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ABSTRACT. This ia a translation of the monograph originally published in
1970. It contains a comprehensive exposition of the Nevanlinna theory of
meromorphic functions of one complex variable, with the emphasis on the de-
tailed study of deficiencies, distribution of values with respect to arguments
and asymptotic properties of meromorphic functions. A self-contained expo-
sition of the inverse problem for meromorphic functions of finite order with
finitely many deficiencies is given in full detail. Many of the results included
in the book belong to the authors, and were previously available only in journal
publications.

The exposition is completely self-contained: the only prerequisite is an
undergraduate course in one complex variable.

There are two appendices: the first contains Govorov’s proof of the Paley
conjecture, and the second a survey of the results obtained after 1970, with
extensive bibliography.
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Preface to the second edition

In this edition we corrected some errors and misprints and added references
and footnotes related to recent achievements in the topics considered in the original
edition. A survey of the results obtained since 1970 is in a separate appendix at
the end of the book. This appendix has its own list of references. In the footnotes
to the main text these references are marked with the letter A (like for example

[A12)).
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Dedicated to our teachers: Lev Israilevich Volkovyskii and Boris Yakovlevich
Levin



Preface to the first edition

The origins of the value distribution theory of meromorphic functions go back
to the classical theorems of Sokhotskii-Casorati (1868), Weierstrass (1876), Picard
(1879). In the last decade of the XIX-th and the first two decades of the XX-th
centuries, these theorems underwent further development through investigations on
the zero distribution of entire functions carried out mainly by the French school
(Hadamard, Borel, Valiron and others). The analytical machinery intrinsically con-
nected with meromorphic functions was built in the 20-ies of the XX-th century by
the Finnish mathematician Rolf Nevanlinna. After his work, the value distribution
theory acquired, in some way, a complete form. The main classical results of the
theory of entire functions have been included in Nevanlinna’s theory in a natural
way.

The results of Nevanlinna’s theory, which, at the present time, can be regarded
as classical, are considered in the first part of the present book, consisting of chap-
ters I, II, III, and sec. 1-3 of IV. Aiming to help beginning mathematicians, we
consider the subject here in detail. We foresee reproaches of more qualified readers
in this respect.

While the first part of this monograph treats mostly results obtained before
the 50-ies, the remainder is dedicated to modern research.

In spite of a certain completeness of the value distribution theory, the study of
even some of the most classical problems has not been brought to an end. On the
contrary, the study is conducted more and more extensively. A lot of important
problems remain open, and new ones arise during the process of further investiga-
tions.

Achievements are so essential and diverse that they admit the free coexistence
of several monographs on the theory of value distribution. In any case, the reader
who is acquainted with Hayman’s book [Hay64], will not find any substantial
intersection with our book except for classical theorems which had been known as
early as the 30-ies of XX century.

The value distribution theory of meromorphic functions occupies one of the
central places in Complex Analysis. Numerous works are devoted to studying its
connections with other areas of mathematics (topology, differential geometry, mea-
sure theory, potential theory and others); extending its inferences to wider classes
of functions (meromorphic functions in arbitrary plane regions and Riemann sur-
faces, algebroid functions, functions of several variables, meromorphic curves), and
also its applications, mainly to the analytic theory of differential equations.

In this book, the related topics are left aside, and the main attention is con-
centrated on the problems internal to the value distribution theory, which include
the following problems:

(i) To what extent the main inferences of Nevanlinna’s theory have final character
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and cannot be improved further;

(ii) What properties of Picard’s exceptional values are preserved for a wider class
of exceptional values considered in the value distribution theory;

(iii) Which are the connections between Nevanlinna’s characteristics and other
quantities characterizing asymptotic properties of entire and meromorphic func-
tions;

(iv) Study of asymptotic properties and value distribution of meromorphic func-
tions belonging to some special classes which are on one hand sufficiently narrow
to give new information not implied by general theorems, and on the other hand
sufficiently wide for being of interest for the general theory;

(v) Study of the value distribution with respect to arguments (not only with respect
to moduli as in classical Nevanlinna theory).

We pay great attention to examples of functions with “exotic” properties. With-
out them the reader will get a restricted image of the theory under consideration.
Examples of functions having unusual properties play in the theory a role as im-
portant as counterexamples do in Real Analysis.

Notation and Conventions. Functions meromorphic in the complex plane
will be called meromorphic functions, unless otherwise explicitly stated. Uniform
(absolute, or usual) convergence of a series or of an infinite product is understood
as the convergence of the corresponding type of its remainder. Thus, behavior of a
finite number of terms does not affect the convergence or its type.

If we consider a continuous function with a removable discontinuity, the dis-
continuity is assumed to be removed. For example f(0) =1 for f(\) = wAcotwA.

By [a] we denote the integer part of the number a. Square brackets are used
to separate expressions in the cases when it cannot cause any confusion. We also
use square brackets for references. We denote the number (|a| + «)/2 by at.

The closure of the angle {& < argz < (8} in the complex plane is denoted by
{a <argz < B}. Thus 0 € {a < argz < }.

Writing >, aj or [[, ar we do not exclude the case when the sequence {a;} is
finite or empty. In the latter case we assume ), ar = 0 and ], ap = 0.

Each chapter has its own numeration of formulas, the number (4.20) refers to
formula number 20 in section 4 of the same chapter. Analogous numeration is used
for theorems. When we refer to a formula or a theorem from another chapter, we
refer to the chapter number also.

All of the facts related to the history of the problems under consideration
along with references on the subject are placed in the Notes at the end of the book.
References in the text are given only in the case where we refer to results lying
beyond the scope of standard graduate courses in Real and Complex Analysis.

Note that results of sec. 3 and 5 of Chapter 1 and of sec. 3 of Chapter 3 are
used in Chapter 6 only, and can be skipped in the first reading.

Preliminary versions of sec. 7,8 of Ch.I; Ch.II; sec. 1,2 of Ch.III; sec.1-4,6 of
Ch.IV; sec 1,2 of Ch.V; Ch.VII; Appendix I have been written by A. Goldberg;
sec. 1-5 of Ch.I, sec.3 of Ch.III, sec.5 of Ch.IV, sec.3-6 of Ch.V; Ch.VI have been
written by I. Ostrovskii.

We express our deep gratitude to Nikolaj Govorov, Larisa Kudina, Victor Pe-
trenko, David Potyagajlo, Elena Sergienko, and Stanislav Tushkanov for their var-
ious help in our work. Our special thanks to our editor Naum Landkof.
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CHAPTER 1

Characteristics of the Behavior of a Meromorphic
Function and the First Fundamental Theorem

The basis of the value distribution theory of meromorphic functions consists
of several formulae connecting the behavior of a meromorphic function with the
distribution of its zeros and poles. At the beginning of this chapter we derive these
formulae. Later, we use them to introduce the main characteristics of the behavior
of a meromorphic function, and study connections between them. One of the most
important connections is the celebrated theorem which R. Nevanlinna called “the
first fundamental theorem of the value distribution theory”.

1. Auxiliary results

Let D be a bounded domain in the complex plane, whose boundary I" consists
of finitely many piecewise-analytic curves; by % we shall denote the operator of
differentiation in the direction of the inwardly directed normal vector to I', by A
82
8 92"

We shall use the followmg formula:

(1.1) //D(uAv — vAu)do = / (u% - v%) ds,

where v = u(z,y) and v = v(z,y) are twice continuously differentiable in some
domain containing the closure D of the domain D, ¢ is the Lebesgue measure
in the plane and s is the one-dimensional Lebesgue measure (length) on I'. This
formula is usually called the second Green formula. It can be obtained from the
well-known Green formula

/I (‘Z—f—%—j)da:/rde—dey

in the following way. Let

we denote the operator

We get the formula

Oudv Oudv ov ov
A ———+——)do= | —u—d —d
//D <“ ”+8m8m+ayay> ? /1“ Yoyt T e
which can be rewritten as

Oudv  Oudv Ov
(1.2) // <uAv+ D Dn 8y8_y> do = u%ds

Subtracting from (1.2) the formula which is obtained from (1.2) if we inter-
change v and v, we get (1.1).
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We also need the notion of a Green function. The Green function of a domain D
is a function G((, z), defined for ¢ € D, z € D, ( # z, and satisfying the following
conditions:

(i) For each fixed z € D

1
G(¢,z) =1In =z + h=(¢),

where h,(¢) is a function, harmonic in D and continuous in D.
(i) If¢eTl, 2€ D, ¢ €D, and z €T, then

G(¢,z) =0.

The Green function exists and is unique. The uniqueness can be proved in
the following way. Assuming that G1({,2z) and G2((, z) are two Green functions
of D, we choose z € D and consider the function v({) = G1(¢, z) — G2((, z). The
condition (i) implies that this function is harmonic in D and continuous in D,
and the condition (ii) implies that it is equal to zero on I'. By the maximum
and the minimum principles for harmonic functions we get v(¢) = 0, and, hence,

Gl(C7 Z) = G2(C7 Z)

We would like to observe that the condition (i) implies that there exists a disc
K, centered at z and such that G(¢,z) > 0 for ( € K,. Using the minimum
principle for D\ K, we conclude that G((,z) > 0 for all { € D,z € D.

We will not use the existence of the Green functions for multiply connected
domains, for this reason we do not discuss this matter.

For a simply connected domain the existence of the Green function follows from
classical results on conformal mappings. In fact, by the Riemann theorem there
exists a conformal mapping w = f,(¢) which maps the region D onto the disc
{]w| < 1} in such a way that f,(z) = 0. By the theorem on the boundary behavior

of conformal mappings the function f, is continuous on D, and |f,(¢)| = 1 for
¢ €T. Let
1
(1.3) (T R —
[£:(0)]

it is easy to check that this function satisfies (i) and (ii).
ExAMPLE 1. Let D = {|¢{| < R}. Then

_ 2 _ (3
(1.4 70 =% 6 =m| 2=

R(¢ - 2)

EXAMPLE 2. Let D = {|¢{|] < R, Im( > 0}. Then

—2) R? —(z
15) 10 =D R GG s) =l

R~ ¢ R(C- 2)
R(¢—z) R2—(z

Suppose that D is simply connected. Let 1,2, ..., ¥p be analytic curves forming
T, let A, I = 1,2,...,p be the common end point of v; and 741 (we use the
convention: y,+1 = 1), let moy (0 < oy <2), I =1,2,...,p, be the angles between
v and v;41. By the Riemann-Schwarz symmetry principle (see Privalov [Pri56],
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Chapter XII, §2.4) the function f, has an analytic extension to a certain domain
containing D\{A4, ..., 4,}.

We shall assume (without mentioning this) that in the intersection of a suffi-
ciently small neighborhood U; of A; with D the function f, has a representation

(1.6) £2(Q) = (¢ =AY y(C) + wy,

where ¢;(¢) is an analytic function in U, ¢i(4;) # 0, |w| =1, 1 =1,2,....p. We
omit the discussion of the conditions on D under which such a representation holds.
For our purposes it is enough to observe that the domain D = {|{| < R} satisfies
this condition since it is bounded by an analytic curve and there are no points A;.
The domain D = {|¢| < R, Im¢ > 0} also belongs to this class. In fact, in this case
the points A;, | = 1,2, are the points { = +R, o = %, [ =1,2. The equation (1.5)
implies that f,(¢) is analytic at { = £R and di(fz (¢) has simple zeros at { = £R,
hence the representation (1.6) holds.

Further we deal with the derivative ‘g—g with respect to C as a function of z. This
derivative exists for all { # 4; (I =1,...,p). Since G(¢,z) >0for ( € D, z € D
and G(¢,z) =0for ( € T, z € D, then g—g > 0. Along the curve I" the following
equation is satisfied:

fi©Q) . .0G B
fz(OdC = z%ds C#£A,1=1,..,p).

In fact, computing the differential of dln f.(¢) along the curve I' and using the
Cauchy-Riemann conditions, we get

(1.7)

0 0 .0
A £.(0) = g Qs = (I F0)] + iy e £.0)) ds
.0 .0 0G
= ip_arg f=(Q)ds = —ig- In|f.(¢)|ds = z%ds.
The equation (1.7) sometimes can be used to find 2.
EXAMPLE 1. Let D = {¢: |¢| < R}, then
e, [ BC=2)]" . B2 o
1. T s = —i |1 - = Re®.
(1.8) 8nds l[nRQ—CZ d¢ T df, ¢ = Re
The function % is called the Poisson kernel. Observe that
R2—|Z|2 R2—T'2 C—I—Z 0 .
1. = — — % -
(1.9) IC—z]2 R2+471%—2Rrcos(p —0) Re(— ) (= BT, z=re

EXAMPLE 2. Let D = {¢: [¢| < R, Im({ > 0}. Then

oG, R(¢—2) R2—¢(z\]
8nd87 Z[IH<R2—CZR(C—Z) dc.
On the semi-circle {¢ = Re®, 0 < § < 7} we have

0G . (R2— |2 R —|:P) ..
110 R S = A L
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on the interval {{ =¢, —R <t < R} we have

oG rsin ¢ R2%rsin .
1.11 —ds=2 — dt, z =re'.
(1.11) s {|z—t|2 Rz [ 277

Since the function f,(¢) is analytic on I', except at the points 4;, I =1,...,p,

then (1.7) implies that with the exception of these points the function % is infin-

itely differentiable on I'. By (1.6) the singularities of 62 at the points Al are such
_a

that the product [{ — 4|2 3 9G (< ¢ — Ayt 7w %) is bounded. This observation

implies that all integrals contalmng Wthh we will consider later are convergent.

THEOREM 1.1. Let D be a simply connected domain with a piecewise analytic

boundary T, and let u(z) be a twice continuously differentiable' function in some

domain containing D, excluding a finite set {c1,ca,...,cq} C D. In a neighborhood
of these points u(z) has the form

(1.12) u(z) =diIn|z — ck| + ur(2),

where dy, are constants and u(z) are twice continuously differentiable functions in
a neighborhood of points ¢, (k=1,...,q). Then

(1.13)  wu(z)+ % //D G(¢, z)Au(¢)do = %/F —ds - Z drG(ck, #

cr€D
forze D, z#ci,...,¢q

PRrOOF. Let us exclude from D discs of radius ¢ centered at c;...,cq, 2, and
Aq, ..., Ap. We assume that ¢ is so small that the discs do not intersect, and that
if the center of such a disc is inside D, then the whole disc is inside D. We denote
the domain so obtained by D, and the part of I which is not in any of the discs by
T.. By C(g,a) we denote the intersection of {z: |z —a| =€} and D.

Letting v = u(¢) and v = G((, z), we write the second Green formula for D..
Since Av = 0, we get?

// vAudo
p Ov ou
+ / <u— — ’U—) ds.
(/ /C(e z) /C(Evck) 12:; C(E’A1)> on on

Let us find the limits of each of the integrals as ¢ — 0. Since v =0 for ( € T,

then
, o ou\ , oG
MIDQ%‘aJd /<0%“

(1.14)

k=1

e—0

Furthermore, by the mean value theorem, for each a € D we have

8’1] 81}, 8’0 au
= (the length of =
Awf%n %ﬁs@ewmommm@% %00

Lwith respect to the variables z and y, z =« + iy
2If some points are repeated twice among {c1,...,cq} and {A1,..., Ap}, we write the corre-
sponding integrals only once.
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where ¢* is a point on C(e, a). Since the length of C(e, 2) is 2me and on C(e, z) the
following asymptotic estimates hold as € — 0
ov  Ov 1 ou

=—=+0(1), u=u(z)+o(1)

1
v=lo+O0WM), 5o =5 = ¢ Con

o),
then

. Ov ou

lim . (u% - v%> ds = —27mu(z).

e—0

If ¢, € D, then on C(g, ¢) the following asymptotic estimates hold as e — 0

o ou . ou - dk
U—dklnf‘:"‘O(l), %— 85 = c +O(1),
v = Glew,2) +0(1), 2 = 0(1)
- k> i 8” - M
Therefore for ¢, € D we have
. ov ou
ili% . (u% — v%> ds = —2md,G(ck, 2).

If a is either one of the points c; belonging to I', or one of the points A;,] =
1,...,p, then, in any case, the length of C(e, a) is O(¢), and the following asymptotic
estimates are valid on C(e, a)

u = O(|Inel), % =0 @ v=o(l), g_n =0 (%)

(the last estimate follows from (1.6) and (1.3)). Therefore we have

. < v 8u>
lim U— —v— | ds =
e—0 C(e,a) 871 871
Taking the limit as e — 0 in (1.14), we get the statement of the theorem. O

Observe that the integral in the left-hand side of (1.13) is, by definition, as-
sumed to be equal to

;i_% //DE G(¢, z)Au(C)do.

REMARK. The statement of Theorem 1.1 remains true even if the function u(z),
in addition to singularities ¢, on the boundary I' of the region D whose behavior
is determined by (1.12), has a finite set of singularities ux, k = 1, ..., ¢, such that
on the arcs C(e, ui) the following asymptotic estimates hold (as € — 0)

oe() olt)

2. The Nevanlinna, Poisson-Jensen, and Shimizu—Ahlfors formulae

We are going to use several formulae connecting the behavior of a meromorphic
function with the distribution of its zeros and poles. Most of the formulae we need
are special cases of (1.13).
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THEOREM 2.1. Let D be a simply connected region with a piecewise analytic
boundary T' and f(z) Z 0 be a meromorphic function in D. Then

@) WlfEl= g [l ds - 3 )+ X Glw2)

am€D bn,€D
where an,’s are zeros of f(z), and by, ’s are its poles.’

PrOOF. We apply Theorem 1.1 with u(z) = In|f(2)|. If z is neither a pole nor
a zero of f(z), then Au(z) = 0. Therefore the integral in the left-hand side of (1.13)
is equal to zero. If the point ¢ is a zero (pole) of f(z) of order xi, then the equality
(1.12) with d, = x (dr = —xx) is valid in the neighborhood of ¢j. Therefore the
right-hand side of (1.13) is equal to the right-hand side of (2.1). O

REMARK. The remark after Theorem 1.1 implies that the formula (2.1) re-
mains valid if f(z) is meromorphic everywhere in D except possibly finitely many
singular points py € I', k = 1, ..., q, such that in the intersection of a small enough
neighborhood of py, with D the function f(z) admits a representation

f(2) = gk ((z — pr)**),

where g (¢) are functions meromorphic in the neighborhood of ¢ = 0, and ay > 0
are some constants (k =1, ..., ).

One of the most important special cases of the formula (2.1) is the case when
D is a disc {|z| < R}.

THEOREM 2.2. Let f(z) # 0 be a meromorphic function in {|z| < R}. Then
the following formula, called the Poisson-Jensen formula, holds:

1 [ i Re + 2
) 1n|f(z)|:%/O In|f(Re ”ReiRew—zde
2.2 _
R A 2 R* — b,z
1 1
2. "R —am) 2 M RG b))
lam|<R [brn|<R

where an,’s are zeros of f(z), and by, ’s are its poles.

The proof immediately follows from the formulae (1.4), (1.8), and (1.9).
Applying (2.1) to the half-disc D = {|z| < R,Imz > 0}, and using the identities
(1.5), (1.6), and (1.11), we get the following result.

3Summands related to multiple zeros and poles are repeated in the right hand side of (2.1)
an appropriate number of times.
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THEOREM 2.3. Let f(z) # 0 be a meromorphic function in the half-disc {|z] <
R,Imz > 0}. Then

1 (R rsin g R?rsin g
ln|f(z)| = ;/_R1n|f(t)|{|z—t|2 - |R2—Zt|2}dt

1 m . R2 _ 7"2 R2 _ 7"2
— [ In|f(Re® : - A de
* 27r/0 n|f(ReT)] {|Rew—z|2 |R€’0—Z|2}
2 - -
_ Z In R* —Gmz R(z—am)
lam|<R, Imam,>0

R(z — am) CR2 am?z
+ Z In

[bn|<R, Imby, >0

(2.3)

R%Z — b,z ' R(z —by,)
R(Z — bn) R2 - an

where a,’s are zeros of the function f(z), and b,’s are its poles.

REMARK. The formulae (2.2) and (2.3) are valid for functions f(z) satisfying
the conditions of the remark after Theorem 2.1 in the disc {|z|] < R} and the
half-disc {|z| < R, Imz > 0}, respectively.

THEOREM 2.4. Let f(z) be a non-identically zero function meromorphic in the
disc {|z| < R}. The following formulae hold (the last of them under the assumption

f(0) £0, o0):
2 0
In f(2) = %/0 1n|f(Rew)|Md9

Rett
(2.4) P
Z ln L Z ln +iC;
_ am )
lam|<R [bn|<R

dp 1 [ , p!2Re?
—1 = — 1 [ | i —
Comie) =5 / (R |y it

a, (—1)P
(2.5) DS <<R2 “ame) (2 am>p>

lam|<R
bP (=1)P >
—(p—1)! n — :
=0 3 (@5 T o
d? 2p! 1 (%7 i0y\|  —iph
g nfe) = In|f(Re™)|e”*"do
2=0 o
(2.6) a1 w1
_1) Imo =) (1) n
-1 Y <R2p m) (RS (Rg,, b)
lam|<R |bn|<R
where C is a real constant, p =1,2,3,...; an’s are zeros of the function f(z), and

bn’s are its poles.

ProOF. The functions in both sides of (2.4) are analytic as functions of z.
By Theorem 2.2 the real parts of these functions coincide. By Cauchy-Riemann
equations it follows that the functions are equal up to a purely imaginary additive
constant. The validity of (2.4) follows. The formula (2.5) follows from (2.4) by
differentiation. Finally, the formula (2.6) follows from (2.5) if we let z = 0. O
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Observe that in the case when f(z) does not have poles and zeros in {|z|] < R},
the formula (2.4) coincides with the classical Schwartz formula written for In f(z).
We refer to (2.1) and (2.3)-(2.6) as the Nevanlinna formulae.

EXERCISE. Obtain analogues of (2.4) and (2.5) for functions meromorphic in
the half-disc {|z| < R, Imz > 0}.

THEOREM 2.5. Let f(z) £ 0 be a function meromorphic in the disc {|z| < R}
and let

(2.7) f(z) =z +eapz2M 4 ..,en #0

be its Laurent expansion in the neighborhood of z = 0. Then the following formula
(called the Jensen formula) holds:

1 27 i R
fex| = o~ i In|f(Re”)dd — > In——

o<|am|<R | m|

+ > Ih—-—2AhR,

0<|br|<R n|

(2.8)

where a,’s are zeros of f(z), and by,’s are its poles.

PrOOF. Let z — 0 in the Poisson-Jensen formula. For sums in the right-hand
side we get

)DREED SIS DI SNy

lam|<R  |bn|<R 0<|am|<R O<|b <R
= ¥ |m+ > 1nm+o )+/\ln|;|
0<|am|<R 0<|bn|<R
Since in the left-hand side we get
In|f(z) = Aln|z| + 1n|ex| + o(1),
the formula (2.8) follows. O

THEOREM 2.6. Let f(z) # 0 be a function meromorphic in the disc {|z| < R}.
If f(0) # oo, then the following formula (called the Shimizu—Ahlfors formula) holds:

R\ IFGE
// <R< |z|> T+ /PR
In\/1+ |f(Re?)2d0 —In/T+[fO))2+ > ln

|brn|<R

where by, ’s are poles of f(z). In the case f(0) = oo the right-hand side should be
replaced by

1 27 . R
%/0 Iny/1+ |f(Rei®)|2d§ —In|cx| — AIn R + Z lnm,
0<|bn|<R

where cy is the same as in (2.7).
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PROOF. We use Theorem 1.1 with u(z) =In+/1+ |f(2)|?, D = {|z| < R}. To
compute Au we let A(z) = Ref(z), B(z) = Imf( ). Then

1 oy A% L poB
=-In(l1+A*>+B?), — =20z 0z
2n( + 4%+ BY), Or 1+ A2+ B2’

82
da?

S

0A 0B 0?A 0B
(836) +<8_> +a22 528

N

1
B (1+A2+B2)2{

x (14+ A*+ B?) — (A%—I-B }

[V

2AN> [0B\? 924 9’B
- - A 1 BT —
<3y> +< ) - oy? * dy?

Pu_ 1
dy? (14 A2+ B2)?

dA 9B\’
2 2y oA ob
x (1+ A° + B?) 2<A8y+38y> }
Since
AA=AB=0,
0A\> (0B\> [(0A\® [0B\® .. .,
(&) +(&) = (5) < (5) ~woer
0AOB 0408 _
0x 0xr Oy Oy
we get
/ 2
.10 217'(2)]

T A+ fEP?

Observe that in a neighborhood of a pole by of order xj of the function f(z),
the relation (1.12) is valid with ¢, = by, and dy, = —xy. Taking into account (1.4)

and (1.8), we get
[f'(OF

an LHIfGP+ 2 //|<|<R ‘ Z_gcz) A +1£(¢ )|2)2

1 [P R%- |z|2 ”
= o ReT 2 In\/1+[f(Re?)|2d0 + In | o—

0 lbn|<R

do(¢)

(2.11)

If f(0) # oo, then, letting z = 0, we get (2.9). If f(0) = oo, we take into account
that
In/1+|f(2)]2 =Aln|z| +Inlex| + o(1),
Z ln

[bn|<R

= Aln + > 1n—+o)

0<|bp|<R | "|

)

when z — 0. It remains only to let z — 0 in (2.11). O
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3. The Carleman and Levin formulae

THEOREM 3.1. Let f(z) be a non-identically-zero function in the semi-annulus
{0 < Ry < |z| <R, Imz > 0}. Then the following formula (called the Carleman
formula) holds

1 T'm . 1 n .
Z <T— — ﬁ) sin @, — Z <p_ — %) sin ¥,

3.1 R " ;
(3.1) L (i _ %) In| £()f(—t)|dt + %/O In| £ (Re™®)| sin 06

T 2r Jp, \ 22

+ Q(Ra RO; f)a

where T,e?™ ’s are the zeros, and pn,e'¥’s are the poles of the function f(z) in
{Ro < |z| < R, Imz > 0}, and Q(R, Ro; f) = O(1) as R — oo.

We start by proving the following analog of Theorem 1.1.

THEOREM 3.2. Let D = {Ry < |z| < R, Imz > 0}, and let the function u(z)
satisfy the conditions of Theorem 1.1. Then

. {Im (% i %)} Au(Q)do(¢)
1 R

(3.2) = o . <ti2 - %) [u(t) + u(—t)]dt + % /Oﬂ u(Re') sin 0dO

e M :

+ ) dyIm <Ck + R2> + QW (R, Ro; u),
cx€D

where QW (R, Ro;u) = O(1).

PROOF. First we consider the case when none of the points c; belongs to
{|z]| = Ro, Imz > 0}. We exclude from D discs of sufficiently small radius e
centered at cy, ..., ;. We use the second Green formula for the obtained region with

u=u((), v=—Im <%+%>

Tt is easy to see that the function v(¢) satisfies the conditions:

a) Av = 0;
b) For ¢ in the semi-circle {|z| = R, Imz > 0} the following conditions are
satisfied
ov 2 . 0
v =0, %zﬁsmﬁ, ¢ = Re";

c) For ¢ in the line segments {z =t, Ry <t < R} and {z=1t, —R <t < —Ry}
the following equalities are satisfied

0 v 1 1

v=0, — =~ — —.

"on t2 R?

Let ¢ — 0. Computing integrals over the boundaries of the excluded discs using an
argument similar to the one used in the proof of Theorem 1.1, we get the formula
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(3.2) with

1 ov ou
QW (R, Ro; u :_/ <u——v—)ds
( 0 ) 27 [¢|=Ro 0<arg(<m on on

; 1 1 Ry\. , 9 i
[ s (e
X Rodf = O(1) as R — oo.

We shall get rid of the condition that none of the points ¢; belongs to {|z| =
Ry, Imz > 0} in the following way. We choose R > Ry in such a way that the
semi-circle {|z| = R, Imz > 0} does not contain points c¢;. We write the formula
(3.2) for the region D' = {Ry < |z| < R{, Imz > 0}. Then we set

Ry
QU (R o) = QR Ry) = - [ (5 = 57 ) o) + w0

SRCRES b EN (B

ck€D\D’

It is easy to see that Q) (R, Ro;u) = O(1) as R — oo, and that the equation (3.2)
is satisfied. 0

Theorem 3.1 can be derived from Theorem 3.2 if we let u(¢) = In|f(¢)| (cf.
proof of Theorem 2.1); we take into account, also, the equalities

—Im <% + %) = <% — é) sinf, ¢ = re®

Letting u(z) = In/1+ |f(2)]? in (3.2), and using (2.10), we get an analog of
the Shimizu—Ahlfors formula.

THEOREM 3.3. Let f(z) # 0 be a function meromorphic in the semi-annulus
{0 < Ry <|z| <R, Imz >0}. Then

/RO / <_ - _> Sing%rdma

o %<£ ;>mV“+V@W@+uvmaﬁ

+2

1 T :
+—/ In4/1+ |f(Re)|? sin 0dO

+ Z <_ - _> sin ¢, + Q) (R, Ro; f),

where ppe™n’s are the poles of f(z), and Q@ (R, Ro; f) = O(1) as R — co.

Let us turn to the Levin formula.



12 1. CHARACTERISTICS AND THE FIRST FUNDAMENTAL THEOREM

THEOREM 3.4. Let f(z) be a non-identically-zero function, meromorphic in the

domain { z—zg‘ < g}u{|z| < Ro}, 0 < Ry < R. Then

£(-3)-2(5)

r
m n

( . ) 1 w—arcsin(RoR_l) . do
ln|f(Rsin6’ew)|R

= 5 + ) RvR 5 )
27 arcsin(RoR~1) sm20 Q( 0 f)

s are zeros and p,e*¥n’s are poles of the function f(z) belonging to the

z—zg‘ < g, 2| > Ro}; and Q(R, Ro; f) = O(1) as R — oo.

where e

domain {

We shall derive this theorem from a suitable analog of Theorem 1.1.

T 5. Let D =
HEOREM 3.5 e 5 5

conditions of Theorem 1.1 in the domain DU {|z| < R1}, Ro < R1 < R. Then

1 1 i 1 m—arcsin(RoR™ 1) )
_— // Im <_ + _> Au(¢)do(¢) = _/ u(Rsin fe')
(3 4) 21 D C R 2 arcsin(RoR—1)

o 1 i ~
— dpIm [ = + — (R, Ro;u),
XRSin20+ck§€:D km(Ck+R)+Q ( i)

R| R
2 _i_’ < —, |z| > Ro ¢, and let u(z) satisfy the

where QW (R, Ro;u) = O(1) as R — oo.

PROOF. The argument is similar to the one used in the proof of Theorems 1.1
and 3.2. First we assume that none of the points c; belongs to the semi-circle
{|z] = Ro, Imz > 0}. We delete from the domain D discs of radius € centered at
c1, ..., Cq, and use the second Green formula for the obtained region with

u=1u((), v=—Im <%+%)

R R
Letting ¢ — 0 and observing that for z from the set { z— i—‘ =3 |z| > Ro} =

2
{z = Rsinfe” arcsin(RyR™') < 0 < 7 — arcsin(RyR™ ')}, we have
Ov 1
= 07 — =
v on  RZ%sin’6

we get formula (3.4), furthermore

5 1 m—arcsin(RoR™1) ) o
Q(l)(R,Ro;u) — _/ {U(Roew) <_ Sln9>

27 resin(RoR—1) R?

- (% - %) %U(Roeie)}Rodg =0(1) as R — o0.
If the semi-circle {|z| = Ry, Imz > 0} contains some of the points ¢, then we
first use the formula (3.4) for the domain D' = {|z —i&| < &, |2| > R}, where
R}, Ro < R} < R, is chosen in such a way that {|z| = R}, Imz > 0} does not
contain points cy. We get the result for the region D in a way similar to the one
used at the end of the proof of Theorem 3.2. O
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We get Theorem 3.4 from Theorem 3.5 by letting u(¢) = In|f({)|. If we let
u(¢) =In+/1+ |f(¢)|?, we get the following analog of the Shimizu—Ahlfors formula.
THEOREM 3.6. Let f(z) be a non-identically-zero function meromorphic in the

R| R
domain { 2_25‘ < E} U{lz| < Ro}, 0 < Ry < R. Then

1 // <sin9 1> | (re?®)|?
: — = — | ————— 2 ——rdrdf
7)) g, pzre \ T R) (L4 [f(re?)]?)?

1 nw—arcsin(Ro R™*

do
Rsin?0

) .
In \/1 + |f(Rsin fe??)|?

B % arcsin(RoR™1)
sin 1 ~
#3024 QO R R ),

where p,e'¥ ’s are poles of f(z) belonging to the domain {|z — 'L§| < %, |z| > Ro} ,
and Q) (R, Ry; f) = O(1) as R — oo.

4. The Nevanlinna characteristics. The first fundamental theorem of
the value distribution theory

Let f(z) be a meromorphic function. We shall introduce several real functions
defined on [0,00) which characterize the behavior of f(z). The functions to be
introduced will be called the Nevanlinna characteristics of f(z).

The number of poles of f(z) in the disc {|z| < r} will be denoted by n(r, f);
we assume that a pole of order m contributes m to the value of n(r, f). It is clear
that n(r, f) is integer-valued, non-decreasing, and right semi-continuous on [0, 00).
A point rg € (0,00) is a point of discontinuity for n(r, f) if and only if the circle
{|z| = ro} contains poles of f(z), the value of the jump at ry is equal to the number
of such poles. The set of points of discontinuity of n(r, f) cannot have limit points
in [0, 00), therefore on each interval [a,b] C [0,00) the function n(r, f) is piecewise
constant.

Let .

N, f) = / wdt +n(0, f)Inr.
0

This characteristic also describes the location of poles of f(z). The function
N(r, f) is a continuous non-decreasing function on (0, c0). Furthermore, as a func-
tion of lnr, this function is convex, that is, N(e%, f) is a convex function of u for
—00 < u < 0o. In fact, since

Nt f) = [ e, ) = n(0, Pldo + 0, u,
then N(e%, f) is an integral of a non-decreasing function. It is worth mentioning
that the characteristics n(r, f) and N(r, f) take into account the absolute values of
poles of f(z) only.

Characteristics N (r, f) is useful because it is related, in a natural way, to the
Jensen formula (2.8). The Jensen formula can be written as

2m
(4.1) N <r, %) — N(r, f) = %/0 In|f(re?®)|do — In|cy|.
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This statement follows from the equalities

Z lnbL =N(r,f) —n(0, f)Inr,
0<|br|<r | n|
n—— =N <r,l> -n (0,l> Inr,
0<azm:|<7, |am ] f f
_)\:n(o,f)—TL(O,%),

where a,,,’s are zeros of f(z), b,’s are its poles, and the number A is determined from
(2.7). The validity of the third equality is obvious, the other two can be obtained
by using properties of the Stieltjes integral. In fact,

> o= [ wkans) = [ i ldnte ) - a0,

0<|bn |<r [bn] +o t 0
:m%mmﬁ—nmjmr+/wﬂiﬁiﬂﬁﬁﬁ
+0  Jo
_/det
-/ t ‘

In order to introduce other characteristics we need the function In* z, defined
on the semi-axis {x > 0} by the equality

In* z = max(Inz, 0).
The following relations are obvious:
1 1
(4.2) Inz=In"z—-In" = |lnz|=In"z+In*t =, InT 2z =Inz",
x x

where z > 0, " = max(x,1). We need also the following inequalities:

n n
H z,| < Zln"’ |z,
v=1 v=1

(4.3) In*

n n
(4.4) In™ qu < Zln+ |z, | + Inn,
v=1 v=1
(4.5) IInt |z — Int |2s| < |In | 22|,
(4.6) |In™ 21| — InT |z|| < InT |21 — 22| +In2,

where x1, xa, ..., z, are arbitrary complex numbers. Inequalities (4.3) and (4.4) can
be obtained in the following way:

=In*t (ﬁ |a:l,|> <In* (ﬁ |a:l,|/\>
7’L/=1 n =t n
=1In (H |xV|A> = Zln|x,,|A = Zln+ |2y |;
v=1 v=1 v=1

n

1=

v=1

In™
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<In* (f: |my|> <In* (Vimﬁ)

v=1

n
=In |z,|" | <In <n max |:1:l,|A>
fyr 1<v<n

n n
=1In ( max |ml,|/\) +1lnn < Zln|my|/\ +1lnn = Zln—l—|my| +Inn.

1<v<n

In*t

n
>
v=1

v=1 v=1
Inequalities (4.5) and (4.6) follow from (4.3) and (4.4), respectively. In fact, the
inequality (4.3) implies

T1

In™ |z1| = In™ <In*

+ln+|x2L

L1
Lo
T2
therefore, using the second of the relations (4.2), we get

T

(4.5") In™|z1| — InT |z3] < |In

Similarly, by (4.4)

Int |z1| < InT (|21 — 29| + |z2]) < In™ |zo| + InT |27 — 25| + In2,
hence
(4.6") In™ |x1| — In™ |za| < In™ |1 — 22| +In2.

Since the inequalities (4.5") and (4.6") are symmetric with respect to the variables
x1 and x2, we can interchange their positions, and we get the inequalities (4.5) and
(4.6).

Let

2
minf) = 3= [ 1 |fret)ldg.

This function characterizes the growth of the function f(z). Later we shall see
that m(r, f) is a continuous function of r. We would like to mention only that
the behavior of this function can be less regular than the behavior of the function
N(r, f), which, as we have already mentioned, is a non-decreasing convex function
of Inr.

EXAMPLE. Let
3 — 1
f2)=— nz::l 2z—n)
Then
3 = 2
1/ (2)l < E;ﬁ =1
outside the union of the discs {|z —n| < %}, therefore m (n+ %,f) =0, n=

1,2.... At the same time, it is clear that m(n, f) > 0,n=1,2,....

Let a # oo be a complex number. The function m <r, ﬁ) characterizes

the proximity of f(z) to a on the circle {|z| = r}. It is clear that the functions
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n (r, ﬁ) and N (r, ﬁ) characterize the moduli of the a-points of the function

f(2), that is, the moduli of roots of the equation
1) =a.

In the cases when the function f(z) we deal with is clear from context, we write
m(r,a), n(r,a), and N(r,a) instead of m (r, ﬁ) ,n <r, f—ia), and N <r, ﬁ)
Also, we shall write m(r, 00), n(r,c0), and N(r,00) instead of m(r, f), n(r, f),

and N(r, f). We shall use also the notation m(r,a, f), n(r,a, f), N(r,a, f). We
introduce the characteristic

T(r, f) =m(r, f) + N(r, f).

It turns out that for each non-constant function f(z) the sum m(r,a)+ N(r,a)
is “almost independent” of a. Roughly speaking, this means that if f(z) takes the
value a more often than the value b, then it “approaches” to a more slowly than
it “approaches” to b. The precise statement of this result is given in the following
theorem, which Nevanlinna named “the first fundamental theorem of the value
distribution theory”.

THEOREM 4.1. Let f(z) be a non-constant meromorphic function. Then
(4.7) m(r,a) + N(r,a) =T(r, f) + &(r, a)
for each complex number a # oo, where e(r,a) = O(1) as r — oo.

PrROOF. We use the Jensen formula in the form (4.1) for f(z) —a (we can do
this because f(z) is non-constant). Since the poles of this function coincide with
the poles of f(z), we get

1 1 27 )
(ar) N < ff) NG =5 [ mlfe) < aldp - nfesfa)l,
where ¢y (a) is the first non-zero coefficient in the Laurent series of f(z) — a in the
neighborhood of z = 0.
Since by the first of the equalities in (4.2) we have

2

% ; ln|f(7‘ew)—a|dtp=m(7"7f_a)_m(r’fia>’

then (4.1") can be rewritten in the form

N <r, ﬁ) +m <r, 7 i a) =N(r, f) +m(r, f —a) —In|ex(a))-
The inequality (4.6) implies that
[In* |f —a| =" [f]| <o |a| + In2,
therefore [m(r, f —a) — m(r, f)| <In™ |a| + In2. Letting
(r,a) = m(r, f — a) — m(r, f) — In|ex (),
we get (4.7). To finish the proof, it remains to observe that

le(r,a)] <In'|a| +1In2 + | In|eca(a)|| = O(1) as r — .
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Let us show that for a non-constant meromorphic function f(z) the charac-
teristic T'(r, f) tends to oo as r — oo, and hence the term £(r,a) in (4.7) can be
regarded as unessential. Let a = f(0), then n(0,a) > 0, and we have

N(r,a) :/ wdt—i—n(o,a)lnr > n(0,a)lnr — co.
0

Since m(r, a) is non-negative, then (4.7) implies
T(r,f) > N(r,a) + O(1) = co as r — o0.

Our next purpose is to find integral representations of the characteristics T'(r, f).
We write f(z) as a quotient
_h(®)

f6) =5

where fi(z) and fa(2) = 2* + cap12™ + ...(A > 0) are entire functions without
common zeros. Let

u(z) = max(|f1(2)], | f2(2)]).

Then, despite the non-uniqueness of the choice of f1(z) and f2(z), we have

1 2 .
= %/o In u(re*?)de.

(4.8) T(r, f)
In fact, it is easy to see that

In™ |f(2)] = nu(z) — In|f2(2)],
on the other hand, by the Jensen formula (4.1) we have

N (r i) = i/27r1n|f (re?)|d
’f2 o o 2 ®-
Since N(r, f) =N <7‘, f—12> , then

T(r,f) = m(r )+ N f) = 5= [ Inure') = | fa(ret®) g

1 27 ) 1 27 )
+%/0 In|fa(re'®)|de = %/0 Inu(re'®)de.

Shimizu and Ahlfors proved a more refined theorem than Theorem 4.1. Also,
their theorem admits an interesting geometric interpretation.

Denote the Riemann sphere by Sy, and the map inverse to the stereographic
projection of Sy onto the extended complex w-plane by w = p(w). Let w and a
be two different points in the extended complex plane. Denote by [w, a] the length
of the line segment joining the points p(w) and p(a) on the sphere Sy. Since the
diameter of Sy is equal to 1, then [w,a] < 1 for each pair of points. It is easy to
check that
lw —al

- b) w7
V1+[w?y/1+[af?
1

ool = e

The ratio between the length elements on Sy and on w-plane is equal to
|dp(w)| 1

jdw] 1+ [w]?’

[w, a]

a # oo
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and the ratio between the area elements dw(w) on Sy and do(w) on w-plane is equal

to
dw(w) _ (|dp(w)]\* _ 1
do(w) < |duw| > S+ )
We introduce the spherical derivative of a meromorphic function f(z) by

o) = [f'G_ ldp(f ) df ()] _ 1dp(f(=))]
L+[f()2 ldf(2)]  |dz] |dz|
It is easy to see that the function f°(z) is continuous at each finite point of the
z-plane.
Suppose that the function w = f(z) maps the disc {|z| < r} onto the Riemann
surface Fi.. The average number of sheets of the surface F,. can be determined as
the quotient of the area of F,. in the spherical metric and the area of the sphere Sy,

that is 7. If we denote the average number of sheets by ;1 (r, f), we get

o 1 1 1
A ’ T Fr T // d T // ’ d )
(r, f) 7Tarea( ) - . w(w) - o n(r, w)dw(w)
On the other hand

a2 ff w2 [, (@) w0 =2 ] 0 ore

Let f(z) be a non-constant meromorphic function. If f(0) # a, we let

° 1 [ 1 1
fa =50 [0 e
if £(0) = a, we let

o 2 1 3
e [T WO
27 Jo [f(r

m(r.a N R PN ]

o 1 [ 1
m (r,00) = %/0 lnmdgo—lnk)\(O)L

where ¢y (a) is the first non-zero coefficient in the Laurent series of f(z) — a in the

neighborhood of z = 0. Observe that the integral from the definition of m (rya) is
different from the one in the definition of m(r, a): now the distance between f(re*?)
and a is not the plane distance, but the length of a chord of the Riemann sphere.

The function
o T t’
T(r,f):/ —A(t D) 4
0

is called the Shimizu—Ahlfors characteristic of f(z). By the continuity of f (z), the
function A (r, f) is a continuous function of r, and A (r,f) = O(r?) as r — 0,
therefore the function Io’ (r, f) is finite and continuous for 0 < r < co. Since

dEMﬂ_r/%° ie))?
- (f (re**))*de > 0 for r > 0,

then the function A (r, f) is strictly increasing on [0, c0), and the function T (r, f)
is twice continuously differentiable and strictly increasing on [0, c0), and convex as
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a function of Inr. Also, the second derivative of T (r, f) with respect to Inr is
continuous for r > 0 and positive for r > 0.

THEOREM 4.2. Let f(z) be a non-constant meromorphic function. Then
(4.9) m (r,a) + N(r,a) = T (1, f)
for each complexr number a from the extended plane.

PROOF. We need the equality

(4.10) Fon=1ff (nf)d @rae

which can be obtained in the following way:

[ (m) G erast >—/OT1n§{§/O%<? (%) Pedp |

:/ mid i@ =mlas +/TMdt: T (. f).
o t o 1

t
Using the introduced notation, we can rewrite (2.9) from Theorem 2.6 in the
form

(4.9') T (r, f) = m (r,00) + N(r,00).

Thus (4.9) has been proved for a = oo; observe that a similar equality for the
Nevanlinna characteristic T'(r, f) is valid by definition.

Now assume a # oco. Let

(4.11) F(z,a) = %f_('z)
Let us show that (a) T (r,F(z,a)) = (r, ), (b) the value m (r,00) for the

function F(z,a) coincides with the value m (r,a) for the function f(z). Therefore
the result will follow if we write the equality (4.9') for F(z,a).
Using the identities

oay = LFlal?
F'(z0) = ~ s (2
and
If —a> +[1+af]> = (1+[a)1+[f),
we get
o "(z,a a1 (z °
P O RN ¢ 111 O I Y

1+[F(z,a)*  |f(2) —al®* + 1 +af(2)

As a consequence we get A (r,F(z,a)) = A (r, f), and, hence, the statement (a).
The equation (4.11) implies
1 [f —al _ [f —al

o= AT T TR T el VITPyiT T

= [f,a].
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If £(0) # a, this equality immediately implies (b). If f(0) = a, we should take
into account also the fact that the Laurent series for F'(z,a) in the neighborhood
of z =0 is of the form

_1+]af e

F(z,a) (@

+ ...
]

REMARK. The basic idea of the argument used to derive (4.9) from its partic-
ular case a = oo is the following. The M&bius transformation

1+aw
wp =

w—a
can be geometrically interpreted as the rotation of the Riemann sphere Sy under
which the image p(a) of the point a is mapped onto the North pole p(co) of Sp. If
we use this idea, the argument becomes intuitively obvious.

Let us prove that Theorem 4.1 is a corollary of Theorem 4.2. To do this it is
enough to show that

(4.12) Im(r,a)—m (r,a)| < d(a),

where d(a), 0 < d(a) < oo, depends on a only.
For a # oo we have

1 _\/1+|f|2\/1+|a|2>< 1 )A.

[f,d] |f —al |f —al
1 _ V1+(f —al+]a)*y/1+]a]”
P iyl e (1
+|f —al+|a + |a
< 7=l 1+|a|2<<|f_a|+1>(1+|a|)
1\ 1 \" 1\ )
N L (R A
Hence ) ) )
+ +
In F—al <lIln 7.d <lIn 7—al +2In(2 + |a|),
and we get (4.12). It is obvious that
A 1 A
17 < g < IA1VE
therefore
In™|f] <In [f,loo] <In"|f] + %1112,

and (4.12) remains true for a = oo.
Observe that (4.12) implies

]

|T(T7f)_ T T?f)| < dl(f)7
where di(f) = 2In(2 + 2|f(0)[%) if f(0) # oo, and di(f) = $In2+ [In|ex(0)]| if

f(0) = oo, that is, the characteristics T'(r, f) and Q;: (r, f) have a bounded difference
as r — 00.

-
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EXERCISE. Prove the following formula, similar to (4.8):

1

] 27T .
T(rf)= %/0 Inv(re*?)dy — Inv(0),

where

v(z) = VAP +1f02) 7,
and f1(z), f2(z) have the same meaning as in the definition of the function wu(z)
used in (4.8). (Hint. Use the equality Inv(z) = In\/1+ |f(2)|?2 — In|f2(2)], the
Jensen formula for f(z), and (4.9').)

As we have already mentioned, the characteristic 10“ (r, f) is a non-decreasing
convex function of Inr. It turns out that the same statement is valid for T'(r, f).
This fact is not a trivial one because the behavior of the term m(r, f) in the sum
m(r, f) + N(r, f) can be quite irregular (see the example on p. 14). We shall use
the following theorem of H. Cartan.

THEOREM 4.3. Let f(z) be a non-constant meromorphic function. Then

1 27

(413) 1) = 5 [ NG+ d()),

where the constant d(f) does not depend on r.

PROOF. Observe that in passing we shall prove measurability of N(r,e?) as a
function of 6.

Since N (r,a) is non-decreasing convex in Inr, then (4.13) immediately implies
that T'(r, f) is also non-decreasing convex in Inr.

We need the formula:
1 27\'

(4.14) In |w — e|df = In™ |w|

2r Jo
and the inequality
1 27

(4.15) |Injw — €||df < In™ |w| +2In2.

27 Jo

The formula (4.14) can be proved in the following way. We use (2.8) for f(z) =
w—zand R = 1. If |w| > 1, then this function does not have zeros and poles in
the disc {|z| < 1}, and we get

1 27 .
In|w| = 2—/ In |w — e*|df.
T Jo

If 0 < |w| < 1, then f(2) has, in {|z| < 1}, a zero at w, and (2.8) implies
1 27 0 1
In|w| = — In|w—e"|d) —In—.
21 Jo |w
Thus (4.14) has been proved for w # 0. For w = 0 the formula is obvious.
Further, using (4.2), we get

1 27

— |In |w — e'®||dO
2T 0

1 2 . 1 2 .
:——/ 1n|w—e’0|d0+2-—/ In™ |w — e*|df.
21 0 21 0
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Observing that In* |w — €| < In™ |w| + In2, and using (4.14), we get (4.15).
We turn to the proof of Theorem 4.3. First we assume that f(0) # oco. We
apply the Jensen formula (4.1) to f(z) — €. If £(0) # e, we get
. 1 [27 ) . .
(4.16) N(r,e?) — N(r,00) = 7 / In |f(re*?) — e®|de — In|£(0) — €”|.
T Jo

The right-hand side of this equality is measurable in #. Since the equality holds
for all 6 € [0,27), except possibly one (for which e? = f(0)), then N(r,e?) is also
measurable in € on [0,27). We integrate the equality (4.16) over [0, 27] and divide
the result by 27. We get

1 2 )
— N(r, e’g)de — N(r,00)

2m
(417) 10 2 1 27 1 2
_ -~ i\ _ ,if L _ 8
57 /. {271_/0 In|f(re*¥) —e |d<p}d9 271'/0 In|f(0) —e™|db,

provided that the first integral in the right-hand side is well-defined. We shall show
this and also justify the change the order of integration in this integral. By the
Fubini theorem, it suffices to establish that

1 27 1 2m ) "
= — — 1 ) —e"||do ¢ d .
o [ e [ s s ap < o0
This follows from (4.15):

1 27 )
I<o— [ An"|f(re")| +2In2}dp = m(r, f) + 2In2 < oo.
™ Jo

Changing the order of integration in (4.17) and using (4.14), we get
1 2 2m

o /. N(r,ew)dﬁ—N(r,oo):%/o In™ | f(re)|dp — InT | £(0)].

The obtained equality is equivalent to (4.13) with d(f) = In™ [£(0)].

If f(0) = oo, then the right-hand side of (4.16) will contain In|cy| instead of
In|£(0) — e¥|, where c is defined in (2.7). Therefore, using the same argument as
above, we get (4.13) with d(f) = In|ca|. O

The integral in the right-hand side of (4.13) can be regarded as an integral
average of N(r,a) over the circle |a| =1 or over the equator of the sphere Sp. One
can get analogous formulas for averages of N(r,a) over certain other sufficiently
large subsets of the sphere Sy (see R. Nevanlinna [NevR74, Chapter VI, §4]). We

shall give here only one identity for jc: (r, f) which will be used in Chapter IV.

THEOREM 4.4. Let f(z) be a non-constant meromorphic function. Then
° 1
(4.18) T(r, f)= - // N(r,a)dw(a).
la]<oo

PROOF. Identity (4.18) could be obtained by a change of the order of integra-

tion:
o T 5 "d
T (r, f) :/0 A (i’ f)dt = %/0 %//a<oo n(t,a)dw(a)
1

= - //|a|§<>o dw(a) /07" @dt = %//agoo N(r,a)dw(a).
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However, in order to justify the change, we need to show that n(¢,a) is measurable
in the two variables ¢t and a@ on {0 < ¢t < r, |a| < oo}. This would require a lengthy
argument. We pass over the difficulty in the following way. We use the equality

(4.19) //lame [uja] dw(a) = g

which is valid for an arbitrary complex number w, |w| < oco. In fact, making the
change of variables

, l1+aw
a = ,
a—w
which is equivalent to a rotation of the sphere Sy, under which the point p(w) is
mapped onto p(co), we get

//agooln //|a|<<>o [o0 a]dW( )

VIt * Iny/I+ 72
// + |CL | da’(a/) = 271'/ 71’1 + " Td?" = E
la’|<oo 0

1+|a’| )? (1+72)2 2"

The equation (4.9) implies

1 /%ln;dgo—i—ln#
2r [f(re?#), a] [£(0), a]
provided that a # f(0). We integrate this equation with respect to dw(a) over
|a] < co. The measurability of N(r,a) in a follows from the measurability of the

right hand side of (4.20). Using (4.19) and changing the order of integration, we
get

% / / s N(r, a)dw(a)
- /7T //|a|<<>o 7';“”) al d(a)

1 1 om | )
+;//|a|§oolnmdwm)_ T(T,f)—%/o idgo—ki: T (7, f),

that is, (4.18). The legitimacy of the change of the order of integration follows
immediately from Fubini’s theorem, since the integrand is non-negative and mea-
surable in ¢ and a. (]

(4.20) N(r,a) = T (r,f) —

5. The angular Nevanlinna characteristics, Tsuji chracteristics and
related analogs of the first fundamental theorem

The characteristics introduced in the previous section are fundamental for the
study of functions meromorphic in the whole complex plane. These characteristics
do not take into account, at least explicitly, the arguments of a-points. For this rea-
son in the studies devoted to the distribution of arguments of a-points an essential
role is played by different characteristics which we shall introduce now.

Let f(z) be meromorphic in the closed half-plane {Imz > 0}. Let p,e™¥"’s be
its poles; we count each of the poles according to its multiplicity. Let

e(r, f) = Z siny,.

1<pn<r
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The value of the characteristic ¢(r, f) heavily depends on the arguments of poles of
f(2). Roughly speaking, the contribution of the pole p, e to c(r, f) is smaller the
closer it closer to the real line {Imz = 0} (in the sense that 1, is close to either 0
or m). The poles lying on the line {Imz = 0} do not contribute to c(r, f) at all. It
is clear that ¢(r, f) is non-decreasing, right-continuous in r on [1, 00) and piecewise
constant on each line segment [a,b] C [1, c0).

Let

Cr, f) = 2[ o(t, f) (t% + %2) dt.

This characteristic is naturally connected with the Carleman formula (3.1), which
can be written in the form

c(rg)-con=1 [ (G5 mlsscol

(51) 2 ™ .
+;/O In |f(re')| sin 0d6 + Q(r, 1; f).

This statement follows from the equation
1 .

(5.1 C(r,f)=2 Z <— — %) sin ¥,

1<pn<r

which can be verified as follows:

2 ¥ (L) —2 [ (-5 aetes)

1<pp<r
1 t r T 1 1

Since each summand in (5.1') is non-negative and non-decreasing, then C(r, f) is a
non-decreasing in r.

We introduce, also, characteristics:

A == [ (- 7 ) W 15+ Lol

™ 2
2 i )
B(va)zﬁ/ Int | f(re™”|sinpdp, 1 <71 < oco.
0

These functions characterize the growth of f(z) as |z| — oo; the function A charac-
terizes the growth along the real line {Imz = 0}, and the function B characterizes
the growth of f in the interior of the half-plane {Imz > 0}.

When there is no danger of confusion, the functions

1 1 1
(i) Brgta) clnpm) ez
will be denoted by
A(r,a), B(r,a), C(r,a),

respectively. These functions characterize the proximity of f(z) to a and the dis-
tribution of a-points. We also denote

A(r,00) = A(r, f), B(r,00) = B(r, f), C(r,00) = C(r, f).
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Finally, we introduce

S(r f) = A(r, f) + B(r, f) + C(r, f).

The characteristics A, B, C, ¢, and S will be called the Nevanlinna characteris-
tics for a half-plane.
The following result is an analog of the first fundamental theorem.

THEOREM 5.1. Let f(z) be non-constant function meromorphic in the upper
half-plane {Imz > 0}. Then

(52) A(T7 a) +B(T’, a) +C(T, a) = S(T7f) +€1(T', a)
for each complex a # oo, where €1(r,a) = O(1) as r — oo.

PRrROOF. Following the analogy with Theorem 4.1 we apply the Carleman for-
mula in the form (5.1) to f(z) — a. Taking into consideration the first of the
equations in (4.2), we get

T,—f_a

=A(r f—a)+ B(r,f—a) + C(r, /) + Q(r, 1; f — a).
Now we use (4.6) and get

A( ! >+B r,ﬁ —I—C(r,ﬁ

S5
—
3
~
|
S
S~—
I
S8
—
3
~
=
N

2 T
< (In* |a| + In2) = / sin pdp
™ Jo

4
“(ln* In2).
7T(n la] +1n2)

IN

Hence we get (5.2) with

le1(ra) < S(int Ja] + 1 2) + [Q(r, 15 f — a)] = O(1)

3

as r — oo. O

Later we will need a more general result, dealing with functions meromorphic
in an angle {a < argz < 8}, 0< B —a < 27 Letting k =n(8— )71, 1 <r < o0,
we introduce functions, which we shall call angular Nevanlinna characteristics:

ko[ k | o d
Aaptrn§) = [ (G = g ) W ) e

™

2k (7 o
Bog(r, ) = m/ In™ | f(re')|sin k(¢ — a)dep;

" 1tk dt
Caﬁ(rmf):?k/ caﬁ(taf) (t_k+ 2k> )
1 T t

where

Caﬁ(T, f) = Z Slnk(wn - Oé),

1<pn<r, a<ypn<p
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and p,e'¥’s are poles of f(z) counted according to their multiplicity;

SQB(T, f) = Aaﬁ(rv f) + Baﬁ(T, f) + Cag(’l“, f)

Note, that the characteristics A(r, f), B(r, f),C(r, f), and S(r, f) will be ob-
tained from the angular characteristics if & = 0, 8 = 7. For functions A,g(r, a),
Bog(r,a), and Copg(r,a) we shall use the same convention as for their half-plane
analogs.

THEOREM 5.2. Let f(z) be a non-constant, function meromorphic in the angle
{a<argz<(},0<B—a<2r. Then

Aaﬁ(T7 a) + Baﬁ (7", a) + Caﬁ(T7 a) = Saﬁ(r7 f) + 52(T7 a)
for each complex a # oo, where e2(r,a) = O(1) as r — oo.

ProOOF. This theorem is a corollary of Theorem 5.1. In fact, considering in
the half-plane {Imz > 0} the branch of w = z% positive for z > 0, we introduce
the function fi(z) = f(z*¢€™®). This function is meromorphic in the half-plane
{Imz > 0}, except at the origin. Straightforward verification shows that

A(r, f1) = Aap(r®, ), B(r, f1) = Bap(r¥, f), C(r. f1) = Cas(r¥, f),
hence
8(r, 1) = Sas(r*, f).
Applying Theorem 5.1 to f1(z), we get the desired result. O

Now we turn to the characteristics generated by the Levin formula (3.3). These
characteristics will be called the Tsuji characteristics.

Let f(z) be a non-constant function, meromorphic in the half-plane {Imz > 0}.
Denote by n(r, f) the number of poles of f(z) contained in the set

{l--igl =3 1l >1}
z 12_2,z

(each pole is counted according to its multiplicity). The characteristic n(r, f) takes
into account the arguments of the poles. The characteristic n(r, f) can only decrease
if we fix the moduli of the poles and change their arguments in such a way that
they will become closer to the real line {Imz = 0}.

Let

N(r, f) = /17“ n(i;f)dt, 1<r<oo.

With this notation the Levin formula (3.3) can be written as

m—r(r) ) B
<m>m@ﬂ—ww>l/ In | (rsin ') —F— 1 O(r,1: f),

T on ) rsin® ¢
where
k(r) = arcsin(%).
This statement follows from the equality

5 <sinwn B %) = N(r, f),

1<pn<rsing, © 7
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where p,e'¥n’s are poles of the function f(z). Indeed, observe that the function
n(t, f) has jumps at the points ¢ = p,/ sin,, only, and the values of the jumps are
equal to the numbers of poles of f(z) lying on the circular arc

Hence

¥ () [ (5

1<pn<sinyy
1 1 " " u(t,

= <___> n(t7f) +/ n( Qf)dt:m(rvf)
t T 1 1 t

We introduce also

1 T—r(r) )
mirf) = o [ Wt |f(rsinget) dp

T o () rsin? o

and
T(r, f) = m(r, f) + N(r, f).

With the customary convention for the meaning of the symbols m(r, a), n(r,a), and
MN(r,a), we get the following analog of the first fundamental theorem.

THEOREM 5.3. Let f(z) be a non-constant function, meromorphic in the half-
plane {Imz > 0}. Then

m(r,a) + N(r,a) = T(r, f) +e3(r,a), 1 <r < oo

for each complex number a # oo, where e3(r,a) = O(1) as r — co.

PROOF. This is proved by an argument similar to those in the proofs of The-

orems 5.1 and 5.2. We apply the Levin formula in the form (5.3) to f(z) — a.
Combining this result with the observation that (4.6) implies

1 T—r(r) d
jm(r, f — a) — m(r, £)| < (In* |a] +1n2>—/ ad
27 S rsin” ¢

1
= (In* In 2) —2 cot
(In™ |a| + 1n )27Tr cot k(1)
Vr2 —1 1
= (In*|a] + n2)¥X—= < Z(In" |a| + In2),
s T
we get the desired result. O

Using Theorems 3.3 and 3.6 it is possible to prove analogs of the Shimizu—
Ahlfors theorem for angular Nevanlinna characteristics and for Tsuji characteristics.
Since these analogs will not be used in this book, we are not going to do this. Among
the results of this type we prove the following fact only.

THEOREM 5.4. There ezist continuous non-decreasing functions §a5(r, f) and
%(r, f), such that

Sap(r, f) = Sap(r, f) + O(L),

T(r, f) = T(r, f) + O(1).
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// <___> (f(te®))? sin Otdtds,

(Sme - 1) (F (™)) 2tdtdo.
, |z|>1 T

%(r’f):%//p_w <r t

Since the integrands in both integrals are non-negative and are non-decreasing as

PRrROOF. Let

functions of r, then § (r, f) and % (r, f) are non-decreasing functions of r. Using

the inequality
1
‘ln"' If| —In /14 |f|2‘ < 32,

and Theorems 3.3 and 3.6, we get the estimates

S0, 0) = S ) < 2 32t = T2 4 Qe 1 ) + Q)1 £

ol

1
2
and

T, 1)~ £, 1) < = 524 1G0T )]+ 10, 15 )

These estimates imply the statement of the theorem for S = Sy, and ¥. General-
ization for S,g(r, f) can be achieved in the same way as in Theorem 5.2. O

In many situations the characteristics Sag(r, f) and Z(r, f) are more convenient
than Sa(r, f) and Z(r, ).

6. Some relations between the characteristics

The relations which we derive in this section will be used very often in this
book, usually without reference.

Let fi(2),..., f4(#) be meromorphic functions. The inequalities (4.3) and (4.4)
immediately imply

q q
(6.1) m | ] 5 SZ m(r, f;)

and

q q
(6.2) m T,ij SZ r, fj) +1Ingq.

If f;(2) has a pole of order A\; > 0 at zp, then the order of the pole of H;I':1 fi(2)
at zo is at most Z?=1 Aj, and the order of the pole of Z;I.:l fi(z) at zo is at most
maxi<j<q Aj < 23:1 Aj. Hence, if we denote the number of poles of f;(z) in a set
D C C by nj(D), and the number of poles of [T7_, f; (or 3-7_, f;) in D by n(D),

then .
< Z n;(D
=1

j
In particular, for D = {0 < |z| < t} we get

q q q
nft 5| —n{0T]f ] <D f) —n, £),
j=1 =

7j=1 J 1
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Q

q q
n taz.fj -n 07ij Z t f] 0 f])]
j=1 J=1

j=1
and for D = {z = 0} we get

n 0./ ) <D n0,6), n|0.Df] <> n0,f).
j=1 j=1

=1 j=1

<.

If r > 1, these inequalities imply

(6.3) N{r Hfj) <Y N(r f5)

j=1 j=1
and
(6.4) N n}:ﬁ)g§:th)
j=1 j=1

(6.5) T r,Hfj) <Y T(r f)),

j=1 j=1
q q
(6.6) T, fi| <D T f;)+ng
j=1 j=1

Theorem 4.1 can be considered as the following property of the characteristic

T(r, f):

1

(6.7) T (r, —) =T(r,f)+ O(1).
f—a
Let us prove the following more general fact

(6.8) T(r,L(f)) =T(r, f) +O(1),
where 3

ow +

L(w)*,yw_’_é? aé—ﬂ’}/#ov

is a Mobius transformation. Properties of Mébius transformations imply that it
suffices to consider the following cases: 1) L(w) = aw, 2) L(w) = w —a, 3) L(w) =
%, where a is a complex number, a # 0,00. By (4.5) and (4.6) we have

im(r;af) —m(r, )| <[In]al],

m(r, f - a) = m(r, )] <In* |a] + 2.

Since it is clear that N(r,af) = N(r, f), N(r, f —a) = N(r, f), then we get (6.8) in
the cases 1) and 2). In the case 3) the relation (6.8) coincides with (6.7) for a = 0.
Observe that if | f(0)| = 1, then (4.1) immediately implies

(6.8) T(n%>:TWJ)
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In a similar manner, for functions meromorphic in an angle {a < argz < g},
0<fB—a<2r weget(r>1)

q q
(6.9) Do (n ][ #i ] <D.D
— =1
q q
(6.10) Dog [m) fi ] < Z (r, f;) +Ing,
where Dqg(r, f) is any of the characteristics Aag(r, f), Bag(r, f), and Cag(r, f);
(611) Saﬁ(rvL(f)) = Saﬁ(r7f)+0(1)'
For functions analytic in the half-plane
{Imz > 0}
we get
q
(6.12) D, H i < ZD(ﬁ fi)s
j=1 j=1
q q
(6.13) D> fi| €D D f;)+0(1),
j=1 j=1
where D(r, f) is m(r, f) or N(r, f); and also
(6.14) T(r, L(f)) = Z(r, f) + O(1)

From (6.5), (6.6), and (6.7) we get immediately

(6.15) T(r, R(f1, - fq)) ZT r i) |

where R(wi, ..., wq) is a rational function in wy, ..., ws. The equality (6.15) can be
made more precise in several important cases. Let

F(z) = fo(z) + 1(2)f (2) + .. + fo(2) [ (2)]%,

where fo(2), ..., f4(2), f(z) are meromorphic functions. Then

(6.16) T(r,F) < qT(r +ZT r, i)+ O(1).

This statement can be proved using induction in gq. For ¢ = 1 the inequality
(6.16) follows immediately from (6.5) and (6.6). Assume that (6.16) has been proved
for ¢ — 1. Then

T(r,F1) < (q— DT (r, f)+ Y T(r, f;) + O(1),
j=1
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where Fi(z) = fi(2) + fa(2)f(2) + .. + fo(2)[f(2)]97". Since F(2) = fo(2) +
f(2)Fi(z), then

q
T(r,F) < T(r, fo) + T(r, ) + T(r, F1) + O(1) < qT(r, ) + Y _T(r, f;) + O(1).
§=0
The following inequalities can be proved using the same argument as were used to
prove (6.16)
q

(6.17) m(r, F) < qm(r, f) + 3 m(r, f;) + O(1),
j=0
(6.18) N(r, F) < gN(r. f) + Y_N(r, ;).

(The inequality (6.18) can be also easily proved directly).

DEFINITION. A meromorphic function f(z) is called a rational function of
degree d if it can be written as a quotient of two polynomials, P(z) and Q(z), which
do not have common zeros, and the maximum of degrees of P(z) and Q(z) is equal
to d.

THEOREM 6.1. If R(u) is a rational function of degree d and f(z) is a mero-
morphic function, then

(6.19) T(r,R(f)) =dT(r, ) + O(1).
We start by proving the following result.

THEOREM 6.2. If P(u) is a polynomial of degree p and f(z) is a meromorphic
function, then

(6.20) T(r,P(f(2))) =pT'(r, f(2)) + O(1),
(6.21) m(r, P(f(2))) = pm(r, f(2)) + O(1),
(6.22) N(r, P(f(2))) = pN(r, ().

The equation (6.22) is obvious, because if f(z) has a pole of order A > 0 at zo,
then P(f(z)) has a pole of order Ap at zo.

To prove (6.21) we need the following lemma, which will be used many times
later.

LEMMA 6.1. Let K be a positive number and let E be the set of those ¢ satisfying
0 < ¢ < 27 for which |f(re’?)| > K. Then

3 [ mlfee)ide = mr. )+ 0().

This lemma immediately follows from the equality

%/Eln|f(rew)|d<p:m (T,%) +

To prove (6.21) we observe that (6.17) implies
(6.23) m(r, P(f)) < pm(r, f) + O(1).

mes FE

In K =m(r, f) + O(1).
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Let P(u) = apuP + ap—1uP~t + ... + ag, a, # 0. Let K > 1 be so large that

ap

—1 aon 1
’ap+ tot > 5|ap|

u

for [u| > K. Then for [f(z)| > K we have |P(f(z))| > |f(2)|P|%]. Let us denote
by E the set of those arcs of {|z| = r} for which |f(z)| > K. Using the lemma we

get
m(n P 2 5= [ wlP(re)lde = o [ w{ipeen)r 2]} dp

9
2

(6.24)
=3 / In|f(re')|dp + O(1) = pm(r, f) + O(1).
T™JE

The assertion (6.21) follows from (6.23) and (6.24). The assertion (6.20) follows
from (6.21) and (6.22).

PrROOF OF THEOREM 6.1. Let R(u) = P(u)/Q(u). Without loss of generality
we may assume that the degree of Q(u) is equal to d. If it is not the case we would

(58) 7 4) o0

Also, we may assume that the degree of P(u) is strictly less than d, because, if the
degree of P(u) is d, we may use the equation

where Pj(u) = P(u) — Q(u)R(0) is a polynomial whose degree is strictly less than
d. So we assume that the degree of Q(u) is d and the degree of P(u) is strictly less
than d. We cover the zeros of Q(u) by a collection of open discs I" in such a way
that none of the zeros of P(u) is contained in the closure of I'. Denote by 2 the
complement of I' in the extended complex plane. Since R(u) — 0 and 1/Q(u) — 0
as u — 00, then the functions R(u) and 1/Q(u) are bounded on 2. There exist real
numbers 0 < My, My < oo such that My < |P(u)| < M, for each u € I'. Hence for
u € I' we have

M, Mo
— < |R < —.
@l == g0
Let E; and E; be the subsets of {|z| = r} where f(z) € I" and f(z) € Q respectively.
Then
m(nR(f) =5 [ WHRGG)e +5- [ W R((E)ldg

27 z€EL z€EE3

o [ Wt IRl + 0,
T JzeE

Further

1 1 M-
— In* d — Int ——2__d
o |, ™ FUGDIe < o7 /E QU@ Y
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Combining these estimates we get

1
(6.25) m(r,R(f)) =m (r, Q(f)> +0(1).
On the other hand poles of the functions R(f(z)) and 1/Q(f(z)) coincide. In
fact, if the function f(z) has a pole at zo, then the order of the pole of Q(f(z
at zo is greater than the order of the pole of P(f(2)) at zo, and R(f(z0)) =
Hence the function R(f(z)) can have poles only at zeros of the function Q(f(z)
The function Q(f(z)) has zeros only at those points at which f(z) is equal to one
of the zeros of Q(u). Since zeros of P(u) are different from zeros of Q(w), then
|[P(f(2))|+1Q(f(2))| > 0. Therefore the functions R(f(z)) and 1/Q(f(2)) have the
same poles. Hence N(r, R(f)) = N(r,1/Q(f)). Adding this equality to (6.25) we
get

)
0.
).

T(r,R(f)) =T(r,1/Q(f)) + O(1)
By (6.20) we have
T(r,1/Q(f)) = T(r,Q(f)) + O(1) = dT'(r, f) + O(1).
Theorem 6.1 has been proved. (Il

The relations (6.14) and (6.20) are particular cases of Theorem 6.1. We would
like to mention also the following

COROLLARY. If R(z) is a rational function of degree d, then
(6.26) T(r,R(z)) =dlnr+ O(1).
In fact, T(r,2) = In" r, and (6.26) follows from (6.19).

EXERCISES. (i) Let p be a natural number. Prove the relation T'(r, [f(2)]P) =

pT(r, f(2)).
(ii) Prove that T(r,coshz) = 2T (r,e*) + O(1) = 2r + O(1).

A theorem, analogous to Theorem 6.1, is valid for characteristics Sog and T.

THEOREM 6.3. Let R(u) be a rational function of degree d. If f(z) is mero-
morphic in an angle {a < argz < [}, 0 < 8 — a < 27, then

Saﬁ(r7 R(f)) = dsaﬁ(rv f)+0(1).
If f(z) is meromorphic in the half-plane {Imz > 0}, then
T(r, R(f)) = dZ(r, f) + O(1).

This theorem can be proved by minor modifications of the argument used in
the proof of Theorem 6.1. We leave the proof to the reader as exercise.

DEFINITION. A meromorphic function is called transcendental if it is not ra-
tional.
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THEOREM 6.4. A meromorphic function f(z) is transcendental if and only if

T
(6.27) lim inf I f) =00
r—oo Inr

Sufficiency of the condition (6.27) follows from (6.26). Let us prove the neces-
sity. Assume that (6.27) does not take place, that is,

(6.28) lim inf I f)

r—00 nr

=K < o0.

Then f(z) has at most p = [K] poles. In fact, let us number the poles according
to their moduli, the pole with the smallest modulus comes first. If there is a pole
number (p + 1), denote its modulus by ro. We have

N(T,f) Z/T n(thf);n(()?f)

> /r det+n(o’fﬂnr

=[p+1-n(0,f) ln% +n0, f)lnr =(p+1)Inr+ O(1).

dt +n(0, f)Inr

Hence

T N

fminf 200 S e N0 S sk
r—00 nr r—oo Inr

we get a contradiction with (6.28). In a similar way we prove that f(z) has at most

p zeros. Therefore there exists a rational function R(z), such that
9(2) = f(2)R(z)
has neither zeros nor poles. Since
T(r,g) <T(r,f)+T(r,R) =T(r, f) + O(lnr),

then
T
lim inf M

r—0o nr

< K; < o0.

We need to show that g(z) = const. This statement can be derived from the
following lemma.

LEMMA 6.2. Let g(z) be an entire function without zeros satisfying

T
lim inf (r,9) =0
r—00 A
for some A > 0. Then
g(z) = e,

where P(z) is a polynomial whose degree is less than .

PRrROOF. Observe that the function

P(z)=1ng(z) = /OZ i((g)) d¢ +1n g(0)

is an entire function. Let

[e 9]
P(z) = Z cp2P.
p=0
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By (2.6) for all * > 0 and p = 1,2,... we have

d? 2pl 1 (%" 0| —iph
e Ing(z) . = o ; In|g(re'”)|e”"*"db,
hence
1| ar 2 1 [ 0
[cp] ol | dor 9(2) i S ror ; [In[g(re™)||d6

R —a|

Since m(r,g) < T'(r,g), and (by Theorem 4.1) m (r, é) <T(r,g)+ O(1), then

2
6ol < Z[2T(r, 9) + O(1)].
Letting » — oo, we see that ¢, =0 for p > A. O

We are mostly interested in transcendental meromorphic functions. For this
reason, in our estimates for T'(r, f), terms which are O(Inr) can be disregarded.

THEOREM 6.5. Let f(z) be a meromorphic function, R;j(z), 0 < j < p, be
rational functions, Ry(z) # 0; and

F(z) = Rp(2)[f (2)]” + Rp-1(2)[F (2)]P7" + ... + Ro(2)-

Then,

(6.29) T(r,F) = pT(r, f) + O(Inr),
(6.30) m(r, F') = pm(r, f) + O(lnr),
(6.31) N(r,F) = pN(r, f) + O(Inr).

PROOF. For rational f(z) the result is trivial. For this reason we assume that
f(2) is transcendental. Let M be a finite set containing the poles of all functions
Rj(z), 0 < j < p, and the zeros of R,(z). If the function f(z) has a pole of
order A(> 0) at some zp ¢ M, then F(z) has a pole of order Ap at zy. Hence
n(r, F) = pn(r, f) + O(1), and we get the equality (6.31). From (6.17) we get
m(r, F) < pm(r, f) + O(Inr). Let us show that the inverse inequality is also true.
Let R;j(z) = Bjz*(1+0(1)) as z — oo, where 3; # 0,, and «; is an integer. Denote
by A the largest of the differences aj —ap, 0 < j < p—1. Let x = max(1,A+1, ap).
Denote by E the set of those z for which

[f(2)] = |2, 92 = {|2] < oo} \E.
It is clear that for z € E, |z| > ro we have

Ron) 1, Ral) 1
S e R e
s 270 oll) | o)

72 5 UEF |
P o) = [ P o) > 5
5,

[P ()| = 5= (L + o) £ (2)P.

P
ﬁp—l

By

>1-
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Let E(r) = ENn{|z| =7}, Q(r) = QN {|z| =r}. Then (2 = re*?)
1 1
minF) = 5= [ W IF@Ide 0 + o [ (s
27 JE(r) 27 JE(r)
1
= O(wr) +pm(r, 1) = 5= [ {7
2w Q(r)
> O(lnr) +pm(r, f) — pxInr = pm(r, f) + O(lnr).
We have proved (6.30). The equality (6.29) follows from (6.30) and (6.31). O

COROLLARY. Let f(z) be a meromorphic function whose series in the neigh-
borhood of z = 0 is f(2) = ex2? + eap12™ + .., ex # 0. Let fi1(2) = f(2)/caz?.
Then

T(r, f1) =T(r,f)+ O(nr), m(r, f1) = m(r, f) + O(lnr),

N(r,f1) =N(r, f) +O(lnr), m <r, %) =m <r, %) + O(Inr),

N (r, %) _N <r, %) +O(Inr).

This corollary allows us, in many cases, to assume that transcendental function
f(2) under consideration is normalized by the condition f(0) = 1.

EXERCISE. Let f(z) be a meromorphic function, and R;(z) be rational func-
tions, 1 < j < 4, satisfying the condition: R;(2)R4(2) — Ra2(2)R3(z) # 0. Set

_ R(fE) + Ra(2)
R3(2)f(2) + Ra(z)
Show that T'(r, F) = T(r, f) + O(lnr).

Proofs of the following two theorems are left to the reader as exercises.

F(z)

THEOREM 6.6. Let f(z) be a meromorphic function, p be a natural number,
fi1(z) = f(2P). Then

m(r, fl) = m(rp,f), N(T7 fl) = N(Tp,f)’

T(Tv fl) = T(rpv f)
COROLLARY. Let p be a natural number, f(z) be a meromorphic function,
such that f(z) = f(2!/?) is single-valued. Then
m(r, f1) = m(r'/?, f), N(r, f1) = N7, f),
T(T7 fl) = T(rl/pa f)

THEOREM 6.7. Let f(z) be a meromorphic function, f1(z) = f(Az), where
A #0. Then

m(r, f1) = m(|Alr, f), N(r, f1) = N(|Alr, f) = n(0, f) In |A],
T(T7 fl) = T(|A|T, f) - n(oa f) In |A|
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7. Connection between the growth of the modulus of a meromorphic
function and the growth of its characteristic 7'(r, f)
Let f(z) be a meromorphic function. Let

M(r, f) = max|f(2)].

We shall study relations between M (r, f) and T'(r, f). First we consider the case
when f is entire.

THEOREM 7.1. Let f(z) be an entire function, and let 0 < r < R. Then
R+r
_T(R, f).

PROOF. Since In" |f(2)| < Int M(r, f) for |z| =, then
T(r,f) = m(r, f) <In™ M(r, f).

Next we suppose that |f(z0)| = M(r, f), |z0] = r. We use the Poisson-Jensen
formula (2.2) for a disc {|z| < R}. We get

In M(r, f) =1n|f(20)]

(7.2) 1 v Re® +20,
= In |f(Re®)|Re Ri Z In
0 au|<R

(7.1) T(r,f) <In" M(r, f) <

— auzo

R(ro — au)

Since the summands in the right-hand side of (7.2) represent the values of the Green
function for a disc, they are positive. Also
Ret? + 2, R? — |2)? R+r

. 0 <R - = . .
(7.3) < RO Rew 20 |Re® — 22~ R—r

Therefore
I i Re® + 2o
—/ In|f(Re ")|ReRer9
2
(7.4) <1 / In* [f(Rei?)[Re BT 20 o ) 2ao
R+r1 [7 : R +r
< — In* 9)do = =——
<o [ W IR ds = (R, )
and R R
T r
I M(r, f) < orm(R, ) = 2T (R, f)
Since the right-hand side of this inequality is positive, the right side of the inequality
of (7.1) follows. O

Now we consider the connection between T'(r, f) and ln M (r, f) for meromor-
phic functions. In distinction from an entire f, for a non-constant meromorphic f,
it is possible that lim inf, _,.c M (r, f) < co: in the example on page 7?7 we have

Mn+1/2,f)<1, n=0,1,2,...

Hence, in general, the left inequality in (7.1) is not valid for meromorphic
functions. If f(z) has a pole on the circle {|z| = r}, then M (r, f) = +00,. Hence, in
general, an estimate of M (r, f) from above in terms of T'(R, f), R > r, is impossible.

Nevertheless for meromorphic functions there is a significantly weaker analogue of
the right inequality in (7.1). We mean the following theorem due to R. Nevanlinna.
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THEOREM 7.2. Let f(z) be a meromorphic function, k > 1 be a real number.
Then

(7.5) 1 / "t M Fdt < CUNT(hr, f),
™ Jo

where the constant C(k) > 1 depends on k only.

First we prove two lemmas, which will be used not only in the proof of Theorem
7.2.

LEMMA 7.1. Let R" > R > 1. Then

wi )< NED) R

’ — N(Rl7f)'
ln% R — R

PROOF. Indeed,

RI
N(R',f) > / wdt +n(0, f)In R’
R

> [n(R, f) ~ n(0, )] In = +n(0, f) In B

R R " g R —R
= (R )l G (0. NWR > n(R e =n(R.f) [ F>n(R ==

O
LEMMA 7.2. Let p(x) be an even integrable real-valued function on (—a,a),

non-increasing on (0,a). (The case p(0) = +o0 is allowed). Let E C (—a,a) be a
measurable subset, mes E = 2b. Then

/E o(z)da < /_ bbgo(w)dm.

PRrROOF. Let By = EN(—b,b), B2 = E\E1, E5 = (—b,b)\E1. It is clear that
mesFE; = mesE3 = 2b — mesE;. For ¢ € (—b,b) we have p(z) > ¢(b), and for
x ¢ (—b,b) we have p(z) < p(b). Hence

/ o(x)dz < p(b)mes E2 = ¢(b)mes E5 < / o(x)dz.
E, Es

Adding the integral
/ o(x)dzx
E;

to both sides of the inequality, we get the desired inequality. [l

PrOOF. (THEOREM 7.2) Denote zeros of f(z) by a,’s, and poles of f(z) by
b,’s. Let 0 <t <r, R = Vkr. Using the Poisson-Jensen formula for the disc
{lz] < R}, we get

) 1 2 ; Rei9 +t6i(‘0
In|f (te’?)| = %/O In | f(Re”)Re <m>

— b tet® — aute“"
(7.6) + Z In ‘ eup _ b Z In ’ eup —a )
|b,|<R au|<R ©
1 [ , Re“’ + te'¥ — b te'®
< — 1 ReYRe | ————— 1
— 27 Jo n |f(Re™)|Re <R619—te“/’> Z . ew—b )

by |<R
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We estimate the integral in the right hand side using (7.4), and estimate the sum
using

R% — b, te'® R2 + |b, |t . 2R

R(te® —b,)| = RE—Joul] = Tt— o]l

Then we get in succession the following inequalities

; R+t
In|f(te'?)] < Z—m(R, f)+ > ln| _|b T
by |<R

Int M(t, f) < wm R f)+ > ln

R— bR Ib |
R+r

g— In ——
RN 2 g T

(7.7) —/ InT M(t, f)dt < R—mR N+ Y / In —— — |t_|b ”

b, |<R

Using Lemma 7.2 and straightforward transformations, we get

T ) r—|by | ) r/2 2
/ lniRdt :/ In RdT </ In —RdT
o [t—[b]l —|bu | |7| —rj2 7l
’l“/2 2 4
:2/ ln—RdT—rlne—R rln(4e\/E).
0 T T

Hence (7.7) implies

m(Vkr, f) +n(R, ) In(4eVk).

1" vk +1
(7.8) ;/O Int M(t, f)dt < i1

Taking R’ = VkR, we estimate n(R, f) from above using Lemma 7.1; also, we take
into account the inequalities

m(Vkr, f) < T(Vkr, f) < T(kr, ), N(R, ) < T(R, f) < T(kr, f).
Hence (7.8) implies (7.5) with

VE+1 N In(4ev/k)
V-1 Invk '

O(k) =

COROLLARY. Under the conditions of Theorem 7.2 the inequality holds

%/OTWM( fi )dt<2C() (kr, f)

for r > ro, ro = ro(k,a),

To prove this corollary, it suffices to apply Theorem 7.2 to the function 1/(f(z)—
a), and to use the first fundamental theorem (Theorem 4.1).

We shall prove two more theorems connecting the behavior of the modulus of
a meromorphic function f with the behavior of T'(r, f).
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THEOREM 7.3. Let f(z) be a meromorphic function, k, §, r be real numbers
satisfying k > 1, 0 < § < 2w, r > 1. There exists a constant Cy(k,0) such that
each measurable subset E, C [—m, 7] with mes E, = § satisfies

(7.9) [ wrlsee e < Gk T, 5,
where Cy(k,0) = kG_klél ?%0 as 6 — 0.

PRrROOF. First we assume that 6 < 7. We write the inequality (7.6) with ¢t = r
for the disc {|z| < R}, R = Vkr:

i 1 [ i Re® 4 ret
mmmm<—/1wwwm%§7——)

2 ret®
— b, ret? R+ r
+Zln reup_b) <R Zl up_b|
by \<R |bu|<R

R 2R

(Rf)+n(0 f)n—+ . ,
R O<bz:<R |reite=0) — b, ||

By = argb,.

The right-hand side of the inequality is non-negative, therefore we may replace
In|f(re®)| by InT |f(re’?)| in the left-hand side. Let us integrate the obtained
inequality over the set E,.. We get

/ In* |f(re'®)|de < (SR—i—:T(R,f) + n(0, f) 1112T

i 2R
+ Z / |7“e"(‘P Bv) — |b ||

0<|by |<R

We apply Lemma 7.2 and get

2 5/2 2
/ In — i dp < / In .7Rdga
B, |rele=f) b, || 52 re — by

8/2 2R 5/2 \/H 26\/@
S/_s/zlnﬂsmﬂd S2/0 IHTd =0l —p—.
Hence
[ 100 <0 TV, )+ 000, 1) m2vR
E, _
(v10) + {n(VEr. ) = (0, p)} 510 2YFen
?fl (kr, f) + n(Vkr, )6 1n 2*/;6”,
We estimate n(v/kr, f) using Lemma 7.1 with R’ = kr. We get
(7.11) n(Vir, f) < Y f) Tk f)

nvk ~— Invk
Using (7.10) and (7.11) we get

/hﬁWMWWSCW®NMﬁ,

r



7. CONNECTION BETWEEN THE MODULUS AND THE CHARACTERISTIC 41

where

VE-1 vk Vi1 mk \%

4k 2 2emw 6k 2emw
) (m * ﬁ) = <ty = Ak

2Vker
C(k,6)—5<ﬂ+1+ln+>—6<72\/% L2 <2ﬂ>>

and (7.9) is proved.
For m < § < 27 we use the trivial estimate

[ wlree g < 2mmir, ) < 2671 ),

r

Since T'(r, f) < T'(kr, f) and 27 < 26 < Cy(k,d), the inequality (7.9) has been
proved in this case also. O

REMARK. It is clear that we can replace Ci(k,d) by C(k,d) < C1(k,J) in the
inequality (7.9), but Cy(k, ) is simpler than C(k, ).

THEOREM 7.4. Let E be a measurable subset of [—m, 7], ®(¢) be an integrable
non-negative function on E, R(r) be a positive function on {r > ro > 0}, satisfying
R(r) — o0 as r — o0, and such that R(kr) = O{R(r)}. for some real k > 1.
Suppose that f(z) is a meromorphic function, such that T'(r,f) = O{R(r)}, and
for each § > 0 there exists a subset E5 C E ,mesEs = 0§, such that one of the
following three conditions

(a) In™ |f(re™)| < D(p)R(r) + o(R(r)),
(b) In™ [f(re™)| > B(p)R(r) + o(R(r)),

(c) ™ |f(re’)| = B(p)R(r) + o(R(r))
is satisfied uniformly in ¢ for ¢ € E\Es. Then

(7.12) @) tmsup s [ W 1(re)lap < [ a(o)dp.

(7.13) () liminf s [ wtiseeniao> [ e,
"y lim 1 nt : =

(7.14) (©) Jin g [ 0 e = [ (o)

respectively.

PROOF. Let us prove (a’). Using (7.9) we get
[ wiseenlao = [ wtieeydp+ [ wtlsee)idp
E E\E; Es

< R(r) /E . PN+ o(R() + Ol 0)T k. )

< R(r) /E B(p)dp + o(R(r)) + C: (k, H)O{R(r)}.

Hence

lim sup L/ In™ | f(re')|dp < / D(p)dp + C1(k,0)A,
7—00 R(T) E E
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where A is a constant. Letting § — 0, we get (a'). The proof of (b') is trivial after
we observe that

lim/ P(p)dyp = 0.
6—0 E;
The equation (c’) follows from (a’) and (b’). O

REMARK 1. If we replace the function ®#(¢) in Theorem 7.4 by a bounded
function @(p, r) depending on a parameter r, and allow the set Es to be dependent
on r also, then, under the condition (c), we have

(7.15) /E I [£(re)|dp = R(r) /E B(¢,)dep + o(R(r)).

The proof follows the same lines as the proof of Theorem 7.4. In the case when the
conditions (a) and (b) are satisfied, the equality in (7.15) will be replaced by the
corresponding inequality.

REMARK 2. In the conditions (a), (b), and (c) of Theorem 7.4 the interval
[ro,0) can be replaced by a set unbounded from above. Then (a’), (b’), and (c’)
will take place for the same set of values of r.



CHAPTER 2

Meromorphic Functions of Finite Order

1. The growth scale for meromorphic functions

We classify meromorphic functions according to the rate of growth of T'(r, f)
as r — oo.

By Theorem 4.3 from Chapter 1, the characteristic T'(r, f) is a non-decreasing
function of r. Now we introduce the basic notions related to the growth scale of
non-decreasing functions.

Let a(r) be a function defined for » > 0, which is non-negative and non-
decreasing for sufficiently large r (if a(r) satisfies this condition, we write a(r) € A).
The number

I
p = pla] = limsup In” afr)
r—00 Inr
is called the order of a(r). If we replace the upper limit by the lower limit in
this definition, we get the definition of the lower order, which will be denoted by
A = Aa]. The function «a(r) is said to have finite (infinite) order if p < oo (p = 00).
Suppose that a(r) has finite order p. The number

a(r)

o =ola] hirisip o
is called the magnitude of type of the function a(r). If o = 0, we say that a(r) has
minimal type; if 0 < o < 0o, we say that a(r) has normal (or mean) type; if o = oo,
we say that a(r) has mazimal type.
Let p be order of a(r), p < oo, and p an arbitrary number satisfying p > p.
Then, for sufficiently large r, we have a(r) < r(Pt1)/2 and the integral

(1.1) /100 :;(Q dr

converges. On the other hand, if the integral (1.1) converges (u > 0), then the
order of a(r) is not greater than pu, furthermore, if the order of a(r) is equal to p,
then a(r) is of minimal type. In fact, for r > ro(e) we have

> aft) < odt o)
>/T tlH_ldtZa(r)/T s

a(r) <eprt.

from which we get

Thus, the order of «(r) is equal to the infimum of those u for which the integral
(1.1) converges (if the set is empty, then p[a] = c0).

43
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Let «(r) be a function of finite order p. We say that «(r) belongs to the
convergence class or to the divergence class depending on whether the integral

> a(r)
1 dr
Pt
converges or diverges.

The reasoning presented above implies that «(r) has minimal type if it belongs
to the convergence class. Functions of normal and maximal type belong to the
divergence class.

ExAMPLE. Let a(r) = r®(lnr)Y for r > 2, 0 < 8 < 00, —00 < v < o0.
Then «(r) is of order 3; a(r) is of maximal, normal, or minimal type depending on
whether v > 0, v =0, or v < 0. The function «(r) belongs to the divergence class
if ¥ > —1, and to the convergence class if v < —1.

DEFINITION. We say that functions a;(r), az(r) € A are of the same growth
category if they have the same order, and, if the order is finite, have the same type
and either both belong to the convergence class, or both belong to the divergence
class. We say that as(r) is of higher growth category than «i(r) if one of the
following conditions is satisfied.

1) plaz] > plas].

2) plai] = plag] < oo, ag(r) is of minimal type, and az(r) is of normal or
maximal type.

3) plai] = plaz] < 00, a1 (r) is of normal type, and as(r) is of maximal type.

4) plag] = plae] < o0, ai(r) and as(r) are of minimal type, a;(r) belongs
to the convergence class, and aso(r) belongs to the divergence class.

It is easy to see that

lim inf oa(r)
r—00 a2(r)

=0

if aa(r) is of higher growth category than aq (r), but the condition o () = o(az(r))
does not have to be satisfied. Indeed, consider as(r) = r2+sin(n" " r) andq o (r) =

r2. Tt is clear that oy, as € A, plas] = 3, and p[a;] = 2. Therefore az(r) is of higher
3
growth category than o4 (r). However, as(r,) = o(as(ry,)) for r,, = expexp <§7r + 27m> .

On the other hand, it can happen that a;(r) and as(r) are of the same growth
category, but a;(r) = o(az(r)). It happens, for example, for a;y(r) = rIn"r,
as(r) = r(ln* r)2.

It is easy to verify that the functions a(r) € A, a;(r) = Aa(r) + B(A > 0),
and az(r) = a(ar + b), where a > 0, are of the same growth category (here and
later we define functions «;(r) for sufficiently large r, the values of o;(r) on finite
intervals do not affect the growth category). The magnitudes of the types of these
functions are related in the following way: olan] = Aolal, olas] = afola]. If
az(r) = a(rf), B > 0, then plas] = Bpla] and olaz] = ola]. We leave verification
of these statements to interested readers.

THEOREM 1.1. Let a(r) € A, a(r) = oo(r — 00),

al(r):C—i—/ @dt, ro > 0.

To

Hf a(r) = O(1) and B < 0, we assume also that a1 (r) € A.
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Then the functions a(r) and ay(r) are of the same growth category.

PRrROOF. We have

(1.2) aq(er) —C > /e?“ #dt > a(r) /er % = a(r).

