊗n

i=1αi)w̃, w(j−1,j)

)
,

where

fk(−→s ) = C
Sp2n(F)
ψ

(
BSp2n(F),−→s w(k) , (⊗n

i=1αi)w(k) , w(k,k+1)

)

f ′k(
−→s ) = C

Sp2n(F)
ψ

(
BSp2n(F),−→s w′

(k) , (⊗n
i=1αi)

w′
(k) , w(k,k+1)

)
,

where

w(k) = w(i,i+1)w(i+1,i+2) . . . w(k−1,k),

w̃ = w(i,i+1)w(i+1,i+2) . . . w(j−1,j)w(j−2,j−1),

w′(k) = w(i,i+1)w(i+1,i+2) . . . w(j−1,j)w(j−2,j−1)w(j−1,j)w(j−2,j−1) . . . w(k+1,k+2).

Since all the local coefficients in the right-hand side of (5.6) correspond to simple reflections
we may use the same argument as in Lemma 3.3 and conclude that

(5.7)

C
Sp2n(F)
ψ

(
BSp2n(F),−→s w(k) , (⊗n

i=1αi)w(k) , w(k,k+1)

)
= C

GL2(F)
ψ

(
BGL2(F), (si, si+k), αi ⊗ αi+k, ω2, ( 0 1

1 0 )
)
,

C
Sp2n(F)
ψ

(
BSp2n(F),−→s w̃, (⊗n

i=1αi)w̃, w(j−1,j)

)
= C

GL2(F)
ψ

(
BGL2(F), (si, sj), αi ⊗ αj , ω2, ( 0 1

1 0 )
)
,

C
Sp2n(F)
ψ

(
BSp2n(F),−→s w′

(k) , (⊗n
i=1αi)

w′
(k) , w(k,k+1)

)
= C

GL2(F)
ψ

(
BGL2(F), (si+k, sj), αi+k ⊗ αj , ω2, ( 0 1

1 0 )
)
.

Since α1, . . . , αk are unitary, (5.7) and (5.1) implies that for i ≤ k ≤ j − 2,

C
Sp2n(F)
ψ

(
BSp2n(F),−→s w(k) , (⊗n

i=1αi)w(k) , w(k,k+1)

)

and
C

Sp2n(F)
ψ

(
BSp2n(F),−→s w′

(k) , (⊗n
i=1αi)

w′
(k) , w(k,k+1)

)

are holomorphic at −→s = 0. Also, since w(i,j) ∈ W (α) implies that αi = αj , (5.7) and (5.1)
imply that

C
Sp2n(F)
ψ

(
BSp2n(F),−→s w̃, (⊗n

i=1αi)w̃, w(j−1,j)

)

vanishes for −→s = 0. Recalling (5.6) we now conclude that if w = w(i,j) ∈ W (α) then (5.4)
holds.
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Suppose now that τ{r} ∈ W (α). We write

τ{r} = w(r,r+1)w(r+1,r+2) . . . w(n−1,n)τ{n}w(n−1,n)w(n−2,n−1) . . . w(r+1,r). (5.8)

The reader may check that the expression in the right-hand side of (5.8) is reduced. We
now use the same arguments we used for w = w(i,j): We decompose

C
Sp2n(F)
ψ

(
BSp2n(F),−→s , (⊗n

i=1αi), τ{r}
)

into 1 + 2(n− i) local coefficients. 2(n− i) of them are of the form (5.1). These factors are
holomorphic at −→s = 0. The additional local coefficient, the one corresponding to τ{n} is

C
SL2(F)
ψ

(
BSL2(F), sr, αr, ( 0 1

−1 0 )
)
.

Lemma 3.5 implies that there exists c ∈ C∗ such that

C
SL2(F)
ψ (BSL2(F), s, χ, ( 0 1

−1 0 )
)
C

SL2(F)
ψ (BSL2(F),−s, χ−1, ( 0 1

−1 0 )
)

= c
LF(χ2,−2s + 1)

LF(χ2, 2s)
LF(χ2, 2s + 1)
LF(χ2,−2s)

.

Since τ{r} ∈ W (α) implies that αr is quadratic, we now conclude that (5.4) holds for
w = τ{r}.

