Solutions to Midterm for MA514 in Fall09

Solution to Problem 1:

Iterative function ¢ (x) = x - 4 f (x)
= (p'(x):x—lf'(x)
2 .
= -1=1-—"M <1-AM <¢p (x)<1-a1m<1
M
Let 4 = max(j1-aM |,j1-am|) thenwehave o (x)|< x <1 for vx
So , iscontractive.
= ¢ hasaunique fixedpoint « : p(¢)=a = a =a-1f(a)= f(a)=0.
By Contractive Mapping Theorem: » (x) has a unique fixed point « < R Which is

the root of f(x)-0, and « is the limit of sequence {x 3 generated by

x, . =x,-4f(x)=9e(x,) Withanyinitial x < r .

n+1 0

Solution to Problem 2:

Denote @ (X) = px+ qaxf2 +ra‘x’’

R

a = pa +ga-a +ra -a —(p+gq+r)a’® =

p+qg+r=1 (l)

p'(x)= p+ga-(=2)x “+ra’-(=5)x ' = p—2qax73—5ra2x75’|et (p’(i/a_): 0 -
p-29g-5r=20 (2)
(p"(x):—2qa-(—3)x"’—5ra2-(—6)x’7:eqax"'+30ra2x”,|et (p”(i/a_):o N

6qa71/3+30ra71/3:03 qg+5r=20 (3)
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Solution to Problem 3:
Newton Form:

>

0 6

1 4 -2

3 18 7 3

5 16 -1 -2 -1

From above we see p(x) =6 - 2x + 3x(x - 1) = x(x - 1)(x - 3)

Lagrange Form:

3

P(X) =3 L, ,(x)f(x))

j=0

where =0, x, =1, x =3, x,=5,

0

f(x,)=6, f(x)=4, f(x,)=18, f(x,)=16

(x =1)(x = 3)(x - 5) (x =1)(x = 3)(x - 5)
La‘o(x): =~
(-1)(=-3)(-5) 15
Xx(x =3)(x-5) Xx(x =3)(x-5)
L0 = -
1(-2)(-4) 8
x(x —1)(x = 5) Xx(x —1)(x = 5)
La‘z(x): = -
(3)(2)(-2) 12
x(x =1)(x - 3) x(x =1)(x - 3)
Loy (x) = -
(5)(4)(2) 40
2 1 3 2
p,(x)=—-—(x-1)(x=3)(x-5)+ —x(x=-3)(x-5)- —x(x-1)(x-5)+ —x(x-1)(x-3) .

5 2 2 5



Solution to Problem 4:

XO

0 -8

1 2 10

1 2 3 -7

2 6 4 1 4

2 6 7 3 2 -1

2 6 7 8/2=4 |1 -1 |0

2 6 7 8/2=4 |6/6=1|0 |1 0.5

Hence, the polynomial is:

P(X) = -8+10x - 7x(x-1)+4x(x-1)" - x(x-1)"(x-2)+0.5x(x-1)"(x - 2)°

Solution to Problem 5:
The interpolation conditions yield:

0=5(0)=a,
1=S8(2)=a, +2b +4c,

1=5(2)=a,

2=58(3)=a,+b +c,

The continuity of the derivative condition yields:

b =S (2)=>b, +4c,

2=5(0)=hb,

From the five equations above, we can get:

a =0
a, =1
b, =2
b =-1
c,=-31/4
c, =2

3, .
= S(Xx)=2x-—xX IfO§x<2,
4

S(x)=1-(x-2)+2(x-2)" if 2<x<3.