Hence the growth category of a(r) cannot be higher than the growth category of
a1(r). On the other hand,

ay(r) < C—l—a(r)/ dlnt =C+ a(r)In TL,
T0o 0

= ——— to(l),

In" ay(r) - In" a(r) In" In o 0 < 1 ) _ InTa(r)
Inr

Inr = lInr Inr Inr
hence play] < pla]. Since the inverse inequality has been already verified, then
plaa] = pla] = p. If p = 0, then both functions a(r) and o (r) are of maximal type
and thus are of the same growth category. Now let 0 < p < oo. If oa] < 00, then

for r > r1(¢) we have a(r) < (o[a] + &)r” and

rP.

ai(r) < O(1) +/ Mdt <0(1) + J[O‘LJ’ c
T1
Therefore oa;] < p~lofa]. This inequality is trivial if o[a] = co. The inequality
(1.2) implies that o[a] < ePoa;]. Combining these inequalities, we get that aq(r)
and a(r) are of the same type. If ay(r) belongs to the convergence class, then a(r)
also belongs to the convergence class (see (1.2)). If a(r) belongs to the convergence
class, then a(r) and thus, also, a;(r) have minimal type. On the other hand

"a(t) ,  [Tdai(t)  ai(r) "ai(t)
/1 tPTdt = A —tp = P - 041(1) + p/l tp+1 dt

Letting r — 0o, we get

(1.3) p/loo 1) (1) + /100 A gy < oo,

totl T tp+1

Hence a1 (r) also belongs to the convergence class. ]

COROLLARY. Let f(z) be a meromorphic function. Then

1) T(r, f), jc: (r, f), and ;1 (r, f) have the same growth category, except in

the case when A (r,f)=0(1) as r — o0 and A (r, f) is not identically 0.

2) N(r,a) and n(r,a) have the same growth category, except in the case when
n(r,a) = O(1) and n(r,a) is not identically 0. For each a the category of
growth of N(r,a) cannot exceed the category of growth of T'(r, f).

In the case when A (r,f) =0(1) and A (r, f) is not identically 0, it is clear that
T (r, f) ~ const - Inr. In the case when n(r,a) = O(1) and n(r,a) is not identically
0, we have N(r,a) ~ const - Inr. Thus, in these cases the categories of A (r, f) and
n(r,a) are lower than the categories of Io’ (r, f) and N(r,a), respectively.

To prove the corollary, it is enough to use the definitions of T (r, f) and N(r,a).
We write the definition of N(r,a) in the following way. Let 71 be the least absolute
value of a non-zero a-point of f(z), r > ri. Then
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_ " n(tv a) B n(oa a)
N(r,a) = /Tl fdt +n(0,a)lnr

" n(t
= / Mdt +n(0,a)Inr.
T1

The first fundamental theorem implies that N(r,a) < T'(r, f)+O(1), hence the
growth category of N(r,a) does not exceed the growth category of T'(r, f).

Proof of the following theorem is left to interested readers.

THEOREM 1.2. Let a1(r) € A, aqs(r) € A, such that as(r) is not identically
0 and the growth category of a1(r) does not exceed the growth category of aso(r).
Then the growth category of a(r) = a1 (r) + az(r) + O(1) coincides with the growth
category of aa(r).

DEFINITION. The order, lower order, type, class and the growth category of a
meromorphic function f are defined as that of the characteristics T'(r, f).

THEOREM 1.3. If f(2) is an entire function, then it has the same growth cate-
gory as In M (r, f).

PROOF. Letting R = kr, k > 1, in the formula (7.1) from Chapter 1, we get

k+1 k+1
T(r,f) <InT M(r, f) < k—i_lT(k‘r, f). Since T'(r, f) and k—i—lT(kr,f) have the
same growth category, we get the desired result. O

REMARK. If 0 < p[f] = p[T(r, f)] = p < oo, then the equation (7.1) from
Chapter 1 implies

k+1,,
olf) < ol M(r, ) < - Wolf)

When k > 1, the minimum of ]Z+

1 ,. .
lk‘p is attained at k = k(p) = %(1 +4/1+ p3?).

The estimate

olin M ) < TEEL k)l

is not precise for the class of entire functions. The following estimate holds

ifo<p<i
O'[II’IM(’I“, f)] < WpCSCWpU[f], 1 01 SP> g,
wpo|f], if 3 <p<oo.

Proof of this estimate will be given in the Appendix, where we also show that this
estimate is precise.

Relations obtained in Section 6 of Chapter 1 imply several results on growth
of meromorphic functions.

THEOREM 1.4. Let f(z) be a meromorphic function, f1(z) = R1[f(2)], f2(z) =
Rz, f(2)], where Ryi(u) is a rational function of degree d, Ro(u,v) is a rational
function of u and a polynomial of degree p of v. Then f(z), fi(z), and f2(2) are
of the same growth category, and the magnitudes of their types are related by the

equations o[f1] = do[f] and o|f2] = polf].
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THEOREM 1.5. Let f(z) be a meromorphic function, fi(z) = f(z"™), where n
is a positive integer. Then p[fi] = np[f], o[f1] = o[f], and the functions f(z) and
fi1(z) are in the same class.

THEOREM 1.6. Let f(z) be a meromorphic function, fi(z) = f(az+1b), a #0.
Then f(z) and fi1(z) (as well as N(r,f) and N(r,f1)) are of the same growth

category, furthermore o[f1] = |a|Po[f] and p = p[f] = p[fi].

ProoF. It suffices to prove Theorem 1.6 in the cases when either b = 0 or
a = 1. In the former case the theorem follows from Theorem 6.7 from Chapter 1.
In the latter case, the obvious (for r > |b|) inequalities

A=, f(2) < Al f(z+D) < A(r+ b, £(2)),

n(r —[b], f(2)) < n(r, f(z + b)) < n(r+bl, f(2)),
and the corollary of Theorem 1.1 imply that f(z) and f(z+b) (as well as N(r, f(2))
and N(r, f(z 4+ b))) have the same growth category.
Let 0 < p < oo. Let us show that o[f(z)] = o[f(z + b)]. It is clear that

A (r, f(2)) and A (r, f(z+ b)) tend to co as r — oo (otherwise we would have
T (r, f(z)) = O(lnr) and T (r, f(z + b)) = O(lnr)). Let r > 2b|. Then

P gy = [ ALy

[ Al S, o [ A=l f()
2[p| t T Jap| t

>

dt
_ M AR, G (1 £(2)
- /bl t+ |b] dt = (1 + 0(1))/0 n dt
= (L+o(W) T (r = [b]. /)
(we used the I'Hépital’s rule). We get
T (r,f(2)) = T (r, fl(z+ ) = 8]) = (L +0(1)) T (r — [b, f(z + b))

Hence
w0 T (7, (=4 )) 2 (14 0(1) T (r = b, £(2)
> (1+0(1) T (r — 2Jb|, f(z + b)).
Therefore o[f(z 4+ b)] = o[f(2)]. O

REMARK. The following inequality (for an arbitrary a) can be proved in the
same way as (1.4)
N(r,a, f(z+b)) =2 (1+0(1))N(r — |bl, a, f(2))
(14 0(1))N(r — 2|b|,a, f(z +b)).
THEOREM 1.7. Let f1(z) and fo(z) be meromorphic functions, such that the
growth category of f1(z) does not exceed the growth category of fa(z). Then the

growth categories of f1(z) £ fa(z), f1(2)f2(2), f1(2)/f2(2), and f2(2)/ f1(z) do not
exceed the growth category of fa(z). Furthermore, they coincide with the growth

(1.5)

IV v
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category of f2(z) if f1(z) is not identically 0 and the growth category of fi(z) is
lower than the growth category of fa(2).

PROOF. Since
T(Ta fl + f2) < T(T, fl) + T(?“, f2) + 0(1)7
T(r, f1f2) < T(r, f1) +T(r, f2) + O(1),

fi
T ( f—) <T(r, f1) + T(r, f2) + O(1),

Theorem 1.2 implies the first statement. We prove the second statement for f1(z) f2(2)
only (proofs for f1 & fa, f1/f2, and f2/ f1 are similar). Assume that the growth cat-
egory of f1(z)f2(z) is lower than the growth category of fa(z). Since fa(z) =
{f1(2)f2(2)}/ f1(2), by the first part of the theorem, the growth category of fa(z)
does not exceed the maximum of the growth categories of fi(2)f2(z) and fi(2),
which are lower than the growth category of f2(z). We get a contradiction. (]

Let {r,} be a non-decreasing sequence of positive numbers tending to co. De-
note by v(r) the number of members of this sequence satisfying 0 < r, < r. Let

"yt
141 (7‘) = / ﬂdt
o ¢t
It is clear that v(r) € A, v1(r) € A, and by Theorem 1.1, these functions have
the same growth category.

THEOREM 1.8. Let v(r) be of order p, 0 < p < co. Then the series
[eS) 1 w

(16) > ()
v=1 v

converges if u > p, diverges if p < p. For u = p the series converges or diverges
depending on whether v(r) belongs to the convergence class or to the divergence
class.

PROOF. Obviously (see above) it suffices to show that the series (1.6) and the
integral

(1.7) /OO LAG

rltu
are either both convergent of both divergent. For 0 < ry < r; we have

b B ()L

r,<r

If the integral (1.7) diverges, then the inequality

> (%)H >“/T: :,ff)ldt

<1

implies that the series (1.6) also diverges. If the integral (1.7) converges, then, as
we saw, v(r) = o(r#), therefore, letting r — oo in (1.8), we get

() - e

v=1
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COROLLARY. Let f(z) be a meromorphic function, z,(a) be its non-zero a-
points. Let p = p[f] and p1 = p[n(r,a)]. Then the series

1
(1.9) > @l

converges if p > p1, and hence if u > p. The series (1.9) converges if u = p1 and
n(r,a) belongs to the convergence class. If u < pi1, the series (1.9) diverges.

DEFINITION. Let f(z) be a transcendental meromorphic function. A complex
number a is called a Picard exceptional value of the function f(z) if the number of
its a-points in {|z| < oo} is finite, that is, if N(r,a) = O(Inr). A complex number
a is called a Borel exceptional value if the growth category of n(r,a) is lower than
the growth category of f(z).

In the cases when the order of f(z) is non-zero, or when n(r,a) — co asr — oo,
we may replace n(r,a) by N(r,a) in the definition of a Borel exceptional value.

It is clear that a Picard exceptional value is a Borel exceptional value. The
converse is not true.

EXAMPLE f(z) = e* sin z. The function e** has order 2, the function sin z has
order 1. Hence f(z) has order 2. On the other hand, n(r,0) = 1 + 2[r/x]. Hence,
the order of n(r,0) is 1. Thus 0 is a Borel exceptional value, but is not a Picard
exceptional value.

2. Proximate order

A function p(r) defined on [0, 00) is called a proximate order if it satisfies the
conditions
1) p(r) = 0;
2) lim, 00 p(r) = p,0 < p < 00;
3) p(r) is continuously differentiable on [0, 00);
4) lim, oo rp'(r)Inr = 0.
Proximate orders p; (r) and p(r) are called equivalent if py (r)pa(r) = o(In~" 7).
Let ar) € A be of finite order p[a]. A proximate order p(r) is called a prozimate
order of the function a(r) if 0 < 0*[a] < 0o, where

o] 1 a(r)
o*la] = hgs;p )

The number o*[a] is called the magnitude of type of a(r) with respect to the
proximate order p(r). It is clear that if p(r) is a proximate order of a(r), then
p(r) = p = pla] as r — oo. The magnitude of type o*[a] does not change if the
proximate order p;(r) is replaced by a proximate order po(r), since 771 (") ~ 7-2(7),
Using a proximate order p(r) and the magnitude of type o*[a] we can introduce
the notions of type, convergence class, and growth category of a(r) with respect to
p(r). It can be verified that all theorems of the previous section (except Theorem
1.1 in the case p = 0) remain true if we understand the category of a(r) as the
category with respect to a proximate order p(r). We are not going to use this.

If a function «(r) € A has finite lower order A[a], then its lower prozimate order
is defined as a proximate order A(r) such that 0 < o.[a] < 0o, where

o] = mint 5%
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It is easy to see, that if A\(r) is a lower proximate order of a(r), then A(r) —
A= Aal.

Applications of proximate orders are based on the following theorem.

THEOREM 2.1. Fach positive continuous function o(r) € A has a prozimate
order. Fach positive continuous function a(r) € A of finite lower order has a lower
proximate order.

PROOF. As is easy to see it suffices to find p(r) and A(r) for which the condi-
tion 3) in the definition of a proximate order is replaced by the following weaker
condition: p(r) and A(r) are continuous on [0, 00), and continuously differentiable
everywhere on [0,00) except for a set of isolated points at which they have one-
sided derivatives. In fact, in sufficiently small neighborhoods of the points where
the derivatives do not exist, the functions p(r) and A(r) can be corrected by at most
o{(Inr)~1} in such a way that the resulting functions are continuously differentiable
everywhere, and still satisfy the conditions 1), 2), and 4).

First we prove the existence of a proximate order p(r). Suppose that «(r) is
defined on [0, 00) and a(r) — oo as r — co. (If a(r) = O(1), we let p(r) =0.)

Let p be the order of a(r). Denote by d(r) the function

In™ a(r)

d(r) =

Inr
Then
limsupd(r) = p.

™00
There are two possibilities:

A) there exists a sequence 1, — 00, 1 < k — 0o, such that d(rx) > p;
B) d(r) <pforall r >ry>e.

Assume that A is satisfied. Let ¢(r) = max,>,d(x). It is clear that ¢(r) is
well-defined and is a non-increasing, positive function, and ¢(r) — p as r — oo. It
is clear, also, that the set M of those r for which ¢(r) = d(r) is unbounded.

Let 11 > e and 1 € M. Set p(r) = ¢(r1) for 0 < r < r;. Denote by t;
the least integer, exceeding 1 + 71 and such that ¢(r1) > ¢(t1). Set p(r) = ¢(r1)
for ;1 < r < t;. Let u; be the z-coordinate of the first point of intersection
of the curves y = p(r1) — Inzz + Ingt; and y = p(z) for = > ;% Set p(r) =
p(r1) —Ingr + Ingty for t1 < r < w;. It is clear that on this interval, p(r) > ¢(r),
and the equality takes place at r = u; only. Let ro = min(M N {r > u1}). If
r9 > uq, set p(r) = ¢(r) for u; <r <ry. Since (r) is constant when uy < r < rg,
then p(r) is also constant on this interval. We repeat the same construction with
r1 replaced by ro. Continuing in such a manner we define p(r) on [0,00), since
T —Tp—1 > Up—1 — pn—1 > tp—1 — Tn—1 > 1 and 7, — oo. The function p(r) is
continuous and has a continuous derivative everywhere except points t, and wu,,
n > 1, where it has one-sided derivatives. Since

1

/ o / _
pi(r) =0 or p'(r) = rlnrlngr’

2We use the notation Inj z for the j-th iteration of the logarithm (j > 0): lnpz = =,
Inj z = In(In; 1 2). We use the notation exp; x for the j-th iteration of the exponential function:
expy T = T, exp; T = exp(exp;_1 Z).
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the condition 4) is satisfied. Our construction is such that p(r) > ¢(r) > d(r) if
r > 1y, p(rn) = @(rn) =d(rn), n > 1, and p(r) is a non-increasing function. Hence

lim p(r) = lim o(r) = p,

r—00

and the condition 2) is satisfied. Furthermore,
a(r) < v <P and a(ry,) = rdn) = pp(ra)

if » > r1. Therefore

a(r
o*la] = ligs;p % =

Now we consider the case B. If d(r,,) = p for a sequence {r,} satisfying r,, — oo,
then we may let p(r) = p. Now let 0 < d(r) < p for all > r¢ > exps 1. Set ¢(r) =
maxy,<z<r d(x). It is clear that ¢ (r) is a continuous non-decreasing function, and
the set L of those r > r¢ for which d(r) = (r) is unbounded. Let r1 > 7
and let s; be the largest z-coordinate of the points of intersection of the curves
y=p+Ingz —Ingr and y = ¢(z). It is clear that if r; is sufficiently large, then
then there exists a point of intersection such that ro < s1 < ry and LN [rg, s1] # 0.
Let t1 = max{L N [ro,s1]}. Set p(r) = ¥(t1) = d(t1) for 0 < r < s;3. Choose
rog > 11 + 1 to be so large that the largest z-coordinate of points of intersection
of the curves y = p+ Ingz — Ingre and y = ¥(x), denoted by so, is greater than
r1, and L N [ry, sa] # 0. Let t2 = max{L N [ry, s2]} Denote by uy, s1 < ug <7
the point at which p + Ingz — Ingr; = ¢(t2). Set p(r) = p+ Ingr — Ingr; for
s1 <7 < wuyp and p(r) = Y(t2) = d(t2) for ugy < r < s. We continue in an
obvious way. Since 1, > r,_1 + 1, the function p(r) is defined for all » > 0. It is
clear from the construction that p(r) is continuous for r > 0, and the inequality
p > p(r) > (r) > d(r) is satisfied, furthermore p(t,) = ¢¥(tn) = d(tn), tn — o0.
Therefore

a(r
o*la] = liirisgp % =1

Since () — p as r — oo, we have p(r) — p. Finally, the derivative p/(r) is de-
fined everywhere except the points s,,, uy, it is equal either to 0, or to (r In7 Ing 7)1,
thus the condition 4) is satisfied.

The desired function is constructed in all cases.

To construct a lower proximate order A(r) we introduce a function d; (r) by

Inr

di(r) = ——————.
1(r) Inr +In" ar)

Then

1
limsupd;(r) = ——,
r—>oop 1( ) 1+ A

and, using the same argument as above, we can construct a proximate order p; (r) —
(1 + X))~ such that 0 < p1(r) < 1 and dy(r) < pi(r) for all r,rg <7 < oo, and,

furthermore, di(r,) = p1(ry) for a sequence {r,} satisfying lim,,_,o 7, = 0.

Set A\(r) = p%(r) — 1. Tt is easy to see that A(r) is a proximate order, A\(r) —
A = MaJ, and, moreover, a(r) > (") for all r satisfying 79 < 7 < oo, and
alry) = ra™) n=1,2,.... Hence A(r) is a lower proximate order of «a(r). O
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Observe that the proximate order p(r) constructed in the proof is a monotone
function, a(r) < r?(") for r > ry, and there exists a sequence {ry}, r — oo, such
that a(r) = r*(") for r = ry.

A proximate order p(r) is convenient because the function 7P(") has many prop-
erties of the power function r*.

DEFINITION. A positive continuous function L(r), defined for r > rg, is called
slowly varying if
L
lim (kr)
r—oo L(r)
uniformly on each interval 0 < a < k < b < co.

=1

THEOREM 2.2. If p(r) is a prozimate order, then L(r) = r?(")=° is a slowly
varying function.

PROOF. Assume, without loss of generality, that 0 < a < 1 and b = 1/a. Then

L(k
0 25 (oer) — plink + [p(kr) — p(r)]
L(r)
For each £ > 0 there exists rg, such that for ar > ry > 1 the conditions

p(r) —pl <e
and
o' (r)|rinr < e

hold. By Lagrange’s mean value theorem, applied to p(e!), t = Inr (for r > o),
there exists k* = k*(r), a < k* < b, such that

Inb elnbd
kr) — =k*r|p’ (k*r)||Ink .
pllr) = plo)] =K'l ()] < e <
Then L(kr) | )
r nr nro
1 <elnb Inb—— <elnb |1 .
. L(r) ’ sembrehn In(ar) — o ( * ln(aro)>
Hence In(L(kr)/L(r)) converges uniformly to 0, and L(kr)L(r)) converges uni-
formly to 1. O

COROLLARY. If p(r) is a proximate order and 0 < a < b < oo, then for each
€ > 0 there exists rg, such that for all » > 7y and a < k < b the inequality
(1- e)k”r"(r) < (kT)p(kr) <(1+ g)k"r”(’)
holds.
In fact, if L(r) is the function from Theorem 2.2, then
L(kr)  (kr)rtn)

L(r) — kere() ~

THEOREM 2.3. If p(r) is a proximate order and p > 0, then the function
V(r) = rP") is increasing for sufficiently large 7.

In fact,
V(1) = 101 p(r) + o (r)r v}
The function in braces approaches p > 0 as r — oo, hence, for sufficiently large 7,
we have V'(r) > 0.
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THEOREM 2.4. Let p(r) be a prozimate order, p(r) — p as r — oco. Then

/T wp0—agy T
1 ptl—gq

ifg<p+1; and

/OO Pt —a gy rrtia
r q—p— 1

ifqg>p+1.

The statements can be easily verified using the 'Hopital’s rule.

EXERCISE 1. Let 0 < p < p < p+1, and let p(r) be a proximate order satisfying
p(r) — p. Prove

dr —
117 sinm(p —p)’

o (rT)”(”) dr o rp—p—l T
=00 c/r rp(r) Terl(l + T) 0
that is, it is possible to pass to the limit under the integral sign.

HINT. Split the interval [c/r,00) into three subintervals: [c/r ], [e,e7 1],
,00), where £ > 0 is a small positive number. The first integral is estimated as:

€ p(rT) d er p—P
/ (TT’))(T) — ; < Tp—p(r)/ tP®)—p=1p N E_ .
c/r T T ( + T) c p—DP

o

The last relation can be obtained by combining Theorem 2.4 and Theorem 2.2
(instead of using Theorem 2.4 one can use the 'Hopital’s rule). The third integral
can be estimated in a similar way. To estimate the second integral one can use the
corollary of Theorem 2.2.

EXERCISE 2. Let p(r) be a proximate order satisfying p(r) — p. Then for each
fixed k > 0 we have

kR
lim rPM=P(R)=1gp — o0,
R—oo Jq

HINT. Let L(r) = r?("W =7 fix 0 < ¢ < k. We get

kR kR (R)—
/ (1) =p(R)-1 . :/ L(r) (R\""""dr
1 1 L(R) \r r

kR p(R)—p
L(r) (R dr . L(r) \ |pr)- k
> et s p(R)—pln 2.
= /ER L(R) (r) r = <5RI§E§1€R L(R)) ¢ 2

Applying Theorem 2.2 we get

kR k
liminf/ PP =P(B)=1gp > I 2
1

R—o0 3

It remains to use the possibility of choosing ¢ arbitrarily small.
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3. Infinite products

We assume knowledge of basic properties of infinite products of analytic func-
tions (see, for example [Pri56, Chapter IX]). It will be convenient for us to deviate
from the standard definitions, and to consider an infinite product [[r, fx(z) as
being convergent at zg, if for some N there exists a finite non-zero limit

Jim, 11 fitzo)
k=N

We consider [[,_; fx(z) as being uniformly convergent on a set M, if for some N
the products [[;_ y fx(2) converge uniformly on z € M to some function Ry (z) #
0,00 as n — 0.

In a similar way we modify the standard definition of the absolute convergence
of an infinite product.

This modification of the standard definitions is convenient for us, because, with
this modification, the fact that some terms of the product are equal to 0 or co at
some points does not affect the convergence of the product and the type of this
convergence.

The following theorem is presented in many texts.

THEOREM 3.1. Let fr(z),k = 1,2,..., be analytic in a region G, such that
|fik(2)| < aw, k > ko > 1 for z € G. If the series ), ai is convergent, then the
product []p | [1 4 fr(2)] converges uniformly and absolutely on G to an analytic
function.

Theorem 3.1 implies the following result.

THEOREM 3.2. Let ax, k =1,2,..., be a sequence of complex numbers satisfy-
ing 0 < la1| < |az| < ..., such that
= 1
3.1 < 00
(3.1) Z;muq :

where q is a positive integer. Suppose that an entire function g(z) has a power
series representation of the form

(3.2) 9(2) =1+ cqz? + cqp129 + ..
Then the product

(3.3) ) =1o (—)

k=1
converges absolutely and uniformly on each bounded disc to an entire function f(z).

PRrROOF. By (3.2), |g(z) — 1] < A|z|? for |z| < 79, where A is some constant.

Consider a disc {|z| < R} of an arbitrarily large radius R. The inequality R < |ag|ro
holds for k > kg = ko(R). We have

1o () = I+ o) 1))
ak Qg
k=ko k=ko
Since for k > ko and |z| > R we have
q
o <i> 1 < AR
ak |ax |

z

<A

Qg
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by (3.1) and Theorem 3.1, the product (3.3) converges absolutely and uniformly in
{|]z| < R} to an analytic function f(z). O

ExXAMPLE 1. Denote by E(z,p) the entire function given by
Bx.p) 1—2 ifp=0.

Z,p) = 22 zP
1—2)e*t=T" % ifp>1.

The function E(z,p) is called a Weierstrass primary factor. It is clear that
E(z,p) — 1 has a zero of order (p+ 1) at z=0. If p > 1, we have

22 2P
E'(z,p) = —2Pexp <z—|—— +t —)
2 p
Thus, if the sequence {a} is such that the series (3.1) converges for ¢ = p + 1,
then, by Theorem 3.2, the product

(3.4) 7(2) = EIE (—p)

converges absolutely and uniformly on each bounded disc, and hence is an entire
function, called the Weierstrass canonical product of genus p. It is clear that f(z)
has zeroes at points aj, and only there.

EXAMPLE 2. Let g(z) be an arbitrary entire function satisfying ¢(0) = 1.
Suppose that in a neighborhood of z = 0 the function 1/¢g admits a representation
of the form 1/g(z) = 1+c1z2+c222+.... Let P_1(2) =1+c1z2+- - +cp_12"7 8,
Ru(z) =372, cjz3. Then the entire function

1

P,_1(2)g(z) = (% - Rn(z)> 9(z) =1—=Rp(2)g(z) =1—cpz"+ ...

satisfied the conditions of Theorem 3.2 with ¢ = n.

ExAMPLE 3. If a sequence {ag} is such that the series (3.1) is convergent with
q = 2, then the product
o0
z
H cos —
k=1 Ok

converges absolutely and uniformly in each bounded disc, and represents an entire
function.

Suppose that g(z) and f(z) satisfy the conditions of Theorem 3.2. Our next
purpose is to estimate from above In M(r, f) provided an estimate from above of
In M (r, g) is given.

THEOREM 3.3. Suppose that the conditions of Theorem 3.2 are satisfied and
InM(r,g) = O(r"*) as r — oo, where 0 < k < q. Denote by v(r) the number of
points ay in the disc {|z| < r}. Then there exists a constant C, depending on g(z),
but not on the sequence {ay}, such that

v(rt) dr

s Ee 0<r<oo.

In M(r, f) <C/°°
0
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PRrROOF. By C with different indices we denote constants which depend on g(z)
only. Since for » — 0 we have In M (r, g) = O(r?), for all r,0 < r < oo, the following
condition holds

rd
In M <C,v here U(r) = ——.
0 M(r,9(2)) < CL¥(r), where ¥(r) = ———

By (3.3), we get
In M(r, f) < ilnM (r,g (i)) <O iqf <ﬁ)
o /Ooo @ (D) dv() = Cr(r).

t

Convergence of the series (3.1) implies that v(r) = o(r?) as r — oco. In addition,
v(r) =0 when 0 < r < |a1]. Taking this into account and integrating by parts we

et
g ®(r) = /Ooo v(e)¥ (3) Tt—‘it - /Ooo V()W (%) g.

It is easy to check that
LY TN i LA
1+ 795 (I1+79-%)2 " 14 79"
This immediately implies the conclusion of the theorem with C = Ciq.
We will need also the following inequality

O(r) > C’m/oOo

v(rr) dr
rlte 1 4 7a-x’

0<r<oo.

COROLLARY. If f(2) is a Weierstrass canonical product of genus p (3.4), then
*“n(rr,0) dr ° n(t,0)dt
3.5 In M C ’ = C(p)r*t! / —
65 mu@p <o) [ BRI < cwrtt [ R
In fact, if p > 1, we can apply Theorem 3.3 with g(z) = E(z,p), K = p,q = p+1.
If p = 0, we use the same argument as above with ¥(r) = In(1 + r). We get

InM(r, f) < Cy /Oo n(rr,0)¥’ <l> d_72'
o T

T

1
But in this case ¥’ (—) = 7/(1 + 7), and we immediately get the desired inequality.
T

Observe that, as is easy to see, if p = 0 we can set C(0) = 1. It can be shown that
C(p) can be chosen as 4(p + 1)(2 + Inp) for p > 1 (see Hayman [Hay64]).

REMARK 1. If f(z) is a Weierstrass canonical product of genus p, then
" n(t,0) > n(t,0)
(36) WM f)<Cp) {r” | S [ 2

In fact, for each R, 0 < R < oo, we have

o R
Tp—i—l / n(t7 0) dt S ,rp-‘,-l / n(t7 0) dt
o tPti(r+1) o Lt +7)

0 R 0
+ ,,,p+1 n(t7 O) dt S rP n(t7 O) dt + rp-i—l n(tv 0) dt.
R thrl(t + T) 0 tp+1 R {p+2

(3.7)
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If R=r, from (3.5) and (3.7) we get (3.6).
REMARK 2. If f(z) is a Weierstrass canonical product of genus p, then
(3.8) In M(r, f) = o(rP™1).

This relation can be derived from (3.5) since

/ M:o(l)asr%oo.
o tPHH(r+1)

The legitimacy of passing to limit under the integral sign can be easily justified,
since the integrand tends to 0 monotonically as r — oo.

We establish the following convention: the value of p in the Weierstrass canoni-
cal products of genus p which we consider is, unless the contrary is explicitly stated,
the least non-negative integer such that the series (3.1) converges for ¢ = p + 1.
This non-negative integer will be called the genus of the sequence {ax}.

THEOREM 3.4 (Borel). The order of the Weierstrass canonical product f(z) is
equal to the order of n(r,0).

PROOF. Let p; be the order of n(r,0). This number is equal to the order of
N(r,0) (see the corollary of Theorem 1.1), hence p; < p, where p is the order of
the canonical product. Since p is the least integer for which the series Y, |ay|™?~*
is convergent, then p < p; < p+ 1. By Remark 2 we get p < p + 1, therefore, if
p1 =p+1, then p; > p. Now assume p; < p+ 1. Then for each p/, p1 < p' <p+1,
we have n(r,0) < Cor?’ for all 7 > 0, where C5 is some constant. From (3.5) we get

’
© p'—p—1

In M(r, f) < C(p)Car”’ / dr = Car.

0 ].+T

Hence p < p/ and p < p;. Therefore p < p; is satisfied in all cases, and together
with p; < p this proves the theorem. O

4. Hadamard and Lindel6f theorems

Canonical products can be use to find convenient representations of meromor-
phic functions of finite order.

THEOREM 4.1 (Hadamard). Let f(z) be a meromorphic function of finite or-
der p, and let {a,} and {b,} be the sequences of zeros and poles of the function
f(2), which are different from z = 0. Let p1 be the genus of {a,} and p2 be the
genus of {b,}. Suppose that in the neighborhood of z = 0 the function f(z) has a
representation f(z) = cxz® + cxy12° Tt + ... with ey #0. Then

(4.1) f(z) = 2P HE <“_”’p1>

HE <bi?l72>
by, K

where P(z) is a polynomial, whose degree q does not exceed [p].



58 2. MEROMORPHIC FUNCTIONS OF FINITE ORDER

ProOOF. Consider an auxiliary function

z

H E <_7p2>

b by
F(z) = f(z)z_’\“—z.
H E <_7p1>
a av
It is clear that F'(z) is an entire function without zeros. By Theorems 1.7 and 3.4,
we have

pr = p[F] < max(p[f], p[n(r, 0, f)], p[n(r, 00, )]) = p.

Using Lemma 6.2 from Chapter 1, we get F'(z) = exp P(z), where P(z) is a poly-
nomial whose degree does not exceed [p1] < [p]. O

DEFINITION. Let f(z) be a meromorphic function of finite order p. Then it
has a representation of the form (4.1). The number p = max(q, p1, p2) is called the
genus of the function f(z).

EXERCISE. Prove the inequality p < p <p+ 1.

REMARK. Suppose that the conditions of Theorem 4.1 are satisfied. Denote
the sequence of zeros and poles of the function f(z) by {ci}. Then the representa-
tion (4.1) remains valid if we replace p; and pa by p’ in the Weierstrass canonical
products. The same representation remains valid if we replace p; and ps by the
genus p of the function f(z). In fact, suppose, for example, that p; < p, pa < p.

Then
z
[Tz ()
f(Z) = Z)\ep(z)+P1(z)+P2(z) @y > )
HE b_ap
b ®
where o
2Pt 1 2P 1
Pl(Z):—pl—’_l;W ..... zug’
oP2+1 1 2P 1
P(z) = —_ e = —.
() p2+1%:bﬁ2+1 p;bﬁ

The series forming the coeflicients of polynomials P;(z) and P5(z) are absolutely
convergent by the definitions of the numbers p; and ps. Since the degree of the
polynomial P(z) + P1(z) + P»(z) does not exceed p, and, hence, does not exceed
[p], then the statement is proved in this case. All other cases can be considered in
a similar manner.

Denote by N(r;a,b), a # b, the sum N(r,a) + N(r,b), also let n(r;a,b) =
n(r,a) + n(r,b). We are going to establish connections between the orders and
types of the functions f(z) and N(r;a,b). It is clear that without loss of generality
we may assume that a =0, b = oo, and f(0) = 1.

The easiest case is the case when the order p of the function f(z) is non-integer.

THEOREM 4.2. If the order p of a meromorphic function f(z) is non-integer,
then the order of N(r;0,00) is equal to p. The types of T'(r, f) and N(r;0,00) with
respect to an arbitrary proximate order p(r), p(r) — p, coincide.
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PROOF. We represent f(z) in the form (4.1). It is clear that p[N(r;0,00)] <

plf] = p- Suppose that p; = p[N(r,0)] = p[N(r,c0)]. Then p[N(r;0,00)] = p1.
By Theorem 3.4 the order of the function

17 ()
12 (5 )

is equal to py, since p1 = p[N(r,0)] < p[r(z)] < max(p[N(r,0)], p[N(r,0)] = p1.
Since ple=P(*)] < p < p (p is non-integer!), then

7(z) =

p1 = plr(2)] = max(p[f (=), ple” 7)) = p.
Suppose that
) N(r;0,00) . T(rf)
(4.2) hgscgpw = An, hilljol;p oy AT

By N(r;0,00) < 2T(r, f) + O(1), we get Ay < 2A;. Represent f(z) in the
form (4.1) with p; = p2 = p (see the remark to Theorem 4.1). Using the formulae
(6.5) and (6.7) from Chapter 1 and the corollary of Theorem 3.3, we get

T(r, f) < O(r?) +lnM< HE( )>+1nM T,HE<bi,p>
b,‘, 122
<o)+ ) [T MDA o [T U A

o THP 147 TiHP 147

(4.3) n(rr;0,00) dr

> ; 0, > dN(r7;0,00)
= P — p -~ T 7
o(r )+C(p)/0 1oy o )+C(p)/0 (1 +7)
N(rt;0,00) (p+ 1)T+pd
7p(1+7) p+1(1 + 7—)

— 0(?) + C(p) |?$+amAwNmm,>

* N(r7;0,00) dr
< P 1 .
< O(r?) + C(p)(p+ )/0 e N g

We have used the facts that p < p+ 1 and N(r7;0,00) = o(7P™!). Assume
that Ay < oo. Then the condition N(r;0,00) < (Axy + 5)7“”(’") is satisfied for
r > c(e),e > 0. Then (4.3) implies

- S p(rT) d
ggjsdn+mmw+n@N+”lﬁﬁgm ﬂﬂg+ﬂ'

Taking in this inequality limits as r — oo, and using Exercise 1 from Section 2 of
this chapter, we get
Ap=CR)p+ (AN +&) .
s =N ( m(p—p)
Since € can be arbitrarily small, we get

(4.4) Ar < CO)p+1) An.

T
sinm(p — p)
This inequality is obvious if Ay = co. Together with the inequality Ay > 271Ay
it concludes the proof. O



60 2. MEROMORPHIC FUNCTIONS OF FINITE ORDER

COROLLARY. If a meromorphic function f(z) has non-integer order p, [p] = p,
then

, ) N(r;0,00) _ sinm(p —p)
) PTG ) C O b

Let p(r) be a proximate order of T'(r, f). Then, by (4.4) we get
. N(r;0,00) _ .. N(r;0,00) Apy sinm(p — p)
limsup —————+—= > limsup ————> = — > ——————.
st T f) T e A T Af T Clp)p+

We consider now the case when a meromorphic function f(z) has integer order
p > 1. Then the genus of f(z) is equal to p — 1 or p. Using (4.1), the function f(z)
can be represented in the form
I1E <i, p)
ay

(4.1) [(z) = P2

;.1
by H

P(z) = cpz” + cp_lzpf1 +. 4tz

First we prove the following theorem.

where

THEOREM 4.3. Let f(z) be a meromorphic function of integer order p > 1, and
p(r) a prozimate order, p(r) — p as r — co. Suppose that

A,, = limsup M < 0.
r—00 re(r)
Then (e > 0,7 > r(g))
o
(4.5) T(r, f) = —K @)+ (A + e (r)r,

where the value of |we(r)| is bounded by a constant M,, which depends on p only,

and ) )
K(r)=c,+ - Z a,?— - Z b,”.
P

lay|<r bl <r

ProoF. Using (4.1'), we represent the function f(z) as a product, f(z) =
f1(2) f2(z), where
f1(z) = exp{z"K(r)},

[ 5(Ee) ()

v

fa(2) = o172 Ttz lav|<r lav|>r
z z
I #(50) IL#(50)
|bul<r . lbw|>r g
It is easy to compute that
P

T(r, f1(2)) = —[K(r)].

Since

T (r, f) = T(r, f1)] < T(r, f2) + O(1),
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it remains to estimate T'(r, f2). Using the inequality (3.6) and the equality (6.8")
from Chapter 1, we get

z
ay

T(rfa) < T(re ey o1 (o, T E(—,p—1>

lav|<r

m

+7(r [I E(ai,p> +7(rn [] E(bi,p—1>
<

lay|>r
+nM |, [[ E (bi,p— 1> +mM (r, [ E <bi,p>
by | <7 " by | > #
p—1 B p—1 " n(t;0,00) . o dt
<O )+ C(p—1) {r /TO — dt + rn(r;0,00) T
[e.e]
+1 n(t;0,00) -1
+ C(p)T’p /7. tﬂ’Tdt = O(T’p )
T . 1
+C(p—1) {7‘”_1 / Mdt + —n(r;O,oo)}
T0o tp p
41 [ n(t0,00)
+ C(p)r* / Bt ro > 0.

We may assume that the inequality n(r;0,00) < (A, + €)r?(") is satisfied for
all r > rg. Taking into account Theorem 2.4, we get

T(r, £2) <0G ™) + (B +£){Clp— et [ 00 vy
+ o)y eyt [T w0z

T

= 0" 1) + (A, +e)(1 + o(1))rP™) {C(p -1) (1 + %) + C(p)}
= (A, +¢)(1 +o(1))rP™ {C(p —1) (1 + %) + C(p)} :

the proof is complete. O

THEOREM 4.4 (Lindeldf). Suppose that the conditions of Theorem 4.3 are sat-
isfied. Let

L(r) = r")(’”)*p, Ag = limsup |K(r)|7 Q = max(Ax, A,).
r—o00 L(T)

Then the function f(z) has minimal, normal, or mazimal type with respect to p(r)
depending on whether Q@ =0, 0 < Q < oo, or ) = 0o, respectively.
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PrOOF. We denote by A; various positive constants depending on p only. The
relation (4.5) implies that, if A, < oo, then Ay < A;(Ag + A, + €), hence
Ay < AQ. If A, = o0, the inequality is trivial. The relation (4.5) implies, also,
that Ax < As(Ay + A, +¢) if A, < 00, hence Ag < A3(Ay + Ay). It is clear
that this inequality is valid also if A,, = co. Lemma 7.1 from Chapter 1 implies
that n(r;0,00) < N(er;0,00) < 2T(er, f) + O(1). Therefore A, < 2e?A;. Hence
Ag < Az(1+2e”)Ay. We get Q < A4Ay. Using the inequality AZIQ <Ay < A0
we complete the proof. O

REMARK. It is easy to show (cf. the proof of Theorem 1.1) that e PA,, <
AN < p~'A,,. Therefore Theorem 4.4 remains true if we replace  in its statement
by Q= max(AK, AN)

Alternatively, Theorem 4.4 can be proved without using Theorem 4.3, but using
formula (2.6) from Chapter 1 instead. The idea of this proof is due to N.I. Akhiezer
[Akh27] and L.A. Rubel [Rub63]. For simplicity, we restrict our attention to the
case p(r) = p, L(r) = 1, leaving the general case to interested readers.

Without loss of generality we may assume that f(0) = 1. Suppose that in a
neighborhood of z = 0 we have

Inf(z) =Y ="
k=1

It is easy to derive from (4.1") that

Ck, k=1,....,p
4.6 =
(46) T {—% LA+ Y0 k=p+1, p+2,...

T
Denote by Fj,(r) the Fourier coefficient of the function In |f(re®)|, 0 < ¢ < 2m:

1 27 ) )
Fi(r) = %/ In|f(re')le”*?dp, k=0,+1,+2,...
0

It is clear that

a0 IR0 5 [ Inlsee)lap = f) 4 (n 1) <2700,

The formula (2.6) from Chapter 1 can be rewritten as (k =1,2,...):
2 1 ab 1 1 b1
(4.8) szr—ka(T)+EZ (m‘@)‘gz (Tﬁ—b—k
lay|<r [bu|<r i

If k = p and v, = c,, the equality (4.8) can be rewritten as:

2 1 a1 .
(49) K =2Rm+2 2 5= 2w
|bu|§7“
Using (4.7) we get

w20 2 5 (8) . 5 (B

lay [<r

AT(r,f) | n(r30,00)
rP prP
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Hence
Ag <4Af5+p7 1A,

Using this inequality we get, as in our first proof of Theorem 4.4, Q < A5Ay.

Assume now that Q < co. If 7 > 7¢(¢), then |K(r)| < Ax +¢ and n(r;0,00) <
(Ap +e)rP, e > 0. We estimate the Fourier coefficients F(r). If k > p, from (4.8)
we get

1 1 e 2 1 ak 1 bk
~Z o, "+ Db =R+ Y - D o
lay|>r ‘bu|>7' lay|<r |b“,|§7'
hence
1 r dn(t; 0, 00)
F; < — 0 _
R < gpnirs0,00)+ 1 [ 2L
(4.10) k (t;0,00) A, +
T n 00 €
= — Lt < — Pk > p.
2 / et =Sy TP
If 1 <k<p-—1, then using (4.8) we get
) < 8 4 Lnri0,00) + 28 S el X
- 2 2k 2k
lay |<r [bu|<r
< M by 1Ur;0,00) (r 0 00) _/ n(t; 0 00)
(4.11) =2 2k
_ Mrk L Mri0,00) n(r; 0 00) ﬁ/ n(t;0,00)
2 2 tk+1

(4.12) Fy(r)] <

Finally, by Jensen’s formula,
FO(T) = N(T7O) - N(T7 OO)
and

A,
(4.13) |Fo(r)| < N(r;0,00) < 2n ¢

r? +O0(1).
By the Parseval’s identity and the identity F_j = Fj(r), we get

27 00
(4.14) — / In? |f(re'®)|de = Z |Fy(r)|* = |Fo(r)]? + QZ | Fy(r)|?
k=1

k=—o0
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Using the inequalities (4.10), (4.11), (4.12), (4.13), and the elementary inequal-
ity (Ja| + [b])? < 2(Ja|? + [b]?), we get

2m ‘ A, 2
N / i (re")ldp < 0*2) + 2(( S5
27 o

p—1 2 2 2
1 (A +¢) (A, +¢)
2
A +e) ;< . k)> T
+¢éiiﬂ—EZ-———ﬂﬁp=Ow%*>+«AK+sV+AAAn+aﬂﬁa
4 S (k=p)
where
3 = 2 & 1
22ZX ))+%z;@:F<m
p+1

By the Cauchy-Buniakowsky inequality we get

27 2 1/2
mirepyrm (ng) = g0 [ mlseeiide < (5 [ wtlseela)

<rP{(Ax +€)? + Ag(Ap + )2 + O(r2)}/2,

(s, f) = m(r. )+ m (13 ) + N(ri0.)

Ay,
<Pk 49+ Ag(B )7 + 00T} 4 PS4 0().
Hence
A,
9A; < {(Ax + €)% + Ag(A, + )22 + %,

Ap< (0% + AaAi}l/Q% + 470

Therefore, we have proved the inequality A5 < Ay < A7Q, thus completing the
proof of Theorem 4.4.

EXERCISE. Prove Theorem 4.2 using the formula (4.8), the estimates (4.7)
(4.10), (4.11), (4.13), and the equality (4.14).

Now we consider the case of order p = 0.

THEOREM 4.5. Let f(z) be a transcendental meromorphic function of order p =

0. Then the types of T(r, f) and N(r;0,00) with respect to an arbitrary proximate
order p(r), p(r) — 0, coincide.

PROOF. Let

(- )
4.15 z -
(4.15) fz) = H( i> )
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From the inequality (3.6) we get
T(r, f) <T(r,m)+T(r,me) <InM(r,m1) + In M(r,m2)

</ n(t;(t),oo)dt_'_r/ n(t; 0, c0)dt
0 T

< 2

4.16 * dN (t;

(4.16) :N(r;O,oo)—l—r/ M:N(T;O,oo)—N(r;O,oo)
°° N(t;0,00) °° N(t;0,00)

Suppose that Inr = o(r”(r)). Then, using Theorem 2.4 it is easy to get Ay <
Apn. On the other hand, it is clear that Ay < 2A;. These two inequalities imply
the statement of the theorem in this case.

If the condition In7 = o(r?(") is not satisfied, then T'(r, f) has maximal type.
If N(r;0,00) has normal or minimal type, then for an infinite set of values of r the
relation N(r;0,00) = O(Inr) holds. In such a case the function f(z) has to have
finitely many zeros and poles, and hence by (4.15) is a rational function, so we get
a contradiction. (]

REMARK 1. Under the condition of Theorem 4.5, if f(z) is an entire function,
then Ay < Ay, and hence Ay = Ay.

REMARK 2. In the case when the proximate order p(r) approaches 0, the types
of the functions n(r;0,00) and N(r;0,00) can differ. For example, if n(r;0,00) ~

KrP(") | then N(r;0,00) ~ K tPO=1g¢ and, as is easy to check,

To

P — o </r tp(t)_ldt>.
0

Denote by ﬁ(r; a, b) the function max(N(r,a), N(r,b)). Suppose that the con-
ditions of Theorem 4.5 are satisfied. We estimate T'(r, f) from above, using instead
of the inequality

T <7‘, %) <InM(r,m)+1In M(r,m2) + O(1)
2

a more precise one, which can be obtained using (4.8) from Chapter 1:

T (r, E) < max{ln M (r,71),In M(r,m2)}.

T2
Then, in the same way as we proved (4.16), we get
T(Ta f) < max{lnM(r, 7T1)7 1HM(T7 7T2)}
4.17 oo oo o N (¢
(4.17) Smax{r/ N0y, [ Mdt} < [TNEL),,
SN2 SNE . P
This inequality implies Ay < Ag. On the other hand, N(r; 0,00) <T(r,f)+0(1)
and Ag < Ay. Hence Ay = Ag, that is

T N(r;0
lim sup —(r, 1)) = lim sup 7(7“, » )

r—00 re(r) r—00 re(r)
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It is clear that 0 and oo in the last equality can be replaced by arbitrary a and b.
Let p(r) be a proximate order of T'(r, f). Then

~ ~

. N(r;a,b) ) N(rja,b) Ag
1> limsup ———= > limsup ———= = — =1,
- r—>oop T(T7 f) - 'r—>oop Afrp(r) Af
that is,
N(r;a,b)
4.18 limsup ————= = 1.
( ) r—)oop T(T, f)

In the case when f(z) is a rational function, the validity of (4.18) can be eas-
ily verified, using the equality (6.26) from Chapter 1. This implies the following
theorem.

THEOREM 4.6 (Valiron). Let f(z) be a meromorphic function of order p = 0.
If the inequality
N
lim sup (r,a)

r—00 T(r7f) <1

holds for some a, then

lim su N(r,0) _
Tﬁoop T(T, f) B

for all b # a.

5. Some examples

We consider some entire transcendental functions and find some relations for
them. We will use the relations on many occasions?.
1° Let p be a non-negative integer, p < 1 < 12 < p+ 1. Let I(r) be a function,

continuously differentiable on [0, 00), and such that

1) U(r)rlnr — 0 as r — oo,

2) liminf, o I(r) = m, limsup,_, . I(r) = 1.

If 71 = 19, the function I(r) is a proximate order. The function [(r) preserves
many properties of a proximate order, sometimes with minor modifications. We
mention those among these properties which will be used later. 1) The function

i) is increasing for sufficiently large r (this can be proved in the same way as
Theorem 2.3). 2) If 0 < a < k < b < o0, then

r U(kr)
Wkr)=1(r)=o0 (ﬁ) and ((kl;r)w =1, (r— o)

uniformly in k. The proof is based on the same tricks as our proof of Theorem 2.2,
we leave it to interested readers. 3) The following inequalities hold:

Tl —p—1 4
fl < 1

lim su
r—)oop rl(r)—p B m — p’
) —pr=2qy 1
lim sup == < .
r—>oop rl(r)—p=1 Tptl-mn

3This section could be skipped in the first reading and be consulted when we refer to it in
the later sections.
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Let us prove, for example, the latter inequality. Using a well-known result from

Analysis, we get
o0
/ tHH=r=244
T

_/ A -p-2 g

lim su < limsu
r—>oop rl(r)—p-1 - r—>oop l(r) -1
dr
1 1

= limsu = .
Tﬁoopp—i—l—l()—l’(r)rlnr p+1—mo

Now we consider the Weierstrass canonical products of genus p with positive
zeros 1 < a; < az <...,such that n(r,0) ~ Art(r) (0<A<oo):

(5.1) =" (Z0)

k=1

Let us find an asymptotic formula for In f(z) in the angle § < argz < 2w — §
for that branch of In f(z) for which In f(0) = 0. We represent In f(z) as

In f(z ZlnE< ) / lnE dn(t 0)
(5.1) n(t,0)n B / lnE ( p)dt
zp+1 /0 n(t, o)w1 (t_ 5

Consider an arbitrarily small number €, 0 < ¢ < 1. If r > r¢(g), then |n(r,0) —
ArfM| < eAri) | Let z = re?. Observe that for § < ¢ < 27 — § we have |t — z| >
(t 4+ r)sin g (this statement can be easily proved by minimizing |z — *?|/(z + 1)
over 0 < z < 00).

There exists a constant K > A > 0, such that for 0 < r < oo the inequality
n(r,0) < Kr!(") holds. Let §; > 0 be such that 1 > K; = —p —d; > 0 and
Ky =p+1—mn2—9; > 0. Select numbers a and b, 0 < a < 1 < b < oo, such
that 2K K;'0~ 51 < ¢, 2KK; 'b=%2 < ¢ and find r(¢) > a~'ro(e), such that for
r > r1(e) the following inequalities hold:

1) (1—¢)(kr)"") < (kr)im) < (1 4 &) (kr)!(") for a < k < b;

2) / tl(t)—p—ldt < Kl—l(ar)l(ar)—p;
1

/ tl(t p72dt < K;l(br)l(br)fpfl;
) m— 01 <I(r) < na+d1.
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Now we estimate for r > r1(¢) the difference

ZP+1/OO n(t,0)dt —szrlA/oo ) gt
0 ) 0

Pt — 2 tPrL(t — 2)
/‘“" n(t,0)dt +/°° n(t,0)dt +/b’" n(t,O)—Atl(t)d
0 t”“(t—Z) b Pt —2)  Jor PP —2)
A bryl(t) — A ar - gl(r) gy A < gl gt
/ trH1(t — z) t—z B /0 it —z) /,,T trHL(t — 2)
il 1/ <,o>dt+/ n(t,0) +/“ [n(t,0) - AT
L0 ) r ), et b tPT2 P AR (D)
Ssin —
br (1) _ 41(r) ar 4i(r) o0 4l(r)
It )] A / ) dg / t
A ——dt+ — —+ A —dt
/ar tp+1(t+7“) N T Jo tp-i-l * br tp+2

+1 ar [ee) br I(t
r {5 / HO-r=1ge L g [ f#O-P=2g4 4 oA t'®ds
1

< T,P-i-l

IN

IN

0] r

sin —

| TT ‘rr) _ )l(r | A 1) 1
d r-p_
rP‘H / TPHL(r —I— 1) T I(r) _p(ar) r

r I(r)—p—1
T T }

IN

p+1 K
T - {?Kll(ar)l(ar)—p+KK21(br)l(br)—p—1
sini

b l(T'I")dT b (T,r)l(r) dr
A —p—1 (T’I") A —p—1 /
tear /a P14+ 7) tear o TPHI(147)

+AK;1T—p—1aK1rl(r) + AK;lT'_p_lb_Kle(r)}

IN

)
cse 5 {KKl_lcfp(l +&)(ar)'") + KKy %P7 (1 + &) (br)! ™

b i(r)
+6A(2+5)/ (rr) 7dr

N i(r) i(r)
an+1(1+T)+ET’ +er }

< rlm csc—{KK a1 (14+e) + KKy 0 52 (1 +¢)

l(r)—p—l
+5A(2+5)/ T +25}
0 1 + 7

S s
< erl® s 1901 A(2 gy s e, G
<er csc2{ (1+e)+A( +E)sin7r(l(7°)—1’)+ )

) §
< ert™ csc 5{6 + 3A7r max|csc 1K1, csc Ko} = e Art(™) cse 7

oo 4lr) gy
I(z)= [ —2—
(=) / P )

The integral

br ar thrl(t + T’)
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can be easily evaluated using the Residue Calculus:

me—im(U(r)—p) gr)—p-1 meirUr)=p)
————— - TeS4—; =—= Zr=p=t,
sinmw(l(r) — p) t—z sinw(l(r) — p)

I(z) =

Thus we get for {§ < argz < 27 < 2w — ¢, |z| > ri(e)} the inequality

AN

I f(=) = sinw(l(r) — p)

=i (1) D) 4| < ¢ Apk) s O
— 27

that is, for § < ¢ < 27 — § we get uniformly the following;:

iy = B ) e-m) ) | o)

In f(re'?) sinwl(r)e '\ 4 o(rt), (5.21)
i) cosl(r)(p — ) I(r) I1(r)

(5.2) In|f(re*?)] ﬂ'A—Sin 0 '\ 4 o(rt'")), (5.22)
iy SIHZ(T)(QO — 7'(') I(r) i(r)

arg f(re'?) WA—sin T 4 o(rft). (5.23)

In the case when I(r) = p(r) = p, p < p < p+ 1, that is, I(r) is a proximate order,
these formulas can be rewritten as

A

1 ip) — ip(ep—m),.p(T) p(r) 5.3
n f(re'?) sinﬂpe rPU) 4 o(rP)) (5.31)
i cos p(p — ) (r) ()
. 1 P = rA—"T——27pF P .
(5.3) nl|f(re’?)| == e P 4 o(rP™)) (5.32)
arg f(re'?) = 7TASIIM).(LW)?MT) + o(rP(M) (5.33)
sinmp

Now we estimate In M (r, ). We cannot use for this purpose the estimate (5.22)
because (5.22) is known for § < ¢ < 2w — ¢ only. For this reason we use a more
rough estimate. Inequality (3.5) and (5.1") imply

In M(r, f) < C(p)(=1)" In f (=)
Using (5.22) we get

A
| sin7l(r)]

A

i) I(r) Tsin7l(r)|
) 1 o(r )<lnM(7“7f)<C(p)|sin7rl(7")|

) 4 o(rH1)

It is clear that for p = 0 we have

TA

(5.24) InM(r, f) =Inf(-r) = W

i) 4 o(rl(T))

Let us compute the Nevanlinna characteristic for the function f(z), defined by
(5.1). Note that if ¢(r) — oo as r — oo, then {¢(r) + o(¢o(r))}T = {v(r)}* +
o(¢(r)). If, in addition, an estimate of o(¢)(r)) in the left-hand side is uniform
with respect to some parameter, then the same is true for o()(r)) in the right-hand
side. The function 7/(") = R(r) satisfies the conditions of Theorem 7.4 (Chapter 1)
for an arbitrary k > 1. In fact, R(kr) < (14 o(1))E'™R(r) < (1 + o(1))k" R(r)
and T'(r, f) <InM(r, f) = O(R(r)). Using the formula (7.15) from Chapter 1 and
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(5.23), we get

27
T f) =mir.f) = 3= [ w1 1(re)lag

_rmﬁé/%{EEKQEZLQ}+d¢+dﬂm)
0

2 sin 7l (r)
An elementary computation shows that for p < A < p+ 1 we have

p+ |sinmA

7r - if 1
I1(>\)=l/2 {7COS-A(@_W}+@: Alsinml fp<r<rty
2 Jo sin A TSR ifp+3<A<p+1.
Hence
(54 T(r.£) = AL +o(r'0).

Taking into account the condition 2) for I(r) we get that for r» > ry the value of
I, (I(r)) is bounded below and bounded above by positive constants. Therefore the
function f(z) has order 72. The lower order of f(z) is equal to ny. If I(r) = p(r) — p
as r — 00, then the relation (5.4) can be written as

(5.4") T(r, f) = AL (p)r"™) + o(r?").

It is clear that n(r,f) = 0 and N(r,f) = 0. We find m (7‘, %) using a similar
argument:

= AL + ot ),

(5.5)

where

1 (7 ( cosA(e—m) "
L(\) = = _LsAw )
2(Y) 2 /0 { sinA } d¢

p . 1
_ fp<A< 5
Al sin | np Pt
T \p+1—|sinwA . 1
Pt = ISITA b l<A<ptl
Alsin7| tptas Pt

Let us compute NV (r, %) Choose an arbitrary e > 0. Let ro(¢) be such that

In(r,0) — ArH"| < erf™) for r > ro(e). Select a, 0 < a < 1 to be so small that
am < me. For r > ri(e,a) > a 'ro(e) and a < k < 1 the inequality |(kr)l(T) —
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(kr){")| < g(kr)'") holds. We have the following estimate
n <t l)
‘N (7‘, l) —A/ tl(’")_ldt’ g/ AN W
f ar 1 t
n(t,1) - ado
r ) f T h(t) _ l(r)
+ / dt| + ‘A/ 7(125}

t t

' '

ar r r (rr) _ I(r)
< K/ tl<t>*1dt+s/ tl<t)*1dt+A/ [(m) ()™ 4,
1 a a

- T
ar 1 1(r) 1 1(r)
< K/ O dt 4 e(1 + a)/ " + Ae/ (G
1 a T a T
ar 1
= K/ O+ (1 + A 4 )r!™ / M=ty
1 a
< K/M HO=1 4 + ELA—’—EH(T).
- 1 I(r)
On the other hand,
ar d ar
/ tl(t)_ldt el / tl(t)_ldt
lim sup IT < limsup drld—
r—00 r r—00 —Tl(T)
dr
l(ar) am
— I(r) (ar) - .
P (ar)!(I(r) + U (r)rlnr)  m c
Since
T !
/ A1 gy — ﬂ(l — al™),
ar I(r)
for r > ro > r1(g,a) we have
1 Arhr) 1+A
‘N (r,—)— r < erl™ <K+A+u>.
f U(r) m
Thus
1 A
5.6 N (7<) =—rl) 4o ™),
>0 (+5) =gy + o)

Let a # 0, 00, and let E5(r) be the set |J, {|I(r)(¢—n)—m(k+1/2)| < 6}U[0,d]U
[27 — ¢, 27], where the union is taken over those integer k for which —I(r) —1/2 <
k <I(r)—1/2 (if p =0, it can happen that there are no such k). It is easy to see
that mes E5(r) < Ad, where A is a constant which does not depend on r. From
(5.23) we get that for r > g and ¢ € [0, 27]\ Es(r) we have

1
In* Flre?) —al =0(1).

Hence by Theorem 7.4 from Chapter 1 and the Remark 1 following it, we get
(5.7) m(r,a, f) = o(r'(™).
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The First Fundamental Theorem together with (5.7) and (5.4) implies
(5:5) N0, f) = T, £) + o)) = AL A + ()

We already proved an estimate for In M(r, f), but it is sharp for p = 0 only.
Now we shall get a sharp estimate in the case when I(r) = p(r) — p as r — oo, that
is, when [(r) is a proximate order. We shall complement (5.33) by the following
asymptotic inequality:

(5.9) In|f(re)| < FA%TMT) + o(rr(M)
as r — oo, uniformly with respect to ¢,0 < ¢ < 27.

Denote by Ds the domain {|z| > 1, |argz| < §}, where 0 < § < gmin (1, %)
Choose an arbitrarily small w > 0 and denote by p the number

~ cosp(d —) sinmp

cos pd wAcos pd’

Consider in the domain Ds the function

¥s(z) = f(2)f (=2)]7"
For the ray arg z = § we have the following estimate

Infyys(re)| = In|f(re”)| — pln| f(re"® )|

ASSPO ) o) _ e ASOSPO o) o)) — _ypt0) 4 (),
sinmp sinmp
An analogous estimate takes place for the ray argz = —¢§. Therefore the function

15(z) is bounded on the boundary Ds with co excluded:
[s(2)| < M,z € 0Ds\{oo}.

s

Consider p' satisfying p < p’ < g5, and an arbitrary number £ > 0. The
function t5(z) exp{—£2#'} is continuous in the closure of D5 and in the closure of
Ds in the extended complex plane, if we define its value at co as 0. In fact, for
lo] < & we have

In wa(rei‘p)e*&pleiw/ <InM(r, f) — pln|f(re’ D) — &r?’ cos pp’

<Oy — WTAMTP(T) + o(rP™)) — &r? cos 6p/
sinp

= O(r*M) — &rP cos 6p’ — —o0 as r — co.

Hence we may use for 1s(z) exp(—{zp') the principle of maximum modulus. On
the other hand, for z € Ds we have | exp(—£2°')| < 1. Hence

lps(z) exp(—£27)| < M

for z € Dg. Passing in this inequality to the limit as £ — 0, we get that for z € Ds
the inequality |¢5(2z)] < M holds. For |¢| < 6 we have

| f(re'?)| = pln | £(re TPFD)| 4 In [ghs (re™)|

5.10
(5.10) A 508 p|<p|r

A
< urm P 4 oMY +In M < L2 1) 4 o(pp(0),
S

sinp inmp
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Let € > 0 be an arbitrarily small positive number. Choose § > 0 and w > 0 in

such a way that for 0 < ¢ < ¢ and 27 — § < ¢ < 27 the inequality
- Aﬂcose(gp —7) - Aﬂ_(:.05,071' - ,L.MTA .
sinmp sinTp = sinwp

holds.

Then by (5.10) we get that for 0 < ¢ < § and 27 — § < ¢ < 27 the inequality

In |f(rei®)| < Aﬂwrp(ﬂ 4 2erP) 4 o(rP(0)
sinp

holds uniformly with respect to ¢.

By (5.32) this inequality holds also for 6 < ¢ < 27 — §. Thus, we have proved
the inequality (5.9).

The relation (5.32) implies that

AN

sinp

In (re'#)| = S—r7) 4 o(r7),

where g = 7 for even p and ¢y = 7 + % for odd p. Together with (5.9) it implies

A
11 In M _ p(r) p(r)y.
(5.11) WM, ) = o) o)

The function f(z) given by (5.1) will be used in several constructions. First,
let us mention the following theorem.

THEOREM 5.1. Let p(r) be a prozimate order, p(r) — p asr — oo, L(r) =
rP(")=P_ There exists a function F(z) analytic in {|argz| < w} taking positive
values on the positive semi-azis, and such that for every § satisfying 0 < d < m the
condition

F(re"?) = (1+0(1))L(r) < r— 0

holds uniformly with respect to ¢ in {|¢| < 7 —d}.

Indeed , let f(z) be a canonical product with positive zeros, such that n(r,0) ~
7= 1pl/24p(") =P The desired function F(z) can be chosen in {|argz| < 7} as
In f(—
vz
where the branch of 1/z is chosen in such a way that /r > 0 for r > 0. Since
f(=r) > 1, then F(r) > 0. Taking into account the inequality (5.31) we get
(lpl <7 —9)

IS ¥ R ORI <T%+p(r),p)
F(re*¥) =

_ = L(r) + o(L(1)).
et2r2
Let f(z) be an entire function of order p, 0 < p < co. The inequality T'(r, f) <

In™ M(r, f) < 3T(2r, f) (see (7.1) in Chapter 1) implies that under the condition
0< liminfw < limsupw < 00

r—00 r r—o00 TP

we have

T T

0< liminfM < limsupM < 00,
=00 T r—00 rP
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and vice versa. It is natural to ask whether the existence of the limit

In M
(5.12) fim M g
r—00 rP
implies the existence of the limit
T
(5.13) fim L5 g o,

r—oo 1P

and vice versa. It turns out that in both cases the answer to this question is
negative. Let us give the corresponding examples.

ExAMPLE 1. We give an example showing that the existence of the limit in
(5.12) does not imply the existence of the limit in (5.13). First we let 0 < p < 1/2.
We construct two proximate orders, p1(r) and pa(r), satisfying for r > 7y the
inequality

Inlnr .
~ T, Seise =12
Observe that rP~ %" = I~ Choose p;(r) in such a way that

max(py1(r), p2(r)) = p;

the inequality pi(r,) = p — lﬂ% is satisfied for some sequence r, — oo, and

p1(r},) = p2(rl,) = p for some sequence r,, — co. Let V;(z) be canonical products
of genus 0 with positive zeros satisfying n(r,0,V;) ~ 7Pi(") . Consider the function

f(z) = Vi(2) + Va(=2).
It is clear that |f(Z)| = |f(2)|, therefore it suffices to get suitable estimates for
|f(2)] in the upper half-plane {Imz > 0}. We shall use the relations (5.32) and
(5.11). Since

M(r, f) < 2 max M(r, Vj),
J=4

we have

InM(r, f) < r? + o(r”).

sinmp
On the other hand,
Vj(r) < exp(m cot prr?i (") 4 o(rPi (1))

and

Vj(—r) = exp <

Denote by s(r) the function which is equal to 1 at those values of r for which
p1(r) = p, and is equal to —1 when p1(r) < p (at such points pa(r) = p). It is easy
to see that

i rPi(r) O(ﬂ)j(?‘))) )
sin p7

st =exp { T+ 000) ]

sinmp

therefore

I M(r, f) = ——r* + ofr"),

sinmp
and (5.12) is satisfied. For r = r,, we have

P
T(rnv‘/l) S lnM(rn,Vl) = O(rﬁl(rn)) =0 <h:7; ) )
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Taking into account (5.4’), we get

T(ry, f) = T(rn,V2) + O ( rn )

Inr,

p
-7 p2(rn) p2(rn) "n
o)+ olrg2 ) 10 (i

1
= lilp)ri +o(ri) = Jri +o(rs).

Forr=7r, andd <o <m/2—dorn/24+0<p<m—4,0>0,by (5.32) we have

max{cos p(m — ), cos pp}
sinp

In|f(re')| == T o).

Using Theorem 7.4 from Chapter 1 and Remark 2 following it, we get

/P ™
707 5) = il ) = i [ maxfeosplr = @),cos b + o)
sinmp Jo
9P /2 ) 2 sin % ) )
_ n d ey _ 2 ’
e /O cos ppdep +o(r",) P o(r'y)
= Zsec %r'ﬁ +o(r'?)
Hence T
1 1
lim inf (r f) <-< Zsec 2P < limsupM,
T—00 rP P 14 2 r—00 rP

that is, the limit in (5.13) does not exist. If instead of f(z) we consider the functions
f(zP), p=2,3,4,..., by Theorem 6.6 from Chapter 1 and the obvious inequality

In M(r, f(2P)) =In M(rP, f(z)), we get analogous examples for each p, 0 < p < g,

that is, for each p, 0 < p < co.

EXAMPLE 2. Now we show that the existence of the limit in (5.13) does not
imply the existence of the limit in (5.12). The idea of this example is similar
to the idea of Example 1, but the construction is somewhat more technical. Let
0 < p < 1/2. Consider the equation

F = ycot ~1
(z,9) ycom{xcosm }

(5.14) + 4| %2

2
1—|—cot2p7r{ Y —1}]—92
x cos pT

2
—2sinp—ﬂ\/1+cot2p7r{ J —1} =0,
2 & COS pT

where the radical denotes the arithmetical value of the square root, x and y are real
variables. It is easy to check that F'(1,1) =0, Fj(1,1) = tan &7, F)(1,1) = tan 5.
Well-known theorems on implicit functions imply that the equation (5.14) defines
in a sufficiently small neighborhood of (1, 1) an univalent continuously differentiable
decreasing function y = y(z), y(1) =1, |y'(z) — (—1)] < 1/2.

Let Li(r) = 1+ nsinlnln(e + r), » > 0, where n > 0 is chosen to be so small
that the interval [1 — 1,1+ 7] is contained in the interval where the function y(x)
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with the properties described above is defined. Let La(r) = y(L1(r)). We may
assume that 7 is so small that for 1 — n < z < +n the inequality

cosmp < y(z)/x < secmp
is satisfied. Hence, for all » > 0 the inequality
(5.15) cosmp < La(r)/Li(r) < secmp

holds. Denote by V;(r) the canonical product of genus 0 with positive zeros, for
which n(r,0,V;) ~ rPL;(r), j = 1,2. It is easy to verify that the functions p;(r)
defined by the equations r7i(") = r?L;(r) are proximate orders, and p;(r) — p as
r — 00. As in Example 1 we let

f(2) = V1(2) + Va(=2).
Using the same argument as in Example 1, we get
In M(r, f) = max In M(r, V) + o(r”)
i=1,

= max{Ly(r), La(r)} + o(r”).

sinmp
Hence
In M
lim sup no (rf) _ T lim sup max{L1(r), La(r)}
rooo  SinTp Sinmp " rooo
T
= 1 1-— > (1
Simpmax{( +n),y(1—n)} = ( +n)simp,
In M
lim inf — (rf) _ 7 lim inf max{L1(r), L2(r)}
r—00 rP SInwp r—oo
™
= 1-— 1 < .
= max{(1—n),y(1+n)} S

Thus the limit in (5.12) does not exist. Denote by ¢(r), 0 < ¢(r) < m, the
(unique) solution of the equation
(5.16) Li(r) cos p(m — @) = La(r) cos pp.

The existence of the solution follows from (5.15). From (5.32) it is easy to get that
for each positive § we have

Cos py

P P < < —
N 7P Lo(r) Sin + o(r?), 0 < <) —a7,
In|f(re)| = cos p(m — )
7P Ly (r)—————= 4+ o(r”), p(r)+0<p<m—4.
sin pr

Taking into account Theorem 7.4 from Chapter 1 and Remark 1 following it, we

get
rP () ™
= - d
T(r, f) {LQ(T)/O COSp¢+L1(T)/p cos p(m — ) @}

sinmp (r)

(5.17) )

+o(r’) = {La(r) sin pp(r) + La(r) sin p(m — ¢(r))} + o(r?).

psinmp
Using (5.16) we get

LQ(T)
= | ——— -1
tan po(r) = cot p (Ll(r) s ) ,
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L
cot pm & -1
Li(r) cos pm
La(r)
1 t2 — 1
{ ot pm (Ll(r) coS pT

2 3
sin plr — p(r)] = {1 - |23 cosvetr)] }

Ly(r) * I3
1 t2 —— =1, —
{ +cottpm { Ly(r) cos pm L?

_ {1+Cot2pﬂ{#f;)smr—l}2};

Taking into account (5.14) and the definition of the function Ly(r) = y(L1(r)), we
get

sin p(r) =

N———
N
——
ol

Lo(r)sin pp(r) + L1(r) sin p(m — ¢(r)) = 2sin %
Now we can rewrite (5.17) as

P
T(Ta f) = 7p7‘(‘ + O(rp)7
pCos —
2
that is, the limit in (5.13) is defined. Considering the functions f(2?), as in Example

1, we drop remove the restriction p < 1/2.

It is worth mentioning that it is possible to construct examples of the type of
Example 1 using another idea. We restrict our attention to the case p = 1, because
in this case the construction is simpler.

EXAMPLE 1’. We define an integer sequence {rj} using the following recurrent
relation: r; = 1, rgq41 = 37’%. Let pr = r%; nr =1, k=0,1,2,.... Let mop4+1 =1
if ron—1 < 2k+1 < 1o and Nopy1 = 0 if rop < 2k + 1 < ropq1. Let nh, = 0 and
n§k+1 = 1)ok+1. Note that for integer s > r1 we have

(5.18) P Tie ( rie ) - (f)

s! s8 Tht1 3

The function

S

(oo}
z
f(z) = Z nsg
s=0
has the desired properties. It is clear that

coshr < M(r, f) = f(r) <e.

Hence
th 7

T—00 r

=1
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If |z| = pan—1 then (see (5.18)) the following inequality holds

[e’e} Z T2n— 1| o] |Z|s
D YEIAEIED S T o
s=0 s=T2p
o0 1 o0
n D2n
<o Yo+ 3 (5) e o).
s=0 s=Tap

Hence, for » = ps,,_1 we have

f(re') = exp(re'?) + O(exp(v/rInr))

and
T(r, f) = T(r,¢?) + O(vFinr) = % +O(/rlnr).
Thus
(5.19) limint L0 F) o L
™00 r T

In a similar manner, for |z| = pa, we get

Z U=
T2n
< Z

Therefore for r = ps,, we have
f(re) = cosh(re*?) + O(exp(y/r In7)),

T(r,f) =T(r,coshz) + O(y/rlnr) = % + O(y/rlnr).

(Here we have used the result of Exercise 2 to Theorem 6.1 from Chapter 1.) It
follows that

|f(z) — coshz| =

z
Ly > " <phveto(l) =epy” +o(1).

S=T2n+1

~—

(5.20) lim sup I/

r—00 T

Combining (5.19) and (5.20) we conclude that the limit of T'(r, f)/r as r — oo does
not exist.

>

3w

2°. Now we consider entire functions of integer order p > 0 with positive zeros,
such that n(r,0) ~ Ar?(") where 0 < A < oo, p(r) is a proximate order, p(r) — p
as r — oo. We shall use the notation from the proof of Theorem 4.3. In this case

f(z) = fi(2) fa(z), where

1
fi(z) =expq 2’ |c,+ = Z a,”’ ,

0<a,<r

pe) == I B (Zp-1) T1E(2o0)

0<a,<r a,>r

— ecp—1zp_1+~~~+61zf3(z).
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We consider the function In f(z) in the angle {0 < § < argz < 27 — 6},
In £(0) =In f2(0) = In f1(0) = In f3(0) = 0. We have
|In f(2) —In f1(2)| = [In f2(2)] < O(l2*~") + | 1n f3(2)].

On the other hand, the function In f3(z) can be represented in the form (cf. com-
putation in part 1° of this section):

lnfg(z) = —2° /T (t O)t’)(tdit_) - an(r O) /Oo tP (tdt_ Z)

. dt o dt
_Zp+/ (6,0 = n(r,0)} =y = = /O n(t.0) o

dt
_ p+1 -
prf’ n(r 0)—z /r n(t,0) = 2)

For § < ¢ < 27 — § we have |t — re®| > sin & (t—i—r) hence
. 1 " n(¢,0) 1 < n(t,0)
1 Y < ——=qrf —— L dt+ = 0 p+1/ —— L _dt,.
[ fs(re)l < —5 {T /0 v S LG R A7y

S —

Estimating the sum in the braces we, as in the proof of Theorem 4.3, get
(5.21) |In f3(re’®)| = O(rP("))
uniformly with respect to ¢, § < ¢ < 2w — §. Hence

1
Inf(z)=2"|c,+ - Z a,? | +0(@r*"), (5.221)
0<a,<r
1
(5.22)  In|f(z) =Re 2" [c,+= Y ay”| 3 +00""), (5.225)
0<a,<r
1
arg f(z) =Im ¢ 2° [ ¢, + = Z a,” + O(rPM). (5.223)
0<a,<r

Note, that in order to prove these relations, we used the relation n(r,0) = O(r*(")
only. Consider first the case when the integral

(5.23) / trH=r=1qy
1

is divergent. In this case we introduce the notation (r > 2)
Ly(r) =/ tPO=p=1gp i) = pP Ly ().
1
It is easy to check that p;(r) is a proximate order,
p1(r) = p, P = o(rP*M), ) = o(rP1 (M) as r — .
Using (5.221) we get
In f(z Z a;? + o(rrr (™).

0<al,<r
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By the I’'Hopital rule, we get

1 Z - 1 ["dn(t,0) _ n(r,0) n " n(t,O)dt
v 0 tP prP 0 tr+1

P 0<a,<r p
= O(r”(r)’p)—s—A(l—f—o(l))/ PO =p=1 4 A(1 + o(1)) L (r).
1
Hence
(5.24) In f(re?) = Ae#?rrr (") 4 o(prr (M), (5.241)
. In | f(re'®)| = ArP*(") cos pp + o(rP1 (1), (5.242)

and these estimates are uniform with respect to 6 < ¢ < 2w — 4. Using Theorem
4.3 we get

A
T(r, f) =m(r, f) = =r* ") 4 o(rP1 ("),
T
By Theorem 7.4 from Chapter 1 we have

1 A
N(Tv f) = 07 m (7‘, —) = _,rpl(r) + O(TPI(T))7

f T
1 A
N(r, =) ~ =) = o(rrr(),
( f) p ( )

and for a # 0, co, we have

m (r, 7 i a> = o(r”l(’")).

Hence, by the First Fundamental Theorem,

N (r, — 1 ) _ L) 4 ),

—a ™

It is worth mentioning that using the method from part 1°, it can be shown
that if in (5.242) we replace the equality sign by <, the obtained inequality will be
valid everywhere in the complex plane.

EXERCISE. Using the infinite product representation of the entire function
1/T'(z), where I'(2) is the Euler gamma-function, namely

1 > z
—— = ze"? ZE (——,1)
I(z) — n
(v = 0,577... is the Euler-Mascheroni constant), find an asymptotic formula for

I'(z) in the region {|argz| < m — ¢}, 6 > 0:
InT'(z) =zlnz+ o(rlnr).

Now we suppose that the integral in (5.23) converges. Let

[e )
p2(r) = p+ (lnr)_lln{/ t"(t)_”_ldt} , r>1,

rP2(r) = pp /Oo PO —p=lgs — P Lo(r).
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As before, we check that r?(") = o(r#2("), rr2(") = o(rP). In the case under
consideration the function n(r,0) belongs to the convergence class, and the function
f(2) can be represented as

= e I e (Z0-1) =020

where fo(2) is defined as before, and
fa(z) =exp{2” |, — = a,”

The series ), a; * converges since n(r,0) belongs to the convergence class.
The relation (5.21) implies that uniformly in ¢ = argz within the angle 0 <
0 < argz < 27 — 4, the relation

(5.25)  |Inf(re") —ln fa(re’?)| < O@*")) + O(r*~1) = o(r().

holds. In the same way as before we get

Z a;p:—l /°° dn(t,0) _ ln(r,O) _/r‘)o n(t’o)dt

o) T o it

1
p

ay >r

= 0@ =P) — A(1 + o(1)) /Oo tPO=P= 1t = —A(1 + 0(1))La(r).

r

By (5.25) we get
I f(rei#) = ¢#0c p? — AciPepe ) 4 o(pr ()

If ¢, = 0, then

(5.26) In f(re®) = —Ae??rrz() 4 o(rr2(1), (5.261)
' In|f(re®)| = —Acos pr®*™) 4 o(r (). (5.265)
If ¢, # 0, then
(5.27) In f(re'?) = ei"“’c;r" +o(r”), (5.271)
’ In|f(re'?)| = |d)| cos(pep + arg )’ + (). (5.275)

As in the previous example, it can be shown that if we replace in (5.262) and (5.272)
the equality sign by <, then the obtained inequality will be valid everywhere in the
complex plane.

For Nevanlinna characteristics we get the same formulas as in the case when the
integral (5.23) diverges, but with p;(r) replaced by pa(r) in the case when ¢}, = 0,
and with p1(r) replaced by p and A replaced by |c]| in the case when ¢/, # 0. To

apply (4.5) we take into account
1
Cp=Cp— —Za;”.
p v

Finally, we consider the case p = 0. Let p(r) be a proximate order satisfying
p(r) = 0 as r — oo, rP(") is monotone when 7 > ry and goes to co as r — oo.
Consider a canonical product of genus 0 with positive zeros, such that n(r,0) ~
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ArP(") 0 < A < co. Without loss of generality we may assume that all zeros are
greater than 1. It is easy to check that

N(r,O):/ (tt 0 gt — A(l—i—o(l))/rt"(t)_ldt:A(l—i—o(l))Ll(r),

1 1
Ly (g) ~ Li(r), ") = o(Ly(r)) as T — oo,
Let § < ¢ < 2w — 4. We apply (5.1') to f(z). We get

In f(re?) — N(r,0) = —z /100 Z((f’i))j)t - /: n(tt, 0 dt

_ [T n(t0) > n(t,0)
__/1 t—zdt_z/r t(t—z)dt’
. 5 r 0o
“nﬂmw)—NUﬁﬂécwg{[ ?i?ﬁ+¢%jtgi?ﬂ%
1)
5

< csc {n(r, 0) +r/:o "(:;O)dt}

< A(1+0(1)) cscg {rp(’“) + r/ tp(t)th}

= 2A(1 + o(1)) csc grp(T) = o(N(r,0)).

Therefore uniformly with respect to ¢ satisfying § < ¢ < 2w — § the relations

In f(re*?) = N(r,0) 4+ o(N(r,0)), (5.284)

(5.28) In |f(re*?)| = N(r,0) + o(N(r,0)), (5.28,)
arg f(re'?) = (N( 0)). (5.283)
hold. It is clear that In M(r, f) =1In f(—r) = (7’ 0) + o(N(r,0)). Since
(5.29) N(r, ) T(r,f) <InM(r, f),
we get
1

(5.30) T(r, f) = N(r,0) + o(N(r,0)), m <7‘, ?> = o(N(r,0)).

It is easy to check that relations (5.30) take place even without the requirement of
positivity of zeros. In fact, let

r=-T(1-2) i-T(- %)

It s clear that M(r, f) < M(r, ) = f(r) and N(r,0, f) = N(r,0, f). From (5.20)
and (5.30) we get
N(r,0,f) <T(r, f) < M(r, f) = N(r,0, f) + o(N(r,0, f))
= N(r,0, f) + o(N(r, 0, f)),

that is, (5.30) remains true. Using the condition of positivity of zeros of f(z), using
(5.283), the First Fundamental Theorem, and Theorem 7.4 from Chapter 1, we get

m(r,a, f) = o(N(r,0)), N(r,a) = (14 0(1))N(r,0), a#0,00.
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3°. Finally we consider the entire Mittag-Leffler function

e k

(5.31) E2)=Y — 2 0<p<c.
()

Using Stirling’s formula, it is easy to verify that this power series has an infinite
radius of convergence. The function E,(z) is a generalization of the exponential
function e, which corresponds to the case p = 1. For p = 1/2 we have E;/3(z) =
cosh \/z. We are going to find some asymptotic relations for E,(z). To do so we need
the Hankel integral representation for I'-function. Let s = o 4 i7 be an arbitrary
complex number. Denote by L(6,a), 5 <0 <7, 0 < a < oo, the boundary of the
region {|argz| < 0, |z] > a}, parameterized in the negative direction.
Consider the integral

1
(5.32) F(s) = — et 5 dt,
211 L(6,a)

where by t~° we mean the principal value of the power function. It is easy to check
that the integral (5.32) converges absolutely and uniformly with respect to s, for
|s] < R, where R is an arbitrarily large number. Using the Morera theorem for
the function F'(s) and changing the order of integration, we conclude that F(s) is
an entire function. The integral (5.32) does not depend on a, since the integral of
e't™* over the boundary of the region {|argz| < 6, a1 < |z| < a2} is equal to zero
by the Cauchy theorem. The integral (5.32) does not depend on 6, 5 < 0 < m,
either. In fact, let § < 61 < 02 < m. The difference

(5.33) / et Sdt — / et 5dt
L(Ql,a) L(Gz,a)

does not depend on a, and is equal to the integral of et ~* taken over the boundary of
the set {0 < |argz| < 62, |z] > a}. On the other hand, on the arcs {0; < |argz| <
02, |z| = a} the integrand satisfies the estimate |e’t~%| < e?°*301g77%27 = o(a™1)
as a — +o0o. Therefore the difference (5.33) approaches zero as a — +o00. Since
the difference (5.33) does not depend on a, it should be equal to 0.
Thus, in (5.32) we do not need to indicate the dependence of F(s) on 6 and a.
Now we let 0 < s = o < 1. We have

1 Tio —a
F(o)=— elt=odt = < - e’|z|”%dx
2mi S 2me

m,a) —00

1 g ip ; 677”;0- e
+ % eae alfaez(lfa)godso + o / €w|11,‘|76d51?
-

—a

. 0o T

sin o o 1 T

= e r dr + a7 — eae’ T+l U)‘Pdcp.
m a 2 J_,

Letting a — 0 and using the formula for the complement of the I'-function, we get

sinme [ _. _, sinmo 1
F(O'): . A e "r dx = . F(l-O’):m
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Since the entire functions F(s) and 1/T'(s) coincide on the interval 0 < o = s < 1,
they are identically equal. We get from (5.32) the Hankel formula
1 1

/ ett*Sdt,z<9§7r,0<a<oo.
(6,0) 2

We introduce notation o = 1/p. Let |2| < 1, a > 1, and § < 6§ < 7. Using (5.31)
and (5.34) we get

i 2* t—ak—1

E,(z) = —/ et T dt

=0 271 L(G,a)

1 t e k 1 tta—l
— SN () tdt=5- Tt
271 L(6,a) t =0 t 271 L(O,a) o —z

The integral in the right-hand side of (5.35) defines for |z| < a® an analytic
function of z, which coincides with E,(z). Since a can be chosen to be arbitrarily
large, we get the following integral representation for E,(z):

(5.35)

1 tta 1

™
5.36 E — dt <0< > |2]”
(5.36) /0= [, ot 5 <0 > bl
First we suppose that 1/2 < p < co. Assume that |2| > 1. Let z = re'®.
Suppose that [¢] < - 55 T0,0<0 <7m— g5 Then
) 1 ttafl
E,(re") = — ° dt
270 L (m (2r)0) 1% 2
(537) 1 etra—1 etpa—1
= — dt +resi—p —.
210 Jp(r1) 1Y — 2 te —z

In writing this representation we take into account the fact that the function
etta—l(ta _ Z)_l
has in the region {|argt| < m, 1 < [t| < (2r)?} only one pole at t = rPe%¥. Since

for || < % + o0, 1% = [t|*e*™ @ r > 1, |t| > 1, the absolute value }% - 1‘ is
bounded below by a positive constant m, then

tra—1 eS]
i/ Ldt < 1 1 —zpo—lg.. - im
27 J () t* — 2 |z| 2em Jy |z| 27rm
Therefore we get, using (5.37):
(5.38) E,(2) = ( >+ argz| < 48 <t
. z pe” , |argz| < — —.
g 2| 2p p
If 35 +6 < [p| < m, we choose § satisfying § < 0 < 5 + pd. Then
1 “etde 1 ot
(5.39) E,(re') = — = — T,
271 L(6,(2r)?) o — 2 211 L(6,1) o —z

since under the conditions listed above we have |pp| > 0, pp —2kmp < pr —2kmp <
—0 and pp + 2kw > —wp + 2kw > 6, for k = 1,2,3,...; and the integrand does
not have poles in the region {|argt| < 6,[¢| > 1}. In the same way as before we



5. SOME EXAMPLES 85
show that the integral in the right-hand side of (5.39) is O(|z|~1). Thus we get the
following uniform estimate in the complex plane:
w0 (1). lasgel < 5
O(i>, T > |argz| > 5

2|

(5.40) E,(2) =

In some cases, for 7 > |argz| > 55 +4, 6 > 0, a more precise estimate for E,(z)

than O (‘—i‘) is needed. To get it, we transform the integral (5.39) in the following
way:
1 efge! 11 11 efge!

— dt = ——— elteldt + = —
21 Jpg,n) t* — 2 z 27 Jr(0,1) z22mi Jpe,1) t¢ —

et eol)

We took into account (5.34). Hence
1 m
zFl—a <| |2> for7r2|argz|2—+5.

When p > 1/2 and p # 1, then 1/T(1 — &) 7é 0. If p = 1, the formula (5.40") gives
a more rough estimate, because Ey(z) = e*. If p = 1/2, then, as we noted above,
E,(z) = cosh/z, and we easily get

dt

(5.40) E,(z) =

l\.')l»—l

(5.1 Bija(e) = e u(a), [o(2)l < 5

If 0 < p < 1/2, the investigation of the function is somewhat more complicated.
Let |@o| < 7. We find § = 0(po), m > 6 > 7, and a small number £(¢p) > 0, such
that for |¢ — ¢o| < e(¢p) and an arbitrary integer k, the numbers py + 2kmp are
not equal to § or —f. Then, as before, we get
tta 1

1 ett*tdt
5.42 E = — P
(5.4 R

where the sum of residues is taken over all poles of the function eft*~1(t* — 2)~1
which are in the region {|argt| < 6, |t| > 1}, that is, at the points t = rPeir(¢+2km)
where the integers k are such that —0 < pp + 2kmwp < 0. The integral in (5.42) can
be estimated using the same method as before. Therefore

1 pi2kmp
(5.43) Ey(2)=0 <m> + Z pe” <™ |arg 2| < 7.

|<p+2k7r\<%

This estimate is uniform with respect to |¢ — ¢o| < e(po). Using the Heine-
Borel lemma, we cover the interval [—m, 7] by finitely many intervals {|¢ — .| <
e(pn)}, 0 =1,2,...,po, and conclude that the estimate (5.43) is uniform in the
complex plane. It is necessary to take into account that 6 in (5.43) will take,
depending on ¢ = argz, pug different values. If we restrict our attention to the
main term of the decomposition, we get from (5.43) that

(5.44) E,(2) = (1 +o(1))pe”,

uniformly with respect to argz for |argz| <7 —4, § > 0.
Since the coefficients in (5.31) are positive, then (p > 0):

M(r, B,(2)) = B,(r) = (1 + o()pe”", T(r, E,) < r* + O(1).
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Applying Theorem 7.4 from Chapter 1, we get
#r" + o(r?),
Slnﬂ'prp + O(/rp)’

T(r,E,) = {

Taking into account (5.40"), we conclude

1 o
m<r’_>_ o(r?), p#1,
EP %7 p = 17
! =o(r’), 0<p< #0
m T’Ep—a = o(r’), p <00, a , 00

By the First Fundamental Theorem we get
T(T7 EP) + O(T’p), p # ]-7
07 p= 17
N(r,a,E,) =T(r,E,)+ o(r”), a # 0,00; 0 < p < 0.

N(r707Ep) = {



CHAPTER 3

The second fundamental theorem

1. Lemma on the logarithmic derivative

The second fundamental theorem is the deepest and the most important result
of the value distribution theory. As we shall see later, the classical Picard and
Borel theorems are its corollaries. To prove the second fundamental theorem we
need some auxiliary results, which we are going to present now.

THEOREM 1.1. Let f(z) be a meromorphic function satisfying f(0) = 1. For
all v and R satisfying 1 <r < R < oo and all o, 0 < a < 1, the inequality

!
m <7’, f—) < lln+ T(R, f) + max <2, l) {ln+ L —|—lnR}
(1.1) f a o R—r
1 64
+ —1In
a 11—«
holds.

We need the following lemma.

LEMMA 1.1. Let f(z) and g(z) be non-negative measurable functions on [a,b],
and let

b
A= / g(x)dz > 0.
Then the inequality
b b
(1.2) %/ {In* f(2)}g(e)de < In* {%/ f(ac)g(ac)dac} +ln2

holds.

PROOF. Note that in the case g(z) = 1 the inequality (1.2) becomes

b b
(1.2 ; i - /a In" f(z)dr < In* {b i a/a f(a:)da:} +1In2.

To prove the lemma set

b
m= / @) @)z, @) = [f@)" —m.

Note that m > 1. It is clear that

b
| @iz =o.

87
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We have

—/ {In* f(2)}g(z)dx = —/ {In[f( (z)dz
—lnm—i—%/:ln <1+%> g(m)da:glnm—i—%/: %g(m)dmzlfrm.

Thus

b b
3 [ e g@de <1u* {% / [f(x)]Ag(x)dx}
b
ghﬁ{%/ﬂ [f(z) + 1]g(z)dz } { / f(z dac—l—l}
b
; {%/a f(m)g(m)dm} +1In2.

PRrROOF. (Theorem 1.1) Note that the condition f(0) = 1 implies (see (6.8")
from Chapter 1) that T (r, %) =T(r, f), therefore we have

O

m (r, %) +m(r, f) < 2T(r, f), N(r;0,00) < 2T(r, f).

Using the formula (2.5) from Chapter 1 for the disc {|z| < s}, s > 0, and letting
p = 1 in this formula, we get

£(2) - 1 2 i 2se?
7 =5, e gt

52 — |am| s% — |b'ﬂ|2
+ Z 2 —amz)(z — am) Z (2 = bpz)(z —by)’ |2l < s

|am‘<5 [bn|<s

(1.3)

Denote by {c,} the set-theoretic sum of the sequences {a,,} and {b,}. Observe
that

27
- /O |1 |f(s¢®)]|do = m <s, %) +mls, f) < 2T(s, f),

and for |¢,| < s

52_|Cq|2 52_|Cq|2 _ 5+ |eg] 1 2
(82 —¢q2)(z —cq) | = (8% —eqls)]z — ¢4 s |2 —cql = [2—¢ql’
we have
f z) 45T
< s. 1.3
()| — s—|z| Z |z el <s (1.3

Using the well-known inequality

(0%
(de> <> dy, dp>0,0<a<1,
k k
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we get
2 2 “
™| f(ret®) | ) 4sT (s, 1
/ f(‘) (pg/ (£)+2Z ‘ di
o | 7o) o |G T2 e
2
4%5*T%(s, f) 1
—/o CEDE ; [re® — gl [ ©7
45T (s, f) o
:2 2(1 .
(s —1r)% + Z / |re“/’—c |
leql<s
Since
/271' d<,0 _/27r d<,0 </27r dQO
o Trer—cm o T —leglle = Sy Trsingl
_ 4 (TP dp _ 4 <7r)a/“/2 dp 2
r® Jo  sin®@ T re \2 o »* re(l-a)’

we get the inequality

| (rete) | 4%52T%(s, f) 2%n(s;0,00)
[ [eem | dosam g e g

Now let s = £(R 4 r). Observe that then

1
r<s<R, s—r:R—s:§(R—r),

and since the function T'(s, f) is non-decreasing, we get
T(s, f) <T(R, f).
By Lemma 7.1 from Chapter 1 we get
R 2R 4R
. < . — <
n(s;0,00) < Z=—N(R;0,00) = =——N(R; 0,00) < =——T(R, f).

Thus we get (R >r > 1)

L (2| ffre')[* ) 2'R°T*(R,f) = 2°"**RT(R,f)
or Jo | f(re) = (R—r) (1—a)(R—r)re
16 . 1 ry—2 1 r\ L
4) <1—T <Rf>{ (-7 +=(-%) }
(2a)"
< w1 5)
By Lemma 1.1 we have
f! 11 [ f'(re?) |*
w(nF) ez v e

f'(rei®)
F(re)

1 N 1 2 o
<—qln" | — de| +In2 ¢,
« 21 0

therefore

s m(n )

IN

11—« R

1. 32 ., . 20" 1
a111{ TR, f)r (1 ) +=In2.

89
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Using the inequality (4.3) from Chapter 1, we easily get the conclusion of the
theorem. 0

Later we shall need an estimate for m (r, f7/> in terms T'(r, f) rather than in

terms of T'(R, f), R > r. It is clear that we cannot get such an estimate taking
the limit as R — r in (1.1). We shall use for this matter the following theorem of
Borel-Nevanlinna.

THEOREM 1.2 (Borel-Nevanlinna). Let u(r) be a continuous, non-decreasing
function on [rg,00), tending to +00 as r — 0o. Let p(u) be a continuous positive
non-increasing function on [ug,00), ug = u(rg), having zero limit as v — oo and
satisfying

(1.6) /OO p(u)du < co.