Finally, assume that w′(i,j) ∈ W (α). We write it as a reduced product of simple reflec-
tions:

w′(i,j) = w(j,j+1)w(j+1,j+2) . . . w(n−1,n)τ{n}w(n−1,n)w(n−2,n−1) . . . w(j+1,i)

w(i,i+1)w(i+1,i+2) . . . w(j−1,j)w(j−2,j−1) . . . w(i+1,i)

w(j,j+1)w(j+1,j+2) . . . w(n−1,n)τ{n}w(n−1,n)w(n−2,n−1) . . . w(j+1,i).

We then decompose

C
Sp2n(F)
ψ

(
BSp2n(F),−→s , (⊗n

i=1αi), w′(i,j)
)

into 1 + 2(n − i) local coefficients coming either from GL2(F) or from SL2(F). All these
local coefficients are holomorphic at −→s = 0. The factor corresponding to w(j,j−1) equals

C
GL2(F)
ψ

(
BGL2(F), (si,−sj), αi ⊗ α−1

j , ( 0 1
1 0 )

)
.

Since w′(i,j) ∈ W (α) implies that αi = α−1
j we conclude, using (5.1), that (5.4) holds for

w = w′(i,j), provided that w′(i,j) ∈ W (α).

Remarks:
1. Assume that F is a p-adic field of odd residual characteristic. For the irreducibility of
principal series representations of SL2(F), induced from unitary characters see [31]. For the
irreducibility of principal series representations induced from unitary characters to the C1

cover of Sp4(F) see [55]. For a proof of Theorem 5.1 which uses the theta correspondence;
see [16].
2. One can show that Theorem 2.3 applies also to the field of real numbers in the case
of a parabolic induction from unitary characters of BSp2n(R). Thus, repeating the same
argument used in this section, replacing (5.1) with (5.2), one concludes that Theorem 5.1
applies for the real case as well.
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Theorem 5.2. Let
−→
t = (n1, n2, . . . , nr; k) where n1, n2, . . . , nr, k are r + 1 non-negative

integers whose sum is n. For 1 ≤ i ≤ r let τi be an irreducible admissible supercuspidal
unitary representation of GLni(F) and let σ be an an irreducible admissible supercuspidal
ψ-generic genuine representation of Sp2k(F). Denote π =

(⊗r
i=1(γ

−1
ψ ⊗ τi)

) ⊗ σ. I(π) is
reducible if and only if there exists 1 ≤ i ≤ r such that τi is self dual and

C
Sp2(k+ni)(F)
ψ

(
Pni;k(F), 0, τi ⊗ σ, jni,k+ni

(ω′−1
ni

)
) 6= 0 (5.9)

Proof. Since jni,n(ω′−1
ni

) is of order two as a Weyl element it follows that if τi is self dual
then

C
Sp2(k+ni)(F)
ψ

(
Pni;k(F), 0, τi ⊗ σ, jni,k+ni(ω

′−1
ni

)
)

= 0

if and only if

C
Sp2(k+ni)(F)
ψ

(
Pni;k(F), s, τi⊗σ, jni,k+ni(ω

′−1
ni

)
)
C

SPk+2ni
(F)

ψ

(
Pni;k(F),−s, τ̂i⊗σ, jni,k+ni(ω

′−1
ni

)
)

(5.10)
vanishes at s = 0. Thus, since I(π) is unitary, we only have to show that

dim
(
Hom

Sp2n(F)
(
I(π), I(π)

))
> 1 (5.11)

if and only if there exits 1 ≤ i ≤ r such that τi is self dual and (5.10) does not vanish at
s = 0.

Suppose first that there exits 1 ≤ i ≤ r such that τi is self dual and (5.10) does not vanish
at s = 0. Since for any w ∈ WP−→

t
(F), I(π) and I(πw) have the same Jordan Holder series

we may assume that i = r. It follows from (2.7) that w0 = jnr,n(ω′−1
nr

) ∈ σP−→
t
(F) ∩W (π).

Since w0 is a simple reflection we may use a similar argument to the one used in Lemma
3.3 and conclude that

C
Sp2n(F)
ψ

(
P−→

t
(F),−→s ,

(⊗r
i=1τi

)⊗ σ, w0

)
= C

Sp2(k+ni)
(F)

ψ

(
Pni;k(F), sr, τi ⊗ σ,w0

)
,

where −→s = (s1, s2, . . . , sr). Thus, our assumption implies that

C
Sp2n(F)
ψ (P−→

t
(F),−→s , (⊗r

i=1τi)⊗ σ,w0

)
C

Sp2n(F)
ψ (P−→

t
(F),

−→
sw0 , ((⊗r

i=1τi)⊗ σ)w0 , w0

)
(5.12)

does not vanish at s = 0. Theorem 2.3 and (3.7) imply now that (5.11) holds.