0

Then for all v > ro except, possibly, a set of finite measure the inequality
(1.7) u{r+ p(u(r))} <u(r)+1
is satisfied.

PRrROOF. Denote by E the closed subset of [rg,00) on which the inequality (1.7)
is not satisfied, that is, the inequality

(1.8) u{r +¢(u(r)} = u(r) +1

holds. Denote E N [r,00) by E(r). We assume that for all » > r¢ the sets E(r) are
non-empty, otherwise the theorem is trivial. Let 4 = minr, r € E; 1 > ro. Let 7}
be the least value of r satisfying u(r) = u(r1) + 1; it is clear that 7| > ry. On the
other hand u{r; + ¢(u(r1))} > u(r1) + 1 = u(r}). Since the function u(r) is non-
decreasing, we have r1 + p(u(r1)) > ri, v} — r1 < p(u(r1)). Suppose that we have
already found the values rq,...,7r,,71,...,7),. Set r,y1 = minr, r € E(r},), and
let r;,,; be the least number r satisfying u(r) = u(rn41) + 1 and ], | > r,41. We
have u{rn414+@(u(rni1))} = u(rng) +1 = u(rypq) and vy — o1 < @(u(rng)).
Since u(rny1) > u(r),) = u(r,) + 1, we get u(rpy1) — u(ry) > 1 and u(rp41) >
u(r1) + n > ug + n. Therefore u(r,) — oo and r,, — oo as n — co. The definition

of the sequence r, implies that (1.7) holds on (r],_;,mn), n = 1,2,...,7( = ro.
Hence the set E is covered by the sets [r,,7}],n =1,2,.... On the other hand
Do) <D plulra)) < Y plug +n—1)
n=1 n=1 n=1
[e 9]
< p(uo) —|—/ p(u)du < co.
uo

O

Observe that we also have proved that the set E can be covered by pairwise
disjoint segments with finite total lengths and end points going to infinity.

R. Nevanlinna showed that the condition (1.6) cannot be weakened. In fact,
let ug be a real number, ¢(u) be a function satisfying the conditions of Theorem
1.2, but

(1.9) /u ” o(w)du = oo,

0
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Set

r(u) = /u o(t)dt, u > up.

0

Then the function u(r) inverse to r(u) satisfies all conditions of Theorem 1.2. The
condition (1.9) implies that u(r) is defined everywhere on [0, 00). Let us show that
(1.8) is satisfied everywhere on [0, 00). Indeed, by the mean value theorem we get

u{r + (u(r))} —u(r) = up{r + Op(u(r)) yo(u(r),
where 0 < § = 0(r) < 1. On the other hand

1

rifulr + 0e(u(r)))}
1 1

Plulr + 00} = p(u(r)’

u{r + Op(u(r))} =

hence (1.8) is satisfied.

EXERCISE 1. Let u(r) be a function satisfying the conditions of Theorem 1.2,
€ > 0. Then for all » > ry except, possibly, a set of finite measure, the inequality

u (r + 1mi(r)> < {u(r)}'+

holds.

HINT. Use the argument of Theorem 1.2 with u1(r) = y/Inu(r) instead of u(r)

and with p(u) = u=2.

EXERCISE 2. A set E C [1,00) is called a set of finite logarithmic measure
if the integral [, 5 r~Ydr converges. For all r > rq except, possibly, a set of finite
logarithmic measure, the inequality

u (7‘ + 1m:(r)) < {u(r)}'+e

holds.

HINT. Use the result of Exercise 1 for u(e”), and observe that

oo (r Yo (1 1),

Let f(z) be a meromorphic function. Denote by Q(r, f) an arbitrary function
defined on {0 < r < oo} and such that:

1) If the function f(z) has finite order, then Q(r, f) = O(Inr) as r — oco.

2) If the function f(z) has infinite order, then Q(r, f) = O(InT'(r, f) + Inr) as
r goes to oo, excluding, possibly, some set of segments in [0, 00) with finite total
length.

It is clear that Q(Ta f) + Q(T', f) = Q(T’, f)7 AQ(T’, f) = Q(T7 f)7 if T(T7 fl) =
o(T(r, 1)), then

Q(Taffl):Q(raf)7 Q(r7f1+f):Q(raf)
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THEOREM 1.3 (Lemma on the logarithmic derivative). Each meromorphic func-
tion f(z) satisfies

(1.10) m (r, f%) =Q(r, f).

PROOF. Observe that it is enough to prove the theorem for functions f(z)
satisfying f(0) = 1. In fact, in the general case f(z) = AzPp(z), where A is a
constant, p is an integer, and ¢(0) = 1. If we assume that for ¢(z) the theorem has
already been proved, we get

! / /
m(r,f—) =m<r,£+£> :m<r,£) +0(1)
f z g 2
=Q(r,p) +0(1) = Q(r, f).
So let f(0) = 1. Assume that T'(r, f) > 1 for r > ro > 1. Letting R > r,
a = 1/2 in the inequality (1.1), we get for r > 7

!
(1.11) m<r,f7> g21nT(R,f)+21n+RL+21nR+21n128.
-Tr

If the function f(z) has finite order, then InT'(r, f) = O(Inr) and letting R = 2r
in (1.11), we get

m <r, f7> = O(In2r) = O(In ).

Now suppose that f(z) has infinite order. Let R in (1.11) be equal to R = r +
{T(r,f)}=2 < 2r. By Theorem 1.2 everywhere except, possibly, a set of finite
measure the inequality

(1.7) T(R,f)=T(r+{T(r, /)} % f) <T(r, f) +1

holds. Here we use (1.7) with u(r) = T'(r, f) and ¢(u) = u~2. Now it follows from
(1.11) that outside the exceptional set of values of r the inequality

/
m (r, f7> <6WnT(r,f)+2Inr+0O(1)
holds, that is (1.10) is satisfied. O
The question arises, whether Theorem 1.3 is valid in the general case for func-

tions of infinite order, if in the definition of Q(r, f) we drop the mention of the
exceptional set, that is, whether the following estimate holds:

(1.12) m (r, f7,> =0(WnT(r, f)+1nr), r — oco.
Observe that the estimate
(1.13) m <r,f7/> =O0O(InT(kr,f)+1nr), r = o0

holds for each k > 1; to get this estimate it is enough to let R = kr in (1.11).
Following Hayman [Hay65] we show, however, that the estimate (1.12) is not
true in general. If the estimate (1.12) were valid, then for each transcendental entire
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function f(z) we would have

T(r ) = m(r, £) < m(r, )+ m ()

=T(r,f)+O(InT(r,f) +Inr) = (1 + 0o(1))T(r, f).
It turns out that not only this estimate is not always true (as R. Nevanlinna sup-

posed), but for each positive arbitrarily rapidly increasing function ¥ (7"), ¥(T') —
oo as T' — oo, there exists an entire function f(z), such that

, T(r, f')
1.14 limsup ————— =0
- i 1))
Let 7, =271, n=1,2,..., and let A1, \a,... be a strictly monotone indef-

initely increasing sequence of positive integers satisfying A, > n, n = o(ln\,),
N2 = 0(Ant1), ¥(nAn_1) = o(ln)\,) as n — oco. Set

Then

For |z| = r,, v > 2 we have

00 An v—1 00
Ty An —An R Y W
FOTED B3 IED GRS EaD D R R e
n=1 n=1 n=v+1
(1.15) T(ry, f) < Ap—1lnry, +In(r — 1)+ O(1) ~vA,_1In2.

For z > (In2)~!, the function #27% is decreasing, therefore \,2"*» < n2~" for
n>2. If|z|:rl,,u>2 then

Tv n=1 Tn n=v+1

An
v E )\( )
Ty Vn v+1
1
E{A”_(V_l)uﬂ' E )\2)‘}

n=v+1

vV
|
—~
|
—
—
>~

T

,_.

ﬁ
t
,_.
,_.

v

> %{A, — (v = 1)\, 2D 01 — (1 4 0(1))%.
Hence
(1.16) T(ry, f'Yy=m(r,, f) >In\, —lnr, +0(1) = (1 + 0o(1))In \,.

Using (1.15) and (1.16) we get for v > 1g
T(ry, ) < (I+o0(1)InA,
U(T(ry, f)) —  C(wA-1)
that is, (1.14) holds.

— 00 as vV — 00,
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IfT =0(¥(T)) as T — oo, then
m(ry, ['/f) o _T(rv, ') T(ry, f)

V(T 0) = VT ) T, ) T
Thus, not only the estimate m(r, f'/f) = o(T(r, f)) is not always true for
functions of infinite order (this is weaker than (1.12)), but no estimate of the form
m(r, f'/f) = O(¥(T(r, f))) is true unless we exclude some values of r.
For functions of finite order the estimate m(r, f'/f) = O(Inr) can be made
more precise. We show that if f(z) has order p, then

(1.17) limsup(Inr)~'m (r, f—/> <(p-1" .

r—00 f

From the argument in the beginning of the proof of Theorem 1.3 we see that without
loss of generality we may assume that f(0) = 1.
Let R =2r in (1.5). We have

! 1 32 1
m(r, r < —InT TN 2r, f)rT 2% L 4+ —1n2.
f Q@ 11—« Q@

Since for each £ > 0 the relation T'(2r, f) = O(r”*¢) holds, we get

’ 1 1
" (T’ f?) < —mH{O T} +0(1) < —(p+e—a) Inr 4+ O(1),
therefore
: -1 f, 1 +
limsup(Inr) " m (r,= | < —(p+e—a)".
r—00 f (67

Letting ¢ — 0 and « — 1 in this inequality, we get (1.17).
Observe that the function f(z) = e’ (p is a positive integer) satisfies p = p,
m(r, f'/f)=(p—1)Inr +1Inp, r > 1, and hence the sides of (1.17) are equal.

EXERCISE 1. Prove that for functions of order p < 1 the relation

m <T, f7,> = 0(1)7 7 — 00,
holds.
(We havem<r f_,> < 11 2m f’(rei‘/’)
b f >~

a2r fo | f(re¥)
R = 2r for the integral; we choose the number « in such a way that p < a < 1.)

[e3%

dp; we use the estimate (1.4) with

EXERCISE 2. Prove that for functions of finite lower order A the inequality

lim inf(Inr)~*m <r, f7/> <(A-1t

r—00

holds.

(Let r = 7, R =21y, in (1.5), where the sequence {r,} is such that T'(2r,, f) =
O(rp*¢).)

EXERCISE 3. Prove

/:m (r,f?/> dr =0 {/5:2[lnT(r,f) —l—lnr]dr} , § — 00.

(Let R = (s+r)/2in (1.11), then integrate with respect to r from 1 to s.)
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EXERCISE 4. Prove that everywhere outside a set of finite logarithmic measure
the relation

m <r, f%) =O(InT(r, f))

holds.
(Use the inequality (1.5) and the Exercise 2 after Theorem 1.2.)

EXERCISE 5. Show that for non-integer p and for f(z) = [[r=, E (
the two sides of (1.17) are equal.

kf/p?[p])

First we need to prove that for every § > 0 uniformly in ¢ satisfying § < ¢ <
21 — § the relation

L
f (,re‘up) _ .7'(',0 e—ipwei(p—l)cprp—l +O(7“p_1)
flre®r)  sinmp
holds. This can be done using the asymptotic formula (5.21) from Chapter 2. In
fact, letting z = re'?, 2z = rfe*?¥, and using the mentioned formula we get that

the function
—ipm

o(z) =In f(2) = e,

analytic for 0 < ¢ < 27, admits an estimate

g(z) = o(r?),
for g <p<2m— g, uniform with respect to ¢.

Assuming that z is in the angle {§ < ¢ < 27 — d}, and observing that then
the circle {|¢ — 2| = |z|sing} is contained in {g < <27-— %}, by the Cauchy
formula ) ©

/ g
g (Z) 2mi |C7z|:\z\sm% (g - Z)ng
we get
g'(2) = o(r’™1)
uniformly for § < ¢ <27 — 4.

2. The Nevanlinna second fundamental theorem

We shall need some auxiliary functions. Let f(z) be a meromorphic function.
Denote by ny(r,a, f) = n1(r,a) the number of a-points of the function f(z) in the
disc {|z| < r}, an a-point of order m is counted m —1 times. If the orders of a-points
are disregarded, and each a-point is counted once, we get the function 7(r,a). It
is clear that n(r,a) = ny(r,a) + 7(r,a). Using the functions n4(r,a) and 7(r, a) we
define functions Ni(r,a) and N(r,a), in the same way as we defined N(r,a) using
n(r,a).

For example,

Niy(r,a) = / m(ta) ; m(0,a) dt +n1(0,a)Inr.
0

It is clear that the function nq(r, a) does not count simple a-points at all. Since for
a # oo to each a-point of order m of f(z) there corresponds a zero of order m — 1
of f'(z), we have

Z n1(r, a?f) = n(r,O,f’),

aF#oo
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where the sum in the left-hand side has at most a finite number of non-zero terms.
To each pole of order m of the function f(z) there corresponds a pole of order
m + 1 of the function f’(z). Therefore n(r,o00, f') = n(r,c0, f) + fi(r, oo, f) and
ny(r, 00, f) = 2n(r,00, f) — n(r, 00, f'). We set ni(r, f) = ni(r, 00, f), Ni(r, ) =
Ny (r, 00, f), etc. From the equalities above we get

an (r,a, f) n< f>+2n( £)—n(r ),
and hence
ZM ra, f) = ( f,> +2N(r, f) — N(r, f').

One drawback of the 1ntr0duced notation ny(r) and Ni(r) is that it does not re-
flect the function f(z) which is used in the definition, but it will not cause any
inconvenience.

We observe one more equality which will be needed on many occasions:

N (nE) =4 (ng).

This equality immediately follows from the easily verifiable fact that f’/f has simple
poles at zeros and poles of f(z), and does not have any other poles.

Now we are ready to state the second fundamental theorem, which is due to
R. Nevanlinna.

THEOREM 2.1. Let f(z) be a non-identically-constant meromorphic function,

let a1,...,aq be distinct complex numbers, one of which can be equal to co. Then
q
(2.1) Y mlr.ay) < 2T(r, f) = Nu(r) + Q(r, f).
v=1

PROOF. It is clear that it suffices to consider the case when all numbers a,,
v=1,...,q, are finite, and to prove the inequality

(2.2) Z m(r,a,) + Ni(r) < 2T(r, f) + Q(r, f).

Consider the rational functlon

hw) =3

v=1
it has degree ¢q. Let H(z) = h(f(#)). By Theorem 6.1 from Chapter 1 we get

T(r,H)=qT(r, f)+ O(1).

It is easy to see that

q
H)=> N(ra,,f).
v=1
Taking into account the first fundamental theorem, we get
m(r,H)=T(r,H) — N(r,H)

(2'3) _ qT(r, f) _ Z N(r) ay, f) + 0(1) = Zm(r7 Ay, f) + 0(1)

v=1
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Observe that by the lemma on the logarithmic derivative we have

m(r,H) <m <r, %) +m(r, f'H)

1 . f B 1
sn(rg) s n (gt ) oo () vaen

From (2.3) and (2.4) we get

(2.4)

(2.5) S mra,) <m ( fi> Q).
Thus
(2.6)
m(r, 00) + Z m(r,a,) + N1(r)
<l f)m (ngp ) 48 (1 g ) + 2V ) = N )+ Q)
= (T,f)—FT(T,%)+N(T,f)—N(T,f,)+Q(T,f)

T
T(T,f)—F{T(T,f/)—N(T,f’)}—l—N(T,f)—l—Q(T,f)
T(r,f)+ N f)+m(r )+ Q(r,f).

Since
(2.7) m(r, f') <m(r, f) +m (r, f7> =m(r, f) +Q(r, f),
the inequality (2.6) implies (2.2). O

REMARK 1. It is easy to check that the quantity 27(r, f) — N1(r) from the
right-hand side of (2.1) can be replaced by

1 27 o .
_% 0 In f (re%@)dw’
where f (z) is the spherical derivative of f(z) (see section 4 of chapter 1).

In fact,

LI
—— el o4 N
27 Jo n1+|f(re“/’)|2d<p+ 1(r)

27 27
= _%/0 In | f'(re)dp + 2% /o In+/1+ |f(re#)|2dp + N1(r)
— —m(r, f)+m <7“, %) Lo )+ N <r, %) +ON(r f)

N(r, ') = 2T(r, ) + O(1) — T(r, f') + T < fi) — 9T J) + O(L).

REMARK 2. The result of the Exercise 1 on p. 77 implies that for functions of
order less than 1, we may assume Q(r, f) = O(1) in (2.1).
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REMARK 3. The inequality (2.5) implies the following lemma which will play
an important role in Chapter 6.

LEMMA 2.1. Let aq,...,a, be distinct complex numbers, different from 0 and
0. The inequality

Vzp:lm(h a,) <m <r, %) +Q(r, f)

holds. In particular, for each a # 0,00 the inequality

m(r,a) <m (7‘, %) +Q(r, f)
holds.

In fact, writing (2.5) for the numbers 0,a4,...,a, (¢ = p + 1), and observing

that
m (r, %) <m <r, %) +m <r, %) =m (r, %) + m(r,0),

we get the desired inequality.
Let us write down some inequalities, immediately following from (2.1). Letting
m(r,a,) =T(r,f) — N(r,a,) + O(1) in (2.1), we get

(2.8) (q—=2)T(r, f) <Y N(ra) = Ni(r) +Qr, f).

Replacing Ni(r) by the quantity >-?_, Ni(r,a,) < Ni(r), we get from (2.1) and
(2.8), respectively, the following inequalities:

(2.9) > {m(r,a) + Ni(r,a,)} < 20(r, £) + Q(r, f)
(210) (q - 2)T(T’, f) S Z N(T7 al/) + Q(T’, f)

Theorem 2.1 immediately implies the following theorem, which goes back to
Borel.

THEOREM 2.2. A transcendental meromorphic function f(z) cannot have more
than two Borel exceptional values.

PROOF. Assume that f(z) has three Borel exceptional values aq,as, as. From
(2.10) with ¢ = 3 we get

3
(2.11) T(r,f) <Y N(r,a,) +Q(r, f).

If the function f(z) has infinite order, then N(r,a,), v = 1,2,3, have finite or-
der, hence, there is a constant K < oo, such that for » > ry the inequality
Zi:1 N(r,a,) < 7 holds. Then outside some set E of finite measure L the
inequalities

T(r,f) <& + O T(r, f) +1Inr) <K+ %T(T, f)
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and
T(r, f) < 2r®
hold. If r € E, then there exists 7/, r <7/ <r+ L+ 1, such that 7’ ¢ E. Then
T(r, f) <T@, f) <2’ <20r+ L+ 1)% < 30K,

if r is sufficiently large. Hence T'(r, f) has finite order, and we get a contradiction.
If f(z) is of finite order, then Q(r, f) = o(T(r, f)), and (2.11) can be rewritten
as

3
(2.12) (L+0()T(r, f) <Y N(r,a).

This implies immediately that the growth category of at least one of the functions
N(r,ay), v =1,2,3, is not lower than the growth category of T'(r, f). If f(z) has
positive order, we already have a contradiction. If f(z) has zero order, we need to
consider also the case when n(r,a,) = O(1), that is, N(r,a,) = O(Inr), v =1,2,3.
From (2.12) we get T'(r, f) = O(Inr), that is, f(2) is a rational function. O

COROLLARY. (PICARD) A transcendental meromorphic function f(z) cannot
have more than two Picard exceptional values.

EXERCISE. Prove the corollary using (2.11) directly, without using Theorem
2.2.

THEOREM 2.3. If f(z) is a meromorphic function, then (I =1,2,3,...)
(2.13) T(r, fO) < 1+ DT(r, )+ Q(r. f),

(2.14) Q(r, f) = Q(r, ).

PROOF. Combining the inequality (2.7) with N(r, f') = N(r, f) + N(r, f) <
2N(r, f), we get T'(r, f) < 2T(r, f) + Q(r, f). From here it is easy to derive that
Q(r, f") = Q(r, f), and prove (2.14) for an arbitrary [ > 1 using induction. Then
by the lemma on the logarithmic derivative,

m(r, fO) <m <r, %) +-+m (r, f7,> +m(r, f)
= Qr fCI) 4+ QU f) + mlr, ) = mlr, £) + Q(r, ).
On the other hand,
(2.16) N(r, fD) = N(r, f) + IN(r, f) < (1 + 1)N(r, f).
The inequality (2.13) follows from (2.15) and (2.16). O

(2.15)

COROLLARY. If f(2) is a meromorphic function, then

O]
m ( f7> = Q. /).

The second fundamental theorem can be generalized in many directions, if
we consider inequalities involving not only the characteristics of the meromorphic
function itself, but also characteristics of its derivatives. We consider here only the
simplest generalizations of the inequality (2.11), which we will need later.
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THEOREM 2.4 (Milloux). Let f(2) be a meromorphic function such that f*)(z)

is not identically constant for k > 1. Let a and b be (finite) complex numbers, b # 0.
Then the inequality

T(r,f) < N(r, f) + N (7‘, ﬁ)

< 1 k) _p
+N<7‘7m) —N<7";J;(,€7+1)>+Q(7"7f)

PROOF. It is clear that it is enough to prove (2.17) for a = 0, b = 1, that is, to
prove

(2.17)

holds.

T(r,f) < N(r, f) + N (7‘, %)

_ 1 (k) —1
(217’) +N <T, m) — N <7“, %) + Q(ﬂ f)7

since (2.17) is obtained from (2.17") by passing to the function F(z) = (f(z) —a)/b.
By the first fundamental theorem we have

T(r,f)=m (r, %) +N (7“, %) +0(1).

On the other hand, by the corollary to Theorem 2.3 we have

1 f® (k) _q plet1) )
m(r,}):m<r,7—7f(k+l) —f )Sm(r,T)
(k) _ (k+1) (k) _
+m<r,%>+m<r,ff )+ln2=m<r,%>+@(r,f).

By the first fundamental theorem

fB) —1 f+D) Jilany fB) —1
() = () 0 (=) = (0 ) o)

Since

f(k+1) (f(k) _ 1)/
f® 1 1

we have
f(k+1) *)

m<ram> =Q(r, [ —=1)=Q(r, f)

and
f(k:—',—l) - 1 B )
N(r,f(k)_l =N r’if(k)—l + N(r, f% = 1)
_ 1 _
=N <7’7m> + N(r, f).

Combining these estimates we get (2.17). O

It is not difficult to prove an inequality similar to (2.17) in which the char-
acteristics T'(r, f) would be estimated from above through three functions N, but
without taking into account the number of poles.
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THEOREM 2.5 (Hiong King-Lai). Let f(z) be a meromorphic function such that
f®)(2) is not identically constant for some k > 1. Let a,b,c be (finite) complex
numbers, b # 0, ¢ # 0. Then the inequality

(2.18) T(r,f)<N <r, ﬁ) + N <r, ﬁ) + N (r, ﬁ) +Qr f)
holds.

PROOF. By the first fundamental theorem

(2.19) T(r,f)=m(r,f—a)+ N(r, f —a)+ O0(1)
and
m(r, f —a) < m(r, f®) +m (r, %)
(2.20) 0 e i
=m(r, f®) +m (r, = a) +N (r, i a) -N (r, W) +0(1).

Later we shall use the equality

(k) _
N <’"’ ff— a> -N <r’ ff—<k>a> =N ) =N <’"’ ﬁ)

+N<r,ﬁ) — N(r,f —a),

which follows easily from the Jensen formula (4.1) from Chapter 1. Since

f®)
m(n i) =,

using (2.19) and (2.20) we get
(2.21) T(r, f) < T(r,f(k)) - N (r, %) + N (7‘, ﬁ) +Q(r, f).

Using for f(*)(z2) the inequality (2.8) with ¢ =3, a; =0, ap = b, a3 = ¢, we get

1 1 1
0.0 =N (n755) 3 (n )+ ()
- Nl(raf(k)) -N <T7 ﬁ) + Q(T’,f(k))

By (2.14), (2.21), (2.22) and the obvious equality Ny(r, f*) = N(r, f) + (k —
1)N(r, f), we get the inequality

2 o 725) 5 o) )
_ {N(T,f)—l-(k— DN(r, f)+ N (r, ﬁ)} +Q(r, f).

Leaving out the expression in braces, we get (2.18). O

(2.22)

We show that in (2.18) we can delete N(r,1/(f%*) — ¢)) if we multiply the
summands N(r,1/(f —a)) and N(r,1/(f*) — b)) by 3 and 4, respectively. More
precisely, we prove the following theorem.
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THEOREM 2.6 (Hayman). Under the conditions of Theorem 2.4 the inequality

(2.23) T(r,f) < (2 + %) N <r, ﬁ) + <2+ %) N (r, ﬁ) +Q(r, f)
holds.

PROOF. As in the proof of Theorem 2.4, it suffices to consider the case a = 0,
b = 1. We introduce the following notation:

N\ k+1
o(z) = FP ()~ 1, glz) = (%) L

If the function ¢(z) has a zero of order p at zp, then g(z) has a pole of order
w+k+1 at zo. If the function f(z) has a pole of order m > 1 at zp, then ¢(z) has
a pole of order m+k at 2o, (¢'/¢)*! has a pole of order k+ 1, and g(z) has a zero
of order m — 1, if m > 2, and g(zg) # 0, 00, if m = 1. The function g(z) has zeros
also at zeros of ¢’ /¢, and g(z) # 0, 00 at all points except those listed above. Let
Ny (r, f) take into account simple poles of the function f(z) in the disc {|z| < r}
only. The argument above implies

Ve (L)
N <r,

¥
N (r, %) — N(r,g)+ N (r, é) - N <r, é) + N, f)
— No(r, f)+ N <r,§>.

Suppose that f(z) has pole of the first order at zo. Then in the neighborhood of z
the function ¢(z) and its derivatives can be represented as

A  —(E+1)A

) =N(r,f) = No(r, f) + N (r, %) .

Q|+~

Hence

(2.24)

e(z) = (o= 2)F1 +h(z), ¢'(2) = =22 + 1 (z),
"(z) = (k(J; i)(zlz;fg)A +R(2),

where A # 0, and h(z) is a function holomorphic in the neighborhood of the point
zo. We have
/ E+1 " _ (k42 12 1z
9'(z) _ (k+ Doy ,( )¢ —k+ )L (ko)
9(2) PP @
It is easy to see that

€ |6

k+1)%(k + 2)Ah(z0)

b+ 1)y — (k+2)g% = & P

(k+1)pp" — (k+2)p (e — 2013 + P(z),

where P(z) has a pole of order at most k + 2 at zg, hence, g'/g has a zero of order
at least k at zg. Thus!

(2.25) EN,(r, f) < N <r, 5) .

19f g’ = 0 then f is rational with f(oc0) = infty and (2.23) holds trivially in this case.
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Using the first fundamental theorem, the lemma on the logarithmic derivative, and
(2.14), we get from (2.24) and (2.25):

020 (:£) o (1) () s
(2.26) <N (r, %) +Q(r,f)=N <r, é) + N(r, f)

N )+ N ( g) Q0 1),

Since in N(r, f) multiple poles are counted at least twice, then, using (2.17'), we
get

NS(va)+2{N(r7f)_NS(va)}SN(r7f)
1

<T(r,f)<N(r,f)+ N (7‘, %) +N <r,$> - N (r,%) +Q(r, f)

and
_ 1 — 1 ©
N(r,f) < Ns(r, f)+ N r,? +N r,; - N r,a +Q(r, f).
Multiplying this inequality by k 4+ 1 and adding it with the inequality (2.26)
we get

kN(r, f) < (k+1)N (r, %) +(k+2)N (T, é)
_ kN <r, %) s <r, g) +Q(r, f).

Substituting this inequality into (2.17") and leaving out the negative summands,

we get
T(r, f) < (2+ %) N (r%) + <2+ %) N (r, é) +Q(r, f),

that is, the inequality (2.23) with a =0, b = 1. O

Using Theorems 2.4, 2.5, and 2.6 it is possible to prove analogues of Theorem
2.2 and the corollary of Theorem 2.2. For example, using Theorem 2.6 we get that
if a meromorphic function f(z) has a Borel (Picard) exceptional value a # oo, then
f%®)(2), k> 1, cannot have a Borel (Picard) exceptional value b # 0, co.

In fact, if f(z) has infinite order, then N(r,a, f) and N(r,b, f(*)) have finite
order, and there is a constant K > 0, such that

for r > ry. Arguing in the same way as in the proof of Theorem 2.2, but using (2.23)
instead of (2.11), we conclude that T'(r, f) < 3r¥ for sufficiently large r. Hence
f(2) has finite order. For transcendental functions of finite order (2.23) implies

(2.27) (14 o(1)T(r, f) < (2 + %) N(r,a, f) + <2 + %) N(r,b, f®).

The category of N(r, a, f) is lower than the category of T'(r, f), and the category
of N(r,b, f(¥)) is lower than the category of T(r, f(*)), by the definition of a Borel
exceptional value. On the other hand, by Theorem 2.3 the category of T'(r, f (k)
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does not exceed the category of T'(r, f). Therefore the right-hand side of (2.27) has
lower category than the left-hand side, and we get a contradiction.
Theorem 2.6 implies the following result.

THEOREM 2.7 (Hayman). If g(z) is an entire function and g(z)g"(z) does not
have zeros, then g(z) = eA*TB where A and B are constants, A # 0.

PROOF. Let

f(z) = g(z
It is clear that N(r,0, f) = 0 and that 1/f

9(2)9"(2) ()
flz) =1—- =~
lg'(2)]?
we have also N(r,1, f') = 0. Applying (2.23) with k=1, a =0, b = 1, we get

)
T(r,f)=Q(r ),

z) is an entire function. Since

)/ (2)-
(2)

therefore

T(r,f) = O(nr),
and, hence, the function f(z) is rational, and 1/f(z) is a polynomial. It follows that
g(2) = exp P(2), where P(2) is a polynomial. Since g”(z) = (P'> + P”)eP, then
g"(2) has no zeros if and only if P'> + P = const # 0, that is, if P(z) = Az + B,
A#0. O

REMARK. The statement of Theorem 2.7 remains true, if we replace the con-
dition g(2)g"(z) # 0 by the condition g(2)g(™(z) # 0 for some n > 2 (Tumura,
Clunie). Proof of this result is rather deep, and we do not include it (it can be
found in Hayman’s book [Hay64, §3.5]).

EDITOR’S REMARK. Langley [A103] generalized Theorem 2.7 to meromorphic
functions: the only meromorphic functions with the property f(z)f”(z) # 0 are
the exponential function and f(z) = ¢(z —a)~". The same result with ff*) k>3
was earlier proved by Frank [A52].

3. Analogues of the second fundamental theorem for angular
Nevanlinna characteristics and for Tsuji characteristics

First we prove the corresponding analogues of the lemma on the logarithmic
derivative.

It is natural to expect that for the function f(z) meromorphic in the angle
a<argz < f,0< [ —a <2, the relation

Aaﬁ <T7 f?l) + Baﬁ (T’, j%) = O(Saﬁ(rv f))

holds as r — oo, outside an exceptional set. However, this statement conjectured
by R. Nevanlinna [NevR25b] in 1925 has not been proved or disproved yet.?We
shall estimate the sum Aqg(r, f'/f) + Bag(r, f'/ f) for functions f(z) meromorphic
everywhere in the complex plane only, and we give it in terms of T'(r, f), and not

SQB(T, f)

2A counterexample was constructed by Goldberg [A63].
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Let f(z) be a meromorphic function, {a < argz < 5} be an angle, k = 7 /(8 —
a). Denote by Qap(r, f) an arbitrary function defined for {1 < r < co} and such
that

1) If the function f(z) satisfies the condition

(3.1) / =" nt T(r, fdr < oo,
1

then Qap(r, f) = O(1),
2) If the condition (3.1) is not satisfied, then Qqug(r, f) = O(InT'(r, f) + Inr)
as r — 0o, possibly omitting a set of finite measure.

THEOREM 3.1. Each meromorphic function f(z) satisfies
Aaﬁ(ra f,/f) + Baﬁ(r7 f//f) = Qaﬁ(r7 f)
PROOF. It is easy to see that
il 2k [P | F(re)] . 4k
(3.2)  Bag (r, ? =7 i In Flre) sink(p — a)dp < r_km r, 7 .
If the function f(z) satisfies the condition (3.1), then In™ T'(r, f) = o(r*) because

D) o [T g2 o),

Qk+1yk Rl

f/

Using the estimate (1.13) for m(r, f'/f), we get
Bag (7‘, f7) < i—f(o[(%)k] +O0(In7)) = o(1) = Qap(r, f)-

If the condition (3.1) is not satisfied, then the estimate Bag(r, f'/f) = Qas(r, f)
follows from (3.2) and the lemma on the logarithmic derivative.
Thus, everything is reduced to a proof of the relation

(3.3) Aup <r, f7/> = Qag(r, ).

We prove the following lemma which plays the same role as Theorem 1.1 in the
proof of the lemma on the logarithmic derivative.

LEMMA 3.1. Let f(z) be a meromorphic function satisfying f(0) = 1. Then the
inequality

f! R\" (Bt T, f R
(3.4) Aaﬁ<r,?>§K{<?> /1 nTg)dHanrﬁJrln?Jrl}

holds, where 1 <r < R < oo, and K is a constant which does not depend on r and
R.

PROOF. Our argument is based on the inequality (1.3") (we use the same no-
tation as in the proof of Theorem 1.1). Let z = te’? and s = Vt, where A = Rr—!
in the inequality (1.3"). We get

f(tet®)
f(ter®)

< Uy (t) + Us(t),

where 5/
4V T3, ) < 16X3/

ilt) = tV/A—1)2 (A1)

()‘taf)v tZ 17
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VA 1 2\ 1
CBO= AT X el il 2 e fal
leq| <v/At ! leq| <V/At !

Therefore

/ r k / i , i6
Aaﬁ T, f— = E/ i _ t_ 1Il+ f (t@l ) + f (tel ) ﬂ
f ™ 1 tk ’I“Qk f(teza) f(teq'ﬁ) ¢
B[ (1 t* + dt
2k [T (1 t* + + dt
= 7/1 <t_k - er> 0™ UL(8) + ™ Us(t) + 2] =
2k r r 1 tk i 2
< — —k—11,+ r n dt In2
< {/1 t~*'In U1(t)dt+/1 (tk r%)ln Ualt) 4 + = }
2k n2
m k

Now we estimate the integrals I; and I>. By K we denote positive constants
which do not depend on ¢, r, A, and hence, on R = Ar.
We have

" 1673/2 dt
+
I1S/1 In {7()\_1)2T()‘t’f)}tkT
" 3 L1 I dt
S/l {ln16+§ln)\+21n m—kln T()\t’f)}tkT

"It T(\ f) L1

In a similar way we get

r 2 1 1 tF\ dt

I < Int{ 22 § S — )=

2*/1 AP |t — leql <tk r2k>t
lcq| <Vt

r 1 1 ¢\ dt
< Int - — - )=
<f Y Y (tk )t
leql <Vt
1 - 1
—— - +_
+K<ln )\_1—1—111)\—1-1) I2+K<ln )\_1+ln)\+1>.
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Consider the integral I». Integrating by parts we get

- T t 1 E+1 k-1
I, = Int — | d — th=2 4 a4
2 ﬂf ﬁ A DD Tl {tﬂ2+ 72t

leq| <VAT
r t [ i
1 dt
<2(k+1)/ /1n+ Y —— | s
1 1 |7 — leql| t
_‘Cq‘<‘/XT i
- q1/2
r ¢ 1 dt
=4 k+1/ /m* - dr y ——
GED ), 2 e
_‘Cq‘<‘/XT i
r 1 t 1 dt
4k +1 — [ It d )
T R DS = Je7 | U7 ( B
leql <V AT

To estimate the expression in braces, we use the inequality (1.2"). We get?

1 t1n+ § 1 d
L S
t—1/; |7 — |cql|*/2

| q|<f

1 ¢ 1
— | d In2
t—ll 2 e |t
lcql <Vt

{ E;t/|T—wmv2 e
i

— \/_tOOO)/ ﬁﬁ}—i—hﬂ
{—4\/in(\/_t 0 oo)} +1In2.

Since by Lemma 7.1 from Chapter 1,

At

n \/Xt;O,oo < —
( ) At — /Xt

N(At;0,00) <

VA 4N
v 12T()\t, f) < mT(At, f);

thus we get the following estimate for I

v 1
I < K{/ t= =1 Int T(\t, f)dt + In™ 7 A 1}.
. -

3Below we use Lemma 7.2 from Chapter 1
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Therefore
A f/ " —k—17,.+ + 1
o r,7 <K t In" T (X, f)dt + In ﬁ+ln)\+1
) _
Ar 1
<K /\’“/ t= =1 Int T(t, f)dt + In™ T AL
L _
Recalling that A = Rr~!, we get the estimate (3.4). O

Now we prove (3.3). As in the proof of Theorem 1.3 we observe that we may
assume without loss of generality that f(0) = 1. If the function f(z) satisfies the
condition (3.1), then, letting R = 2r in (3.4), we get Aqg(r, f'/f) = O(1). Now
suppose that the condition (3.1) is not satisfied. The inequality (3.4) implies that

/ k
Aag <rf7) <K{<§) 1n+T(R,f)+1n+%+1n§+1}.

R=r+{T(rf)}"

and observe that then the condition (1.7) is satisfied everywhere except a set
of finite measure. We get that, outside a set of finite measure, A.g(r, f'/f) =
O(InT(r, f) 4+ Inr). This proves (3.3) and concludes the proof of the theorem. O

We set

It turns out to be possible to prove a complete analogue of the lemma on the
logarithmic derivative for Tsuji characteristics.

Let f(z) be a function, meromorphic in the half-plane {Imz > 0}. Denote by
Q(r, f) an arbitrary function defined for {1 < r < oo} and such that

1) If T (r, f) is of finite order, then Q(r, f) = O(Inr),
2) It % (r, f) is of infinite order, then
a(r, f) = O(In T (r,f) + Inr),
as r — 00, except, possibly, a set of finite measure.
THEOREM 3.2. For each function f(z) meromorphic in the half-plane {Imz >

0}, the relation
w(n5) =20

holds.

PRrROOF. First we obtain the following estimate, similar to the estimate (1.1):

(3.5) m(nf?/) §K<ln+%(R,f)+ln+%+lnR+ 1),

where R and r are arbitrary numbers satisfying the condition 2 < r < R < oo, and
K is a constant which does not depend on r and R.
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We write the formula (1.3) for the disc {|z| < 1s} and the function f (z + Lis),
and after that set z + %is = (. We get

I Y —
f(C)_27T/0 AT <s- i_s>2d0

2500
2¢ ¢t
s2 a 18
4 T2
+
(3'6) a J—S|<i i_ _ (_i_s (C— )
2 |<2 am 5 B am
s |, sl
4 T2

.S S
—izl< 2.
¢ 22‘ 2

is
bn—%

L W ’
<g<%_{bn-§“¢—§}><<—bn>

2

Thereafter we use the notation ¢ = rsinde’”’, k(r) < 9 < 7 — &(r), s(r) =
arcsin %, s = %(R + r), and denote by K positive constants which do not depend

on R and r. Observe that

) . 3
C—g < |rsin k(r)e () % = 1—;—1—%,
implies
s ¢ 18 s 1.8 n 52 S8
2 217 2 T 17
Formula (3.6) implies the inequality
f'(¢
(3.7) f((c)) < 91(0) + 92(0),
where
$r2 1 [ s . 18
3.8 ® = 1 Ze 4+ 2 || do
9 (0= [, [l (54 5) |
s%r 1
@ =
2(0) = Z vt
|C(1_% <3

and {cq} = {am} U {b,}. By (3.7) we

! W—K(T)
m(r,f—)s ! I+ [ (¢) + B (¢)] —2

f o K(r) rsin? 9
1 T—r(r) do 1 T—r(r) do
< — Int @ — / Int @
727 iy . 1(07’ sin?9 = 2w K(r) . 2(07’ sin? ¢

2 [ gy In2 2
Py ———-=5L+ I+ ———cotr(r).
27 Jw(r) rsin? 9 PR oy )

Let us estimate the integrals I; and I5. To estimate I; observe, that taking

[— g, ;} as an interval of integration instead of [0, 2], and making the change of
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variable § = 27 — 5, we get
3,.2 1 ™ )
®1(¢) = ﬁ;/o |In|f(ssinTe'T)||dr
3,.2 1 71'—/‘"\1(8) . d
:% —/ ssin? 7| In | f (s sinTe'™)]| .7'2
(s—r)?°m w(s) ssin” T
1 K(s) T )
+ = / +/ |In|f(ssinTe')||dr}
™ 0 T—r(s)
$372
S m{28(m(8,0) +m(S,OO)) + K}

Since by Theorem 5.3 from Chapter 1 the inequality m(s,a) < %(s, f)+ O(1) holds,
and, by Theorem 5.4 from Chapter 1, X(s, f) = T (s, f) +O(1), we have

R o
P <K—— R 1).
Q) < K g S (R f) 4 1
Therefore
I < K{anr T(R,f)+Int —— +InR+ 1} — cot k(r),
and since =2 cot x(r) < 1, we get
+q + 1

(3.9) Ing{ln T(R,f)+1n m-ﬁ-lnR—i—l}.

We turn to an estimate of Is. We have

1 sl 1 dv
L<— In*
*= 2n /W) B 2 (= ¢l | rsin®9

(3.10) ey
1 -
—|—K<lnJr —|—lnR> = 2—|—K<lnJr —|—lnR>.
R—r -7
Also we have
1/4
A ) 1 v
CEET el | e
r(r) — . g 7 sin
|Cq_"§ <3z
2 [mr() 1 d
<=z In™ )
-7 /K(,) . — ¢ —cg|V* | rsin®¥
|Cq_? <3
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Applying Lemma 1.1 we get

~ 22
I, < —=cot k(r)
Tr

T—r(r)
r 1 df
Int | ——— In2
" 2c0t/€(7“)/n Z ¢ —cqt* ] rsin®9 i
is| < 2

s
2

m—r(r) do
+
s K Z / |C—c|1/4rsm ) 1

is
2

|eq

<s
2

+
< K" |r Z / |<_c|1/4 +1

779
2

Denoting 8, = argc, we have

/Tr—rc(r) do B /ﬂ'—n(r) o
K(r) K - cq|1/4 K(r) |’I“ sin Yet(V=Fa) — |Cq||1/4
/” dy
<
— Jo |rsindsin(d — B,)|1/4

_ /” 49 /” d 1/2_/” 49
=\ Gnoy 2 Jy Tsm@ =g 2) " Jy Gmo)y

I < K{lnr +1In" n(s;0,00) + 1}.

Therefore*

Since

2 2
n(s;0,00) < il / n(t; 2? » ) dt < RR_ S‘ﬁ(R; 0, 00)

2 ] 2 (o)
< L @F(R1)+0() < 2 (& (R, ) +0(1),
we get
(3.11) 1:2<K{ln+%(R,f)+ln+ﬁ+lnR+l}.

Using (3.9), (3.10), and (3.11) we get (3.5).
To prove Theorem 3.2 it is enough to let R =r + {% (r, £)}=2 in (3.5). O

We turn to analogues of the second fundamental theorem. We say that the
characteristics Cog(r,a) and M(r,a) correspond to the characteristic N(r,a), the
characteristics Aqg(r,a) + Bag(r,a) and m(r,a) correspond to the characteristic

m(r,a), and the characteristics Sag(r, f) and T (r, f) correspond to the character-
istic T'(r, f). The characteristics corresponding to N(r,a) are the characteristics

“We set n(r;a,b) = n(r,a) +n(r, b); N(r; a,b) = N(r, a) + N(r, b).
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Cop(r,a) and N(r,a) defined in the following way:

— 1 Tk )
Cop(r,a) =2 Z <r_k - TTWIZ> sink(pm — a),
1<rm<r m
a<lpm<p

sew- ¥ (S 1)

r
1<ry, <rsin @m, m

where r,,e'¥™ are the a-points of the function f(z) counted without multiplicity. We
also define in a natural way the characteristics C1o5(r) and 94 (r) corresponding to
the characteristic N1(r), and the characteristics C1g(r, a) and 9 (r, a) correspond-
ing to the characteristic Ny(r,a).

Analyzing the proofs of Theorems 2.1, 2.4, 2.5, and 2.6, we see that they use
only those properties of the Nevanlinna characteristic which were described in The-
orems 4.1 and 6.1 from Chapter 1, relations (6.1), (6.2), (6.3), (6.4), (4.1) from
Chapter 1, and in Theorem 1.3 from Chapter 3. On the other hand, similar theo-
rems and relations are valid also for angular Nevanlinna characteristics (Theorems
5.1 and 6.3 from Chapter 1, relations (6.9), (6.10), (6.12), (6.13) from Chapter 1,
Theorem 3.1 from Chapter 3), and for Tsuji characteristics (Theorem 5.3 and 6.3
from Chapter 1, relations (6.9), (6.10), (6.12), (6.13) from Chapter 1, Theorem 3.2
from Chapter 3).

Therefore we have the following theorem.

THEOREM 3.3. Theorems 2.1, 2.3, 2.4, 2.5, 2.6 and Lemma 2.1 remain true, if
the Nevanlinna characteristics are replaced by the corresponding angular Nevanlinna
characteristics, and Q(r, f) is replaced by Qap(r, f).

Theorems 2.1, 2.3, 2.4, 2.5, 2.6 and Lemma 2.1 remain true, if the Nevanlinna

characteristics are replaced by the corresponding Tsuji characteristics, and Q(r, f)
is replaced by Q(r, f).



CHAPTER 4

Deficient values

1. Exceptional values

By the first fundamental theorem the relation m(r,a)+N(r,a) = T(r, f)+O(1)
holds for each a, so the dependence of the sum m(r,a) + N(r,a) on a is inessential.
On the other hand, the contribution to this sum of each of the summands can
depend heavily on a, although, as we shall see later, for “majority” of values of a
the summand N(r,a) is dominant. We introduce the following notation:

B em(ra) . N(r,a)
a, f) = () = liminf 7oy =1~ lim sup 7o,

B L m(r,a) . . .N(rya)
Ala, f) = Aa) = hgs;p T ) 1- hTII_lJ)I‘}f T )
The quantity d(a) is called the Nevanlinna deficiency (or simply deficiency) of the
function f(z) at the point a, the quantity A(a) is called the Valiron deficiency. It
is clear that

(1.1) 0<d(a) <Ala) <1

If A(a) > 0, then a is called a Valiron exceptional value, if 6(a) > 0, then a is
called a Nevanlinna exceptional value, or deficient value. Denote by Ep(f), E(f),
En(f), and Ev(f) the sets of Picard, Borel, Nevanlinna, and Valiron exceptional
values, respectively.

Let f(z) be a transcendental meromorphic function. We already observed in
Section 1 of Chapter 2 that Ep(f) C Ep(f). The inequality (1.1) immediately
implies that En(f) C Ey(f). Since for a € Ep(f) we have N(r,a) = O(Inr), it is
easy to see that a € Ep(f) implies d(a) = A(a) = 1.

Thus

(1.2) Ep(f) C En(f) C Ev(f).

Let us show that Ep(f) C Ev(f). In fact, if a ¢ Ey(f), then A(a) = 0 and
N(r,a) ~ T(r, f). If n(r,a) — oo as r — oo, then, by Theorem 1.1 from Chapter
2 the growth category of n(r,a) coincides with the growth category of N(r,a), and
thus a ¢ Ep(f). On the other hand, if n(r,a) = O(1), then a € Ep(f) and, hence,
a belongs both to Eg(f) and Ey (f). Thus we obtain also

(1.3) Ep(f) C Ep(f) C Ev(f).

The question arises: is it possible to find an inclusion between the sets Eg(f) and
En(f), and thus to write (1.2) and (1.3) as one inclusion? Examples given below
(see Remark 3 at the end of Section 4) and Examples 3 and 4 in Section 2 of Chapter
5 show that there is no general set-theoretical dependence between the sets Eg(f)

113
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and En(f), namely, for some a and f we can have 1) a € Eg(f) N En(f); 2)
a € Es(/\Ex(f); 3) a € Ex(f)\Es(}).

The problem of the structure of the sets Ep(f) and Eg(f) is relatively simple.
In Theorem 2.2 from Chapter 3 and its Corollary it was shown that for transcen-
dental meromorphic functions f(z) the sets Ep(f) and Egp(f) consist of at most
two points. For meromorphic functions of non-integer order p and for meromorphic
functions of zero order this statement can be made more precise.

THEOREM 1.1. Transcendent meromorphic function of non-integer or zero or-
der cannot have more than one Borel and hence Picard exceptional value.

PROOF. Assume the contrary, that is, the function f(z) has two Borel ex-
ceptional values. Without loss of generality we may assume that 0 and co are
the Borel exceptional values, otherwise we can get into such a situation by using
a linear-fractional transformation. First we consider the case p = 0. Then, if
n(r,0) and n(r,co) have lower category than T'(r, f), we have n(r,0) = O(1) and
n(r,00) = O(1). By the Hadamard Theorem (Theorem 4.1 from Chapter 2), the
function f(z) is rational, contrary to the assumption. Now we consider the case
when p (the order of f(z)) is non-integer. If both N(r,0) and N(r, o0) have lower
category than T'(r, f), then the same property is shared by N(r;0, 00). By Theorem
4.2 (Chapter 2) it follows that the orders and types of the functions T'(r, f) and
N(r;0,00) coincide.

Let us prove that if N(r;0,00) has convergence class, then T'(r, f) also has
convergence class. We assume, without loss of generality, that f(0) # 0,00. Let

/  N(r;0,00)
0

pan; dr = M < oo.
r

Using the inequality (4.3) from Chapter 2, we get

/00 LAGY) dr <0(1) /OO rP=P=1gr
1

rp+l1

1
*© dr [*° N(rr;0,00) dr
1
L e e

[N,
1

rpt+l

(
dr
1+7)

=0(1)+C(p)(p+1) /O(>o s}

o pp=p=lgr [° ;0,00
<O +Cp)(p+ 1)/0 HTd /O N(:;’-(i)-’l La
= 0(1) + Clp)(p+ 1)Msim(7er) < 0.

Legitimacy of the change of order of integration follows from the standard tests.
We get a contradiction with the assumption that the category of N(r;0, c0) is lower
than the category of T'(r, f). O

Now we give examples showing that the statements about Ep(f) and Eg(f)
cannot be made more precise. Detailed analysis of these examples is left as an
exercise for interested readers.

A. Order p = 0. Each transcendental meromorphic function of zero order with
infinitely many zeros and poles and such that n(r,c0) = o(n(r,0)), does not have
Picard and Borel exceptional values. Each transcendental entire function of zero
order has oo as its only Picard and Borel exceptional value.
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B. Order p =n =1,2,.... The function exp(z™) has two Picard exceptional
values: 0 and co. For f(z) = sinz” the sets Ep(f) = Ep(f) consist of one point
oo. The function (sin z™)/sinh 2" does not have Borel exceptional values.

C. The order p is non-integer. Let

£ - 11 7 (=7p) p=lok

oo is the only Borel and Picard exceptional value of f(z). The function
f(2)/f(=%) does not have Borel (and Picard) exceptional values.

D. The order p = co. The function exp(e®) has two Picard exceptional values:
0 and oo; the function sin e® has oo as its only Borel and Picard exceptional value;
the function (sine?)/sinhe® does not have Borel exceptional values.

In all of the examples Picard exceptional values were 0 and co. Using linear-
fractional transformations they can be replaced by arbitrary numbers a and b.

The problem of the characterization of the structure of Ey (f) and En(f) is
much more complicated. We shall study this problem in the forthcoming sections.

Note that by Theorems 6.6 and 6.7 from Chapter 1 the sets of exceptional
values in all senses under consideration (Picard, Borel, Nevanlinna, and Valiron) of
the functions f(z), f(z"), and f(Az), n =1,2,..., A # 0, coincide, they also have
the same Valiron and Nevanlinna deficiencies. This observation will be repeatedly
used later on.

EXERCISE 1. Let f(z) be a canonical product of genus p > 0 with positive
zeros, such that n(r,0) ~ Ar?("), where 0 < A < oo, p(r) is a proximate order,
p(r) = p. Using results of Section 5 from Chapter 2 show that

(1) If p =0, then A(a) =0 for all a # oo;

(2) If p>0and p=por p=p+1, then d(c0) = §(0) =1 and A(a) = 0 for
all a #£ 0, 00;

3) If p< p<p+1, then A(a) =0 for all @ # 0, 00, and

pismpr  PASPTR
(1.4) 0(0, f) =A0, f) =w(p) = p+ 1 — |sin pr| 1
ST prEsesatL

EXERCISE 2. Let f(z) be a canonical product of genus p > 0 with positive
zeros, such that n(r,0) ~ Art(") where 0 < A < oo, I(r) is a function differentiable
on [rg,00), rl’(r)Inr — 0 as r — oo,

limsupl(r) =lo <p+1,

T—00

liminfl(r) =1; > p.

r—00

Prove that A(a, f) = 0 for all a # 0, 00, and
5(0,£) = min w(),

11<t<l2

A, f) = max w(b),

11<t<l>
where w(t) is defined by (1.4).
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EXERCISE 3. Prove that for the Mittag-Leffler function E,(z), where 0 < p <
00, p # 1, the deficiency A(a) = 0 for all a # oco.

EXERCISE 4. Let f(z) be a meromorphic function of normal type of order p,
0 < p < c0. Prove that if §(a) = 1, then a is a Borel exceptional value.

2. The set of Valiron exceptional values
We start with the following Valiron theorem.

THEOREM 2.1. For each meromorphic non-identically-constant function f(z)
the two-dimensional Lebesgue measure of Ev (f) is zero.

PROOF. This theorem explains why the values a for which A(a) > 0 are called
exceptional. More precise estimates of “smallness” of the set Ey(f) are known,
they are due to Valiron and Ahlfors. We are not going to present them, because
their statements and proofs require additional background in Potential Theory.

We shall use the notation from Section 4 of Chapter 1. The measure of a
measurable set D in an a-plane will be denoted by |D|, and the two-dimensional
measure of the corresponding set D = p(D) C Sy will be denoted by |D|,.

We shall use the following equality:

1) I e =5

which was proved in Section 4 of Chapter 1 (see the equality (4.19)).
The equality (4.20) from Chapter 1 implies the equality

° 1
(2.2) N(r,a) <T (r, f)+1n TOX

Let D be a measurable subset of an extended a-plane. Integrating the inequality
(2.2) over D and using (2.1), we get

//Nradw )< T (r, f)ID]s + // 1n dw(a)

<t [ g ﬂ]dw() T (r,f)IDls+ 5.

Let 0 < n < 1/2. Denote by B(r) the set of those values of a for which the inequality
o o %4‘77
(2.4) N(r,a) < T (r,f)=T  (r,f)
holds.
Since N(r,a) is measurable as a function of a, the set B(r) is measurable. Let
us show that the inequality

(2.5) B(r)l, <

.~
{T (r, }E*
holds. Assume the contrary, that is, assume that

0
(2.6) B, > ————.
{T (r, f)}240

INevanlinna proved that Ey (f) always has zero logarithmic capacity.
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Denote by Bj(r) some subset of B(r) satisfying
™

(2.7) Byl = —————,
{T (r, f)}=*"

and let C(r) = {]a] < co}\Bi(r). Then, combining (4.18) from Chapter 1 with
(2.3), (2.4), and (2.7), we get

//Bl(r) (r.a)do(a //C(r) (ra)dw(a)

sﬂ{ (1)~ 5+"<r,f>}|Bl<r>|s+}T°< NICEs + 3
o Y L Ay O LS L L

a contradiction.
. 1 . . . .
Note that for z > 1 the function x — x=17 is strictly increasing. Choose 7

in such a way that T (r1, f) > 1, and define a sequence {r,} using the following
recurrence: 7, is the (uniquely determined) solution of the equation

+n

T(rf) =T  (rnf)=T (ra1,f), n=2,3,....

=

Since
o o 0%4‘77
(2.8) T (rn, f)=T (-1, f)=T  (ra, f) >1,
we have Qloﬂ (rn, f) = 00 as n — oo. It is clear that the sequence {r,} is increasing

and lim,,_, o 7, = 00. If a ¢ B(ry,), then the inequality

3+

(2.9) N(ra)> T (rf)-2T  (rf)
holds for r,, <7 < r,41. In fact,
o o%‘f"q
N(T7G)ZN(rn7a)>T( f)_T (rnaf)

MI»—A

o o3+Mn o o%+"7
> F )= )+ {F -7 )
o o%+77
_{T(Tn+17f)_T (Tn+17f)}

o3+n 03 +n o o3+n
:T(va)_T (va)_T (rnaf)z T(T,f)—2T (va)'

-

Hence, if a ¢ Ug—, B(rk), then the inequality (2.9) holds for all r > r,, thus
A(a) = 0. Therefore
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for each n. On the other hand, by (2.5) and (2.8), we get

oo oo %) 07%777
U B < Bok <SS 7 (1)
k=n s k=n k=n
Ry L Tl 5 / AT (r.])
k=n AT (ri, [)}F21 k=n =1 {T (v, f)FH20
o rE (o) 50 (o) 1
B S A L Y L 13 M S S
h=n /=1 {T (r, f) 31420 o T (r, )} ST (roey, £)20
Hence
lim U Bere)| =0
and
|Ev (f)ls = 0.
Denote by EJ.(f) the intersection Ev (f) N {|a| <n}, n=1,2,.... Since

- //E (1+ |a| e +1”2)2 //Ec(f) () = %’

we get |ER(f)| = 0. The set By (f) can differ from | J;-; E{(f) by one point a = oo
only and has zero two-dimensional measure. O

EXERCISE. Using Cartan’s identity (4.13) from Chapter 1, prove that the
intersection of Ey (f) with the unit circle has one-dimensional measure zero. Use
this result to show that the intersection of Ey (f) with an arbitrary circle or line
has one-dimensional measure zero.

ExAMPLE. The set Ey (f) can have the cardinality of a continuum.?

Denote N, = 2% p=10,1,2,..., q(p) = [logyp] + 1, p > 1 (log, p denotes the
logarithm with base 2). We select {#(n)}, n = 1,2,..., to be an integer-valued
sequence, so rapidly increasing that 8(n 4+ 1) > 6(n) + 1 and

N,

(2.10) 9—0a(p)
It is clear that for n < N, the inequality

211 9—0(a(p))
holds.

Denote by M the set of those real numbers x € (%, 1) which can be represented
in the form

919 _ 1 1 o o) O,
(212) AR R RS TR
where a1, a9, ...,ay,... is an arbitrary sequence of 0 and 1 with infinitely many

1. The cardinality of the set of such sequences coincides with the cardinality of the

2Hayman [A72] constructed an example of an entire function such that Ey (f) contains an
arbitrary given Fy set of zero capacity.
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interval (0,1) of real numbers. Since the representation of a real number z in the
form (2.12) is unique, the set M has cardinality of the continuum.
Ep=m+m2+-+7%27" g=qp), 7 = 0,1, we let

1 1
(2.13) ap = = _{ n +i+,.,+ Ya }

2 2 120(1) © 26(2) 26(q)
Now we let by = by = by = 3/4,
(2.14) by, =ap for N,y <n<Np, p=1,2,....
It is clear that 1/2 < b; < 1, j > 0. Denote by ¢(z) the entire function
olz) =3 %,
=07

1
It is clear that M(r,¢p) = ¢(r), §er < p(r) <e". Consider the entire function
P(z) = 2e* — p(z). It is easy to see that M(r,¢) = 1(r) and " < ¢¥(r) < 2¢".
Using the inequality (7.1) from Section 7 of Chapter 1, we get
1

T(r,4) > %lnl/) (g) > ik

Let ap be a complex number satisfying A(ag,v) = 0, that is, N(r,ap,9) =
1
(1+o0(1)T(r,2) > 67‘(1 + 0(1)). The existence of such a number ag follows from
Theorem 2.1. The function
f(2) = (¢(2) +ao)e™”

has the desired properties.
First of all, we have

T, f)<InM(r,f) <InM(r,e”?)+In M(r,¢) + O(1) < 2r + O(1).

Let us estimate N(r,2, f) from below. Solutions of the equation f(z) = 2
coincide with solutions of the equation 2e* — ¢(z) = ag, therefore N(r,2,f) =

1
N(r,a0,v) > 6(1 + o(1)). Hence we get

1
(2.15) T(r,f) > N(2.1) + O(1) > r(1+ o(1)).
Now we show that each x € M satisfies A(z, f) = 1. Choose z € M,

1 1y m V2 Tn B
@10 =g+ {gmrEm om0l

Let {vn, }7; be a subsequence of the sequence {v,} consisting of those members
which are equal to 1. We introduce a correspondence which assigns to x the sequence

D= +7e2+ Y 2 E=1,2,. ..
of positive integers. It is clear that ny = ¢(pr) and that pr — oo as k — oo.

Let r, = ngk. We estimate N (ry,z, f) from above. Since the solutions of the

equation
(p(z) +ag)e™™ ==
coincide with the solutions of

xe® —p(z) —ag =0,
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we have N(rg,z, f) = N(rg, 0, ®(2)), where

b(z) =xe® — p(z) —ag =

Since z € (3,1) and b; € (4,1), then |z — b; | < 3
(2.16), and (2.11), for N,

1 for all j > 0. By (2.13),
1 < J < Np, we have

I =~ T _1 =
robj=r—ap =5 Y iy <; Z
n=ng+1 n=ng
1
i 9—n — 9=0(nk) — 9—0(a(pr))
<3 Z (2J)!
n=0(ny)
Then for |z| = i the inequality
-
|(2)] < laol + Y =1
—
J
(2.17) Vet N, . s ;
Tk J: T,
§|a0|+§,§:ﬁ+, Z mﬁrk-f—g Z m
J=0 J=Np,—1+1

jZNPk +1
holds. Now we estimate each of the sums from the right-hand side of (2.17). W
get
Npk_l rj
k -1
D Gism §:

7 —eexp{Npk_llnrk}
=0

:emMQWP/mm}ZOGﬁa’

. We also have

j 0 Y > S j
> e (5) < 2 (®) 26 -
j=Np, +1 j=Np, +1 P

— €
ijpk"Fl j=1

- o 1 =
Z (2_]’?)!<jzo(2—j’?)!:cosh\/r_={§+0(1)}eﬁ'

J=Np;—1+1
Combining these estimates, we get

M(rg, ®) < (% - 0(1)> eV,

. 1/3
since Np_1 = Np

)

T(rg, ®) <IlnM(rg, ®) = \/ri, + O(1).
Now,
(2.18) N(ri,z, f) = N(r,0,®) < T(rg,®) + O(1) < /1, + O(1).

From (2.15) and (2.18) we get

1
fimint 02 S) e N ) Ve O)
r—00 T(T, f) k—o0 T(T’k, f) k—o00 lrk

6
that is, A(z, f) = 1.
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Thus the function f(z) has all desired properties.

3. Deficiency relation

In Section 2 of Chapter 3 (see (2.9)) we proved the inequality

q
(3.1) > _{m(r.a,) + Ni(r,a,)} < 2T(r, ) + Q(r. f),
v=1
where a1, ...,aq are arbitrary pairwise distinct complex numbers. Denote by e(a)
the quantity
N
(a) = lim inf 7T1(§:’;)) :

and call it the index of ramification (or simply the indez) of the function f(z) at
the point a. If e(a) > 0, then a is called an index value. We choose a sequence
ri — oo such that Q(ry, f) = o(T(rk, f)). Such a sequence exists by the definition
of Q(r, f) (for rational functions f(z) we use Remark 2 on page ?7?). Let r = ry in
(3.1), divide the obtained inequality by T'(rk, f), and pass to the lower limit. We
get
(o em(rkeay) L Nk, ay)
> {lmist T+ g ) <2

v=1
from where we get

(3.2) > {d(ar) +e(a)} < 2.

Since m(r,a) + N1(r,a) < m(r,a) + N(r,a) = T(r, f) + O(1), we get
(3.3) 0<d(a)+e(a) <1

We show that the set of those points a for which é(a) + €(a) > 0 is at most
countable. In fact, let E be the set of those numbers a for which 6(a) + €(a) > 0,
and Ej, be the set of those numbers a for which §(a) + e(a) > 1. It is clear that
E = Uzil E, therefore it is enough to show that the sets Fj are finite. To do this,
suppose that for some k the set Ej contains more than 2k points a,, v = 1,...,ng,
ng > 2k. Choosing ¢ = ny, in (3.2) we get a contradiction.

If the set of points a for which d(a) + £(a) > 0 is finite, then we may let
{a,} in (3.2) be the set of all these points. If this set can be listed as a sequence
{a1,as,as,...}, then, taking limit in (3.2) as ¢ — oo, we get

(o)
S 16(a) + ()} < 2
v=1
We combine these cases (of a finite and of a countable set of values a) writing
(3.4) > {(a) +e(a)} < 2.

Despite the fact that the sum is taken over all complex numbers a, the summands
in this sum are positive for a finite or countable set of values of a only, and the sum
is to be understood as a sum of finitely many numbers or a sum of a series with
positive terms. The inequality (3.4) is called the deficiency relation, it is one of the
main results of the Nevanlinna theory. Since for Picard exceptional values §(a) = 1,
Picard theorem follows from (3.4): the set Ep(f) contains at most 2 points. Before
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(see Theorem 2.2 from Chapter 3) this theorem was derived as a corollary of the
Borel theorem. Note, that we have also proved the following result, which we state
as a separate theorem.

THEOREM 3.1. The set En(f) is at most countable.

EXERCISE. Prove that for f(z) = sinz we have A(a) = 0 for all a # oo,
§(o0) =1,e(1) =e(-1)=1/2.

4. The structure of the set of deficient values

For meromorphic functions of zero order the statement of Theorem 3.1 can be
made more precise. In fact, Valiron’s theorem (Theorem 4.6, Chapter 2) can be
restated in the following way: a meromorphic function of zero order cannot have
more than one deficient value.

For meromorphic functions of order p, 0 < p < oo, Theorem 3.1 cannot be im-
proved (if we do not impose any restrictions onto meromorphic function in addition
to prescribing the magnitude of order).

THEOREM 4.1. Let 0 < p < oo and let M be an arbitrary at most countable
subset of the extended complex plane (M can be empty). Then there exists a mero-
morphic function of order p whose set of deficient values coincides with M.

PrOOF. First we prove that for each p, 0 < p < oo, there exists a meromorphic
function of order p which does not have deficient values. Let {p,} be an arbitrary
sequence of non-negative integers.

Consider the function

[e’s) Pn+2
(1) 0=+ 5 (25) =3+
n=1

It is clear that the series in (4.1) converges absolutely and uniformly on bounded
sets in the complex plane. We show that for an arbitrary choice of the sequence

3
{pn} the set Ex(f) is empty. Let r, = 2v723 = 2”1. For |z| = r,, v > 3, we have
00 Pn+2 00 Pn+2
1 1 1 1
=20 \ |z — 27| 2m \ |r, — 27|

=1 1 1 1 1 1
< _——-s - _—_— _—_——
— ; n |7“1/ _ 2n|2 2:: 7“22” ) on + 2:: 23n (1 _ ru2—n)2

9 (2)]

IN

v—1 o]
1 1 1 1 1
< — - - - - @
r% an ov—1 2 + Z 923n (1 _ TV271/)2
n=1 (1 _ ) n=v

v—1 [e%s)
9 1 1 9 128 1 9 54 1
=N 416 e =D 2
rﬁnzz:l2”+ ;23” r§+ 7 23v rl2,+ 7 rd

The equality (4.1) implies that
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holds for |z| = r,. Hence for 0 < |a| < oo we have m(r,,a, f) = O(1), r, — oo,
and m(ry,0, f) =Inr, + o(1). Therefore d(a) = 0 for each a and Ex(f) = 0.

Now we show that choosing a suitable sequence {p,} we get a function f(z)
with prescribed order p. Note that if |z| = r, where |[r — 2" > 1, n = 1,2,...,
r > 3, then

CADI»&

1 &1 1 e
A<+ Zz—(|z_2n> AP

n=1

<

and
(4.2) m(r, f) = O(1).
Now, for 27"~ < r < 2" we have

(4.3) n(r,f)=2n—14+pi+p2+---+pn_1.

If all p, = 0, then n(r, f) ~ 25 Inr, N(r, f) ~ 1“ 5. Denote by I the set [3, 0o) with

the intervals [r—2"| < 1,n =2,3,... removed By (4.2) we have T'(r, f) ~ 1;2T on
I, and by monotonicity of T'(r, f) this relation remains true for all ». For p,, =0
the function f(z) has zero order.

Now let 0 < p < 0o. Set p, = [2"°]. Then (4.3) implies (2”71 <r < 27):

g
nr f) ~ o
1+ o(1))—2 1+ o(1) 22
< <
(14 0(1) g < nfr, ) < (1 +o(1) o,
1+ o(1) 2 N 14 o(1)) 2"
— < < —_— .
(14 0(1) 2t < N f) < (1 of1)) 2
Using (4.2) as before, we show that
InT(r, f) ~plnr,
that is, the function f(z) has order p.
If we set pp, = 20"+D° we get (2771 < 1 < 27)
Inr\2
n(r, f) > pno1 =27 > 2085),
T (Iny —1)2
> > — > 7
lnT(r,f)_lnN(r,f)_lnn(e,f) > O

that is, the function f(z) has order p = oo.

It is easy to give an example of a meromorphic function f(z) of order zero, such
that En(f) consists of one point a. If a = oo, we let f(z) be an arbitrary entire
function g(z) of zero order; if a # oo, we set f(z) = a+ 1/g(2).

Now let 0 < p < 0o, M be an arbitrary nonempty at most countable set. We
show that there exists a meromorphic function f(z) of order p, for which En(f) =
M. Tt is clear that without loss of generality we may assume that co ¢ M.

We start with the case p = 1. Let 0, j = 0,£1,4£2,43,..., be a sequence of
numbers from the interval (—m,7), m# > 6041 —0; > 0,0; > Tasj — 400, 0; > —7
as j — —oo. Let a;, j = 0,%£1,£2,..., be a sequence of complex numbers whose
set of terms coincides with M.
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Let {c;} be a sequence of positive numbers such that

Z ¢jla;| = 81 < o0, Z cj = Sa < oo.
j=—o00 j=—o00
Set
(4.4) fi(z) = Z cjajexp(ze %),
j=—o00
(4.5) fa(z) = Z cj exp(ze”9).
j=—00

It is clear that these series converge absolutely and uniformly on bounded sets,
and represent entire functions. Let
f1(2)

We show that the meromorphic function f(z) has the desired properties.
For |z| = r we have | exp(ze~%)| < e, hence

o0

A< D eilajle” = Sier,

j=—o0

o0
|f2(2)] < Z cje’ = Sse’.
j=—o0
Therefore
T(r,f) <T(r, f1) +T(r, f2) + O(1)
<InM(r,f1)+InM(r, f2) + O(1) < 2r + O(1).
We fix an integer v. Let 07 = 0;( mod 27), 0, — 7 < 6 <0, +m. It is clear

that 0),,; = 6,+1. Let n = n(v) > 0. We consider the function f(z) in the angle

(4.6)

(4.7) %+n<@=argz<w_n,o<n<@.
We have

F(2)—ay = fi(z) —avfalz) > iz ¢ila; — ay) e)_(i(lzeﬂ'eg)
(4.8) f2(2) S, ¢; explze %)

Y2y ¢ilaj — ay) exp{z(e % — e~ )}
v+ 3, ciexpla(e —emifv)}

Observe that
lexp{z(e™™ — e7")}| = exp{r(cos(p — 0}) — cos(p — 6,))}

= exp ) 2rsin (¢ — ~— sin —— .
Let 9y+1§0;-§91,+7r. Then
0 — 60,1 0. +40, 0. —0,_1
NS S5 FN< S —e< o ——n<T—7
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and
0" + 01/ 0” - 01/ 91/ - 91/
sin ( ¢ — 2 sin -~ < —singsin vl D o —A! sinn.
2 2 2
If6, —n < 9;- <6,_1, then
0,1 -0, 0. +60, 0,41-0,
w17 _ 7 i _
S 5 tn<e ) < ) n<m—n

and

0. +6, 0. —6, 0,—0,_
sin ((p— J 5 )sin J > g—sinnsin#l:—A'V/sinn.

If we denote A, = min(A,, A”), then by (4.9) we get the inequality

|exp{z(e~ % — e™)}| < exp{—2rA,sinn},
valid for all j # v. Now,

(4.10) Z ¢; exp{z(e~"% — e7"%)}| < Sy exp{—2rA, sinn},
JFv

(4.11) Z cjla; —ay) exp{z(e™"% — e~ )} < (S} + |a,|S,) exp{—2rA, sinn}.
v

If r > r,(n), the right-hand side of (4.10) is less than ¢, /2, and by (4.8) and (4.11)

we get

S ]S .
(4.12) |f(z) —a,| < Lﬂ# exp{—2rA, sinn},
v
1
+ > 3
(4.124) In HOE 2rA, sinn + O(1)
uniformly in the angle (4.7). Now
9u+1+0u
1 z 7 1
m(r,a,) > — Int ————————dyp
(4.13) 2w Jotpmt iy |f(ret?) —au
1 91/+1 - 91/71 .
> e 2n ) rA,sinn+ O(1) = B,(n)r + O(1),

where B, (n) > 0. From (4.6) and (4.13) we get

. om(ray) _ By(n)
= >
o) =Itr6 ) 2
Thus we have shown that M C En(f). The inequalities (4.6) and (4.13) imply also

Bo(mo)r + O(1) < T'(r, f) < 2r + 0(1),

> 0.

where
01 —60_1

0<n < 1
Hence f(z) is of order 1.
Let ¢ be an arbitrary positive number. The segment [—7 + 0,7 — §] contains

finitely many points of the form (6; + 6;4+1)/2. We cover these points by intervals
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of length 27 centered at them, where > 0 is so small that the total length of the
intervals is less than §. Denote by I the union of the intervals. If ¢ € [—-7 4+ 6,7 —
S]\I, then by (4.12) the functions |f(re®?)| and |f(re®) —al™t, a ¢ M, a # o
converge uniformly to some bounded functions as r — oo.

By Theorem 7.4 from Chapter 1 we conclude that

m(r,a) = o(T(r, f)) and d(a) =0

for a ¢ M. Thus we have proved that M = En(f).

Now we show how to change the construction above in order to get similar
example in the case 0 < p < 1/2. As before, we choose the sequences 6;,a;,c;.
Now the role of e* will be played by the function

it z

Results of Section 5 from Chapter 2 imply that

TSP b,

4.14 In|V(re*)| =
(4.14) nV(re')| = "0

(r"), r = o0

uniformly in ¢ € [—7 4 §, 7 — §], furthermore, if we replace = by < in (4.14), the
obtained inequality is satisfied uniformly in ¢ € [—7,7]. In addition,

(4.15) InM(r,V) =

- r? + o(r?).
sinmp

Now we set
fi(z) = Z cjajV(ze_wj),
j=—o00

oo

fa(z) = ) eVi(ze ™),

j=—oc0

and, as before, f(z) = fi1(z)/f2(z). Instead of (4.6) we get

(4.16) T(r,f) <InM(r, f1) + In M(r, f2) + O(1) <

- P + o(r?).
sinmp

Fixing 0, and defining 9; as before, we get that the equality

v —7:93.
D Cilag — av)%

% —7:9;,
Cy + Zj;éu Cj v((j:—ieu))

(4.17) f(z) —a, =

holds in the angle (4.7). Denote by ¢,(¢) the periodic with period 27 extension of
the function cos py from [—m, 7] to the whole real line. Then the role of the equality
(4.9) will be played by the inequality

\% (rei(“"e;)> - /
<rP -0) — - ?).
V (reile=0)) | = " sin WP{Cp(g) %) = ol = Bu)} +olr?)

(4.18) In

To derive (4.18) we use (4.14) with the equality sign for In |V (re"(“o*e")) | and with

the inequality sign for In ‘V (rei(‘p*%)) ‘ In order to continue the proof on the same
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lines as before we need to show that there exists a positive constant K, (n) such
that for ¢ satisfying the inequality (4.7) and for all j # v the inequality
(4.19) colo = 05) = cplp = 0,) < =K, (n).
holds.

The proof of (4.19) is based on simple trigonometric transformations, although
often requires tedious computations. We leave the detailed proof of (4.19) to inter-
ested readers, we provide only a short sketch of one of the possible proofs.

a) Let 0 < 6 < 7, then c,(¢) > ¢, (¢ —0) for 0/2 > > 0/2 — 7.
b) Let —7 < 6 <0, then ¢,(¢) > ¢,(¢p — ) for /2 < < 0/2+ 7.
c) Let 0< 0" <O<m —m <t <6"/2. Then
max{c, (¥ — ), co(¢ = 0")}ep} = cp(th — 0).
d) Let —m <0 <6 <0,6/2< <. Then
max{c, (¢ — ), cp(¢h = 0)} = ¢, (¢ — 0).
e) f <0 <0<0"<m@/2<¢<0"/2,0¢[—m7w]\[0,0"], then
co(th) > max{c, (¢ — 0'), co( = 0")} = c,(¢ — 0).

HI—7<0<0/24n<0<0"/2—n < 0" <mand0'/2+n < <0'/2—n,

then, by the Weierstrass theorem,

co(v) —max{c, (¢ —0'), co( —0")} > Ap(n,0',0") >0
and
co(¥) —co(¥ —0) = Ap(n,0",0").
for 6 € [—m, w|\[¢',6"].
Now it is easy to see that in (4.19) we can set
Ku(n) = Ap(nv 01— 0,,0,41 — 91/)-
In order to see this, it is enough tolet v = — 60,60 =0,_1 —0,,60" =0,,1 — 0,

in (4.19).
Now, after proving the inequality (4.19), by (4.17), (4.18), and (4.19) we get
Sl+|au|S2 7TK1,(7])
4.2 —ay| < ——m— —rf—= P
a2 1) -l < LR e [ T o)

for sufficiently large r and for ¢ satisfying (4.7).

Using the inequalities (4.16) and (4.20) as we used the inequalities (4.6) and
(4.12) before, we get that Ex(f) = M and that f(z) has order p, 0 < p < 1/2.

Considering the functions f(z"),n =1,2,..., we get examples of meromorphic
functions with En(f) = M and an arbitrary order p, 0 < p < n/2. Since n can be
chosen to be arbitrarily large, then the order p can be an arbitrary positive finite
number. Of course, there is no need to consider the case p = 1 separately. We
started with the case p = 1 because in this case the function f(z) is particularly
simple, and it will be convenient to use it in our construction of an example for
p = oo.

Let fi(z) and f2(z) be given by (4.4) and (4.5), respectively. Set

Fi(2) = f1(e?), Fa(z) = fa(€?), F(2) = Fi(2)/Fa(2).

Let

Y(y) = sup cos(y —0;), —oo <y < oo.
—oo<y<oo
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It is easy to see that ¢(y) = cos(y — 0;) for (0;_1 +6;)/2 <y < (0; +6,11)/2,
¥(£m) = 1. The function ¥(y) is continuous for —co < y < oo, periodic with
period 27, and satisfying the inequality 0 < ¥ (y) < 1. We easily get

Fa(a+iy) < Y e exple” cos(y — 0,)}

(4.21) e

< 30 cep{ely)} = Sexple ()}
and
(4.22) |Fy (x4 dy)| < S1exp{e®(y)}-

Later on we shall need the following

LEMMA 4.1 (Fuchs, Hayman). Let ¢(t) be a bounded, non-negative function,
integrable on each segment 0 < t < r, such that there exists a finite limit

T

1
lim — [ (t)dt =1.

r—oo T 0

Then ,

1 [/ I+ o0(1)}e"

I(r)= —/ e" 3% p(r sin §)dh = M, r — 00.
27 Jo 2V 27mr
PRrOOF. First we observe that

1 /2 cos 6 e’
4.23 — e % f=(1+40(1))—, r = 0.
(123 5 | (1 +0(1)) 57—

This follows from the equalities

1 /2 1 /2 1 ™
- ercosé)dez _/ ercosadez _/ ercosade_'_o(l),
2m J 4 —n/2 ar J_ .

1 (" T

e"0d9 = Io(r) = (1 + o(1)) e

where Iy(r) = Jo(ir) is a cylindric function of imaginary parameter.

(4.24)

-

For convenience of readers who are not acquainted with the formula (4.24), we include
an independent proof of formula (4.23).
We start with

/2 /2 /2 )
(425) / e'r 0059d0 = e'r/ eT(cosefl)dQ — e"‘/ 6727‘ sin? %da
0 0 o

On the other hand,

2
/W/ 6727“ sin? %dﬂ _ /
0 0
r—1/4

:/O e—Z”inzgdaJro(e‘%ﬁ), r = o0.

r—1/4

2
e*2'l“sin2 %d0+ ~/ e*2'l“sin2 %dQ
r—1/4

(4.26)

But for 0 < 6 < r~*/* we have

ey (8) < < (4
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where h(r) — 1 as r — co. Therefore

/

r—1/4 p—1/4

oo
o2rsin § o S/ o 5h(10% 4o </ o 5h(10% 4o
0 0

rmt/4 20 rot/4 r ° r o r
/ —2rsin 5d02/ e 2° d@:/ e 27 do — e 2740
0 0 L 0 r—1/4
> ,/1 f/ e 592d07 e 2%
2r r—1/4 1
T T 2 _r s
— — 2 ——e 2 =(1 1 —.
> 2r € re (L+0(1)) 2r
Hence
r1/4
—2rsin2%d0 — (1 1 1
[ (1 -+ o)/ 2.

Using (4.26) and (4.25), we get (4.23).

To complete the proof of the lemma, it is enough to show that

12 e’
(4.27) I(r) — %/0 ercsfdp = o (W) , T — 00.

Since ¢(rsind) = O(1),

r—2/3

/0 e”osedezO(errf%) =O<\e/—;> )

/2 - e’
/ eTCOSGdezO(ef) :o<—> ,
w/3 r

in order to prove (4.27), it is enough to check that

/3 /3
/ e" <% p(r sin 0)d — l/ et

(4.28) e ;‘/Z/ ?
rcos . e’
= e rsinf) —I}df =o| — | .
[ e etrsing) - nas o (<)
Introduce
ercosG 7rsin 0
= — @ — _ 3 .
x(0) reosf’ (9) /0 o(t)dt — lrsin

It is easy to see that for r=2/3 < 9 < r~44 and for sufficiently large r we have
X' (0) < 0, and also that ®(d) = o(rsin@) by the condition of the lemma and the
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fact that rsin@ > (14 o(1))r'/ uniformly in 0 as r — co. Now,

—2/3 r—2/3

/3
—xO¥O[ 3, - [ o2(0)

" /3
= o(x(O)rsin0)[7/3, — o(1) / X' (0)r sin 0d0

r—2/3

/3 /3
/ €7 <%0 (o 5in 0) — 11O — / (6)d®(0)

= o(x(0)r sin 9)|:{§/3 +o(1) / x(0)r cos 0d0

r 2 /3 e’
=o(e?)+o (err_i) +0o(1) /7 ) ercsdh = o <W) .

r

Here we used (4.23). Hence the relation (4.28) and thus also the lemma have been
proved. O

We continue our construction of the example. By (4.21) and (4.22) we have

T(Ta F) < T(T‘, Fl) + T(T7 F2) + 0(1) = m(r, Fl) + m(r, F2) + 0(1)

1 ™
<2 Py / e 304 (rsin 0)do + O(1)
T™J_—nx

/2
(4.29) - /_ )i +0()
1 w/2
== / e" <04 (r sin @) + o (—rsin ) }dh + O(1).
0

™
Now we apply Lemma 4.1 with ¢(¢) = ¢(¢) + ¢(—t). Since the function ¥(y)
is periodic with period 27, we have
1 /(" 1 (" 1 [
lim — [ (t)dt = lim — Y(t)dt = — Y)dt=A4, 0 < A< o0.
T ™ —T

r=oo 1 Jo rooor J_
The inequality (4.29) and Lemma 4.1 imply that
Ae”

2rr

(4.30) T(r,F) < (1+0(1)) , T — 0.

Now we fix v. Define the function ,(y) by the equation v, (y) = 24, sinn for

0, +0,_ 0,41 +0,
IR A T

where 77 and A, are defined in the same way as in the construction of the example
forp=1.1If

91/ + 91/71

0 0
TTSYS —— and 7V+1+V—n<y<7r

2 = = 7
we set ¥, (y) = 0. We extend the function 1, (y) as periodic with the period 27
from the segment [—m, 7| to the whole real line {—co < y < co}. By (4.121) we
have

1 1
b T —al - ey —ay = ¢ YW +OQ).
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Hence
1 ™
(4.31) m(r,a,, F) > 2—/ e 504, (rsinf)do + O(1).
T J_xn
As in the argument above we show that
1 T
e e o84, (1 sin 0)df
1 7T‘/2
(4.32) == / e <L), (rsin @) + 1, (—rsin ) }df + O(1)
T Jo
Bye"
= (1+o(1)) =, r— oo,
27r
where
1 /" 1 [" 1/(60,41—0,
B, = lim = Y, (t)dt = — Py (t)dt = — (L - 277> 24, sinn.
rooor [, - T 2

The relations (4.31) and (4.32) imply that
B,e"
m(r,a,, F) > (1+o(1) Z2=,
27r
which, together with (4.30), implies

B,
l/7F 2 A ’
0(av, F) I >0

that is, M C Enx(F). The proof of the fact that a ¢ M implies a ¢ En(F') requires
much more complicated estimates and tedious computations. We do not include
it. O

REMARK 1. In the case when the set M is finite, the construction of a mero-
morphic function f(z) for which En(f) = M becomes much simpler. Constructing
the functions fi1(z) and fa(z) it is enough to consider finite sums.

REMARK 2. Investigation of the constructed examples would be much simpler
and more complete if we use some deep theorems from the theory of entire functions
(B. Ya. Levin [Lev80, Chapters II and VI]). Readers acquainted with the material
of the mentioned chapters are invited to prove as an exercise, that a ¢ M implies
a ¢ En(F), where F(z) is a function of infinite order, constructed at the end of
the proof.

REMARK 3. It is easy to see that there exists a meromorphic function of an
arbitrary order having a deficient value which is not a Borel exceptional value. If
p > 0, it is enough to consider a meromorphic function with three deficient values.
At least one of them is not a Borel exceptional value by the Borel theorem. If p = 0
the example can be constructed in the following way. Let ¢1(z) and g2(z) be two
Weierstrass canonical products of genus zero with positive zeros such that

n(r,0,g1) ~ lnr, n(r,0,g2) ~ In? 7.

Then oo is a deficient value with d(c0) = 1 for the function f(z) = g2(2)/g1(—2),
but oo ¢ Ep(f). We leave verification of this statement to interested readers.
(Hint: use the asymptotic formulas from Section 5 of Chapter 2.)
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5. Entire functions having infinitely many deficient values

Since §(o0, f) = 1 for each entire function f(z), speaking of deficient values of
entire functions we will mean finite deficient values. The problem of the description
of the structure of this set for entire functions of finite order was elusive until
recently. Although the complete solution is not known yet,® the following result is
available.

THEOREM 5.1 (N. U. Arakelyan). Let M = {ay}7°, be an arbitrary countable
set, p be an arbitrary number satisfying the condition 1/2 < p < oco. Then there
exists an entire function of order p whose set of deficient values contains the set
M.

The restriction p > 1/2 in this theorem is necessary. We shall show in Chapter
5, page 777, that entire functions of order p < 1/2 cannot have deficient values.
We note that in proving Theorem 5.1 N. U. Arakelyan disproved R. Nevanlinna’s
conjecture ([NevR74, Ch. 10, sect. 222]) that an entire function of order p > 1/2
cannot have more than [2p] deficient values.

The idea of the proof of Theorem 5.1 can be described in the following way.
Let M = {ar}2,, and let {Q;}2, be a sequence of pairwise disjoint sets, such
that for r > r(k) the circle {|z| = r} intersects the set 2 along an arc of length
> sr, where s > 0,k =1,2,.... Define on the set |J;—, Qi a piece-wise constant
function ¢(z) by the equalities

o(z) = ag, z € Q.

By the theorems from approximation theory, which we prove below, it turns out
that for a special choice of the sets €2 it is possible to construct an entire function
G(z) of normal type and of order p, such that

lp(2) = G(2)| < e, 2 € Qu, |2| > r(k),

where g > 0 (k = 1,2,...). Since the set of values 6 for which |G(re?) — ax| <
e~ %" for r > r(k) has measure > sy, we have m(r,ax, G) > s=spqrr? (r > r(k)),
and hence 0(ax,G) >0, k=1,2,....

Now we present the necessary results from the approximation theory.

THEOREM 5.2 (M. V. Keldysh). Let L be a rectifiable curve joining points a
and b. For each e and d, 0 <e <1, 0 <d < 1, there exists a polynomial P(z) such
that

a) For all z which are not in the d-neighborhood of L the inequality

1 1
—P< >’<E
zZ—a z—0b
holds;

b) For all z satisfying {|z — b| > d}, the inequality

P 1 <expsC(1+1In L ec'lenithw>
z—0b ed

holds, where C > 1 is an absolute constant.

3Now this question is completely solved by Eremenko [A43]: for every at most countable set
E in the plane and every p > 1/2, there exists an entire function f of order p for which Ex(f) = E.
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PRrROOF. Let [ be the length of the curve L, m = [%] +1. We choose on the curve
L points zp = a, 21, 22, - - -, Zm—1, 2m = b in such a way, that maxo<x<m—1 |2k+1 —
zi| < %d. Now we shall perform a construction using which to each point zx, k =
0,1,...,m we assign a polynomial Py(z). The polynomial P(z) whose existence is
claimed in the theorem will be equal to P, (2).

Polynomials Py (z) are defined inductively. Let Py(z) = z. Suppose that we
have already constructed the polynomial Py(z) of degree ny, > k. We construct the
polynomial Py;1(z) in the following way.

The function Py (ﬁ) is holomorphic in the region {|z — zx41| > |2k — 2r+1|}

and is bounded as z — co. Therefore in the described region it is represented by a

Laurent series
1 2 AW
P, = 7
k<z—zk> ;(Z—Zkﬂ)q

q

The polynomial Pyi1(z) will be of the form Zn’““ A(k) 9, where the number
ng+1 > k + 1 is suitably chosen.
At the moment we use the notation ng41 for an arbitrary positive integer. Let

us estimate the quantity
T 1 (k)
1 A
P, — E 7
* <Z—2k> = (2= 2k

For |z — zgpt1| > r > |2k — 2k41| we have

Tkt 1 (k) s (k)

1 A A
P, — 4 _ 7
()Yt Y

U =
() = o,

q=0 (Z — Zk+1) g=npi1+1 Zk+1)
oo
1 1 1 B
— Z me/ Py <t_zk>(t—zk+1)q Lt
q=ngi1+1 +1 |t—zpp1]=r
(5.1)
S ( ) Uz 8 g
2t lt=zktal=r Tk q= nk+1+1 (Z - szrl)
_ 1 ( ) (t—zk+1>nk+l dt
2mi [t—2zkq1]=r — Zk Z — Zk+1 z — t
Set
1
My = max |Pg .
|[z2—zK|>d Z— 2k

Note that the function (¢ —zx )™ Py ( ) is holomorphic in the disc {|t —zx| < d},

and on the circle its modulus does not exceed d™* M. By the maximum modulus
principle, its modulus does not exceed d™* M}, inside the circle also. Hence we have

the estimate
1 d™ M
Py < k Lt — 2| < d.
t— 2k |t — Zk|”k

1
t—2zp

(5.2)
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1 1 1 1
For |t — zp41| = id we have |t — zi| > |t — zkt1] — |21 — 2| = id_ Zd: Zd’

therefore

1 1
i <—)} <A™ My, [t — ziga| = 5d.
Zk 2

1
Letting r = §d, |z — zk4+1] > d in (5.1) and estimating the integral, we get the

inequality
ld MNEk41
U(ngs) < 47 My (27) — M2,
If we set
In* (M,
(5.3) Ngt1 =20 +k+ 2+ [M} :
In2
then, as is easy to see, we have
€
(54) U(nn+1) < W

Defining ny4+1 by the formula (5.3), we get the desired polynomial Py1(z2).

Now we check that the polynomial P(z) = P,,(z) satisfies the conditions a)
and b).

Outside the d-neighborhood of the curve L we have

1 1 1 1
()l () (=)
z—a z—>b z— 20 Z— Zm
m—1 1 1 m—1 m—1 c
< P — P — ]| < U —_— .
_Z k(z_zk) k+1<z—zk+1>‘_z (nk+1)<z2k+1<s
k=0 k=0 k=0
Hence the condition a) is satisfied.

To show that the condition b) is satisfied, we have to estimate M,,. To do this
we need to consider the behavior of the quantities My and ng.

3
Since the region {|z — zx4+1| > d} is contained in the region {|z —zE| > Zd}’

we have
1
Mpy1 = max Py | ——
|z—zk+11>d Z = Zk+1
1 1 1
< max Popg | —— | — P + max [P .
‘Z*Zk_*_llzd Z_Zk;Jrl zZ— Zk ‘zfzk‘z%d zZ— Zk

Using the inequalities (5.4) and (5.2), we get the relation

€ 4\ ™
M1 < DY EsY + (g) M.

Letting My = max(My, ) we have
(5.5) Mk-i—l < 2”’“Mk.
1
Observe that by (5.3) the inequality nj < 3 Mhk+1 holds, therefore we get from (5.5)
that

(5.6) Mk+1 < My2metns-1+-+no <M02nk(1+%+2i2+~~+2+c) < My2%,
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Further, by (5.3) we have

M2
N1 <2 |(npg+k+1+1n . .

Taking into account that ny >k, ng =1, ng_1 < %nk, we have

My
Nk+1 <2 4’[’Lk + In ? s

M, M,
nk+1+ln?0 <8<nk+ln?o>,

from where we get

M, M,
Nk+1 +ln?0 < ghtl (1 + In ?O> ,

M,
Npgr < 230+D) <1 +Int —0) )
€

1
Since My = 7 and hence, In* Mo =

n <2 1—|—1ni < e 1—|—1ni
m—t ed ed)’

This inequality together with (5.6) imply

1 4l
In -, and m < % + 1, we have

ale

~ 1
M,, < My2?"m-1 < exp {Qnm_l + In =
€

oL 1 1 oL 1
<expq2ed (1+ln— | +Iln— <exp<3ed [1+1In— .
ed ed ed

The proof of the theorem is complete. O
We shall need the following lemma, which is a corollary of Theorem 5.2.

LEMMA 5.1. Let v be a closed rectifiable curve, I be a rectifiable curve joining
a point of the curve v with a point b which does not belong to . Let 0 < e < 1,
0 < d <1 be given. Then there exists a function Q((, z), rational in z and having
its only pole at b, which is defined for {¢ € v} x {|z| < oo}, piece-wise constant* in
¢ and is such that the following conditions are satisfied:

a') For all z outside the d-neighborhood of the curve v Ul and all { € v the
inequality

1
) C_Z' <

holds;

b') For all z from {|z — b| > d} and all € 7 the inequality

SR Y pEr—
€
holds, where C > 1 is an absolute constant.

4Piece-wise constant means that the curve v can be cut into finitely many pieces v; in such
a way that the restriction of z) to the set {¢ € v;} x {|z] < oo} does not depend on (.
Yy ’ Vi P
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PRrROOF. Let ¢ be an arbitrary point on the curve . Letting a = ¢ and choosing
as L the curve joining a and b, and consisting of the curve [ and a part of the curve

v, we apply Theorem 5.2. We denote the obtained function P (ﬁ) by R((,2). It

is clear that the conditions a’) and b’) will be satisfied for the function R((, z), but
possibly, it will not be piece-wise constant in (.

Denote by U the complement to the d-neighborhood of the curve v U[. Since
U is a closed set and R({,z) — 0 as z — oo, the condition a’) for R((, z) implies
that

max <E.

zeU

1
R(¢, 2) — T

Choose £1(¢), 0 < £1(¢) < &, in such a way that the last inequality remains
true if we replace € by €1(¢). Then for ¢’ € v, | — {'| < e2(¢) = d?(e — €1(C)) the
inequality

1
max R(C,Z)—g,j
<glea(3(<‘R(C?2)_Ciz'—i—‘ﬁiz_C’l_z ) <al©+ |Cd_2C| <€

holds. By the Heine-Borel lemma there is a finite subset {a;} of v such that for
each ¢ € vy there is a; € {a;} satisfying the condition
laj — ¢| < e2(ay).
Denoting by a;(¢) one of the points satisfying this condition we can easily check
that the function Q((, z) = R(aj(¢), z) satisfies the conditions of the lemma. O
THEOREM 5.3 (M.V. Keldysh). Let the function f(z) be analytic inside the
angle {|arg z| < B}, 0 < B < 7, and satisfy inside this angle the condition

(5.7) n|f(z)| < K(1+|z[7),

where K > 0, p > 1/2, are constants. For each o, 0 < a < min (,8,7‘('— ;—p),

there exists an entire function G(z) whose growth does not exceed the normal type
of order p, such that

G(2) = f(2) +9(2), |argz| < a,

where g(z) is bounded for |argz| < a.

K = 27£27. Note that k < p. We

PROOF. Let o < 7 < min (ﬁ,ﬂ'— %),
construct an auxiliary function G(z,(, A), which is entire in variable z, jointly
continuous with respect to the variables z,(, A on the set {|z| < oo} x {|arg(| >

B8} x {A > 0}, and such that the following conditions are satisfied:
1 "
a) =i G(Z,C,A)’ < e 4Ol for 2 € {|argz| < a} U {1 < |z| < C2l¢]},

Cy < 1;

b) |G(z,¢, A)| < eACs12" for 1 < |¢| < Cy 2|+ 1, |2| > 1, where Cy, Oy, Cs, . ...
here and below denote positive constants depending on «, 3, and  only.

Denote by L(R, 0) the boundary of the region D(R,0) = {|m —argz| < 0, |z| >
R} parameterized in the negative direction. We consider the branch of the function
(—2)" in D(R,0) taking positive values on the ray {argz = 7}. Observe that the
values of the function (—z)" on the rays {argz = 7 £+ (7 — )} are pure imaginary.




5. ENTIRE FUNCTIONS HAVING INFINITELY MANY DEFICIENT VALUES 137

If z is outside the closed region D(R,7 — «) and ¢ € {|arg¢ — 7| < 7 — 3},
then by the Cauchy theorem,

1 A" gt B L/ A" gt
21 Jp(rrm—y) (E= QO —2) 27 S (gr—ny (E = O)(t — 2)

5.8
(5.8) 0 if || <R< R,
=19 A0 y
" MR<|(|<R.
For R > |(| and z ¢ D(R, 7 — ) set
e—A=0" eA=D" gt
5.9 G(z,¢, A :7_/ @
) TR PO (o

It is clear that the integral in (5.9) is an analytic function of z outside the
region D(R, 7 — 7). By (5.8) the right-hand side of (5.9) does not change if we
replace the integration over L(R < m — ) by the integration over L(R', 7w —v) with
R’ > R. We infer that the function G(z,(, A) has an analytic continuation into
the whole plane {|z| < oo} and thus determines an entire function. We keep the
notation G(z, ¢, A) for this entire function and show that it satisfies the conditions
a) and b).

First we verify that a) is satisfied. If z is not in the region D (3R, 7 —a) (D
D(R,m— 7)), and ¢ € D(R, 7 — (3) then, by (5.8), we have

1 e—A(=0" eA=D" g
G(z,¢, A) = + _ / e 4
( C ) g -z 2mi L(R,m—7) (t - C)(t - Z)

Since for |arg { — 7| < ™ — (3 the condition Re(—()* > cos{x(m — 3)}|¢|* > 0 holds,
whereas for |argt — | = m — v we have Re(—t)" = 0, we get the estimate

. N 1 e—ACs(¢|”
— <
‘ (27 C? ) C — 2z — 271'
AR"”
e |dt| |dt|
5.10 [T v
( ) X |C|_R/ [t|=R |t—z| +/ R<|t|<o0 |t—(||t—2|
|m—arg t|<m—~y |m—argt|=m—~y
e—ACs[¢|" e AR
= I Ly, 0<(Cs5<1.
. { R 1+ 2} 5

Since the distance between the arc {|t| = R, | argt—7| < 71—~} and the exterior
of the region D (%R, T — a) is not less than Cg R, we have I; < C7. Let us estimate
I>. Observe that for |argt — 7| = 7 — v and |arg{ — n| < 7 — G, the inequality

1
|t — ¢| > |¢t|sin(B8 — 7) holds. Therefore for |z| < §R we have
i du 4
I, <2 < .
2= /R usin(8—v) (u—$R) ~ Rsin(6 —7)

If |w — arg z| > 7 — a, taking into account |t — z| > |¢|sin(y — «), we have

> du 2
&SQA (usin(8 — 7)) (usin(y —a)) ~ Rsin(B —7)sin(y —a)

Hence, if z is outside the region D (%R, T — a), then I, < CgR™L.
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Now we set R = Cy|¢| in (5.10), where Cy = (%C{,)I/K < 1, and assume that
|z] > 1. Then R > 2|z| > 2, and we get the estimate

e—ACs[¢|" e3ACs[C|" o Rl
< + -
=T 2r | (GI-nrR T

re 1
< C'loe_%AC‘r’m s 1< |Z| < §Cg|€|,

1
(—z

’G(Z7C7A) -

QED.
To verify that the condition b) is satisfied, we set R = 2C5 *|z| + 2 in (5.9).

1
We get (1 <[Kl<Cytzl+1= §R>

G(2,¢, A)|

e—ACs[CI" [ (5|2 dt|

2m R—|(| 4(7T_7)+/R<‘tl<°° (el = 1Dl =121

|m—arg t|=m—~

1 AC1y |2|* o0 du
277{@ SR R ey e B

%{eAC“‘Z‘NZlﬂ' +2} < 3eACul2l"
s

Thus, we have constructed the auxiliary function. Set
G(2,¢) = G(2,¢,2KCy [¢]™"),

where K is the same constant as in (5.7). The function G(z,() is entire in the
variable z, jointly continuous on the set {|z| < oo} x {|arg(| > £}, and satisfies
the conditions

c)

IN

IN

LI ~2K]¢|?
(5.11) ‘C — G(z,()‘ <e
for |argz| < a and for 1 < |z| < C3|(], (C2 < 1);
d)
(5.12) G(z,0)| < Xl

for 1 < |¢| < |z| (to derive this condition from b) we take into account that x < p).
Now we turn to the construction of the desired entire function G(z). Set

1 1 d¢
1 n(2) = — ,Q)d¢ + —
(5.13) Gn(2) 2wy /C{l<|<|<n FQG(z, QdC + 2ms / [¢l=n f(OC —z
arg (=10 |arg ¢|<B
(the paths here and below are traversed in the following way: the ray {arg( = (5}
is traversed from oo to 0, the ray {arg( = —f} is traversed from 0 to oo, the circle

{|¢] = const} is traversed counterclockwise).
The function G, (z) is analytic if |2| < n. It is clear that for m > n > C; " we
have

Gm(z) — Gp(z)

g
(-2

el 1 10600+ 5=3 [ = [l 1

- 271 [n<l¢l<m 271
arg (== |arg {|<B |arg (|<B
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By the Cauchy theorem the equality

(5-15) O_% ﬂz<\d<m+/m:m _/|C|:” f(C)C_Z

arg(=+0 |arg ¢|<B |arg ¢|<B
holds for |z| < n. Subtracting the equality (5.15) from (5.14), we get
1 1
Goul2) = Gul2) = 5 /Kg e {o0- 2 }ac b <n
arg (=

From here, using (5.11), we have for 1 < |z|] < Can

1
1< 97 oo XU (L (1) = 2KICY
arg (=1
Since the right-hand side goes to 0 as n,m — oo, the sequence {G,(z)} converges
to some entire function G(z) uniformly in each disc of finite radius. Let us show
that this function has the desired properties.
By the Cauchy theorem for z € {Cy* < |z| < n,|arg z| < B} we have

1 d¢
(5.17) f(z) = 5 _ﬁq:a;l +/c;1<m<n+/\<\:n f(OC—z'

|arg ¢|<B arg (=443 | arg ¢|=8
Subtracting (5.17) from (5.13) we get

) arg (== dC
e C|=C’;1 f(C)C—Z

(5.16) |Gm(2) — Gr(2)

~2mi )|
|arg ¢|<8

For |argz| < a, 2C5 ' < |z| < n, by (5.11), we get the estimate

1
Gole) = O < g [y, xpUK (L [GP) — 2K g+ €O,
arg (=10

from where, letting n — oo, we infer the relation (|argz| < a, |2| > O3 1)
1
- <= K(14[¢|P) — 2K(¢|? K,
G = S < 5 [y PR (L+1C7) 2K +
arg (==+0

Thus we have proved that the difference G(z) — f(z) is bounded as |arg z| < a.
Now we estimate the growth of the function G(z). Letting m — oo in (5.16)
we get (1 < |z| < Can)

1
- — Py _ p
62) = GalE)] < 5 [y SXPLECL+1CIP) — 2K
arg (=1
Hence, for sufficiently large n and for 1 < |z| < Can, the inequality

IG(2) — Gn(z)] <1
holds, therefore
(5.18) G(z) — G[C;1|z|]+1(z) <1
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for sufficiently large |z|. Furthermore, by (5.7), (5.12), and (5.13) for n = [C5 *|2|]+
1 the inequality

1
- p p
Gn(2)| < o /C;1<|C|<nexp{f<(1+|€| ) + K Ciz|2|P}|dC]

(5.19) arg (==%0
1 , ,
+ o exp{ K (1 +n”)}2p0n < KCn" < oK Cielzl
o

holds.
By (5.18) and (5.19) for sufficiently large |z| we have |G(z)| < exp{ K C17|z|"}.
The proof of the theorem is complete. O

We shall need the following lemma, which can be derived from Theorem 5.3.

LEMMA 5.2. Let f(z) be a function satisfying the conditions of Theorem 5.8
for % < p < 1. Then, for each a, 0 < o < min (ﬂ,% <7r— ;—p)), there exists an
entire function G(z) whose growth does not exceed the normal type of order p, such
that

G(z) = f(2) +9(2)
for |arg z| < «, where g(z) is a function satisfying the estimate

(5.20) l9(2)| < e *I"

in the angle {| arg z| < a} for sufficiently large |z|.

PrOOF. Foreachd, 0 < < % m— % , we can find an entire function w,(z; 6)

not exceeding the normal type of order p satisfying the estimate
e KO < |, (2;0) < e 2" 2 < K(8) < o0.

in the angle {|argz| <i (7r — 21p> — (5} for sufficiently large |z|. If 1/2 < p < 1,

this can be done in the following way. Let

w(z)zH(l—#).

k=1

The asymptotic formula (5.32) from Chapter 2 implies that for 0 < § < argz <

o

T — d and for sufficiently large |z| the estimate
2p
KO < ()] < e~ K2O)1217
holds, where 0 < K2(d) < K1(d) < oo. Therefore we can let
i Tr 2 1/p
1) =w (Rozet ) N = (=)
o) =w Mzt N = (1)

If p=1, set
wi(z;0) = e 2.
Choose ¢ in such a way that {|argz| < a} C {|argz| < % (7‘(— 21p> — 5} C
{]arg z| < B}. Consider the function

f1(z) = f(2)/w,(2; ).
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It is clear that this function is analytic in the angle {| arg z| < % (7r - 21/)) - 5} and
can be estimated there as

[f1(2)] < e UFED

(0 < K < oo does not depend on z). We apply Theorem 5.3 to f1(z) (the role of
the angle {|argz| < B} is played by the angle {| arg z| < % (7r — 21/)) — 6}) We

get an entire function G1(z) not exceeding the normal type of order p, such that

Gi1(2) = f1(2) + 91(2),

where g1(z) is bounded for |arg z| < a. Letting G(z) = G1(z)w,(#;d), we see that
we get an entire function with the desired properties. O

Now we turn to proof of Theorem 5.1.

PROOF. Observe that it suffices to consider the case 1/2 < p < 1. In fact, if
p > 1, we choose a positive integer N such that N < p < 2N. We construct an
entire function G(z) of order 5% whose set of deficient values contains {ax}2;.
The function G(22V) has order p and, by the remark from Section 1 (p.???) its set
of deficient values also contains {ax}7 ;.

Some notation which we are going to use:

a: a number satisfying 0 < a < % (ﬂ' — 2—’;)
{0k} ,: a sequence of positive numbers satisfying the condition 6 1T a as
k1T 4o0.

0_r=—0k, k=1,2,...,0, =0.
e = g min([fr+1 — Ok, 0k — Or—1])-

e, = exp(—21°Cn, '), where C is the constant from Lemma 5.1.
Okn = exp(_€k2np)'

Ag(k) ={largz — 0| < kmi}, 0 < kK < 1.

on(N) ={(1=N2"<|z| <14+ 12"}, 0< A< L.

A P11 A
E;, =Ag <Z * ) Non(27%),i=0,1,2 (for k > 0 see Figure 1).

’y};n is the boundary of the set E}m
wm=1{lzl=0+ 2174)2n+17 (—1)"0, < (~1)"argz < 7}.

Let {ny}?2, be a sequence consisting of even positive integers, ni T oo as
k 1 oo; define the sequence {n_;}2, by the equality n_, =np+ 1,k =1,2,....
Set (see Figure 2)

0o oo
_ 7
Bi= U U Binezm
|k|=1m=0

Denote by I'; the boundary of the set E;. It is easy to see that

o) o)
_ 7
Fi - U U ,‘Yk,nk+2m'
m=
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We choose the sequence {n;}72, to be so rapidly increasing that the conditions
(5.21)-(5.24) hold.

oo

Okn
(5.21) H 11 14:6’]: 1—(;,

|k|=1n=ng

(5.22) gt < 2™,
(5.23) max(2""®, |ay ) < exp(ex2™7") for n > ng,
(5.24) ¢~2]ld¢] < 1.

Iy

Note that Egn C E,i C Ekn, and hence Fy C E1 C FE5. Later on we shall
use the following convention: we consider the sets E,in, fy,in, lin only for those
pairs (k,n) of indices which participate in forming the sets F; (that is, k& # 0,
n=ni+2m, m=0,1,2,...).

Our proof is organized in the following way. We would like to approximate the
function ¢(z) defined by the equalities

p(z) = ap, z € B,

by an entire function G(z) having normal type of order p in such a way that the
inequality

1
6(:) ~ Gl < exp { ~geulsl |, = € B,

holds. To do this, first we construct (Lemma 5.3) a function w(z), analytic in the
half-plane {Rez > —1} and such that

|ef€’“zﬂ| < |w(z)| < 2|e*€’“zp| for z € E,in,

|w(z)| < exp{(]z] + 1)} for Rez > —1.
Next, with the help of the function w(z) we construct (Lemma 5.4) a function F(z),

analytic in the half-plane {Rez > 0}, and such that

1 1 o
e ——ERZ
Xp 25k

[6(2) = F)l < 5 2B,

In|F(z)| <O ((|]z| +1)”), Rez > 0.

Finally, approximating, by Lemma 5.2, the function F'(z) in the angle {| arg z| < a}
by an entire function G(z), we get the desired function.

In our proofs of Lemmas 5.3 and 5.4 we use an auxiliary function Q;(¢, 2),
defined on the set {¢ € I';} x {|z] < oo}, i = 0,1,2. We construct this function
first. It is easy to check that the curves 4i and i (i = 1,2) do not intersect the
set E;_1, and their distance from this set is not less than dg, = n,2"~*. Denote by
Din the dg,-neighborhood of the curve 'y,in U l}‘m (see Figure 3). We apply Lemma
51withy=~f ,1=10 ,b=—(1+2"4)2"F ¢=4"""2exp{—5c,2""}, d = dp.
We get a function Q%, (¢, ), defined on the set {¢ € 7%, } x {|2| < 0o}, holomorphic
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with respect to z in the half-plane {Rez > —1}, piecewise-constant with respect to
¢ and satisfying the conditions®:

% 1 —n— n, % %
(5.25) Qi (¢, 2) — = < 47" 2 exp(—5ex2™), ¢ € Y, 2 € CD},.,
(5.26) QL. (¢, 2)| < exp(e}/?27° 1), ¢ € 4in, Rez > —1.
We derive the inequality (5.26) from the statement b’) of Lemma 5.1. We have
1 1

1
— = — _2n+8 5e; 9N ,
ed 47" 2exp(—bep2mP )2t g exp(5e42™)

but by (5.22), for n > n; we have
1 1 1 1
— = ——In— < — < 2MP L 2" < T8,
Mk 210 nEk T e -
and by (5.23) the inequality
278 < exp(ex2" 1) < exp(ex2"*)
holds. Therefore

1 1
> < exp(7e;2™"), ln > < Tep2™,

and, taking into account (5.22) again, we get
1
Lt In— <14 7e,2" < 8,2" = gp2mP 3,
€

Further, it is easy to check that length(v;,) < 2"%3, length(l,,) < 2"+3, therefore

1(1 ngth(y) + length(l)) < 2 = 2
=(le e — = —.
d v nk2n 4 Mk

Thus
exp {C (1 +1n i) ei(length(w)Jrlength(z))}
ed

8
< exp {Ceaner?,e% } = exp {ng/42np+3} ‘

28C
Observing that® Ca,lc/4 = Cexp{——} < %671 < 2% <279 we get the in-
Nk e

equality (5.26).

The function Q% (¢,2) is defined on the set {¢ € ~i,} x {|z| < co}. Since
for fixed 7 the sets ’y,in are pairwise disjoint and their union is equal to I';, we can
define on the set {¢ € T';} x {|z| < oo} a function Q;((, z) by letting

Qz((az) = Q?cn((vz) for ¢ € Vlicna |Z| < 0.
As is easy to see, the inequalities (5.25) and (5.26) will remain valid if we replace

We define a function 1(z) on the set Ey by

Y(z) = e, 2 € B,

5In this section by CD we denote the complement of the set D in the complex plane.

61t is easy to see that the function e®/z takes its minimum value on (0, 00) at = 1, hence
e % < (ex)~! for z > 0.
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Observe that for z € Ef  the inequality

(5.27) exp {—ge;ﬂ"p} < |P(z)| < exp {—ex2" "'}
holds.

LEMMA 5.3. There exists a function w(z) analytic in the half-plane {Rez >
—1}, such that

(5.28) 1 <|w(2)/v(z)| <2, z € En,
(5.29) lw(z)| < exp{(|z| +1)”}, Rez > —1.
PROOF. Set
1
(5.30) () =1+ 3 [ 10(0) = 1Qal€ .

Since Q;((, z) is a piecewise-constant function of ¢, and it is analytic with respect
to z in the half-plane {Rez > —1}, the integral in (5.30) makes sense, and the
function wgy(2z) is analytic in the half-plane {Rez > —1}. Let us show that the
following inequalities hold:

(5.31) win (2)] < exp(e)/?27°1), Rez > —1,
(5.32) 3/4 < |win(2)/0(2)| < 5/4, z € E},,
(5.33) |wkn(2) — 1| < Ogn, 2z € CDE,\EZ,.

Since length(vZ,) < 2""3 and |¢(¢)| < 1, using (5.26) we get
1
lwin (2)] <1+ 7 2.2nt3 exp(s,lc/22"p) < ont3 exp(e,lc/22”p).
m

On the other hand, by (5.23), we have 2""3 < exp(g,2™7!) < exp(a,lc/22”p), and
the inequality (5.31) is proved.
Further we set

21

wkn<z>:1+i/2 {z/}(o—l}gd%z.

n

By the Cauchy formula,

_JY(2), z€ E},,
(5.34) Yin(2) = {1, z€CE,.
Since 1 1
wikn(2) — Yrn(2) = 7 /2 {¥(Q) — 1} {Q2(<vz) - Cj} dg,
Vien

by application of (5.25), we get that for 2 € CD?, the inequality

1 —n—
|win (2) — Yn(2)| < o 2-2"13 . 472 exp(—5e,2"°)
(5.35) 2
<7 exp(—5e2"")

holds, from where, by (5.34) and (5.27), we get

1
|wkn(’z) - 1/’(2)| < Z'w(’z)lv AS Elin N CD]%TL = Eliru
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thus (5.32) is proved. The relation (5.33) follows immediately from (5.35) and
(5.34).
We define the desired function w(z) as

w(z) = ; H H Wh,ng+2m (%)

‘k‘:l m=0

The infinite product converges absolutely and uniformly in each bounded region
Q from {Rez > —1}, and, hence, the function w(z) is analytic in this half-plane.
In fact, for sufficiently large n we have Q C CD3, \E?,, hence, all wy n,+2m(2)
except possibly finitely many satisfy the inequality (5.33). Since (5.21) implies the
convergence of the series

o0 o0
E E 6k,nk+2ma

|k|=1m=0

we can apply Theorem 3.1 from Chapter 2.

Now let z € . Since the sets Fj}, are pairwise disjoint, z belongs to only one
of them; for the corresponding multiplier wy,(z) the inequality (5.32) holds. The
other sets E} not only do not contain z, but even z € CD3, \E?, holds, and the
corresponding multipliers satisfy (5.33). Taking into account (5.21) we have (prime
near a product sign means that one of the terms is omitted)

3 5 oo oo !
lw(z)| < 3 ZW(Z’ | H H (1 + Ok,np+2m)
|k|=1m=0
15 7 11 1+ 0kn
< @l I IT 15 <2l
|k|=1n=ng "
3 oo oo !
w(z)| = §Z|¢(Z)| I II - dkmeram)
_lki=1m=0
9 Okn
> Sl |H H +5: [ (2)].

|k|=1n=nk

Let us prove the inequality (5.29). For each z € {Rez > —1} N {|z| > 2} we
choose a positive integer N such that 2 < |z| < 2N+l Then 2z € CD? \E}, for
all sets of indices k and n, except possibly those for which n=N —1, N, N 4+ 1.

We divide the set of all pairs (k,n) of indices used in the construction of the
set E» into two subsets: the set V; of those pairs for which z € CD3, \E?, , and the
set V5 of the remaining pairs. It is clear that by (5.33) and (5.21) we have

- Okn _ 16
IJ <

[T wwmGi< I Q+06k) g

(k,n)eVy (k,m)eVh

||E8
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Now, if V5 is non-empty, by (5.31) we get

(') N+1

[ lwm@I< ] exple /2gney < II I exp(c V/2ne)
(k,n)€V2 (k,n)EV, |k|=1n=N-1
< T explae/2240) = exp [ 3. 205000 3° 12
[k|=1 |k|=1

Since

9 o0

1/2 _ 2°C M 0 1

E €L E exp <_’I7—k> < 290 < < 28’
|k|=1 |k]=1 |k|=1

we get the estimate

lw(z)] < ; 1—§exp(2Np ) < exp(2VP75 1)
< exp{(2" +1)°} < exp{(|2| + 1)"}.
The lemma is proved. t
Define a function ¢(z) on E; by the equality
(2) = ap, z € E},.

LEMMA 5.4. There exists a function F(z) analytic in the half-plane {Rez > 0},
such that

(5.36) [0(z) ~ F(2)| < 5l(2)), = € By,

(5.37) |F'(2)] < exp{D1(]z| + 1)}, Rez >0,
where Dy > 0 is a constant.

ProoF. By (5.27) the inequality ) implies

(5.2
(5.38) Qi(¢,2) ——‘ ‘Z’— el zecDl.

Observe that this inequality is valid, in particular, for ( € I'1, z € Ey, and also for
1

Cerly, |z < Z|C| Since for ¢ € 74, the inequality |(|? > 2"~ > 5,16/22””_1 holds,

the inequality (5.26) implies

(5.39) |Q1(¢, 2)| <exp(|¢]?), ¢ €T, z€{Rez > —1}.
Set
Fln = U ’7]177%_’_2,”” n Z nig.
nr+2m<n

9
Observe that I'y,, is contained in the disc {|z| < 12”}, Iy = Unl,, Tin, and

7
I';1\I'1,, is contained in the complement of the disc {|z| < §2”

Consider a sequence of functions analytic in the half-plane {Rez > —1}:

1 Qg
)= g [ B @ e
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Let us show that this sequence converges uniformly in each bounded region
contained in {Rez > 0}, and that the function H(z) = lim,,_,o, H,(2) satisfies the
conditions

p(z)| _1 _
(5.40) ‘H(z) — o(2) < ik € Ey;
(5.41) |H(2)| < exp{Ds (2 + )7}, Rez >0,

where Do > 0 is a constant.
Let N be such that |z] < 2% and m > n > N + 2. Since, by the Cauchy
theorem,

R
27 Jr,,\r, w(C) ¢ — z’
we have
_ 1 Q) 1
o) -Hu) = [ E{acn -}
Using (5.28), (5.23), and (5.27) in succession, we get
«p(C)‘ lajkl _ exp(ex2"”h) |
oo || oty < e < g €€
therefore using (5.38) we get
_ 1 2 1 2
649 )@ [ et s g [

By (5.24), this implies that the sequence {H,(z)} converges uniformly in each
bounded region contained in {Rez > 0}.
Now, by the Cauchy formula we have

p(z) _ 1/ o) _d¢
r

— a5 AN A E E ) < 2”7
w(z) 2w P o lel =

1 w() €=

O R B A G e £

z € Ey, |z| <2™.
Using (5.42), (5.38), and (5.24), we get

therefore

o(2) 1 / -2 1
H - — d — E <2n
n(z) (,(J(Z) = ox -~ |<- C' < 47 z € Lo, |Z| ~ 3
whence the inequality (5.40) follows.

(
Let us prove (5.41). Letting m — 400 in (5.43), we see that
1
|H(z) — Hp(2)] < 7 |z| <2V, n> N +2,
and, in particular,

1
(5.44) [H(z) ~ Hyss(2)| < 7, J2 <2V,
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Suppose that N is chosen in such a way that 2V~ < |z| < 2. Using (5.42) and
(5.39) we have

|Hn13(2)] =

1 WO,
- /F P

1 1
<5 Ja) ecnia

i max L i X P -2
<o 4{‘ ] e )} IR

1 2
<= m 31¢1°)}-
= or cmax {ICFexp(3[C))}

2

Since for ¢ € 1 n43, 2V71 < |z] < 2V the inequality
9

1<l < Z2N+3 < 36-2N"1 < 36|
holds, we have

|Hy+3(2)| < exp{Ds(|z] +1)"},
where D3 > 0 is an absolute constant. Using this and (5.44) we get (5.41).

The function F(z) = H(z)w(z) satisfies the conditions (5.36) and (5.37). In
fact, (5.40) implies
1

IF() ~ o) < Tz, = < By,
from where, using (5.28), we get (5.36). The estimate (5.37) follows from (5.41)
and (5.29). The lemma is proved. O

Theorem 5.1 follows from Lemmas 5.2 and 5.4. Let us show this. Let F'(z) be
the function from Lemma 5.4. By Lemma 5.2 there exists an entire function G(z)
not exceeding normal type of order p, such that

(5.45) G(z) = F(2) + g(2),

where g(z) admits the estimate (5.20) in the angle {|argz| < a} for sufficiently
large |z|. Let us show that each of the numbers a; € {ax}}2; is a deficient value
for the function G(2).

It is clear that for sufficiently large |z| the inequality |g(2)| < 3|¥(2)| (|argz| <
«) holds, therefore (5.45) and (5.36) imply

(5.46) G(2) = p(2)] < [¥(2)], 2 € Eo, [2| > ro.
Fix a positive integer k. If r > 2™ the circle {|z| = r} intersects the part of

Ey for which ¢(z) = ay, in one or two arcs of length 5771&‘- For each of these arcs,
by (5.46) the inequality (|z| > max(2™*,rg))
1 .
|G(2) — ai| < exp(—egr? cos pp) < exp (—igkrp> , z=re"¥
holds. Therefore

1 1
= — Int ———M
m(r,ax, G) 27r/0 n |G(re“/’),ak|d<p

1 1 1
%%iskr" > 8_7T77k5k7”p7 r > max(2", 7).
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Since T(r,G) < In™ M(r,G) = O(r?), we have §(ay,G) > 0. The theorem is
proved. O

6. Stability of deficiencies

Let f(z) be a meromorphic function in the complex plane. All functions of the
form f(az +b), a # 0 map the complex plane onto the same Riemann surface F.
Studying the asymptotic behavior of meromorphic functions given by the Riemann
surfaces onto which they map their domains, it makes sense to study only those
properties which are the same for all functions of the form f(az+b). From quantities
characterizing the asymptotic behavior of f(z) it is natural to require that they do
not change when we pass to f(az +b).

In Theorem 6.7 from Chapter 1 we described the changes which occur to the
main quantities of the Nevanlinna theory when we pass from f(z) to f(az), a # 0.
We saw (Theorem 1.6 from Chapter 2) that f(z) and f(az) have the same growth
category and, as it was noted at the end of Section 1, the sets Ep, EFp, En, Ey
of the functions f(z) and f(az) are the same, and the Nevanlinna and Valiron
deficiencies are the same. Therefore it suffices to compare the functions f(z) and
flz+h).

We write f(z + h) = fn(z) and mark all quantities related to f(z) with a
subscript h; the absence of this subscript means that the quantity is related to
f(2). In Section 1 of Chapter 2 (see the proof of Theorem 1.6) we obtained the
following inequalities

(6.1) n(r — 2[hl,a) < np(r —|hl,a) < n(r,a) (r > 2|h|),

(6.2) (14 0(1))N(r —2|hl,a) < Np(r —|hl,a) < (1 +0(1))N(r,a),

(6.3) (1+0(W)T(r —2|h|, f) < Th(r —[hl, f) < (L + o(1))T(r, ).

These inequalities imply that n(r,a) and ny(r,a), N(r,a) and Np(r,a), T(r, f)
and Ty (r, f) have, respectively, the same growth categories (Theorem 1.6 from
Chapter 2). Therefore the sets of Borel exceptional values for f(z) and f(z+h) are
the same. For Picard exceptional values this is obvious. This makes the example
constructed by Dugué even more unexpected. Dugué constructed an example of
functions f(z) and f(z + h) with different deficiencies.

EXAMPLE 1. (Dugué) Let 1(2) = €¢” — 1. The entire function v(z) has simple
zeros at points zp, = In(27p) + ¢ (g + 7rq), p=123,...,¢q=0,£1,4+2,£3,....
All these zeros are in the half-plane {Rez > 0}. Let us show that

T

(6.4) T(r,) = (1+ 0(1))\/%, r— 00
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We have
T(r,9) = T(r,e) + O(1) = m(r,e) + O(1)

1 27 Teiv? +

A {Ree™ " }Tdp + O(1)

2

-1 e" % {cos(rsin )} Tdp + O(1)
2T 0
1

w/2
= —/ e ?{cos(rsin )} Tdp + O(1).
T Jo

Applying Lemma 4.1 with ¢(¢) = {cost}T, and taking into account that

1 (" 1
lim —/ {cost}tdt = =,
0 ﬂ-

r—oo T
we get (6.4).
Applying the second main Nevanlinna inequality (2.8) from Chapter 3 to 1(z)
we get the inequality

(1+0(1))T(r,4) < N(r,0,%) 4+ N(r,—1,%) + N(r,00,%) = N(r,0,v),
which is valid outside some set of intervals of finite total length. Since the function
N(r,0,4) is increasing, the inequality is valid everywhere on the real line. In fact,
if  is in an exceptional interval, then the left end of the interval is ' = r 4 o(1),
and

N(r,0,9) >N (r',0,4) > (1 +0(1))T(r",)

s T

=1+ 0(1))W =1+ 0(1))m = (1 +0(1))T(r,¢).
In addition, we have N(r,0,v) < T'(r,v) + O(1), therefore
(6.5) N(r,0,v) = (14 o(1))T(r,9).

Now we consider the function

f(z) = 4(2)/¥(=2).
The function f(z) has simple zeros at points z,, and simple poles at points —z,,
therefore N(r,0, f) = N(r,00, f) = N(r,0,v).
Observe that for > 0 the inequality
(=) S 1+ ]e | = 1467 <1he, 2= a+iy,
holds, and that |1(z)| <1+ e for z < 0. Therefore

1 /2 d}(rei«p)
m(r, > — 1n+ L S
( f) - 21 /_ﬂ_/2 w(_reup)
(6.6) 1 /2 [ (rei®)| 1 /2 '
S LT e L T e ,
T 27 /—71'/2 " 1+e dep o /—w/z n™ [Yp(re?)|dp + O(1)

=m(r,¢) +O0(1) = T(r,¢) + O(1).
Now, by (6.5) and (6.6), we get
T(r, f) <T(r,¢(2) + T(r,¢(=2)) + O(1) = 2T'(r,4) + O(1)

and
T(r, f)=m(r, f)+ N(r, f) = (1 +0(1))2T(r, ).
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Hence

T(r,f) = 2+ o(W)T(r,¢),

_ o N(Of) . . N(r0,¢) 1
A(07f)_6(07f)_1 rll>nolo 7T(T’f) —1 rlggo 721_‘(7"1/}) = 27
N(r,00,¢) 1

Let h be a non-zero real number. Consider the function f(z) = f(z + h). It
can be investigated in the same way as above. First of all,

T(rn(2) = Tlre™™") +00) = o= [ {Reet Yo+ 0(1)

- eh% {Ree™ " Ydp + O(1) = e"T(r, e’ ) + O(1).

In the same way as we got (6.5) we get
N(r,0,vn(2)) = (1 +o(1))T(r,¥n(z)), r — oo.
Thus

z

N(T707 fh) = N(T, 07¢h(z)) = (1 + 0(1))ehT(r, e’ )7
N(’F, 00, fh) = N(r707w(_z - h)) = N(T, 07¢—h(_z)) B
= N(r,0,9_4(2)) = (1 + 0(1))e "T(r,e*).
Also,
T(r, fn) < T(r,9n(2)) + T(r,h_n(—2)) + O(1) = (" + e M)T(r,e®”) + O(1).

Since for Rez > 0 the inequality [¢p(—z — h)| <1+ e " holds, and for Rez < 0 we

have |¢(z + h)| <14 ", in the same way as we proved (6.6) we get m(r, fn) >
T(r,¢n) +O(1) and T(r, fr) = m(r, fn) + N(r, fn) > (1 +o(1))(e" +e M) T(r,e*").
Thus

T(r, fn) = (L+o0(1)(e" + e "T(r,e), 1 — co.

Now we easily get

o—h
A(vah) = 5(07fh) = m7
oh
A(o0, fr) = (00, fr) = prpp——

If h = 0 we get the same formulas as before.

Thus, we see that the deficiencies of the function f(z + h) at 0 and oo are
different from the deficiencies of the function f(z). This could be shown in a more
elementary way, following Dugué, but for us it is important to note that in the
presented example the Nevanlinna and Valiron deficiencies coincide for 0 and for
0.

In Dugué’s example the function f(z) is of infinite order. Besides, although
the deficiencies 05,(0) and d5(c0) change as h varies, they remain positive. We shall
give an example of a meromorphic function f(z) having the maximal type of order
one, for which §(o0) = 0 but §_2(c0) = 1. We start by investigating some auxiliary
functions.
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Consider the entire function
[e.e] P Nk
6.7 = : = 1—(Z
(6.7) o) =stmen) =TT {1 (2) -
k=1
where ny are arbitrary positive integers, r; are arbitrary positive numbers, satis-
fying the conditions rx11 > 2rg, r1 > 1. Let us show that m(r,0,g) < 4 for each

such function. In fact, g(0) = 1 implies T'(r,g9) = m(r,0,g) + N(r,0,g). On the
other hand,

T(r,g)glnM(r,g)gliln{l—k<%>nk}
S+ ln{l—l-( )k}

TE>T TR <r

<Y (L) + T mmls =)

’I’k>’l“ re<r
<Z2 4+ N(r,0,9)+ ZQ*k:N(r,O,g)
k=0 k=0

Hence, m(r,0,g) < 4.
Consider, now, the meromorphic function

[e.e]
o(z) = (205, b, mj,05,6) = [ ¢
j=1

(63) i) = (222 )mj |

Z — aj

1

where 0 < ¢ < —; {a;} is an arbitrary sequence of distinct complex numbers ap-
proaching oo; |a;| > 1; m; are arbitrary positive integers; o; is a sequence of
positive numbers, such that the discs {|z — a;| < ¢;} are pairwise disjoint, and

o0
(69) 0'j<]., ijaj<oo

j=1
holds; complex numbers b; are so close to aj, that for |z — a;j| > o; the inequalities
lpj(2) — 1] <2797 and [1/p;(2) — 1| < 27771 hold. It is clear that under these
conditions the product (6.8) is absolutely and uniformly convergent in each disc in

the complex plane, moreover, for z ¢ U{|z —aj| < 0;} the inequality
J

|®(2) — 1] = H{1+ pi(z) 1)} -1

(010 <o M (14 5757) =11 1-T1(1-559)

= j=1

< max [e% —1,1—67%%} <€
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1
holds. We have used the inequality In(1—z) > — > —gx valid for 0 < z < 3"

1—x
The inequality (6.10) implies, in particular, that |®(z)| < 2 for z ¢ U{|z —aj] < oj}.

By the maximum modulus principle

o)l <2 (|zijaj|)mj |

for each 2 in the disc {|z — a;| < 0;}. Therefore (a; = |a;|e!®),

o mi
<01 J d
) < 00+ 3 o / i<, {<|z—aj|> }*”
j=1
J j
d
M+ w/ [rete — Jagleioa] ¥

J=1

3

[\

On the other hand,

w ) aj+3 )
+ 9j _ + 9j
/ In i _ |q.|eta; d(p - / In g letlaj—¢) d(p
[re?® — |a |e*| ;- % |7 — lajlet@ =9

—T i—5

o+ , /2 .
g/J 21n+,"—1d<pg/ Int —%_qg
-1 laj||sin(a; — @) —xj2 |sind|

J 2

/2 . 20;/m
gz/ 1n+2ﬂd9=2/ g = 2%
0 0 0 0 T

Therefore, by (6.9),

2 o0
(6.11) m(r,®) < 0(1) + Zlmjaj =0(1).

=

In the same way we show
(6.12) m(r,1/®) = O(1).
The relations (6.11) and (6.12) imply
(6.13) N(r,00,®) = N(r,0,2) + O(1

)-
We shall assume that zeros of g(z) and poles of ®(z) are distinct. Then, by
(6.11), (6.12), (6.13), we easily get for f(z) = g(z)®(z) that

(6.14) m(r,0, f) <m(r,0,g) + m(r,0,®) = O(1),
(6.15) N(r,o00, f) = N(r,c0, D) ij ln+ !

N(r,0, f) +m(r,0, f) + O(1)
(6.16) N(r,0,9) + N(r,0,®) + O(1) = N(r,0,9) + N(r, 00, ®) + O(1)
6.16 0o )

an In* — + ij Int —— + O(1).
k=1 "k a1

Since there is much freedom in the choice of ny, ri, m;, a; from the definition
of f(z), this class of functions is suitable for construction of various examples.
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EXAMPLE 2. Choose the sequence {r;} to be so rapidly increasing, that

r—1

Z re(lnry)* <lnr,.
k=1

Let ax =, — 1, ng = [r(Inrg)?], my = [r(Inrg)?]. Then, by (6.16),

K
T 3
T(ry, f ZTk lnTk na—kkzﬂrk(lnrk) In

Tk
e — 1

1 + O(lnry)

= O(ln 7o) + me(Inry)3 In = (1+40(1))In®r,.

By (6.15),

+0(Inr,) = (14 0(1)) In®r,.

" 1
N(rg,00,f) = Zrk nrk nrk_1
Hence, N (7,00, f) ~ (r,.i,f) and 6(o0, f) = 0.

Now we consider the function f_3(z) = f(z —2). Let r, +1 < r <71 + L.
Then

K

(6.17) N(r,00, f_2) = Z[rk (In7g)3] In

k=1

r
(1 1 .
rk—i—l_kz:lrk nrk) nrk—l

Observe that for sufficiently large ri, k > ko, the measure (in radians) of the arc
{|#| = 7k} contained in the disc {|z — 2| < rp — 1} exceeds 7/2 (the measure
approaches 27/3 as k — o00). Estimating N(r,0,g_2) from below we shall count
only those zeros of g(z) which are in the angle {|argz — 7| < w/4}. Then

T(T, f—2) 2 N(?‘, 0, f—2) + 0(1) > N(?“, 079—2) + 0(1)
(6.17) > Z irk(lnrk)4 In rkr— 1T O(Inr).

k=ko

Fix some k1 > kg. Then from (6.17) and (6.17") we get, for r,, +1 <r < r,y1 +1,

K

N(r,00, f_2) < Z rk(lnrk)s In

k=f€1

T
1
Tk_l—l—O(nr),

1 r
> —_
74; g (Inry)? nr _1+O(lnr)
> 1lnr EH: re(Inry)® In 4 +O(Inr)
- 4 K1 . k k Tk _ 1
—r1
1
> Z(lnrm)N(r, 00, f—2) + O(lnr).
Hence
N _ 4
lim sup (r, 00, f2) < .
r—00 (7", f—2) In Tk
Letting k1 — oo in this inequality, we get
lim sup N(r, o0, f-2) =0,

T—00 T(T, f—2)
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that is, 6(oco, f_2) =1

It is easy to show that the functions n(r,0,g) and n(r, oo, ®) have the maximal
type of order one, and, by (6.16), the function f(z) also has the maximal type of
order one.

EXAMPLE 3. If we let ny = [rp(Inrg)3], m = [re(Inrg)?] in the previous
example, leaving all other parameters unchanged, we get an example with varying
Valiron deficiency: A(oo, f(z)) = 0, A(oo, f(z —2)) = 1. We leave details of this
example to interested readers.

Observe that in Example 2 we have A(co, f) =1 > d(oo, f) = 0, but if, before
passing to the limit, we exclude from consideration values of r from the segments
[rr — 1,7, + 1], we would have 6(oo, f) = 1. The situation is similar for f(z — 2)
in Example 3. This is a fundamental difference between Examples 2 and 3, and
Dugué’s Example 1. Examples 2 and 3 show how we should “correct” the definition
of deficiency to get its shift invariance for meromorphic functions of finite order.

Let E be a measurable set, E C (1,00), x(r, E) be the indicator function of
this set, CE = (1,00)\E. We write E € L if

r

1
(6.18) lim sup — x(t, E)dt < 0.

r—oco 1T Jq

It is easy to show that for £ € L
/ x(t, E)t™9dt < oo
1

for each ¢ > 0. In fact, if (6.18) is satisfied, then [; x(t,E)dt = O(Inr), and
therefore

/1 x(t,E)t*ffdt:r*U/l (t,E dt+cr/ t1+a/ (r,E)d

o (Int)dt
= O(ln T) /1 tlT O(

In particular (o = 1) all sets of the class L have finite logarithmic measure (see the
definition in Exercise 2 from Chapter 3, Section 1). Observe also that, if ' € L
and B” € L, then FFUE" ¢ L, E'NE" € L.

Now we introduce the following definitions (all limits are taken as r — oo):

m(r,a) N(r,a)

6.19 0*(a) = sup liminf =1— inf limsu
(6.19) (@) CEgL ree T(r, f) CEeL reEp T(r, f)
m(r,a) N(r,a)
A*(a) = inf limsu =1— sup liminf .
(@) CEeL rEEp T(r, f) CESL ree T(r, f)

)

It is easy to check that in Example 2 the following relations hold: d(c0) = 0
A(00) =1, §5(00) = A_z(00) =1, §7(00) = A%(00) = 1, 7 (00) = AT 5(c0) =1

THEOREM 6.1. For meromorphic functions of finite order the equalities

0y (a) = 6%(a), Aj(a) = A%(a)

are satisfied for each h.
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PROOF. We give proof for §*(a), the proof for A*(a) is similar. In this section
we shall use the spherical characteristic T'(r, f), without reflecting this in our no-
tation. Denote by M. the set of intervals on which d% InT(r) < e, &> 0. Let us
show that CM, € L. In fact, let A, = CM. N (1,7). Then

InT(r)—InT(1) > / dInT(r) > 5/

dr = 5/ x(t, CM.)dt.
A Ay 1

Since the function f(z) has finite order p, we have
T

1
lim sup r x(t, CM.)dt < P 00,

r—oo 1T Jq 3

that is, CM, € L. By (6.2) and (6.3) we get

Np(r — |h],a) N(r,a)
= < (1 +o(l)) ;=5
ni—my =Ty
Since T'(r) is a convex function of Inr, for r > 4|h|, 0 < 6 = 0(r) < 1, we have
dT'(r — 02|h|) r

(6.20)

T(r)=T(r—2|h|) + Ty nr—2|h| < T(r —2|h|)
(6.21)
dT(r) 2|h| , 2|h|r
=T(r—2 T .
dlnr r — 2|h| (r=2[h]) + (r)r—2|h|

If r € M., e < (8]h])~%, then (6.21) implies

T(r) <14 2|hlr T'(r)  T(r)
(6.22) T(r—2|h]) — r—2|h| T(r) T(r —2|h|)
' <14 4]pjem L) () <1+8hle
- T(r—2lh])" T(r—2|h|) = 1—4lhle ’
By (6.20) and (6.22) we get, for r € M,
Nh(r_|h|7a) N(T7a)
— 2 < (1+4+0(1))(1 + 8|hle .
L < (L o)1+ 8l
Let E. be an arbitrary set satisfying E. C M. and CE. € L. Then
. Np(r — |hl,a) . N(r,a)
limsup ———— = < (1 + 8|hle) limsu ,
S R 10
. . Nh(r_|h|7a) . . N(r,a)
6.23 inf limsup ———— < inf limsu
(6.23) TR TG D) Ak st T()
(the infimum is taken over all E. for all 0 < ¢ < (8|h|)71).
But
e N . . N
(6.24) En}sfe h:}éi}:p — = C%EL hI:leS;p T

In fact, on one hand

. . N . . N N
inf limsup — < inf limsup — = inf limsup —.
CEEL ,cg g%lglL reE &E: reE.

On the other hand, if CE € L, then C(ENM.) = CEUCM, € L, therefore

. : N : . N N
inf limsup — > inf limsup — = inf limsup —.
CEeLl ,cE CEeL rcENM. &Ee reE.
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By (6.23) and (6.24) we get

inf limsu Ni(r = |}, a) inf limsu N(r,a)
cher et Th(r —|h|) ~ CEeL sy T(r) ’

that is, 6*(a, f(z + h)) > §*(a, f(2)).
Applying this relation to f(z+ h) and f((z + h) — h), we have

0" (a, f(2)) = 0" (a, f(z + h))

and
5% (a, f(z)) = 6% (a, f(z + R)).
O

REMARK. We could define the deficiency in such a way that it would be shift
invariant for functions (not necessarily of finite order) satisfying

(6.25) lim 7' InT(r, f) = 0.
r—00

It suffices to define the deficiency in the same way as 6*(a), but with L consisting
of sets E with zero relative measure, that is, satisfying

1 ™
lim — [ x(¢, E)dt =0.
r—oo 1 Jq
The Dugué example shows that if we drop the restriction (6.25), the shift invariance
of deficiency cannot be achieved no matter what sets (even the whole interval (1, 00)
without a sequence r, — o0) we would exclude from consideration.

We preferred to define §*(a) and A*(a) as above, since in the value distribu-
tion theory there are many results which are valid for r outside intervals of finite
logarithmic measure, whereas consideration of larger exceptional sets would require
significant extensions of the Nevanlinna theory.

THEOREM 6.2. The deficiencies of meromorphic functions satisfy the relation
Z d*(a) < 2.
a

Proor. Consider arbitrary distinct points aj, j = 1,2,...,¢q. By the definition
of §*(a) for each € > 0 there exists a set E; such that CE; has finite logarithmic
measure and m(r,a;)/T(r, f) > 6*(a;) — e for r € Ej, j = 1,...,9. The set
E= ﬂ?zl E; is non-empty because the set C'E has finite logarithmic measure. By
Theorem 2.1 from Chapter 3 the inequalities

O(lnr) + O(InT(r, f))
T(r, f) ’

% mir,a;)
> Ty =27

j=1

O(lnr) +O(InT(r, f))
T(r, f)
hold on FE, since the intervals on which the inequalities are not satisfied have finite

measure, and without loss of generality we may assume that they are contained in
CE.

q
Z&*(aj) <2+eq+

=1
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Letting 7 — oo and taking into account that € can be chosen arbitrarily, we
get the inequality

q
> 6%(a;) <2,
j=1

Y 6(a) < 2.

hence

THEOREM 6.3. The following relation holds:
(6.26) d(a) < 6*(a) < A*(a) < A(a).

PROOF. Only the middle inequality has to be verified, the other two follow
from the definitions of §*(a) and A*(a). Consider a set E; such that CE; € L and

m(r,a)

* > i : * _
8" (a) > hgrelg}f T ) > 0%(a) — ¢,
and Fs such that CEy € L and
_ m(r,a)
A*(a) < limsup < A*(a) + €.
( ) reEs T(’I“, f) ( )
Then
0%(a) — & < liminf m(r,a) < liminf m(r,a)
rek; T(T,f) T reEiNEy T(’I", )
. m(r,a) .. m(r,a)
< limsup ———= < limsup < A*(a) +e.
reE1NEy T(T7 f) reEs T(T7 f) ( )
Since ¢ can be chosen to be arbitrarily small, we get §*(a) < A*(a). O

The inequality (6.26) implies that §*(a) is a more precise characteristic of the
distribution of exceptional a-points than the Nevanlinna deficiency §(a). The fol-
lowing result is also a corollary of (6.26).

THEOREM 6.4. If §(a, f) = A(a, f), then é(a, f) = §*(a, f) = A*(a, f).

Together with Theorem 6.1 this result implies that for functions of finite order
the equality d(a, f) = A(a, f) implies 7 (a, f) = A} (a, f) = d(a, f). For functions
of infinite order this implication does not hold, as is shown in Example 1.

Observe also, that it can happen that 6*(a) > dp(a) for each h satisfying
0 < |h] < oo. To show this it is enough to modify Example 2 in the following way.
In addition to aj = rr — 1 we introduce

! 12 . " . ! 1 1
ap =—-rp+1, ay =i(ry — 1), a = —i(ry — 1), mj, =mj =mj = my.

The modified function ®(z) is
@@)-fﬁ{(z—mxz—%xz—%xz—%ﬂ}mk

UG E ) ) e

where by, b}, b}/, b} are sufficiently close to ag,a},,a},a}’, the rest of the construc-
tion remains unchanged. Repeating the argument from the example with minor
modifications, we get that dj,(00) = 0 for each h whereas 6*(o0) = 1.

Our next result distinguishes a rather wide class of functions for which §*(a) =

d(a).
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THEOREM 6.5. If the difference between the order and the lower order for a
meromorphic function f(z) satisfies p— X < 1, then
(6.27) 0*(a) = d(a), A*(a) = A(a)

for all a. The equality (6.27) takes place also for all meromorphic functions whose
growth does not exceed the normal type of order one.

COROLLARY. If the conditions of Theorem 6.5 are satisfied, then d5(a) = d(a)
for each h, that is, the deficiencies are shift invariant.

PRrROOF. To prove 6*(a) = d(a) and A*(a) = A(a), it suffices to show that for
each 0 < K < 0o and each R, r < R < r + K Inr the inequality

N(r,a) < N(R,a) N(r+ Klnr,a)
T(r,f) ~ T(R,f) T(r+ Klnr, f)

holds, since this inequality shows that exclusion from consideration of sets of class
L does not affect the value of lim sup % and lim inf % On the other hand,

T(r, f) N(r,a) < N(R,a) < N(r+Klnr,a)T(r+ Klnr, f)
Tr+Klnr, f)T(r,f) ~ T(R,f) — T(r+ Klnr, f) T(r, f)
Therefore in order to prove (6.28) it is enough to show that
T(r+Klnr)

(6.28) (1+ o(1))

< (1+0(1))

(6.29) TILHC}O ) =1
R L o
T(r+ Klnr T (r+0(r)Klnr
=1 K1
() - T(r) nr

where 0 < 0(r) < 1. Assume that (6.29) does not hold. Then there exists a sequence
r, — 00 such that

T'(ry) :
n =7, +60(r,)KInr,.
T(r) > . n>0,r,=r,+0(r,)Klnr
Since
d o’
%TT/(T) =A(r)>0,
the function rT”(r) is an increasing function and therefore
/ ! /!
7y > ) s
T
whence , )
er!, ern ! T (p!
/ T'(r)dr 2/ In~ \n) (T")dr,
™ h "
! ! ! ,r/ n
(6.30) T(er)) >, T'(rl,) +T(rl) > —=T(ry).

Inr,

For all n > ng(e) we have r, <7/, < 2r, and T(r,) > r)~¢, e > 0.
From (6.30) we get
T1+)\75
T(6r,) > =

Inr,
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Hence, p > 1+ X\ — ¢ and, letting £ — 0, we get p > 1 + A. Hence, if (6.27) does

not hold, then p — A > 1. Since for each transcendental meromorphic function
T(r)
Inr

= 00, the inequality (6.30) implies
T(67y,)

lim = 00
n—oo 61,

that is, if (6.27) does not hold, then f(z) has growth of at least maximal type of
order one. O

lim, 0

)

Examples 2, 3, and other examples based on the same ideas (we leave the
constructions of such examples to interested readers) show that the assumptions of
Theorem 6.5 cannot be significantly weakened. Nevertheless some additions to it
can be made. For example, (6.30) immediately implies

THEOREM 6.6. Let f(z) be a meromorphic function satisfying p = 1+ X. If
one of the following conditions is satisfied:

(a) lim,_o T(r)/m In7 = 00 and limsup, . T(r)/r? < oo,
(b) liminf, e T(r)/r* > 0 and T(r) = o(r*(Inr)~1),
then (6.27) holds.

Shift invariance of deficiencies takes place under weaker assumptions.

THEOREM 6.7. Let f(z) be a meromorphic function satisfying p = 1+ X. If
one of the following conditions is satisfied:
(a) lim, o T(r)/7* = 00 and limsup,._, ., T(r)/r? < oo,
(b) liminf, o T(r)/r* > 0 and T(r) = o(r?),
then
(6.31) on(a) =d(a), Ap(a) = A(a).
for all h.

The proof is similar to the proof of Theorem 6.5. For (6.31) to be satisfied it
is enough that for each K, 0 < K < oo the equality

. T(r+K)
(6.32) e Ol
holds. It is clear that it is enough to show that
T(r+1)
6.33 limsup ——————= = 1.
(6.33) S )

But T(r+1) =T(r)+T'(r +6(r)), 0 < 6(r) < 1. If (6.33) does not take place,
then there exists a sequence r,, — oo such that

T'(ry)
>n, n>0,
T(r.) ~ "
where r/, = r, +6(r,). As before we get, that T'(er]) > v, T'(r},) + T (r},), therefore
(6.34) T(ery,) > nryT(ry).

Theorem 6.7 follows immediately from the inequality (6.34).

Note that the conditions of Theorem 6.7 may be satisfied even when ¢*(a) >
d(a) or A*(a) < A(a). We only give an example for which the condition (a) of
Theorem 6.7 is satisfied and §*(c0) > §(00).
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EXAMPLE 4. Let A > 0, p = A + 1. Consider the equation
(6.35) b m% = (Inr)/8, b> 2228,

Taking into account the fact that the left-hand side of the equation is a linear
function of Inr and the right-hand side is convex with respect to Inr, it is easy to
see that the equation (6.35) has two solutions in [b, 00), and these solutions, denotes
by Ri(b) and Ry(b), Ri(b) < Ra(b), satisfy b < Ry(b) < 2b, InRy(b) ~ £Inb as
b — oo. If Ri(b) < r < Ry(b), the left-hand side of (6.35) is greater than the
right-hand side.

We take the function g(z; rx, ny) (see (6.7)), where the parameters ry, and ny, are
chosen in the following way. Let r; > 1 be so large that Ro(b) > 2b for each b > r;.
Set i1 = Ra(rk), K =1,2,..., and ny = [r}]. Consider the meromorphic function
®(z;a4,b;,mj,0j5,¢) (see (6.8)), where ar, = 1, — /Inrg, my = [rZ(lnrk)_ﬂ. Let
f(z) = g(2)®(2). By (6.16) we have T'(r, f) = N(r,0,9) + N(r,00,®) + O(1). It
is easy to see that n(r,0,g9) < (1 —27°)~!r? and hence N(r,0,g9) = O(r?) and
N(r,00,®) = o(r”). Hence T'(r, f) = O(r?). If r € [rk,Tkt1), taking into account
(6.35) we get

T(r,f) > N(r,0,9) + O(1) > r{_, In—— +1{In— + O(lnr)
k—1 k

>rh_ lnrr—k + 7y ln% + O(lnr)

= rp(Inrg)t/® + rh ln% +O(Inr).
For r;, < r < 2ry the inequality
T(r, f) > rp(Inry)Y® + O(Inr)
holds, and for 2ry < r < rgy1 the inequality
T(r,f)>rh ln% +O(Inr) > r*(Inr)Y® + O(Inr)

holds. Hence . f)
.. T(r,
e S e
and the function f(z) satisfies the condition (a) of Theorem 6.7. Using (6.15) we
get

>0,

k
N(Tk,ooaf):N(Tk,OO,@)Nerp(lnrj)*iln Tk

= r; —+/In7T;

> rP(Inr) fln——%  ~ pMnr i
= k( k) Tk_\/m k( k)
k e Rl -
p _ p
N(rk,O,g)Serlnr—j—Z jlnr_j
Jj=1 Jj=1
=o<r§11n Tk )—O(T,g(lnrk)l/s),
Tk—1

T(rg, f) = N(rk,0,9) + N(rg, 00, ®) + O(1) ~ N(rg, 00, ®) = N(r, 00, f).
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Hence §(o0, f) = 0 and, by Theorem 6.7, 0, (o0, f) = 0 for all h.
Now let ry + vInrp < r < rgqy1 — y/Inrgr1. Then

k
N(r,o00, f) < er(lnrj)_% In !

J C_ .
= r; — 4/In7;

N(r,0,g9) > ernL.
T

Since for 7 + VInrg <r < rgp1 — 4/Inrggq the inequality

r i et Vi
r —/Inrg < Tk~ VInrg
In - - nrk—I—\/lnrk

Tk 1 Th

—ol(ra iy
(rk(nrk) nrk—\/lnrk ’

In
— 2, k — oo,

holds, we have N(r, 00, f) = o(N(r,0,g)) as r — oo, if we exclude from [0, c0) the
set B = Upe {|r—r&| < vInri}. It is easy to see that E € L. Since for r € CE the
relation N (r, 00, f) = o(N(r,0,g)) = o(T(r, f)) holds, we get §* (oo, f) = 1, that is,
6 (00, f) > d(c0, f).

REMARK 1. In many situations the easiest way to verify that §*(a) = d(a) is
to check that the condition (6.33) is satisfied.

REMARK 2. It is clear that for fixed a the statements of Theorems 6.5, 6.6, and
6.7 remain true if the conditions of the theorems are imposed onto N(r,a) instead
of T'(r, f), for example, if in Theorem 6.5 we require

pIN(r,a)] — A[N(r,a)] < 1.

In fact, N(r,a) is also an increasing function convex with respect to the logarithm,
and our proof is based on these properties of T'(r, f) only.

Passage from f(z) to f(z + h) can be considered as a passage from exhaustion
of the plane by circles {|z| = r} to exhaustion of the plane by circles {|z + h| = r}.
We can generalize this problem and consider the exhaustion of the complex z-plane
by a family «, of curves which are images of the family of circles {|z] = r} under a
homeomorphic mapping of the complex plane onto itself. We assume, for simplicity,
that for r < ro we have v, = {|z| = r}. Let D, be the closed region bounded by the
curve 7,. Denote by n,(r,a) the number of a-points of the function f(z) in D,, by
T :Zl'v (r, f) the (measured in the spherical metric) area of the piece of the Riemann
surface onto which the function w = f(z) maps D,. After this the quantities
Ny(r,a), Ty(r, f), 6,(a, f), Ay(a, f), 65(a, f), and AX(a, f) are introduced in the
usual manner. Let r1(r) = min.c,, |2|, r2(r) = max,c,, |2|.

THEOREM 6.8. If
Ar— B <r(r) <ro(r) < Ar+ B, 0 < A, B < o0,
then p[T,(r)] = p, A[Ty(r)] = X and

(1) If p < o0, then d%(a) = 6*(a), AX(a) = A*(a),
(2) If p— A <1, then &3(a) = 04(a), AX(a) = Ay (a).
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We may without loss of generality assume that A = 1. Analysis of proofs of
Theorems 6.1 and 6.5, and also of Theorem 1.6 from Chapter 2 shows that we did
not use the fact that the exhaustion is done by concentric circles, but only the fact
that {|z + h| = r} lies between {|z| = r + |h|} and {|z| = r — |h|}. Therefore the
same argument works in the present situation.

THEOREM 6.9. Let

im 2 (r)
(6.36) 7ql_ﬂ><> )

=1.

If there exist constants K1 and Kz such that (0 < p < 00)
(6.37) 0< K; <r7?PT(r, f) < K3 < 00, T >y,
then 0,(a) = 6(a) and A, (a) = A(a) for all a.

PROOF. It is easy to see (compare the proof of Theorem 6.5), that in order to
establish 4., (a) = §(a) and A, (a) = A(a) it suffices to show that for each function
g(r) > 0 satisfying lim, o £(r) = 0 the equality

T(r(l+e(r)))

(6.38) Jim =S =
holds.
W o1 1 () (r(1 + 0(r)e(r)))
T(r(1+e(r) T (r(1 4+ 6(r)e(r re(r
T T T (r),

where 0 < 0(r) < 1.
If (6.38) is not satisfied, then there exist a function €1(r) > 0, €1(r) — 0 as
r — 00, and a sequence 1, 1T 00, T, > g, such that

()
T(rn) = rneilrn)

Therefore, arguing in the same way as in the proof of (6.30), we get
o n U
rne(rn) e(rn) e(rn)

Since 7, < 2r,, we get T'(erl,) < K2(2e)Prf, a contradiction with (6.39).

, >0 7 =1 (14 0(rn)er(rn)) < 2r,.

(6.39) T(erl) >r,T'(ry) +T(r}) > T(r,) > T(rn) > Kirf.

REMARK. If the condition (6.36) is satisfied and, furthermore, (1) ~ Kr,
0 < K < o0, then we may use T (r, f) instead of T'(r, f) in the definition of the order
and the type of a function f(z), and also replace T'(r, f) by T (r, f) in the condition

(6.37) of Theorem 6.9. In fact, the inequality A (ri(r)) < ;L, (r) §;1 (ro(r)) implies
that for r > 7o (g) the inequality

A((K o)) < Ay ()< A(K +e)r), K —c>0,
holds, from where we get

r(K—e) § r 5 r(K+e) &

o(K—e) t 3 o(Kt+e) L

(6.40) T((K —€)r) + O(1) < T,,(r) < T((K + €)r) + O(1).
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The inequality (6.40) immediately implies that T'(r) and T, (r) have the same or-
der and the same type, and also, that the following inequality is a necessary and
sufficient condition for (6.37)

(6.41) 0< Ki <r ?Ty(r) < Kj < oo, 7 >y.

The proof of the theorem is completed. O

The condition (6.37) of Theorem 6.9, generally speaking, cannot be weakened.
We give only one example of this type, showing that if K, is a function of r,
K5 = Ks(r), arbitrarily slowly approaching co as r — oo, then it can happen that
dy(a) # 6(a). An analogous example with K1 = K;(r) — 0 can be constructed in
a similar way.

EXAMPLE 5. Without loss of generality we may assume that Ky(r) > 1 is an
increasing slowly varying function. Take the function

w = F(C) = g(Ca Tk, TL]O‘I’((, Ak, bka Mg, Ok, 6)
(see (6.7), (6.8)) with & < 1/2, r, = 2%, ap =1, — 2,
_ _ [2pk]’ k#kh i:1727"',
ne = mg — [2kp(2k)K2], k= k'i;
where the choice of k;(> 4) will be specified later, now we require only that
KQ(T]C,L.) > 64.
Independently of the choice of the sequence {k;} the inequalities
n(rvo7g) > (29 - 1)—1,,497
n(r,00,®) > (2° — 1)~ 1r”
hold. Therefore, taking into account (6.16) we get T'(r, f) > {p(2° —1)}~1r?+O(1).
On the other hand
TL(’I“, 0, g) = O(TPKQ(T))a
n(r,00,®) = O(r’ Ka(r)),
T(r, f) = O(r’Kx(r)).
It is clear now that the sequence {k;} can be chosen to be so rapidly increasing
that the inequality
(6.42) N(rkmO?g) < CTﬁ,

holds, where C is a constant greater than 2°{p(2” — 1)}, because, if nj, = [rf] for
all k£, then we would have

0 2°
lim sup n(r,0,9) < .
r—00 rP 2r -1

It is easy to check that N(r,0,g9) ~ N(r,o00,®), and to get, using the formu-
las (6.14), (6.15), (6.16), that d(c0, F(¢)) = A(oo,F(¢)) = 1/2, 6(0,F(()) =
A(0, F()) = 0.

Consider the strips

S; = {rki —1>Rel >, (1 - K;%(Tki)) -1, [Im(¢| < 77}

where the sequence {7;} is chosen to be so rapidly converging to 0, that the measure
in the spherical metric area of the regions on the Riemann surface corresponding
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to Jso; S; under the mapping w = F(¢) is finite. Now we consider a homeomor-

phic mapping z = z(¢) of the complex plane onto itself satisfying the following

conditions: z(¢) = ¢ outside | J;°, S;, and on S; the mapping z(¢) leaves fixed the
_1

boundary of S; and maps the point ry, — 2 onto the point 7, (1 -K,* (rk)) We

denote the inverse of the mapping z(¢) by ((z). Let v, be the image of {
under the mapping ((z). It is easy to compute that

z| =r}

-1

Ny (ki 00, F) ~ 1 Ka(ri ) n (1= K5 F ()~ rf, VKo,
T’Y(rkmF) ~ N(rkmOvF)
_1 -1
~ O(f,) + 14 Ka(ro) In (1= K5 3 () ~ 7, VEalrw,).
Hence (00, F) = 6,(0,F) = 0 and d,(00, F) < (00, F).

Note that it is still unknown whether the deficiencies can be non-shift-invariant
for entire functions of finite order. For entire functions of infinite order such an
example was constructed by Hayman [Hay53]. We reproduce this example.

ExAMPLE 6. Consider the entire function

(6.43) f(z) = i[l {1 n (2)%}2 :

Since for |z| < r we have
o 3n 00 3\ "
n (12l 2r
S (E) <y (%) <
n=1 n=1
the infinite product in (6.43) is absolutely and uniformly convergent in each disc

{]z| < r}, and hence represents an entire function.
Since for n — oo we have

1 3(n+1) 3n
n+§ —>e*% n —>e*%
1 ) 1 )
n+ n—|—§

and
3 3
In (1 - 6_5) > 03, e <0.3,
there exists Ny > 1 such that for n > Ny the inequalities

3n
n
(6.44) ln{l— <n+%> } <0.3;
3(n+1)
4 1
(6.45) <Z+ i) <0.3;

1 3 n 3n
(6.46) < 1) <<—> ;

(6.47) In <”Z %> >
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1
hold. Now we estimate |f(z)| on the circle {|z| =n + 5}, n > Ny. We have

> L 2\ 3k
1n|f(z)|7;2 In H(E) ‘
n |Z| n k 3k ) 2\ 3k
= 2"8kIn o 4 Y 2|1+ <;> + Y 2+ (E)
(6.48) k=1 k=1 e
=> 2"3kIn p 2 1 3(2) + Da(2)

E
Il
—_

N <n + %,o,f) + By (2) + Ba(2).

F=2(1—-2)72 |z <1, we get

1 Nk n+i—k
N<n+2,0,f>22 3k1n<1+ -

Taking into account the equality Ziio kx

k=1

n 1 n—1
k n/+-§ —k _ 1 —v

(6.49) <> 2 3k7_3-2”2<u+§ 2

k=1 v=0

> 1
<3.2" ~ )2 v =9.2m

VZO(V+2>

On the other hand, taking into account (6.47) we get

1 - k ”+%
N(n—i— 5,0,f> >kZ 2"3kin ——2
=n—

(6.50) n
8 . 1 8/1 13 15
- 2 Sk)=o(-4+z-24>.2 )" =5.2™
>3 2 <”+2 ) 3<2+2 51 2)
k=n—2
3z
An elementary investigation of the function z T shows that it decreases
n+
2

on the interval [1, (n + %) eil} and increases on the interval [(n + %) e 1, oo). Tak-
ing into account the inequality (6.46) we see that this function attains its maximum
on the interval [1,n] at the point £ = n, and its minimal value on the interval
[n 4+ 1,00) at the point = n + 1. Therefore

k 3k n 3n
() () rsesn

3k 3(n+1)
n+ 2 n+ i
(6.51) ( 2) g( 2) <03, k>n+1,

k n+1
and (6.44) implies the following inequality

m{l‘(ni%>%}

(6.52)

<03, 1<k<n.
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Now we estimate |®1(z)| for |z| = n + 5 Using (6.52) and the fact that for 0 <
r < 1,0 < ¢ < 27 the inequality

(6.53) |In |1+ re|| < |In(1 —7)| < lir

holds, we get

3k
In |1+ <E>

k=1 z

(6.54) " N 3k n
<> 2 ln{l— ( 1) } <03) 2" <2706

— n+ 2

k=1
Now we turn to an estimate of |®2(2)| for |z| = n + 1/2. Using (6.51) and (6.53)
we get

[e )
2\ 3k
2(2)[ < Y0 2|1+ (5)
k=n-+1

n+%>3k

Z2’“ (% <ii2k<—"z%> :éiuk.
1

3k
k=n+1 1 — (T2) O'7k:n+

For k > n + 1 we have

%:2“1 n—l—% :s(lwrl)i L 3k
Uk k+1
3

1 o 1 1 4
|@2(2)] < 07 kZI 4k_n_1un+1 07 3Un+1
(6.55) -t st
1 4 n+3\ " 1 4 8
=—._mt | —2 <—-Z2".03=2-2"<12-2"
07 3 <n+ 1> 0.7 3 7
The relations (6.48), (6.49), (6.50), (6.54), and (6.55) imply that on the circle

1
{|z| =n+ 5}, n > Ny, the inequality

(6.56) 3.2" <3.2.2" <In|f(z) < 10.8-2" < 112"

holds. The inequality (6.56) implies that the inequality |f(z)| > 1 holds on the
1 1

circles {|z| =n+ 5}, hence m <n—|— 5,0,]‘) =0 and (0, f) = 0.

Now we prove that d1(0, f) > 0. Let 0 < n < %6722, 2o = ne'? be a zero of the
function f(z) of order 2", n > Ny. Then the inequality

(6.57) In|f(z)] < 2" 'lny
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holds in the disc {|z — zo| < n}.
1 1
In fact, since {|z — 2| < 5} C {|z| <n+ 5}, using (6.56) we conclude that

1
the inequality In[f(z)| < 11-2" holds in the disc {|z — 20| < 5} On the circle

1
{|z—zo| = 5} we have

el12” o
_ 11~2”22”
— 2727; =€ )

f(2)

(z — 20)%"

therefore, applying the maximum modulus principle for the disc {|z — zo| < n}, we
get

2
" " " n 1 n—1
F(2)] < 12722 |z — 20" < (eM2m)*" < <—77> =n"
V1
which is equivalent to (6.57).

Now let 7 be an arbitrary number exceeding Nyg+1, and let p = p,. be an integer
satisfying r — 1 < p < r + 1. The circles {|z| = p} and {|z — 1| = r} intersect,

therefore there exists ¢g such that [pe??° — 1| = r. We show that for | — ¢g| < 17
the inequality

: 1
(6.58) lpe®” = 1] —r| < 5n

holds. In fact, by the Lagrange theorem, we get

|SO - @0|7
p=¢’

. d
o _ 1| —p| = |—|pe® — 1
|lpe | =l ‘ apP° |
where ¢’ is a number between ¢ and pg. But

d . d —pcos
‘%|pew—1|‘:‘%\/p2—2psin<p+1‘:‘| peosy | o P <2,

pet? —1|| “p—1

therefore
i 1
[lpe =1 = 7| <2[p = pol| < 5.

Since the circle {|z| = p} contains 3p zeros of the function f(z) (of order 2P each),
and these zeros divide the circle into arcs of 27/3p radians each, then the arc

1
{|Z| =p,|argz — po| < Zn} contains at least

V= ﬁg_p_l = 3_np_1 ,ng_ﬂ-’
227 4 3n

zeros zj = pefi, 1 < o < -+ < @y, |@j — ol < in. Since each zero z; satisfies
(6.58), we can find a point z; = 1 + re?s such that |zj — z;| < 37. Denote the set
of arcs CJ = {z — 1 = e |0 — ;] < n/(2r)}, 1 <j < v, by C,.. The inequality
|z = 2f| = [(z = 1) = (2 = 1)| = |re?® —rei| = rle?? — €| < 7|0 — 0, < in
holds on Cf, therefore |z — z;| < |z — 2j| + |2} — 2j| < 7. The arcs C} are pairwise
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disjoint. In fact, if there is a point z in the intersection of CJ and CJ*!, then
|zj — zj+1] <|z; — 2| + |2 — 2zj+1| < 2n. On the other hand,

|2j = zj41| = |pe’®i — peiti| = p|1 — e'(Pir1=%i)]
) 2 2 27 4
— 1— 27r1/3p> in— >p_.__ — =
plL— e Zpsingl > p 2= 3

and we get a contradiction. Thus the total measure of C) = U]V‘:1 Ci in radians is

r r |47

Since p/r — 1 as r — oo, the measure approaches 3n?/(47) as r — oo, and is
greater than n%/(2m) when r > ro(n) = ro.
Now we consider the function f(z + 1) on the circle {|z| = r}, r > ro. Let
n = [r 4+ 3/2]. Then for |z| = r the inequality |z + 1| < n + 1/2 holds. By (6.56),
for {|z| = r} we have
In|f(z+1)] <11-2"

and
(6.59) T(r, f(z+1)) <In™ M(r, f(z + 1)) < 11-2™

On the other hand, the circle {|z + 1| = n — 1} intersects the circle {|z| = r}. It
is clear that r — 1 <n — 1 <r + 1, and we can use the estimates presented above.
For each arc CJ there exists a zero z; = (n — 1)e’?7 of the function f(z) such that
|z — z;| < nif 2 € CJ. Therefore by (6.57), for z € C,., the inequality

(6.60) In|f(1+re)| =In|f(2)] <2""*Ingy

holds. Since the measure of the set K, of those 6 for which (6.60) holds exceeds
n?/(2m) for r > ro, we have

1 1
0 1)) > — Int———df
m(’r? ,f(Z+ ))— o /K'T n |f(1+7"616)|
1 1 1 1\ n? 2 1
> 2" 2In=dh > —2""2(In=- n—:2” i In —.
27 Jg, 7 27 n) 2w 1672 7

Taking into account (6.59) we get
61(0, f) = 6(0, (= + 1))

on 1 n L 2
— liminf m(rv 07 f(Z + 1)) 2 1672 n _ n 1
r—oo  T(r,f(z+1)) 2711 17672
Thus, zero is a deficient value for f(z + 1), but is not a deficient value for f(z).
Observe also, that for fi(z) = f(z + 1) we have
hIIl 111[1,(7”, fl)
r—oo In M (r, f1)
In fact, (6.60) implies that Inpu(r, fi) < 2" 2Inn, and (6.59) implies that
In M(r, f1) < 11-2™. Therefore for r > ro(n) the inequality

(6.61) = —oo, where p(r, i) = min |/1(2)]

p(r fr) _ =27y 11
In M (r, f1) 11-20 44 g

holds. Since 7 can be chosen arbitrarily small, we get (6.61).
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In conclusion we mention that it is possible to do the work similar to that done
in this section for the index £(a) instead of the defect §(a) considered here (see
(6.19)). That is, we can introduce the values £*(a), €,(a), €3(a), and prove for
them analogues of all theorems of this section except Theorem 6.3. The analogue
of Theorem 6.4 is stated in the following way: if the limit

. Ni(r,a)
Jm ey 5@

exists, then (a) = £*(a).



CHAPTER 5

Asymptotic properties of meromorphic functions
and deficiencies

1. Asymptotic values

Let f(z) be a meromorphic function, C' a continuous curve in {|z| < co} given
by an equation z = z(t), 0 < ¢t < oo, |2(t)| < 00, and z(t) — oo as t — oo. If there
exists a finite or infinite a such that

Jim f() = Jim f(=(t) = a,
zeC
then a is called an asymptotic value of the function f(z), and C is called an as-
ymptotic curve. The pair {a,C} is also called an asymptotic spot (sometimes such
pair is called an asymptotic value). Two asymptotic spots {a1,C1} and {ag,C2}
are considered as equal if:
(1) a1 = a2 = a.
(2) There exist a sequence of continuous curves -y, such that one end of ~y
belongs to C, the other end belongs to Cs, and
lim min |z] =00, lim f(z)=a.

k—o00 z€YK 2€Umn

It is clear that asymptotic spots {a1,C1} and {as,Ca} are equal if the curves
C1 and C5 have points of intersection in each neighborhood of infinity.

Significant amount of research is devoted to relations between exceptional and
asymptotic values of a meromorphic functions, however, many problems are still
open. We present some of the known results.

First of all, it is clear that an asymptotic value does not have to be exceptional
in any sense. Indeed the value w = 0 is an asymptotic value for f(z) =sinz/z (it
corresponds to two different asymptotic spots with asymptotic curves Cy : z(t) =
t and Cy : z(t) = —t) without being a Valiron exceptional value, and hence
without being an exceptional value in any other sense. The following theorem due
to F. Iversen is a result in the opposite direction.

THEOREM 1.1. FEach Picard exceptional value is an asymptotic value.
To prove this theorem we need the following lemma.

LEMMA 1.1. Let G be an unbounded region, let T' be the part of the boundary
of G in the complex plane (that is, 0o is not considered as a point in I'). Let f(z)
be analytic in G and continuous in GUT. If | f(2)| is bounded in G and |f(z)] < M
for z €T, then |f(2)| < M in G.

PRrROOF. If f(z) is constant, the result is obvious. So suppose that f(z) is
nonconstant and |f(z)| < K for z € G. We may assume that K > M because

171
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otherwise there is nothing to prove. We suppose that zg € G is such that |f(zo)| >
M and prove that in such a case for an arbitrary 2z’ € G, 2z’ # zo we have |f(2')| <
|f(20)]- It leads in contradiction with the maximum modulus principle. Let ¢ be
an arbitrarily small positive number. Consider a disc D = {|z — 2o| < n} with
so small radius that it is contained in G, does not contain 2’, and the inequality
|7 (2)] < |f(20)] + € holds for z in v = {|]z — 20| =n}. Let 1 > § > 0. We consider
the function ¢s5(2) = f(2)(n/(z — 20))° in the region G\D = G,. This function
is multivalent, but it has a univalent modulus. It is analytic in G, continuous in
the closure of G, including z = 0o, and ¢s(c0) = 0. We have |n/(z — 20)| = 1 for
z €y and |n/(z —20)| < 1for z € I'. Therefore |ps5(2)| < |f(20)| + € for z € v and
los(2)] < M < |f(20)] + € for z € T'. Applying the maximum modulus principle to
ws(z) we get |ps(2")] < |f(z0)| + €. Letting € — 0 and 6 — 0 in this inequality, we
get [f(z')] < |f(=0)l- O

PrOOF. Now we turn to the proof of Theorem 1.1. Without loss of generality
we assume that a = oo is a Picard exceptional value. Otherwise we would consider
the function F(z) = 1/{f(z) — a}. Thus the transcendental function f(z) has
at most finitely many poles. First we assume that there are no poles, that is,
the function is entire. We need to show the existence of a continuous curve C
approaching infinity, such that f(z) approaches infinity along this curve as z — oo.

Denote by G, n =1,2,..., the open set of those z for which |f(z)| > n. The
equality |f(z)| = n holds for each point of the boundary of G,, in the complex
plane. Each connected component of G,, is an unbounded region, since otherwise,
by the maximum modulus principle, we would have |f(z)| < n for each z € G,,. By
Lemma 1.1 each connected component of GG,, contains at least one point of G, 1.
Therefore we can find a sequence {G,}22 ; of connected components of sets Gy,
such that G} D G5 D G4 D .... Since the function f(z) is bounded in each disc
{|]z| < R}, then, starting with some n = n(R) the regions G/, do not intersect this
set. Consider in each region G!, a point z, and join it by a Jordan arc C,, C G,
with 2z,41. Then C = C1y UCy U... is the desired curve. In fact, if z successively
traverses C1,Cs,...,, then z — oo since U;‘;H(R) C; does not intersect the disc
{2 < R}. Besides, ;2,, Cj C G}, and hence |f(2)| > n for z € U2, Cj, that is,
f(z) >0 asz— o0, z€C.

If f(2) has poles at finitely many points (i,...,(p, we denote by H;(z) the
principal part of the Laurent expansion of f(z) in the neighborhood of ¢;. The
function H;(z) is rational, has zero at co and the only pole at ¢;. The function

9(z) = f(2) = Y H;(2)

Jj=1

is an entire transcendental function, hence, as we have proved above, there exists
an asymptotic curve C such that g(z) — oo along C. The function Zé’:l H;(z)
approaches zero along C, hence f(z) approaches co. (]

REMARK. The argument used in the proof of Theorem 1.1 can be used to
prove the following statement. Let G be an unbounded region, I" be the part of its
boundary in the complex plane. Let f(z) be analytic in G and continuous in GUT'.
If the function f(z) is bounded on I' but is unbounded on G, then there exists an
asymptotic curve in G approaching co and such that f(z) approaches co along C.
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EXERCISE. Prove that for each transcendental entire function f(z) and each
positive integer n there exists an asymptotic curve C,, such that f(z)z™™ — oo as
z — 00, z € Cy.

HINT. Apply Theorem 1.1 to ¢(z) = 27" f(2).

Later we shall see that, in general, Borel or Nevanlinna exceptional values, and
hence, Valiron exceptional values are not necessarily asymptotic values.
Now we prove the following important theorem due to Ahlfors.

THEOREM 1.2. If an entire function f(z) has p > 2 different asymptotic spots
{00,C5}, 1 < j <p, then

(1.1) liminfr~ 5T (r, f) >0

T—00

The statement remains valid for p = 1 if we assume, in addition, that

(1.2) p(r. £) = min | £(2)| = O(1), r — co.

ProOF. We may assume, without loss of generality, that the curves C; do not
intersect each other. Consider the open set G,, of those points for which |f(z)| > n.
Denote by G the connected component of the set G, containing C; N {|z| > R}
for sufficiently large R. It is clear that the region GSLj ) is uniquely determined by
this condition. The regions G%j ), 1 < j < p, are pairwise disjoint for sufficiently
large n. In fact, if we assume that the regions G,(f 1) and ng) intersect for all
n > 1, they would coincide: G(j - G(‘ , and joining the curves C;, and C}, by
continuous curves ¥ lying in G(j - G(j 2) , we can easily show that the asymptotic
spots {00, Cj,} and {00, C},} c01nc1de a contradlctlon Increasing n, if necessary,

we get into the situation in which none of the regions G%j ) completely contains any
of the circles {|z| = r}. If p = 1 the possibility to choose such n is guaranteed
by the condition (1.2): it suffices to choose n > supy., .o, p(r, f). For p > 2 such
n can be chosen because the complement of G%] ) contains at least one unbounded
region. Thus, we have found p unbounded pairwise disjoint regions G%), 1<5<p,
in the complex plane having the following properties:

(a) The region G£50) does not completely contain any of the circles {|z| = r}.
(b) The function f(z) is unbounded in G£50) and satisfies the inequality | f(z)| >
ng in GSLJO)
(c) |f(2)] = no on the part of the boundary of GY) in the complex plane.
We may assume, without loss of generality, that ng = 1, we would consider the
function f(z)/ng otherwise. In what follows we assume that ng = 1 and drop the

lower index ng for G£50) .
We need the following Wirtinger inequality. Let y(z) be a continuously differ-
entiable function on [a, b], y(a) = y(b) = 0. Then

(1.3 [Weras () [were.

We may assume, without loss of generality, that a = 0, b = 7, since the general

. S —a
case can be reduced to this case using the substitution x = a + ——t¢. So, we need
7r
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to prove

(1.3) / "y @)Pds > / ().

Since y(0) = y(w) = 0, we have y(z) = O(z) as x — 0 and y(z) = O(7 — x) as
x — m. Therefore the function y?(z) cot z is continuous on the segment [0, 7] and
vanishes at the ends of the segment, and the function y(z)cotz is continuous on
[0, 7].

From here we get

0= / d(y® cot ) = / {2yy’ cot & — y*(1 + cot® ) }dx
0 0

= [ = - — ot has < / (W) - ),
0 0

that is, the inequality (1.3).

Let o be a so large number that the circle {|z| = ro} intersects all of the
regions GU), 1 < j < p. We fix a region GU). Denote by r(()j) the minimal value
of |z| for z € GU), and by S (r) the intersection GU) N {|z| = r} for r > r(()j).
The set SU )(r) consists of finitely many arcs since the part of the boundary of G/
contained in an arbitrary disc {|z| < r} consists of finitely many analytic curves.
The last statement can be easily verified using the fact that |f(z)] = 1 on the
boundary of GY). Denote by rl;(r) the length of the longest arc among the arcs
forming SU)(r). Tt is clear that

(1.4) lij(r) < 2m.
j=1
Consider the function In|f(re®)| = In|f(e!™)| = u(t,p), t = Inr in the re-

gion G, Tt is clear that u(Inr, ) > 0 in the region G), and that u(t,¢) =
Reln f(e!T%) is a harmonic function. Therefore

O P

(1.5) W + 952 =

We introduce the notation

myr) = [ (nlfre)Pdp,
S@ (r)

5 (t) = mj (e!) = / 2 (t, 0)dg.

5 (r)
Taking into account the fact that u(¢,¢) = 0 on the ends of the intervals of

integration, we get
!
wi(t) = 2/ u—dep,
(1) sy Ot

2u  [Ou\’
" _ - hathed
(1.6) 1y (t) = 2/SW) {uatg + <8t> }dcp.

Integrating by parts and using (1.5), we get

0%u 0%u ou\?
u—d = — u—d = - d .
/S(j)(r) oY /S(i)(r) 952" /sm(r) <3<P> v
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Substituting into the equality (1.6) we have

a7 vy (t) = Z/S(J')(r) { <%>2 i (%)2} i

Obviously, for ¢t > lnr((,j) we have p/(t) > 0, hence p’(t) is nondecreasing.
Since p;(t) > 0 for ¢ > In r(()j), and p;(t) >0ast —1In r((,j), we have, as is easy to
see, uj(t) > 0 for t > In r((,j). When re?¥ € SU)(r), the variable ¢ ranges over the

finite system of intervals (o1, 1), (02, 95), - -, (@5, ©5), Where s,01,¢1,..., @5, ¥
depend on j and r. We use for each of the intervals (¢, ¢} ) the Wirtinger inequality

(1.3) and get

o /w2 - 2 rel x \2 e
— | dp> | —— u?dyp > ( ) / u?dep.
/U <8§0> 7= (‘p;_@a> /U Y= lj(r) o 4

Adding these inequalities for all o from 1 to s, we get

(18) /sm(T) <g_:>2d<p - <ZJ(L7‘)>2 /sw(T) whdp = (%’(LT)>2M(”

Using the Cauchy—Buniakowsky inequality we get
2 2
ou ou
L) =4 / u—d <4/ u?d / (—) d
(15(2)) { s a0 = Y Jo \aE) %

ou
—4 e
il /sm(T <3t>
From (1.7), (1.8), and (1.9) we derive

W) > ;“jjj((t w2 (7 )

from where, taking into account

(1.9)

2
(&) -2 (%)
14 pio \pi)

we get

This implies

o OV e (2
{wj<t>+w3(t)} > w0 + 200 > (775 )

Since wj(t) > 0 for ¢ > In r(j ), the last inequality implies that

) wy (t) 2m
(1.10) w; () + Wi(t) = Li(r)

It is easy to check that the left-hand side of the of (1.10) is equal to

d d . d dmy(r)
— _ Wj(t) — J
dt {m <dte )} dinr {m( dinr )}
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Tir {1“ <dZi(:)>} o

Integrating this inequality we get

dm;(r) To2n
IV S AL
diny = Aioxp {/0 t;(t) dt} ’

therefore (r > rg)

Y

where
_ dm;(r)
Aj = dlnr r=r0>0’
and
" dr T 27
1.11 m;i(r) > m;(rg —|—A-/ —exp{/ —dt}.
(111) i) zmitro) +4; [ Tewy [0

From (1.11) we get (A = mini<;<p A4;)

rdr T 2
(er>Al T T
mier) 2 4 p{ o L }

o2 rdr T2
> A —dt —=A —dt
- exp{ ro L)t }/r T exp{/m L)t }’

Todt
Inmj(er) > 27r/r0 lj(—t)t +InA.

Since mj(er) < 2w 1n® M (er, f), we get

from where

Todt 1. A
1.12 Inln M > ——— 4+ =-Iln—.
(1.12) n (eT’f)—W/TO Lot 2o
Adding these inequalities we get
m [T dt 1 1, A

1.12 Inln M > — — —— 4+ —In—.
(1.12) nln (er,f)p/mt;lj(t)—i—Qn%
Using the the Cauchy—Buniakowsky inequality and (1.4) we obtain

P ? P

1 1 1
2 /
p? = L) — | < 1;(t) —— <27 —.
2.\l 1 (t) ; ’ ; L;(t) ; L;(t)

j=1
Therefore (1.12') implies
p (Tdt 1, A

Inln M >= [ Z 4 ZIn— =In(KrP/?
nln (er,f)_2 t+2n2ﬂ n(KrP’=),

To
where K = ro_p/Qx/A/(27r). If r/2 > 7o, we get
In M (gf) > K2, Ky = K(2¢) 72,

Hence . .
.
T(r f) > >1 M(—, )>—K p/2,
(rf)_gn 2f,3 17
that is, (1.1) is satisfied.
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Our next example shows that the estimate given by Theorem 1.2 is sharp.

Let f(z) = cos(z?/?), p = 1,2,.... It is clear that f(z) is an entire function.
Using Theorem 6.1 from Chapter 1 or the following asymptotic equality directly
(z =re’, o] <)

1
| cos(2P/?)| = 5 EXP (r”/Q ’COS%D +O(1),
we get
2
T(r, f) ~ =rP/2.
™
If p is an even number, p = 2m, the function f(z) has p asymptotic spots {oco, C},
1}, k=-m,—m-+1,...,0,....,m —
m

1. In fact, if z = re*?*, then cos(z?/?) = cosz™ = cos{r™i(—1)*} = coshr™.
Asymptotic spots {oo, Cy} are different since the inequality | cos z™| < 1 holds on

where C} is the ray {argz = = T +k
2m

the rays {argz:<p§C :kz}, k=-m,—m+1,...,m. If pis odd, p = 2m —
m
1, then the function f(z) has p asymptotic spots {co,Cx}, where Cj is the ray

2
{argzzekz T T

7 — 1 +k2m—1 ,k=—-m+1,...,m—1. In fact, for z = re**,
the equality cos(2P/2) = cos{r?/?i(—1)*} = coshP/2 holds.
27
2m —1
2,...,m — 1, then the asymptotic spots {00, Ci} are distinct in this case, too.

Since | cos(z?/?)| < 1 on the rays { argz = 0, = k }, k=-m+1,—-m+

The following classical theorem is an immediate corollary of Theorem 1.2.

THEOREM 1.3 (Wiman, Heins). If the lower order \ of an entire function f(z)
is less than 1/2, then
(1.13) lim sup p(r, f) = oo.
T—>00

The conclusion remains true if

(1.14) liminf r=Y/2T(r, f) = 0.
7—00
The relation (1.13) means that there exists a sequence of circles {|z| = r4},

ry, — o0 on which |f(z)| uniformly with respect to arg z approaches co.

To prove Theorem 1.3 note, that by Theorem 1.1 the function f(z) has at least
one asymptotic spot at co. If the condition (1.13) were not satisfied, then the
relation (1.2) would take place, and, by (1.1), we would have

liminf r=Y/2T(r, f) > 0,
™00
a contradiction.

COROLLARY 1. If the lower order A of an entire function f(z) is less than 1/2,
then d(a, f) = 0 for all a # oco.

In fact, suppose that u(r, f) — oo as 7, — oo. Then |f(rxe’?)—a| > u(ry, f)—
la| — oo and m(rg, a, f) = 0 for all k > k.

In Section 3 we show that for A = 1/2 an entire function f(z) also cannot have
finite deficient values. If A > 1/2, then, as we have seen in Section 5 of Chapter 4,
the set En(f) can contain an arbitrary preassigned countable set.
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COROLLARY 2. Deficiencies of an entire function of order p < 3/2 are shift
mvariant.

In fact, if A < 1/2, then, by Corollary 1, there are no finite deficient values,
and if A > 1/2, p < 3/2, then p— X < 1, and we can apply the corollary of Theorem
6.5 from Chapter 4.

COROLLARY 3. Let f(z) be an entire function of finite lower order A. Then

(1.15) linlsup %

> —[2)].
If A < 1/2, the inequality (1.15) follows from (1.13). Therefore we may assume
that A > 1/2 and, hence, n = [2A] + 1 > 2. We form the function

F(2) = f(2)f(wz)... flw"12), w = e2™i/m,

It is clear that F(z) = ®(2"), where ®(z) is an entire function. Since M(r,®) =
M@E™ F), M(r,F) < {M(r, f)}", it is easy to see that the lower order of the
function F'(z) does not exceed A, and the lower order of the function ®(z) does not
exceed A/n < 1/2. The equality (1.13) implies that there exists a sequence r; — oo
such that p(r;, ®) > 1. Then u(R;, F') > 1, where R; = r7. But

1< p(Ry, F) < p(Ry, ){M (R;, /)",

from where Inu(R;, f) > —(n — 1) In M(R;, f) = —[2\]|In M (R, f), and we get
(1.15).

Note also, that as is shown by Example 6 from Section 6 of Chapter 4 (see
(6.61)), without the assumption A < co we cannot claim that the upper limit in
(1.15) is finite.

The estimate (1.15) is not sharp for A # 1/2. A sharp estimate in the case
A < 1 is obtained in Theorem 3.4 and Corollary 2 from it. No sharp estimate is
known! for A > 1.

Theorem 1.3 can be generalized in the following way.

THEOREM 1.3'. Let f(z) be an entire function of finite lower order A, and let
I be a number satisfying the conditions

(1.14') 0<l<2m < ;
Then there exists a sequence of arcs {|z| = ri, 0k < argz < 0 + 1}, rp — o0,

0 < 6 < 27 on which |f(2)| approaches co uniformly with respect to arg z.

Proor. If limsup, _, . p(r, f) = oo, we can let | = 2m, therefore it suffices to
consider the case when p(r, f) = O(1). In such a case we are under conditions of
Theorem 1.2. Using the same notation as in the proof of Theorem 1.2, we can write

the inequality (1.12). If the inequality limsup, , [;j(r) < § were satisfied, then,
taking v satisfying limsup, .. 1;(r) <~ < %, by (1.12) we would get

Inln M(er, f) > Tinr+ O(1).
Y

1Sharp estimate is still unknown. See the editor’s Appendix in the end of the book for a
survey of known results.
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Since £ > )\, we would get a contradiction with the assumption that the lower order
of f(z) is equal to A. Thus limsup, ., [;(r) > I.

We see from here that if the number [ satisfies the conditions (1.14"), then there
exists a sequence 7‘,(61) — oo such that lj(r,(cl)) > 1, k=1,2,.... By the definition
of 1;(r), this indicates that there exists a sequence of arcs .S’,(cl) ={|z| = r,(cl), 9,(61) <
argz < 9,(61) + 1}, such that |f(z)| > 1 for z € S,(Cl), k = 1,2,.... Considering
instead of f(z) the function f(z)/n, where n is an arbitrary positive integer, we
get a sequence of arcs S,(Cn) ={|z| = r,in),ﬁlin) <argz < Hl(cn) +1},0< 9,(?) < 2,

limg_s o0 r,(cn) = 00, such that |f(z)| > n for z € S,(Cn), k=1,2,.... The sequence
S’r(Ln), n=1,2,..., has the desired property. O

THEOREM 1.4 (Denjoy, Carleman, Ahlfors). If an entire function f(z) has p
asymptotic spots {a;,C;}, 1 < j < p, aj # oo, then it satisfies (1.1).