We now assume that for any 1 ≤ i ≤ r, if τi is self dual then (5.10) vanishes at s = 0.
Again, by theorem 2.3 and (3.7) we only have to show that (5.12) vanishes at −→s = 0 for
any w0 ∈ ΣP−→

t
(F) ∩ W (π). Similar to the proof of Theorem 5.1, there are three possible

types of w0 ∈ ΣP−→
t
(F) ∩W (π):

Type 1. τi ' τj for some 1 ≤ i < j ≤ r then the if and only if the Weyl element that inter
change the GLni(F) and the GLnj (F) blocks lies in ΣP−→

t
(F) ∩W (π).

Type 2. τi ' τ̂j for some 1 ≤ i < j ≤ r if and only if the Weyl element that inter change
the GLni(F) with the ”dual” GLnj (F) blocks lies in ΣP−→

t
(F) ∩W (π).

Type 3. τi is self dual for some 1 ≤ i ≤ r if and only if the Weyl element that inter change
the GLni(F) with its ”dual” block lies in ΣP−→

t
(F) ∩W (π).
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In fact, by switching from π to πw for some w ∈ WP−→
t
(F), we may assume that there

are no elements in ΣP−→
t
(F) ∩W (π) of type 2. Indeed, Let I ⊆ {1, 2, . . . , r} such that

{1, 2, . . . , r} =
⋃
·

i∈I

Ai,

where Ai are the equivalence classes

Ai = {1 ≤ j ≤ r | τi ' τj or τi ' τ̂j}.

By choosing w ∈ WP−→
t
(F) properly we may assume that τi ' τj for all j ∈ Ai. Thus, we

only prove that (5.12) vanishes at −→s = 0 for any w0 ∈ ΣP−→
t
(F) ∩W (π) of type 1 or 3.

Assume that τi ' τj . Let w0 ∈ ΣP−→
t
(F) ∩ W (π) be the corresponding Weyl element.

We decompose (5.12) into a product of local coefficients corresponding to simple reflections
which may be shown to be equal to local coefficients of the form

C
GLnp+nq (F)
ψ

(
P 0

np,nq
(F), (sp, sq), τp ⊗ τq, $q,p

)
C

GLnq+np (F)
ψ

(
P 0

nq ,np
(F), (sq, sp), τq ⊗ τp, $p,q

)
.

(5.13)

All these factors are analytic at (0, 0); see Theorem 5.3.5.2 of [48]. One of these factors
corresponds to (p, q) = (i, j). Since by assumption τi ' τj , the well-known reducibility
theorems for parabolically induced representation of GLn(F) (see the first remark on page
1119 of [15], for example) implies that the factor that corresponds to p = i, q = j vanishes
at (0, 0). This shows that (5.12) vanishes at −→s = 0 for any w0 ∈ ΣP−→

t
(F) ∩W (π) of type 1.

Assume that τi is self dual. Let w0 ∈ ΣP−→
t
(F)∩W (π) be the corresponding Weyl element.

We decompose (5.12) into a product which consist of elements of the form (5.13) and of
factor of the form (5.10). All the factors of the form (5.13) are analytic and (0, 0). Since τi

is self dual, by our assumption the other factor vanishes at s = 0. This shows that (5.12)
vanishes at −→s = 0 for any w0 ∈ ΣP−→

t
(F) ∩W (π) of type 3.

Corollary 5.1. We keep the notations and assumptions of Theorem 5.2. I(π) is reducible
if and only if there exists 1 ≤ i ≤ r such that τi is self dual and

γ(σ × τi, 0, ψ)γ(τi, sym2, 0, ψ) 6= 0 (5.14)

Proof. Let τ be an irreducible admissible generic representation of GLm(F). From the
definition of γ(σ × τ, s, ψ), (3.8), and from Theorem 4.3 it follows that

C
Sp2n(F)
ψ

(
Pm;k(F), s, τ ⊗ σ, jm,n(ω′−1

m )
)

= c(s)γ(σ × τ, s, ψ)
γ(τ, sym2, 2s, ψ)