PROOF. Let ry be so large that the circle {|z| = ro} intersects each curve Cj,
1 < j < p, and the curves are pairwise disjoint for |z| > ro. We may assume without
loss of generality that the initial points z; of curves C; lie on the circle {|z| = ro},
and the rest of the curve is situated in {|z| > ro} (if necessary, we delete the part
of C; between the initial point and the last point of intersection with {|z| = ro}).
We may assume that the curves C; are numbered in such a way that indexes of the

points z1, ..., 2z, are growing as we follow circle {|z| = ro} in the positive direction.
The curves C4,...,C), separate the region {ry < |z| < oo} into simply connected
regions Dy, ..., Dp; the region D; lies between the curves C; and Cj41, Cpt1 = Ch.

Obviously the function f(z) is bounded on the boundary of D; in the complex
plane. Let us show that f(z) is unbounded in the region D;.

LeMMA 1.2 (Lindeldf). Let ®(z) be analytic and bounded in {Rez > 0}, and
continuous in {Rez > 0}. Let ®(iy) — a1 asy — +oo and P(iy) — agz asy — —oo.
Then a1 = az = a, and the function ®(z) approaches a as z — 0o, Rez > 0.

PROOF. First we suppose that a; = as = a. For each ¢ > 0 there exists
r1 = ri(e) such that |®(iy) — a| < € for |y| > r1(e). Let the number ¢ > r; be so
large that
z

zZ+4q

T1

{@(2) —a}

on the arc v = {|z| = r1, Rez > 0}. Since

< max |®(z) —al <e

qQ—T1 2€y

‘<1forRez20,
z+q

on the boundary of the region G = {|z| > r1} N {Rez > 0} in the complex plane
we have
z
O(2) —
—fa(2)—a)

and the left-hand side of (1.16) is bounded in the region G. Lemma 1.1 implies
that the inequality (1.16) holds everywhere in G. Now let |z| > ¢, Rez > 0. The

inequality (1.16) implies
z+q' Ss(l—i—i) < 2e,
z

(1.16)

<,

[®(2) —a| <e

E
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that is, ®(z) approaches a as z — oo, Rez > 0.
Now we assume that a; # as. Then the function

(1.17) F(z) = {<I>(z) - #}2

ayp — a2
2

2
satisfies the condition of the lemma and F(iy) — < > as y — +oo and

y — —oo. As was proved above the function F'(z) approaches (L ;a2> as

z — 00, Rez > 0.
From (1.17) we see that there is a single-valued of \/F(z) in {Rez > 0} such

that o +a
B(z) — % =F(2).

But /F(iy) approaches either (a; — a2)/2 or (az — a1)/2 as |y| — oo, that is,
®(i1y) approaches a1 or as as |y| — oo, it contradicts the assumption that ®(iy)
has different limits as y — +o00 and y — —oo. [l

We continue the proof of the theorem. Assume that the function f(z) is
bounded in the region D;. Let function z = w(¢) be a conformal univalent mapping
of the half-plane {Re{ > 0} onto D, w(co) = co. Then the function ®(¢) = f(w(())
satisfies the conditions of Lemma 1.2 with the roles of a; and as played by a;j4+1
and a;, respectively. The lemma implies that a;+1 = a; = a and ®({) approaches
a as ( = oo, Re( > 0 and, hence, as { — oo, Re( > 0, [{| =k, k = 1,2,....
Denote by 7k the image of the semi-circle {Re¢ > 0,|¢| = k} under the mapping
z = w({). It is clear that the distance between ~; and z = 0 approaches co as
k — oco. Then f(z) = a as z = o0, z € |J, 7k According to the definition the
asymptotic spots {a;,C;} and {a;11,Cj4+1} coincide, we get a contradiction. Thus
the function f(z) is unbounded in the region D;, 1 < j < p. By the remark to
Theorem 1.1 there exists an asymptotic curve CJ’- in D; such that f(z) approaches
oo along it. Obviously {oo, C;}, 1 < j < p, are different asymptotic spots, because
the function f(z) is bounded on C;. Hence we are under the conditions of Theorem
1.2, therefore (1.1) is satisfied. O

COROLLARY. An entire function of finite lower order A cannot have more than
[2)] different finite asymptotic values and even [2X] different asymptotic spots with
finite asymptotic values (the second statement is stronger).

EXERCISE. Use the example
f(z) = 27 %sin(2P/?), p=1,2,...,

to show that the estimate from the corollary is attained.

2. Non-asymptotic deficient values

For a long time the following conjecture of R. Nevanlinna was considered as
plausible: an entire function of a finite order p can have at most [2p] finite defi-
cient values. The point is that it seemed likely that each deficient value of an entire
function is asymptotic. Theorem 5.1 from Chapter 4 not only disproves this conjec-
ture, but also shows that an entire function of an arbitrary order p, 1/2 < p < oo,
can have an infinite set of deficient nonasymptotic values, because the number of
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asymptotic values does not exceed [2p]. The restriction p > 1/2 is natural for
entire functions, since for p < 1/2 an entire function, as will be shown in Section
3 (for p < 1/2 this was shown in Corollary 1 from Theorem 1.3), does not have
finite deficient values, and a Picard exceptional value at co is necessarily an asymp-
totic value. Now we show that for meromorphic functions a deficient value can be
nonasymptotic even for 0 < p < 1/2. It is still unknown? whether this is true for
p=0.

Since the construction of the example is rather simple we will not restrict
ourselves to the case 0 < p < 1/2, but will consider the general case 0 < p < 0.

EXAMPLE 1. Let a =47, 0 < p < oo. Consider the function

oo a®) oo [a"]
3.4k \! 6. 4k
1z) = <z—5-4k> +Z<z+10-4k>

(2 1) k=1 k=1
’ 00 00
=Y Hy(z)+ Y Hoi(2)
k=1 k=1
00 3 [a¥)
It is easy to check, using the convergence of the series Z (5) , that both series
k=1

from (2.1) are absolutely and uniformly convergent in each disc of finite radius, and
therefore, the function f(z) determined by (2.1) is meromorphic.
We introduce the following notation (k =1,2,...):

Cir={lz—5-4F| <34},
Cir={]z—5-4" < 44"},
C_={lz+10-4% < 6.4},
C_r={lz+10-4% < 8-4F}
It is easy to check that the discs Cj, j = £1,+£2, ..., are pairwise disjoint and that

none of the point in the plane is covered by more than two discs C’j. Note that for
z ¢ Cy (k > 1) the inequality

3.4k 3.4 3
z—5-4k| = 4.4k 4
holds, and for z ¢ Cy (k < —1) the inequality
6 - 4kl 6-4lkl 3
2110 4| S8 4M 1

holds. Therefore, if 2 & ;¢4 Cj, where A is an arbitrary subset of the set B of
nonzero integers, then

(2.2) ZHJ(Z) < Z (%)[aj] . 22 <%>aj e

JEA JEA
It is easy to see that outside | ;. C; the function f(z) is bounded. In~ fact, if
z ¢ U ep Cj, then, by (2.2), we have [f(z)| < M. If z is covered by discs Cj, then

2Ter-Israclian [A150] constructed a meromorphic function of order 0 with a deficient non-
asymptotic value.
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it is covered by at most two such discs, so it is either covered by éjo only, or by éjo
and Cj,4+1. Consider, for example, the second case. Let z ¢ Cj, j # 0, jo,jo + 1;
z € Cj ,j = jo,jo+ 1. By (2.2) we have

FEI < [ Hj (| + [ Hjgnr () + | Y Hy(2)| < [Hog (2)] + [Hjo 1 (2)] + M.
J#0,50,J0+1
But if z ¢ Cj, then |H;(z)| < 1. Therefore |f(z)] < 2+ M. If z belongs to only

one of the sets Cj,, using a similar argument we get |f(z)| < 1+ M. In any case
we have

(2.3) f(z)| <24+ M =DM, z¢ | Cj.

jEB
Since the discs C; are pairwise disjoint, it is obvious that for each continuous curve
~ tending to co we have

liminf | f(z)] < My
zey

and hence, oo cannot be an asymptotic value for f(z).
If z € C; then, using (2.2) and using the same argument as in the proof of

(2.3), we get
(2.4) |H;(2)] = My < |f(2)] < [Hj(2)| + M, z € Cj.
By (2.3) and (2.4) everywhere in the complex plane the relations

In"|f(2)] = § In" [H;(2)] + Q2), [Q(2)] < In(2M;)
JEB
hold, hence

(2.5) m(r, f) =Y _ m(r,H;)+ O(1).
Let kK > 1. Then

1 [ 3-4F
— [,k +
m(r, H,) = [a ]27T/0 In e 5. 4k|dgo

1 [ 3 r
k + k
—a— [ Wt —2 dp=T[dL (L
[a ]27r/0 Sl v A G (4k>’

where the function

(2.6)

I(t)—i/%hﬁLd
W or [te?¥ — 5| 4

is continuous for ¢t > 0, positive for 2 < t < 8, and is equal to zero outside this
interval. Similarly
k T‘
(2.7) m(r, H_y) = [a*|I (47) :
where the function
1 [ 6
L(t) = — Int ————d
2(t) 27r/0 [teiv + 107
is continuous for ¢ > 0, positive for 4 < t < 16, and is equal to zero outside this
interval.



2. NON-ASYMPTOTIC DEFICIENT VALUES 183

Let 2-4F <r <8.4% k=2,3,.... Then
w10 - 3500 (5) + S0 ()
(2.8) = [a"I, (4%) + [a"]1 (4%) +[a" L (41:—1)

ot et {n () v () 21 (55))-

Let r4=% = t. The function
1
I(t) = L(¢t) + L(t) + 512(425)

is continuous and positive on the closed interval [2, 8] because I;(t) > 0, j = 1,2,
I, (t) > 0 on the interval (2,8), I>(t) > 0 on the interval (4,16), and I5(4¢) > 0 is
positive on the interval (1,4). Therefore

0 =min/(t) < I(t) = .
SRR IO =R = <o

Relation (2.8) implies that for 2 - 4% < r < 8. 4% the inequality
pra® +0(1) <m(r, f) < paa® + O(1)
holds. But a = 47, therefore

() - = ()
and

(2.9) 8 Ppyr? + O(1) < m(r, f) < 2 Pusr® + O(1).

It is easy to see that

n(r, f) —?}j[a’ﬂ +§[a’“], p(r) = [1;4} , q(r) = ﬁ‘nﬂ

Therefore

aP(M+1 _ q  gan)+1 _ 4

p(r) q(r) _
k k _
f)gz_:a —l—Za o a—1 + a—1

< i 1{ap(r) Fat} < . _alap(r) < a2_a14p1f;1 - az—al (%)p = KyrP.
Hence (r > 20)
(2.10) N(r, f) < %r" = Kor.
The formulas (2.9) and (2.10) imply that
(2.11) T(r,f) < (27Ppe + Ko)r* + O(1) = Kr? + O(1).

From (2.9) and (2.11) we get

S 1) = lmint Ty > S22 >0,

that is, oo is a deficient value. Formulas (2.9) and (2.11) imply that the order of
f(2) is equal to p. Thus the function f(z) has the desired properties.
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We see that in Iversen’s Theorem 1.1 the condition a € Ep(f) cannot be re-
placed by a weaker condition a € En(f). Now we show that even the condition
d(a, f) =1, and also the condition a € Eg(f), does not imply that a is an asymp-
totic value. Here is an example.

EXAMPLE 2. Let 1 < p < o0. Let [;(r), j = 1,2, be two continuously differen-
tiable functions on [0, co) satisfying the conditions:

A. a <l;(r) < p, where « is a number satisfying

p
1.
2y 1 <a<
B. |l;(r)] = O{(rlnringrlnzr)~'} as r — oo, where Injr = Inln; ;7
Inir=Inr.
C. There exist sequences of [a(]) b(])] of closed intervalsn =1,2,...;j =1, 2,

such that aslj) — 00, bgf) - 51]) >n?, and j(r) = « for aslj) <r< b%j).
D. I(r) = max{ly(r),l2(r)} = p for 0 <r < o0.
It is easy to see that such functions I;(r) can be constructed.
In what follows z = re’?, |¢| < m. We consider the finctions analytic in the
plane with a cut along the negative ray

o L (t)dt
Xi(2) = i Al 1,2.
)= || i i-
We show that in each angle {|p| < 7 — 4}, § > 0, the relation

(2.12) 5 =150 +o ()

Inr

holds uniformly with respect to ¢. As we already observed in Section 5 of Chapter
2, for |p] <7 —4, 0 <t < oo, the inequality

.0
[t + 2| > (t—l—r)sm§
holds. Since

z/ =1 for |¢| <,
0
we have
. VI R e 710 r [T GE) =)
(o) -1 = |- 7= < o [ O
(2.13)

T r(Inr)? 0o I
([T Y,
sin 3 0 T r(lnr)2 (t+’l")

(Inr)2
In the first and the third integrals we use the estimate |I;(¢) — [;(r)] < p. If
r(lnr)=2 <t < r(lnr)?, then |In(t/r)| < 2lngr. Using the mean value theorem,
we get

1) - ) = 524

t
In—, r(lnr)~2 < ¢ <r(lnr)?,
t=¢ T

from where, using the condition B we obtain

11;(t) = 1;(r)] = O{(In€Inz Elng €)' }2Iny 7 = O{(InrIngr) "'}, 7 — oc.
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Substituting these estimates into (2.13) we get

1A (2) = 15(r)]
r(nr)—?2 (Inr)?
T dt dt
< —— O{(Inrl
~ sin? g (p/o (t+7)2 +O{(nrinr) }/(m (t+1)?

2

oo dt r p r(lnr)~2
+ < — dt
P /7:(111 r)? (t + 7‘)2> N SiIl2 g <T2 0

r(Inr)? dt o dt
+ O{(Inrlngr)~'} 7—|—p/ =

r(lnr)—2 (t+T)2 (Inr)? ¢
= O{(lnr)_Q} + O{(lnr1Ins 7“)_1} = 0{(lnr)_1},

that is, (2.12) has been proved. Note that (2.12) remains true, if the condition A
is replaced by l;(r) = o(Inr). The condition (2.12) implies that the relation

(2.14) 23 = (14 0(1))245)) r - .

in the angle {|¢| < 7 —d}.
Let number 6 be such that

1<o< 2o < 2.
p+a
Denote by I';(t) the boundary of the region D;(t) = {r > t, |p| < w0/2l;(r)}, t > 1,
oriented in such a way that the region D,(t) is on the right-hand side of I';(¢). By
(2.14) it is clear that for z € T';(1) we have

Rezi(?) = pli(7) (cos g@ + 0(1)) .
In the complement to D(1) we define an analytic function Fj(z) by a Cauchy-type
integral

_ 1 exp(CAj(C)) _
B =5 . TG 2 ¢ Dy,

and the consider an analytic continuation of F}(z) to the complex z-plane, setting

L[ (M)
F;(z) 27Ti/1“ W €7 ¢, t > |z|.

Thus, F;(z) is an entire function.

Let 0’ and 0" be arbitrary numbers satisfying 1 < ¢’ < 6 < 6" < 2. We denote
the functions which we get if in the definition of I';(¢) and D;(¢) we replace 6 by ¢’
(or ") by I'}(t) and D(t) (or by I'/(t) and Dj (t), respectively). Using (2.14) it is
easy to check that the inequality

Rez(?) < pla(7) (cos g@’ + 0(1))

holds on arcs {|z| = r, w0'/2l;(r) < |p| < ®0"/2l;(r)}, therefore, applying the
integral Cauchy theorem (compare with Example 3 from Section 5, Chapter 2), we
get:

1) If z ¢ D;(1), then



186 5. ASYMPTOTIC PROPERTIES

2) If z € D;(1), then

Fj (Z) _ 1 exp(g)‘j (())

= dag, t > |z|.
211 F/j'(t) <—Z | |

If |z| > R, where R > 1 is sufficiently large, then z ¢ D,(1) implies that the
distance from z to I';(1) is greater than 1, and z € D;(1) implies that the distance
for 2 to I'/(1) is greater than 1. Assume that |z| > R. If z ¢ D;(1), then

1 )
< | o E(ReCH )l < .

= 2r

If z € D;(1), then

Fj(2)

1 / exp(¢V) o1 ()
/(1)

T omi (—z 2mi I/ (t)-T7 (1) (—z

where I'/(t) — I/ (1) is the boundary of the region {1 < r <, |p| < m0"/2l;(r)}.

Since
1 A5 (€) 1
i o, S < g [ e Rech O] < oo
21 F;./(l) g —Z 2 [‘9’(1)
and
1 A (€)
L Mdg = exp(2N ),
™ Jrrw-rray  § T2
we have

Fj(2) = exp(z®) + O(1).
As a result we get for the entire function F}(z) the following relations:
o(1), z ¢ D;(1),
Fj (Z) = 2 (2) !
exp(zM¥)) +O(1), =z € D;(1).

Denote by A; the region D;(1), and by A, the region symmetric to Dy(1)
about the imaginary axis. By the condition D,

<

therefore

()~ 20, (r)

and the closed regions A; and Ay do not intersect. Denote by Az the complement
of AjUA; in the complex plane. Then the function ¥(z) = Fy(z)+ Fa(—z) satisfies
the condition:

exp{zM1®)} + 0O(1), z € Ay,
(2.15) U(z) =< exp{(—2)*2} 4+ 0(1), z€ A,
O(l), z € A3.
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Let a< g <1,
oo z
V(z) = L[l (1-=75) 2 =V(EIV(-2).
Since all zeros of V (2) are positive and n(r, 0, V) = [r?], we can use for V(z) the

asymptotic formulas (5.32) from Chapter 2. Let n be an arbitrarily small number
satisfying 0 < n < w0/2p. Then

2.1 1 Y — _ 5
(2.16) n|V(re'?)| =r e cos B(p —m) + o(r”)

uniformly in ¢ satisfying n < ¢ < 27 — 7. If we replace the equality sign in (2.16)
by <, we get a relation valid for all ¢, 0 < ¢ < 27. We need also the following

lemma.

LEMMA 2.1. Let p(r,V) = minp,—, [V(2)], rn = (n+ %)Uﬁ, n=123,....
Then
(2.17) Inpu(ry, V) = In|V(rp)| = 2w cot w3 + o(r?).

Joining (2.16) and (2.17), it is easy to see that (2.16) holds for all ¢, 0 < ¢ < 27
as r = r, — 00. We do not want to interrupt our presentation of Example 2, for
this reason we shall prove Lemma 2.1 later.

Since
B(z) = ﬁ {1 - (nf/ﬁ)2},

n=1

then obviously, u(r, ®) = |®(r)| = |V (r)||V(—7)| = p(r, V)M (r,V). Therefore
Inpu(ry,®) =Inp(r,, V) + In M(r,, V)
(2.18)

T w3
— rﬁ {7r cot w3 + —sinﬂ'ﬁ} + o(rg) = rﬁw cot -5 + o(rﬁ).

Hence p(ry, ) — oo as n — o0o. The relation (2.16) implies that for n < |¢| < 7—n

In|®(re*?)| = (1 + o(1))A(B) cos B ("‘Ol B g) r’,

A(B) = mcesc %

holds uniformly in ¢, furthermore, for r = r, — oo the relation (2.19) holds
uniformly in ¢, |p| < 7.

We show that the function f(z) = ¥(z)/®(z) has the desired properties. The
relation (2.19) implies that for n < |p| < 7 — 1 the function |®(re??)| uniformly
approaches oo as r — oo. By (2.15) the function f(z) approaches 0 uniformly as
z — 00, z € Ag. For r =1, and |p| <7 we get from (2.15) and (2.19) that

£ (re')] = exp{(1 +o(1)) [ ") cos(l; (r))
—A(B) cos B <|<p| - g) P} +o(1) for re’? €A, j=1,2.

(2.19)

(2.20)

Taking into account the condition D, we get

L m(r o ir"
(2.21) (1+ 0(1))7T—p7‘n <m(ry, f) < (1+ (1))7Tp -
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It is easy to see that n(r, f) = n(r,0,®) + O(1) ~ 2r°,
2

(2.22) N(r, f) ~ Brﬁ.
From (2.21) and (2.22) we get

1 2

1+ 0(1))7T—p7“ﬁ <T(rn, f) < (1+ 0(1))7r—p7“ﬁ-

Since the function T'(r, f) is increasing and 7,41/, — 1, for all » > 0 we have

1 2
2.23 1 1)) —r <T <(1 1))—r”.
(2.23) (14 0) o S T(rf) < (14 0(1) v
The formulas (2.22) and (2.23) imply that §(co, f) = 1 and that oo is a Borel
exceptional value.

Now we show that oo is not an asymptotic value. Since § > 1/2, we have
Tni1 — Tn = O(n) = o(n?). Taking into account the condition C we see that for

all sufficiently large k the segment [ag ),bfcj )] g ) On the arcs
{lz] = rﬁfk), z € Aj}, j = 1,2, by the condition C and the relatlon (2.20) we have

(r=rfl))
)]}

)] = exp { (1 +0(1) [0(r) — A(8) cos B (|e| -

+o(1) < exp {—(1 + o(1))7 cot ?rﬁ} o(1) = o(1).

contains a point ry;

l\3|=1

Since, as we already observed, |f(z)| = o(1) when z — o0, z € Ag, it is clear that
oo cannot be an asymptotic value.

A slight modification of the example is necessary in the case p = oco. Let
1/2<a<fB<1,1<6 < 2a We choose the functions /;(r) in such a way that
they satisfy the conditions B and C, and also the following conditions:

A a<li(r) < oo

D’. I(r) = oo, I(r) = o(lnr) as r — oo.

E'. Ifl1(r) < 20a/(2a—0), then la(r) > Oa, and if Io(r) < 20 /(2cc— ), then
li(r) > Oa.

With these modifications the previous argument can be used. We leave veri-
fication of this as an exercise for interested readers. Later in this section we shall
construct an example of an entire function of infinite order for which §(0, f) = 1,
but 0 is not an asymptotic value. However, in this example 0 ¢ Eg(f).

Now we prove Lemma 2.1.

PROOF. It is clear that p(r,V) = |V(r)|. Since (2.16) with = replaced by <
holds also for ¢ = 0, it remains to show that

(2.24) In |V (rn)| > 27 cot w8 + o(r?).
We have
= T > T
ln|V(7‘n)|—Zln(k1/ﬁ 1>+ 3 ln(l km)
9 25) k=1 k=n+1
(2. zn: . zn: [ k 1/B i [ n_’_% 1/8
= In + In|1-— < ) + In|1-— < ) )
1 1
el /P k=1 n+ta k=n+1 k
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Since n(r,0,V) = (1 + o(1))r?, we get

7«5

5

It is easy to check that the functions In(1 — %) and In(1 — 27%) are concave on
intervals (0,1) and (1, c0), respectively. Therefore for |¢t| < 1/2 we have

[ k 1/6- 1 [ k t 1/ﬁ- [ k_t 1/ﬁ-
In 1—( 1) >—<In 1—( +1> + In 1—< 1>
nty/ ]2 | \nt3/ ] n+sz/ |

(2.26) Zln 175 = N, 0,V) = (1+0(1)) %

if K <n, and

M 1/87 r 1\ /BT r 1\ 1/87
n+ 3 1 n+ 3 n+3
In|1-— 2 >-{In|l— 2 In|1-— 2
B ( k ) _2{11 <k+t> o <k—t> }

if K > n+ 1. Integrating the first of these inequalities with respect to ¢ from 0 to

1/2, we get:
1/8 1/2 1/p _ /B
In 1—( k1> 2/ In 1—<k+21€> 1—<k i) dt
n+s3 0 n+s3 nt3
1/2 1/8 k+1/2 1/8
:/ 1n1—<k+f> dt:/ lnl—( x1> dz, k <n,
—1/2 n+3 k—1/2 n+ 5

similarly,
1\ 1/8 k+1/2 1\ /8
In 1_<n+2> 2/ In 1_<n+2> dx, k>n+1.
k k—1/2 Z
n k 1/8 oo 1\ 1/8
Zln 1—( 1> + Zln 1_<n—|—2>
n+3 k=n+1 k
n+1/2 1/8 0o 1 1/8
2/ In(1- ( ad > —I—/ (n—f— 2) dz
(2.27) 1/2 n+ 3 +1/2 z
n+1/2 1/8 o 1\ 1/8
> In 1—( a:1> d:c+/ In 1_<n—|—2> dx
0 n+3 n+1/2 x

1 o
— s { [ et s [Tt 1du} — Bri1(B).
1

Here we made the change of variable z = (n + %) u? = rﬁuﬁ . Now we compute
I1(8), 0 < 8 < 1. Note that the function

1 oo
(2.28) I(z) = / u? " In(1 —u)du+/ wln 2
0 1

is analytic in the strip {|Rez| < 1}. Let us compute I(z) for z = —0, 0 < 0 < 1.
We can rewrite

I(—O’):/ u*"*lln|1—u|du—/ w7 Inudu.
0 1

+1In

Hence

-1
du
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The first of these integrals can be easily computed using the residue calculus:

/ w7 tn |1 — uldu
0

o 1-¢
= lim {/ w7 tn(u — 1)d u+/ “llnl—u)du}
e—+0 1+4e 0

1 1 [ u°
= lim {——u In(u —1)|35. + = “
(2.29) o O Jite U
1 1 [7Fu®
— ZuIn(l — )|+ — d
Su n(l —u)ly~ +U/o — u}
o0 u—o’
:egm —lng{(l—i—g) "—(1—5)_‘7}+;v.p./0 u—ldu
7r
= —cot 7o,
o

the second integral can be easily computed using integration by parts:

o 1
(2.30) / uw M Inudu = —;.
1 g
Thus
T 1
2.31 I(—0) = —cot - —.
(2.31) (—0o) —cotmo — —

The function

T 1
—cotmz — —
z z

is analytic in the strip {|Rez| < 1} and coincides with I(z) on the interval {Imz =
0,—1 < Rez < 0}. Hence

71' 1
2.32 I = —cot - —
( ) (2) , cotmz =

everywhere in the strip {|Rez| < 1}, in particular,

s 1
2.33 I1(B) = = cotmff — —=.
(2.33) (8) 3 7
Joining (2.25), (2.26), (2.27), and (2.33), we get (2.24). O

REMARK. If we use the representation

1 2z
mecotmz = — + —_—
z ;zQ—nQ’

1

we can get the equality (2.32) in an easier way. Replacing v by v~ ' in the second

integral in (2.28), we get

1 1
I(z) = / w? In(1 — u)du +/ u (1 — u)du
0 0
1 & n+z—1 n—z—1
Uu +u ™ 1
:_/0 {Z - } u—2zz2_n2:—coth—;

n=1

It is worth mentioning that we will use the equalities (2.29) and (2.30) in Section
3 (Lemma 3.3).
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Now we construct an example showing that a meromorphic function of order
p, 0 < p < 0o, can have a Borel exceptional value which is not asymptotic. In the
same example a Borel exceptional value is not deficient.

EXAMPLE 3. Let 0 < p < 00, 0 < & < 8 < min(p,1/2), n is an odd in-
teger exceeding 2p. Let V(z) be a function from Lemma 2.1. Take a continu-
ously differentiable for » > 0 function I(r) such that I(r)rlnr — 0 as r — oo,
a/n < Il(r) < p/n < 1/2, where [(r}) = p/n for some sequence ry — oo and for
some increasing sequence {n;} of positive integers we have

(2.34) l ((nj + %)n/ﬂ> = %

It is easy to see that such function I(r) exists. Let ®(z) be a canonical product of
genus zero with positive zeros a; such that n(r,0, ®) ~ i) as r — 0.
Using the relations (5.25) and (5.4) from Chapter 2 we get

ln M(T, @) ~ T CSC(T(Z(T))’)"Z(T)’

1 r
T(T’, q)) ~ Z(—T)Tl( )

Let W(z) = ®(z"), l1(r) = I(r™). By Theorem 6.6 from Chapter 1 we have
(235) In M(T, \I’) ~ T CSC(Wll(r))r”ll ("")’

1
2.36 T(r, ¥) ~ ——ph ("),

Since n is odd, then ¥(z) does not have negative integers. The function f(z) =
U(z)/V(—z) has the desired properties. It is obvious that N(r, oo, f) = N(r,0,V) ~
%rﬁ. The function ¥(z) has order p and the function V' (—z) has order 8 < p, there-

fore the order of the function f(z) is equal to p and co € Eg(f). We show that oo
1/

is not an asymptotic value. Let ¢; = | n; + 3 . By (2.34) we have nly(g;) = a.

Taking into account (2.17) and (2.35) we get
InM(qgj, f) < InM(q;, ¥) — Inpu(g;, V)
T
= qj'mcsc - +o(qf) — ?7‘(‘ cotm@ + o(qf)
_ B B
= —g;mcotmf + o(q;) — —oo.
Hence M (gj, f) = o(1) and oo cannot be an asymptotic value.
By (2.36) we have

T(ij f) > T(ij V) - T(ij \Il) + 0(1)
1 1 1
= qu +o(q)) - mq;* +o(qf) = BQ? +o(d)),

N(Qj7oo7f) = %Qf + O(Q]ﬁ)a

hence §(c0, f) = 0.
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REMARK 1. Using the same idea it is possible to construct similar example
with p = oo. It will be necessary to replace the function ¥(z) by the entire function
which was constructed in Section 6 of Chapter 4 (see (6.7) in Chapter 4).

REMARK 2. In Example 2 the value co was not only nonasymptotic Borel
exceptional value, but also the order of N(r, o0, f) was less than the lower order
of T(r, f). We do not know® whether it is possible to construct such example with
p < 1. In Example 3 we can take p < 1, but in this example the order of N(r, oo, f)
exceeds the order of T'(r, f).

We saw that if for a meromorphic function f(z) the order of N(r, a, f) is less
than the order of T'(r, f), the value a does not have to be asymptotic. However the
following is true:

THEOREM 2.1. Let f(z) be a meromorphic function of order p < oo, and orders
of N(r,a) and N(r,b), a # b, be less than p. Then a and b are asymptotic values.

PROOF. It is clear that without loss of generality we may assume that a = 0,
b = oco. The values 0 and oo are Borel exceptional values, hence, as it was shown
in Section 1 of Chapter 4, the order p is a positive integer. Let 7 (2z) and m2(z) be
canonical products built using zeros and poles of f(z), respectively. The order of
mj(z) is equal to p; < p, and genus is equal to p; < p — 1, here p; is the order of
N(r,0), and ps is the order of N(r,o0).

The function f(z) can be represented in the form (see Theorem 4.1 from Chap-
ter 2):

2.37 z) = zmeo‘zpeQ(Z)—m(Z)v
(237 7(2) e
where m is an integer, a # 0, Q(z) is a polynomial of degree at most p — 1. Let
1>e>0; pj+e<p, j=1,2 h=max(p—1+e,p1+¢,p2+¢)<p.
Since for r < ry the inequalities In M (r,e~?) < r" In M(r, ;) < r" hold, then
In|f(2)| > Re{az’} + In|mi(2)| + mIn|z| — In M(r,e" @) — In M (r, 72)
= Re{az”} +In|m (2)| + O(|z|").
Let a; # 0 be a sequence of zeros of the function f(z). Then for r > r; we have
n(r,0, f) < rPr+2 and
Z la;] ™" < oo.
J

Let |z| =7 > 1, R = 2r. Denote by gr(z) the function

(2.38)

Since |wr(z)| =1 for |z| = R, the equality

(239) T(Ra gR) = m(Ra gR) = m(R7 7T1) = T(Rv 7T1)
holds. We have

(2.40) In |1 (2)] 2 In (|2, gr) — Inwr(2).

3This seems to be still unknown.
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1 R 1
Inp(r,gr) = —InM (r, g_> > —Ri_:T (R,Q—R>

R
(2.41) =-3T | R, g%) = =3{T(R, gr) — In|gr(0)}
= =3{T(R,m) — In|wr(0)|} = —3T(R, m)
> —3R" = —3.2Mh,

But

We exclude from the complex plane the set M = (J;{[z—a;| < |a; |="}. Outside
this set for |z| = r > ry the inequality

— Qa;
| In | — %% 1
n|wg(z Z n RG—ay) Z n —a]|
laj|<R laj|<R
(2.42) < Y In(2Rla;|") < n(R,0, f)In(2R" )
laj|<R

< RT3 In(2R"MY) < R = 2P

holds.
Joining the inequalities (2.38), (2.40), (2.41), (2.42) we get that outside the set
M the inequality

(2.43) In|f(2)] > Re{az”}+0(|z|h)

holds. Let 0 <75 < 5. In the angle W = {| arga + pargz| < § — n} the inequality
Re{az”} > |z|?|a|sinn holds. On the other hand, the sum of radiuses of the discs
forming M is finite. Therefore the open set W\M has one unbounded connected
component, in which we can draw a continuous curve C approaching co. On the
curve C

In|f(2) > [2[?|alsing + O(|2[*) = (1 + o(1))|z|’|a|sinn — oo

as z — 00, that is, the curve C is an asymptotic curve with oo as an asymptotic
value. Applying this statement to 1/f(z) we get that 0 is also an asymptotic
value. O

It is still unknown whether Theorem 2.1 remains true* without the assumption
p < 0.

The assumption that the orders of N(r,a) and N(r,b) are less than the order
of T(r, f) in Theorem 2.1 cannot be replaced by the assumption that a and b are
Borel exceptional values. It is shown in our next example.

EXAMPLE 4. We construct an entire function f(z) of the first order such that
0 € Eg(f), but 0 is not an asymptotic value. Let f(z) be a following canonical
product of genus 1,

4No. Hayman [A76] constructed an entire function f of infinite lower order, such that
N(r,0, f) has order 1/2, but zero is not an asymptotic value.
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such that its roots are real,
(2.44) n(r,0) = O(r)

and there exists a sequence 4 < r; < 19 < r3 < ..., such that the following
conditions are satisfied:

(a)

(2.45) Papgs > 2€72 b =0,1,....

(b) The function f(z) does not have zeros in the annuluses Qr = {2rsx4+2 <
|Z| < T3k+3}, k= 0,1,....

1
(2.46) Y —>k+2,k=01,....

[am|<rakpi1

1
(247) Z — =0, r3k42 < T < Tr3ks3, k= 0,1,...

a.
lam|<r m

Let us assume for a moment that sequences {a,,} and {ry} having the desired
properties exist and show that f(z) is the desired function.

The order of n(r,0) cannot be less than one because otherwise the series
>om m—ln‘ would converge in contradiction with (2.46). Since f(z) is a canonical
product of genus one, its order is also equal to one. To determine the type of
T(r, f) we use the Lindelof theorem (Theorem 4.4 from Chapter 2). For r = rgp41

we have, using (2.46),

K(r)= Z L>k—>oo,

a
lam|<r T

therefore T'(r, ) has maximal type and, by (2.44), 0 € Eg(f).

Let us show that zero is not an asymptotic value. For this it is enough to
establish that the function f(z) uniformly with respect to argz approaches oo on
the sequence {|z| = Rr = exp (%r3k+2)} of circles. It is clear that 2rsp1o < Ri <
%r3k+3. Since f(z) does not have zeros in the annuluses Qy, by (2.47), we can write

(2.48) f(z) = gr(2)hi(2), k=10,1,2,...,

where

()= ] (1—&),@@): I1 E(ﬁl)

lam|<2rsk42 |am |>7T3k+3
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Since for |u| < 1/2 the inequality |In E(u,1)| < %(1 + lul + |u)? +..0) < Jul?
holds, then, taking into account (2.44), we have

nh(z)l < Y lnE<i, 1>’§ 3

[am|>T3k+3 [am|>T3k13

(2.49) = R? / n(t,0) _ o pe / ”(tgo)dt
T3k+3 t? T3k+3 t

=0 (Ri/ t2dt> = O(Rir3,,5) = O(1)
T3k+3

for |z| = Ry as k — oco. On the other hand, for |z| = Ry we have

Inlgr(z)] > Y 1n<ﬁ—1>>1n< R —1>—>oo

a T 2
|am |<273k+2 | ml 3k+

2
z

am

Therefore In|f(z)| > In|gx(2)| — |In |hx(2)|] = In|gr(2)|+ O(1) on the circles {|z| =
Ry}, and the function f(z) uniformly approaches co. From here it follows, among
other things, that (0, f) = 0.

Now we describe the construction of sequences {am} and {rr}. This construc-
tion is based on the divergence of the series Zn 1o

Consider an interval (0,71), where r; > 4 is not an integer. Assume that the
interval is so long that

1
Yo =>a2
n
ne(0,r1)

Now we consider an interval (ry,72), r1 < ra, where 74 is not an integer and is such

that
- > %<0.

S

(2.50) 3 1 > %20, >

n
n€(0,r1) ne(ri,rz) n€(0,r1) ne(r1,r241)

We include into the sequence {a,} all integers from (0, r1) and all integers from
(—re, —r1).

Further, we include into {a,,} a number b; from the interval (—[rs] — 1, —[r2]),
chosen in such a way that

1 1 1
- ")
P D D
ne(0,r1) ne(ry,ra)

The inequality (2.50) implies that such choice is possible.

Let r3 be an arbitrary non-integer satisfying rg > 2e".

Now we choose an interval (r3,r4), r3 < r4, where r4 is non-integer, in such a
way that

1
> les
n
n€(rs,ra)
and interval (rq,75), r4 < 75, r5 is non-integer, in such a way that

1 1 1 1
PO LD DR DR

ne(rs,ra) ne(r4,rs) ne(rs,ra) ne(re,rs+1)
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Include into {a,,} all integers from (rs,r4) and all integers from (—r5,—r4), and
also a number b satisfying —[rs] — 1 < b2 < —[rs] and such that

1 1 1
- — —+—=0.
D) D
n€(rs,ra) né€(ra,rs)
Further, we choose a non-integer r¢ > 2e™ and continue in an obvious way. It

is clear that the sequences {a,,} and {ry} chosen using this procedure satisfy have
the desired properties.

REMARK 1. The constructed function f(z) satisfies m(Rg,0, f) — 0, hence
(5(0, f) =0. Thus 0 € EB(f)\EN(f)

REMARK 2. The lower order of the constructed function f(z) is equal to zero.
In fact, by (2.48), (2.49), and (2.44), we get

In M(Rg, f) = In M(Ry, gx) + O(1)
< Z In (1 + £> + 0(1) < n(2r3k+2,0) 111(1 + Rk) + 0(1)

|am |<273k+2 |am|

= O(T3k+2 In Rk) = O(ln2 Rk)

The order p of the function f(z) in our example is equal to 1. If we take
F(z) = f(z™), n = 2,3,..., we get an analogous example with p = n. It is not
known whether such example exist for functions of infinite order.?

We see that in Theorem 2.1 the condition that the orders of N(r,a) and N (r,b)
are lower than the order of T'(r, f) cannot be replaced by the condition that the
categories of N(r,a) and N(r,b) are lower than the category of T'(r, f). However,
Edrei and Fuchs [EF59a] proved the following theorem: Let f(z) be a meromorphic
function of a finite order and §(a) = 6(b) =1, a # b (that is, N(r,a) = o(T(r, f))
and N(r,b) = o(T(r, f))). Then a and b are asymptotic values.5 We cannot present
here a proof of this theorem, we only give an example showing that this theorem is
not valid for functions of infinite order.

EXAMPLE 5. We construct an entire function f(z) of infinite order such that
5(0,f) = 1, but 0 is not an asymptotic value (since now we are dealing with
functions of infinite order, this example is stronger than Example 2).

First of all, we need a function F(z) defined in the following way. Let a be
a real number, A(a) be a half-strip {z > a, |y| < 7}, 2 = = + iy, L(a) be the
boundary of A(a) oriented in such a way that A(a) is on the right. We define the

function E(z) in the complement of A(0) by the Cauchy-type integral:

1 e
2.51 E(z) = — dt.

Obviously, the integral

1 e

2_71”i L(a)t—z

dt

5Now it exists: Hayman [A76].
6For meromorphic functions of finite lower order with sum of deficiencies two all deficient
values are asymptotic. See the Appendix at the end of the book.
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for a > 0 is an analytic continuation of E(z) onto the complement of m. Hence
the function (2.51) has an analytic continuation to the whole complex plane, that
is, is an entire function.

Since by the integral Cauchy theorem the integral of the function e over the
boundary of the rectangle {a1 < x < ag, |y| < 7} is equal to zero, we have

1 1
- eet dt = — eet dt,
21 L(a1) 21 L(az)
and the integral
1
I = — eEtdt
211 L(a)

does not depend on a. Since the function e is periodic with period 2mi, the
integrals over the rays {y = &7, x > a} cancel each other, and we get

™ )
L [T e
2 J_,

I dy.

Letting a — —oo in the right-hand side of this equality, we get I = 1. Let z € A(0).
Then
1 e 1 e 1 t

1
Blz)+-=-—— dt+— [ Car=
(2) + z 2mi Jpoyt—=2 + 21 Jp(2) 2 2mi Jp2) 2(t — 2)

11 2 ¢ 1
22 2mi /L(Q) < + t— z) N 22 (2)

If the distance from z to L(2) is not less than 7/3, then we have | —t+t23(t —2) 71| <
[t| + [t|* < 2[t|>. Since on the rays {z > 1, y = £n} the equality |exp(e®™¥)| =
exp(—e®) holds, the function 2(z) is bounded by a constant which does no depend
on z. If the distance from z to L(2) is less than /3, we replace the part of L(2)
which is inside the disc {|t — 2| < 7/3} by an arc of the circle {|t — z| = 7/3}
lying in A(2). By the integral Cauchy theorem the value of the last integral in
(2.52) is not affected by this change of the path of integration. As before we have
| —t+t2(t — 2)~!| < 2|t|%, and for points z on the arc {|t — z| = 7/3} we have the

e dt

1
inequality | exp(e?)| < exp <—§eRet>. Thus in this case the function Q(z) is also

bounded. If z € L(0) we can use similar reasoning. We get that

(2.53) E(z) = —é +0 (#) L2 ¢ A0).

Now let z € A(0). Than, taking a > Rez > 0, we have

1 e 1 !
E(Z) = — © = — © dt
27TZ L(a) t—z 27'('2 L(—2) t—z
t t
1 ¢ 1 ¢ 2
P c = — ° gt +ef .
211 L(a)—L(—2) t—2z 211 L(—2) t—2z

As before, we get that

-1 11 t2
E(z)—e® +-=—=— —t+ e dt.
z 2227 Jp_o t—=z
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The boundedness of the last integral is proved as before; only in this case, when
the distance from z to L(—2) is less than 7/3 we replace the part of L(—2) by an
arc of the circle {|t — z| = 7/3} lying outside A(—2). Thus

= 1 1
2.54 E(z) =e* —— — A(0).
(2.54) (2) = z+o<|z|2),ze (0)
We shall write A instead of A(0). The relations (2.53) and (2.54) imply that

- U
( ) ) e’ + 1(2), z€A,
2.55 E(z) = z
\
Q(Z)7 P % A,
z
where |¥;(z)| < 2 for |z| >ro > 1, 5=1,2.

Let K > 8 be a real number such that the open set G C A defined as the set of
all solutions of the inequality |e¢” 4 K| < 7 lies in the half-plane {z > 4r¢} and the
diameters of all connected components of G are less than 7. Obviously, sufficiently
large numbers K have this property. Let

= /(2m2")2 — 1, 6,, = arcsin(272")"*,

(2.56) ®(z) = K+ Y _ E{e"(z—ign)}.

n=1

The uniform convergence of the series (2.56) in each finite disc can be easily checked,
hence ®(z) is an entire function.

Denote by A° the half-strip {x > 0, |y| < 7/2}, and by A,,, A%, G,, the images
of A, A, G, respectively, under the mapping A, (z) = e %72 +ig,. It is easy to see
that half-strips A,, are pairwise disjoint, G,, C A, and UZO=1 G, C H={x >2r¢}.
Denote by C), the disc {|z —ign| < ro}. Let us show that

[ee]
(2.57) O(z) = Z |z —ign| ™' < 3
n=1
forz¢ C =, . In fact, if ¢, <y < @my1, m=1,2,..., then

<2+Z|z—zqn| 1y Z EE

n= m+2
S2+Z|y_Qn|71+ Z |y_Qn|71
n=1 n= m+2
m—1
<24 ) (gm—gqn) '+ Z n = Gmt1)”
n=1 n=m-+2
m—1 0o
3 3
<2
== 27r2m+ Z 2m2n
n=1 n=m-+2
3 —1 3 3 3
o+ =0 <o 4o



2. NON-ASYMPTOTIC DEFICIENT VALUES 199

If y < g1, the same estimate works. The relations (2.55), (2.56), (2.57) imply that
the relation

L fec) ¢ (UL, 4} U C
(2.58) (=) {exp exp{e’"(z —igq,)} + Q(z), z¢€ A,\C

holds, where |@Q(z) — K| < 6. Denote by D the set of those z ¢ C for which
[e 9]
|®(z)] < 1. It is easy to see that D C U Gpn. In fact, |Q(2)] > K — 6 > 2,

n=1

[e.e]
therefore D C U A,. Let z€¢ DN A,. Then

n=1
lexpexp{e’ (z —iga)} + K| < |@(2)| + K —Q(2)| <1+6 =7,

that is, z € G,,. Hence D C H and the diameters of all connected components of
D are less than .

Consider the function g(z) = ®(z)expexpz. Let us show that zero is not an
asymptotic value for this function. In the half-plane Hy = {x < 2r¢} the inequality
|expexp z| > exp(—e?™) = u, 0 < p < 1, holds, and for z ¢ C we have |®(z)| > 1
since Hy does not intersect D. Hence, in H1\C we have |g(z)| > u. The sets
By, ={x > 2ro, |y — 2wk| < w/2}\D, k = 0,+1,42,..., are unbounded continua,
since the diameters of all connected components of D are less than 7. On the other
hand, on By we have |®(z)| > 1 and |expexp z| = exp{e®cosy} > 1, |g(z)| > 1.
On the rays S, = {arg(z — ign) = —0n, x > 2r¢}, n > 1, the inequalities

[®(2)| = |expexp |z —ign| + Q(2)]
> expexp|z — ign| + ReQ(z) > expexp|z — ign|
= expexp{zsecl,},

|9(2)] = exp{e”**? + e” cosy} > 1

hold. Obviously, the open set H\(B U S), where B = U By, S = U Sn, does
k=—o00 n=1
not have unbounded connected components.

As the final result we get that the open set of those z for which |g(2)| < p does
not have unbounded connected components. Hence zero is not an asymptotic value
for g(z).

Let us estimate T'(r, ®(z)). It is convenient for us to estimate T'(r, ®(z — 1))
first. Observe that by the maximum modulus principle |®(z)| = O(1) for z € C.
Let z = re’®. Then, by (2.58), we get

T(r,®(z—1)) = i/ In" |®(z —1)|do
2 \z\:r

1

<01 — In™ |®(z — 1)|do

(2.59) <ol HEH:% //1220 nt [z = 1)

1 .

:O(l)—l—zg/‘z‘j Re exp{e?"(z — 1 — ig,)}df.

n z—1€ A%

But

—1—igy = —2027e' (5 0) = _iaganein

)
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therefore exp{e?" (2 — 1 —ig,)} = exp{re’(?*+?»)}. Suppose that the intersection of
the set of those z, for which z — 1 € A% with the circle {|z| = r} is non-empty, that
is, 22" — g < 7. Then

A Br—0n
Re exp{re!@*0)1dg = / " <sO0+0) cos{rsin(6 + 6,,) }df

z|=r
=] ap—0n

(260) z—IGA%
Bn

z/ e" 5% cos{rsin f}do,
«

n

where
. 272" —7w/2
oy, = arcsin ———
r
2m2™ 2
Bn = arcsin min <1, w) .
r
Substituting (2.60) into (2.59) we get
v(r) 1 Br
(2.61) T(r,®(z—1)) <O01) + Z — / "% cos{rsin 6} d,
n=1 2m *n

where v(r) = {(ln 2)"1In %} We define a continuous function ¢(y) on [0, co)
in the following way. We let (y) = cosy for [y — 2m2"| < Z,n =1,2,..., and let
¢(y) = 0 for all other y > 0. Then the inequality (2.61) can be rewritten in the
following way:

1

27

(2.62) T(r,®(z - 1) <O) + 5- [ " e i )0
0

It is clear that
1

T
—/ o(y)dy — 0 as r — oo.
™ Jo

Applying to the integral in the right-hand side of (2.62) Lemma 4.1 from Chapter
4, we get T'(r,®(z—1)) = o(e"/+/r). Since T'(r,®(z)) < (14+0(1))T(r+1,2(z—1))
(see (1.4) in Chapter 2), we have

(2.63) T(r, ®(2)) = o(e"/v/T).

On the other hand, as it was shown in the construction of Example 1 in Section 6
Chapter 4, we have

(2.64) T(r,e®) = (14 0(1))

Since T(r,e®") — T(r,® ) < T(r,g) < T(r,e® ) + T(r, ®), the relations (2.63)
and (2.64) imply that

e’l"

T(r,g) = (14 0(1)) , T — 00.

2m3r
But N(r,0,9) = N(r,0,®) < T(r,®) + O(1) = o(T'(r,g)). Hence 6(0,¢9) =1 and
the function g(z) has the desired properties.
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3. Meromorphic functions of order less than 1/2

By the Wiman-Heins Theorem 1.3 for an entire function of order A < 1/2
there exists a sequence of circles {|z| = ¢}, 1 — o0, on which f(z) approaches
oo uniformly in argz. The following theorem is a generalization of this result for
meromorphic functions.

THEOREM 3.1. Let f(z) be a meromorphic function of lower order A < 1/2. If
(3.1) §(00, f) > 1 —cosmA,

then there exists a sequence of circles {|z| = ri}, ri — 00, on which f(z) approaches
oo uniformly in arg z.

Observe, that if we replace the condition (3.1) by the condition d(a, f) > 1 —
cosTA, a # 00, we can claim that there exists a sequence of circles {|z| = 74},
rr — 00, on which f(z) approaches a uniformly in argz. In fact, for the function
filz) = m we have A[f1] = A[f] = A, d(oco, f1) = d(a, f), so it suffices to
apply Theorem 3.1 to fi(z). By virtue of this remark, Theorem 3.1 immediately
implies the following corollary, containing the corollary of Theorem 1.3 and Valiron’s
Theorem 4.6 from Chapter 2.

COROLLARY. Let f(z) be a meromorphic function of lower order A < 1/2. If
d(a,f) > 1 — cosmA, then a is the only deficient value of the function f(z). In
particular, a meromorphic function of lower order A = 0 cannot have more than
one deficient value.

In fact, since the function f(z) approaches a on the sequence of circles {|z| =
ri}, T — oo, uniformly in argz, for b # a we have m(rg,b) = O(1) and hence
5, f)=0.

Theorem 3.1 is a corollary of a more subtle theorem giving a quantitative
estimate of the degree of convergence of f(z) to co.

THEOREM 3.2. Let f(z) be a meromorphic function of lower order A < 1/2.
Then the inequality

In*t A
(3.2) livris;ip T(l:f;,)f) > sizﬂ)\ (0(c0, f) — 14 cosmA)

holds.

The proof of Theorem 3.2 relies on several lemmas. The first of them will be
also used in Section 4, for this reason we prove it in a more general formulation
than is needed for the proof of Theorem 3.2.

LEMMA 3.1. Let f(z), f(0) =1, be a meromorphic function with zeros a,, and

poles b,, and ¢ > 0 be an integer. The following representation holds for each
R>0:

(3-3) f(2) = arq(2)wr,q(2),

where
-1

(3.4) ang) = ] E(ai,q) 11 E(b—q> ,

la,|<R K |b,|<R
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andInwpg 4(2) (the branch of In is chosen in such a way that lnwg 4(0) = 0) satisfies
the estimate

r\ 9+l
(3.5) IInwr.q(2)] < K1 (E) T(2R, f) + Kaq(r? + 1),

1
— <_R
|z| T’_2 )

where K1 and Ks, 0 < K1, Ko < 0o are constants which do not depend on r and
R.

PRrROOF. By formula (2.5) from Chapter 1 we have

1 1

1 (a+1) — (_1)q! T (1) - -
(3.6) { nf(C)} ( ) q lauZ;R (( _ au)qul ( ) q lb;R (( _ by)qul
+ Ir,q(¢) + Jrq(Q),
where
1 : 2Re
Q) = L [ e B,
a q+1 q+1
Jr,q(¢) = ¢! Z (ﬁ) —q! Z ( —b C) :
la,|<R Du b |<R
Straightforward calculation shows that
1 1
(Inar,y ()} = (~1)1g! 3 T anet ~ (—1)%g! Y TS

lap|<R b, |<R

Subtracting this equality from (3.6) we get

{lnwrg(OY Y = Ing(¢) + Tra(C).
Let us estimate I 4(¢) and Jg4(¢) for [¢| < 3R. We have

12R o :
ra(0)) < e [ ey ap
+3 +4
< U (mirpy+m (r3 ) ) < S0 S g
1m0 <0 (i) (nem , e ))
< O (Ri0,00) < TN (2Ri0,00) < So T (2R f)

(passing from n(R;0,00) to N(2R;0,00) we used Lemma 7.1 from Chapter 1).
Thus

(3.7) {Inwg o(C) D) < (q+1)120+5

1
< L —TCR.P), ] < 3R

Later on we shall need the following relation (]z| < R)
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1 z q k
38)  wng) = 5 [ (= 0w O} Vdc + 2 = Anwn (O},

(the integral is taken over a line segment joining 0 and z). This relation follows
from the observation that the derivatives of order ¢ + 1 of the different sides are
the same, and the derivatives of orders k = 0,1, ..., q coincide at z = 0.

Using (3.7) and (3.8) we get the estimate (z = |z] < R/2)

9k

> {lnwrg(O}E.

g+1
lwrg() < (@ + 127 (5) TR+
k=0

The values of {In wR,q(C)}éi)O, k=0,1,...,q, donot depend on R since Inwg 4(¢) =
In f(¢) ~Inagq(¢) and {Inagq(Q)} ) = 0,k =0,1,...,q. Besides, lnwg,4(0) =0,
therefore the estimate

4 g

> w01

k=0

< Kaq(r? +1)

holds, where 0 < K5 < oo does not depend on R and r. The proof of the lemma is
completed. 0

LEMMA 3.2. Let f(2), f(0) =1, be a meromorphic function with zeros a, and
poles b,. Set

(3.9) Hg(r)= »_ In <1 + |CZ'—|> + ) In (1 + |b7"_|> .
lau|<R . lb |<R i

The estimate

(3.10) Hg(r) <4T(2R,f), 0<r <R,

holds.

PROOF. By the inequality In(1 +z) <InTz +1n2, 0 < z < oo, we have

Hp(r)< 3 <1n+L+1n2>+ 3 <1n+|br—yl+ln2>

lau| <R 2l by |<R
< N(r,0) +n(R,0)In2 4+ N(r,00) + n(R,00)In2
= N(r;0,00) +n(R;0,00)In 2.
Using Lemma 7.1 from Chapter 1 we get
Ha(r) < N(r;0,00) + N(2R;0,00) < 27(r, f) + 2T(2R, f) < AT (2R, ),

O

LEMMA 3.3. For each a and b, 0 < a < b, and each 0, 0 < o < 1, the
inequalities

b
(3.11) /a {ln|1 _$| — o cotwoln™ x}m—l—adm

> Cia 7 In(l+a) — C2b™ 7 In(1 4 b);
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b
(3.12) / {rocscmon® z —In(1 +2)}a™ ' "7de
’ a

>Csa 7In(l+a) —Csb™ 7 In(1 + b)

hold, where Cy, 0 < Cf < 00, k =1,2,3,4, are constants which do not depend on
a and b.

PROOF. We shall use the equalities

*Intz 1 > In(1 4+ z) T
—dx = —; b dr = ;
(a)/o gi+e 0T G ()/0 e
*“In|l — x| 71'
1 —dr = ——.
(3.13) (C)/O 2+ T Gtanno

To get (b) we need to integrate by parts and to use the Residue Calculus:

/Ooln(l—i-x)dx_l/oo dx o
0 xlte o)y zo(l+z) osinmo

The equalities (a) and (c) were proved in Section 2 (see (2.29) and (2.30)).
Consider the function

o0
p(a) = / {In|1 — 2| — wo cot o Int m}x_l_"dm, 0<a< oo
a

By the equalities (a) and (c) we have ¢(0) = 0; it is clear that lim,_, ¢(a) = 0.
Since the derivative

¢'(a) = —{In|1l —a| — rocot moIn" ata"'77,

as is easy to check, changes sign only once on the half-axis {0 < a < oo}, from plus
to minus, we have ¢(a) > 0 for 0 < a < co.
Set

__ yla)
V)= ey

This function is continuous and positive for 0 < a < co. Using the I’Hopital rule
we find its limits as a — +0 and a — 400 and see that both are finite and positive.
Therefore there exist constants C; and Cs, 0 < Cy < Cy < 00, such that

C1 <¢Y(a) <Cs 0<a< 0.
The last inequality can be rewritten in the form
Cia " In(l+a) < p(a) < Ca In(l +a), 0 < a < oo,
from where we get
o(a) —p(b) > Cra 7 In(l14+a) —Cob™7In(l+b), 0 <a <b< o0,
the last inequality is equivalent to (3.11).

To prove the inequality (3.12) we use similar argument for

p(a) = / {mocscmolnt x —In(1 + z)}z™ ' ~7dx.
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LEMMA 3.4. Let f(z), f(0) = 1, be a meromorphic function with lower order
A< 1. Then for each o, A < o < 1, the inequality

no
14 li | N — N >
(3.14) 1E>S£p{ nu(r, f) + sinﬂa[ (r,00) — cosma N (r, 0)]} >0

holds.

PROOF. We may assume without loss of generality that f(z) is not identically
constant. Let a,, be zeros of the function f(z), b, be its poles. Using the change of
variable in the integrals from the inequalities (3.11) and (3.12) we get the inequal-

ities
K d
/ {ln 1—-— —7TO'COt7TO’1H+L}%
1) : ] aul § 715
>Ci6 7 (1 + i) —Con™"In (1 + i) ;
|l |l
n
/ LA Y U | G
(3.16) ¢ |sinmo [, | by rite

(o ) n(on ).

where 0 < 0 < 1, and £ and 7 are arbitrary numbers satisfying the condition
0 <& <mn < oo We add inequalities of the form (3.15) over all a, satisfying
la,| < R, and add all inequalities of the form (3.16) over all b, satisfying |b,| < R.
We get two inequalities. Adding them together, we get

K o o dr
/ {Inlano(r)| — =2 N(r,0) + =" N(r,0)} 1~
4

(3.17) tan o sin o
> 5§ 7HR(§) — Cen " Hr(n), 0 <& <n <R,

where C5 = Cy + C5, Cg = Co + Cy, Hr(r) is determined by (3.9), and

(3.18) dro(2) = ][ (1_|a%|> 11 <1+ﬁ> 71

lap|<R [by|<R
By Lemma 3.1 with ¢ = 0, we have a representation
(3.19) f(2) = ar,o(z)wr,o(2),

where
-1

o= I (-2 LI 02)p

and Inwp o(z) admits the estimate

|1HWR,O(Z)| S _[{1%T‘(2_R7 f)’ |Z| —r S R

l
2
(K7 does not depend on r and R). Obviously,

,LL(T', O[R,O) > |OVéR7())(’I")|,

therefore

(3'19/) H(ﬁ f) > ,u(r, OZR,())M(’I“, wR,O) > |OV[R,O(T)|M(T, LUR,()),
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from where, using the estimate (3.5) we get

1
In |dR,0(r)| < 111[1,(7”, f) + |1H/14(T, wR,O))| < 111[1,(7”, f) + Kl%T(ZRa f)7 0<r< §R7
whence
oo dr " dr Ky, nt=°
(3.20) /5 In |aR70(r)|T1+U < /5 In p(r, f)r1+a + o R T(2R, f),
0<o0<1,0<¢<n< 3R The next inequality follows from (3.17) and (3.20):
7 o o dr
1 - N N
/5 { nu(r, f) tan o (r,0)+ sinmo (r OO)} rito

K 1-0o
> 56" H(€) — Con™ " Hr(n) — 7—— =T 2R, f).
1-0 R
Let = %R in this inequality. Since, by Lemma 3.2, the inequality Hpg(n) <
4T'(2R, f) holds, we get the inequality

(3.21) /5

where the constant C7, 0 < C7 < oo, does not depend on £ and R.

Let £ > 0 be an arbitrarily large number. Choose £ > &, such that Hg(§) > 0
for R > 2£. Such choice is possible because otherwise the function f(z) would
be an entire function without zeros, and Lemma 6.2 from Chapter 1 would imply
F(2) = £(0) = 1.

Assume that o in the inequality (3.21) satisfies the condition A < ¢ < 1. Then
liminfp ,0o R7°T(2R, f) = 0, therefore the number R > 2¢ can be chosen in such
a way that the right-hand side of (3.21) is positive. From here it follows that for
some r > & the integrand in the left-hand side of (3.21) is also positive. Since &g
is arbitrarily large, we get the statement of the lemma. O

(NI

R
{nur, )~ 27 NG, 0) + -TTN(r,00)}

tan o sin mo

> Cse~Hp(€) — CrR-"T(2R, f), 0 < £ < %R,

ProOF. Now we proof Theorem 3.2. We may assume that the function is
transcendent, because for rational functions the theorem is trivial.

By Theorem 2.1 from Chapter 4 we can find a number a # oo, such that
N(r,a,f) ~T(r,f). Let

f(z) —a

crpzk

fi(z) =
where ¢, is the first non-zero coefficient of the Laurent series of the function f(z)—a
at z = 0. Observe that f1(0) =1,
N(r,o00, f1) = N(r,00, f) + O(Inr),
(3.22) N(r,0, f1) = N(r,a, f) + O(lnr) ~ T(r, f),
In" p(r, f1) <In™ p(r, f) + O(lnr).

By Lemma 3.4, for each o, A < ¢ < 1, and each € > 0 there exists a sequence
rn — 00, such that

o
1n+ /J“(TTM fl) Z

{cos o N(rp,0, f1} — N(rp, 00, f1)} — €.

sinmwo
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Dividing both parts of this relation by T'(r,, f) and using the relations (3.22)
we get

" p(r, f) _ w0
. S _ '
hillsogp T ) = snno {cosmo — 1+ &(oc0, f)}

Letting o tend to A\, we get the statement of the theorem. Note that we have not
used the condition A < 1/2, however, for 1/2 < X < 1 the right-hand side of (3.2)
cannot be positive and the theorem becomes trivial. O

The following corollary of Lemma 3.4, complementing Corollary 1 of Theorem
1.3, is of interest.

COROLLARY. An entire function f(z) of lower order A < 1/2 cannot have finite
deficient values.

Obviously, it suffices to prove that §(0, f) = 0. We may assume without loss of
generality that f(0) = 1. By Lemma 3.4, for each € > 0 and each 0, 1/2 < 0 < 1,
there exists a sequence ry — oo, such that

In pu(ry, f) > mocot moN(ry,0) — e,

whence
1

w(re, f)

Since the right-hand side of this inequality is positive (1/2 < o < 1), we can
replace In by In™ in the left-hand side. Taking this into account, we get

In < —mo cot moN(rg,0) + €.

+_1
.. .m(r,0) . In u(r,f)
_ < M)
50.1) = it 7 < it =
+
o MmN . N(ry,0)
< liminf — 20 < _ 25 cot mo lim sup ——2—
T k—oo T(Tk, f) - k—><><>p T(TIW f)
< wocot wa(1 — (0, f)),
whence
—mo cot mo
6(0 < —F.
0.f) < 1 —7mocotmwo

Letting o tend to 1/2, we get §(0, f) = 0.

The method used in the proof of Theorem 3.2 can be used to get many different
relations connecting the asymptotic behavior of a meromorphic function with the
distribution of its zeros and poles. We restrict our attention by the following result.

THEOREM 3.3. Let f(z) be a meromorphic function of lower order X < 1/2
such that

fim ML)
r—00 Inr

If 0 < A < 1/2, the inequality

. In u(r, f) . . N(r, f)
(3.23) hgsogp I M (r, ) + wAsinTA h?ljip W M(r, f)

holds. This inequality remains true for A = 0 provided

N(r, f)

li SRR UL e .
P MG, )~

> cosmTA
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To prove Theorem 3.3 we need the following lemma, analogous to Lemma 3.3.

LEMMA 3.5. Foralla andb, 0 <a<b< oo, ando, 0 <o < %, the inequalities

b
(3.24) /a {In|1 —z| —cosmfln(l_1_35)}33—1—0(113c

> Csa™ % In(l1+a) — Cob™7 In(1 + b),

b
(3.25) /a {cosmaln|l — 2| — In(1 + z) + mosinmo Int 2}z " 7dx

> Crpa 7 In(l+a) — C1107 7 In(1 4+ b)

hold, where Ci, 0 < C < 00, k = 8,9,10,11, are constants which do not depend
on a and b.

This lemma is a corollary of Lemma 3.3. In fact, if we multiply (3.12) by cos o
and add the result to (3.11), we get (3.24). If we multiply (3.11) by cosmwo and
add the result to (3.12), we get (3.25) (we take into account that 0 < o < 1/2 and
hence cosmo > 0).

Next we prove a lemma analogous to Lemma 3.4.

LEMMA 3.6. Let f(z), f(0) = 1, be a meromorphic function of lower order
A < 1/2. Then for each o, A < o < 1/2, the inequality

(3.26) lim sup{In p(r, f) + 7o sinmo N (r,00) — coswoln M(r, f)} >0
7—00

holds.
PrOOF. Using the change of variable in (3.24) and (3.25) we get the inequalities
LT

n
/ {ln —cos7o In <1 + L) } r 1 =%dr
(324/) 3 |au| |aﬂ|
—In (1 + |br_l,|> + rosinwoln™ ﬁ} e

> Cs¢In (1 + i) — Con~In <1 + 1),
|ay| |aul
n
/ {cos o In
1
o £ o U
2 CIO£ In(1 + m - 01177 In(1 + m 5
where ¢ and 7 are arbitrary numbers satisfying the condition 0 < £ < < 00, a,
are zeros of the function f(z), b, are its poles. Using these inequalities and the
argument similar to the used in Lemma 3.4, we get

n
/ {In|é&pr,o(r)] — cosmoln|dg,o(—7)|
3
dr —0 —0o
e = Cr2 THR(E) — Cian” " Hr(n),
where 0 < £ <9 < R, C12 = Cs + C11, C13 = Cg + Cy1, and &po(z) is defined by
the formula (3.18).
As in the proof of Lemma 3.4 we represent the function f(z) in the form (3.19).
Obviously

(3.27) M(r,aryp) < |&r,o(—r)|,

dr

r
1— —
by

(3.17")

+7mo sinwoN (r,00)}
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therefore
M(r, f) < M(r,aro)M(r,wro) < [&ro(=7)|M(r,wr,0),
from where, using the estimate (3.5), we get

—In|agro(—r)| < —InM(r, f) + In M (r,wgr,o)

< —InM(r, f) + KI%T(zR, £, 0<r< %R,

whence
m 5 dr n dr K, nt—°
(3.28) /£ (—1n|aR,0(—T)|)r1+a S/£ (—lnM(r,f))rHU + T~ R T(2R, f),
1 1
O<a<§, O<£<n§§R.

Using (3.17'), (3.20) and (3.28) we get the inequality

g d
/ {lnp(r, f) — cosmoIn M (r, f) + wo sinwo N (r, oo)}TrU
I3 T
2K 1-0o
< C1a§ Hr(§) = Cran” " Hr(n) — 7= ——T(2R, f).
Repeating the argument used in the proof of Lemma 3.3 to derive (3.14) from (3.21),
we get the relation (3.26). O
PrOOF OF THEOREM 3.3. We apply Lemma 3.6 to the function f1(z) = ng,
Cpz

where ¢y, is the first non-zero Laurent coefficient of f(z) at z = 0. We get that for
each o, A < 0 < 1/2, and each € > 0 there exists a sequence r,, — 0o such that

(3.29) Inp(ry, f1) + mosinwo N (ry,, 00, f1) > cosmoln M(ry, f1) — €.
Taking into account
N(r,oo,fl) = N(T,Oo,f) + O(lnr),
InM(r, f1) =InM(r, f) + O(Inr), Inp(r, f1) =lnu(r, f) + O(lnr),
and dividing both parts of (3.29) by In M (r,, f), we get

. ln,u(r, f) . . N(T’,OO,f)
1 — 1 —_—
1&5£p In M(T, f) + mosm o lgS;p n M(’r, f)

Letting o tend to A, we get the relation (3.23). O

> cosTo.

EXERCISE. Prove that

) T(r, f) sin wA
. 1 >
(8:30) P ImMr f) = A

for each entire function f(z) of lower order 0 < A < 1, with the help of the method
used in the proofs of Theorems 3.2 and 3.3.

HiNnT. It suffices to prove that

. N(r,0) sin wA
3.31 | >
(8:31) P ImMr, f) = A
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We may assume without loss of generality that f(0) = 1. Let a, be zeros of the
function f(z). Using the inequality (3.12) we get

7
/ { o 1n+L_1n<1+L>}d_r
¢ |sinmo la| |a] rito

>03§—“1n<1+i>—C4n—f’1n<1+i>, 0<o<1,0<E<n< oo

|al |al
Adding over all a,, |a,| < R, we have

T wo 5 dr
/£ { =N (,0) ~Infaro(—1)} 75

sin To

> C56 Hp(§) —Cyn °Hgr(n), 0<o <1, 0<&<n<R,

where dp o(z) are defined by the relation (3.18) (poles b, in this case are absent).
Next, using the representation (3.19) and the estimate (3.28) we arrive at the
inequality (O <oc<l,0<¢é<n< %R)

/; { "7 _N(r,0) - lnM(r,f)} r%

sinmwo

1-0o

> O3 Hnl€) — Can™* Hiln) — 1= T(aR, ),

from where we get (3.31) using the same argument as at the end of the proof of
Lemma 3.3.

The relation between ln p(r, f) and In M (r, f) is of interest for entire functions.
THEOREM 3.4. Let f(z) be an entire function of lower order A < 1. Then

1
(3.32) lim sup Inpulr, ) > cosTA.

rooo 0 M(r, f)

PROOF. In the case 0 < A < 1/2 this theorem is an immediate corollary of
Theorem 3.3. Consider the case 1/2 < A < 1.

Observe that the inequality (3.24) takes place also for 0 < o < 1. To show this,
it is enough to set

- dx
o(a) = /a {In|1 — z| — cosmo In(1 + x)}m’

and, using (3.13) (b) and (c), to argue in the same way as in the proof of (3.11) in
Lemma 3.3. Therefore (3.24) holds for 0 < o < 1 also. From here, adding over a,,
lay| < R, we get

K 3 3 dr
/ {In|é&g,o(r)| — cos7mln|aR70(—7‘)|}m
(3.33) ¢

1
> Cs¢ “Hp(§) —Con °Hr(n), A<o <1, 0<&<n< §R,

where g o(2) is defined by the inequality (3.18) (poles b, in this case are absent).
Next we use the representation of f(z) in the form (3.19).

Since cosmo < 0, we cannot, using (3.20) and (3.28), get from (3.33) and
inequality with the left-hand side equal to

/n{lnﬂ(r f) —cosmoln M(r f)}i
14 ' ’ plto’
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To prove the theorem we argue in the following way.
By (3.5) we have (0 < £ <n < iR)

" In p(r, wr,o) Ki n™°
/g TleT Z —1 _J?T(QR,JI:)

Multiplying this inequality by 1 — cosmo, and adding the resulting inequality
to (3.33), we get

n d
/ {In|&r,o(r)u(r,wro)| — cosmoIn [&r,o(—7)u(r, WR,0)|}TI%
¢
2K, n=°
> Cs¢ " Hr(€) = Con“ Haln) - {—= =T (2R, f),

1
0<o <1, 0<§<n§§R.

From here, arguing in the same way as at the end of the proof of Lemma 3.4,
we conclude that for each fixed o, A < ¢ < 1, there exist sequences {R;}7°, and
{re}s2 s limg oo R = limy_yo0 g = 00, 1 < %Rk, such that for R = Rg, r = 1y,
the inequality

In|ago(r)u(r,wro)| —cosmoln|dgo(—r)u(r,wro)| > 0
holds. Adding In|&g,o(—7)u(r,wr,0)| to both sides and exponentiating, we get

|1+cos 7ro"

(3.34) |Gr.0(r)ar,o (=) |1 (r,wr0) = |dro(—r)u(r,wr,o)
If 7y is a point on the circle {|z| = r} for which |ag,o(2)| = u(r, ar,0), then we have
M (r,aro)u(r; ar0) = |aro(=2)ar,o(z0)|
52
I t-2{= 11
lau|<R la,|<R

2
Therefore, by (3.34) and (3.27) we get

7,2

1 1
|au]?

= |ar.o(r)aro(=r)|-

ay

M(r,aro)u(r, om,o)/ﬂ(r, wro) > {M(r,aro)p(r, wR’O)}1+cos wo,

whence

}COS o

p(r; o) p(r; wro) = {M(r, ar,0)p(r, wr,0)
Observing that
M(r, f) > M(r,ag,0)u(r,wr,0),
and using (3.19'), we get
pu(rs £) =AM (r, )07, 1 =1,
and thus

Cp(rf)
tm Sup {0 )

Letting o tend to A we conclude the proof of the theorem. O

> cosTo.
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Theorems 3.2 and 3.4 imply the following result

COROLLARY 1. Each entire function f(z) of lower order 0 satisfies:

In p(r, f) In (7, f) T(r, f)

lim sup ————= = lim sup =limsup ———— =1

rooo L(r, f) r—oo INM(r, f) r—oo I M(r, f)
In fact, Theorems 3.2 and 3.4 imply the inequalities

In p(r, f) In p(r, f)

n n
lim su > 1, limsup —————— > 1.
e T ) = P M ()
Since Inpu(r, f) < m(r,f) = T(r, f) < In* M(r, f), then the inequalities in the
opposite direction are trivial. If the inequality

T(r, f)

li — <1,
1£S£p In M(r, f)

were true’, we would have

In pu(r, f) In pu(r, f)

n
li ——= > 1 —
el (O )

Theorem 3.4 implies also
COROLLARY 2. Each entire function f(z) of lower order A < 1 satisfies

In p(r,
ligsogp ﬁ > 1.
In fact, let F(2) = f(2)f(—z). Then A[F(y/z)] = A1 < 1/2. The inequality
(3.32) implies, that
. In pu(r, F(z . In pu(r, F(y/z
hgs()lip m = hﬁs@gp W
Hence for each € > 0 there exists a sequence 7, — oo such that
Inpu(ry, F(z)) > —eln M (r, F(2)).

?Et itfis clear that u(r, F(2)) < u(r, f(2))M(r, f(2)), M(r, F(2)) < {M(r, f(2))}>

> cosmA > 0.

Inp(re, f) > —(1 4 2¢) In M (rg, f),

from where the statement of Corollary 2 follows. The exactness of the obtained
estimate is shown by the example f(z) = e*.

Now we consider examples showing the exactness of Theorems 3.1-3.4.

To verify the exactness of Theorems 3.2 and 3.3 it suffices to show that for
each A, 0 < A < 1/2, there exists a meromorphic function f(z) for which (3.2)
and (3.23) are equalities. We can ask the following more general question. Let the
numbers 0 < A < 1/2; A < p < 00, 1 —coswA < dp < 1 be given. Does there
exist a meromorphic function f(z) of order p, lower order A, with (oo, f) = do,
and such that (3.2) and (3.23) are equalities for f(z)? An answer to this question
in the full generality is unknown. Now we shall get the affirmative answer under
the additional conditions A > 0 and p < 1.

"Note that for entire functions of lower order 0  the inequality
limsup, _, o T(r, f)/In M (r, f) > 1 follows also from (3.30).
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EXAMPLE 1. Let 0 < A < p < 1, f(z, u) be a canonical product of genus 0 with
positive zeros, such that n(r,0) ~ ur"), where 0 < u < 1, I(r) is a differentiable
on [rg,00) function, lim, . ri’(r) =0,

(3.35) limsupi(r) = p, iminfi(r) = A
r—00 r—00
By the asymptotic formula (5.23) from Chapter 2, for each n > 0 the relation
. cosl(r)( — ) |
. 1 P — N T R () I(r)
(3.36) n|f(re', u)| =u S l() '\ 4 o(r'"))

holds uniformly in ¢, n < ¢ < 27 — 7. Defining f(z,0) = 1, consider the function

f(zu)
f(_Z7 U) ’
By (3.36), for each n > 0 the relation

In |fuv(rei¢)| =

(3.37) fun(2) =

u>v2>0, u>0.

W{“ cosl(r)(p — ) — veosl(r)e}r!™ + o(r(M)

holds uniformly in ¢, n < ¢ <7 —n. Since fuu(2z) = fuv(Z), we have

1 [™ :
m(r, fuv) = ;/0 In* |fuv(7‘eup)|d§0’

and using Theorem 7.4 from Chapter 1, we get

m(r, fuv) = if(u,v,l(r))rlm + o(r'(M),
I(r)
where
I(u,v,7) = — / {ucosy(p —m) —vcosyplTdp, 0 <~ < 1.
sm7ny Jo

By formula (5.6) from Chapter 2 we have

(3.38) N(7, fus) = N(1,0, f(z,v)) = %rl(r) +o(rl™),
and hence
(339) T(T’, fuv) = i{I(uv v, l(T)) + 'U}Tl(r) + O(Z(T))7

1(r)

o I(u,v,1(r))
000, fun) = Hmint 7oy + o

By virtue of (3.35) and (3.39) the function f,,(z) has order p and lower order .
Straightforward computation gives:
I(u,v,y) =u—wv, if ucosym > v,
oy 1/2
I(u,v,y) = u2+<w> } —wv, if u>v > ucosym.
sin vy

It is not difficult to determine that I(u,v,v) is a non-decreasing function of ~.
Therefore

(3.40) 5(00, fup) =~ N

I(u,v,\) + v
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Imposing the conditions 0 < A < 1/2 and wcos Aw > v on the parameters A, u, and
v, we get

(3.40") 0(00, fuv) = "

It is easy to see that selecting v, 0 < v < wcos A, in a suitable way, we can
give §(00, fuy) an arbitrary preassigned value dg, 1 — cos A\r < §p < 1.
Now we estimate from above

u—v

n (7, fuv)

limsup ————=

r—00 T(T7 fu’l}) '
Obviously,

Inp(r, fuo) = In|fuu(r)| = In[f(r,u)| = In[f(-r,v)|.
The formula (3.36) does not allow to find an asymptotic formula for In|f(r,u)|.
However, since |f(re?, u)| > |f(r,u)| for each n > 0, we have the following estimate
from above:

Inpu(r, fuo) < In|f(re'™, u)| = In|f(=r,v)l

(3.41) __T ) 4 ()
= Sl {ucosl(r)(m —n) — v}r'"™ + o(r"\").
Using (3.39) we get
lim sup AT Fu) g o D00, L), )

rooo LT fuv) rooo I(uyv,l(r)) +v’
where

D (u,v,7,m) = (ucosy(m—n) —v), 0 <y <1

sin
It is easy to see that

lgﬁ(u,v,%O) :usin27w—27r7 +U7r’ycos7w—sin7r7'
m™ oy

2sin? 7y sin? 7y
Since for 0 < v < 1 the inequalities 27y > sin 27y and sinzy > 7wy cos 7y hold,
then

0 ¥ 0)<0,0<y<1

2 v\, v,7, ’ )

By Y Y
therefore the number 1 > 0 can be chosen to be so small that the conditions

0 A

-0 s Us 'l < 07 a S <1

v CRR)) 5 S
are satisfied. Then the function ¥(u, v,,n) is non-increasing for % < v < 1. Taking
into account that I(u,v,7) is a non-decreasing function of v, we get

1 uv 19 ) ) A?
Jimm sup np(r fuw) - (0 A7)
rooo  1T(7 fuv) I(u,v,A\) +v
Since this inequality holds for each sufficiently small > 0, we have
: In pu(r, fuv) Hu, v, A, 0) TA UCOSTA — v
lim sup < = — .
rooo L7y fuv) I(u,v,\) +v  sinwA u

Together with (3.40") this gives

. In (7, fuv) TA
1 <
I,I,Iisc,lip T(r, fuy) ~ sinmA

{COST(')\ -1+ 5(007 fuv)}a
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moreover, since the right-hand side of this inequality is non-negative, we may replace
In p(7, fun) by In™ p(r, fur) in the left-hand side.

Comparing with (3.2) we see that for the function f,,(z) it becomes an equality.

Let us show that for the function f,,(z) the inequality (3.23) also becomes an
equality.

Since for each n > 0 the inequality |f(re?,v)| > |f(r,v)| holds, we have

1HM(T7 fuv) =In |f(—7", u)| - 1H|f(7",’l))| >In |f(—7", u)| - ln|f(re“7,v)|

__ T _ _ U(r) U(r)
Sl {u—wvcosl(r)(m —n)}r'""™ + o(r'\"),
from where, by (3.41) and (3.38) we get
. 1HN(T7 fuv) .
3.42 limsup ————= < limsup ¥ (u, v, (1), n),
(3.42) BSUD LT fu) = LSUP 1(u,v,1(r),n)
. N(T7 fuv) .
3.43 1 — <1 9 l
(3.43) S T f) 0 SUP 2(u, v, 1(r),m),
where
ucosy(m—mn) —v
191(1,6,’[),"}/,77) = ,.Y( 77) ’
u—wvcosy(m—n)
sin v
192(“7’077777) = 2

Ty u—wvcosy(m—n)

Since 9;(u,v,7v,7n), j = 1,2, are non-increasing functions of ~y for sufficiently small
71, we may replace [(r) by A in the right-hand sides of (3.42) and (3.43). Letting,
after that, n tend to zero, we get

Inpu(r, fuv) _ wcosAm —wv

3.44 li
(344) e In M(r, fuv) ~— u—vcosAmw’

N(r, fuv) < sin wA v

li .
lﬁs;ip InM(r, fun) = 7TA u—wvcosAm
Thus
. ln,u(r, fuv) . . N(T7 fuv)
limsup —————~ + wAsinwAlimsup ——————
T%oop In M(?“, fuv) r%oop In M(’I“, fuv)
< M + sin? 71')\# = COS \T.
U — U COS AT U — UV COS AT

Hence, if 0 < A < 1/2, then the sides of (3.23) are equal for function fy,(z).

Observe, that in our proof of the inequality (3.44) we did not use the conditions
A < 1/2, ucosmwA > v, hence, the inequality (3.44) holds for 0 < A < 1 and u > v.
For v = 0 we get

. In /14(73 qu)
hm sup ——————
e P I M(r, fuo)

But the function fy0(z) = f(z,u) is entire and, thus, for each A, 0 < A < 1 and
each p, A < p < 1, we have an example of an entire function of order p, lower order
A, for which (3.32) is an equality.

< cos AT.
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EXERCISE. Prove that the function f,0(z) satisfies:

sin A 1
y T(rfuw) _ ) 0<A<%
imsup —————~ = ¢ 7§
r—oo 1HM(T7 qu) — Lox<l.
7w’ 2=

Thus, for each A and p, 0 < A < 1/2, A < p < 1, there exists an entire function of
order p and lower order ), for which (3.30) is an equality.®

EXAMPLE 2. We show that for each g, 0 < dp < 1, there exists a meromorphic
function f(z) with A = p = 0 such that §(oc0, f) = dp and

(3.45) lim sup % = §(o0, f),
(3.46) 1i7{lisogp % =1, ligs;}p % < 00,

that is, there is an equality in (3.2) and (3.23).

Let p(r) — 0 be a proximate order, such that rP(") 4 00 as r T co. Denote
by g(z,u) the canonical product of genus 0 with positive zeros, such that n(r,0) ~
ur?("). By the asymptotic formula (5.28;) from Chapter 2, for each n > 0 the
relation

(347)  In|g(re®,u)| = (1 +o(1))N(r,0,g(z,u)) = (u+0(1))/ tPM=1 gy

1
holds uniformly in ¢, n < ¢ < 27 — 5. Defining g(z,0) = 1, consider the function
9(z,u)
g(_z7 ’U)
The relation (3.47) implies that for each n > 0 the relation

In [guy (re’?)| = (u — v+ o(1)) / 7=t
1

Juv(2) = , 0<v<u<oo, u>0.

holds uniformly in ¢, n < ¢ < 27 —n. Whence, with the help of Theorem 7.4 from
Chapter 1, we get

1 [7 . r
m(r; uv) = —/ In Iguv(re“")ldwz(U—v+o(1))/ P01y
™ Jo 1
Since

N(T, guv) = N(T', O,Q(Z,’l))) = (1) + 0(1)) ‘/lr tﬂ(t)*ldt’

we have

T(r, gu) = M(T, Gu) + N(ry guv) = (u+ o(1)) / 101 gy
1

8There exists an entire function g(z) of order p and lower order X\, 0 < A < p < oo, for which

sin A 1
I T(r,g) _ N 0< A< bR
imsup ———=— = 1
r—oo InM(r,g) %</\<007

Ev
(see M.N. Sheremeta [She69]).



3. MEROMORPHIC FUNCTIONS OF ORDER LESS THAN 1/2 217

and, hence,

 liing P Gw) v
9(00, guv) = liminf 757 "5 = —

Obviously, fixing v > 0 and choosing v, 0 < v < u, we can give (00, gyy) an
arbitrary preassigned value g, 0 < §p < 1. Since In u(r, f) < m(r, f), we have
: In p(r, guo) _ .. m(r, gu) U=V
limsup —————= < limsu = = §(o0, .
S T, gus) e T, gu) w0 I)
Comparing with (3.2) for A = 0, we see, that (3.45) holds for f(z) = guv(2).
Since In™ M(r, f) > m(r, f), for v < u we have

N N
lim sup (, guv) < lim sup (r: Guo) =Y - 00,

r—oo InT M(T7 guv) —00 m(r, guv) uU—v
that is, the second relation from (3.46) holds. The first of the relations from (3.46)
follows from the trivial inequality u(r, f) < M(r, f) and the inequality (3.23) for
A=0.

EXAMPLE 3. We show that Theorem 3.1 ceases to be true if we replace < by
<in (3.1) (it is clear that this does not follow from the previous examples).

For this, for arbitrary A and p satisfying 0 < A < p < 1/2, we construct a
meromorphic function f(z) of order p and lower order A, such that |f(—r)| < 2,
0 <r < oo and §(o0, f) =1—cosmA.

Let g(z,u) be a function defined in the same way as f(z,u) in Example 1, with
the only difference that the condition (3.35) is replaced by the condition

liminfl(r) = 2, limsupl(r) = 2p.
r—o0 r—00
Let
9(z,1)
g(—z, 1) .
As in Example 1, we get that for each n > 0 the relation

{cosl(r)(p —m) — cosl(r)go}rl(r) + o(rl(r))

g1(z) =

In|g1(re'?)| = s l(r)

(3.48) = 7(3057@ {sinl(r) (np - g) } i) o(rt(M)
2

holds uniformly in ¢, n < <7 — 7.
Consider the function

92(2) = g1(2) + g1(—2).
From (3.48) we see that
g1(re"?) —= 0, gi(—re?) — 0o as r — +oo
uniformly in ¢ for n < ¢ < & —n, and, hence
g2(re’?) = (1 + 0(1)ga(—re™®),
and

g1(re?) — o0, gi(—re?) =0 as r — +oo



218 5. ASYMPTOTIC PROPERTIES

uniformly in ¢ satisfying 5 +n < ¢ < 7 —n, and hence

g2(re’?) = (1 + 0(1))g1(re’?).

Therefore the relation
. T . - ) i
In |go(re'®)| = 0 {Sln (l(r) ‘90 — 5’)}rl( ) 4+ o(rl( ))
oS~

holds uniformly in ¢ satisfying n < o < § —nor 5 +n < ¢ <7 —7. Applying
Theorem 7.4 from Chapter 1 we have

1 [ -
mirgo) =+ [ 1% ga(re®)ldg
0

m se D) 5
Since
2
N(r,00,g2) = 2N(r,00,41) = Z(—T)rl(r) +o(rl),
we get
2 l
T(r,g2) = W sec WT(T)TZ(T) + O(rl(T)).

Since the function g2(z) is even, the function f(z) = g2(1/7) is univalent and,
hence, meromorphic. By the corollary of Theorem 6.6 from Chapter 1 we have

T(Tv f) = T(\/F, 92)
(3.49) _ 2 M) e Yo (Tél(ﬁ)) 7

5(00, f) — timint ) i g mOVT592)

r—00 T(T,f) —00 T(\/R g2)
= liminf <1 — cos M) =1—cosmA,

r—00

and also, it is clear from (3.49) that f(z) has order p and lower order A.

Since g(z, 1) is a canonical product with positive zeros, we have g(z,1) = g(z,1).
Therefore |g(iy,1)| = |g(—iy,1)|, —c0 < y < oo, and hence |g1(iy)] = 1 and
lg2(iy)| <2, —00 <y < co. Thus |f(—r)] <2,0<r < o0, QE.D.

4. Bounds for the sum of two deficiencies and related problems

In Section 1 of Chapter 4 we saw that a meromorphic function of non-integer
order cannot have more than one Borel exceptional value. Examples given in Section
4 of Chapter 4 show that this result does not immediately carry over to deficient
values. However, it turns out that a meromorphic function f(z) of a non-integer
order p cannot have two deficient values, a and b, with the sum d&(a, f) + §(b, f)
close to 2.
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More precisely, for each non-integer p > 0 we can find a positive number d(p),
such that for each meromorphic function of order p and for each a # b, the inequality

(4.1) 6(a, f) +46(b, f) <2—d(p)
holds.

This result can be easily obtained using the corollary of Theorem 4.2 from
Chapter 2 (p. 7??7). First we observe, that it is enough to prove (4.1) for a = 0,

b = oco. In fact, if a # oo, b # oo, for the function fi(z) = LZ) :Z
plfi] = plf] = p, 0(0, f1) = d(a, f), 6(c0, f1) = 0(b, f), and the inequality §(0, f1) +
§(00, f1) < 2 —d(p) implies (4.1). If a # o0, b = oo, we let fi(z) = f(z) — a.
Further, since

we have

(4'2) 6(07f) + (00, f) < 2—li7{ri>s£p %,

and, by the corollary of Theorem 4.2 from Chapter 2
. N(r;0,00) _ sinw(p — [p])
lim sup > ,
r—oo  T(r,f) Ci(ln])

where 0 < Cy([p]) < oo does not depend on f(z), we get (4.1) with d(p) =

| sinmpl/C1([])-

The problem about the best possible value of d(p) arises. By (4.2) this problem
is connected with the problem of the best estimate from below in terms of p of the
value

. N(r;0,00)
0 he
for meromorphic functions f(z) of order p. More general is a problem of the best
estimate from below of x(f) for meromorphic functions f(z) of order p and lower
order .
At present none of these problems is completely solved.® The existing results
are summarized in the following theorem.

THEOREM 4.1. Let

1, 0<z<1/2

_ Jsinmz, 1/2<z<1,

V(@) = |sinmz|[{2,22 + 0,5|sin7z|} 7, 1 <2< oo,
0, T = 00.

For each meromorphic function f(z) of order p < co and lower order A < oo, the
estimates

>
(4.3) ﬂ(f)_.;ggg;V(x%
(4.3") d(a, f)+6(b, f) <2— max v(z), a#b
A<a<p
hold.
In particular, for each meromorphic function f(z) of order p the estimates

(4.4) k(f) = v(p)

9If A < 0o and the sum of deficiencies is 2, then p = A = n/2 where n is an integer [A44].



220 5. ASYMPTOTIC PROPERTIES

(4'41) 6(a7f)+6(b7 f) < 2—V(p), a7é b
hold.

To characterize the accuracy of the estimates (4.4) and (4.4"), define a function
vi(x), z >0, as:

vi(z) = {'Si“”'{m +[sinme}L, [ <e<
|sinmz|{[z] + 1} 71, 2]+ 4 <z <[a]+1

Obviously

0,3v1(z) <v(z) <wvi(z), £ >1

(where the equality in the last inequality takes place for integer x only).
Exercise 1 from Section 1 of Chapter 4 contains an example of a function of
order p, such that

1 _6(07f) = H(f) = Vl(p)v 5(Ooaf) =1

Thus, the estimates (4.4) and (4.4") are the best possible for 0 < p < 1, and,
in certain sense, are close to the best possible for p > 1.

As for the accuracy of the estimates (4.3) and (4.3'), note that Exercise 2 from
Section 1 of Chapter 4, for each integer p > 0 and for numbers A and p satisfying
p <A< p<p+1, contains an example of a function of order p and lower order A,
such that

1-6(0, f) = k(f) = max 11(z), §(co, f) =1.

ALz <p

Thus the estimates (4.3) and (4.3') are the best possible for 0 < A < p < 1 and,
in certain sense, are close to the best possible if [p] < A < p, [p] > 1.

We can also add that the estimates (4.3) and (4.3") are the best possible for
0 < X <1/2. In fact, in this case maxy<z<,v(x) = 1 for each p > A. On the other
hand, for each entire function f(z) of order p and lower order A, the relations

, N(r,0)
1-46(0, f) = k() hﬁs;ip T ) <1, §(c0, f) =1
hold, and hence there is an equality in (4.3) and (4.3).

Note that Theorem 4.1 immediately implies the following statement, which
was already proved as a corollary of Lemma 3.4: an entire function of lower or-
der A < 1/2 cannot have finite deficient values. In fact, since §(oc0, f) = 1 and
maxy<q<, v(z) =1, letting b = oo in (4.3'), we get d(a, f) = 0 for each a # co.

Theorem 4.1 is a corollary of the following two theorems.

THEOREM 4.2. Let
vo(z) = |sinmz|{2,2x + 0,5|sin7z|}~, = > 0.

For each meromorphic function f(z) of order p < co and lower order co > A >
0 the estimate

(4.5) k(f) 2 max va(z)

holds.
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THEOREM 4.3. For each meromorphic function of lower order 0 < A < 1 the
estimate

(4.6) w(f) > v(\)
holds.

In order to derive Theorem 4.1 from these theorems, it suffices to observe, that
for A > 1 the estimate (4.3) coincides with (4.5), and for A < 1

= A
)\I%l;l%(p v(z) = max {V( ), )\Iél;l%(p vy (a:)} ,

and the estimate (4.3) follows from (4.5) and (4.6). The estimate (4.3") is a easy
corollary of (4.3) and (4.2).
Now we turn to lemmas used in the proof of Theorem 4.2.

LEMMA 4.1. Let f(z), f(0) = 1, be a meromorphic function, and g > 0 be an
integer. If 0 <r < %R, the inequality

R N
2T (r, f) — N(r;0,00) < rq/ n(t; 0, 00)® <;> tm9 N dt
0

r\ g+l q
+Ci(5) TR +Caglr +1),

holds, where 0 < C1,Cy < oo are constants, which do not depend on r and R, and

1 (2 de
O(t) = — / _—
27 Jo  |te?® — 1|
PRrROOF. We have

2T (r, f) — N(r;0,00) = m(r, f) + m (7‘, %)
(4.7)

1 2 0
= 5x [ Imlfee?)jan.

Applying Lemma 3.1 we represent the function f(z) in the form (3.3). We get

1 27 0
3 | mlseenas
(48) 1 2

, 1 [ ,
<3 [ mlan(re i+ 5 [ il (re) a5

from where, by (3.4) and (3.5) we get the inequality

1 27 ;

o [ Imlfeeap < 3 @)+ Y 16.)
(49) \a,‘,|<R by |<R

+K1(

r

R

](a):%/ozﬂ

+1
)" TER.f)+Kaq(? +1), 0<r < SR

where

0
ln'E (7’2 , q)HdG, 0 < |a| < 0.
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Let us estimate I(a). Since
t9ei(a+1)0

0 0 0
tln|E(te s q)|_Re—lnE( q)ZRem,

0 ot
for 0 < 6 < 2w, 0 <t < oo, we have

) ] ) Ttedt
In|E(re® < [ |z In|E(te” dt</ —
e, gl < [ |G miee, ofar< [ gt

and hence, we get
1 [ ro.
I(a) = I(la]) = — E|—e" do
@ =1(a = 5 [ || (Fe.a) |

r/lal ¢  p2m do r/lal
< — ——— 3 tidt = 19 .
_/O {%/O |t610_1|}t dt /O £95 (1) dt

It is easy to see that ®(t) = 1@ (%), therefore we have the estimate

r/lal 1 0o
I(a) < / ti7 1o <—) dt = rq/ T ) (E) du.
0 t la| r

Using this estimate we get

S I(a)+ > I

In

lau|<R by |<R
o U o U
<7 E / Y ) (—) du + r? E / uwITlP (—) du
r r
la, |<R |2l b, | <R 10v]

Srq/ORdn(s;O,oo)/:o -9 1<I>( >du
=r? {n(R; 0, 0) /00 TR (%) du
R

+/OR n(s;0,00)s~ 97 1® (;) ds}

For 0 <r < iR, u > R, the inequality

2m
@(E):i/ b T o
T 2m Jo  |%e® —1] T u—r " "u

holds, and therefore

o0 o0
2
/ u T (E) du < 27'/ w2y = =
R T R q+1R‘1+1

Taking into the account the inequality n(R;0,00) < 4T(2R, f) (Lemma 7.1 from
Chapter 1), we get the estimate

> Iay)+ Y I(by)

lap|<R [bu|<R

4.10
| ) <l LL )+ /Rn (s;0,00) (f) s97 s
- g+1 Rqul 0 r '

The conclusion of the lemma follows from (4.7), (4.9), and (4.10). O
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LEMMA 4.2. Let
& 1
J(B) = / 1o <¥> dt, 0 < 3 <1.
0
The estimate
J(B) <4.4cscmf
holds.

PrROOF. We have

L[ A
:_/ d9/ t=Pdt '
T Jo 0o Vit2—2tcosf+1

Making the change of variable

t = cosf + sinftanp = M
cos
we get
1 T /2 s 51
1) = [ a0 [ feos(t - )} eosey .
0 -3

Changing the order of integration, we have

/2 +z
10 =2 [ ooy [ feosto - )} P,

T J—x/2

Since the second integral in the right-hand side of the equality

p+3
/0 {cos(d — )} Pdo =

is an odd function of ¢, we get

/2 /2
J(B) = —/ {cosgo}ﬁ_ldnp/o {cosw}Pdw.

™ —m/2

/2 0
{cosw} Pdw +/ {cosw} Pdw
—¢

Using the well-known formula

/2
/ {cosa}®da = ﬂi,
0

r(E)r
(e (1-3)
from where, by virtue of I'(z)['(1 — ) = 7 csc wx, we obtain
2

sin 312 (%) I2 (1 - g) '

i—g,weseethat ——<t<%,and

()2

we get

\_/

3

J(B) =

Letting t =

223
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Let us find the minimum of the function g(t) =T (2 +¢) ' (2 —t) on the interval
(—1,1). Using the well-known formula (see Whittaker, Watson [WW96, 12-16])

1;((5)) :_7_2_203{2;1_%}

n=1

(v is the Euler-Mascheroni constant), we get

g _I(3+1) F’(——t f:

gt) TG+t TE-t) S -t
Hence we see that
signg’(t) = signt

on the interval (—i, %) It indicates that

1 4
Thus,
2 4.4
J
(8 sin7BT4 (3) ~ sin7p
Q.E.D. 0

LEMMA 4.3. Let f(z), f(0) = 1, be a meromorphic function, ¢ > 0 be an
integer, k' > k(f), € > 0. It is possible to find Ry > 1 such that for R > 2Ry,
q+e<zxz<q+1-—c¢, the inequality

iR
(4.11) (va(z) — K') /R T(r, f)r_‘”_ldr <C3R*T(2R, )+ Cy

holds, where 0 < C3,Cy < 0o are constants which do not depend on R and x.

PROOF. Let Ry > 1 be such that N(r;0,00) < &'T(r, f) holds for r > Ry.
Lemma 4.1 implies the inequality

(2—=KNT(r, f) <t /OR n(t;0,00)® G) t~ 1 at

r\atl 1
e (E) TR, f)+2C2qr", Ro <7 < 5R.

z—1

We multiply both parts of this inequality by r~ and integrate with respect to r

from Ry to %R. We have

(2 -+ /QRT(r,f)rxldr

Ro

R R ¢
(4.12) S/ rq_‘”_ldr/ n(t;0,00)® <—> t~ 1 at
Ro 0 r

Cl _ 202(]
——R*T(2R .

=
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Denote the iterated integral in the right-hand side of (4.12) by I. Changing the
order of integration, we get

R iR ¢
I —/ n(t;0 oo)t_q_ldt/ ri* 1 <— dr
Ro r

R/(2t) 1
/ (t;0,00)t~ %~ 1dt/ wl 1P <—> du
Ro/t U

IN

R
J(z — Q)/ n(t;0,00)t "% 1dt
0
R
=J(z —q) {N(R; 0,00)R™7 4+ x/ N(t;0, Oo)tmldt}
0

R
= J(z —q) {N(R;O,oo)Rx + ac/ N(t;0,00)t™ " Ldt
1R

iR Ro
+x N(t;0,00)t " dt + z N (t;0,00)t™ " dt
Ro 0

Since

N(R;0,00) < 2T'(R, f) < 2T (2R, f),

R —x
1
m/ N(t;0,00)t™""1dt < N(R;0,00) <§R> < 29T2RTTT (2R, f),
1

s R

iR iR
x N (t;0,00)t™ " dt < m’/ T(t, £t~ tdt,
Ro RO

m/RO N(t0,00)t ™ Ndt < (g +1) {/1 N (t;0, 00)t~92dt
0 o 0
+ N(t;0, oo)tqldt} ,
1

and, by Lemma 4.2,

J(x —q) < 4.4| cscmz,
we get the estimate

44z’ (3B

~ | sinwx|

T(r, f)r—* " dr + CsR™"T(2R, f) + Cs,

where 0 < C5,Cs < 0o do not depend on R and x, g +¢ < x < ¢+ 1 —¢. Using
this estimate, from (4.12) we get

d4zk’\ (2R
(4.13) (2 — K - ﬁ) /R T(r, fyr—*"tdr < CtR™*T(2R, f) + Cs,
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where 0 < C7,(Cs < oo do not depend on R and z, ¢ +¢ < x < g+ 1 — &. Since

4.4xK' 4.4
2—k'— ﬁ = (va(z)—2") (1 + ﬁ) , multiplying both parts of the relation
-1
413) by (14 2 ) e get the inequality (4.11). O
( Y | ) oves quality
sinmx

ProOOF. Now we prove Theorem 4.2. We consider separately the following two
cases: (a) 0 < A < p < oo, (b) 1 <[p] <p=A We do not need to consider the
case 1 < [p] = p = A, since in this case the right-hand side of the inequality (4.5)
vanishes, and the conclusion of Theorem 4.2 is trivial.

The case (a). By the continuity of the function v»(z) it suffices to prove that
for each non-integer x, A < & < p, the inequality
(4.14) k(f) > va(x)
holds. Letting ¢ = [z], € = min(x — ¢,¢ + 1 — x), we apply Lemma 4.3. Note that
the quantities C5 and Cy in the inequality (4.11) could depend on ¢ and €, therefore
now they can depend on z, but this does not interfere with our argument.

Since z < p, we get

IR

lim T(r, f)r— " tdr = oo.
R—o00 Ro

Since z > A, there exists a sequence Ry — oo, such that
kli_>no10 R_“T(2Ry, f) = 0.
Therefore, letting R tend to co along the sequence Ry in (4.11), we get
va(x) — k' <0.

Since this inequality holds for each k' > k(f), it holds also for ' = k(f), that is
(4.14) holds.
Case (b). We prove that

r(f) = v2(A).

1
Let A(r) be the lower proximate order of the function T'(r, f), ¢ = [\], € = 3 min(A—

¢, +1—X). We choose Ry > Ry so large, that for » > Rj, the inequalities
g+e<A(r) <g+1—eand T(r, f) > 2r*™) hold. Letting z = A(R) in (4.11), we
get the inequality

R
(415)  ((A(R)) — &) /R T(r, f)r 2B =1dr < CsRAPDT(2R, f) + Cu.

By the result of Exercise 2 from Section 2 of Chapter 2 we have
IR
lim T(r, f)r A =1gy

R—o0 Ro
R} 1 [3R
/ T(r, fr 2 =1gr 4 5/ A=A =L g b — oo,
Ro R},

=

> lim {
R—o0
The definition of a lower proximate order implies that there exists a sequence

Ry — oo, such that
. —A(Rk)
lim R, T(2Ry, f) < oo.

k—o0
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Letting R tend to oo along the sequence Ry, we get the inequality v2(A)—k' < 0,
which, in turn, implies (4.5). The proof of Theorem 4.2 is completed

O
Now we turn to lemmas used in the proof of Theorem 4.3

LEMMA 4.4. Let

0T

be a meromorphic function of genus zero. Let

a@):l}(u@) {1:[<1+ﬁ)}1

m(r

Then

y@) 2 m(r, @), T(r,&) =2 T(r,a).

PROOF. Let a,, = |a,le!®, b, = |b,|e®’*. We fix 7 > 0 and denote by D the
set of those values of , —m < 6 < 7, for which |a(re?)| > 1. Let D(a,) be the set
of those values of §, —7 < § < m, for which 6 + a, + 7 € D( mod 27), and D(b,)
be the set of those values of , —m < 0 < 7, for which 6 + 8, € D( mod 27). It is
clear that d = mes D = mesD(a,) = mesD(b,). We have

m(r, @) = %/ilnﬂa(m“’)me: iﬂ/Dln|a(7‘ew)|d9
_Z / ‘1——‘d9+22ﬂ/_1 ‘1——‘d9
610
I B PRy B
Since the functions In |1 + <

o] ‘ and — In
by Lemma 7.2 from Chapter 1, we have

|au|

de.

i0 .
T } are decreasing on [0, 7] and even,
v

i0 imesD(ay,) i0 id i0
/ In|14+ ¢ deg/ In|1 4+ ¢ de—/ n|1 4+ 25| de,
D(a,) |au| —1mesD(a,) |au| —1d |au|
i0 ImesD(b,) i0 1d i0
/ Y deg/ —ln‘l re de—/ —1n’1—£ do.
D(b,) |bl/| —LimesD(b,) |b | —id |bl/|
We get

14

610
W [ e
m %d |u| Z 1d |b|
d

A 1 (7
In | (—re?)|dd < —
2 2m

—T

w

do

In" |&(—re?)|dd = m(r, &).
Since N(r,a) = N(r, &), we conclude

T(r,a) =

m(r,a) + N(r,a) <m(r,&) + N(r,&) =
QE.D.
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LEMMA 4.5. Let f(z), f(0) = 1, be a meromorphic function of of genus zero
with positive zeros and negative poles. Denote by A the (possibly, empty) set of
those values of r, 0 < r < oo, for which at least one of the following equalities is
true

1
T(r,f) = NG ) T ) = N (7 7).
For each v ¢ A there exists 8 = ((r), 0 < B(r) < m, such that the equality

@16)  T(rf) = /O Y <t, %) K(t,r, B)dt + /O TN DK (4 — B)dt

takes place, where

1 rsin g 1 1
K(t,r, o) = — — 1 _ g<p<
(t:m ) mt2+ 12— 2rtcosp MY reiw r=T

PrOOF. We choose a single-valued of In f(z) satisfying ln f(0) = 0 in the region
{Imz > 0} U {|z| < ¢}, where g is so small that f(z) # 0,00 for |z| < ¢g. We have
the representation

lnf(z)—/oooln<1—§) dn (t,%) —/Oooln<1+%) dn(t, f), Imz > 0,

from where, integrating by parts twice, we get

o 1 dt o dt
4.17) 1 =— Nlt,=)|——— N, f)——, I 0.
@10 e == [N (07) g s [ NN e

1 .
Fix r ¢ A, then m(r, f) > 0 and m <r, ?> > 0. Since the function In |f(re?)|

is an increasing function of 6 on [0, 7], we get from here that In|f(r)] < 0 and
In|f(—r)| > 0. Denote by 8 = 8(r), 0 < B(r) < 7 the number determined by the
condition In|f(re?”)| = 0. Observing that In |f(re?)| is an even function of 6, we
get forr ¢ A

i8
1 s . 1 T . 1 re
m(r, f) = ;/ In™ |f(7“e“9)|d9 = ;/ﬁ 1n|f(re“9)|d9 = }gr}r ;Im/ , lnf(z)%.

0
By virtue of the representation (4.17) we get

i8

1 > 1 Tt de
m(r’f)_?m{lm/o (o) 5
8
o0 re dz

I N(t, f)dt %z

+m/0 ( f) /reiﬁ (Z+t)2}

1 *° 1 1 1

=—1i Nt = ]|I . - — dt
Wéglgr{/o <’f>m[re“5—t rezﬁ—t}

N(t, f)Im | — -—
+/O (t, f) {re“s i t] dt}

- /oo N <t, l) K(t,r, B)dt + /OO N, K (tr, 7 — B)dt
0 f 0

[e )

— lim N <t, 1) K(t,r, d)dt — lim N(t, /YK (t,r,m — d)dt.
0 f d—m

S—om 0
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From the estimate

K(t,?", 6) S

1 rsind =«

-, = <d<m,
TrZ 427 2 —

and the convergence of the integral

00 1 Ly
- d
/0 N <t, f)t t,

o 1
lim N <t, —> K(t,r,6)dt =
s—=m Jo f

it follows easily, that

We show that

oo

(4.18) lim N(t, f)K(t,r,m — §)dt = N(r, f).

s—=m Jo

Choose an arbitrary € > 0. By the continuity of the function N (¢, f) we can
choose 1 > 0 such that for |t — r| < n the inequality |[N(t, f) — N(r, f)| < € holds.
We have

(4.19) K(t,rm—08) < %%
Since [%_ K(t,r,@)dt =1,0 < ¢ <, it follows that
/0 TN K (L — 8)dE— N(r, f)
_ /0 TN K (7 — 0)dt 1 O; N(r, f)K (8,77 — 5)dt
_ /ltrlq{N(t, ) = N(r, YK (¢, 7,7 — 6)dt
+ /t . N(t, DK (t, o7 — 5)dt /t L NO KT o

=L+ 1 —Is.
Noticing that K (¢,7,¢) >0, 0 < ¢ < 7, we get

(oo}
|Il|§5/ K(t,T,?T—(S)dt<E/ K(t,r,m—d)dt = €.
[t—r|<n —
Next, by virtue of the estimate (4.19) we have

T
|I2|<—sm6/ r—t)th’

"__at.

1) < lsmm(r, 5 /
v

jt—r(zn (7 —1)?
Therefore for all ¢ sufficiently close to 7, the inequality |I2| + |I5| < € holds, hence,
|I1| +|I2]| 4+ |I3| < 2e. Thus, we have proved the equality (4.18). So we have (r ¢ A)

m(r, f) = /OOO N (t, %) K(t,r, B)dt + /OOO N, K (17— B)dt — N(r, ),

an equality, equivalent to (4.16). O
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LEMMA 4.6. Let V(r) > 0 be a continuous non-decreasing function of r.
(A) If for some o, 0 < 0 < 00,
() liminfr=°V(r) =0, (6) limsupr 7V (r) = oo,
—00

r—00

then for each €, 0 < € < 1, there are two sequences, vy, — oo and R — oo, such
that

t o
(4.20) (a) V(t) < <r—> V(rg), 1<t < Ry; (b) reRy T <e.
2
(B) If
|
lim sup nVir) =p < o0,
r—00 Inr
then for each €, 0 < € < 1, there exists a sequence r, — 00, such that
t\"°
(4.21) Vit) < <—> Vir), 1<t <rg,
Tk
t pte
(4.22) V() < (T—> V(rg), re <t < oo.
k

PROOF. We prove the statement (B) first. Since limsup, _,., 7~ ?T¢V(r) = oo,
the set of those values of r for which

rPTEV(r) = max {77V (1)}

is not bounded from above. We select in this set a sequence sp T oo. Since
lim; 0o t 7P~V (t) = 0, for each s, we can find ry > s such that
4.2 —p—e — —P=EV/ (1),
(4.23) r. TV (k) Skge%}ioot V(¢)
The sequence {ry} has the desired properties. In fact, the validity of (4.22) follows
from (4.23) and the inequality ry > sp.

Next, for 1 <t < s we have

V) _ V() _ Vs o V) oo V) o Vi)

p—e — p—¢€ pt+e °k = pte °k = pte 'k p—e ?
¢ Sk Sk Tk Tk Tk

and for s <t < r, we have

V() V()0 _ V(K)o _ V(rk) o V(re)
tp—e tp+et < pte =< pte 'k T p—e
Tk Tk Tk

Therefore the inequality (4.21) is also valid.
Now we prove the statement (A). By («) there exists a sequence Ry 1 oo such
that limg_ oo Ry, °V (Rr) = 0. Since V(r) is non-decreasing, we have

A !/ —0 < —0 —0 .
(4.23") X, T V(r) <e R.°V(Rr) =0 when k— oo

Denote by F' the closed set consisting of those r > 1 for which
r=7V(r) = max t~°V ().

1<t<r
By () the set F is not bounded from above and lim r~?V(r) = co. Therefore
rel
(4.23') implies that for k& > ko none of the segments [ Ry, Ry| intersects the set F.
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Denote by rj, the largest number in the set F' N [1,eRx], & > ko. The sequences
{rx}zS and {Rx}7° have the desired properties. In fact, since r;, € F'N[1,eRy], the
inequality (b) from (4.20) holds. The validity of the part (a) of (4.20) for 1 < ¢ <7y
follows from 74, € F. Since the half-open interval (ry, Rx] does not intersect the set
F, the part (a) of (4.20) holds, also, for ry <t < Ry.

The proof of the lemma is completed. O

PrOOF. Now we prove Theorem 4.3. We may assume without loss of generality
that f(0) = 1. We consider separately two cases: (a) A < p, (b) A = p (by the
assumptions of the theorem we have 0 < A < 1 in both cases).

CASE (a). Using Lemma 3.1 we represent the function f(z) in the form f(z) =

1
ar,0(z)wr,0(2). By virtue of the estimate (3.5) and Lemma 4.4 we have (7“ < §R

(4.24) T(r, f) < T(r,ar0) + T(r,wro) < T(r,dro) + K1%T(2R, ),

where K is a constant which does not depend on r and R.

Let o be an arbitrary number satisfying the condition A < o < min(p, 1). Then
the function V(r) = T'(r, f) satisfies the conditions (a) and (8) of Lemma 4.6(A),
and therefore, for each ¢, 0 < ¢ < 1/4, we can find sequences {r;} and {Ry}
satisfying (4.20),(a),(b). In what follows we assume

(425) r=rTg, 2R = Rk.
Note that then

(4.26) T(t f) < <;>GT(r,f), 1<t<2R and % < 2,

and the inequality (4.24) implies
(4.27) T(r, f) < T(r,aryo) + 2K T(r, f).

To estimate T'(r, &r,0) we use Lemma 4.5.
Suppose that there is an infinite sequence of pairs (r, R) satisfying the condi-
tions (4.25), and such that

(4.28) T(r,é&r,0) = N(r,ér,0).
Since for r < R we have
N(r,aro) = N(r, f),
by (4.27) we get
T(r,f) < N(r, f) +2K:e' T (r, f),

whence

(4.28") lim sup N(r, /)

>1—-2Ke'79,
r—00 T(T,f) o !

hence, a fortiori,
K(f) >1—2Ke' 7.
Letting & tend to 0, we get x(f) > 1, and the inequality (4.6) is proved in this

case. Similarly, the inequality (4.6) holds also in the case when there is an infinite
sequence of pairs (r, R), satisfying the conditions (4.25), such that

(4.29) T(T, dR,O) = N(?‘, l/dR,()).
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If there is neither an infinite sequence of pairs (r, R) satisfying (4.25) and (4.28),
nor an infinite sequence of pairs satisfying (4.25) and (4.29), then by Lemma 4.5
for all pairs (r, R) satisfying (4.25) for k > ko there is 8 = §(r), 0 < 8 < 7, such
that the equality

T(r, o) = / N(t,1/amo)K (¢, r, B)dt

(4.30) o

+/ N(t,dR,o)K(t,T’,T(—,B)dt:.Il +IQ
0

holds. Since for t < R the equality N(t,&ro) = N(¢, f) holds, and for ¢ > R we
have

N(t,Gro) = N(R, ) +n(R, f)In %
<T(R,f)+2T(2R, f) 1n% < 2T(2R,f)1n%,

we conclude

L< /R N(t, f)K(t,r, 7 — B)dt + 2T(2R, f) /Oo In (%) K(t,r,m — B)dt
0

R
and, observing that for ¢ > R(> 2r) the inequality

1 rsing r
<7 _
Kt,r.0) < w(r—t)2 — "2
holds, and
i et 2
t2In(— |dt==
/R B (R) R
we get
R T
(4.31) L < / N(t, DK (7,7~ B)db + STT(2R, ).
0
Similarly we get
R 1 r
(4.32) I < / N <t, ?> K(t,r,0)dt + SET(2R,f).
0

The combination of (4.27), (4.30), (4.31), (4.32), and (4.26) implies the inequal-
ity

R 1
T(r, ) < / N <t, —> K(t,r, B)dt
0 f
(4.33) B
+ / N(t, DK (1,7 — B)dt + (2K, + 32)7T(r, f).
0
Let v = min(8, 7 — 3). Then, obviously, 0 <y < 7 and
(4.34) K(t,r,v) = max(K(t,r,8), K(t,r,m — ).
Therefore (4.33) implies

(4.35) T(r, f) < /0 N80, 00) K (£, r )t + (2K + 32) T (1 1),
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Let & > k(f). Then there is Ry > 1, such that for ¢ > Ry the inequality
N(t;0,00) < K'T(t, f) holds. Taking into account (4.26), we derive from (4.35)
the inequality

T(r, f) < W'T(r, ) / " (;)a K(t,r,~)dt

(4.36) N(R ORO i
0; Y, 00T Ivg 1o
TR + (2K, + 32)e' =T (r, f).

Next we observe that

(4.37) /RR <;>0K(t,r,7)dt< /Ooo (;)UK(t,r,fy)dt—/Ooo WK (u,1,7)du,

and that using the Residue Calculus, it is easy get

(4.37) /Ooou”K(u,l,go)du— w, O<p<m —1<o<l.
Therefore (4.36) implies the inequality

N(Ryp;0,00)rRo

m(r — Ro)*T(r, f)
Letting r tend to oo in this inequality, and then letting & tend to 0, we get

< n’ismiz;;g)a + (2K 4+ 32)et 77 +

sin(m — y)o

(4.38) 1 <k’ max -
0<y<z  sinmo
But
wa9) sinm—y)o _ f L 0<os3 1
. max = =
0<v<z  sinmo i<o<l1 v(o)’

sinmo’
therefore (4.38) can be rewritten in the form
(4.40) k' >v(o).

Here o is an arbitrary number satisfying the inequality A < ¢ < min(p, 1), and &'
is an arbitrary number satisfying the inequality &' > k(f). Therefore the validity
of (4.40) implies the validity of (4.6).

CASE (b). We prove that for each function f(z), f(0) = 1, of order p < 1
the inequality x(f) > v(p) holds (we shall not use the condition A = p). First we
assume in addition that all zeros of the function f(z) are positive, and all of its
poles are negative. Then, since f(z) has genus zero, we can apply Lemma 4.5.

If there is an infinite sequence of values of r for which at least one of the
equalities

T(r,f)=N(r,f), T(r,f) =N (T’ %)

is valid, then k(f) > 1, and hence (4.6) holds. Therefore, by Lemma 4.5, we may
assume that for all sufficiently large r there is 8 = 8(r), 0 < B(r) < =, such that
the inequality (4.16) holds. Letting, as in the case (a), v = min(83, 7 — 3), and using
(4.34) we get

(4.41) T(t, f) < /000 N(t;0,00)K (t, r,v)dt.
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1
Let €, 0 < € < min <Z’ 1-— p> be an arbitrary prescribed number. Let V(r) =

T(r, f) in Lemma 4.6(B) and denote by {ry} the sequence whose existence is es-
tablished in the lemma. In what follows we assume that r takes values belonging
to the sequence {7} only. Note that by Lemma 4.6(B) we have

(1.42) T(t, f) < <3> T(rf), 1<t <,
(4.42") T(t, f) < <;)P+€ T(r, f), r <t < oo.

Let k' > k(f) and let Ry > 1 be such that for t > Ry the inequality N (¢;0, 00) <
K'T(t, f) holds. Taking into account (4.42), (4.42'), we get from (4.41) the inequality

T(r, ) < &T(r, f) { / ' <E>p_€ K(t,r,)dt

Ro \T

© rt\te N(Ryp;0,00)rRo
+ /r <;> K(t, T,’}/)dt} + W

(4.43)

We estimate the expression in braces. We have

r ¢ p—E€ oo /y pte
/ (—) K(t,r,’y)dt—I—/ <—> K(t,r,~)dt
Ro r T r

1 o
:/ u"_EK(u,l,v)du—i—/ uPTe K (u, 1,7)du
Ro/r 1

e} 1
< / uP K (u, 1,y)du + / (uP™¢ —uPT)K (u, 1,v)du.
0 0
By virtue of (4.37") we have

/ uerEK(u? 1,7y)du =
0

sin(r —1)(p+ )
sinw(p+e)

Next, since 1 — u?® < 85u*i, P~ <u~T for 0 < u < 1, we get
1 1

/ (uP™% —uPT)K (u, 1,7)du < 85/ u*%K(u, 1,v)du
0 0

T < 8e.

< 86/ uiéK(u, 1,7v)du = 8esin
0

Therefore (4.43) implies

, f sinr = 7)(p+ <) N (Bo:0,00)r Ry
lsw { sinm(p +¢€) +8€}+7T(7“—R0)2T(7“7f).

Letting r tend to oo, we get

1< k' { max s1n(.7r —lete) + 8y,
0<y<z  sinm(p+e)

whence, by (4.39), it follows that

1
1<k'{—— +8.
vlp+2)
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Letting ¢ tend to 0, and then letting &’ tend to x(f), we get x(f) > v(p), Q.E.D.

Now we get rid of the assumption that all zeros of the function f(z) are positive
and all of its poles are negative. Let f(z), f(0) = 1, be a meromorphic function of
order p < 1. We form the function f(z). Obviously,

. 1 1
(4.44) N(r,fy=N(r,f), N (r, —) =N <r, —v> :
f f
Since the functions f(z) and f(z) are quotients of canonical products, using Theo-
rem 3.4 from Chapter 2 we get

plf) =max { i £ )Lo |V (1 7)]

plf) = o { il | (1, %)} b

and hence p[f] = p[f] = p. All zeros of the function f(z) are positive and all of
its poles are negative, therefore, since the result has been already proven in this

case, k(f) > v(p). But &(f) > k(f), it follows from (4.44) and the inequality

T(r,f) <T(r, f), which is a consequence of Lemma 4.4. The proof of Theorem 4.3
is completed. ([

The method used in the proof of Theorem 4.3 can be used to prove the following
result about deficiencies.

THEOREM 4.4. Let f(z) be a meromorphic function of lower order A < 1, a # b
be two numbers from the extended plane. Let

u=1-194(a, f), v=1-=4(b,f).
The inequality
(4.45) u? +v? — 2uvcos TA > sin® T\
holds, where v =1 if u < cosmA, and u =1 if v < cosTA.

Observe that the equation u?+v2 —2uv cos TA = sin® 7w represents an ellipse in
the (u,v)-plane, with {u = v} and {u = —v} being its axes of symmetry, inscribed
into the square {—1 < u <1, —1 < v < 1}. This ellipse is tangent to the lines
{u = 1} and {v = 1} at the points (1,cosmA) and (cosmA, 1), respectively. For
1/2 < A < 1 both points of tangency are outside the square @ = {0 <u <1, 0 <
v < 1}, and the statement of Theorem 4.4 means that the point (u,v) lies in the
square @, but not in the interior of the ellipse. For 0 < A\ < 1/2 the statement of
Theorem 4.4 means that the point (u,v) either lies on one of the lines {u = 1} and
{v =1}, or in the piece of the square @) near the vertex (1, 1), which is cut off the
square by the arc of the ellipse joining the points (1,cosmA) and (coswA, 1) (Figure
4, (a) shows the case 0 < A < 1/2, Figure 4, (b) shows the case 1/2 < A < 11In
both cases the set of possible values of (u,v) is shaded.)

For A = 0 the ellipse degenerates into a line segment joining the points (—1, —1)
and (1,1), and the statement of Theorem 4.4 means that the point (u,v) lies on
one of the lines {u = 1} and {v = 1}. This last result was obtained earlier (see the
corollary of Theorem 3.1).
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PROOF. Proving Theorem 4.4 we may assume without loss of generality that
a=0,b=o00, f(0) = 1. As in the proof of Theorem 4.3 we consider two cases: (a)
A<p, (b) A=p.

CASE (a) Arguing in the same way as in the proof of Theorem 4.3 we arrive at
the inequality (4.27). If there is a sequence of pairs (r, R) satisfying the conditions
(4.25) and (4.28), then (4.28') implies 6(co, f) < 2K;1¢!79, and, since € can be
chosen arbitrarily small, §(co, f) =0, v =1 — d(oo, f) = 1. Similarly, if there is a
sequence of pairs (r, R) satisfying the conditions (4.25) and (4.29), then 6(0, f) = 0,
u = 1. It is clear that points of the form (u, 1) and (1,v) satisfy the conditions of
Theorem 4.4.

If there is neither a sequence of pairs (r, R) satisfying the conditions (4.25) and
(4.28), nor a sequence of pairs satisfying the conditions (4.25) and (4.29), then,
arguing in the same way as in the proof of Theorem 4.3, we arrive at the inequality
(4.33).

Let X and Y be an arbitrary pair of numbers satisfying the conditions X > wu,

1
Y > v. Then there is Ry > 1 such that for ¢ > Ry the inequalities N (¢, ? <
XT(t, f), N, f) <YT(t, f) hold. Taking into account (4.26) and (4.33) we get

T(r, f) < XT(r, f) /R (;)U K(t,r, B)dt

Ry
R /4\© N(Ry;0,00)rRo
+YT(r,f)/RO (;) K(t,r,m— pB)dt + T n(r—Ro)?

+ (2K, +32)e' 7T (r, f),

where r and R satisfy the condition (4.25).
Hence, using (4.37) and (4.37"), we have

(as) 1< XTI 4y ST (o, gt S
Since
X sin(m — B)o + Y sin fo
= (Y — X cosmo) sin fo + (X sinno) cos o
<{(Y = X cosmo)? + (X sinno)?}V/? = {X?2 + Y2 — 2XY cosmo} /2,

the inequality (4.46) implies

1
1< =
sinTo

N(Ryp;0,00)rRo
m(r — Ro)*T(r, f)

Letting r tend to oo in this inequality, and then € tend to 0 and o to A, we get

sin?TA < X2+ Y2 - 2XY cosmA.

{X?+Y? - 2XY cosmo}'/? + (2K, 4 32)e* ™7 +

Since X and Y are arbitrary numbers satisfying the inequalities X > v and Y > v,
the inequality (4.45) is proved.

The fact that v = 1 for u < coswA and that u = 1 for v < cosw\ follows
immediately from the corollary of Theorem 3.1

The case (b) can be treated in the same way as the case (b) in Theorem 4.3,
we leave the details to the reader. O



4. BOUNDS FOR THE SUM OF TWO DEFICIENCIES AND RELATED PROBLEMS 237

It turns out that Theorem 4.4 cannot be made more precise, that is, for each pair
u,v of numbers, 0 < u,v < 1, satisfying the conditions described in the statement
of the theorem, there exists a meromorphic function f(z) of lower order A such that
d(a, f) =1—wu, §(b,f) =1 —v. We do not prove this result in the general case,
referring to the paper [EF60]. We give only the following example.

EXAMPLE. Let numbers p and A\, 0 < A < p < 1, and v and v, 0 < u,v < 1,
u? + v? — 2uvcosm\ = sin® A be given. If X < 1/2, we assume in addition that
u,v > cosA. We shall find a meromorphic function f(z) of order p and lower order
A, such that

(4.47) 5(0,f)=1—wu, d(co, f) =1—n.

In the case u > v, the function f,,(z) considered in Example 1 from Section 3
has these properties. In fact, by (3.40) we have

v

1 —6(00, fuv) = TwoN+o

But for u and v satisfying the conditions described above the equality
1

4.4 I(u,v,\) = ——{u? +v? — 2 M2y =1-

(4.48) (u,v,A) sinﬂ')\{u +v UV coSTA} v v

holds, therefore §(oc0, fun) = 1 — v. Next, since
N () = N30, fev) = 571 401,
using (3.38) and (4.48) we get

1—=6(0, fup) = limsu m—limsn Y = 4 =u
) Y T ) e T i) ¥ o T(w0, N to

and, hence §(0, fu,) =1 —u.

If v < u, then 1/ f,,(2) is a desired function.

If instead of the just considered restriction on w and v, we require u = 1,
0 < v < cos7A, then the function f,,(z) also satisfies (4.47). It follows from the
relation (3.40") and the equality §(0, fu,) = 0, which is true by the corollary of
Theorem 3.1. If 0 < u < cosmA, v = 1, then 1/f,,(2) is a desired function.

Theorem 4.4 also implies the following result containing both the corollary of
Theorem 3.1 and the corollary of Lemma 3.4.

THEOREM 4.5. Let f(z) be a meromorphic function of lower order A <1/2. If
d(a,f) > 1—cosmA, 0 <A <1/2, ord(a,f) >0, A=0, then a is the only deficient
value of the function f(z).

By the corollary of Theorem 3.1 it is enough to consider the case d(a, f) =
1—cosm\, 0 < A<1/2. Letb#aandu=1-46§(a,f),v=1-450b,f). Then
u = cosm\, 0 < v <1, and the inequality (4.45) implies v > 1. Therefore v = 1,
i(b, f) =0, QE.D.



238 5. ASYMPTOTIC PROPERTIES

5. The growth of a meromorphic function with exceptional values

The presence of one, even Picard, exceptional value does not impose any re-
strictions onto the order and lower order of a meromorphic function. Let us show
that for arbitrary A and p satisfying 0 < A < p < oo there is an entire function of
order p and lower order \.

EXAMPLE 1. (The case 0 < A < p < 1.) Take a differentiable on [1, co) function
I(r), such that

liminfl(r) = A, limsupl(r) = p.

T—00 r—00

Let f(z) be a canonical product of genus 0 with positive zeros, such that
n(r,0) ~ r!(". By the formula (5.4) from Chapter 2 the function f(z) has or-
der p and lower order .

EXAMPLE 2. (The case 0 < A < p < 00.) Let n > 2p be a positive integer,
A1 = A/n, p1 = p/n. Then 0 < Ay < p; < 1/2. Let f(z) be an entire function of
order p; and lower order A;. The function f(z") has order p and lower order A.

EXAMPLE 3. (The case A = 0, 0 < p < o0.) In Section 6 of Chapter 4 we
proved (p. 777) that the entire function

(5.1) 6(e) = ﬁ {i- <7>}

where nj are arbitrary positive integers, and ry are arbitrary positive integers
satisfying the condition rgy1 > 2rg, 71 > 1, satisfy the relation

T(r7 g) = N(T, 0) + 0(1)
Let ry = e, o1 = €™, n = [r}]. Then

n(r,0)= Y [rf] = O(r*), n(ra,0) ~ 5.

rp<r
Since p[N(r,0)] = p[n(r,0)], the function g(z) has order p. Next,
N(r,,0) = /Tn @dt < n(rp-1,0) ln%
=0(r’_;)In % =0 ((Inry)*™).
Hence the lower order of the function g(z) is equal to 0.

EXAMPLE 4. (The case A = 0, p = 00.) Consider somewhat more general case.

Let ¢(r) and 9(r) be two arbitrary non-decreasing functions, such that ¥(r) >
o(r) > 1 and

lim _<p(r) =

r—oo Inr

We construct an entire function g(z) for which

(5.2) lim inf rr9) <1, limsup rr9)
r—oo () oo (1)

> 1.
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Select a sequence {ry} of positive numbers, such that ry > 1, rp4q1 > 27,

n—1

(5.3) S [W(rre)] ln:—: < o(rn).

k=1

This is possible since Inr = o(p(r)). Letting ny = [¢(rre)], consider the function
(5.1). The relation (5.3) is equivalent to

N(r5,0) < @(r4).
Besides, it is clear that
N(ery,0) > n(rp,0) > [i(rne)].
Therefore the function (5.1) satisfies the conditions (5.2).

EXAMPLE 5. (The case 0 < A < 00, p = 00.) Let g(z) be an entire function of
order co and lower order 0, hy(z) be a canonical product with positive zeros, such
that n(r,0,hy) ~ r*. Then InT(r,hy) ~ AInr, therefore the lower order of the
function f(z) = g(z)ha(2z) is equal to A, but the order of f(z) is infinite.

In the cases A = p = 0, A = p = oo the corresponding examples are trivial.

If a function f(z) has two Picard exceptional values, then necessarily p[f] =
A[f], and it is either a positive integer or co. This result follows from the next
theorem.

THEOREM 5.1. If a function f(z) is such that for some a and b, a # b, the
inequality p[N(r;a,b)] < p[f] holds, then p[f] = A[f], and it is either a positive
integer or oo.

PROOF. We may assume without loss of generality that a = 0, b = oo, f(0) #
0, 00. Let 71 (z) be a canonical product, whose zeros and their multiplicities coincide
with such of the function f(z), and 72 (z) be a canonical product, whose zeros and
their multiplicities coincide with poles and their multiplicities of f(z). Then we
have a representation

where g(z) is an entire function without zeros. Since

T(r0) < T(r) + 7 (7 2.

2

T(r9) <T( N+ (7 2.

2
and
T
P |:_:| = p[N(’I“; 0, OO)],
2
we have the inequalities

plf] < max{p[g], p[N(r;0, 0]} = p[g],

(54) Mg] < max{A[f], pN(r;0,00)]}.
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But plg] = A[g], and is either an integer or co. In fact, if A[g] < oo, then by
Lemma 6.2 from Chapter 1 we have g(z) = eP(*), where P(z) is a polynomial,
hence \[g] = p[g] and is equal to the degree of the polynomial P(z).

Therefore (5.4) implies that p[f] < max{A[f], p[N(r;0,00)]} = A[f], whence
plf] = Alf], and is either an integer or co. It remains to observe that p[f] > 0,
because p[f] > p[N(r;0,00)]. O

However, presence of two Borel exceptional values does not imply, in general,
the equality p[f] = A[f], although, in this case, by Theorem 1.1 from Chapter 4,
the number p|[f] should be either a positive integer'® or oco.

ExAMPLE 6. We show that for each positive integer p and each A, 0 < X\ < p,
there exists an entire function g,,(z) of order p and lower order A, for which zero
is a Borel exceptional value.

As go1(2) we take the function f(z) from Example 4 of Section 2 (its lower
order is equal to zero by Remark 2 to that example). In the case 0 < A < 1 we let

9x1(2) = go1(2)wa(2),

where

wi(z) = ﬁ(l—#)

Since go1(2) = f(#) is a function of maximal type of order 1, and the order of wy(z)
is equal to A < 1, then gx1(z) is also of maximal type of order 1. Taking into
account that n(r,0, f) = O(r), we get n(r,0,gx1) = O(r), and hence 0 € Ep(ga1)-
Since In T'(r,wy) ~ Alnr, and the lower order of the function goi(z) = f(2) is equal
to zero, the lower order of the function gx1(z) is equal to .

Let also g11(z) = e*. Thus, the function gx,(z) is constructed for p = 1,

0 < A < 1. Let now p be an arbitrary positive integer, 0 < A < p. Then, letting

9rp(2) = gu1(2”), where p=X\/p,
we get, as is easy to see, a desired function.
If the function f(z) has two deficient values, then by the Corollary of Theorem
3.1 necessarily A[f] > 0. Let us show that for arbitrary A and p, 0 < A < p < oo,
there exists a meromorphic function f(z) such that A[f] = A, p[f] = p, (0, f) =
§(o0, f) > 0.

EXAMPLE 7. First let 0 < A < p < 1/2. Letting u = v = cos %)‘ in Example

1 from Section 4, we get a function fy,(z) of order p and lower order A with

A
5(0, frp) = (00, frp) = 1 — cos % If A and p are arbitrary numbers satisfying
0 < A < p < oo, a desired function can be obtained by selecting a positive integer
n > 2p and letting

f/\ﬂ(z) = f/\lpl (Zn)v where A\ = )‘/n7 P1 = p/n'

It turns out that existence of two deficient values a and b, a # b with deficiencies
d(a, f) and 6(b, f) close to one, implies proximity of p[f] and A[f] to some positive
integer.

10The possibility p[f] = 0 is excluded, since in this case n(r;a,b) = O(1) implies that f(z) is
a rational function.
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We may assume without loss of generality that a = 0, b = co. By (4.2) the
inequality

{1 =000, 1)} + {1 =d(0, f)} = &(f)

holds. We show that smallness of x(f) implies the proximity of p[f] and A[f] to
some positive integer.

THEOREM 5.2. Let f(z) be a meromorphic function of order p < oo and lower
order A < oo, and p be an integer, defined by the condition

1 1
p—§§)\<p+—.

2
If
k(f) < L, where 0 <e < 1,
Li(p+1) 2
then p > 1 and
(5.5) p—e<A<p<p+te.

ProOF. By Theorem 4.1 the inequality

k(f) 2 max v(z)

holds, therefore we have

€
. < —.
(5:6) max V(@) < 7305,77)
Since p > 0, the right-hand side of this inequality is less than one. But v(z) =1
for 0 <z < 1/2, therefore (5.6) implies that A > 1/2 and p > 1.
Next, since

o(z) > | sin 7|
~ 2.2z +0.5|sinwzx|’

by (5.6) we get that the inequality

| sin 7| €
2.2z 4+ 0.5|sinwz| — 1.1(p+1)

should hold for all z, A < z < p. But it does not hold for x = p + 1/2, therefore
p < p+1/2. Since for |x — p| < 1/2 the inequality |sinmz| > 2|z — p| holds, we
come to the conclusion that for all z, A < x < p the inequality
2|z — p < €
22z + |z —p| ~ 1.1(p+1)

should hold, a fortiori the inequality
2|z — p €
22(p+3)+3 7 L1(p+1)

should hold. Therefore for all z, A < z < p, the inequality | — p| < e holds. From
here we get (5.5). O
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Theorem 5.2 and the corollary of Theorem 6.5 from Chapter 4 immediately
imply
COROLLARY. Let f(z) be a meromorphic function of finite lower order . If
1

3 )
2.2 ()\ + §>

then the deficiencies of the function f(z) are shift-invariant, that is deficiencies of
f(z + h) are independent of h.

K(f) <

We mention also the following theorem which can be proved with the help of
Theorem 5.2.

THEOREM 5.3. Let f(z) be a meromorphic function of order p < oo and lower
order A\, and p is an integer defined by the condition

1 1

2
If
(57) Z(S(a,f)Zl—% 6(007.],:)21_77
a#oo

where
€ 1
. = < —
(5.8) z 5(1)4_1),076<2,

then p > 1 and
p—e<A<p<p+te.

COROLLARY 1. Under the conditions of Theorem 5.3 all deficiencies are shift-
invariant.

COROLLARY 2. If f(2) is an entire function of finite order and

Z (5((1,f)=1,

a#oo
then p[f] = A[f] is a positive integer and all deficiencies are shift-invariant.
To prove Theorem 5.3 we need the following lemma.

LEMMA 5.1. Let f(z) be a meromorphic function of finite order and let the
conditions (5.7), where 0 < v < 1, be satisfied. Then

T(r,f) T(r,f")

5.9 lim inf >1—+, limsu <1+
(5.9) minf 5 7, limsup 775 gt
and

/ 4y
(5.10) w(f') <

1—~2
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PRrROOF. We have

T(r,f’)zm(r,f’)—l—N(r,f’) Sm(rvf)+m<r7f7l>

LN ) =T )+ NG m ()
< T(T’, f) + (1 - 6(007 f) + 0(1))T(T7 f) + O(hl T)
(we used Theorem 1.3 from Chapter 3). The function f(z) is transcendental since

a rational function cannot have more that one deficient value. Therefore Inr =
o(T(r, f)), and we get

hrri> sup Z;((r, J;)) <2-

that is, the right-hand side inequality in (5.9) is proved.
To prove the left-hand side inequality in (5.9) we use the inequality (2.5) from

Chapter 3. Adding N (r

600, f) <147,

1
—) to both sides of the latter, we get

) f,
1 q
(5.11) 70,1 2 N (75, ) + i, f) + Oftur),
v=1
where {ai,...,aq,} is an arbitrary finite collection of (finite) complex numbers. We
shall take for aq, ..., aq finite deficient values of the function f(z). From (5.11) we
get

N q
lim inf T, f) > liminf ————% ( ) Zh}ggf (r al,, f Z: ay, f

r—00 (r, f) —00

Since q is an arbitrary positive integer, we get from here the left-hand side inequality

from (5.9).
Now we prove the inequality (5.10). We have
h?i sogp N((: JJIN)) < 1171}; s;p %
< liﬁs;}p % hirisip ;’((T’J{)) <2(1- 5(oo,f))ﬁ < %
Next, the inequality (5.11) implies
limsupM <1 —liminf 1 Eq:m (ryay, f)
mE ) BRT ) &
<t e 77 i
1= {5} S e )
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Since ¢ can be chosen arbitrarily, we get

N (r,+
limsupM <1- {liminf%} Z i(a, f)

r—oo T(T’, f’) =00 aoo
1 2
<1-——(1-7)= .
1+~ 1+~
Thus
1 i
/@(f’) = lim sup sl ?) i N(T’,f) < 2 + 2y = by
r—00 T(T7f/) _1+’7 1_7 1_’72.

PRrROOF. Now let f(z) be a function satisfying the conditions of Theorem 5.3.
Then by (5.9) we get InT'(r, f') ~ InT'(r, f) and hence, \[f'] = A[f] = A, p[f'] =

plfl = p- By (5.10) and (5.8) we have s(f") < {90==5

applicable to f'(z), and we conclude that p > 1, p—e <A< p<p+e. U

, therefore Theorem 5.2 is

REMARK 1. It is not known whether the condition p < oo in Theorem 5.3 is
essential.'!

REMARK 2. Performing a linear-fractional transformation on the function f(z),
we see that the condition (5.7) in Theorem 5.3 can be replaced by the condition

Z(S(avf) Z 1_77 6(b7f) Z 1_77
a#b
where b is an arbitrary number from the extended complex plane.

In connection with Theorem 5.3 the question arises: whether the proximity of
the sum of all deficiencies ) d(a, f) to 2 implies the proximity of p[f] and A[f] to
a positive integer. It turns out that this question has a negative answer.

EXAMPLE 8. For each integer ¢ > 3 there exists a meromorphic function f(z)
such that'?

q
Za:(s(aﬂf):Q? p[f]:§

Let
0o 1 _\n+2k
(32)
I = 2 ) < 9
be the Bessel function with purely imaginary argument. We assume that the param-
eter n is real and |n| < 1/2. Then for each €, 0 < £ < 7/2, the following asymptotic
formulas hold uniformly with respect to argz in the region {|argz| < Z —e} (see
[WW96, 17-7)).

eZ

(5.12) I(z) ~ Bra)/

Z = 00,

HToda was able to remove this condition.
120ther examples of functions with such properties will be given in Section 5 of Chapter VII.
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—Zz
(5.13) I, (2) = I,(2) ~ 2sinnﬂ#)1/2, z — 0.
For given integer g > 3 let

wi(2) = 220y (22972), wa(2) = 221 142297,

Since
qu e kq

o) z
5.14 = T\ - ’
(514) - wie) Zkzzo WD (L+k+1) v kZ:Ok‘!F (~1+k+1)

the functions wy(z) and wa(z) are entire. By (5.12) and (5.13) for each e, 0 < & <
7/q the asymptotic formulas

2,4/2 224/2
L2 ¢ PV
(515) wl(z) z 4(47(251/2)1/27 ’LU2(Z) z (47(2(1/2)1/27
_9,4/2
(5 15/) w . 1/2 . E e 2
. 2(2) —w1(2z) ~ z7/“2sin z = 00

q (4mz9/2)1/2°

hold uniformly in arg z in the region {| argz| < 7 — E}. We need the relations

4ra/2
(5.16) T(r,w) = —— +o(r¥/?), 1 =1,2,
w1 _ q/2
m(r, w2> o(ri’?),

qa/2
m <r, w2 > > sr + o(r?/?).
w1 — w2 qm

To prove these relations observe that (5.15) and (5.15') imply that for each e,
0 <e < 7, uniformly in ¢, lp] < = — ¢, the relations

In |w; (re®?)| = 2r?/? cos%gp +O(Inr), 1 =1,2,

(5.17) wQ(Teigp)

’wl (ret®) — wo(rei?)
hold. From (5.14) we see that M (r,w;) = wi(r), I = 1,2, 0 < r < oo, and hence
T(r,w;) < In™ M(r,w;) = 2r?/? 4+ O(Inr). By (5.14) we have also

= 4792 cos ggo + O(Inr)

(5.18) wy (wz) = wwi (2), wa(wz) = wa(z),

where w = exp{27i/q}, therefore

m/q )
T(r,w;) = m(r,w;) = %/ In* |w; (re*?)|de,
-n/q

m/q
m r,% = i/ In*™
w2 2w —/q

w1 (ret®)
ke )\ g

wa (ret®)
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Using (5.17) and Theorem 7.4 from Chapter 1 we get

m/q 4ra/2
T(ryw) = 2r1/2 ;T / cos ggodcp + o(rq/Q) = rﬂ_ + o(r‘I/Q),
—7/q

w1 _ q/2
m<r, w2> o(r?=),

wo (ret?)
wy (re’?) — wo(re?)

dp

1 m/q 8ra/2
= 4r9/2 — / cos ggpdap +o(r?/?) = Sl o(r?/?).
27 —7/q 2 qm

We show that p[f] = ¢/2, §(w*, f) =2/q (k =0,1,...,q — 1). This indicates that
f(z) is a desired example.

We have

1 wq
T(r, f) = N(r, f) +m(r, f) §N<7“,—> —I—m(?‘,—)

(519) w2 wo

4r9/?
< T(r,ws) + o(r‘I/Q) = 4 0(7"”2).
Next,
1 wo 8ra/2

’ T 4= > a/2y.

(5:20) m<r,f_1> m<r’w1—w2>_ qm +o(r®)

The inequalities (5.19) and (5.20) imply that p[f] = ¢/2, 6(1, f) > 2/q.

By (5.18) we have f(w™*2) =w % f(2), k=0,1,...,¢ — 1. As it was observed
at the end of Section 1 of Chapter 4 (p. 77?) deficiencies of the functions f(z) and
f(az), a # 0 coincide. Therefore §(1, f(2)) = §(1, f(w=*2)) = §(1,w=*f(2)). But,
obviously, §(1,af(z)) = 6(a™1, f(2)), a # 0, and hence

(5.21) Sk, f)=06Q,f)>2/q, k=0,1,...,q— 1.
Since Zé k £)=4qd(1, f) <2, there is an equality in (5.21), Q.E.D.

Another question arising in connection with Theorem 5.3 is the the following.
What can be said about the connection between p[f] and A[f] in the case when
f(2) has at least two deficient values with one of the deficiencies close to one? The
answer to this question is unknown. It is possible that such relation does not exist
at all and all values of p[f] and A[f] satisfying the condition 1/2 < A[f] < p[f] < o0
are admissible. The last sentence is supported by following example.

EXAMPLE 9. There exists an entire function f(z) of order p and lower order
A, 1/2 < A < p < o0, such that §(0, f) > 0.
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Note that the restriction A > 1/2 cannot be dropped (see Corollary 1 from
Theorem 1.3 and Theorem 4.5). It is an open problem whether the condition
p < oo can be dropped. '3

Let a be a given number satisfying 1/2 < o < min(1, A), and n be a positive
integer satisfying n > p. Suppose that there exists an entire function g(z) having
the following properties:

(a) The function g(z) can be represented by a power series of the form
(5.22) g(2) =1+ 2™ +cppr 2™+

with real coefficients and ¢, < 0;

(b) |g(x)] < 1for 0 < z < o0;

(c) There exists 7, 0 < n < §|cotwal|, such that for r > Ro(n), 0 < ¢ < 2,
the inequality

(5.23) In|g(re’®) < r® {n +

holds.

We postpone the proof of existence of such function g(z) because we do not
want to interrupt the principal argument.

sin To

7 cosalyp —71')}

Let r; be a sequence satisfying 1 < r; <7y <73 < ..., 71 = 00 as k — 00,
and such that
o0
(5.24) D " < oo
k=1

By Theorem 3.2 from Chapter 2 the absolutely convergent infinite product
[e.e]
z
7 =1Ls (2)

represents an entire function. Denote by v(r) the number of points 7, on the
segment [0, 7]. Since (5.23) implies that In M (r, g) = O(r®), by Theorem 3.3 from
Chapter 2 we get

(5.25) InM(r, f) < C/OO
0

v(rr) dr
Tita [ p o’ 0<r<oo,
where C' is a positive constant depending on g(z) only.

The representation (5.22) implies that
In |g(re’?)| = ¢, 7" cosnp + O(r" )
as r — 00, whence there exist Ry, 0 < Ry < Ro, and ¢1, 0 < ¢1 < 5, such that
for all » € [0, R1] and |¢| < ¢1 the inequality
(5.26) In|g(re’)| < —Cyr"

holds (we use the notation C; for positive constants depending on g(z) only). The

. . o . 1
inequality (5.23) implies the existence of Ry > Ry and @2, 0 < ¢3 < 7r<1 — 2—)
«
13There exist similar examples with p = oo, L. Kotman, An entire function with irregular
growth and more than one deficient value. Complex analysis Joensuu, Lect. Notes. Math., 747,
Springer, Berlin, 1979.
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such that for all r > Ry and |¢| < @2 the inequality
(5.27) In|g(re*?)| < —Cor®

holds. If # € [Ry,Rs], by the condition (b) we have In|g(x)| < 0. Since the
function |g(re*?)| is uniformly continuous for 7 € [Ry, Ra], ¢ € [—7, 7], there exists
©3, 0 < 3 < m, such that for all r € [Ry, Ra] and |p| < ¢35 the estimate

(5.28) In|g(re*)| < —Cs

holds. Combining (5.26), (5.27), and (5.28) we get that for all r, 0 < r < oo, and
@, |o] < @o = min(p1, 2, @3), the inequality

Tn

Infg(re™)| < ~Cy¥(r), ¥(r) = 1

holds. Hence, for |p| < g, we have

In|f(re’)| < —Cy > @ <%> = —Cy®(r)
k=1
and

1 po 1 ©o
m(r, 0, 2—/ In ————dp > —Cyd(r).
002 50 |, P [Femy % = 5 Co20)

Taking into account the following estimate of ®(r) from below:
B(r) > 05/ v(rr) dr
0

Fita L e 0<r<oo
(the estimate was obtained in the proof of Theorem 3.3 from Chapter 2), we get

*v(rr dr
(529) m(r,O,f) > 06/0 T(1+a) W, 0<r<oo.
Comparing (5.25) and (5.29) we find that
50, f) > timint U0 S C6

r—oo InM(r,f) = C '

Thus, for each sequence {rj} satisfying the condition (5.24) we have 0 € Enx(f).
Now we show that the sequence {ry} can be chosen in such a way that the

function f(z) has prescribed order p and lower order A. Observe that (5.25) and

(5.29) imply

virt) dr

7—1+a 1 + n—a ’

cmszmﬁza@m,mwzéw

therefore the order and the lower order of the functions T'(r, f) and Q(r) coincide.
If p = A, we choose the sequence {ry} in such a way that v(r) = [r?] for
r > 21/ = py and v(ir) = 0 for 0 < r < rg. Then for all » > ry we have

1
§rp <w(r) <r” and
1, 1, 7ol qpmant ,
S Lp) = 57 /O WdTSQ(T)STI(P)v

where

e e] p—a—1
10)= | {os <o
0

14+ 7n-a
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and, hence, the order and lower order of the function f(z) are equal to p. Though,
in the case p = X there exist easier ways to construct an example (see Exercise 1
from Section 1, Chapter 4).

Now let A < p. We choose a number g; > 1, such that r»# > %rp +1>7r >

%r)‘ + 1 for r > q;. We define sequences g, pk, D}, Sk,tk, & = 1,2,..., by the
. . A

following recursions: py = expexpqx, pj, = pi/ , Qk+1 = €Xpexpp), Sk = exp gk,

ty = expp, k =1,2,.... It is clear that these sequences tend to co. We select a

sequence 7 in such a way that

0 for 0 <r < qy,r? >rP
for g <7 < pp,r* >
for pj, < r < qri1.0}, > D),
= [p’g] for pr, <7 < pj.

Then for all 7 > ¢q; we have 1r* < v(r) < rf. Since p < n, the condition (5.24) is
satisfied. It is easy to see that

v(r) =

1 1 N e
5[()\)7“”\ +o(rt) = 5]()\)7“)‘ - —r’\/ ——dr < Q(r) < I(p)r*.
0

2 T 4]
Hence
1 1
(5.30) A < lim inf nQ(r) < lim sup nQ(r) < p.
T—00 nr r—oo nr

On the other hand
Qls) = /°° v(Tsg)dr - /p’“/s’“ v(Tsy)dr
0 q

7—1+a(7-n—a + 1) — o5k 7—1+a(7-n—a +1)

1 Pr/ Inpy, Tp—a—ldT 1
st [ T = ) + o))
2 a/expge T 0 F1 2
Therefore
1 1
limsup 2T S i sup QG S
rooco Inr kooo 1N Sk

together with (5.30) this shows that the order of the function Q(r) is equal to p.

Next,
Qtr) = /‘”““/t'# /w + /'W __vrtdr
Dy /tk Qr+1/tk 0 T1+a(7—nia + 1)

We estimate from above each of the three integrals:

Qr+1/tk +.)d Qr+1/tk A-a-1g
/ % < t?/ T <RI,
p;c/tk T (T + 1) P;C/tk T —|— 1

o0 [e’e) pfa—l o0
/ 1+Z(Tik__)jT— < tﬁ/ Tn—a ar < tﬁ/ TP dr
Qr+1/tr T (T + 1) Qr+1/tk T +1 41/t
o’ 1 134
DT L — (1),

R A S I
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/Pk/tk v(rtp)dr o /p;/tk rp—a=1g.
0 7—1+a(7—n70¢ + 1) —= "k 0 Tn—o 4 1

Inty /[ty P Int. \? ¢ &
S tz Tp—a—ldT — k M frnd k (ln tk)p_a = O(tz).
0 p—Q tr

Joining these estimates, we get

Q(ty) <RI +o(ty),
therefore
M < liminfw <A\

lim inf
r—oco Inr k— 00 nty

Together with (5.30) this shows that the lower order of Q(r) is equal to A. As was
mentioned above this proves that the order and the lower order of the function f(z)
are equal to p and )\, respectively.

It remains to show that there exists a function g(z) having the properties (a),
(b), and (c). Take

2110 )

The formula (5.32) from Chapter 2 implies that the entire function

(5.31) 9(2) = R(2)V (2),

where R(z) is an arbitrary rational function, all poles of which are zeros of V(z),
satisfies the condition (c). We show that the function R(z) can be selected in such

a way that the function (5.31) satisfies also the conditions (a) and (b).
Let p be a positive integer, p > 2n; the choice of p will be specified later. Let

4= T (1) 0= T 550)

k=p+1

We have a power series representation

(5.32) = Zakzk, a = a,(cp), ap =1,

in the circle {|z| < (p + 1)1/0‘}. Since

- 1 X ()

k=p+1 j=0

obviously ap > 0,k =0,1,2,.... The function V,(z) tends to 1 as p — oo uniformly
over the circle {|z| = 1}. Therefore |V,(z)| > 1/2 for {|z| = 1} if p > po, and

(5.33) 0<ap= <2 k=0,1,2,...

1 / dz
211 |z|=1 ZkJerp(Z)
Take R(z) = Y3—, arz*/v,(2) in (5.31), then
22;01 agz”

vp(2)

n—1
9(2) = V(z) =Vp(2) Z arz® =1+ cpz" + cnp12" 4.
k=0
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(see Example 2 from Section 3 of Chapter 2). Since the function V,(z) takes real
values on the real axis, then, as is easy to see, all coefficients cx, k& > n, are real
numbers. Since

n—1 n—1 ©
Vp(2) Z arz® =1-V,(2) (% - Z akzk> =1-V(2) Z apz”
k=0 P k=0 k=n

for |z| < (p+1)Y/«, it is clear that ¢, = —a, < 0. Thus the function g(z) satisfies
the condition (a).

We show that |V (z)| < 1 for 0 < z < co. Forz > 0, z # k'/* k=1,2,...,
the inequality

x x
12 1- -2
0< kl;; = ";/a o <1
x
- 1 ()
holds, therefore
IV(x)I—ﬁil_’“l% il ﬁ T Ll
- 1— 9322"‘ k2 — k? - TrY :
k=1 k k=1
For 0 < z < (p + 1)1/ we have
n—1 0
G31) o) = 9(@) = Vo) Y aiat < Vy(e) Y aea = 1
k=0 k=0

For = > (p 4 1)Y/¢ the inequality
1 _
Skco ane® _ ity anet

(5:35) P = VO @ < @)

holds.
Letting z® = £, £ > p+ 1, and using the inequality a'/® —1 > %(a —1),a>1,

we ge o) = T (7 — 1) = 1 {@1/ B 1}

k=1 k=1
S1(E-1) - Le-n 1T €-»
% k ~ arp)
k=1 k=1 k=2n+1
6 =20 (p = 2m)l > (€~ 2m)

Taking into account (5.33), (5.35), and 1/2 < a < 1, for p > py we get

2n§n/aapp2n 2n o pt1 2n )
<< Pln| — "ab.
9@l < gz <2 eoam) P2 oo P
Since for p — oo the right-hand side of the last inequality tends to 0, the number p
can be chosen so large that it is less than 1. Taking into account (5.34) we find that
lg(z)] < 1for 0 < z < oo, that is the condition (b) is satisfied. We have proved the
existence of a desired function g(z).

REMARK. If in Example 9 we required the inequality 1 < A < p < oo only,
using the same idea it would be possible to construct a much easier example. Let
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g(2) = e * 7 20 2%/k! and a = 1. We can repeat the previous argument (the
inequality (5.23) will be replaced by
In|g(re®)| < r(n — cosp)
forr > Roy(n)), but the investigation of properties of the function g(z) is significantly
simplified.
6. Meromorphic functions representable by series of simple fractions

In this section we consider meromorphic functions of the form

o0

(61) f6) =3 e b oo,

k=1
where the series is assumed to be absolutely convergent, as is
(6.2) > |Ak/hi] < oo
|hk|>1

Obviously, rational functions admitting representations of the form

R(z):i A (1<n <o)
k=1

Z—hk

satisfy the following conditions:
(a) R(z) = 0 as z — oo.
(b) For each a # 0 the number of a-points of R(z) is equal to n, and the
number of zeros is equal to n — 1, if >, _; Ap # 0.
The following two theorems, showing that transcendental meromorphic func-
tions of the form (6.1) also have properties, which are in certain sense close to (a)
and (b), are the main results of this section.

THEOREM 6.1. Let f(z) be a meromorphic function of the form (6.1). Then

(6.3) m(r, f) = o(1), r — oo,
besides, for each 0 < p < 1 the relation
27
(6.4) / |f(re®)[Pde = o(1), r — oo
0
holds.

THEOREM 6.2. Let f(z) be a meromorphic function of the form (6.1), for which
Af] < co. Then é(a, f) =0 for all a # 0, and the order of N(r,a) is equal to the
order of T(r, f). This statement remains true also for a = 0, if we assume, in
addition, that

(6.5) D Akl < o0
k=1

and

(6.6) > A #0.
k=1

We shall assume, without loss of generality, that hy #0, k=1,2,....
To prove Theorem 6.1 we need the following lemma.
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LEMMA 6.1. If a function F(z) is analytic in the disc {|z| < R}, and is such
that the functions ReF(z) and Im F(z) have constant sign, then the inequality

27 27
| wee < oy
holds for each 0 < p < 1, where
u(p) = liminf |F(2)].

z—Re"?¥
|z|<R

PROOF. We may assume without loss of generality that Re f(z) > 0 for |z| < R.
The function F'(z) does not have zeros in the disc {|z| < R}, and we can fix a branch
of arg F'(z) in such a way, that |arg F'(z)| < /2 for |z| < R. The function

FP(2) = |F(2)|” exp{iparg F(2)}
is analytic in the disc {|z| < R} and hence, Re{F'(z)}? is harmonic there. Since
Re{F(z)}P = |F(z)|P cos(parg F'(z)) > |F(2)|P cos %,

we have

27
/ F(rei®)Pdy <
0

I ; 2m
WP — P
/0 Re{F(re'?)}Pdy cos I Re{F(0)}?,

s
COS =5

thus

2m
, 27
F(re'?)|P < F(0)?, r <R.
| ireenr < e iFo)r, -

Taking limits as r — R and using the Fatou lemma, we complete the proof of the
lemma. U

PrOOF. We prove Theorem 6.1. The relation (6.3) follows from (6.4) and the
inequality In* a < %a”, a > 0, therefore it suffices to prove (6.4).

Let 0y, = arghy, A = ay + i0;. Fixing R > 0, we write the function f(z) in
the form

1% Re(Ape™ ) 1% Im (Ape 1
o= 3 AT | g e

Z—hk Z—hk
|h|>R |hk|>R |hk|>R
) " ! ak ! /Bk
i Y e Y i Y i
|hi|>R \thSR |hi|<R Ihk\<R |hi|<R

=Fi(z)+ -+ Fs(2),

!/ . .
where the sums Z contain those terms for which Re(Axe™"*), Im (Age "), ay,

"
Bk, respectively, are positive, and the sums Z contain all other terms.
Since for |hg| > R, |z| < R, the inequality

e’iek

Re <0

Z—hk
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holds, the functions Fj(z), j = 1,2, 3,4, satisfy the conditions of Lemma 6.1, hence
(j=1,2,3,4)

P
Ay

hi

2
- 2T 2T
F.(Re™)|Pdy < F(0)P <
| IEwe e < TSmOy < e | 3
|hi|>R

[ V)

Since for |z| = R the equality

/Oék_ ' Ray
> Tt o

hy
[hie|<R [hi|<R
holds, and for |hx| < R, |z| < R, the inequality
R
Re——>0
eR2 — hkz

holds, considering the function
(1) . /" Ray
BG= > s
[hi|<R

we see that it satisfies the conditions of Lemma 6.1, besides, we have |F5(1) (Re™)| =
|F5(Re™)|, 0 < ¢ < 2. Hence

P
2
| IB®epdp < 2T FP0P < 5 (1 2 14
0 cos — cos — Ihe|<R
2 2 kEl>
In a similar way we get
) P
g i 2 1 )
/O FiRe)rdp < —T (£ 37 Al | L =678
COS 7 |hk|§R
Using the obtained estimates, we get the following conclusion:
27 ) 8 2 )
| ir@enpao <3 [ iR
0 =170
8w Ak 1
< —.c — A
~ cos & Z hi R Z |4
|hi|>R |h|<R
P
81 Ak 1 Ak Ak
< " Ik _ il Ik
e EES 3
2 |hi|>R |hr|<VR VRL|h|<R
=0(1), R — oo.
Thus the relation (6.4) has been proved. O

Theorem 6.1 immediately implies

COROLLARY. Functions of the form (6.1) satisfy the relations
T(r,f) = N(r,f)+o(1), 6(co, ) =0.
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dep(r)

nr
If we choose poles of the function (6.1) in such a way that

n(r, f) = [dsO(T)] _ do(r) Lo,

Let ¢(r) be an arbitrary function such that monotonically tends to 4o0.

dlnr| dlnr
then
T(r,f) = N(r,f) +o(1) = ¢(r) + O(lnr),
that is, the characteristic T'(r, f) has the prescribed asymptotic behavior.

With the help of a modification of the method used in the proof of Theorem
6.1 we can get an information on the behavior of a function of the form (6.1) along
the rays {arg z = const}.

THEOREM 6.3. Let f(z) be a meromorphic function of the form (6.1). Then,
for arbitrary a and p, 0 < a < 27w, 0 < p < 1, the relations

> In" | f(te'))|
(6.8) / N W}fﬁdt <o
1

hold.
We need the following lemma, similar to Lemma 6.1.

LEMMA 6.2. If the function g(z) is analytic in the half-plane {Imz > 0} and
is such that the functions Reg(z) and Img(z) have a constant sign, then for each
p, 0 < p <1, the inequality

holds, where

v(t) = liminf [¢(2)].

Im2>0

PrOOF. The function F(z) =g¢ (% 'Z_i) satisfies the conditions of Lemma 6.1

(R =1). Observing that for this function we have u(p) = v <% Z:_ﬁ) = v (tan )

and F(0) = g(i), we get the inequality

4 © 2m )
/ vP (tan 5) dp < T lg(D)|P.

- COs

Making the change of variables t = tan &, we get the desired inequality. Il

PrOOF. Obviously, it is enough to prove Theorem 6.3 for & = 0. Observe that
the relation (6.7) is a corollary of (6.8). In fact, using the inequality In* a < %a” ,



256 5. ASYMPTOTIC PROPERTIES

p > 0, we get
o 1nt |f(t)| oo Int ‘f(t)tpT_l + l;fp Int
[
1 1

ti+p t1+p

L0 1
< = dt dt.
o p/1 t2 * p Ji tP

We let A = ag + i,Bk and we represent the function f(z) in the form

f(z):z +Z —HZ /6’“+Z

dt

Im =g <O Tm hp <0 Imhp<0 Im he <0
1"
+ Z h + Z i Z Z
>
Im hp >0 ko Imhe>0 Imhp>0 ~ Im o, >0

=g1(2) + -+ gs(2),
!/
where the sums Z contain those terms for which oy and S are positive, and the

"
sums Z contain all other terms.
Since for Imhy, < 0, Imz > 0 the inequality

I <0
m z — hk
holds, Lemma 6.2 can be applied to functions g;(2), j = 1,2, 3,4, hence
P
[e.e]
|9, () [7 ™ Ay
dt < P < — =1,2,3,4.
/_oo 1+ ¢2 *cos%|g()| 7COSQ Z J

Im hj, <0

Observe, that Lemma 6.2 can be applied also to functions g;(—z), j = 5,6,7,8,
hence

Ay

u)

hy

[e )
lg; ()1 7T . T
dt < lg;(=)I" < >
2 mp 197 P
oo 141 cos 5 cos 3 \ o
j=25,6,7,8.

Thus

[.5

o |gj
dt
z/

Ap
hy

Ay

p
—) < o0,

p
+< Z hi
Im k>0

47
<
~ cos P Z

Im hj, <0

hence [ |f(t)[Pt~2dt < 0o, Q.E.D. O

Now we turn to the proof of Theorem 6.2. If a = oo, the statement of Theorem
6.2 is contained in the corollary of Theorem 6.1. The statement of Theorem 6.2 for
a # 0,00 follows from its statement for a = 0. In fact, for a # 0, co we have

fe)—a o & A —a= 30 Ayfh s Ax /by
+ZZ(Z—hk)7 Zl +ZZ—hk'

z z

k=1 k=1
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Letting
f(z)—a -
filz) = =", ho =0, Bo=~a~ > Ag/hk, Bi= Ap/hy (k> 1),
k=1
we have the representation
(oo}
By,
fi(z) = kZ:O —

and, obviously,

T(r,f1) =T(r,f)+O(nr), N(r,0,f1) = N(r,a, f) + O(Inr),

6(07f1) = 5(a7f)7 Z |Bk| < 00, ZBk = —a # 0.
k=0 k=0
Now we prove the statement of Theorem 6.2 in the case a = 0.
By virtue of (6.5) and (6.6) we may assume without loss of generality that
220:1 Ak = 1. Let

- _Oo z . _Oo Akhk
w(z)izf(z)_ligflk (z—hk 1>Zz—hk'

k=1

The function 9(z) satisfies the conditions of Theorem 6.1, therefore for each p,
0 < p < 1, the relation

2
/ k(re'®)Pdg = o(1), T oo,
0

holds. Denote by E, the set of those values of ¢ € [0, 27) for which |¢(re)| > 1/2,
and let e, = mes F,.. Observe that

27
e <20 / p(rei®) Pdyp < 27 / hp(rei®)Pdip = o(1), r — co.
E 0

r

; 1
For ¢ € CE, = [0,27)\E; the inequality |f(re*¥)| > o holds, hence, we have
T

1 1 / 1
milr,— | < — Int ————dy + In(2r).
(+3) <3 [, " 7o+ e
By Theorem 7.3 from Chapter 1 (p. 777) for each k > 1 the estimate

1 1 6r 2me 1
— | Int ——dp < | ——e¢,1 T kr,=
o J, o et = (e ) 7 (03
holds. Since In(2r) = o(T'(r, f)) (we assume that the function f(z) is transcenden-

1
tal), and T <r, ?> =T(r, f) + O(1), we obtain the relation

(6.9) m (r, %) < 00k, T (kr, ),

where 6(k,r) = 0o(1) as 7 — oo and k is fixed.
Suppose that §(0, f) > 0. Then for all sufficiently large r the inequality

2 1 20(k,r) .
T % 5577 () < o 5 70 )
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holds. Hence for each 8 > 1 we can find ro = r9(k, 8) such that for r > ry the
inequality

T(kr, f) = BT(r, f)
holds. From here we get
T(k"ro, f) = B"T(ro, f), n=1,2,3,....
Letting

_|Inr—1Inrg
N Ink

:| y T 2 To,
we get
r> Ko, "> e g
and hence the inequality
1In 3 In r
T(r, f) = vk 5~ =8 " T(ro, f)
holds.
Ing
n

Thus A[f] > e Since k can be chosen to be arbitrarily close to 1, we get

A[f] = oo contrary to the condition of the theorem.

The statement that the orders of N(r,0) and T'(r, f) coincide requires a separate
proof because (see Example 3 in Section 2) a Borel exceptional value can have zero
deficiency.

Adding N (r, %) to both sides of (6.9) we get the relation

(6.10) T(r, f) < 9k, r)T(kr, f) + N <r, %) ,

where ¥(k,r) = 0o(1) as r — oo and k is fixed.

1
?> is less than the order of T'(r, f) and choose

1
a number p situated between these orders. Then N <r, ?) < r# for r > ry. Fixing

Suppose that the order of N (r,

k > 1 we choose ro > 71 in such a way that T'(re, f) > 2r5 and 4k#9(k,r) < 1 for
r > ro. Then by (6.10) we have

1 1 1 .
T(kra, f) > Sera) {T(?‘z,f) -N (7”2, })} > MT(T%JC) > 2(kra)".

Using (6.10) repeatedly we get
> 1
= 2nl9(k, 7“2)19(]@ k‘?‘g) . 19(]@, T”_1r2)

T(knr% f) T(T27 f) > (2kﬂ)nT(r27 f)
Inr —Inrs

, T > T2, we get the inequality
Ink

From here, selecting n = [

Inr—Inr

T(r, f) > (2k") " 8 = T(ry, f), 7> 12,
plnk +1n2

and conclude that A[f] >

trarily close to 1, we again get a contradiction.

, and, because k can be chosen to be arbi-
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REMARK. The statement of Theorem 6.2 is no longer true, if we omit the
condition (6.6).

In fact, assume that §(0, f) = 0 for each function f(z) of the form (6.1), satis-
fying the condition (6.5). We deduce from this assumption the following corollary:
meromorphic functions of finite order cannot have deficient values different from 0
and oo. It is clearly a nonsense.

Let g(z) be a meromorphic function of finite order. Denoting the genus of this
function by p, we can, by the remark to Theorem 4.1 from Chapter 2 (p. 777)

represent the function g(z) in the form
- (5 )
5,Q(2) m

g(z) = 2% —l;[E<ip> ,

where s is an integer, Q(z) is a polynomial of degree at most p, a,, are zeros of the
function g(z), by, are its poles. It follows from here that

9'(z) _

-2 P
g(2) +Q +ZZ Pz —am) Zszz—b
Let h(z) = (z—c1) ... (2—cp), where ¢y, . . ., ¢, are pairwise distinct and are different
from a,,, by, and 0. It is easy to see that the function
9'(2)
fz) = L2
R TETE

is representable in the form (6.1), moreover, the condition (6.5) holds.
By virtue of the assumption made above, the condition 6(0, f) = 0 should hold,
hence, there exists a sequence {r,}5,, r, T 0o, such that

m(ry, 0, f) = O(T(Tm f))-

Since
(r,0, f) (r, —) >m <r, 5) +0(lnr),
T f) =T <r, ;L’—> <7 <r, g—/> +0(Inr),
r(ng)=m(ng) e (%)
O(nr) + N(r,g) + N (r, 1) < 2T(r, g) + O(lnr)
we have

m (rn, 5) = o(T(rn,g)).

Using Lemma 2.1 from Chapter 3 (p. 77?), we get that the condition
m(rn, a,g) = o(T'(rn, g))
holds for each a # 0, 0o, hence d(a, g) = 0.






CHAPTER 6

Value distribution with respect to the arguments

As was already mentioned in Section 4 of Chapter 1, the function N(r,a)
characterizes the moduli of a-points only. Therefore Chapters 4 and 5 do not
contain any information on the role of the arguments of a-points.

In the present chapter we show that the restrictions on the arguments of a-
points can have an important impact onto the asymptotic properties of a mero-
morphic function. In particular, restrictions of such type can imply: (a) growth
estimates; (b) regularity of growth; (c) presence of deficient values.

Note, that among theorems presented in previous chapters it is easy to point
out theorems in which (a) or (b) follows from restrictions imposed onto the moduli
of a-points. For example, by Theorem 2.2 from Chapter 3, if the order of N(r,a)
does not exceed p for 3 different values of a, then the order of f(z) does not exceed
p. By Theorem 5.1 from Chapter 5, if the order of N(r,a) is less than the order of
f(2) for two different values of a, then f(z) has regular growth in the sense that
plf] = A[f]. Finally, we note that from the very definition of the quantity é(a, f),

da, f)=1- limﬁsup Jz\j((:’;;,

we see that the condition §(a, f) > 0 can be considered as a condition imposed onto
N(r,a), that is, onto moduli of a-points.

Results related to (a) are considered in Sections 2, 4, and 5; results related
to (b) are considered in Sections 1 and 2; results related to (c) are considered in
Section 1. Section 3 contains proofs of results on asymptotic properties of functions
meromorphic in an angle, which are used in Section 2.

The methods of Sections 2-5 make substantial use of the apparatus of angular
Nevanlinna characteristics, Tsuji characteristics play essential role in Section 5.

1. Meromorphic functions with separated poles and zeros

Let f(z) be a meromorphic function with zeros a,, and poles b,,, p be a positive
integer, and 7 be a number satisfying the condition 0 < 7n < %. Let

o=}
argz —m—| <n,,
p

Di(n) = jL_J:{

Di(n) = jL_J:{

27 +1
argz—ﬂ']+ }gn}.
p

261
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DEFINITION. If the condition
(1.1) > Ly > ELER
' |am [P ; b [P ’
am ¢ DY (n) b D5 (n)

is satisfied, we say that zeros and poles of f(z) are (p,n)-separated.

In particular, zeros and poles of a function f(z) are (p,n)-separated, if all of
its zeros are in DY (n), and all of its poles are in D5 (n).
In what follows we assume, without loss of generality, that f(0) = 1.

THEOREM 1.1. If poles and zeros of f(z) are (p,n)-separated, then the limit
lim, 0o 7 PT(r, f), finite or infinite, exists.

This theorem shows that the growth of f(z) cannot be arbitrarily irregular. In
particular, it immediately implies that if A[f] < p, then p[f] < p.

To prove Theorem 1.1 we need the following lemma, which will be used repeat-
edly in this section.

LEMMA 1.1. If zeros and poles of a function f(z) are (p,n)-separated, then the

inequality

1 27 )
3 | mlrre) cospeds
" r\ dt
>cospn | n(t;0,00) cosh <p In —) — +0(rP)
o t) 1
" ) T\ dt
=cospn{ N(r;0,00) +p | N(t;0,00)sinh (pln;) " +O(rP)
0

holds.

PROOF. We start from the formula (2.6) from Chapter 1. Separating the real
part, we get the relation

1 [ ; 1 rP |G |P
- i _ _
271_/0 In |f(re*?)| cos ppdp = o E <|am|1’ ) CoSPam
[am|<r
1 P |6y, [P i
W (o~ ) cosp Re g G,

where oy, = argan,, B, = argb,. This relation can be written in the form

|am

1 [P : 1
%/o In|f(re'?)| cosppdy = — | z|:< sinh <pln L) COS P,

(1.2)
——1 g sinh | pln — | cos pB, + rPRe— In f(2)|.=0
|bn| dzP =

P [bn|<r
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Since for a,, € D¥(n) the inequality cos pa,, > cospn > 0 holds, we have

Z sinh (p In ﬁ) COS Py, = Z sinh (p In ﬁ) COS POy,

[am|<r lam|<r
am €D (n)
+ Z sinh (p In L) COS PQtyy, > COS PN Z sinh <p In L)
[@m|<r |am| [am|<r jam]
am&DY (n) am€DY (n)
— Z sinh (p In L)
[am|<T |am|
am&D7 (n)
= cospn Z sinh <pln L) — (14 cospn) Z sinh <pln L) :
lam|<r |am| [@m|<r |am|
am&DY ()

By the inequality sinhz < e® and the condition (1.1) we get

r 1 r \* 1 1
inh (pln —— ) < = Y <l —O(r?
Z sin (p n |am|) <3 Z <|am|) <37 Z a7 Oo(rP),

[@m|<r |@m | <7 am&D?(n)
ang{)("]) angf(n)
therefore

Z sinh (pln L) COS Py, > COS PN Z sinh <p1n L) + O(r?)

@l <r lam| laml<r |am]

= cospn/ sinh (p In C) dn(t,0) + O(r?)
0 4

dt

zpcospn/ n(t,0) cosh (plnf> — +0(rP)
) t) 1

—pcospn{N(r,O) +p/ N(t,0)sinh <p1n£) %} + O(rP).
0

Using similar argument we conclude that

— Z sinh <p In |b—r|> cos pBn

|bp|<r
(1 4) " r\ dt p
. >pcospn | n(t,00) cosh (pln —) — +0(rP)
0 t) ¢t
" r\ dt
= pcospn {N(r, 00) —|—p/ N(t, 00) sinh (pln ;) ?} +O(rP).
0
Relations (1.2), (1.3), and (1.4) imply the conclusion of the lemma. O

PrOOF OF THEOREM 1.1. Obviously it is sufficient to consider the case when
liminf r~PT(r, f) < oco.
T—00

Since

05) o [ i cospgte <mir )+ m (v 1) <270.0)
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by Lemma 1.1 we get
" dt
2T(r, f) > cospn/ n(t; 0, 00) cosh (p In %) n +O(rP).
0

it follows that

1 T
2T (r, f) > 5 cos - rp/ n(t;0,00)t P~ 1dt + O(rP).
0

Dividing both sides of this inequality by r? and letting r tend to co along a sequence
rt 1 0o such that T'(ry, f) = O(r%), we come to the conclusion that the integral

[e.e]
/ n(t;0,00)t P~ Ldt
0

Since cosh z > %

converges.
Convergence of this integral implies, by Theorem 1.8 from Chapter 2, the con-

vergence of the series
1 1
and
2ler ™ LG

therefore (see Theorem 3.2 from Chapter 2 and Example 1 on p. 7??7) the canonical

products
z z
T ) =T ()

converge. The function

is an entire function without zeros. Since
T, F)<T(r,f)+T(r,m)+ T(r,m2)
and, by Remark 2 to Theorem 3.3 from Chapter 2, T'(r,7;) = o(r?), j = 1,2, we
have lim inf »~PT'(r, F) < co. By Lemma 6.2 from Chapter 1 we get a representation
—00

F(z) = P where P(z) = c,2P + --- + ¢ is a polynomial of degree at most p.
Thus

F(z) = eP(Z)ﬂl_(z)

mo(z)’

from where

lep|
™

T(r, f) =T(r, P2y 4 o(r?) = r? 4 o(rP),

and hence the limit lim r7PT(r, f) exists. The theorem has been proved. O
—00

Let us mention the following fact, established in our proof of Theorem 1.1.

REMARK. If zeros and poles of a function f(z) are (p,n)-separated and
lim inf r=PT(r, f) < o0,

7—00

then

% n(t;0,00)
/0 T S0 mev’ *Z |b P
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Now we turn to corollaries of Theorem 1.1.

COROLLARY 1. Let f(z) be an entire function of a finite lower order X with pos-
itive zeros. Then the growth of f(z) does not exceed the minimal type of order [\]+1.
If X\ is a positive integer, then there exists a finite or infinite limit lim r_’\T(r, 1)

r—o0
In any case, the numbers p[f] and A[f] belong to the same segment [k — 1, k], where
k is a positive integer.

In fact, zeros and poles (the latter are absent) of f(z) are (p,0)-separated for
each positive integer p. For p = [A\]+1 we have lirginf r~PT(r, f) = 0. By Theorem
T [e.e]
1.1 we then also have lim r~PT(r, f) =0, that is, the growth of f(z) does not
™00

exceed the minimal type of order p = [A\]+1. If X is a positive integer, we can apply
Theorem 1.1 with p = A.

The statement of Corollary 1 is sharp in the sense that for each p and A (A < p)
belonging to the same segment [k — 1, k], where k is a positive integer, there exist
entire functions with positive zeros of order p and lower order A. For k —1 < A <
p < k the canonical products considered in n. 1° of Section 5, Chapter 2, p. 777 (we
let 71 = A, n2 = p in their construction) are such functions. Now we construct an
example of an entire function with positive zerosand p =k, A=k—-1,k=1,2,....

EXAMPLE 1. Let a1 = e, a1 = expexpa, (n =1,2,...), g, = a*(Ina,)"2.

Since the series

o0

—k
E dna,,
n=1

converges, by Theorem 3.2 from Chapter 2, the canonical product

wo= e (5 o))

converges. Since

Em: ak ak ] ]
n_ = n +0(1)), m — oo,
o (Inap)? (I am)Q( (1))
for r = a,, we have
rk
n(r, 0, fk) - (lnr)2 (1 + 0(1))7 r— o0,
and
rk
<
77,(7', 0, fk) = (lnr)2 (1 + 0(1))7 r— o0,

for all » > 0. Thus, the order of n(r,0, fx) is equal to k. By Theorem 3.4 from
Chapter 2 the order of fi(z) is also equal to k, moreover, by Remark 2 to Theorem
3.3 from Chapter 2,

(1.6) In M (r, fi) = o(r").
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Next, by the estimate (3.6) from Chapter 2 (p. 777) we have
In M(r, fu) < C(k — 1) {rk_l/ MdtJrrk/ Mdt}.
0 T

1k 1+l
For r = e*™ = Inay,+1 we have

/T n(t,O,fk)dt < n(am, 0, f) " dt < n(am, 0, fr)
0

¢ 1 tk = k-1
L _an .
= E- T, o) =000, A k> 1,

/ Mdt < n(am,0, f1) % = (@m0, fi)Inr
A 1

B mu +o(1))Inr = O(In?r),

* n(t,0, fi) ami1 g *n(t,0, fr)
/r tdet = n(am,O,fk)/r tkT +/a N tdet

n(a'rruovfk) /OO dt
< ——= 42

1 ak 2 In* r 1
-~ Im 14,01 - 2.
krk (lnam)Q( + ol ))+1nam+1 O( rk ) +O<r>

Thus, for r = e*™ = Ina,,+1 we have

(1.7) InM(r, fr) = O(* 1 In*r), k> 1; mM(r, i) = O(In?r),

hence, the lower order of the function fj(z) does not exceed k — 1. Since the order
of fr(z) is equal to k, then, by Theorem 1.1, the lower order of f(z) cannot be less
than k£ — 1.
We leave a construction of an example of an entire function with positive zeros
andk—1=A<p<kork—1<A<p=k(k=1,2,...) as an exercise.
Corollary 1 and Theorems 6.5 and 6.7 from Chapter 4 immediately imply the
following result.

COROLLARY 2. Deficiencies of entire functions of finite lower order with posi-
tive zeros are shift-invariant.

Using the observation that poles and zeros of a function f(z) with positive
zeros and negative poles are (p,0)-separated for each odd p, we get from Theorem
1.1 the following corollary.

COROLLARY 3. Let f(z) be a meromorphic function of finite lower order A,

with positive zeros and negative poles. Then the growth of the function f(z) does
A+1

not exceed the minimal type of order 2 {%] +1. If A > 1 is an odd number,

then the limit lim, o, v~ T(r, f) exists. In any case, the numbers p[f] and \[f]

belong to the same segment of the form [2k— 3,2k — 1], where k is a positive integer.

The following corollary of Theorem 1.1 is also of interest.
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COROLLARY 4. Let f(z) be an entire function of finite lower order X\, zeros anm,
of which satisfy the condition

1
1. Im — .
(1.8) ;\mm <

A
Then the growth of f(z) does not exceed the minimal type of order 2 {5] +2. If

A > 2 is an even number, then the limit lim r_)‘T(r, f) exists. In any case, the
r—00

numbers p[f] and A[f] belong to the same segment of the form [2k — 2, 2k], where k
1S a positive integer.

To prove this corollary it suffices to observe that, by the condition (1.8), zeros

and poles of the function f(z) are <p, %)—separated for each even p > 2.
P

Now we show that functions with sufficiently large growth, having separated
zeros and poles, have “few” zeros and poles in the sense that the number

&(f) = limn sup %

is strictly less than 2.
THEOREM 1.2. Let zeros and poles of a function f(z) be (p,n)-separated.
(a) If 0 < limsuprPT(r, f) < oo, then (f) = 0.
7—00
(b) Iflimsupr PT(r, f) = oo, then
7—00

(1.9 (s
' ST cospn’

PROOF. In the case (a), by Theorem 1.1 we have lim r PT(r, f) > 0, that is,
r—00

P = O(T'(r, f)). By the remark to Theorem 1.1 on p. ???, the relation n(r;0, c0) =
o(rP) holds, hence N(r;0,00) = o(r?). Therefore k(f) =0, Q.E.D.
In the case (b), by Theorem 1.1, we have le r~PT(r, f) = oo, that is P =

o(T(r, f)). Therefore, by Lemma 1.1 and relation (1.5), it follows that

m(r, f) +m ( ;) > cos pyN(r; 0, 00) + o(T(r, f)).

Adding N(r;0,00) to both sides, we get
2T(r, f) =2 (L + cospn)N(r;0,00) 4 o(T'(r, f)).

Dividing both sides by T'(r, f) and letting r tend to oo, we get the inequality
(1.9). O

Let us show that the parameter x(f) can be equal to 2 for a function with
(p, 0)-separated zeros and poles, and such that lim »~?T(r, f) = 0.
T—>00

EXAMPLE 2. For p = 1 the function

f(2) = f1(2)/ fr(=2),
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where f(z) is a function from Example 1, is a desired example. In fact, poles and
zeros of the function f(z) are (1,0)-separated. Since

(1.10) T(r, f) < 2T(r, fr) < 2In" M(r, f1),

the relation (1.6) implies that hm 7T (r, f) = 0. Now we show that x(f) = 2.

— 00

From (1.7) and (1.10) we get that
T(r, f) = O(In®r)

for r = e and thus the function f(z) has lower order zero. By the corollary of
Theorem 3.1 from Chapter 5 (p. 77?), the function f(z) cannot have more than one

deficient value. Since, obviously, N(r, f) = N (r, %), we have §(0, f) = (o0, f)
and hence §(0, f) = §(oc0, f) = 0. From here we get

. N(r,f)—I—N(r,%): - B
k(f) hgs;p T ) 211£S£p7T(r 7

To get an example for p > 1 we consider f(zP).

As we already mentioned in Chapter 5, the inequality x(f) < 2 — (0, f) —
d(oc0, f) holds. The question arises: is it possible to strengthen Theorem 1.2
supplementing it with the statement that 2 — §(0, f) — d(co, f) < 2, that is,
5(0, f) + 6(c0, f) > 0. In the case (a) such strengthening is possible: the rela-
tion k(f) = 0 and the obvious inequality

(1.11) min{4(0, f),d(c0, f)} = 1 — K(f)

imply that §(0, f) = d(oc0, f) = 1. We show that in the case (b) for each value of
1 > 0 it is possible that 6(0, f) = (oo, f) = 0.

EXAMPLE 3. Let a positive integer p and a number 7, 0 < n < 1 be given.
Let p be a non-integer satisfying p > 5-. We will construct a meromorphlc function

f(2) of order p zeros of which are lymg on the rays {arg z = 0} and {argz = I},
p

and poles are lying on the rays {argz = z} and {argz _r + il }, and such that
p p p

5(0, f) = 6(oo, f) = 0. Since % < 27, zeros and poles of the function f(z) are
(p,n)-separated, and since p > 7~ 7 > Py we have lim sup r~PT'(r, f) = co. Thus, the

—00
desired example will be constructed.

Let 1 = 1, rppy1 = expexpry, (m = 1,2,...). Denote by ¢1(2) (g2(z)) the

canonical product of genus ¢ = [p] with zeros at the points kP k=1,2,..., getting
o0 o0
into the set U [roj—1,72;) U [r2;,72;+1) |- Let us show that the function
j=1 J=1
g1(2)g1(ze™®) v ™ T
z) = - — a=—, 3=—, vy=—+ —
B = e P)galze ) 0

has all the desired properties.
It is clear that its poles and zeros belong to the indicated rays and that the
order of f(z) does not exceed p.
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Since
n(r,0,g1) + n(r,0,g2) = [r*],
we have
1
alr30,0) = nfr. f) 0 (77 ) =2
and
N(r;0,00) ~ 21
r;0,00) ~ =7,
p
Therefore
1
(1.12) T(r, f) > (; + 0(1)) P,

and the order of the function f(z) is equal to p.
Let us prove that §(0, f) = §(o0, f) = 0.
Using the estimate

In M(r,g1) < Clq) {rq/ Mdt—i—rq"'l/ Mdt},
0 T

ta+1 tat+2

which is valid by Remark 1 to Theorem 3.3 from Chapter 2, and taking into account
the fact, that for r = €™ =Inry;41 the inequalities

/ nt:0,91) gy  lr2i 0,91) _ O(ry;) = O(In" r),
0

a1 = q
* n(t,0, n(rs;,0, > n(t,0,
/ ( q+2gl)dt < ( 231 qg+11) +/ ( q+2g1)dt
t (q+ )T 7'2j+1 t

In”r < O(tr) In”r p—q—1)
=0 (rq“) + /m'_+1 a2 dt =0 (qurl) +O(ry; 1 )
In”r In”r
_ r(p—q—1)\ _
O<rq+1>+0(e o )O<rq+1>
hold, we get

(1.13) InM(r,g1) = O(r?In”r) + O(In’ r) = o(r?), r = €"%.