γ(τ, s + 1
2 , ψ)

for some exponential factor c(s). By (6.1.4) in page 108 of [39] we have

γ(τ̂ , 1− s, ψ)γ(τ, s, ψ) = τ(−Im) ∈ {±1}. (5.15)

Therefore, if we assume in addition that τ is self dual we know that γ(τ, 1
2 , ψ) ∈ {±1}. This

implies that (5.9) may be replaced with (5.14)

The following two corollaries follow immediately from Theorem 5.2.
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Corollary 5.2. With the notations and assumptions of Theorem 5.2, I(π) is irreducible if
and only if I(τi, σ) is irreducible for every 1 ≤ i ≤ r.

Corollary 5.3. Let
−→
t = (n1, n2, . . . , nr; 0) where n1, n2, . . . , nr are r non-negative integers

whose sum is n. For 1 ≤ i ≤ r let τi be an irreducible admissible supercuspidal unitary
representation of GLni(F). Denote π = ⊗r

i=1(γ
−1
ψ ⊗τi). I(π) is reducible if and only if there

exits 1 ≤ i ≤ r such that τi is self dual and γ(τi, sym2, 0) 6= 0.

6 A comparison with SO2n+1(F)

In this section F is again a p-adic field. Let SO2n+1(F) be the special orthogonal group:

SO2n+1(F) = {g ∈ GL2n+1(F) | gJ ′2n+1g
t = J ′2n+1, det(g) = 1},

where J ′n =

(
1

1

. ..
1

)
. Denote by BSO2n+1(F), NSO2n+1(F) the standard Borel subgroup

and its unipotent radical respectively (see page 2 of [49] for example). Let ψ be a non-trivial
character of F. We continue to denote by ψ the character of NSO2n+1(F) defined by

ψ(u) = ψ
( n∑

k=1

uk,k+1

)
.

We also view ψ a character of any subgroup of NSO2n+1(F). Let PSO2n+1(F) be the standard
parabolic subgroup of SO2n+1(F) whose Levi part and unipotent radical are

MSO2n+1(F) = {



g

1

g∗


 | g ∈ GLn(F)} ' GLn(F),

USO2n+1(F) = {



In x z

1 x′

In


 ∈ SO2n+1(F)},

where g∗ = J ′2n+1
tg−1, x′ = −txJ ′n. Define

ω′′n =




ωn

(−1)n

ωn


 ∈ SO2n+1,

and let τ be a generic representation of GLn(F) identified with MSO2n+1(F). The local
coefficient

C
SO2n+1(F)
ψ (PSO2n+1(F), s, τ, ω′′−1

n )

is defined in the same way as in Section 3.1 via Shahidi’s general construction; see Theorem
3.1 of [37]. From the second part of Theorem 3.5 of [41] it follows there exists c ∈ C∗ such
that

C
SO2n+1(F)
ψ (PSO2n+1(F), s, τ, ω′′−1

n ) = cγ(τ, sym2, 2s, ψ).
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Furthermore, if τ is unramified then c = 1. In Theorem 4.3 we have proven that

C
Sp2m(F)
ψ

(
Pm;0(F), s, τ, ω′−1

m

)
= cF(s)

γ(τ, sym2, 2s, ψ)
γ(τ, s + 1

2 , ψ)
,

where cF(s) is an exponential factor which equals 1 if F is a p-adic field of odd residual
characteristic, ψ is normalized and τ is unramified. Recalling (5.15) we have proved the
following.

Lemma 6.1. Let τ be an irreducible admissible generic representation of GLn(F). There
exits an exponential function c(s) such that

C
SO2n+1(F)
ψ (PSO2n+1(F), s, τ, ω′′−1

n )CSO2n+1(F)
ψ (PSO2n+1(F),−s, τ̂ , ω′′−1

n ) (6.1)

= c(s)CSp2n(F)
ψ (Pn;0(F), s, τ, ω′−1

n )CSp2n(F)
ψ (Pn;0(F),−s, τ̂ , ω′−1

n ).

c(s) = 1 provided that F is a p-adic field of odd residual characteristic, ψ is normalized and
τ is unramified.

Theorem 6.1. Let τ be an irreducible admissible self dual supercuspidal representation of
GLn(F). Then,

I(τ) = Ind
Sp2n(F)
Pn;0(F)

(
(γ−1

ψ ◦det)⊗ τ
)

is irreducible if and only if
I ′(τ) = Ind

SO2n+1(F)
PSO2n+1

(F)τ

is irreducible.