In a similar manner, we get
(1.14) In M(r,g2) = o(rf), r=e+1,
The function
9(2) = g1(2)g2(2)

is a canonical product with zeros at points k/?, k = 1,2, ..., and by the asymptotic
formula (5.32) from Chapter 2, for each § > 0 the relation

- T
In|g(re'?)| = Snrp cos p(p — m)r? 4+ o(r?)

holds uniformly in ¢, § < ¢ < 27 — §. Therefore the function

aazgumufmxazg,
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for each 6, 0 < < %, uniformly in ¢, satisfies the asymptotic equalities:
In |G(re'?)| = 2msin per? + o(r?), § < o < a — 6,

In|G(re)| = o(r?), a+6 < ¢ < 21 — 4.
Applying Theorem 7.4 from Chapter 1, we get

LR A5 T A + p Py — o
(1.15) m <r, G) = {277/0 (—2m sin pyp) dgo}r +o(r?) = o(r?).
The function f(z) can be represented in the form
G(z)
z) = . . —
N TR e PABTA B

from where we get

1 1 1
m (r, ?> <m <r, 5) +4m(r,g2) <m <r, 5) +4In" M(r, g2).

Taking into account (1.15) and (1.14) we get

1

applying (1.12), we conclude that §(0, f) = 0.
Similarly, representing the function f(z) in the form

f(2) = g1(2)g1(ze” ") g1 (ze” ) gi(ze” ")
G(2) ’
and using (1.15), (1.13), and (1.12) we conclude that §(oo, f) = 0.

The question: is it possible that §(0, f) = §(oo, f) = 0 holds under the condi-
tions of Theorem 1.2 (b) with » = 0, in full generality is still unanswered. Under
some additional conditions the answer to this question turns out to be negative.

The following two theorems are fairly easy to prove.

THEOREM 1.3. Suppose that the conditions of Theorem 1.2 (b) with n =0 are
satisfied, and suppose, in addition, that the limits

N(r, f) , N(r, f)
1 1
7

are finite and positive. Then

(1.16) 50, f) > %1% >0, 8(co, f) > > 0.

1+¢q

THEOREM 1.4. Suppose that the conditions of Theorem 1.2 (b) with n =0 are
satisfied, and suppose that, in addition, there exist numbers u > 1 and 1 > v > 0,
such that

N(r;0,00)
(1.17) N(uri0,00) = 2 72T
Then
v h(pln ) —
(1.18) min{4(0, f), (o0, f)} = 2+(1i(()(szos(ﬁ(pllfl)u) i)1) -0
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PROOF OF THEOREM 1.3. We have

. N(r;0,00) _ .. N (7'7 7) o N(r, f)
k(f) =limsup ————= > limsup ——2 liminf | 1 + ———%
( ) r—00 T(’I", f) T—00 T(’I", f) 00 N (rp

=[S

N N r,l
5(f) > liirisip T((:,]{)) liminf | 1+ % = (1—-d(c0, f)) (1 + q%) .

Since the inequality (1.9) with n = 0 gives us (f) < 1, we get the inequalities
(1.16).

PROOF OF THEOREM 1.4. First we establish that for functions satisfying the
conditions of Theorem 1.2 (b) with n > 0 and the condition (1.17) the following,
somewhat more sharp than (1.9) estimate holds:

2
(1.19) K(f) < 1+ cospn{l — v+ vcosh(plnp)}

Using Lemma 1.1 and the inequality (1.5), we get
2T (r, f) > (1 + cospn)N(r; 0, 00)

T
—|—pcosp77/ N(t; 0, 00) sinh <plng) dt +o(T(r, f)).
0

t
By the condition (1.17) we have
dt

" r\ dt " r
. 3 )2 > . : [ Rt
p/o N(t,O,oo)smh(plnt) ” _p/r/ﬂN(t,O,oo)smh(plnt) ”

T " T\ dt T
>N | —; inh (pln-) — =N |{ —; h(pl —1
> (M,O,oo>p/r/usm (p nt) , <H,O,oo) {cosh(pln ) }
> N(r;0,00)v{cosh(plnpu) — 1}

We come to the relation
2T (r, f) > {1 + cospn(l — v + vcosh(pln u))} N (r; 0, 00) + o(T(r, f)),
whence (1.19) follows.
(From (1.19) with n = 0 we get
k(f)

and, using (1.11), get (1.18).

2

< 1
~ 2+ v(cosh(plnp) — 1) <

The proof of the following theorem is much more difficult.

THEOREM 1.5. If the conditions of Theorem 1.2 (b) are satisfied and, in addi-
tion, there exists a number £ < co, such that

1 1
(120) ;W+§:W<OO,

n < l,
60¢&
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then
(1.21) min{d(0, f), (o0, f)} > A >0,
where A is an absolute constant.

Let us mention some of the corollaries of Theorem 1.5.

COROLLARY 1. If the conditions of Theorem 1.2 (b) with n = 0 are satisfied
and, in addition, there exists a number & < oo, such that (1.20) is satisfied, then
(1.21) holds.

Observe that (1.20) is always true for £ > p[f]. Therefore Corollary 1 immedi-
ately implies

COROLLARY 2. If the conditions of Theorem 1.2 (b) with n = 0 are satisfied
and, in addition, the function f(z) has finite order, then (1.21) holds.

Let us mention, also, the following statements.

COROLLARY 3. Let f(z) be a function with positive zeros and negative poles.

If f(2) has finite lower order and limsupr*T(r, f) = oo, then (1.21) holds.
T—>00

COROLLARY 4. Let f(z) be an entire function with real zeros. If f(z) has a

finite lower order and limsupr—>T(r, f) = oo, then (1.21) holds.
T—>00

Corollary 3 follows from Corollary 2, since, by Corollary 3 of Theorem 1.1 the
function f(z) has finite order. Corollary 4 can be derived from Corollary 2 using
Corollary 4 of Theorem 1.1.

Now we turn to auxiliary results needed to prove Theorem 1.5.

LEMMA 1.2. Let {ci}72, be a sequence of points in the complex plane, lying in
the angle {| arg z| < % — 5}, where 0 < e < g, and satisfying the condition

k=1
Let!
ad z
g<z>=HE(a,2)
k=1
Then
3+3 ip
g(re'®) . €
Int | -2—|dp > —N(r,0,9).
/j{; n g(—reie) P 551112 (r,0,9)

PrROOF. It is easy to see that for Im{ > 0 the equality

B2 . (1-¢ [
1“E(—<,2>_1n<m>+25_2/0 o1

1By Theorem 3.2 from Chapter 2, the product converges absolutely and uniformly in each
finite disc.
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holds, where the branches on the logarithm in both cases are chosen in such a way
that they have zero value at ( = 0, and the integral is taken over the segment
joining the points 0 and (. Separating the real part, we get

0 E(peié,2) — 9Re /p T2?2i9 efdr \ — 2/” 7 cosf — 72 cos39d7_’
E(—pei 2) 0 T2e29 1 0 T —272c0s20 + 1

whence

ret¥
199 ) E( cx ’2) _o r/lexl 74 cos(p — pr) — 72 cos 3(p — <pk)d
(1.22) . eiv N T4 — 272 cos2(p — 1
E (—’"— 2) 0 © — or) +
Ck ?

where ¢j, = argcg.

1

?

Since |pg| < g —¢, for ‘go— g‘ < % we have

Stz <p-p<z-1,
6 2 2 2
hence
T € . €
cos(p — ¢x) > cos (5 - 5) = sin o
cos3(p — ¢r) < cos3 (E + E) = —sinﬁ.
6 2 2

Therefore (1.22) implies that for ‘go — g‘ < % the inequality

E(re”’ 2) r/|ck s 3 r/|ck
In ek >2// ’“|T4sm%—|—7—251n7€d7_>2sin£//k 2dr
E(_rew 2) ) 4 +272 41 - 2 Jo 2 +1
cp
holds. Adding these inequalities for different values of k, we get (’g@ — g’ < %)
i o /el 24
MR PPN / T
g(—ret®) 2 = Jo T2 41
0o r/t 2d 0o t0
:2sin£/ dn(t,O,g)/ 7; T :2r3sin£/ Mdt
2 Jo o T>+1 2 )y £(r?+1?)
™ T
3. & n(t707g) . € n(t,O,g) o €
> 2r° sin 5/0 mdt > sin 3 | fdt = sin §N(r,0,g).

Integrating with respect ¢ from 3 — 5 to % + 5, we get the desired inequality. [J

LEMMA 1.3. Let G(z), G(0) = 1, be a meromorphic function with all zeros in
™ ™
the angle {| arg z| < @} and all poles in the angle {|7T —argz| < @}, and let

(1.23) lim 77 (r,G) = oco.
r—00

Suppose, in addition, that G(z) is of the form

(1.24) G(z) = 53 Gy (2),

where G1(z) is a meromorphic function of genus at most 2, and S(z) is an entire
function.
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Then
(1.25) min{d(0,G),d(c0,G)} > A > 0,
where A is an absolute constant.

PRrROOF. First we consider the case when the genus of the function G(z) itself
does not exceed 2. Let

oo =TT (2 T (52

Then
G(’Z) — eCz g(Z)
G(—2) 9(=2)’
. . . 9
where C' is some constant. Applying Lemma 1.2 with ¢ = 06 we get
3t+3 G(ret® 5+3 i
/ 1n+ C:("ﬁieuz 2/ 1 + g(re 7’43 S0_|Cf|€7,
z_¢ (—re'#) Tt g(=re?)
(1.26) > esin%N(r,O,g)—kO(r)

= (3—7T sin 3—7T> {N(r,0,G) + N(r,00,G)} + O(r).

Zeros and poles of the function G(z)/G(—z), obviously, are (1, %)—separated.
By Lemma 1.1 we have the inequality

cospdp > COS% {N (r, %) +N (r, Géé’?)}

+0(r) = 2cos 6—7‘('){N(r, 0,G) + N(r,00,G)} + O(r).

2 7
L[| Gle?)
G(—rei®)

2 Jo

By 27-periodicity of the function G(re’?) in ¢, we have the equality

2 il
1 'G( re )dapzo.

" Glrei)

27 Jo

Adding it to the preceding inequality we get

27 i
1 / In ’ G(—re'?)
0

(1 — cosp)dp > 2cos %{N(r, 0,G) + N(r,00,G)} 4+ O(r).

2 G(rei)
Since
G(—=z) 1 /27T + | G(=ret)
> — — (1 - d
2m <T’, 6 ) =9 ), In Glre?) (1 —cosp)dp
1 2 L] G(re) 1 (2" |G(—re¥)
=5 =~ N - — — — d
2 J, In Glore) (1 cosgo)dgo—l-%_/o In (rei) (1 —cosp)dp,




1. MEROMORPHIC FUNCTIONS WITH SEPARATED POLES AND ZEROS 275

it follows from here, that e = 3 I
10 6

G(-2) 1
o ( G(z) ) = %/0 sl fermrry
+2cos %{N(r, 0,G) + N(r,00,G)} + O(r)
G (re?)

1 35
2—<l—cosz)/ Int|——~_
27 4/ J= G(—rei®)

+2cos 6—7;{N(r, 0,G) + N(r,00,G)} + O(r).

G(re?)

(1 —cosp)dy

Using (1.26) we get

3 ™ 3T ™
>{ 2 (1—cos> )sin = - + + .
> { 0 (1 cos 4) sin 75 + 2 cos 60} {N(r,0,G) + N(r,00,G)} + O(r)

() = on ()
=2T(r,G) — {N(r,0,G) + N(r,00,G)} = 2T(r,G) — N(r; 0, 00),
we have

1 3 T 3m T
> - — — mn — - . .
T(T, G) 5 {1 + 30 (1 COS ) sin 10 + cos 60 } N(T, 0, OO) + O(T)

Straightforward computation shows that the number in braces exceeds 2.0004. De-
noting this number by 2 + 2B, where B > 0.0002, we get

T(r,G) > (1+ B)N(r;0,00) + O(r),
by (1.23), this inequality implies
k(G) <1/(1+ B).

Using the inequality (1.11) and letting A = B/(1 + B), we get (1.25).

In the case when the genus of G(z) exceeds 2, the function S(z) in the represen-
tation (1.24) is either a polynomial of degree at least 3, or an entire transcendent
function. In both cases, by Lemma 6.2, we have

= O(T(r,e5®)).
Since the genus of G1(z) does not exceed 2, we have
T(r,G1) = o(r®),
and hence

N(T’,O,G) = N(T707G1) = O(T3)7 N(T7OO7G) = N(T,OO,Gl) = O(Tg)v

r? = O(T(r,e®®)) + T(r,G1)) = O(T(r, Q).
Therefore 6(0,G) =1, §(co, G) = 1. The proof of the lemma is completed. O
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Now we turn to the proof of Theorem 1.5.

Without loss of generality we may assume that all zeros of the function f(z)
are in the region DY (n) and all of its poles are in the region D% (n). In fact, by (1.1)
the products

mz) = ][ E(ai,p—1>,7r2(z)= I1 E(bi,p—l)

am@D? (n) " bn g DB (1) "

are absolutely convergent. Let

mi(z)
Then all zeros of the function f1(z) are in DY (n), and all of its poles are in D%(n),
the function fi(z) also satisfies (1.20), and since T'(r,7;) = o(r?), j = 1,2, we have

T(Tv fl) = T(’I“, f) + 0(,,47))

N(r, 00, f1) = N(r,00, f) + o(r”), N(r,0, f1) = N(r,0, f) + o(r"),
and because (see the proof of Theorem 1.2 (b)) r? = o(T'(r, f)), we get
lim rpr(T, fl) = 00, 6(07 fl) = 6(07 f)7 6(007 fl) = 6(007 f)

T—00

We may assume also, that

1 1
(127) ZW'FZW:OO,

since otherwise we have N(r, 00, f) = o(r?), N(r,0, f) = o(rP), and hence 6(0, f) =
d(oc0, f) =1.

Thus, we assume that all zeros of the function f(z) are in the region DY (n),
and all of its poles are in the region D5(n), and the condition (1.27) is satisfied.
Note that then & > p, where ¢ is the number appearing in the statement of the
theorem; and denote by ¢ a positive integer satisfying

1 1 1 1
1.28 —o; S - <
A28 Rt R % L T e <

It is clear that the inequality

p<q<[E

holds.
By (1.28) the function f(z) can be represented in the form

where H(z) is an entire function. We choose an odd number s in such a way, that

(1.29) ps < q <p(s+2),

and let
21
l = ps, wzexp(T).
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Consider the function
-1
(1.30) F(z) = [] f(w"2).
k=0
Using the equality (v =0,1,2,...)

li e [1ifvis divisible by I,
P N 0, if v is not divisible by [,
we easily get

-1

H Ew*z,q)=E (zl, [%D , SH(wkz) = S(zh,
k=0

k=0

where S(z) is an entire function. Therefore we have
2 g
RICIE)
F(z) =G . :
Z 14
1= (5 [1])
Let us show that the meromorphic function
IT= (5 1)
at,’ Ll
z)_m
Z |4
= (7]
1;[ bl L1

satisfies the conditions of Lemma 1.3 and the inequalities

G(z) = F(z'/Y) = &5(

(1.31) 6(0,G) < 6(0, f), 6(c0,G) < d(o0, f)
hold.
Since (1.29) implies ¢ < I 4+ 2p < 3l, we have [%} < 2. The conditions
27 27 +1
argam_ﬂ'zj‘ <n, |argb, —7 s+ ‘ <n

(j > 0 is an integer) imply that
|arg(al,) — sm2j| < In, |arg(bl) — sm(25 + 1)| < In,
where s is defined by (1.29). Taking into account that s is odd, and in < gn < [{]n

<
we observe that all zeros of the function G(z) are in the angle {| argz| < 61}’

s

60°

o

and all of its poles are in the angle {|7r —argz| < %}

Now we show that zeros and poles of different factors in (1.30) cannot cancel
each other, this fact will be used later on. Zeros of all function f(w*z), k =
0,1,...,1 =1, belong to the set

-1 p .
2 2

U U { argz—kTW—ﬂ—] <n 0< |z|<oo},
~ p
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and their poles belong to the set
~1 p {

Let us show that these sets have an empty intersection.
Assume the contrary, let z be a point belonging to both sets. Then there exist
integers k1, j1, ko, j2, such that

2 274+1
argz—k—ﬂ-— 7+

’gn,0<|z|<oo}.

2k1 2]1
argez — m— — T ——
! p

2ks 2j2+1
argz —m—— — T
l p

<n,

<

Hence

2k 251 2k 2j2+1'

‘w—+7r——7r——7r

and since | = ps, we have

E 2(]{)1 — k2)
P S

—2(j2 —J1) — 1‘ < 2n.

Because the distance from a fraction with an even numerator and the odd denom-
inator s to an arbitrary odd number is not less than 1/s, we get

ul < 27,
pSs

and since ps < g < &, n < we get a contradiction.

605’
It is clear that all points am are zeros of the function G(z), and all points bln
are its poles. If we assumed that lim inf =T (r, G) < co, we would get
r—o0o

1 1
;@+;m<o&

But this contradicts (1.28) since ! < ¢. Therefore (1.23) holds, and hence the
function G(z) satisfies the conditions of Lemma 1.3.
To prove (1.31) observe that (1.30) implies

(1.32) T(r,G) = T(r'/', F) <I1T(# f).

Next, since, as we have already shown, zeros and poles of different factors in
(1.30) cannot cancel each other, the equalities

1.33
(3% N(r,0,G) = N(r'/",0, F) = IN(r*/*,0, f)

hold. The inequalities (1.31) follow immediately from (1.32) and (1.33).
Applying Lemma 1.3 to the function G(z) and using (1.31), we get the conclu-
sion of Theorem 1.5.
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2. Meromorphic functions with poles and zeros located close to a
system of rays

In this section we shall use systematically angular Nevanlinna characteristics
and the results of Sections 5 and 6 from Chapter 1, and Section 3 from Chapter 3.
Denote by D = D(ay,...,ay) the system of rays
n
U{argz: a;}, a1 <ap < <op < apg1 = + 27
j=1
Let
T
wi(D)=— (=1,...,n), w(D) = max w;(D).
D)= e ), (D) = max w;(D)
Let f(z) be a meromorphic function, and a be a number from the extended
complex plane. We introduce the function?

n
UD (T7 a, f) = 112?<}(T e (D)iw(D)CajajJA (tv a, f)
<t<r
The growth of the function Up(r, a, f) as r — oo is one of the natural ways to mea-
sure how distant are the a-points of the function f(z) from the system D(ag, ..., o)
of rays. Note that the relations Up(r, a, f) = 0 means that all a-points of the func-
tion f(z) lying outside the disc {|z| < 1} belong to the system D(ayq,...,ay) of
rays. The relation Up(r,a, f) = O(1) holds if the number of a-points not lying on
the rays of the system D(ayq,...,ay) is finite, but it can also hold in cases when
the number of such points is infinite.

ExAMPLE 1. The condition Up(r,a, f) = O(1) for the system D(0,7) is equiv-
alent to the condition

(2.1) yo sl
sl ™

where r,,e'¥™ are a-points of the function f(z), listed without taking into account
their multiplicities. In fact, we have

= 1 T . sin
COW(r7a7f):2 Z <T_—T_n21> Sln(pm§2 Z £m
m

r
1<rm,<r 1<r, <r m
0<pm<m 0<pm<m
Sin Yo,
<2 E ;
T
rm>1 m
0<pm<m
= 1 Tm
Cor(rya, f)>2 E <_7“ — oz ) sinem
I<rm <3 m
0<pm<m
72\ singn, 3 sin @,
=2 E 1-—= >2. 1 E _—
r T T
1<rm<% m l<rm<i ™
0<pm<m 0<pm<m

2The parameters C’ag(r, a, f) were defined on p.?777
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Estimating in a similar way the parameter C_'ﬂ,gﬂ(r, a, f) and observing that for
the system D(0,7) we have wy(D) = wa(D) = w(D) =1 and
UD (7", a, f) = 112?2(7’{00#(157 a, f) + Cﬂ,2ﬂ(tv a, f)} = GOW (T, a, f) + CW,QW(T7 a, f)7
we verify the claim stated above. It is clear that (2.1) holds, for example, when
T = My Om = 1/m.

Observe that letting 2, = r,e™¥™, we can rewrite the condition (2.1) in the
form

>

|[z2m|>1

"
Im —| < .
Zm

For a # b we let
UD(T7a7b; f) = UD(T, a?f) + UD(T, b?f)a

in the cases when f is clear from context, we write Up(r, a,b) and Up(r, a) instead
of Up(r,a,b; f) and Up(r, a, f), respectively.
The quantity
w(E) = limsup 7~ 'mes (E N (0,7)),

r—00

defined for a measurable subset E C [0, 00), will be called the upper relative measure
of F.
It is easy to see that the following statements are true.

(a) 0 < p(E) <1 for each E.
(b) If E C | Ex, m < oo, then u(E) <> u(Ey).
k=1 k=1

(c) If the logarithmic measure of E is finite ( that is, / rldr < oo |,
EN[1,00)
then® p(E) = 0.
Denote by L' the class of all measurable subsets E C [0, o) satisfying u(E) < 1.
We shall repeatedly use the property of the class L’ described in the following

lemma.

LEMMA 2.1. Let u(r) and v(r) be two non-decreasing functions such that u(r) <
v(r) for all r > 0, excluding, possibly, a set E € L'. Then there exists a constant
K, 1< K < oo, such that for all sufficiently large r the inequality u(r) < v(Kr)
holds.

PROOF. Suppose that there exists a sequence r,, T 0o, such that

u(rn) > v (%}L(E)rn>

3In fact,

mes (EN(0,7r)) = /

dt+/ dt < \/?Jrr/ t~tdt = o(r).
BN (0,/7) BO(J/Fr)

EN(Vr,r)
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o0
Consider the set E; = U (rn,Tn1), where r,; = 1—7,u(E)rn' It is clear that
n=1
w(Er) > limsupr, 'mes(E; N (0,7,1))
n—oo
1 E
> limsup s, (Tn1 — ) = %() > u(E).
n—oo

Therefore there exists a point r € Ej\E. Let r € (rg, 1), then we have

2
ulry) <u(r) <o(r) <olrg) =v (77%), we get a contradiction. O
1—p(E)
We introduce the parameter
.. .m(r,a) e N(r,a)
¥ (a, f) = sup liminf * 2 =1— inf limsu * L
(1) = 0, T ) = B T T )

Comparing with the parameter §(a, f) and the parameter §*(a, f) introduced in
Section 6 of Chapter 4 (p. 7??7), we see that

d(a, f) < 0%(a, f) < 8'(a, f),
thus, for each deficient value a the inequality §’'(a, f) > 0 holds.
The following theorem is the main result of this section.

THEOREM 2.1. Let D = D(ay,...,ay) be a system of rays, f(z) be a meromor-
phic function satisfying &' (a, f) > 0 for some a # 0,00. Then the growth category
of f(z) does not exceed the growth category of

rw(D){UD(ra 07 OO) + 1}

Let us agree for the remainder of this section that K will be used for different
finite, positive, independent of r constants.
The condition ¢’ (a, f) > 0 implies that the inequality

2
(2.2) T(r, f) < Wm(r, a), r ¢ By

holds, where By C [0, 00) is a set satisfying p(B1) < 1. By Lemma 2.1 from Chapter
3 (p. 77?7) we have

f
23) mtria) <m (n L)+ Q0 )
We assume that f(z) is transcendental, since otherwise Theorem 2.1 is trivial. Then

Q(r, ) = Ollnr) + O T(r, 1)) < 3T(r,f)

outside some set By C [0, 00) of finite measure, and (2.2) and (2.3) imply that for
r ¢ B3 = By U By the inequality

(2.4) T(r,f) < Km (T? %)

holds. Observe that pu(Bs) < u(B1) + p(B2) = u(B1) < 1.

Next, we need to estimate m ( r, % from above in terms of Up(r, 0, 00). Since

such estimates are of independent interest, we state them as a separate theorem.
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THEOREM 2.2. Let D = D(aq,...,a,) be a system of rays, f(z) be a mero-
morphic function, € > 0 and d > 1 be preassigned numbers.

(A) For all v > 0 except, possibly, a subset E C [0,00) satisfying u(E) < e, the
inequality

(2.5) m (r, fi> < Kr@PNUp(r,0,00) + Inr 4+ 1}4In" T(r, ) + 1}¢
holds.
(B) If the function f(z) satisfies the condition
(2.6) / r )=t T(r, f)dr < 0o, ¢(D) = min w;(D),
1 1<j<n

then for all r > 0 except, possibly, a subset E C [0,00) satisfying p(E) < €, the
inequality

(2.7) m (r, %) < Kr*P) {Up(dr,0,00) + 1}

holds.

To prove Theorem 2.2 we need estimates from above for

B A
maplr,£) = o= [ W 17Ge)d,

where f(z) is an arbitrary meromorphic function and 0 < 8 — & < 27, in terms of
the Nevanlinna characteristic Sag(r, f). Such estimates are given by the following
theorem. Its proof is rather tedious, and will be postponed till Section 3 of the
present chapter.

THEOREM 2.3. Let f(z) be a function meromorphic in the angle {a < argz <
B}, 0<fB—a<2m;e>0 andd> 1 be preassigned numbers; w = w/(8 — «). For
all 7 > 0 except, possibly, a subset E C [0,00) satisfying u(E) < €, the inequalities

Map(r, f) < Kr*{Sus(r, f) + 1}4,

Map(r, f) < Kr*{Sas(dr, ) + 1}
hold.

Now we prove the statement (A) of Theorem 2.2.
By Theorem 2.3 for all » > 0 except, possibly, a subset E; C [0, 00) satisfying
w(E;) < £, the inequality

d
mOthtj+1 <T, %) S KTWj(D) {SO{]'OZ]'+1 (Tv %) + 1}

holds (j =1,...,n). Applying Theorem 5.2 from Chapter 1 (p. ???) and Theorem
3.1 from Chapter 3 (p. ?777), we get

Sajaj+1 (Tv %) = Aajaj_H <T, f?’) + Bajaj_H (Tv f7/>
+ Cajaj+1 (T? f7> +0(1) = Cajaj+1 <7'v f?) + Qajaj+1(T7 f)-

Recalling that, by the definition of Qq;a,,, (7, f) (see p. 777),

J

QOlelj+1 (’I“, f) = O(ln ’I“) + O(ln T(T, f))

(2.8)
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1)

outside some set Ej( C [0, 00) of finite measure, and using the obvious equality

(29) Cajaj_H <T7 f?’) = C_’Otjaj+1 (T, f) + éajaj+1 <T, %) Y

we get that for r ¢ E = U (Ej U Ej(l)) the inequality
=1

D ) o 05

d
+C_'ajaj+1 (7‘, %) +1In7 +Int T(r, f)) }

d

holds. Using the inequality Z af; < Zaj ,a; > 0,d>1, we get from here,

J
that for r ¢ E the inequality

n
m (1) < Knt0 § YD) (G )
j=1
_ 1 d
+ Coja;4, ( 7f> +1In7 +Int T(r, f)
< Kr®®) Up(r,0,00) + Inr + In* T(r, f)}4
< Kr®®) Up(r,0,00) + Inr + 1}*{In* T(r, f) + 1}¢

holds. Since
n n
<> u(E; UEY) Z Ej) +wEM) <,
j=1 j=1

the statement (A) of Theorem 2.2 has been proved.
Next, by Theorem 2.3, for all 7 > 0 except, possibly, a subset £ C [0, 00)
satisfying u(E}) < =, the inequality

mOthtj+1 <T7 %) S KTWj(D) {SO&]’OZ]'+1 (dr7 %) + 1}

holds (j = 1,...,n). Using (2.8), (2.9) and observing, that by the condition (2.6)
and the definition of Qa;a,,,(r, f) (see p. 777) the relation Qa;a,,, (7, f) = O(1)
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holds, we conclude that for r ¢ E' = U;L:1 E the inequality

AN - !
n ()= 2 e (%)

. ) ~ 1
<KDY ot {Cajaj+1 (dr, ) + Cosaa (dr’ ?> : K}
j=1

< Kr“’(D){UD(dr, 0,00) + 1}

holds. Since p(E’) < Z?Zl pw(E;) < e, we have proved the statement (B) of
Theorem 2.2.

Now we turn to the proof of Theorem 2.1.

We may assume that the order of the function Up(r, 0, 00) is finite, otherwise
Theorem 2.1 is trivial.

First we show that this assumption implies that the order of the function f(z)
is also finite.

Let Bs be a set outside which the inequality (2.4) holds. We choose € > 0 to

be so small that p(B3) + ¢ < 1. To estimate m <r, é) we use the statement (A)

of Theorem 2.2. Let E be a set, such that u(E) < € and for r ¢ E the inequality
(2.5) holds. The inequalities (2.4) and (2.5) imply that for r ¢ By = Bs U E the
inequality

(2.10) T(r, f) < Kr®PHUp(r,0,00) + Inr + 1}t T(r, f) +1}¢
holds. For each €1, 0 < €1 < 1, we can find r; > 0, such that
(2.11) {In" T(r, f) + 1} < T (r, f), > 11.

Therefore (2.10) implies that for r ¢ Bs = B4 U (0,r1) we have
w(D)
(2.12) T(r, f) < Kra {Up(r,0,00) + 1} 75

We denote the function from the right-hand side of this inequality by v(r). It
is a non-decreasing function, and for all r ¢ Bs the inequality T'(r, f) < v(r) holds.
Since

1(Bs) < p(Bs) + p(E) + p((0,r1)) < p(Bs) +e <1,

by Lemma 2.1, for all sufficiently large r the inequality T'(r, f) < v(Kr) holds.
Since Up(r, 0, 00), and hence v(r) have finite order, then f(z) also has finite order.
To prove Theorem 2.1 it suffices to get the inequality

(2.13) T(r, f) < Kr*P{Up(Kr,0,00) + 1}, 7 > K.

This inequality can be obtained using (2.4) and the statement (B) of Theorem 2.2
(the condition (2.6) is satisfied since, as we have proved, the order of f(z) is finite).
In fact, choose so small € > 0, that u(Bs) +¢ < 1, and denote by E a set satisfying
u(E) < e and such that for r ¢ E the inequality (2.7) holds. The inequalities (2.4)
and (2.7) imply that for » ¢ By = B3 U E the inequality

(2.14) T(r, f) < Kr*P) {Up(dr,0,00) + 1}

holds. Since p(Ba) < u(B3) +¢ < 1, applying Lemma 2.1 we get (2.13). Our proof
of Theorem 2.1 is complete. [J
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The statement of Theorem 2.1 is no longer true if we drop the condition that
for some a # 0, co the inequality §'(a, f) > 0 holds. In fact, for each entire function
f(2) without zeros the condition §(0, f) = d(co, f) = 1 holds, and for each system
D of rays we have Up(r,0,00) = 0. However the growth of such entire function
f(2) can be arbitrarily rapid.

We consider also the following example.

EXAMPLE 2. Let {hi}32, and {4}, be sequences of positive numbers such
that limg_, o hr = 00, Z;O:l A < co. Consider the meromorphic function

f) =3

z—hi
k=1 k

By the corollary of Theorem 6.1 from Chapter 5 (p. 77?) we have

T(T,f) = N(va) +0(1)'

Since the growth of N(r, f) depends on the choice of the sequence hj only, then,
choosing an appropriate sequence we can assure that the function f(z) has a pre-
assigned growth category. Next, since for Imz # 0 we have

Imf(z) = —Imz- Z| h|27$0

and for real negative z the function f(z) is negative, then all real non-negative values
the function f(z) takes on the ray {argz = 0} only. This ray can be considered as
the system D = D(0), for which w(D) =1/2.

Thus, there exist functions of an arbitrary preassigned growth, such that for
infinitely many values of b the equality Upg)(r,b) = 0 holds. It shows that, if we
do not suppose that ¢’(a, f) > 0 for some a # 0,00, then we cannot estimate the
growth category of f(z) not only by means of the growth category of the function

D) Up(r,0,00)+1}, but even by means of the growth categories of the functions
of the form

(D) {zq:UD(r,b,,) + 1},

v=1

for an arbitrarily large q.
Let us mention some corollaries of Theorem 2.1.

COROLLARY 1. Let a, b, and c be three different numbers from the extended
complex plane, D = D(aq,...,a,) be a system of rays. If a meromorphic function
f(2) satisfies the condition ¢'(a, f) > 0, then its category of growth does not exceed
the category of the function r*(P){Up(r,b,c) + 1}.

To prove this corollary it suffices to apply Theorem 2.1 to the function L(f(z)),
where L(w) is a linear-fractional transformation mapping the points b and ¢ onto
the points 0 and oo, respectively.

COROLLARY 2. Let a, b, and c be three different numbers from the extended
complex plane, D = D(ay,...,a,) be a system of rays. If a meromorphic function
f(z) satisfies the conditions 6'(a, f) > 0, Up(r,b,c) = O(1), then the growth of the
function f(z) does not exceed normal type of order w(D).
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Since for an entire function f(z) the condition §(co, f) = 1 holds, we have

COROLLARY 3. Let a and b, a # b, be complex numbers, D = D(aq,...,an)
be a system of rays, f(z) be an entire function. If the condition Up(r,a,b) = O(1)
holds, then the growth of f(z) does not exceed normal type of order w(D).

This growth estimate cannot be improved.

EXAMPLE 3. Let us show that for each system D = D(ayq,...,ay) of rays it is
possible to construct an entire function ®p(z) of normal type of order w(D) such
that for each a the relation Up(r,a) = O(1) holds.

Let {a, < argz < aj,+1} be an angle formed by rays of the system D, such
that w;, (D) = w(D). Denoting, as in Section 5 of Chapter 2, the Mittag-Leffler
function by E,(z), let

Dp(z) = E.(p) (zexp (—i%)) .

Let us show that ®p(z) is a desired function.

By the result proved in Section 5 of Chapter 2 (see (5.40)), the function ®p(z)
is a function of normal type of order w(D), and its modulus is bounded outside the
angle {a, < argz < aj,41}. Therefore we have (j =1,...,n)

Anja;, (1, ®p) = O(1), Baja,,,(r,®p) = O(1),
and hence (j=1,...,n)
Sajaz (r®p) = O(1).
But then, by Theorem 5.1 from Chapter 1, for each a we have
Caja;11(r @) < Saja;1, (1, @p) + O(1) = O(1),

from where

n
Up(r,a) = max » t*iP)=PIC,  (t,a) <> Caja,,, (r,a) = O(1).
j=1

Observe that the condition Up(r,a) = O(1) will also be satisfied for the entire

function
n
Z E.;(p) (z exp (—i%)) .

j=1
Applying Corollary 3 to the system D(0,7) and using the comments made at
the beginning of this section (see Example 1) we get
COROLLARY 4. Let f(z) be an entire function, a # b be complex numbers,
{zm} be the set of all solutions of the equations f(z) = a and f(z) = b, in which
each solution is listed only once, regardless its multiplicity. If the condition

>

[zm|>1

1
Im —
Zm

< 0

is satisfied, then the growth of the function f(z) does not exceed normal type of
order 1.

Note that the function f(z) = sinz takes all real values a, |a| < 1, on the real
line only.
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We cannot deduce the following result from Theorem 2.1.

THEOREM 2.4. Let D = D(ay,...,ay) be a system of rays, f(z) be a mero-
morphic function having a Borel exceptional value a # 0,00. Then the category
of growth of the function f(z) does not exceed the category of growth the function
rw(D){UD(ra 07 OO) + 1}

PRrROOF. By the first fundamental theorem we have
T(r,f) = N(r,a) +m(r,a) + O(1).

Using (2.3) and assuming that the function f(z) is transcendental, we get that for
all » > 0 except, possibly, a set of finite length, the inequality

T(r, f) < K{N(r,a) +m <Tfi>}

holds. To estimate m (r, %) we use the statement (A) of Theorem 2.2. For all
r > 0 except, possibly, a set By such that u(B1) < e < 1 we have
T(r,f) < KN(r,a) + Kr*P{Up(r,0,00) + Inr + 1}{In* T(r, f) + 1}*
< K{N(r,a) + r®P) (Up(r,0,00) + Inr + 1) {In™ T(r, f) + 1}°.
Taking into account (2.11) we get

T(r, f) < K{N(r,a) + r*P)(Up(r,0,00) + Inr + 1)} ==

(T%Bl, 0<€1<1).

Denote by v(r) the function in the right-hand side. By Lemma 2.1, for sufficiently
large r the inequality T'(r, f) < v(Kr) holds. By the definition of a Borel exceptional
value, the order of N(r,a) is finite. We may assume that the order of the function
Up(r,0,00) is also finite, otherwise Theorem 2.4 is trivial. Therefore the order of
v(r), and hence of the function f(z), is finite.

To estimate m <r, i) we use the statement (B) of Theorem 2.2. We get that

f/
for all » > 0 except, possibly some set Bs satisfying u(B2) < € < 1, the inequality

T(r, f) < K{N(r,a) + ") (Up(dr,0,00) + 1)}
holds. Using Lemma 2.1 we get that for sufficiently large r the estimate
T(r, f) < K{N(Kr,a) + P (Up(Kr,0,00) + 1)}

holds. Since the category of the characteristic N(r,a) is lower than the category of
the characteristic T'(r, f), the conclusion of the theorem follows. O

The condition of positivity of ¢’(a, f) for some a # 0,00 in Theorem 2.1 can
be replaced by a condition of more general character which can be stated in the
following way: there exist a finite set {a1,...,aq}, an # 0,00, v = 1,...,q of
numbers, such that the quantity

q

o _ym(r,a,)
8 (ar,...,aq; f) = sup liminf =x=1_2 %7
(@ /) cEeL’ 2% T(r, f)
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is positive. In fact, this condition implies that outside some set By, u(B1) < 1, the
inequality

9 q
T(r, f) < (Y((zl—aqf);

v

m(r,a,)

holds. By Lemma 2.1 from Chapter 3 we have

Vim(r,ay) §m< ;) +Q(r, f).

Therefore we again get the inequality (2.4) outside some set of relative upper mea-
sure < 1, from here, as it was already shown, the conclusion of Theorem 2.1 follows.
Theorem 2.1 admits also the following generalization.

THEOREM 2.5. Let D = D(ay,...,an,) be a system of rays, f(z) be a meromor-
phic function, such that for some a # 0,00 and some integer | > 0 the inequality
§'(a, fO) > 0 holds. Then the category of the function f(z) does not exceed the
category of the function

rPHUD(r,0,00; f) + 1}
PRrOOF. Now the role of the inequality (2.4) will be played by the inequality

(2.15) <KZ (f(V+1>>

Let us show that this inequality takes place for all » > 0 except, possibly, some set
By C [0,00) such that pu(B1) < 1.

The condition ¢'(a, f)) > 0 together with Lemma 2.1 from Chapter 3, applied
to f()(z), imply that for r ¢ Bs, where By C [0, 00) is some set satisfying u(Bz) < 1,
the inequality

2 2 Ji
T(r, fV) < 5 (a, 7)™ m(r,a, fV) < 5, Fy ™ <7"7 f(l+1>> +Q(r, fV)

holds. Since

/ (I-1)
T, 1) = NG )+l £) < NG fO) o (1 L D 0
(V)

(r, f4) +Z ( f(V+1)> +m(r, )
=T ) N f(u
(T7f )+V§::Om<ram>7

we get

! ()

2 /
T(raf)ﬁmgom< f(u+1> Q(r, fU).

By Theorem 2.3 from Chapter 3, for all » > 0 except, possibly, a set of finite
measure, the inequality

QU f9) = Q(r, ) < 5T(,)
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holds (we suppose that the function f(z) is transcendental). ;From here it follows
that (2.15) holds for all » > 0 except, possibly, some set By C [0,00) satisfying
/L(Bl) < 1.

f®
701 )
Up(r,0,00; f). For this we need, besides Theorem 2.2, the following inequality:

Next, we need to estimate m [ r, v=20,...,l, from above in terms of

(2.16) Up(r,0,00; f*)) < KUp(r,0,00; f) + Y Quayys (1, f)-

j=1

To prove this inequality we use the induction. For v = 0 the inequality is trivial.
Suppose that it is true for some v > 0. We have

éajaj+1 (7', f(l/+1)) = Cajaj+1 (T, f(l/))7

_ 1 _ 1 _ f(u)
(217) COéjOtj+1 <T, W) < Cajaj+1 <T, f(l’)) + Cajaj_H (7‘7 W) .
By Theorem 5.2 from Chapter 1 the inequality

_ f(u) f(u+1)
Cajaj_H (Tv W) S Sajaj_H (Tv W) + 0(1)
f(z/Jrl) f(qul) f(l/+1)
= Aaja;i1 <r, —> + Baja;i1 <T7 —> + Caja;i <r, —> +0(1)

Q) i) Q)

holds. Using Theorem 3.1 from Chapter 3 and the fact that the relation (2.14)
from Chapter 3 (p. ?77) remains true if we replace Q(r, f) by Qa;a,,,(r, f) (this
was established in Theorem 3.3 from Chapter 3), we get

ftn) frtD )
Aajaj_H <T, f(y) ) + BOthtj+1 (Tv W) = Qajaj+1(r7 f ) = Qajaj+1 (7', f)7

hence

_ 7 feD
CajOtj+1 <7“, W) = QO‘J'O‘J'+1 (r, f) T Cajaj+1 (T7 f(V) )

_ = 1
Cajaj+1 (7', f(l/)) + Cajaj_H <T, —) + Qajaj_H (T, f)

g
(From here and from (2.17) we get the inequality

_ 3} _ 1
Cajaj+1 (7', f( +1)) + Cajaj+1 <T, f(l/—‘,—l))

_ - 1
S 2 {Cajaj+1 (7', f(l/)) + Cajaj_H (Tv f(l/)) } + Qajaj_H (T, f)7

and we conclude that

Up(r,0,00; 1) < 2Up(r,0,00; F*)) + ) Qajayn (1, F).
j=1

Using the induction hypothesis, we get (2.16).
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Let & > 0 be so small that u(B1) +1le < 1, where B is a set, outside which the
inequality (2.15) holds. By the statement (A) of Theorem 2.2, for all r > 0 except,
possibly, a subset E, C [0,00), u(E,) < €, the following inequality holds (d > 1).

)
m (r, %) < Kr®PHUp(r,0, 00; f)) + Inr + 1y{In* T(r, f) + 1},

Using the inequality (2.16) and Theorem 2.3 from Chapter 3 we get that for all

r > 0 except, possibly, a subset EY ¢ [0, 00) satisfying u(Eﬁl)) < &, the inequality

m (r, %) < Kr®PHUp(r,0,00; f) +Inr + 13{In" T(r, £) + 1}
holds. From here, using (2.15) and (2.11) we conclude that the inequality (2.12)
holds outside a set whose upper relative measure does not exceed u(B1) +le < 1,
and, as in the proof of Theorem 2.1, we derive the conclusion that the function f(z)
has finite order.

Next, using the statement (B) of Theorem 2.2 and the inequality (2.16) we get

that for all » > 0 except, possibly a set El(,Z) satisfying ,u(El(,z)) < g, the inequality

™)
m (r, %) < Kr®|{Up(dr,0,00; f*)) + 1} < Kr*P{Up(dr,0, 005 ) + 1}
holds. From here and from (2.15) we conclude that outside a set whose upper
relative measure does not exceed p(B;)+le < 1, the inequality (2.14) holds. Q.E.D.

O

COROLLARY. Let D = D(ay,...,ay) be a system of rays, f(z) be a meromor-
phic function, such that for some a # 0,00 and some integer I > 0 the inequality
§'(a, f0) > 0 holds. If Up(r,0,00; f) = O(1), then the growth of f(z) does not
exceed normal type of order w(D).

Under a more restrictive assumption than Up(r,0,00; f) = O(1), we can get
an additional information about the asymptotic behavior of the function f(z).

THEOREM 2.6. Let D = D(ay,...,ay) be a system of rays, f(z) be a meromor-
phic function, such that for some a # 0,00 and some integer I > 0 the inequality
§'(a, f0) > 0 holds. If for some b # 0,00 and some integer m > 0 the relation

(218) > {Cayayn (1,0, £) + Cayay (1,00, ) + Cayaryy (1,6, ™)} = O(1)

j=1

holds, then the growth of the function f(z) does not exceed normal type of order
w(D), besides, as r — 00 missing, possibly, a set of finite logarithmic measure, we

have, uniformly in ¢, a; < ¢ < o1, j=1,...,n, the relation
(2.19) In|f(re'?)| = 7 P)e; sin{w; (D) (¢ — a;)} + o(r ),
where ¢;, j =1,...,n, are real constants.

The proof of Theorem 2.6 is based on the following theorem about the behavior
of functions with the bounded characteristic Sqg(r, f) in the angle {a < argz < §}.
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THEOREM 2.7. Let f(z) be a function meromorphic in the angle {a < argz <
B8}, 0 < 8 —a<2m, and such that Sap(r, f) = O(1). As r — oo missing, possibly,
some set of finite logarithmic measure, the relation

In|f(re®)| = r“csin{w(p — a)} + o(r*)
holds uniformly in ¢, a < ¢ < 3, where ¢ is a constant and w = 7/(6 — ).

Theorem 2.7 will be proved in Section 3.
We need also the following lemma.

LEMMA 2.2. Let f(z) be a function meromorphic in the angle {a < argz < (}.
For each b # 0,00 and for each integer m > 0 the inequality

Saﬁ(rv f) < Caﬁ(rv o0, f) + Caﬁ(raov f) + Caﬁ(rv b7 f(m)) + Qaﬁ(r7 f)
holds.

This lemma follows immediately from an analogue of the relation (2.17) from
Chapter 3 for Nevanlinna characteristics for half-plane. The validity of this analogue
was established in Theorem 3.3 from Chapter 3.

Now we prove Theorem 2.6. Since the condition (2.18) implies Up(r, 0, 00; f) =
O(1), then, by Theorem 2.5, the growth of the function f(z) does not exceed normal
type of order w(D). Next, we apply Lemma 2.2 to the function f(z) in each of the
angles {o; < argz < aj+1}, 5 =1,2,...,n. Since the function f(z) has the finite
order, we have Qu;a,,, (7, f) = O(1), j = 1,...,n, therefore using the condition
(2.18) and Lemma 2.2 we get So,q,,, (7, f) = O(1), j = 1,...,n. Applying Theorem
2.7 in each of the angles {a; < argz < a;41}, we get the statement of Theorem
2.6.

REMARK 1. If a meromorphic function f(z) and a system D = D(aq,...,qn,)
of rays satisfy the condition (2.18) for some b # 0, co and some integer m > 0, and
besides

*In" T(r, f) .

then, as r — oo missing, possibly, a set of finite logarithmic measure, the relation
In|f(re'?)| = r*7P)e; sin{w;(D)(p — a;)} + o(r (7))
holds uniformly in ¢, a; < < ajp1,j=1,...,n.

In fact, the condition (2.20) implies that Qa;a, ,(r, f) = O(1). Therefore,
using the condition (2.18) and Lemma 2.2 we again get Sqo,q,, (7, f) = O(1), after
that we use Theorem 2.7.

REMARK 2. Under the conditions of Theorem 2.6, as r — 0o, outside some set
of finite logarithmic measure the relations

In |f(re'®)| = o(r%(P)), ¢;(D) = min(w;_1(D),w;(D))

hold (j = 1,...,n). These relations can be supplemented by the following relations:

> |In | f(te’)]] ,



292 6. VALUE DISTRIBUTION WITH RESPECT TO THE ARGUMENTS

In fact, in the proof of Theorem 2.6 we established that Sy, (7, f) = O(1),
j = 1,...,n. Therefore by Theorem 5.2 from Chapter 1 we have Ay,q, (7, f) +

Aaja;ia (7”, %) =0(1),j=1,...,n. Since (w; =w;(D), j=1,...,n)

1
Aoy (T ) + Aajan <r, ?)

1 e | . d
_ 4 <_ - t—> {n]f(e™)I| + n | F(te) [} 5

twi

""/2 twi
—/ (M - ){|1n|f<te’°“f>||+|1n|f(tewf+1>||}—
wj r/2 ] . d
= (1 B @ )/ £l ()| + |In | f(te )]} T

™

Y

we easily get (2.21).

REMARK 3. The statement of Theorem 2.6 remains true if we replace f(z) in
afV(z) + 8
vfW(z) +6

This follows from the relations

Sajonn ( of £ ) = Suaya(r, )+ O(L), @b — By £ 0,

the relation (2.19) by , where ad — By # 0, and [ > 0 is an integer.

~vf+4

Sajaj+1 (T, f(l)) S (l + 1)SO£]'O£]'+1 (T, f) + QOthtj+1 (T, f)

The first of these relations holds by (6.11) from Chapter 1 (p. ??7), and the second
relation is an analogue of (2.13) from Chapter 3 (p. 7??), it holds by Theorem 3.3
from Chapter 3.

The following corollary of Theorem 2.6 can be obtained using Remark 2.

COROLLARY 1. Let f(z) be an entire function, a # b be complex numbers,
{zm} be the set of all roots of the equations f(z) = a and f(z) = b, each root is
listed according to its multiplicity. If the condition

S| <o

is satisfied, then the function f(z) has growth of at most normal type of order 1,
besides, as 1 — oo outside some set of finite logarithmic measure, the relation

repsing +o(r), 0 < ¢ <,

In|f(re')| = {

regsing +o(r), ™ < ¢ < 2w

holds uniformly in o, where ¢1 and co are constants, and

< In[f(@)ll
[m T+ ——dt < 00

The assumptions of this corollary are close to, but are somewhat stronger (we
take into account the multiplicity of a- and b-points) the assumptions of Corollary
3 of Theorem 2.1 for the system D(0, 7).
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Observe that the statement of Corollary 1 remains true for each entire function
f(2) having at most normal type of order 1, and satisfying the condition

/°° In" | f(t)]
oo 1412

In fact, for such function we have

&Mnﬂ=l[(l—i>wﬁwm+mﬂﬂ%mﬁ

7r t2 2

dt < oo.

+3/ In™ | f(re)|sin pdp = O(1),
™ Jo

and, similarly, Sy ax(r, f) = O(1). Therefore the desired conclusion follows from
Theorem 2.7 and Remark 2.
Theorem 2.6 and Remark 3 immediately imply

COROLLARY 2. Under the assumptions of Theorem 2.6 for each number d from
the extended compler plane and each integer p > 0 the relation

m (r, d, f(p)> = D) 4 o(r@(P))

holds as r — oo missing, possibly, some set of finite logarithmic measure (c > 0 is
a constant which, in general, depends on d and p).

Now we prove the following theorem.

THEOREM 2.8. Let D = D(au,...,ay) be a system of rays, f(z) be a mero-
morphic function, such that for some a # 0, 0o the relation §'(a, f) > 0 holds. If for
some b # 0,00 and some integer m > 0 the relation (2.18) holds, and, in addition

(2.22) limsupr~“P)T(r, f) > 0,
r—oco

then

(2.23) liminf r=*@P)T(r, f) > 0
T—00

and the function f(z) has at most s deficient values, where s is the number of angles
{a;j <argz < ajt1}, such that w;(D) = w(D).

PRrROOF. For all r > 0 except, possibly, a subset By C [0, co) satisfying u(By) <
1, the inequality

T(Ta f) < Lm(n a, f)

& (a, f)
holds. By Corollary 2 of Theorem 2.6 the relation
(2.24) m(r,a, f) = cr*P) 4 o(r*P)), ¢ >0,

holds, as » — oo missing, possibly, a set Bs of finite logarithmic measure. If the
constant ¢ in (2.24) were 0, then outside a set Bs satisfying u(Bs) < 1, the condition

T(r, ) = or(P)

would hold. By Lemma 2.1 we would derive from here that the function f(z) has
growth of at most minimal type of order w(D), which would contradict (2.22). Thus
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we have ¢ > 0 in (2.24), and since T'(r, f) > m(r, a, f) + O(1), we have
(2.25) T(r, f) > er“P) 4 o(r*P)), r ¢ By.
Take an arbitrary sequence {ri}32,, % T oo. If the condition T'(rg, f) =
o(r:(D)) were satisfied, since the function T'(r, f) is non-decreasing, we would have
D
(2.26) max  T(r, f) = o(r’™)).

ri/2<r<ry

o0
Since the set U <§rk,rk> has an infinite logarithmic measure, we can find in
k=1

it a sequence {7,01,}3011, py T o0, such that p, ¢ Bs. By (2.25) we would get
T(pu, f) > cp“lf(D) + o(pf(D)), which contradicts (2.26). Thus we have established
the validity of (2.23).

By Remark 3 to Theorem 2.6 for each d # oo the relation
(2.27) In|f(re?) — d| = r*iPle;(d) sin{w;(D)(p — a;)} + o(r*s )

holds uniformly in ¢, a; < ¢ < a1, as 1 — oo missing, possibly, some set B4 of
finite logarithmic measure. If all ¢;(d), for which w;(D) = w(D) are non-negative,
then (2.27) implies that for r ¢ By the relation m(r,d, f) = o(r*(P)) holds; taking
into account (2.23) we get d(d, f) = 0. Thus, if §(d, f) > 0, then for some j the
conditions ¢;(d) < 0 and w;(D) = w(D) should be satisfied simultaneously. But it
is obvious that if ¢;(d) < 0, then ¢;(d") = 0 for each d’ # d. Therefore the number
of deficient values cannot exceed the number of values of j for which w;(D) = w(D),
Q.E.D. O

The estimate for the number of deficient values in Theorem 2.8 cannot be
improved in general.

q
EXAMPLE 4. Let D be a system of rays U {arg z= 2 17r}. For this system

j=1
we have w(D) = ¢/2, and the number s, defined in the statement of Theorem 2.8
is equal to ¢. Let f(z) be the meromorphic function from Example 8 from Section
5 of Chapter 5. The number of deficient values of this function is equal to ¢. Let
us show that the function f(z) satisfies the conditions of Theorem 2.8 with the
mentioned above system D of rays. Here we shall use the notation of Example 8
from Section 5 of Chapter 5.

The condition (2.22) holds, since by relation (5.20) (p. ??7) we have
8
T > q/2 a/2y.
(rf) 2 il 4 o(r1)

To verify that the relation (2.18) holds, we show that for an arbitrary number
b from the extended complex plane the relation

q .
27 —1 .
(228) Z Cajaj+1(T7 b, f) = 0(1)7 Qj = mj=1...,q
j=1
holds.
By the formula (see [WW96, 17-7])
z" T 1
I,(z) = h in?" pdp, n > —=,
n(2) SOLICED) /o cosh(z cos ) sin“" pdp, n 5
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we get that for |argz| = 7 the relation

In(z) = O(|z["), |2] = oo,

holds. Therefore for |argz[ = 7 we have

wi(z) = O(l2)), |2] = o0, 1=1,2.

This relation, by the equalities (5.18), p.???, holds for all rays of the system D.
Therefore for all j =1,2,...,q the relation

Aajaj+1 (T7 wl)

g [T 1 2 + i + ia, dt
-2 <W =5 ) (e + e} = 0(1)
holds. The relation (5.16), p. 7?7, implies that
q Aj+1 n ) . q
Bojosa (o) = = [ m* e’ sin § o — o)

Thus,
Sejaj (ryw) = Aaja, (rywr) + Bajag,, (ryw) = O(1),
and using the relations (6.11) and (6.12) from Chapter 1 we get

1
Sajaj+1 (T7 f) < Sajaj+1 (7", wl) + Sajaj+1 <T’, _>
w2
- Sajaj+1 (ra wl) + Sajaj+1 (T7 w2) + O(]‘) = 0(1)’
By Theorem 5.2 from Chapter 1, for each b we have
Cajaj+1 (7", b7 f) < S(ljaj+1 (T7 f) + 0(1) = 0(1)7 .] = 17 27 D

and the relation (2.28) has been proved.
Theorems of this section, proved above, have applications to the study of con-
sidered in Section 6 of Chapter 5 functions of the form

(2.29) flz) =Y Zil—’“hk, hy, — o0
k=1

(the series is assumed to be absolutely convergent). These applications are based
on the following lemma.

LEMMA 2.3. If a function f(z) is representable in the form (2.29), then for
each complexr number b and each o and (3 satisfying 0 < 8 — a < 27, the relation

Caﬁ(rv b; f) S Caﬁ(rv 0, f) + 0(1)
holds.

PrOOF. By Theorem 5.2 from Chapter 1 we have
Caﬁ(ra b, f) < Saﬁ(rv f) + 0(1) = Aaﬁ(T, f) + Bag(’l“, f) + Cag(’l“, f) + 0(1)



296 6. VALUE DISTRIBUTION WITH RESPECT TO THE ARGUMENTS

Since (w = /(8 — a))

w [M/1 w io i dt
Aas(r, ) = = / <r - —) {In* [£(te")| +In* | ()}

w [t e w [ |f(te)

S;/l tletJrF/l T

using Theorem 6.3 from Chapter 5 we get
Aaﬁ(r7 f) = O(l)

Since

2w B . . 4w
Bag(r,f) = —= [ n* |f(re’®)|sinwo(p — a)dp < ~Zm(r, ),

[e3%

by Theorem 6.1 from Chapter 5,

Bag(r, f) = o(1).
O

Let f(z) be a function of the form (2.29), D = D(o; ..., a,) be a system of
rays. Lemma 2.3 implies that for each complex number b the relation

UD(Tv ba f) < UD(Tv o0, f) + 0(1)
holds. Therefore Corollary 1 of Theorem 2.1 implies the following result.

THEOREM 2.9. Let D = D(aq,...,a,) be a system of rays, f(z) be a mero-
morphic function of the form (2.29) such that for some a the inequality 6'(a, f) > 0
holds. Then the category of growth of the function f(z) does not exceed the category
of growth of the function

rw(D){UD(ra 00, f) + 1}

Note that, by Theorem 6.1 from Chapter 5, functions of the form (2.29) satisfy
§(o00, f) = ¢'(00, f) = 0. By Theorem 6.2 from Chapter 5, for a # 0,00 we have
d(a, f) = 0, but we do not know whether ¢’(a, f) = 0 always holds. The cases
when 6(0, f) > 0 are possible, we discussed this matter at the end of Section 6 from
Chapter 5.

We would like to mention the following corollary of Theorem 2.9.

COROLLARY. Let D = D(ay,...,ay) be a system of rays, f(z) be a meromor-
phic function of the form (2.29) such that for some a the inequality &' (a, f) > 0
holds. If Up(r, 00, f) = O(1), then the growth of the function f(z) does not exceed
normal type of order w(D).

This corollary shows that Theorem 6.2 from Chapter 5 can be complemented
with the following statement. If a function f(z) of the form (2.29) has growth
at least maximal type of order w(D) and Up(r,o0, f) = O(1), then (regardless

[ee] [e.e]
of whether the conditions Z |Ak| < oo and Z Ay # 0 are satisfied) the equality
k=1 k=1
§’(0, f) = 0 holds.
By Theorem 2.4 the statements of Theorem 2.9 and its corollary remain true
if the condition of positivity of §'(a, f) for some a is replaced by the condition that
a is a Borel exceptional value.
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Using Theorem 2.6, Remark 2 to it, and Lemma 2.3, we get the following
theorem.

THEOREM 2.10. Let D = D(ay,...,a,) be a system of rays, f(z) be a mero-
morphic function of the form (2.29), such that for some a the inequality 6'(a, f) > 0
holds. If

Cajaj+1 (7', 007 f) = 0(1)7
1

n
Jj=

then the growth of the function f(z) does not exceed normal type of order w(D),
and the integrals

* [In | f(te™)] : :
/1 t1+qj(D) dt’ q](D) :mln{wj_l(D)7 w](D)}v J :27"'an+17

converge. Besides, as r — oo missing, possibly, some set of finite logarithmic
measure, the relation

1n|f(7‘eia0)| — rwj(D)cj sin{wj(D)(go _ Oéj)} + O(rw,-(D))
holds uniformly in ¢, a; < ¢ < aji1, j = 1,...,n, where ¢;, j = 1,...,n, are
some constants.

COROLLARY 1. Let f(z) be a meromorphic function of the form (2.29), such
that for some a the inequality §'(a, f) > 0 holds. If the condition

is satisfied, then the growth of the function f(z) does not exceed normal type of
order 1 and, in addition, for r — oo outside some set of finite logarithmic measure
the relation

reysing +o(r), 0< p <,

regsing +o(r), ™ < ¢ < 2w

In|f(re')| = {

holds uniformly in @, where ¢1 and co are constants, and

[, o,
1+41¢2

— 00

COROLLARY 2. If zeros {ar} of an entire function f(z) satisfy the condition

and, in addition, the function 1/f(z) is representable in the form (2.29), then the
statement of Corollary 1 remains true for the function f(z).

The growth estimate in Corollary 2 is sharp, since the function (22

—1)sinz
is exactly of normal type of order 1, and

(2.29), namely,

- is representable in the form

(22— 1)sinz

1 1 1 N 1 1 N i (—1)*
(22 —-1)sinz 2sinl z—1 2sinl z+1 k:_oo{(kﬂ)Q—l}(z—kﬂ)'
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3. Proofs of main Theorems 2.3 and 2.7

We prove Theorems 2.3 and 2.7 under the assumption that the angle {a <

argz < [} is a half-plane
IT = {Imz > 0}.

The general case can be easily reduced to this case using the transformation w =
ZHweie ) = /(8 — &), which maps the half-plane II onto the angle {a < argw <
B}. We assume, without mentioning this explicitly, that all functions f(z) appearing
in the statements of theorems of this section are of the form f(z) = g(z*), where
w > 0, and ¢g(¢) is a function meromorphic in the angle {0 < arg { < 7w/w}.

The proof of Theorem 2.7 is based on the following representation of functions
with the bounded characteristic S(r, f) = Sox(r, f).

THEOREM 3.1. If
S(r, f) =0(1),
then the formula (z = re'?, 0 < ¢ < )

rsing [ In[f(?)]
1 =
n|f(2)] T / r2+t2—2rtcosgo
—Zln

z—am‘ Zln

holds, where a,, are zeros of the functzon f(2), and b, are its poles, belonging to
II, n is a constant which does not depend on z. The integral and the series in the
right-hand side of (3.1) are absolutely convergent.

(3.1)

‘ + nrsing

PROOF. Observe that the condition S(r, f) = O(1) implies the convergence of
the integral

a2 [ s,

— 00

and of the series

(3.3) > Sir;:m7 > Sh;j)",

m

where a,, = rme’®™, b, = pnew". This can be shown using the argument used in
the proof of Remark 2 to Theorem 2.6 and in Example 1 in Section 2.

By Theorem 2.3 from Chapter 1 (p. ?77) and the remark after it the formula
(z = ret)

1 (R rsing R?rsinp
1 = — 1 —
i@ =2 [ ol { £ - o far
1 " ; R? —r? R%? —r?
+ —/ In|(Re® { - — . }d9
(3.4) I ) |Ret® — 2|2 |Re~0 — 2|2

R%2 b,z Rz—l_)n
- Y I + > I } ( )

(z—bn) RZ—bpz
lam|<R

= Il(R) + IQ(R) — I3(R) + I4(R)

holds in the half-disc {|z] < R, Imz > 0}. To get the formula (3.1) we consider the
limits as R — oo.

R? — @,z Rz—am

R(z—a R?2 — a2
) m |bn|<R
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The convergence of the integral (3.2) clearly implies the absolute convergence
of the integral (3.1). Therefore the limit

1 (R rsin g 1 [ rsing
lim — 1 1
m > [ n £ 2t = /m o () 2

exists.
Next we note that

1 In |£(t >||R’"ﬂdt

R R?rsingp
st < [ w0

rt)?

R VR
, ) , (0]
< ) 'f(””dK(R—r)?{(”R)/m e

-VR
+ (1+R2)/m [ In] £t )||dt+(1+R2)/ Riunlf(t)'ldt} =0

1+¢2 r 1422

as R — oo. Thus, the limit

lim I1(R) = rsin @ /Oo ln|f(t)| dt (z = Tew)

R—300 T J_oo T2+ 12— 2rtcosp
exists.
The convergence of the series ernl sin ¢,,, implies the convergence of the
m
series
et
— Z— m
since for |an,| > 2|z| we have
1
2 —a 224iIm 2|z| ‘Im - sin
In m‘—ln 1+ am | < ¢ 4)z| Pm
Z — Qm 1-— = _ z T'm
m o
Therefore the following limit exists:
lim 1 1
AV = R = |
lam|<R
Next we observe that
R* — a2z R° —anz
In = In
> IWnlm—rll= XL I
lam|<R lam|<R
241 2|z||T
= ¥ mf- gt <y Aol
lam|<R T m? lam|<R | — am?|
2r
< T'm, SIN
< RET > rmsing,
lam|<R
2r sin ¢, 9 sin @,
<——<R —— +R —— =0
LI y o

T'm
lam|<VR VER<|am|<R
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as R — oco. Thus, the following limit exists:

lim I3(R) = Z In

R—o0

Z — Qm
Z—Qm |

In a similar way we show the existence of the limit
. z— bn
1 = S| =

Since the left-hand side of the equality In |f(2)| = I1(R)+ I2(R) — I3(R)+ I4(R)
does not depend on R, the limit Rlirn I>(R) also exists. We need to show that
—00

lim Ir(R) = nrsing,
R—o0
where 77 does not depend on r and ¢. It suffices to show that
lim J(R) =0,
R—o0
where

J(R) = I5(R) — rsin @i/ In | f(Re)| sin 0dh.
™R Jy

1 (7 ; (R? — r?%)4Rr sin psin 0df
_ 1 i0
T(R) 27 /0 nlf (Rl (R? +1r2 —2Rrcos(p — 0))(R? 4+ r2 — 2Rrcos(¢ + 0))

—rsincp%/o In | f(Re™)|sin 6db
2 T ;
= rsingp—/ In|f(Re®)|sin6 - K(R,r,¢,0)dd,
TR 0

where K(R,r,p,0) = O(R™!) uniformly in 6, 0 < < 7 as R — oo, and 7 and ¢
are fixed. Therefore

|J(R)| < T% /OTr |In|f(Re™)||sinfdf - O(R™)
=r{B(R,f)+ B(R,1/f)}-O(R™")
<r{2S(R,f)+O(1)}-O(R™) =0 as R — co.
Q.E.D. O
REMARK. In passing we proved, that
n= lim {B(R, /)~ B(R.1/f)}.

Let (z =7e®, 0 < p <)

rsing (% [In[f(#)]]
u(z) = 2. 2
s oo T4 1% —2rtcos
(3:5) z—a z—b
1 o 1 “l.

Theorem 3.1 implies that
[In|f(rei®)] = nrsin o] < u(re').

Whence to prove Theorem 2.7 it suffices to prove the following lemma.
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LEMMA 3.1. For the function u(z) given by (3.5) the relation
u(re'?) = o(r)

holds uniformly in ¢, 0 < ¢ < 7, as r — oo missing some set A C [1,00) of finite
logarithmic measure.

A proof of the lemma could be based on estimates of the integral and the series
from the right-hand side of (3.5). Doing so we would repeat twice essentially the
same argument. This can be avoided if we write the right-hand side of (3.5) as a
Lebesgue—Stieltjes integral over the half-plane II.

We proceed in the following way. We define on Borel subsets E C IT a Lebesgue—
Stieltjes measure v(E) by the formula

=1 (),
T J EN(—o0,00) 1+1¢

27, sin @, 20y, sin v,
DD s ek ) Dl et
am€E 1+ T'm b,€E 1+ Pr

(3.6)

This measure takes finite values only, since by the convergence of the integral (3.2)
and the series (3.3) we have

o |1n|f 2Tm sm<pm 205, sin iy,
H =
v(II) Tr/;oo +Z zn: 112 < 00

Let ((=¢+in, >0, z =re'¥)

14¢? In Z*f

— 2n
(37) K(Z7C) - (1_,’_5 )rs1n<p O
r24+€2—-2rfcosp’ n=>u.

, >0,

Then we have
(3.8) ut) = [ K (= Qdn(0).

Having in mind also the proof of Theorem 2.3, we obtain the following very
general theorem about estimates of integrals of the form (3.8).

THEOREM 3.2. Let v(E) be a Lebesque—Stieltjes measure defined on Borel sub-
sets E C II and such that v(II) < co. Define a function u(z;v), z € II, by the

equality
ueso) = [[ K Qo).

where K(z,() is given by (3.7)
For each q > 0 the inequality

(3.9)

4
—// (L+[¢?)dv(¢ +18r// , 0<p<m,
"I je<gr |<|>r
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where D is an absolute constant, holds for all r € [1,00) except, possibly, some
subset Ay C [1,00) satisfying
/ r~ldr < q.
A

q

Before turning to the proof of Theorem 3.2 we derive from it a corollary con-
taining Lemma 3.1.

COROLLARY. Let u(z;v) be a function defined in the statement of Theorem
3.2. Then the relation

u(re™;v) = o(r)

holds uniformly in ¢, 0 < ¢ < m, as r — 0o missing some subset A C [1,00) having
finite logarithmic measure.

Let g be a positive integer, A, be the corresponding set from the statement of
Theorem 3.2. Choose a so large number Ry, that R, > ¢q and

1
/ r ldr < —.
Agn (Rg,00) 24
Let

A= J{4,N (Ry,00)}.

g=1

Obviously,

o0
/ rldr < 22—‘1 =1.
A —l

Let r be sufficiently large, r ¢ A, q(r) be the largest integer ¢ satisfying R, < r.
Then the inequality (3.9) holds with ¢ = ¢(r). Obviously ¢(r) — oo as r — oo,
therefore

Since

o
=2 { J] . asemaes ff o |<|2>du<<>}
{(1 () + <1 + 3712) //Klzﬁdu(()} — ofr),

18r //|C|>3T dv(¢) = o(r),

the corollary and, thus, Lemma 3.1 have been proved.

<

S e

Now we prove Theorem 3.2.
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Denote by B the set of those values of r > 1 for which the following is true: for
each h, 0 <h <1 57, the inequality

8v(I)h
(3.10) v({r—h<|z| <r+h}NID) < ”(qr)
holds. The set B is Borel since it can be represented in the form
F —F(r—h-— II
B=1r: sup (r+h) (r—nh O)SSV( ) ,
0<h<1ir h r

where F(r) = v({|]z] < r}) is a non-decreasing function. Therefore the set A, =
[1,00)\B is also Borel. Let us show that

3
(3.11) / r~tdr < Zq.
A, 2
Let A4 be an arbitrary compact subset of the set A;. The definition of the set
B implies that for each x € A, there exists an interval I, = (r — hy, @ + hy),
0< hy < %x, such that

= 8v(Il)h,
(3.12) v({|z| € I,} N1I) > V(T)
where I, = [ — hy,x + hy]. By the Heine-Borel lemma there is a finite system

{I;,} of intervals covering A4;. Discarding intervals containing in unions of two
other intervals, we may assume that each point of the set Aq1 is covered by at most
two intervals of the system {I,, }. It follows from here that each point of the set
A1 belongs to at most three segments I, . Therefore we have

ZV ({|z| € I_xk}ﬂH) < 3v(ID).
k
Hence, using (3.12), we get
/A _ldr<Z/ _1dr—ZIn <1+ - _’”k ) 42
< 481/?H) ZV <{|z| € Izk}ﬂﬂ) < iq.

Let Agll) - A¢(121) C ... be a sequence of compact subsets of the set A,, such

that
o0
s (Aq\ U AS;P) =
n=1
Then we have

_ _ : _ 3
/ r 1dr:/ r~ldr = lim rldr < =g,
A, UleAéTll) n—o00 A((Ivlwr) 2

the inequality (3.11) has been proved.
Now we show that (3.9) is satisfied for » € B, thus completing our proof of
Theorem 3.2.

ql
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We need the following estimate of the function K(z,():
1+ ¢y
|z = ¢J?
For n =0 (¢ = £ + in) this estimate is trivial. For n > 0 we have

e (Nt e V)
K== M e =
1+ ¢ ( 4yn ) 1+1¢P)y 1+ 1<)y
= In(1 = .
o e o) St - P
We write the equality (z = re’?, 0 < o <m, 7> 1)

u(z;v) //|c|< ) (z,0)dv(¢ // <, K(z,¢)dv(()

1,
27

+ //|<|>§,, K(Z,C)dI/(C) =1 + 17+ Is.

Integrals I; and I5 can be easily estimated, using (3.13), in the following way:

BT Ty G
;//|C|<1T<1+|<| ()
fs = //|<|>3r (1|z+—|C€||2de ) <% //|<|> r 1J|r§||§|2dy(o

< 18y// dv
[<I>5r

Let us estimate the integral I,. Fixing a point z = 7, 0 < ¢ < m, 7 > 1,
denote by C,,, n = 0,£1,£2,..., the (possibly, empty) set of all points ¢ € II,
satisfying the following two conditions

(3.13) K(z,¢) < (z=x+1y, y >0).

(3.14)

| /\

| /\

(3.15)

1 3
2"y < |z = (] < 2™y, 37 <K< 5r(y=Tm2).

Obviously the sets C,, are pairwise disjoint and

) = {3ri<dha

n—=—oo

Since r € B, by (3.10) we have
v({z}) <v({lz| = r}) =0,

- 5] meomio

n—=—oo

Note that the condition r € B, by (3.10), implies

hence

v(Cp) <v({r—h<|{|<r+h}) < %2”3}& = min (2”y, C) .
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For ¢ € C), the inequality (3.13) implies

2 1—|—2r2 2
(L+[cPy 15" 6

K <
(Z’C) — (2n71y)2 — 4n71y — 4ny ’
therefore
= > 16r 8r(y o~ 1  256v(Ir
K(z,¢)dv(¢) < ST
nzzzo//cn ( Z:: Y z:: 2n

For ¢ € C},, n < 0, the condition n > §y > 0 holds, therefore we have

9,
1+ 7“
1+ ¢ ‘ ( 2y )
K(z,() = In In(1+ ——
(<) 2n Z—C ERq
9
1+ =r? 2
< In(1+ ) < —1In(6-2
y < vy y ( )
an
472
Z / Kzgdu O< > —m6-2"hw(C,)
n=-—00 n=-—o00 Yy
9 -1
< 4r®  Bu(Il)y Z 91l (6 - 271} < 1281/(1'[)7".
y qr = q
Thus,
4v (11
(3.16) I < w.

The formulas (3.14), (3.15), and (3.16) imply (3.9). As we have already men-
tioned, this completes the proof of Theorem 3.2.

We obtain Theorem 2.3 as a corollary of the following theorem.

THEOREM 3.3. Let k(r) > 1 be a continuous non-decreasing function, U(r) =
r<1 + %) Then for each e, 0 < e < 1, and for all v > 1 except, possibly, some
set A. C [1,00) satisfying pu(A:) < €, the inequality
(3.17) In" | f(re®)| < CE*(r)r{S(U(r), f) + 1}, 0 < p <,
holds, where C' is a positive constant which does not depend on r and .

To get the second inequality of Theorem 2.3 for r ¢ A., we choose k(r) = ﬁ.
Then U(r) = dr and, integrating (3.17) with respect to ¢ from 0 to 7, we get the
desired inequality:

mox (1, f) < Cr(d — 1)73r{S(dr, f) + 1}.
The remaining assertions of Theorem 2.3 can be obtained in the following way. By
Theorem 5.4 from Chapter 1 (p. ??7) we have S(r, f) =3 (r, f) + O(1), where
§ (r, f) is a non-decreasing function. Increasing, if necessary, the constant C, we
can replace S(r, f) by S (r, f) in (3.17), after that we let k(r) = ln{g’ (r, f) + 1}
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Applying the corollary of the Borel-Nevanlinna theorem stated in Exercise 2 of
Section 1 from Chapter 3 (p. 7?7) to the function u(r) =5 (r, f) + 1, we get
S W) )+1<{s (n )+ 1'%
for r ¢ A, where A is a set of finite logarithmic measure. For r ¢ AU A, we have
In* [£(re'®)] < C*{S (r, £) + 1}r{S (r, f) + 1}'5°
< Or{S (nf)+ 1) < Cr{S(r f) +1)%, 0 < p <,

where 0 < C; < Ca < oo are constants which do not depend on r and ¢. Integrating
with respect to ¢ from 0 to m, we get (r ¢ AU As)

mOTK‘(T7 f) é C27TT'{S(T, f) + 1}d

It remains to observe that u(AU A.) < p(A4) + p(A:) < e.
Now we turn to the proof of Theorem 3.3.
First we prove the inequality

In' [ f(re’®)| < rsing /R In" | (1) dt

T _pT?+1t2—2rtcosep
7 3
(3.18) z— by R
+ > In 2 rB(R, f)
[bn|<R

(z=re®, 0<r <R, 0<p<m).

Now we use the formula (3.4). Observe that the expression in braces from the
formulas for I; (R) and I2(R) are non-negative by formulas (1.10) and (1.11) from
Chapter 1. Therefore

1 (R rsin g R?rsingp
I <= In* -
1(R)_7T/_Rn |f(t)|{|z—t|2 |R2—Zt|2}dt
< rsinnp/R In™ | £(t)

™ T2 +1t%—2rtcosyp

2,2 2 _ 2
R. r R —r 40
|Re® — 2|2 |Re=0 — 2|2
_ 1 /7T In* | £(Re™)| (R? — r?)4Rr sin ¢ sin 0d6
21 Jo (R?2+ 712 —2Rrcos(p — 0))(R? + 12 — 2Rrcos(p + 0))
(R? —r?)4Rr 1

™ ) R 3
< TR %/O Int | f(Re™)|sin0dO < 2 <ﬁ> rB(R, f).

n(r) < o [ wtisren){

27

The summands in I5(R) and I,(R) represent, by formula (1.5) from Chapter
1, values of the Green function for the half-disc {|z| < R,Imz > 0}, and hence, are
non-negative. Discarding I3(R) in (3.4) and observing that

‘RQ—bnz R(z —by,) z—by,

R(Z — bn) R2 - an

)

“|lz—by,

we get the inequality (3.18).
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Let us estimate the function

: R +
(3.19) u(re'?) = rsm<p/ In” | F(0)]dt Z ln

2 42 _
T ré 4t 27t cos ol

— by
— by

using Theorem 3.2. This function can be represented in the form (3.8) by letting

1 In™|f(t 2p, si
vy =z [ Ol 3 e g
T J-rr)nE 1+t vocr 1t en
|bn| <R

n = pneiw" )

By Theorem 3.2 the inequality

u(re®) < lq) v //|c|< T(1+|C| Jate le876//<;> r
D+ 2 <1+ —r >//|C|< ) +18r//€>%TdV(C)

D v(I)r + 18rv(11) = ( . + 18) v(IDr, 0 < ¢ <,

(3.20)

| /\

I /\

holds for all » > 1 except, possibly, some subset A, C [1,00) satisfying

(3.21) / r~ldr <gq.
A

q

Let us estimate

R 1.+ )
vm=2 [ By 5 2l

2 2
—R 1+¢ Iba|<R 1+pn

Let U > R. We have

U
avg -1 [ (i - —) (I [ £()] +In* ()]}t

T t2

IS + +
> [ (- ge) Wt L]+t Lo

™

2
<1 - §—> : / 72 {In* | £(5)] + I | f(—0)] e

U—R | [ In"|f() " Int[f()]
Ur {/_R 1+ ¢2 dt_/_1 1+ ¢2 di e

cU,f)=2 Z <i - %) sin vy,

IV

IV

1< by, |<U Pn
1 Pn . R2 Sinwn
22 ¥ (o) (1-gz)2 X
1<|bn|<R 1<|bn|<R

> U-R Z 2ppsint, Z 20, Sin Yy,

U 1+p2 1+p2

[brn|<R [bn|<1
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From here we get

v(ll) < G—{ AU )+ CU, N}
(3.22) 1 (Y ot |f(t)] 2y sin Uy,
+E/_1 1+¢2 dt+|z§;1 1+ p2

In what follows the letter K will be used to denote finite positive constants
which do not depend on variables denoted by r, R, ¢,t,q,U, and €.
By (3.18) and (3.19), for 0 < r < R, 0 < ¢ < 7, the inequality

3
%) rB(R, f)

holds. ;jFrom here, using (3.20) and (3.22), we get that for r € [1, R)\ A4, 0 < ¢ < ,
the inequality

In"|f(re®?)| < K (% + 1>

In" | f(re'®)| < u(re™) + 2 <

Ur
U—-R

{AWU, f)+CU, f)+1}
(3.23)

+2 <le r>3rB(R, f), (U>R),

holds. Since, by Theorem 5.4 from Chapter 1, the function S(r, f) is, up to a
bounded summand, non-decreasing, we have

B(R,f) <SR, f) <SU, f)+ K.
Taking into account A(U, f) + C(U, f) < S(U, f), we get the inequality

(324) " [f(re’) < Kr { G+)gomt (22 )} {8, /) +1},

where r € [1,R)\A4y, 0 < ¢ <7, U > R.
Let (k(r) and € are from the statement of Theorem 3.3)

Ult)=t <1 + %) , U1(t) = max U(7),

0<7<¢t

R(t)—t<1+%(t)>, t’—t<1+i(t)>, q(t) = 162(1&)’

and denote by j(¢) the interval [¢,t]. Since

Ut) 1 17k(t)
oo -rw =M gm e
and for r € j(t) the inequality
R(t)
R(t) v = o)

holds, the inequality (3.24) implies that for r € j(t)\Ag) the inequality
In™ [ f(re")| < Krk*(){S(U(t), f) + 1}, 0 < p <,

holds. Since, obviously, ¢t < r for r € j(t)\Ag), We have also k(t) < k(r), U(t) <
Ui(t) < Uy(r), and, by Theorem 5.4 from Chapter 1,

SUt), f) < SUL(r), f) + K.
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Therefore for r € j(t)\Aq) the inequality
(3.25) In" | f(re)| < Krk®(r){S(Uy(r), f) + 1}, 0 < p <,

also holds.

We show that the inequality (3.25) holds for all » > 1 except, possibly, some
subset E. C [1,00) satisfying u(E.) <e.

Denote by E(t) the set j(t) N Ag). Using (3.21) and the choice of ¢(t) we get

dr dr € te
mes E(t) < t’/ — < t’/ — <tq(t) <2t = ,
E(t) T Agr) T 16k(t) Sk(t)
whence
(3.26) mes E(t) < %mesj(t).
Consider a sequence of intervals j(t;), K =0,1,..., letting

to=1, ty =t,_4, k=1,2,....

These intervals cover the whole semiaxis [1,00). In fact, otherwise we would have

klim tr = a < 0o. Choosing § > 0 and n in such a way, that 4k(a) < §~! and
—o0

tn > a(1+ §)~1, we would arrive at a contradiction:
1 1 o
thi1 =t =ty |1+ —— ) >t [1+—— ] >——(1+6) =
= < +4k(tn)>_ < +4k(a)> sttt =e
Take

E.= | E(ts).
k=0

Obviously, for r € [1,00)\E. the inequality (3.25) holds. Besides, by (3.26), we
have

w(E.) = limsupr *mes{E. N (0,7)}

7—00

< limsupr~* Z mes E(tx) < %limsupri1 Z mes j(tg)

7—00 te<T 7—00 b <T

<Elimr_1mes 1,r 1—|—L <£-§<E
T 2ro00 ’ 4k(r) -2 4 .

The theorem will be proved is we establish that for all » > 1 except, possibly,
a set of finite logarithmic measure, the equality U;(r) = U(r) holds. Denote by E
the set on which U;(r) > U(r). Since the functions Uy (r) and U(r) are continuous,
the set E is open and hence is a union of a finite or a countable set of pairwise
disjoint intervals (aq, bq)-

Since lim U(r) = oo, none of the intervals can be infinite.

7—00
Obviously, U(aq) = U(by), that is,

aa<1+®>=ba<l+®>.

This implies
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and we get

R

Using Leibniz’s theorem on alternating series we get the desired conclusion.

4. Meromorphic functions with poles and zeros located in small angles

Consider a system of rays

(41) -D/:D(alaﬂl7a2aﬂ27"',anvﬂn)

(4.2) a1<ﬁ1<oz2<ﬁ2<~--<an<6n<an+1=a1+27r,
such that

(4.3) lréljaéin(ﬁj —aj) < 11§Iljl£ﬂ(0&j+1 - Bj)-

The angles {o; < argz < §;} will be called small angles of the system D’. Let
wi(D") =7/(B; — aj), wj(D") =m/(ajy1 = B5), §=1,...,m,
W'(D") = 1I§nji£1n wi(D"), w"(D') = max wj (D).
Note that by the condition (4.3), the inequality
W'(D") > " (D")
holds.

DEFINITION. If the condition
(4.4) Zr“’ﬁ'/(D/)_“’”(D/)C’gjaHl(r,a, f)=0(Q1), r— oo,

j=1

is satisfied, we say that almost all a-points of the function f(z) are in small angles
of the system D’'.

This condition is obviously satisfied if all a-points of the function f(z) except,
possibly, finitely many are in small angles of the system D’.
The following theorem is the main result of this section.

THEOREM 4.1. Let f(z) be a meromorphic function of order p < oo, almost all
of whose zeros and poles are in small angles of the system D'. If the inequality

mp
4. 1-—
(4.5) i(a, f) > cos 52(D)
holds for some a # 0, 00, then the relation

WD) < p<W(D")

cannot be true.
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In particular, if the system D’ consists of two rays, D' = D(«, 3), 0 < B—a < ,
then w'(D") = /(8 — &), W"'(D') = w/(27 — B+ &), and Theorem 4.1 immediately
implies

COROLLARY 1. Let f(z) be a meromorphic function of order p < oo, almost
all of whose poles and zeros are in the small angle of the system D' = D(a, ),
0 < B —a<m. If the inequality

(4.5") d(a, f) > 1—cos @
holds for some a # 0,00, then the relation
™ cpec T
2r — B+« P 08—«

cannot be true.
. From here we get

COROLLARY 2. Let f(z) be an entire function of order p, all of b- and c-
points of which (b # ¢; b, ¢ # c0) except, possibly, finitely many, are in the angle
{a<argz<pg},0<B—a<nw. Then either p>7/(B—a), orp<w/(2m—[F+c).

In fact, consider the system D’ = D(«,3) and the meromorphic function
—b
filz) = % Almost all zeros and poles of this function are in the small angle

of the system D’ = D(a, 3), and 6(1, f1) = 1. If p < /(8 — @), then the function
f1(2z) satisfies the condition (4.5") with a = 1, and by Corollary 1 the inequality
p > m/(2m — B+ &) cannot be true.

We show that for each p > 7/(8 — @) and each p < 7/(27r — 8+ «) it is
possible to construct an entire function of order p, such that for some b and ¢
(b # ¢;b, ¢ # 0), all b- and c-points of f(z), except, possibly, finitely many are in
the angle {a < argz < g8}.

ExAMPLE 1. As it was proved in n. 3° from Section 5 of Chapter 2, the
Mittag-Leffler function E,(z) has order p. We shall assume that p > 1/2. By the
formula (5.40) from Chapter 2 the value of

M = sup |E,(2)]
% <arg z§27r7%

is finite. Therefore, if the numbers b and ¢ satisfy the condition min(|b|, |c|)

then all b- and c-points of the function E,(z) are in the angle {—2— <argz
p

i

N\a%’lﬁ
\_/H,—/

Thus, for each p > 7/(8 — @) all b- and c-points of the function E, (ze

are in the angle {a <argz<a+ —} C{a<argz < g}
P

Consider now the case p < w/(2r — 8 + «). The formula (5.40) from Chapter
2 implies that the number
m = inf E,(z
1B
|z|=R
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is positive if R > 0 is sufficiently large. Therefore, if the numbers b and c satisfy the
condition max(|b|, |c]) < m, then all b- and c-points of the function E,(z) except,

possibly, finitely many are in the angle {21 <argz <21 — 21} Then all b- and
P P
c-points of the function E, (ze_i(o‘_%)) except, possibly, finitely many are in the

angle chargzgoz—i—%r—E CH{a<argz < g}.

Later on we shall show that Corollary 1 is no longer true if the sign > in the
condition (4.5) is replaced by >. Now we observe that the condition (4.5") cannot
be dropped. In fact, Example 2 from Section 2 shows that even for a function whose
zeros and poles lie on a ray, the growth can be absolutely arbitrary.

Now we point to a connection between Theorems 4.1 and 2.1.

Let all zeros and poles except, possibly, finitely many of a meromorphic function
f(2) of order p lie on rays of the system D = D(ay,ag,...,a,), and 6(a, f) > 0 for
some a # 0,00. Then, by Theorem 2.1, the inequality p < w(D) holds. Under the
additional assumption that p < oo this estimate can be derived, also, from Theorem
4.1. In fact, we choose numbers 3; in such a way that the inequalities (4.2) and
(4.3) hold. Then almost all zeros and poles of the function f(z) are in the small
angles of the system D’ = D(au, (1, ..., 0n,0n). Choosing 3, sufficiently close to
a;, we can make w'(D’) arbitrarily large, in particular, so large that (4.5) holds
and p < w'(D’). By Theorem 4.1 we get p < w”(D’) and, since w”(D") = w(D) as
B; — a;, we conclude that p < w(D).

Note also, that if we formally pass to the limit as 8; = o (j = 1,...,n) in
Theorem 4.1, its conditions will take the form

Up(r,0,00) = O(1), d6(a, f) >0,

where D = D(a1,aa,...,a,), and the statement will be reduced to the inequality
p <w(D), that is, we get a special case of Theorem 2.1.
Now we turn to auxiliary results used in the proof of Theorem 4.1.

1(-2)

(46) x(2) = o
me-)

be a meromorphic function of genus zero, all poles p, of which are in the half-plane
{Imz > 0}. Suppose that the order of the function x(z) is equal to n < 1. Then for
each o, n < o < 1, the inequality

= m(t, x) mo Nt x)
(4.7) /b prs dt < (sec 5 1) /b s, dt, 0 <b < o0,

LEMMA 4.1. Let

holds.

PROOF. First we establish the inequality

 q(¢) o *Intt¢
(4.8) /b tHadtS(sec?—l)/b St 0<b<oo, 0<o <1,
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where

q(t) / In ‘l de.

- % —7/2 1— teie

1
Choosing arbitrarily a branch of the function arg (1 + Z) on the semicircle C; =
—z

{|z| =t, —g <argz < g} oriented counterclockwise, by the Cauchy—Riemann

equations we have (¢ # 1)

1 (™0 |1+te?
() = — —In|——|dt
7 () 210 J_pyp Ot n'l—te“’
1 (™% 9 1+ te® 1 1+ tet®
= — — T )de=—A ).
21t J )5 00 are <1 - t619> ot Cr 8 (1 - te“’)
Therefore

2
q(t) = Earctant, 0<t<l,

'(t) 2 arctant — t>1
= — arctant — —, ,
¢ Tt t

hence,

2 (! d
q(t) = —/ arctan s — — In* .
™ Jo S

Below we use the argument employed in the proof of Lemma 3.3 from Chapter 5.
Consider the function

*° o dt
(4.9) o(b) = /b {(sec 5 = 1) In"t— q(t)} e
o0 o0 / [e 9] o0
/ q(t) g — l/ q(t) Qi — i/ arctantdt B l/ dt
0 t1+0 g Jo to ™o Jo t1+0 g J1 t1+0
_L/“L_L_L(Secﬂ_l)
ot Jy to(1+t2) o2 o2 2 ’

*1Intt 1
T dt =5
0 t+U g

we have ¢(0) = 0. Obviously blim w(b) = 0.
—» 00

Since

The integrand in (4.9) is negative for 0 < ¢ < 1, for ¢ > 1 we have

| 2
{(sec % - 1) Intt— q(t)} =3 {sec % - arctant} > 0.
Therefore the function ¢’(b) change its sign only once on the semiaxis {0 < b < oo},

from plus to minus. Since blirn @(b) =0, we have ¢(b) > 0 for all b, 0 < b < o0,
—» 00

thus, the inequality (4.8) has been proved.
Using Lemma 4.4 from Chapter 5 and the notation from its statement, we have

(4.10) m(r, x) < m(r, X).
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But, obviously,

6

I B e T
mMXﬁv—/ ] —24
27 Jo s T

3n/2 s} __re

_Lopem 1 i

27 14 re?

™/2 v=1 I

/2 %) re'?

1 L+ > r
o= I o =2 a5

-m/2 L2l

By (4.8) for each b > 0 we have

=4 (1) oy [
/b Tto dr < (sec7 —1)/b Tho dr.

Assuming that n < 0 < 1 and summing over v, we get

[e.¢] g o N
[ < (see T 1) [T EE
b rito 2 b T to

from where, by (4.10), the inequality (4.7) follows. O

LEMMA 4.2. Let a function g(t) > 0, —oco < t < 0o, be such that for some A,
0 < X <2, the inequality

holds. Let

y [ g(t)dt .
U(Z)_—/Oo(x_(t)w, Z:$+2y, y>0

Then
u(z) < K2y [z > 1,
where K is a positive constant which does not depend on z.

The statement of the lemma follows from the estimate
oo t t 14+ |t
G R g I KX
Yy —eo |2 =1 <o)z L+ [H |z =1

t 1+ [¢]* dt
.
\

t>202) 1+ [¢ t2 |zt=1 —1[2

A A A
< 1 +22|z| / g(t)th N (% N 22_)\>/ L)dt)\
y tl<al=) 1+ [t] 2|2 |zl t1>2]z L+ [¢]

LEMMA 4.3. Let f(z) be a meromorphic function of finite order, a # 0,00 be a
complex number, 0 < 8 — a <27, w =7/(0 — ). Suppose that

Cop(r, f) + Cap <r,%) =O0(r?), p>0, r — oo.
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1
For an arbitrary € satisfying 0 < ¢ < 5(/6’ — ) the estimate

1
(411) Ma+e, p—c | T m

holds, and for each €1 > 0 the integral

) = 0(r**P), r — oo,

° 1 dr
I(¢)=[ In* :
0= [ eyl e

converges for all ¢ € (a+e, f—¢) except, possibly, some set E satisfying mes E = 0.

PROOF. It is easy to see that

1 < re B 1
Mate, f-e T’f—a = Jusinwe *° T’f—a '

Using the analogue of Lemma 2.1 from Chapter 3 for angular Nevanlinna charac-
teristics, valid by Theorem 3.3 from Chapter 3, we have

Ba5<r, ia)SA < ;,>+Baﬁ< ;,>+Qaﬁ(rvf)§5a6< ]{,>+O()

Now we use Theorems 5.2 from Chapter 1 and 3.1 from Chapter 3, and get

o ()= () 00 £) (o) o

= Cop(r, ) + Cup (7‘, %) +O(1).

Thus,

1 w _ _ 1
Marte, f—e <r, 7= a) < 4w;nw€ {Caﬁ(r, f)+Cag (r, ?> + 0(1)} = O(rt?).

Dividing relation (4.11) by r!TPT®*€1 and integrating with respect to r from 1 to
0o, we get

*° 1 dr
o0 > 1 Maote, —e | Ts f —a ) ritptwte:
€

1 o0 ﬁ— 1
= / L/ Int ————dp
o rltptwter |f(ret) — al

dr 1 [P=
= = I d .
a+te / |f reup) - (I| r1+p+w+61 27 /aJre (SD) 4
(From here it follows that I(¢) < oo for all ¢ € (o + ¢, 8 — ), except, possibly,
some set £, mesE = 0. Q.E.D. O

Now we turn to a proof of Theorem 4.1. Suppose that the order p of the
function f(z) satisfies the inequality w”(D’) < p < w'(D’), and let us prove that
for each a # 0, 0o the inequality

7r
(4.12) d(a, f) <1—cos 20 (D)

holds.
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Denote by D’ the system D. = D(ay—e¢, B1+e, ag—e, B2+e, ..., an—¢, Bnte)
of rays, where € > 0 is so small that

max (f; —aj) +de < min (0;01 — F),

(4.13) WD) <w"(DL) < W' (Dh,) < p<w'(Dh) <w'(DL) <w'(D").
We have

1 1
=S mese e (1) + e ene (5 7

:<I>1( ) + Pa(r).