Proof. In both cases we are dealing with a representation induced from a singular repre-
sentation of a maximal parabolic subgroup. Therefore, applying Theorem 2.3 and (3.7) to
these representations, the theorem follows from Lemma 6.1.

Remarks:

1. One can replace the assumption that τ is self dual and replace it with the assumption
that τ is unitary, since by Theorem 2.9 the commuting algebras of these representations are
one dimensional if τ is not self dual.

2. Theorem 6.1 may be proved without a direct use of Lemma 6.1. One just has to recall
Corollary 5.3 and the well known fact that I ′(τ) is irreducible if and only if γ(τ, sym2, 0) 6= 0;
see [44]. However, the last fact follows also from the Knapp-Stein dimension theory and
from the theory of local coefficients. In fact, Lemma 6.1 gives more information than
Theorem 6.1. This Lemma implies that β(s, τ, ω′−1

n ) has the same analytic properties as
the Plancherel measure attached to SO2n+1(F), PSO2n+1(F) and τ .

3. Recently, using a different method, Gan and Savin proved that similar connection be-

tween the the parabolic inductions Ind
Sp2n(F)
Q(F)

(
(τ⊗γ−1

ψ ◦det)⊗σ
)

and Ind
SO2n+1(F)
Q′(F)

(
τ⊗θψ(σ)

)

holds. Here F is a p-adic field, Q(F) is the standard parabolic subgroup of Sp2n(F) which has
GLm(F)×Sp2k(F) as its Levi part, Q′(F) is the standard parabolic subgroup of SO2n+1(F)
which has GLm(F)×SO2k+1(F) as its Levi part (r +m = n), τ is an irreducible supercusp-
idal generic representation of GLm(F) and σ is an irreducible genuine supercuspidal generic

52



representation of Sp2k(F). Here θψ(σ) is the generic representation of SO2k+1(F) obtained
from σ by the local theta correspondence, see [13].

Corollary 6.1. Let τ be an irreducible admissible self dual supercuspidal representation of
GLm(F). Let σ be a generic genuine irreducible admissible supercuspidal representation of
Sp2k(F). If I(τ) is irreducible then I(τ, σ) is irreducible if and only if γ(σ × τ, 0, ψ) = 0

Proof. Recalling Theorem 5.2, we only have to show that γ(σ × τ, 0, ψ) = 0 if and only if

C
Sp2n(F)
ψ (Pm;k(F), 0, τ ⊗ σ, jm,n(ω′−1

m )) = 0.

Therefore, from (3.8), the definition of γ(σ × τ, 0, ψ), the proof is done once we show that

C
Sp2m(F)
ψ (Pm;0(F), s, τ, ω′−1

m )

is analytic and non-zero in s = 0. The analyticity of this local coefficient at s = 0 follows
since by (6.1)

C
Sp2m(F)
ψ (Pm;0(F), s, τ, ω′−1

m )CSp2m(F)
ψ (Pm;0(F),−s, τ, ω′−1

m )

has the same analytic properties as

C
SO2m+1(F)
ψ (PSO2m+1(F), s, τ, ω′′−1

m )CSO2m+1(F)
ψ (PSO2m+1(F),−s, τ̂ , ω′′−1

m )

which is known to be analytic in s = 0; see Theorem 5.3.5.2 of [48] (note that that last
assertion does not relay on the fact that τ is self dual). The fact that

C
Sp2m(F)
ψ (Pm;0(F), s, τ, ω′−1

m ) 6= 0

follows from Theorem 2.3 and the assumption that I(τ) is irreducible.

The corollaries below follow from [44]:

Corollary 6.2. Let τ be as in Theorem 6.1. Assume that n ≥ 2. Then I(τ) is irreducible
if and only if

I ′′(τ) = Ind
Sp2n(F)
Pn;0(F) τ

is reducible.

Proof. Theorem 1.2 of [44] states that I ′′(τ) is irreducible if and only if I ′(τ) is reducible.

Corollary 6.3. Let τ be as in Theorem 6.1. If n is odd then I(τ) is irreducible.

Proof. Corollary 9.2 of [44] states that under the conditions in discussion I ′′(τ) is reducible.
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