The estimate for the sum ®3(r) is obtained using Lemma 4.3. Since almost all
of zeros and poles of the function f(z) are in small angles of the system D’, then

1 " / 1" ’
ngaﬁl( ) +ngaj+1 <r, ?> =0 (rw (D")—wf (D )) ,7=1,...,n
Applying Lemma 4.3, we get the estimate

1 1" ’ .
MBjte, aji1—e <r7 m) - O(rw b ))7 J = 17 LD

hence,
(4.14) Dy(r) = O(r<" (P,

The estimate of ®,(r) is significantly more complicated.
By Lemma 4.3 there are numbers ¢; and 9, o —2e < ¢ < aj —¢€, fj +€ <
¥; < B; + 2¢, such that for § = ¢;, ¥; (j=1,...,n) we have

> 1 dr
4.15 In™ ‘ .
( ) /1 n |f(’l‘e"0) — CL| 7«1+W/I(Dé) < o0

We map the angle {¢; < argz < ¢;} onto the half-plane {Im{ > 0} using the
mapping ¢ = (ze~ )™/ (¥i=¥i), Under this mapping the angle {aj —e <argz <
B; + €} is mapped onto an angle of the form {¢; < arg{ < n;}, 0 <& <n; <.
Let

(4.16) Fj(¢) = {f(e#¢W=#)/m) —a}~t.
It is easy to see that

1 Vi —pj i
(417) Ma;—e, Bj+e (T, f — a> _ — ]mﬁj"]j (’)"w] ¥j ,Fj),

therefore to estimate the sum ®; it suffices to estimate the quantities me,,, (r, F}),
j=1...,n
Let us show that the function Fj(z) satisfies

(4.18) S(r,Fj) = O(1),
and hence, Theorem 3.1 is applicable to it.
Note that
* In" | F(2)|
4.1 — It
( 9) /;Oo 1+ |t|1+p,j < o9,
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where p; = (¢; — @;)w”(DL)/m. In fact, by (4.16) and (4.15), we have

00 + . 1 + . oo + .
[, [ BR[O,
1

oo L |t R R e T ti+n
. / In* | Fy(8)] _ / In* |Fy(8)]
IR RS v
o ool |{f (te's) —a} !
o pooInT|{f (tes) —a}
Next, since
Vi~ -
(4.19') S (Dp)y

by (4.13) we have u; < {w'(D}.)}*w”(D.) < 1. Therefore (4.19) implies
1T dt
ArcR) < 1 [t B @]+t IR0 = 00),

The quantity B(r, F}) can be estimated in the following way:

4 4m Yi—ej 1
B T,F' S —mox\T, F) = My, (7‘ s ,—)
( ]) r ( J (d}j - QO])T wjiP; f

—a
47

L]
By (4.13) and (4.19') we have =% < 1, and get
(4.20) B(r,Fj) = o(1).

In a similar way we get
(4.21) B(r,1/F;) = o(1).

Denoting a-points of the function f(z) by r,e?, we have

Yi—®j 1 Ty
C(r,F;) = Cy,y, (r = —) <2 Z ry, T < oo,

)
—a
f Ty, >1
p; <0, <1

since

L )
i—e;
Thus (4.18) has been proved, and, by Theorem 3.1, the function F};({) admits
a representation

rsinp [ In |F(t)|dt
In |F;(Q) = T [wr2+t2—2TtCOS¢

_Zln‘g_%

C_QN

(4.22) o
S 22 +nrsing, ¢ =re',
( —Pbv

+

v
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where g, are zeros of the function F;(¢), and p, are its poles (lying in {Im¢ > 0}),
7 is a constant which does not depend on (. Estimates (4.20) and (4.21) and the
remark to Theorem 3.1 imply that n = 0. Therefore (4.22) implies that

© Int|F;(t)|dt — Dy )
1n+|pj(g)|§£/ M+§len’% =zt

T oo (2= 1) +y?

The relation (4.19) and Lemma 4.2 imply that the estimate
y [~ _In" ()] : ,
= ——=——dt = O([¢|"), ¢ =z +1y,
L amtsa= o), c=atiy

holds in the angle {¢; < arg( < n;}. Defining a function x(z) by the equality (4.6),
we get that

In*t |Fj(rei“’)| < O(r*) +In|x(re), & <arg( <y,
from where, integrating with respect to ¢ from &; to n;, we conclude that
(423) ey, (n Fy) < K +mey, (rx) < K +m(r), 7> 1,

where K is a constant which does not depend on 7.
Let us agree to use the notation Nyg(r, f), 0 < 8 —a < 2w, r > 0, for the sum

r
Naﬁ(rmf): Z In* m7
a<argan<p "
where a,, are poles of the function f(z) counted according to their multiplicity.

Obviously,

(4.24) N(rx) = ——N, < e 1 >
. r,X)=———Ngp, |77 7 7 |.
v —p; oY f-a
Therefore
Yi—®j 1 ™ Yi—®j
Nir,) < N () < 7 (r757 ) + o).
Vi — @j f—a Vi — @; (
(From here it follows that the order of the function N(r,x) does not exceed the

number Mp < {w'(Dy)} tp < 1. Since N(r,x) = N(r,1/x), and the func-
m

tion x(z) is a quotient of two canonical products of genus zero, then (Theorem 3.4
Vi~

from Chapter 2) the order of this function also does not exceed p.
™
Using Lemma 4.1, we write the inequality (4.7) for our function x(z). It holds
for all b > 0 and o satisfying the condition up <o<1
™

We divide (4.23) by r1*° and integrate it with respect to r from b > 1 to co.
Taking into account (4.7) we get
> Mg n; (Tv Fj)

o Klrti + N(r,
T dr < (sec T 1) ]—(X)dr,
rlto 2 b rlto

b

where K j’ is a constant which does not depend on r and b. Using the equalities
(4.17) and (4.24), and making the change of variable r = #™/(¥i=¢3) in the integrals,
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we have that for w";% p <o <1 and for all b > 1 the inequality

1
t + ’/’J “’J

1
oo Maj—e, Bj+e (t’ f)
/ f=a/
b

o K s
< (secE - 1)/ p—a dt
2 b ¢

i~ %

o
(U
and note that as o ranges over the interval < d}j L 1>, the parameter 1 ranges

holds, where K }’ is a constant which does not depend on t and b. Let =

i Py
that o < n{w/(D5.)}~!. Then we can claim that for p < n < w/'(Dj_) and b > 1
the inequality

1
Oomajfe, Bi+e (ta m)
/ dt
b

ti+n

- s KO0 4 Ny, (475
< |[sec——— —1 dt
2w’ ) b

over the interval (p, 7> , which contains the interval (p,w’(Dj}.)). Note, also,

(D =
holds Adding these inequalities over j = 1,...,n and taking into account that
1
ZN‘P ¥, <N |(t,—— ), t > 1, since the intervals (¢;,1;) do not
P i¥i _ f —a
intersect, we get
> P (t) Kt"(P0) 4 N(t,a)
(4.25) /b i ¢ < (see 57 D,2€ - / e dt,

where K is a constant which does not depend on b and ¢, p < n < w'(D5,.), b > 1.
The relation (4.14) implies that for n > p(> w”(D.) > w”(D’)) the inequality

% $y(t) % e (De)
/b R A

holds, where K’ is a constant which does not depend on b and t. Adding with
(4.25) we get the inequality

oo ( )dt ™ . 00 K//tw//(D;) + N(t7 a) it
b T 20'(Ds,) b ¢+ 7

where K" does not depend on b and ¢, p < n < w'(D5,.), b> 1.
Since p > w"(DL), for each €1 > 0 there is a sequence {by}, by T 00, such that

0o griw'’ (De)
LS 51/ T 1) 4

t1+mn ti+n
bq

Therefore we have the inequality

o0 o0
m(t, a)dt < (sec ™ 4 N(t,a) +e1T(t, f)d
b, 7 2w'(Ds, ) b i+

q
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This inequality implies that there exists a number ¢, > b, such that
(4.26) m(ty, a) < <sec ﬁgﬂ - 1) {N(tg,a) + e T(tg, )}-
Dividing both sides of (4.26) by T'(¢4, f) and taking the limit as t, — oo, we get
§(a, f) < <sec”7” - 1> {1-6(a, f) +e1}-
2w'(Ds,)
Letting here € and €; tend to 0, and 7 tend to p, we get the inequality

mp
3o, 1) < (see gt 1) (1= 8(an 1),
which is equivalent to (4.12). This completes the proof of the theorem. O

Now we construct an example showing that the sign > in the condition (4.5")
from Corollary 1 cannot be replaced by >.

EXAMPLE 2. For arbitrary preassigned vy and p, 0 <y <, 0 < p < my~!, we

construct a meromorphic function f(z) of order p, all zeros and poles of which are

in the angle {|argz| < g}, and 6(1, f) =1 —cos%.
Let
00 -1
1+zvm
Q(zsn) =] —, 0<n< 1L
(z3m) H ! n

11l —2zv

The function ®(z;n) is a special case of the function f,,(z) considered in Example
1 of Section 3 from Chapter 5 (u = v = 1, I(r) = 7). Therefore, by the formulas
(3.38) and (3.39) from Chapter 5 we have

1
(4.27) N(r,®(z;7n)) = ;7‘" + o(r"),
1 1 ™
(4.28) T(r,®(z;n)) = E{I(L 1,n) 4+ 1}r" + o(r") = ;sec 77"7 + o(r").
Note that
(4.29) |®(z;m)] <1 for Rez <0.

Denote by L(6,a) the boundary of the region D(0,a) = {|argz| < 0, |z| > a},
oriented clockwise, by D1(6,a) we denote the region on the left from L(6,a). For

1
z € Dy (%,5) we let

! L) (CWMS %)
(4.30) U(z) = 9w /L(},%) m

dc.

The inequality (4.29) implies that

(4.31) @ (¢ )| <1 for 2 < Jangd] <,
T

therefore the integral in (4.30) is absolutely convergent, and the function ¥(z) is

. 71
Iyt D =+,=).
analytic 1n 1<2,2>
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1
Using the residue theorem we get the following relation for R > 3 R # v1/r

v 1
=1,2,... D=, =
v ) 4y 7<Z€ 1<272>)

i (CW/’Y.M)
2mi Ji(3,1) (C+1)*(C—2)

2w i ><<+1><< 9% Zes< o TS

dg
(4.32)

The right-hand side of this relation represents a function meromorphic in the region
D, (%, R). Since R can be chosen to be arbitrarily large, the function ¥(z) can

be extended to a meromorphic function in the whole complex plane. We shall keep
the notation ¥(z) for this extension.

1
We show that for z € D <'y, 5) the formula

L (i) e ()
(4.33) U(z) = /( N ac +

omi C+12(C - 2) (z + 1)

holds.
1
For z € D (7, 5) the function ¥(z) can be represented by the right-hand side

of the relation (4.32) with R > |z|. Using the Cauchy theorem and (4.31) it is easy
to get that the integral from the right-hand side of (4.32) does not change if the

path of integration is changed from L <%,R) to L(v, R). On the other hand, by

1
the residue theorem we have <z eD <’y, 5) , R> |z|>

1 o (¢ ) 1 @ (¢"s e
— > ' w) g = T _d
210 Jp(y,m) (C+1)2(C — 2) ¢ 2mi /( ) (C+1)%(¢—2) ¢
[R?) (4-71'/7 p’y) Ry (Zw/’y; %)

*Z”Sf MCEIRC -2 (et

Thus the formula (4.33) has been proved.
Using (4.31), we get from (4.30) and (4.33) the following relations

W) < /(2] +1), § <argz<2m— 2,
(434) (D( /. PV)
vy
)\ - T 1 < L
()= = | S /e + 1), Jarg 2l < 5,

where ¢ is a constant which does not depend on z. These relations imply the
following equalities:

N(r,\lf)zN(”/7 <I>( p:))
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m(r,¥) =m_3 5(r,¥) + O(1) =m (r”/'y, d (z; %)) + O(lnr)

- /Y PTVY _ ™/ P
—T(r , ‘b(z, W)) N(r ,<I>(z, 7T))—l—O(lnr).
Taking into account (4.27) and (4.28) we get
N(r,¥) = e 4 o(r?),

Y
T g
T(r,¥) = —sec —r” + o(r”),
(%) = Lsec oo+ o(r?)
whence §(oc0, ¥) = 1 — cos %
By (4.34) the quantity
Q= sup  [¥(2)|

J<argz<2m—%

is finite. Therefore for each b, |b| > @, all b-points of the function ¥(z) are
in the angle {|argz| < 7/2}. Choose arbitrarily two complex numbers b and c,
min(]bl, |¢|) > @, and consider the function

1) = g

It is clear that it is a desired function.

5. Entire functions with derivatives only vanishing close to the real axis

As is known, zeros of a polynomial with real zeros are real. The direct analogue
of this result for entire transcendental functions does not hold. For example, all
zeros of the function f(z) = (22 — 1)e*"/2 are real, while f'(2) = (2° + z)e* /2 has
non-real zeros also. Sufficient conditions under which zeros of all derivatives of an
entire function with real zeros are real, are given by the following classical theorem.

THEOREM 5.1 (Laguerre). If an entire function f(z) is representable in the
form

(5.1) f(z) = e h(2),

where v > 0 and h(z) is an entire function of genus at most 1, real on the real
line, and having only real zeros, then zeros of all derivatives of the function f(z)
are real.

PROOF. The formula (5.1) implies that
f'(z)= e h(2),
where
hi(2) = W (2) — 2vzh(z).

Theorem 5.1 will be proved, if we establish that h1(z) is an entire function of genus
at most 1, real on the real line and having only real zeros.
The function h(z) is representable in the form

h _ ,m_az+b l—i e
(z) = zMe 1;[( = e,
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where m > 0 is an integer, a, b, and aj, are real numbers, and
—2
(5.2) E a; ~ < oo.
k

Therefore we have

(5:3) f/(z)——2wz+%+a+z< : +i>,
k

zZ — ag ar

whence
f'z) m 1
(5.4) Im ) ——{2'y—|— FE —I—zk: |Z_ak|2}1mz.

We may assume that f(z) is not of the form e®**° because otherwise the
theorem is trivial. Then the expression in braces in (5.4) is different from zero and
hence

!/
L)
f(2)
This means that all zeros of f/(z), and hence, of hy(z) are real.
It remains to prove that the genus of the function h(z) does not exceed 1. Since
the genus of the function h(z) does not exceed 1, then, by Remark 2 to Theorem 3.3
from Chapter 2, the relation T'(r, h) = o(r?) holds. By Theorem 2.3 from Chapter
3 we have, also, T(r,h') = o(r?), and hence, T(r,hy) = T(r,h — 2yzh) = o(r?).
Therefore, in order to show that the genus of the function h;(z) does not exceed 1,
it suffices to establish the convergence of the series

(5.5) > aif,
k

where ay; are zeros of the function hi(z) away from z = 0 (multiple zeros are
repeated according to their multiplicity).
The equality (5.3) implies

(J;g)))/ B> e

For real x the expression in the right-hand side is negative. Therefore in the interval

#0 for Imz # 0.

between two consecutive zeros of the function f(z) the function %j)) is decreasing
and is varying from oo to —oo. Thus, between two consecutive zeros of the function
f(z) there is exactly one simple root of the function f’(z). Therefore the conver-

gence of the series (5.2) implies the convergence of the series (5.5), Q.E.D. O

We say that an entire function f(z) belongs to the class A (notation: f(z) € A)
if its zeros {z,} satisfy the condition

>

|zn|>1

1
Im—
Zn

< 0

(multiple zeros are repeated according to their multiplicity). As we mentioned in
Section 2 (see Example 1), a function f(z) belongs to the class A if and only if

If is clear that all functions with real zeros belong to the class A.
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‘We shall find conditions under which all derivatives of a function from the class
A belong to the class A.

THEOREM 5.2. Let f(z) be an entire function belonging to the class A, which
is representable in the form

(5.6) f(z) = e*“h(2),

where g(z) is an entire function which does not exceed the normal type of order 1
and which satisfies the condition

S| + !(t

(5.7) [ Ol <o,
oo LAt

and h(z) is an entire function satisfying the condition

(5.8) / t=2Int T(t, h)dt < oo.
1

Then all derivatives of the function f(z) belong to the class A.

Theorem 5.2 can be considered as an analogue of Laguerre’s Theorem 5.1 in
the case when the condition that all zeros of f(z) are real is replaced by a weaker
condition: the function f(z) belongs to the class A.

To prove the theorem it suffices to establish that the function f’(z) belongs to
the class A and is representable in the form

(5.9) f'(z)= eg(z)hl(z),

where h1(z) is an entire function satisfying the condition

[e.e]
(5.10) / t=2Int T(t, hy)dt < oo.
1

We need the following lemma.

LEMMA 5.1. If a function f(z) satisfies the conditions of Theorem 5.2, then

s <r, f7> = 0(1).

PROOF. Since f(z) belongs to the class A, it is clear that

c() C(r,0, f) < C(r,0, ) = O(1).

Further, we have

A(r,%) +B<r,f7/> :A(r,g'+%)+3<r,g/+%>
§A(r,g')+B(r,g')+A< h>+B< %)

The condition (5.7) implies that A(r,g’) = O(1). Since T'(r,g) = ), by the
inequality (2.13) from Chapter 3, we have T'(r, g') = O(r) and hence

4
B(r,g") < —m(r,g") = O(1).
By Theorem 1.3 from Chapter 3,

A1) () = Qutet
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Recalling the definition of Qo (r, h) (page ?777), from the condition (5.8) we get

A ) 5 (n )=o)

Thus,
PN _afn L f "\ _
s(nf)=a(n%) v (nF) e () =0
Lemma has been proved. ([
Since
cro.f<c(rnd)rcron<s(nd) oo o

(we used Theorem 5.1 from Chapter 1), we have C(r,0, f') = O(1), if the function
f(2) satisfies the conditions of Theorem 5.2. Considering the function fi(z) =
f(=z), in an analogous way we get C(r,0, f{) = O(1). Thus we have proved that
f'(2) belongs to the class A.

It is clear that the function f’(z) can be represented in the form (5.9) with
hi(z) = ¢'(2)h(z) + K/ (z). We have

T(r,h1) <T(r,g")+T(r,h) +T(r,h") +In2 < T(r,h) + T(r,h') + O(r).

Since
!

T(r, b)) = m(r, ') < m(r,h) +m (r, %) = T(r,h) +m <r, %) ,

using the estimate (1.13) from Chapter 3, we get
T(r,h1) <2T(r,h) + O(lnr +InT'(2r, h)) + O(r) < 3T'(2r,h) + O(r),

In™ T(r,hy) <In™ T(2r,h) + O(lnr).

Therefore (5.8) implies (5.10).

Observe that the conditions of Theorem 5.2 are satisfied for each entire function
h(z) belonging to the class A, and satisfying the condition (5.8). In particular,
Theorem 5.2 has the following corollary.

COROLLARY. If an entire function of finite order belongs to the class A, then
all of its derivatives belong to the class A.

If we weaken somewhat the conditions of Theorem 5.2 and suppose only that the
function f(z) belongs to the class A and satisfies the condition In™ T'(r, f) = O(r),
the statement of Theorem 5.2 is no longer true. It suffices to consider the example
f(z) = e = Tt is clear that In™ T'(r, f) = O(r), f(2) € A, but f'(z) = sinh zec*s" >
does not belong to A.

In 1914 G. Pélya and A. Wiman posed the following problem. Whether the
conditions indicated in Theorem 5.1 are not only sufficient, but also necessary for a
real-valued on the real line entire function with real zeros to have derivatives with
only real zeros.

Complete answer to this problem is still unknown.

An analogous problem can be posed in connection with Theorem 5.2: whether
its conditions are not only sufficient, but are also necessary for an entire function
of the class A to have all of its derivatives in the class A? Clearly, any results on
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the latter problem can be considered as progress towards a solution of the problem
of G. Pélya and A. Wiman.

It seems likely that the following conjecture is true. If an entire function f(z)
is such that f(z) € A and f”(z) € A, then f(z) is representable in the form (5.6),
where ¢(z) is an entire function which does not exceed normal type of order 1 and
satisfies (5.7), and h(z) satisfies the condition (5.8). We can prove the following
theorem.

THEOREM 5.3. Let f(z) be an entire function, such that f(z) € A, f"(z) € A.
Suppose that the function f(z) is representable in the form

f(2) =" Ph(z),

where g(z) is an entire function, and h(z) satisfies the condition (5.8). Then the
function g(z) does not exceed normal type of order 1 and satisfies the condition
(5.7).

Note that the condition f”(z) € A cannot be replaced by the condition f’(z) €
A. This can be seen from the example

f(2) = exp { I G<<>dc} ,

where G(¢) is an arbitrary entire function without zeros.

One can observe some analogy between Theorem 5.3 and Theorem 2.7 from
Chapter 3. One of the assumptions in the latter was that f(z)f”(z) does not
have zeros, and the condition f(z) € A, f”(z) € A means, roughly speaking,
that f(z)f"(z) is “rarely” equal to zero in each of the half-planes {Imz > 0} and

{Imz < 0}.
In the proof of Theorem 2.7 from Chapter 3 we considered the function
f(2)
F(z)=
=76

and studied it using the inequality (2.23) from Chapter 3. Proving Theorem 5.3 we
shall also consider this function, but now we shall use analogues of the inequality
(2.23) from Chapter 3 for Tsuji characteristics and for angular Nevanlinna char-
acteristics. As opposed to the proof of Theorem 2.7 from Chapter 3, where we
/
succeeded in establishing T'(r, F') = O(Inr) and ];((Z))
z
to get only some estimates for m(r, F') and m(r,1/F). We need an estimate for
m(r,1/F) = m(r, f'/f) only. It is given by the following theorem, interesting by
itself.

= const, now we will be able

THEOREM 5.4. If f(2) is an entire function and f(z) € A, f"(z) € A, then the
estimate

f/
~m(nf)
) F InR
/}; TdT_O<?>,R—>OO,
holds.

To prove this theorem we need the following lemma, connecting the quantity
mor(r, f) with the Tsuji characteristic m(r, f).
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LEMMA 5.2. If a function f(z) is meromorphic in the half-plane {Imz > 0},
then the inequality

(5.11) /: 7m°”g’ D ar < /Oo LUGT DS

R r?

holds.

Observe that the statement of the lemma is non-trivial only in the case when
the integral in the right-hand side of (5.11) is convergent.

Consider the integral
1 1 + i
)= — // 2 e Tl |f(37“e )ldrdgo,
2 Qr r

where Qg = {r > Rsing, r > 1, 0 < ¢ < 7}. Making the change of variables
p=r/sinyp, § = @, we get

dp [ 1 e o8 = m(p, f)
In* e'?)| ——— :/ —2dp.
R / { 2w /arcsmp " |f(p e )| 1Y Sin2 9 } R p2 p

Next, we consider the integral

1 In™ |f(re®)]
- [ B

where Kr = {r > R,0 < ¢ < m}. Because of Kr C Qpr we have J(R) < I(R).

Since
Y ) B S A _/“@ﬂiﬁ
J(R) —/R 3 {27‘(‘/0 In™|f(re )|d<p} =/ 3 dr,

the inequality (5.11) has been proved. O

Now we prove Theorem 5.4. Let F(z) = f(z)/f'(z). Since f(z) € A, all zeros
{pne®n} of the function F(z) lying in the half-plane {Imz > 0} (all of them are
simple and are zeros of f(z)) satisfy the condition

Z sinyn < o0.

pn>1 Pn

The relation
siny, 1
N(r,0,F) = E —_— ==
1<p, <rsi Pn T
pn<rsiny

implies (cf. Section 5 of Chapter 1, p. 777?)

(5.12) N(r,0,F) = O(1).
Since
i fRF(R)
(5.13) F'(z)=1- e )}2 ,

and f(z) € A, f"(z) € A, then the zeros {p’ne’ "} of the function F’(z) — 1 lying
in the half-plane {Imz > 0} also satisfy the condition

. ’
Sin
E # < 00,

prp>1 Pn
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hence
(5.14) N(r,1,F') = 0(1).

By Theorem 3.3 from Chapter 3, the analogue of the inequality (2.23) from
Chapter 3 holds for Tsuji characteristics. In particular, the inequality

T(r, F) < 3N(r,0, F) +4N(r, 1, F') + Q(r, F)
holds. Taking into account (5.12) and (5.14), we get from here:
T(r, F) =Q(r, F).

By the definition of Q(r, F') it means that outside some set E of finite measure the
relation

Z(r,F)=0(nr)+O(In%(r, F)), r — o0,
holds, hence
(5.15) Z(r,F) =0(nr), r — oo,

forr ¢ E.
By Theorem 5.4 from Chapter 1 the function ¥(r, F) is up to a bounded sum-
mand non-decreasing. Therefore, applying Lemma 2.1 we conclude that (5.15)

holds for r € E.
By Theorem 5.3 from Chapter 1, the relation (5.15) implies

m (r, %) =O(lnr).

Applying Lemma 5.2 we get the estimate

(5.16) /: mon(r 1/F) 5 /OO LUGRYED PR (hl—R)

r3 R 72 R

Clearly, the argument above remains true for Fj(z) = F(—z), therefore we can
replace F' by F in the relation (5.16).

Since
m|(r, 7 = Mo r,F mor | 7, 7 )

Theorem 5.4 has been proved. [

Now we turn to the proof of Theorem 5.3.
First we show that

(5.17) /100 t2Int T (t, f%) dt < o0.

Obviously
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hence
Int T (r, f7/> <IntT(r,h) +In"m < f7’) +0

§1n+T(r,h)—|—ln+{ (,]‘%)}—FOIHT

<In"T(r,h) +r'm < T, ]; ) +O(Inr).

Dividing by 2 and integrating with respect to = from 1 to oo, by the condition
(5.8) and Theorem 5.4, we get (5.17).
Now we establish

(5.18) S <7~, f7) = 0(1).

We argue in the same way as in the proof of Theorem 5.4, but instead of Tsuji
characteristics we use Nevanlinna characteristics for the half-plane. Let F(z) =
f(2)/f'(#) as before. Since f(z) € A, f"(z2) € A we get (taking into account
(5.13)) the relations C(r,0, F) = O(1), C(r,1, F’) = O(1). By the analogue of the
inequality (2.23) from Chapter 3 for Nevanlinna characteristics for half-plane we
have
S(r,F) <3C(r,0,F) +4C(r,1,F') + Qox(r, F),
hence,
S(r, F) = Qor(r, F).
[e.e]
Since (5.17) is equivalent to the condition / t2In" T(t, F)dt < oo, the
1
definition of Qo (r, F') implies that Qor(r,F) = O(1). Thus, we have proved

(L) =5 (1) ~o

Since

we have

S(r,g) < S <r, f%) +S <r, %) +O(1).

h/
Applying Lemma 5.1 to the function h(z), we see that S <r, E) = O(1). Taking

into account (5.18) we get
(5.19) S(r,g") = 0(1).

The argument above can be applied also to the function fi(z) = f(—z). Therefore
the relation

S(Ta gi) = 0(1)7

where g1(z) = g(—=z), also holds.
Applying Theorem 2.7 to the functions g(z) and g1(z), we see that the relation

Inlg'(re'?)| = O(r)
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holds uniformly in ¢, 0 < ¢ < 27, as r — 00, possibly omitting some set E of finite
logarithmic measure. Hence for r ¢ E we have

(5.20) In M(r,g") = O(r).

Since ¢’(z) is an entire function, the function In M(r, g’) is monotonically increasing
with r and, by Lemma 2.1, the relation (5.20) holds, also, for r» € E. The equality

implies
M(r,g) <|g(0)| +rM(r,g"),
and by (5.20) we get
In M(r, g) = O(r),
whence
T(r,g) = O(r).

The validity of (5.7) follows from the relation A(r,g") = O(1), which follows
immediately from (5.19). The proof of the theorem is completed. O

COROLLARY. Let G(z) be an entire function, such that the function G*(z) +
G'(z) belongs to the class A. Then G(z) does not exceed normal type of order 1,
and

dt < oo.

/"O In" |G(1)]

oo L4122

To prove the corollary we consider the function

F(2) = exp { I G<c>d<} .

This function does not have zeros and

(2) = {G*(2) + G'(2)} f(2) € A.

z

By Theorem 5.3 the growth of the function g(z) = / G(¢)d¢ does not exceed

the normal type of order 1, and the relation (5.7) hol?ls for this function. Since
¢'(z) = G(z) and, by Theorem 2.3 from Chapter 3, T'(r,G) < 2T(r,g) + O(lnr),
we get the desired result. [J

Using Theorem 5.3 we can get an affirmative solution of the G. Pélya—A. Wiman
problem under the additional assumption that the considered function has finitely
many zeros. We are not going to present this result here, we refer the reader to the
paper B. Ja. Levin and I. V. Ostrovskii [LO60].

The condition of representability of the function f(z) in the form (5.6), where
h(z) satisfies (5.8), imposes a priori restrictions onto the moduli of zeros of the
function f(z), since

N (r%) =N <r%> < T(r,h)+ O(1).
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In the next theorem there are no such restrictions, but we have to introduce re-
strictions of another character.

THEOREM 5.5. If an entire function f(z) is real on the real line, has only real
zeros, and f"(z) € A, then
(5.21) InT(r, f) =O(rlnr).

Note that under the conditions of Theorem 5.3 we have a stronger estimate

InT(r, f) = O(r). This estimate cannot be improved. In fact, among functions
satisfying the conditions of Theorem 5.2 may obviously be such that

liminf r~*InT(r, f) > 0
™00
(for example, eeiz, €% etc.). All derivatives of these functions belong to the class

A.

Let us prove necessary auxiliary results.
LEMMA 5.3. Let g(z) be analytic in the half-plane {Imz > 0} and satisfy there
the condition Img(z) > 0. Then the estimate
1
(5.22) Lloo)
holds.

PRrROOF. First we show that if a function G(¢) is analytic in the disc {|¢] < 1}
and satisfies the condition ReG(¢) > 0, then the estimate
2/G(0)]
1]

holds. In fact, by the Schwarz formula, we have

sin ¢ i N T
< <4
< Jglre')| < o)

, 0 < p<m,

(5.23) G(O] <

27 R 10 )
G(¢) = %/O RZT—_FgRe{G(Re“’)}dH—FiIm{G(O)}, Ic| <R < 1.
Hence
R+[¢] 1 [* i0
GO < g 37 |, ReAG(RE)}d0 + I {G(0)}
R+ ¢ 2R
< _|<||G(0)I+IG(0)I—7R_K|IG(0)I-

Letting R tend to 1, we get (5.23).
Now let g(z) be a function satisfying the conditions of the lemma. Then the

function
60 =19(357)

is analytic for || < 1 and ReG(() > 0. Applying the inequality (5.23) to it, and

then letting ¢ = —Z7;, we get
2|z + i N 2lz+dl(lz a4 |z =),
< —_ = .
9] € o) = 2 e )

Noting, that |z +i|? — |z —i|? = drsing (z = re), |z £i| < 2r (r > 1), we get the
right half of the inequality (5.22). To get the left half of the inequality it suffices
to apply the right part to g1(z) = —1/g(z2). O
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LEMMA 5.4. Let {arp}72 v and {bp}52 y, —00 < N < 0, be two sequences of
real numbers, such that

any <by <any1 <byy1 < -+ <ay<by<0<a<b<..., klim ar = +00,
—+o0

if N > —o0, and

e <ag<by<0<ar<by<..., lim ap=-00, lim a = -+o0,
k——o0 k——+oo

if N = —o00. Let

o 1 bi
(5.24) (z) = [] k.
=N 1——

ag

Then the infinite product I1(z) converges absolutely and uniformly on each bounded
subset of a complex plane, hence I1(z) is a meromorphic function with simple poles
at the points ap and simple zeros at the points by. This function satisfies the

following conditions:
(a) ImII(2) - Imz > 0 for Imz # 0.
(b) For each n > 0 the relation

I(re'?) = O(r)

holds uniformly in ¢ outside the angles {| argz| < n}, {|m — argz| < n}.
(¢) m(r,II) + m(r,1/1I) = O(Inr)
(d) The relation

In |H(rei‘/’)| =0(r)

holds uniformly in ¢, 0 < ¢ < 2w, as r — 0o missing, possibly, some set E of finite
logarithmic measure.

PrOOF. Note that by the Leibniz theorem on alternating series we have
STERELPN
ag bk '
Since for |ax| > 2|z| the relation
(B8) ., (1 o
a b
— St <oef (L - 1)
’1 _ i’ ag by
ak
holds, the absolute and uniform convergence of the infinite product II(z) on each
bounded set follows from Theorem 3.1 from Chapter 2.

Let arg(z — «), where « is a real number, Imz > 0, be the principal value of
the argument, and

[
_L_l

— £
ak

Lz
arg bzk = arg(z — by) — arg(z — ag).

ag
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The difference arg(z — by) — arg(z — ay,) represents the size of the angle which
the segment [ay, b;] subtends at the point z (Imz > 0). Therefore the number
z

o0 1 —_ T o0
b
argIl(z) = E arg k= E {arg(z — by) — arg(z —ax)}
k=N 1- o =N

satisfies the inequality

0 <argll(z) <m, Imz > 0.
Hence

ImII(z) >0 for Imz > 0.

Similarly we prove that ImII(z) < 0 for Imz < 0. Thus we have proved that
the function II(z) satisfies the condition (a).
Applying Lemma 5.3 we get the inequality
1 | sin ] X . r
(@) 222D < (et < 4lT1() | ——
LI < i) < i)
From here it follows easily that the function II(z) satisfies the conditions (b) and

().

To prove the last assertion of the lemma we establish that
S(r,1(z)) + S(r,11(=2)) = O(1),

then the desired conclusion follows by Theorem 2.7.
Let

,0<p<2m, r>1.

II(z) —¢

1) =10 7o
Since ImII(z) > 0 for Imz > 0, the function ¢(z) is analytic in the half-plane
{Imz > 0} and admits there the estimate |¢(z)| < 1. Therefore A(r,q) = B(r,q) =
C(r,q) = 0 and hence, S(r,q) = 0. Using the relation (6.11) from Chapter 1, we
get S(r,II(2)) = S(r,q)+O(1) = O(1). Similarly we get S(r,II(—2))) = O(1). This
completes the proof of the lemma. O

Now we prove Theorem 5.5.

We may restrict ourselves to the case when the set of zeros of the function f(z)
is not bounded above. In fact, if the set of zeros of this function is finite, then
f(z) = e9*)n(z), where g(z) is an entire function and h(z) is a polynomial, and
using Theorem 5.3 we get the estimate In T'(r, f) = O(r), which is more precise than
(5.21). If the set of zeros is infinite, but is bounded from the right, we consider the
function f(—z) instead of f(z).

We enumerate zeros of the function f(z) into a sequence {ax}7 5, —00 < N <
00, in such a way that the inequalities

e < g2 < Qg1 < ap < Opg1 < ...

are satisfied (multiple zeros are counted only once). By the Rolle theorem, each of
the intervals (ax, ag4+1) contains zeros of the function f’(z). We choose one zero of
f'(2) in each of the intervals, and denote it by b;. Considering, if necessary, the
function f(z+ «) instead of f(z), where « is a suitably chosen real number, we may
assume that the sequences {a;}$2 5 and {by}7° , satisfy the conditions of Lemma
5.4.
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Let TI(z) be a function determined by the relation (5.24). Since the function
II(z) has simple poles at the points aj, and simple zeros at the points by, the function

()12 (]:)(;[zz) is an entire function. We denote it by 1(z), then we have the equality
F'(z) _
(5.25) ) = b(2)I(2).

Let us estimate the growth of the function ¥ (z). The equality (5.25) implies

m(r, ) < m (r, f7> +m (r, %) .

We divide both sides of this inequality by r® and integrate it with respect to r from
R >1to co. We get

< fl) < ; >

oo wm|r = wm|r =

I

/ m(?“;l/)) dr < / 3 / dr +/ 5——dr.
R L4 R r R r

Using Theorem 5.4 and taking into account that by Lemma 5.4 the relation

() =0

holds, we arrive at the estimate

“m(r,y) InR
/R —3 dr—0<?).

Since 9(z) is an entire function, we have m(r,v) = T'(r,+) and, by monotonicity
of the characteristic T'(r, ), we get

whence

T(R,v) =O(RInR).
Letting R = 2r in the inequality (7.1) from Chapter 1, we get
(5.26) In™ M(r,) < 3T(2r,9) = O(rInr).

Since the function II(z) satisfies the conditions (b) and (d) of Lemma 5.4 then,
taking into account the relation (5.25) and the estimate (5.26), we come to the

conclusion that for each n, 0 <7 < 7 and all z = re'¥ except, possibly, those for
which

reE, |p|<n or T€E, |Tt—¢|<n,
where E C (0,00) is some set of finite logarithmic measure, the inequality
f'(z)
f(2)
holds, where K > 0 is a constant.

Now we estimate the growth of the function f(z). Let z = re®, r ¢ E. We
integrate both sides of the inequality (5.27) along a path L which starts at 0, goes

(5.27)

} <exp{Krlnr}

™
to the point ir along the ray {argz = 50 and then continues along the arc of the
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circle {|z| = r} in the counterclockwise direction from the point ir to the point
re’?. We get

!
1)) o [ £ < [
1(0) 1 F(0) L
Hence, for r ¢ E the relation
(5.28) In*In* M(r, f) = O(rInr)

f'(©)

= G

‘ |[d¢] < (2 + 1)rexp{Krlnr}.

holds. Since the function M(r, f) is non-decreasing, by Lemma 2.1, the relation
(5.28) holds, also, for r € E. Since T'(r, f) < In™ M(r, f), we get the conclusion of
the theorem.

Theorem 5.5 shows that, working on the problem of G. Pélya and A. Wiman,
it suffices to consider entire functions f(z) satisfying InT'(r, f) = O(rlnr).






CHAPTER 7

Applications of Riemann surfaces to value
distribution

In this Chapter we will use some facts about Riemann surfaces. Familiarity
with the corresponding chapter of the well-known course of S. Stoilow [Sto62, Vol.
II, Chapter VII] is much more than sufficient for understanding of this chapter.

1. Geometric meaning of deficient and index values

Let w = f(z) be a function meromorphic in the complex z-plane. It is a one-to-
one mapping of the complex plane {|z| < oo} onto some simply connected Riemann
surface F, that is, onto a Riemann surface which is homeomorphic to the plane!
If the function w = f(z) is meromorphic in the extended complex plane, that is,
if it is rational, then it maps the extended z-plane onto a simply connected closed
Riemann surface (of genus zero), that is, onto a surface which is homeomorphic
to the closed sphere. In this case the surface F' is finite-sheeted, and the number
n of sheets is equal to the degree of the rational function. If the function f(z) is
transcendental, then the Riemann surface F' is open and infinite-sheeted.

On the other hand, it is known (one of the simplest proofs can be found in
the book by G. M. Goluzin [Gol69, Chapter XI, §2]), that for each open simply
connected Riemann surface F' there exists a function w = f(z) meromorphic in the
disc {|z|] < R}, 0 < R < oo, which maps {|z| < R} onto F'. If the surface F is
a simply connected closed Riemann surface without one point, then the function
f(2) is rational, and the surface F is called a surface of elliptic type. Otherwise
the surface F' is of parabolic or hyperbolic type depending on whether R = oo or
R < oo. In all cases the function w = f(z) will be called a mapping function of the
surface F', and the Riemann surface F' will be called the surface corresponding to
w= f(z).

We will be mainly interested in functions which are meromorphic and tran-
scendental in {|z| < oo}, and map {|z| < oo} onto surfaces of parabolic type. For
this reason, unless stated otherwise, by a Riemann surface we mean an open simply
connected Riemann surface of parabolic type.

A mapping function of a given Riemann surface is determined up to a conformal
univalent mapping of the complex plane onto itself, that is, if f(z) is a mapping
function of F, then all functions of the form f(az +b), a # 0, and only such
functions, are mapping functions of F. If we normalize mapping functions in an

1Strictly speaking, the mentioned one-to-one mapping is realized by a function p = f (2),
p € F, such that T(f(z)) = f(z), where T(p) is the projection of a point p onto the w-plane. We
follow the tradition not to distinguish in f(z) and f(z) both in our notation and in our terminology,
the meaning will always be clear from context. We agree also to say that the point p lies over

T(p).

337
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appropriate way?, we get a one-to-one correspondence between Riemann surfaces
and mapping functions. Thus, meromorphic functions can be defined by means
of the corresponding Riemann surfaces. Therefore it is not surprising that, as it
was shown by L. Ahlfors ([Ahl35], see also S. Stoilow [Sto62, Vol. II, Chapter
X, §81,2]), that the main results of the value distribution theory and their general-
izations can be obtained in a purely geometric way, by studying the corresponding
Riemann surfaces. We will not present the theory of L. Ahlfors here. We shall be
concerned with the determination of the geometric meaning of deficient and index
values only.

Universal necessary and sufficient conditions under which certain value is defi-
cient for a function f(z), which is a mapping function of a surface F, in terms of
the structure of the surface F' only, cannot be given in principle. In fact, as we saw
in Section 6 of Chapter 4, the function f(z + h), which is also a mapping function
of F', can have different deficient values for different h. Of course, if we normalize
the mapping function, the mentioned reason will disappear, but it shows that the
problem is very complicated. Up to now necessary and sufficient conditions for ex-
istence of deficient values are known for very restricted classes of Riemann surfaces
only. The same can be said about index values.

Here we only present conditions which are necessary for a to be a deficient or
index value. It is convenient to state them as conditions which are sufficient for
absence of deficient or index values.

THEOREM 1.1. If the number of algebraic ramification points of a Riemann
surface F' lying over the point a is finite, then the corresponding mapping functions
satisfy e(a) = 0.

Suppose that the sum of orders of algebraic ramification points lying over a
is equal to ¢. Algebraic ramification points correspond to multiple a-points of
the mapping function f(z), moreover, if an algebraic ramification point has order
m, then the corresponding multiple a-point has order m + 1. All other points
of F' lying over a correspond to simple a-points of the function f(z). Therefore
ny(r,a) = q for r > rg, from where we get N1(r,a) ~ ¢lnr. Since the function f(z)
is transcendental, we have Inr = o(T'(r, f)) and (a) = 0.

THEOREM 1.2. Suppose that points of a Riemann surface F' whose projections
belong to the n-neighborhood U(a,n) of a point a form a set of regions F,, C F.

Suppose that each point from U(a,n) is a projection of exactly A\, points of
F, (each algebraic ramification point of order m is counted m + 1 times), where
1< A < A < oo, that is, the Riemann surface F,, has A, sheets and covers U(a,n)
completely.

Then the value a is not deficient for the mapping function f(z).

We may assume without loss of generality that ¢« = 0 and 1 < n < co. In
fact, if this condition is not satisfied, we consider the meromorphic function w =
fi(z) = L(f(z)), where L(w) is a linear-fractional function mapping U(a,n) onto
{lw| < m}, L(a) =0, 1 < m < oo. It is clear that J(a, f) = 4(0, f1) and that
the Riemann surface corresponding to the function f;(z) satisfies the conditions of
Theorem 1.2 with a = 0, n = n;. Denote the closed set of points from F,, lying

2For example, we can require that the point z = 0 is mapped onto a preassigned simple point
of the Riemann surface F' (that is, a point which is not an algebraic ramification point), and

Fo =1
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over {|Jw| < 1} by F,. Obviously F, consists of at most A closed regions. Let D,
and D!, be the pre-images of the sets F,, and F), respectively, under the mapping
w = f(z). Since F, covers {|w| < n} completely, then D,, as well as D), contains
as many e’-points of the function f(z), as zeros, namely \,. Let I', be a closed
curve on F'| which is the image of the circle {|z| = r}, r > 1, under the mapping
w = f(z), and

2T
L(r) = f (re™)rdyp
0

is the length of I', with respect to the spherical metric. Denote by [ the distance
on the Riemann sphere between the circles whose stereographic projections are the
circles {|w| = 1} and {Jw| = n}.

All e?-points and zeros of the function f(z) are contained in | J, D!, € J, D, If
D!, C {|z| < r}, it contributes )\, to the functions n(r,e?) and n(r,0). Therefore, if
we denote by k(r) the number of sets D!, such that D!, have nonempty intersections
both with {|z| < r} and with {|z| > r}, then

(1.1) n(r,e) — n(r,0) < Ak(r),

since the number of e*-points in D!, does not exceed A. If k(r) > 2, then the
circle {|z| = r} cannot be entirely contained in one of the domains D,, that is,
the curve I', is not contained in one of the regions F,. The curve I', intersects
k(r) > 2 different sets F!, hence, its projection intersects the ring {1 < |w| < n}
at least 2k(r) times, joining points on the circles {|w| = 1} and {|w| = n}. Hence
L(r) > 2k(r)l. (From (1.1) we get the inequality

n(r,e?) — n(r,0) < Amax(1, k(r))

(12) < A max (1, %L(r)) <A (1 + %L(r)) .
Since
N(r,a) = N(1,a) = /1 ”(tt’ D) g,

integrating the inequality (1.2) with respect to Inr we get

(13)  N(r,e) = N(1,¢) — N(r,0) + N(1,0) < A <lnr + % ' @dt) .
1

Integrating this inequality with respect to § and using Cartan’s formula (4.13) from
Chapter 1, we get

T(r,f)—T(1,f) = N(r,0)+ N(1,0) < A <lnr + ziz lr @dt) )

from where, by Jensen’s formula (4.1) from Chapter 1,

(1.4) m(r,0) —m(1,0) <A <1nr + Qil/lr @dt) .
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Now we estimate the integral in the right-hand side of (1.4) using the Cauchy-
Buniakowsky inequality. We have

/ dt / / QW; te'®)dfdt
A [} {752
<m{/o {f (te“")}%dtde} =V2rnr\/7 A (r

by the definition of A (r, f) from Section 4 of Chapter 1. Thus (1.4) implies

0

(1.5) m(r,0) <m(1,0)+ A <lnr +

Now we use the following lemma.

LEMMA 1.1. Let ¢(t) be a continuously differentiable, positive, non-decreasing
fort > to function. Then the inequality ¢’ (t) < {p(t)}**¢, € > 0 holds for allt > t,
except, possibly, a set A of intervals, having finite total length.

In fact, the inequality ¢'(t) > {p(t )}1+€ holds on A, therefore

1 1
/Adtf/A{so@)}Hf . T }Hf—s{so(to)}e'

By the definition of the Shimizu—Ahlfors spherical characteristic T (r, f) (see
Section 4 of Chapter 1), we have

dT (rf), AT (r])

A(r f)lnr = dlnr ~ dlnlnr ’

Therefore, applying Lemma 1.1 to the function Q;: (r,f) with ¢t = Inlnr, e = 1/2,
we get that outside a set A of intervals, for which

/ dlnlnr < oo,
A

the inequality A (r, filnr < {1;1 (r, £)}%/% holds. Since Inr = o(T(r, f)), we get
from (1.5) that outside A, that is, on an unbounded from above set of values of r
the relation

m(r,0) < O(1) + A {lnr + T G f))3/4} = oF (1, 1)), r — o0,

holds, that is, §(0, f) = 0.

It is obvious that the conditions of Theorem 1.2 are not satisfied if a is an
asymptotic value for f(z). In fact, if the conditions of the theorem are satisfied even
with the weaker condition 1 < A\, < oo, then the regions in which |f(z)—a| <7’ <7

1 1
(or |f(2)] > = > —, if a = 0o) are all bounded, and a cannot be an asymptotic
n

value.
Theorem 1.2 does not remain true if we omit the condition A\, < A.
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Consider, for example, the meromorphic function f(z) from the example 1 of
Section 2 from Chapter 5. The set D of those z for which |f(z)| > K, where
K > M and M is the constant defined in the analysis of the example, consists
of bounded connected components D, since D C U C;. Obviously, D, contains

jEB

finitely many poles (in our example it is one multiple pole, since each disc C}
contains one multiple pole). By the known theorems (see S. Stoilow [St062, Vol.
II, Ch. V, §2]) the image of D, under the mapping f(z) onto the Riemann surface
F is a finite-sheeted region F,, C F' covering entirely the disc {|w| > K}. Hence all
the conditions of Theorem 1.2 except A, < A, are satisfied. In fact, in our example
the number A, of sheets of F), is equal to the order of the pole of f(z) lying in
D,, and the orders of poles of f(z) are not bounded. On the other hand, as it was
shown in the analysis of the example 1, co is a deficient value for f(z).

2. Quasiconformal mappings

Let w = f(z) be a meromorphic function which is a one-to-one mapping of
the complex plane onto a Riemann surface F'. This mapping is conformal and uni-
valent in sufficiently small neighborhoods of all points z except multiple a-points
of the function f(z), which correspond to algebraic ramification points on F. For
brevity we call such mapping conformal, without mentioning the exceptional, at
most countable, set. Thus, the problem of determination of a mapping function for
a given Riemann surface F' can be described in other words as a problem of deter-
mination of a conformal mapping of F onto {|z] < co}. With very few exceptions
it is not known how to construct such mapping effectively. For this reason so-called
quasiconformal mappings of the Riemann surface F' onto the complex plane are
constructed. The definition of a quasiconformal mapping which we give is not the
most general, but it is sufficiently general for our purposes.

We say that a function w = ¢(z) = u(z) + iv(z) is continuously differentiable
in the closed region D if there exist continuous in D functions a(z), b(z), c¢(z), and
d(z), such that for each point z the equalities (z = = + iy)

u(z + Az) —u(z) = a(z)Az + b(2) Ay + o(|Az|), }
v(z + Az) —v(z) = c(2)Az + d(2) Ay + o(|z])

hold as Az — 0, 2+ Az € D. The number J = J[p] = a(2)d(z) — c(2)b(z) is called
the Jacobian of the function ¢(z) at the point z. It is clear that at all interior
points of D the equalities

Ou(z) ou(z) 0v(z)

(2:2) a(z) = oz b(z) = 8—y’ o(z) = oz d(z) =

(2.1)

hold.

The same equalities hold for those points on the boundary of D, where the
corresponding partial derivatives exist. However, the partial derivatives of v and v
can be undefined at some boundary points. We shall consider the equalities (2.2)
as definitions of the partial derivatives on D. The equalities (2.1) imply that the
image of a smooth curve C C D under the mapping w = ¢(z) is a smooth curve if
J[p] # 0 for z € C.

Let Dy and Dy be two closed regions bounded by finite number of piece-wise
smooth closed Jordan curves. A mapping w = ¢(z) of the region D; onto the region
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D, is called quasiconformal® if: (1) the mappings ¢(z) and if: (1) the mappings
¢(z) and ¢~ !(w) are one-to-one and continuous on D; and Ds, respectively; (2)
the region D; can be decomposed by a finite set of piece-wise smooth curves into
closed regions, in each of which the function ¢(z) is continuously differentiable and
has a positive Jacobian. It is clear in such a case that the inverse mapping ¢~ *(w)
is also quasiconformal.

Let F be a simply connected Riemann surface covering the w-plane (the case of
a plane region is not excluded). Let pg be a point on F', whose projection is wg; we
let m =1 if pg is a simple point, and m = k+ 1 if pg is a ramification point of order
k. For sufficiently small n = n(pg) > 0 the function w = wg + ("™ maps the disc
{|¢] < n} onto a closed neighborhood of the point pg. Let ¢ = ¢)(p) be a one-to-one
mapping of the Riemann surface F' onto the Riemann surface F; which covers the
z-plane, p € F, g € F1, and T'(q) be the projection of the point ¢ in the z-plane.
The mapping g = ¢(p) is called quasiconformal if the mapping z = T{¢(wo + (™)}
of the disc {|¢] < n} is quasiconformal for each point pg € F. In the case when F;
is a region in the z-plane we have T{¢)(wo + (™)} = ¥ (wo + ™).

Thus, the definition of a quasiconformal mapping of a Riemann surface (includ-
ing the case of open plane regions) is reduced to the definition of a quasiconformal
mapping of a closed plane region.

Suppose that a Riemann surface F' is mapped conformally onto {|z] < oo} and
quasiconformally onto {|(| < co}. Then the mapping {|z| < co} = F — {|¢] < oo}
is a quasiconformal mapping ¢ = {(z) of the z-plane onto the (-plane. The inverse
mapping z = z(() is also quasiconformal. We may assume without loss of generality
that z(0) = 0. As we have already mentioned usually it is not known how to
construct a conformal mapping w = f(z) of the z-plane onto the Riemann surface
F| but a quasiconformal mapping w = ¢({) of the {-plane onto F' can sometimes
be efficiently constructed.

Suppose that such a mapping has been constructed. A root (;p of the equation
©(¢) = a (1/¢(¢) = 0 for a = co0) will be called an a-point of the function ¢(¢),
moreover, if (3 is mapped onto a simple point of F', then (j is considered as an a-
point of the first order, if {; is mapped onto an algebraic ramification point of order
m, then (o is considered as an a-point of order m + 1. If ¢(¢) is a meromorphic
function, this definition is equivalent to the usual definition of an a-point. We
denote the number of a-points of the function ¢(¢) in the disc {|(| < r} by n(r, a, ¢),
and the spherical area of the Riemann surface F,. which is the image of {|(| < r}

under w = p(¢) by 7 A (r,). The curves ~,, which are images of the circles
{|¢| = r} under the mapping z = z({), exhaust the z-plane. It is clear that

]

ny(r,a, ) = n(r,a,0), Ay (rf)= A(rf),

where the quantities n,(r, a, f) and ;LY (r, f) have the same meaning as in Section 6
of Chapter . Thus, knowledge of the quasiconformal mapping w = ¢(¢) allows us to
study the value distribution of the meromorphic function w = f(z) in the case when
we exhaust the complex plane {|z| < oo} by the family of the curves ,, moreover,
we can find T, (r, ), N,(r,a, f), dy(a, f), e4(a, f) etc. Since we are interested in
the usual deficiencies and indices, §(a, f) and €(a, f), rather than in the quantities
dy(a, ) and e4(a, f), we need conditions on the family , of curves, and on T'(r, f),

3This definition is different from the modern one.
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under which the equalities d,(a, f) = d(a, f) and ey(a, f) = e(a, f) hold. Such
conditions were found in Section 6 of Chapter 4. In Theorem 6.9 from Chapter 4
the following condition was imposed on the family -, of curves:

(2.3) ra(r) ~ ri(r), r = oo,
where ro(r) = max,e~, |2|, r1(r) = min,e,, |2|. Since in our case

ra(r) = max|2(Q)], r1(r) = min [2(C)];

it is clear that the condition (2.3) holds if

(2.4) lim 120l = lim 2
(=0 [¢] zmo0 [((2)]

In the next section we shall find a rather wide class of quasiconformal mappings
z(¢) for which the relation (2.4) takes place.

Now we consider some properties of quasiconformal mappings. We restrict our
attention to quasiconformal mappings of plane regions (as we saw, quasiconformal
mappings of Riemann surfaces can be reduced to this case).

First we observe that a composition of two quasiconformal mappings is also a
quasiconformal mapping. Let w = ¥(z) = u(z) + iv(z) be a function which maps
quasiconformally a region G onto a region D. Let zy be such point in G that the
function v(z) is continuously differentiable in its sufficiently small neighborhood.
Let dz = |dz|e!?, then

|dw|? = (du)? + (dv)? = (E cos® ¢ + 2F sin ¢ cos ¢ + G sin? )|dz|?,

ou\ ov\? Oudu Ovov ou\> v\ 2
whereE<%> +<%> ,F—%a—y'f'%a—y, G<8_y> +<8_y> . The

modulus of the derivative in the direction arg(z — zg) is equal to

=A 0< A<

d
d_w = \/Ecos2 @+ 2F sinpcos ¢ + Gsin® ¢ = v/h(p).
z
173
It is easy to compute that
(2.5)
1
’ _ = \/ﬁ

(2.5") oDax h(e)={E+G+V(E+G)? 477,

(2.5") min h(g) = %{E + G- JEXCQZ 477},

0<p <27
min
P 0<p <27

is called the characteristic of the quasiconformal mapping w = (z). At those
points of G for which there is no neighborhood in which (z) is a continuously
differentiable function, the characteristics p(zo,wp) is not defined. However, as is
easy to see, even at these points there exists the derivative |dw/dz|, in an arbitrary
direction, continuously depending on ¢. By the Heine—Borel lemma, in each closed
subregion of the region G the characteristic p(z,w) is defined and is continuous
everywhere except, possibly, a finite set of piecewise smooth curves. If the mapping

The quantity

d_w
dz

d_w
dz

) ) , Wo = 1/)(20)7
Spsem @

p(307w0) = pw(zo,wo) = ( max
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w = 1(z) is conformal at zp, then |dw/dz| does not depend on the direction ¢, and
p(z0,wp) = 1. Conversely, if p(zo, wp) = 1, then the mapping is conformal at zg. In
fact, if p(z0,wp) = 1, then (E + G)? — 4J2 = 0, that is,

(E+G —2J)(E + G +2J)

B ou v\’ ou O\’ ou v\’ ou 81}2_0
- (336 ay) +<3y+3x> <5w+3y) +<3y 836) o
The expression in the second braces cannot be equal to zero, since otherwise we
ou v Ou v (8u)2 <8u>2
would have — =-—, — =—, J=—-(=— ] — | = | <0, contrary to the
Ox Oy Oy Oz Ox oy
assumption J > 0. Hence the expression in the first braces is equal to zero, that
is w = 9(z) satisfies the Cauchy—Riemann equations at the point zg, together with
the condition J > 0 the implies that the mapping is conformal.

If p(z,w) = 1 at all points of G where the characteristic is defined, then the
function w = (z) is analytic in G. In fact, the function (%) is continuous in G
and is analytic in G everywhere except, possibly a set whose intersection with each
closed subregion of G consists of finitely many piecewise smooth curves. By the
well-known result from the theory of analytic functions, the function w = ¥(z) is
analytic everywhere in the region G. Since J[¢)] > 0, we have ¢’'(z) # 0, and the
mapping w = ¥(z) is conformal in G.

It is easy to verify that at the point zp where the characteristic p(zo, wo) exists,
the mapping w = 9(z) transfers the element dz = |dz|e’¥ into a certain element
dw = |dw|e?, where 6 gets an increment 27 if ¢ gets an increment 2. Therefore

1

dw/dz|, = ———F;
m3X| w/dz, ming |dz/dwlg’

1

in |duw/dz]y = ———————
rn;n| w/dzl, maxg |dz/dwly’

max,, |dw/dz|, maxg|dz/dwls

p(z0, wo) = min,, |dw/dz|, ~ Tning |dz/dw|y = p(wo, Z0)-

In what follows, when writing relations containing the characteristics, we as-
sume that the characteristics are defined at the corresponding points. Note, first
of all, an obvious inequality: 1 < p(z,w) < oco.

Next, if a quasiconformal mapping w = 1(z) is obtained as a composition of
two quasiconformal mappings w = w({) and ¢ = ((z), then

(2.6) p(z,w) < p(z,¢)p(C, w).

In fact,

max |dw/dz|  max{|dw/d(||d(/dz|}
min |[dw/dz|  min{|dw/d(||d/dz|}

max |dw/d(| max |d(/dz|
< i |dw/dc [ min |dc jdz] P& IPE <)

p(z,w) =

If one of the mappings w = w(¢) and ¢ = ((z) is conformal, then the equality is
attained in (2.6). In fact, let, for example, ¢ = ((z) be a conformal mapping. Then
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|d¢/dz|, = |d¢/dz| does not depend on ¢ and
max{|dw/d(||d¢/dz|}  max|dw/d{|
min{|dw/d(||d¢/dz|} ~ min|dw/d¢|

Similarly, if the mapping w = w({) is conformal, then

(2.8) p(z,w) = p(2, ().

It is also easy to see that if we, along with the quasiconformal mapping w =
1 (z) consider the “symmetric” mapping w = 1(z) = 9¥(Z), we have py(z,w) =
Py, (Z,@). The equalities (2.7) and (2.8) show that the characteristic of a quasicon-

formal mapping is a conformal invariant.
The equalities (2.5") and (2.5”) imply that

(2.7) p(z,w) = p(¢,w).

p(ew) = EEC <E+G>2_1
(2.9) 2J i 2J
_ max¢ |d’LU/dZ|<p _ ' J _ K_|_ m7
J miny, |dw/dz|2
where K = (E + G)/2J. From here we get the estimate
(2.10) p(z,w) < (E+G)/J =2K.

Now we introduce several examples of quasiconformal mapping which we shall
refer to in what follows.

ExAMPLE 1. The function w = ¥(z) = zl1/l + iy maps quasiconformally the
rectangle {0 < z <[, 0 <y < 1} onto the rectangle {0 <u <, 0 <v <1}. In
this case J =11 /1, E = (I1/1)?, G = 1. Using the formula (2.9) we get

1+ (/D) (1= (/D] Lol
= Tl max< ) .

(2.11) Pz, w)

10

ExAMPLE 2. The function
- a
w=y()=z+1 um—l—ql Y9 ,
l m 1

where —0o < a < 00, 0 < g1,92 < 00, 0 < I < 00, maps the rectangle {0 < z <
I, 0 < y < m} quasiconformally onto the trapezoid with vertices at the points
w =0, q1, Il + (a + g2)%, | + ai. For this mapping we have
max(qi, ov — 1 min(qq,
(91, 42) ov _ <Q2 Q1m+q1> (91, 92)

>J= —_ >
m - dy l m

Taking into account (2.10), we get the estimate

m max(q1,qz2) n max{a?, (g2 — q1 + a)?}

2.12 Zow) < — :
(2.12) p(z;w) min(q1, g2) m 12 min(q1, ¢2)
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In some special cases the estimate can be simplified. If ¢ = ¢ = m, then J = 1,
E+G=2+(a/1), K=1+ %(a/Z)Q,

2 = 10 BT e ()

Ifa=0,m=q =1, g2 =g, then (2.12) implies

(¢ —1)°

12min(1,q)

Suppose that a closed region G is mapped quasiconformally onto a closed region
D by a function w = ¥(z). Let C be a smooth curve, C C G. If the equality
|dw/dz|, = const holds on C, where the derivative is taken in the direction of the
tangent to C, we say that the mapping has constant distortion on C. If the curve
C is piecewise-smooth, and the distortion is equal to the same constant on each of
the smooth pieces forming C, we say that the mapping has a constant distortion
on C. It is easy to verify that in the both preceding examples the distortion is
constant on each of the edges of the mapped quadrilaterals.

1
p(Z,’U)) S 1 + max <q7 _> +
q

REMARK. We will have to use quasiconformal mappings which can be obtained
from the considered above by additional entire linear mappings or by passage to
“symmetric” mappings. It is clear that the estimates for the characteristic obtained
above will remain true. Therefore referring to one of the examples we assume that,
if needed, readers will make these additional transformations themselves. This
remark will be applied, also, to the examples considered below.

EXAMPLE 3. Let u = w(z) be a continuously differentiable on {0 < z < [}
function, such that w(0) =0, w(l) =1,0 < 1/M < w'(x) < M < co. Our purpose
is to construct a quasiconformal mapping of the rectangle {0 <z <1, 0 <y <1}
onto the same rectangle {0 < u <[, 0 < v < 1}, such that the points z = x + i are
mapped to the points w = w(z) + 4, and all points on the other three edges of the
rectangle are fixed by the mapping. The mapping

{u = (w(a) —2)y +,
v=yY
is a desired mapping. For this mapping we have
J=(w'(z) — 1)y + 1, min(l,0") < J < max(1,w’),
E+G=1+{W(x)—1)y+1}*+ (w(z) —2)%
Then, by (2.10),

1 (w(z) —2)? , 1
< = ~~ 7 -
p(z,w) J+J+ 7 <1+ max W', =

(w(x) — z)*

min(1,w’)

(2.14)
+ <1+ M+ MP.

EXAMPLE 4. Let w;(x)(j = 1,2) be continuously differentiable on {0 <z <[}
functions, w;(0) = 0, w;(l) =1, 0 < 1/M < wj(z) < M < oo, j = 1,2, and w;(y)
(j = 3,4) be continuously differentiable on {0 < y < 1} functions, w;(0) = 0,
wij(1) =1,0 < 1/M < wi(y) < M < oo, j = 3,4. Our purpose is to map the
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rectangle R = {0 < z <[, 0 < y < 1} quasiconformally onto the same rectangle
{0<u <, 0<wv<1} in such a way, that the points z = z are mapped to the
points w = ws(z), the points z = = + i are mapped to the points w = wa(z) + 1,
the points z = iy are mapped to the points w = iws(y), and the points z =1 + iy
are mapped to the points w = I + iwy(y).

Thus we are given certain continuous one-to-one mapping of the boundary of
the rectangle {0 < z <[, 0 < y < 1} onto the boundary of the same rectangle
{0 <u <1, 0<v <1}, which preserves vertices and satisfies additional smoothness
conditions. We need to extend this mapping to a quasiconformal mapping of {0 <
xr<l,0<y<ltonto{0<u<l 0<wv<l1}.

The desired mapping can be constructed in the following way. First we map
the rectangle R onto itself in such a way that points on vertical edges are fixed,
and points on horizontal edges are mapped in the described way. In order to
get such a mapping we apply the mappings from Example 3 to the rectangles
{0<2<,0<y<1/2}and {0 <z <, 1/2 <y <1}, the points of the intervals
{x=0,0<y<1},{x=1, 0<y<1},and {y =1/2, 0 <z <!} are fixed points
of these mappings. After this, in a similar way, we construct a quasiconformal
mapping of R onto R, such that points on horizontal edges are fixed, and points
on vertical edges are mapped in the described way (to do this we divide R into
two rectangles: {0 < 2 <1/2, 0 <y <1} and {I/2 <z <, 0 <y <1}). The
composition of these two quasiconformal mappings is a desired mapping. Using
(2.6) and (2.14) it is not difficult to get an estimate for its characteristic. We
mention only that p(z,w) is bounded by a constant depending on M and [ only.

EXAMPLE 5. Let F' be a closed Riemann surface of genus zero, covering the
w-plane, D be a closed simply connected region on F', bounded by a closed Jordan
curve C having the following properties:

(1) C does not pass through the algebraic ramification points of the surface
F.

(2) There are four points Aj, As, Az, A4 on C, listed according to their order
on C, such that the arcs A1 As, A3As, AsAy, A4A;1, which partition C,
have continuous curvature.

(3) In a sufficiently small neighborhood of the point A;, the arcs A;_14; and
AjAi1,5=1,2,3,4, As = A1, Ag = Ay, either consist of two orthogonal
line segments, or of one line segment and one circular arc, also orthogonal
at A;, moreover the region D has at A; an angle of magnitude /2.

Our purpose is to construct a quasiconformal mapping z = ¢ (w), which maps
D onto some rectangle R = {0 < 2 <[, 0 < y < 1} in the (z = z + iy)-plane,
such that the points Ay, Az, A3, A4 are mapped to the vertices of the rectangle, and
the mapping has a constant distortion on each of the arcs A;A;;1. To solve this
problem we need some theorems from the theory of conformal mappings, all results
we need can be found, for example, in the book G.M. Goluzin [Gol69].

We may assume without loss of generality that the projection of C' is contained
in the w-plane. As is known (see [Gol69, Ch.IV,§6)), for a closed region D there
exists a one-to-one conformal mapping of D onto a rectangle R’ = {0 < ¢ <1, 0 <
1 < 1} in the plane ¢ = £ +4n, where the constant ! depends on D and on the choice
of the points A;; such that the points Ay, A, A3, and A4 are mapped to the points
¢ =0,l,l+1, and 1, respectively. Denote such a mapping by ¢ = {(w). Since the
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curves A;A;11 have continuous curvature, by Kellogg’s theorem (see G.M. Goluzin
[Gol69, Ch.X,§1, Thm. 6]), it is easy to conclude that the meromorphic function
w = w((), inverse to ((w), has a continuous derivative w’({) # 0 everywhere on
the boundary of R’, except the vertices of R’. But, by the condition (3) and the
symmetry principle, the function w(¢) can be analytically continued to certain
sufficiently small neighborhoods of the vertices, moreover, it establishes a univalent
conformal mapping of these neighborhoods. Hence the derivative w’({) exists also
in neighborhoods of vertices of R’, where it is also continuous and nonzero. Hence
everywhere on the boundary R’ the derivative w’(¢) # 0 exists and is continuous.
Hence the inequality 0 < 1/M; < |w'(¢)] < M1 < oo holds, where M; is some
constant, ( € OR'.

Let z = T'(w) be a function establishing a continuous one-to-one correspondence
between the curve C' and the boundary R of the rectangle, such that the points
Ay, As, Az, Ay are mapped onto the vertices z = 0, I, [+ 1, i, respectively, and the
distortion is constant on each of the arcs A;A4; 1, that is,

[/length(A1Az)  for w € A1A,,
1/length(A2As) for w € Ay As,
[/length(A3A4)  for w € A3Ay,
1/length(A; A4) for w € AjAy.

T dz
21 —| = |-
(2.15) ‘dw dw

It is clear that 0 < 1/My < |dz/dw| < M2 < co. On the boundary OR’ we have
defined a function z = w(¢) = T(w(¢)) which maps R’ onto IR in such a way,
that vertices are mapped onto vertices. The function z = w(¢) has a continuous
derivative on each of the sides of OR’, moreover

1/(My M) < W' (Q)] = [T (w)||[w'(()) < My Ms.

Using the result of Example 4, we can extend this mapping z = w(¢) to a
quasiconformal mapping z = (¢) of the rectangle R’ onto R, moreover, the char-
acteristic p((, z) does not exceed certain constant depending on | and M; Ms only.
The quasiconformal mapping z = Q(¢(w)) has the desired properties. In fact, by
the equality (2.7), we have p(w, z) = p({(w), z), and the equality z = Q({(w)) =
w(¢(w)) = T(w(¢)) = T(w) holds on C, and, by (2.15), the distortion is constant
on each arc A;A;4;.

EXAMPLE 6. Let w = ¢(z) be a quasiconformal mapping of the disc {|z| < R}
onto the disc {|w| < R}, such that the points z = 7e¢*?, 0 < r < R, 0 < ¢ < 2m,
are mapped to the point w = re®(®) where 0(p) is a continuously differentiable
function on [0, 27, 6’(¢) > 0, 8(0) = 0, 8(27) = 27. Let us estimate the character-
istic of this mapping. In this connection it is convenient to consider an auxiliary
mapping of the half-strip {c < InR, 0 < 7 < 27}, ( = o + it onto the half-strip
{1 <InR, 0 < 7 < 27}, {1 = o1 +iTy by means of the function ¢; = Inv(e).
It is clear that p(¢, (1) = p(z,w). Therefore it suffices to estimate p((,{1). Since
oc1=0,71=0(1),wehave J=0', E+ G =1+ 0%, and, using the formulas (2.9)
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we get
1/1 , 1/1 2
p(z,w) =p((,G1) =55 +0 )4/ |5 +0) -1
(2.16) 2 4\0
—l l / ll_ /o /l
2<9/ 9>+2 o 6 max<9,9,>,
Thus
1
< ! - -
pleyw) = max) e 012), anin, ()

ExXAMPLE 7. Our purpose is to find a quasiconformal mapping of the disc
{|#| < R} onto the disc {|w| < R} in such a way that the point z = zg, 0 < o < R,
is mapped onto w = 0, and the points {|z| = R} are fixed points of the mapping.

First we carry out a linear-fractional transformation of the disc {|z| < R} onto
the disc {|¢| < R}, mapping the point z = 2 onto ( =0, and z = R onto ( = R:

R(z —
¢= o) = HEED)

Under this mapping each point ¢ = Re? has a unique pre-image z = Re®(?) where
() is an odd continuously differentiable strictly increasing function on [—m, 7],
o(—m) = =7, ¢(0) = 0, p(m) = . Now we construct a quasiconformal mapping
which maps the disc {|{| < R} onto the disc {|w| < R} in such a way that the point
¢ =1¢le?, |0] <, 0 < |¢| <R, is mapped onto the point w = |¢[e*?) w(0) = 0.
It is easy to see that the mapping w = w(z) = w[{(z)] has the desired properties.

Let us estimate the characteristic p(z,w) of the mapping. Since the mapping
¢(2) is conformal, we have p(z,w) = p(¢,w). The equality (2.16) implies that

1 do de
p(z,w) = max <go’, E) = max <@, @>

d¢

dz

if argz = . But

o _
d<p_

z=Ret® |R - ei¢x0| ,

Hence
Zo
1+ —=
R+ xg R
(2.17) p(z,w) < yr—— = T
This estimate is sharp because
Zo
=2 -
Pz, w) = — =
dy o=0 1-— Zo

forz=z,0<z<R.
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EXAMPLE 8. Let F} be the Riemann surface of the function {/z, n =2,3,...,
over the disc {|z| < R}, F2 be the Riemann surface of the function {/w —a, 0 <
la] < R, over the disc {|w| < R}. Our purpose is to find a quasiconformal mapping
of F; onto Fy, such that the algebraic ramification point (of order n — 1) of F
over the point z = 0 is mapped onto the algebraic ramification point of Fs over
w = a, and the boundary points remain fixed. Such a mapping can be obtained
as w = w(z) = w{z2(21(2))}, where z1(2) = 27, a = arga, 20 = 22(21) is the
inverse mapping to the mapping considered in Example 7 (the role of z is played
by |al), and w(z2) = 20¢™™. Here
la|

R .
_ lal

R

1+

p(z,w) <

EXAMPLE 9. Let F' be a closed Riemann surface of genus zero, covering the
w-plane, D be a closed simply connected region on F', bounded by a closed Jordan
curve C, which does not pass through algebraic ramification points of F' and has
a continuous curvature. There exists a quasiconformal mapping z = ¥ (w) with
a bounded characteristic of the region D onto the disc {|z| < R}, which has a
constant distortion on C.

Such a quasiconformal mapping can be constructed similarly to the construction
of Example 5, but instead of Example 4 we use Example 6, and some parts of the
argument are simpler. Note that the estimate of the characteristic p(w, z) does not
depend on the radius of the disc {|z| < R}, since we can pass from this disc to any
other disc using an additional entire linear transformation.

ExXAMPLE 10. Let W be a Riemann surface constructed in the following way.
Take two copies, G1 and Ga, of the disc {|w| < 2} with a cut along the segment
joining the points w = +1. We paste together the upper boundary of the cut in G
with the lower boundary of the cut in G2, and vice versa. We get a two-sheeted
Riemann surface W with two algebraic ramification points of the first order over
w =1 and w = —1. It is clear that the surface W is doubly-connected and its
boundary consists of two circles, C1 and Cs, lying over {|Jw| = 2}, C; = 9Gy,
C5 = 0G5. Our purpose is to construct a quasiconformal mapping with bounded
characteristic of the Riemann surface W onto the one-sheeted annulus {1/2 <
|z| < 2}, such that the point 2¢ € C; is mapped onto the point 2¢?, and the
point 2¢~% € Cy is mapped onto the point € /2. We are not interested in precise
numerical bounds for the characteristic.

We map the Riemann surface W conformally? onto the annulus {1/R < [{| <
R}, where R is some constant, 1 < R < oo in such a way, that G is mapped onto
{1 < |¢|] < R}, G is mapped onto {1/R < |{| < 1}, and the algebraic ramification
points over w = +1 are mapped onto { = +1, respectively, and the points +2 € Cy
are mapped onto the points { = +R, and the points +2 € C5 are mapped onto
¢ = £1/R. To construct such a mapping it suffices to map {|w| < 2, Imw > 0}
onto {1 < |[¢| < R, Im( > 0} conformally in such a way that the points —2, —1,1,2
are mapped onto the points —R, —1, 1, R, respectively, and to continue the obtained

4The mapping function can be written explicitly using elliptic functions (see L.I. Volkovyskil,
G.L. Lunts, and I.G. Aramanovich [VLA91, Problem 1370, 7], or L.I. Volkovyskii [Vol54, p. 146]).
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function using the symmetry principle. The symmetry principle implies that there
exists a continuous, odd, increasing on [—, 7| function ¢ = ¢(6), such that ¢(0) =
0, o(£7m) = 4, the point 2¢? € C; is mapped onto the point Re*#(?) and the
point 2e~% € Oy is mapped onto the point %ei‘/’w). Since the mapping is conformal
in the points lying on C; and Cs, then ¢ has a continuous derivative ¢'(6) > 0 on
[-7,7]. Using the function ¢(; = In¢ we map {1/R < |[¢| < R, |arg(| < 7} onto
the rectangle Ry = {|Re(1| < In R, |Im(3| < 7}. Now we map R; quasiconformally
onto the rectangle Ry = {|Re(2| < In2, [Im({2| < 7w} in such a way, that the point
& tim, |&1] < In R, is mapped onto the point 11:11—}2%51 =+ im = & + 4w, and the point
+1In R + ip(0) is mapped onto the point +1n2 + ¢f.

Examples 1 and 4 imply that the mapping ¢ = ¥({1) can be constructed in
such a way, that it characteristic satisfies p({1,(2) < @, where @ is some constant.
Now, in order to get the desired mapping, it remains to map Ry onto {1/2 < |z| <
2, |argz| < 7} by means of the function z = €2, and to observe that the function
z = z(¢) = exp{®¥(In ()} remains univalent and continuous on the negative radius
of the annulus {1/R < |¢| < R}. Our mapping of the Riemann surface W onto
{1/2 < |z| < 2} is obtained as a composition of mapping out of which all mappings,
except the mapping (» = ¥((1), were conformal. Hence, p(w, z) = p((1,{2) < Q.

3. The Teichmiiller theorem
In this section we prove the following theorem.

THEOREM 3.1 (O. Teichmiiller). Let w = w(z) = u(z) + iv(z) be a homeomor-
phic mapping of the complex z-plane onto {|w| < R < oo}, which is quasiconformal
for|z| > ro, and

(3.1) // |>TO p(rei® )—1}‘”‘“0

Then R is necessarily equal to oo and the limit

(3.2) fim O 4 o< <o,

z—o0 |z|
exists as a finite positive limit.

We introduce some notation. Let
) dr d
[ wtrerw) -
2| >t r

The inequality (3.1) implies that h(¢) has finite values and monotonically tends to
0ast— 0o. Let z = re’?, w = pe?, and let do(z) be the area differential at 2. We
can rewrite the condition (3.1) in the following way:

(3.1) //z>r0 z,w) — 1}do(In 2) //|z|>7~0 —1) | (|2)

The circle {|w| = p} corresponds to a piecewise smooth closed Jordan curve I',
in the z-plane. It is clear that if pg is sufficiently large, then for p > pg the curve I',,
lies in {rg < |z| < oo}, contains the point z = 0 in its interior, and the increment
of arg z over I, is equal to 27. Let

ri(p) = min 2], 2(p) = géap:lzt w(p) =In
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It is easy to see that r1(p) and r2(p) are continuous functions, which tend mono-
tonically to oo as p — oo. In fact, the regions G,, p > po, which are the images
of the discs {|w| < p} under the mapping z = z(w), contain z = 0 and exhaust
{|]#] < oo}. Therefore, for each disc {|z| < r}, if p is sufficiently large, the region
G, contains the disc, hence 72(p) > r1(p) — oo. The continuity of the functions
r1(p) and r2(p) follows immediately from the continuity of the mapping z = z(w).

The proof of the theorem is rather long. Therefore we start with an outline of
its plan, and divide the proof into steps. First we show that R = co (Step I). Then
(3.2) is equivalent to the relation

(3.2) tim E9l_p o< Bo1/4< o

w—oo  |w|
To prove (3.2) it suffices to establish that
tim 720 oy 20 _p

p—ro0 P proo P

using the Bolzano—Cauchy

We prove the existence of a finite limit lim ln r(p)
p—roo

criterion. Let pa > p1 > p. We need to estimate the difference

Qo1 po) = In r1(p2) i ri(p) In r1(p2) ey

p2 p1 r1(p1) p1
both from below and from above. Such estimates will be found in Step II of the
proof. In order to show that Q(p1, p2) tends to 0 as p1 — oo, we need to show that
w(p) = 0 as p — oo. The proof of this fact is the contents of Step III, the most
complicated step in the proof. In the final Step IV, using the fact that w(p) — 0
as p — oo and the estimates for Q(p1, p2) found in Step II, we prove the existence

of the limit lim,_, 71(p)/p = B, and also the existence of the limit

lim T’z_(p) — lim ew(p)ﬁ_(p) — B.
p—=oo P p—>00 p

Now we turn to the proof.

STEP I. We show that R = co. Let r’ be so large that ' > rg, and the image of
the disc {|z| < 7'} under the mapping w = w(z) contains the point w = 0. Denote
by D the image of the region {r’ < |z| < oo} under this mapping. If we assume
that R < oo, we get that

K= // dp d9 // do(lnw) // o(lnw) d (Inz) < 0.
|z|>r" d,O' an

Since the increment of arg w(z) as z runs over the circle {|z| =7}, r > 7/, is equal
to 27, we have
/I |=r ’

27r§/ |dInw(z)]| :/
|2]=r |2]=r

We divide both sides of this inequality by r and integrate with respect to r from r’
to r’" > r'. We get the inequality

(3.3) 27r1n— < //
r'<|z|<r”

dlnw
dlnz

da In 2).
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From (2.9) we get that

" daln
= |—|VP zw zw

’—‘max

The inequality (3.3) implies

r do(lnw)
27ln — < ——2do(1 .
mln - < //r’<z<7‘” p(z,w) do(Inz) do(In z)

Applying the Cauchy—Buniakowsky inequality we get
(3.4)

In
(27r1n —) // do( da In z) // p(z,w)do(In z)

< z|<r! dO’(l r'<|z |<r”

In
< // do(In w) da In z) // p(z,w) — 1}do(In z)
< |z|<r!” dO’(l |z|>r’
+ // o(ln z)
T <\z\<r”

2
<2ﬂ'ln—> K{h —|—27r1n—}

1 h /
27r1nr—/<K{1 (T)/,}.
r 2rln L

Letting " — oo we get a contradiction, since the left-hand side of this inequality
tends to oo, but the right-hand side remains bounded. Thus R = co.

STEP II. The purpose of this step is to get estimates of the quantity Q(p1, p2)
in terms of w(p) and h(p). We fix the value of In z at some point A € I',, and map
I', onto some curve 7, in the ¢-plane by the branch of In z which is continuous on
[, (that is, such that the function Inz(pe®) is continuous as a function of # on
some interval of length 27r). The point A will correspond to the ends of the curve
Ypo: ¢ =aand ( =0b, b—a=2mi. If { =&+ in, then

Hence

and

max§é =Inr , max€ =Inr .
max g 1(p), maxg 2(p)

Denote by ¢ and d some points on v, for which
Rec=1Inr1(p), Red = Inra(p).

Suppose that the points ¢ and d are located on the curve 7, in such a way that
the order of the points on the curve is a, ¢, d, b (we do not exclude the possibilities
a = cand d = b). We map the part of the curve 7, located between the points ¢
and d symmetrically with respect to the line Re( = Inr(p), and shift to the left
onto 2(Inrg(p) — Inri(p)) = 2w(p) the part of the curve 7, located between the
points d and b. We get a continuous curve ’yI’J with ends at the points ( = a and
¢ =b—2w(p) = a—2w(p) + 2mi. Hence the length of the curve v, is at least

V4r? 4+ 4w?(p). But the length of the curve 7, is the same as the length of the



354 7. APPLICATIONS OF RIEMANN SURFACES TO VALUE DISTRIBUTION

curve 7y, hence it is also at least /47 + 4w?(p). If the order of the points on the
curve v, is a,d, c,b, we use a similar argument. Thus
27
|[dInw| = /
0

dl
2/ ) < [ ldg = [ Jamsl = [ TR
Yo r, lw|=p | dIDW
Applying the Cauchy-Buniakowsky inequality we get

2 27 2
o + 2w?(p) S/ dln z
0

dlnw
from where, dividing by p and integrating with respect to p from p; to p2, po <
p1 < p2 < 00, we get

2 p2 2 P2 27
27r1n@+—/ w(p)dp</ /
p1 T Jps p p1 0

By (2.9) we get
‘ dlnz |?

dlnz
dlnw

do.

7

2 dp do

p

dlnz
dlnw

dz
w

do(ln z)
do(lnw)’

‘w‘ max 2 _ ‘%‘2p(w,z)J[z(w)] = p(z,w)

dlnw

Thus, we have

P2 27 1 2 P2 2
(3.5) / / (2, ) nz))M>2 In @+—/ <)y,
P1 P1

p1

P2 27 d 1
/ / (z,w) o o(lnw) // p(z,w)do(ln z)
p1 (p1)<|z|<r2(p2)

= // {p(z,w) — 1}do(Inz) + // do(ln 2)
r1(p1)<[z|<rz2(p2) r1(p1)<[z|<rz2(p2)

zZ, W) — o\imnz iy HT2(p2)
s//ﬁ(pw@{p( )~ 1do(inz) + 2vIn 12 22

= h(rl(pl)) + 27 <1Il :152?; + w(p2)> .

Substituting this inequality into (3.5) we get

" (p2) 1 1 P2 w2(p)
(3'6) In r1(p1) * w(pg) + gh(h(pl)) = ln E - F/p 4 ap:

that is,

P2 w2
Qpripn) = % [ Sy~ ) — s (o)

(3.7)

V

> —(p) = 5-h(ra(pn).

Denote the function h(r1(p)), po < p < 00, by hi(p). It is clear that the function
h1(p) monotonically tends to zero as p — o.

Assume that r1(p2) > ra(p1). Letting 7/ = r1(p2) and 7 = r2(p1) in (3.4) and
taking into account

do(l
// Mda(ln z) < // do(lnw) =27 1n @,
ra(pr)<l2|<ri(pz) do(Inz) p1<|w|<pz P1
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we find that

(%mM)Q <2rln 22 {h(TQ(pl)) + zﬂnM}

i) (,01) P1 7"2(P1)
<27mln P2 {hl(pl) +27ln r1(p2)
p1 r2(p1)

r1(p2)
P2 > <2 : 7'2(/)1)> > 27r1nM — hi(p1),
P1 o ln 7“1(p2) +h1(,01) 7’2(/)1)
r2(p1)

27 In

35 W2 (o) = L ) - o)

that is,

(3.9) Qv p2) < w(p1) + 5ha(o0).

It is clear that the inequality (3.9) remains true even when r1(p2) < r2(p1). The
inequalities (3.7) and (3.9) imply that for arbitrary p; and ps satisfying po < p1 <
p2 < 00, the inequality

(3.10) Q1. p2)] < max{w(pn), w(p2)} + 5=ha(p1)

holds. Thus we have achieved the main purpose of Step II.

STEP III. Now we show that w(p) — 0 as p — oco. First we observe that (3.6)
and (3.8) imply the inequality

P2 w2
(3.11) o) +lon) = %5 [ S dp— L),

P1

for all py, p2, satisfying pg < p1 < pa < 0o. Let p > max(p2,2). We introduce the
following notation:

71(p) = min {2w(x)—%/:ﬁ(t)dt}

Vp<z<p t
(3.12) Lo
ZQW(Pl)——Q/ dt, /o< p1<p,
T Jp 1
1 ["W(t
m2(p) = min {Qw(a:) - —2/ wi( )dt}
(3.13) p<z<p\/p ™ J, t

1 [P W2(t)
= 2w(p2) — ;/ t( dt, p < p2 < p\/p-
P
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We rewrite the inequality (3.11), where p; and po are the numbers defined in (3.12)
and (3.13), in the following way:

(o) + o) < {20002) - / " @dt}
(3.14) + {2w(p1) - % /p @dt} + %hl(pl)

= 71(p) + 7a(p) + =i ().

Now we estimate 71(p) and 72(p). Let

alz,p) = sgn(x — p)% /iﬂ wT(t)dt.

Assume that p\/p > x > p and 72(p) > 0. Then (3.13) implies that
2w(x) = a(z, p) + 72(p),

d
(alep) + m(p)} < 4?(a) = 422 2EL)
whence
llnp:/pﬁd—x <47T2/P\/ﬁ da(z, p)
2 T o 1alz,p) +72(p)}?
o do 472
< 47r2/ = ,
a=0 ta+72(p)}2  m2(p)
872
3.15 < —.
(3.15) m2(p) < mp

The inequality (3.15) remains true for 72(p) < 0. In a similar way we treat the case
when /p < < p and 71(p) > 0. In this case (3.12) implies that

2(4}(113) > Tl(p) + Oé(:l),p),

_o_d{—a(z,p)}

{np) +ala )} < 40(z) = anta TBLL,

whence
Liap— /f L <ar /f 6+ T
0
< 4 /B=—°° {Tl(pC)lﬁ_ gy Tii)’
(3.16) nle) < %.

The last inequality, obviously, holds also when 71 (p) < 0. Substituting (3.15) and
(3.16) into (3.14) we get

1672 1
(3.17) w(py) +w(p2) < hf; + —ha(p).




3. THE TEICHMULLER THEOREM 357

Let n > max{w(p1), w(p2)}, the choice of n will make more precise later. Denote
by E the set of ¢, p1 < t < pg, for which w(¢) > 1, and by A the logarithmic
measure of this set. The inequalities (3.11) and (3.17) imply that

1672 1 1 [ w?(p)
— > _ =
mp —hi(p1) 2 W2/ p ——dp h1(,01)
2
1
2 77;7_2 / — _hl pl) 772A - ;hl(p1)7
2 2 2
n 167 2 167 2
I A < z
2 = hlp h (pl) = hlp + ﬂ_hl(\/ﬁ)7
1674 2
1 —+ — .
(3.18) = n2lnp + 2 hl(\/ﬁ)

Assume that w(p) > n and that (o', p’’) is the component of the set E containing
p. Then p1 < p' < p < p"” < p2, w(p') = w(p”) = n. The inequality (3.18) implies
that

o’ 167% 27

3.19 1 s
(3.19) " Pnp P

hi(v/p)-

It is clear that

/! /! 2
2 ) e )+w( ") = r1(p”)

3.20 w(p) <In = +
(3.20) ) <) =) n) T
Replacing in (3.8) p1 and py by p’ and p”, respectively, we get
ri(p") / P, Pl

21 1 < In— + —h < In— 4+ —h .
) W <u()+w s o) <nemb ot )
The inequalities (3.19), (3.20), and (3.21) imply that

1 67 1

3.22 <2 — —h .
(3:22) o) <2+ {0 4 2mhaB) | + 5oV

It is clear that the inequality (3.22) holds also when w(p) < 7. Now we choose
7 in such a way that the right-hand side of the inequality (3.22) takes the least
possible value. If A > 0, then the function 2n+ An~2, for positive ) takes the least
value 3¢/A, achieved for n = /A. We should let

1674

we have right to do so if the inequality 7 > max{w(p1), w(p2)} holds. But the
inequality (3.17) implies that it is sufficient that the inequality

1672
Inp

1674

Inp

1
+ ;hl(\/ﬁ) < \/ + 27h1(y/p)
holds, it is obviously the case when the expression under the radical sign is less
than 1, that is, when p > p, where p > max(pZ,2) is sufficiently large. Thus for
p > p we choose 7 according to (3.23), substituting it into (3.22), we get

w(p) < §/1167T4 + 2mh1(v/p) + %hl(\/ﬁ),

np
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whence w(p) — 0 as p — 0.
Now we can complete the proof.

STEP IV. Let again p; and p2 be arbitrary numbers satisfying pp < p1 < p2 <
0o0. We see that the right-hand side of the inequality (3.10) tends to 0 as p; — oo,
p2 > p1. By the Bolzano—Cauchy criterion there exists a finite limit

lim lnrl—(p) = B =%,
p—>00 p
that is, there exists the limit
lim ri(p) =B =¢% 0< B < 0.
p—oo P
Since
r2(0) _ 1) o) 5 B 00
p p ) )
we have

G

w—oo  |w]

from where the equality (3.2) with A = 1/B follows.

)

4. Riemann surfaces of the class Fj, and line complexes

Surfaces of the so-called class Fy = Fy(a1,az,...,aq) have a particularly simple
structure among all Riemann surfaces. Let us describe this class. Let a1,..., a4
be distinct ¢ > 2 points in the extended complex w-plane, and let L be a closed
Jordan curve passing through the points a1, ...,a,. Without loss of generality we
assume, for simplicity of the description, that a; # oo, 1 < j < ¢, and L does not
pass through w = co. We assume that the points a; are labelled in such a way that
they are arranged on L according to the positive orientation, ag+1 = a1, aq = ao.
The curve L divides the extended w-plane into two simply connected regions: the
interior H; and the exterior H,., which will be called half-sheets. The part of the
closed Jordan curve L lying between the points a; and a;41, excluding these points,
will be denoted by L;. The regions obtained from the closed regions H; and H,
after removal of the points a; will be denoted by HY and H¢, respectively.

Consider a Riemann surface Fj consisting of a finite or countable set of half-
sheets, which are “pasted” in such a way that for each half-sheet H;(H,) and each
arc L;, 1 < j < g, there is a half-sheet H.(H;) which is pasted with a given half-
sheet along the arc L; (that is, the points of L; from the half-sheets HY and H?
are identified).

We fix some point @ € H; and some point b € H.. Denote by C; a Jordan
arc joining the points a and b in the extended complex w-plane and intersecting
the curve L only at one point lying on L;. Besides, we require that the curves
Cj, 1 < j < q intersect each other at the ends a and b only. Let & and b be
points from Fy that project to a and b, respectively, and let C'j be curves whose
projections are Cj. It is clear that the disjoint curves C’j establish a one-to-one
correspondence between their ends @ and b. As a result, for fixed j, we get a one-
to-one correspondence between the points @ and and the points b. It follows that
the (finite or countable) numbers of half-sheets H; and H, in Fy are the same. For
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uniformity of notation we denote the half-sheets contained in Fy, whose projections
are H; and H,, by H; and H,, respectively.

Consider the open set in Fy whose projection is the region D; bounded by the
curves Cj_1 and C; (1 < j <gq, Cop = Cy, Cy11 = C1) and containing the point a;.
This set is decomposed into connected components D§k) which can be finite-sheeted
or infinite-sheeted. If a component bg-k) is n-sheeted, 1 < n < oo, then the part of
its boundary whose projection is Cj_; UC} is a closed Jordan curve consisting of n
arcs C'j and n arcs C'j,l, which are alternating as we go around the Jordan curve.

_aj

1/n
It is clear that the function z = (w ) ,bj ¢ Dj, maps D§k> bijectively onto

w — bj
some doubly-connected region in the z-plane, whose boundary consists of some

closed Jordan curve and the point z = 0. If we add to D§k) (and Fp) a point whose

projection is a;, then [)5“ becomes a simply connected one-sheeted region if n = 1,
and it becomes a simply connected neighborhood of an algebraic ramification point
of order n — 1, whose projection coincides with a;. We denote by F{ the surface
Fy complemented in the described way by algebraic ramification points. If the
component D§k) is infinite-sheeted, then the part of its boundary whose projection
coincides with C;_; UC} is an open Jordan curve consisting of infinitely many arcs
C'j and C'j_l, which are alternating as we go around the Jordan curve. It is easy to
see that the function z = In{(w—a;)/(w—0b;)}, b; ¢ D;, maps D;k) bijectively onto
some simply connected region in the z-plane, which is lying to the left of some open
Jordan arc located in a vertical strip and such that Imz — 400 and Imz — —oo
as z moves along the curve in one or the other direction. It is clear that l~)§k) is a
neighborhood of a logarithmic ramification point of the surface Fy (and Fjj) whose
projection is a;.

If the surface F{ is simply connected, we say that F{ belongs to the class Fy,.

Tt is clear that the condition oo ¢ L was imposed only for the sake of simplicity
of the verbal description of the construction of surfaces of the class F,. If co € L,
then, to define H; and H., we need only to orient the curve L beforehand, and
writing the functions mapping f)§’“> take into account the possibility of a; = co.

The curve L will be called a base curve, and the points a1, ..., aq will be called
base points.

Finite-sheeted surfaces F} are obviously closed and, if they belong to the class
F,, they have genus zero. It is easy to see that, conversely, each closed Riemann
surface of genus zero belongs to the class F,. In fact, a closed Riemann surface F’
of genus zero is topologically equivalent to the extended complex plane and hence
is simply connected. We draw a closed Jordan curve L through the projections
ai,...,aq of the algebraic ramification points, and then make cuts of F' along all
curves whose projections are in L. The surface F' decomposes into a finite number
of simply connected regions which will play the role of half-sheets H; and H,. It
is easy to see that in order to reconstruct the surface F' from these half-sheets we
have to paste the half-sheets H; and H, in the same way as it was done in the
description of surfaces from Fj,.

Open simply connected Riemann surfaces do not have to belong to a class Fj,.
Take, for example, the Riemann surface corresponding to the function w = e* — z.
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The derivative of this entire function has zeros of order one at the points z; = 2kni,
k=0,£1,42,..., hence the Riemann surface has algebraic ramification points of
the first order, whose projections are the points wy = 1 — 2kmi. Since the set of
all such points wy, is infinite, the surface cannot belong to the class F,. It is easy
to see that if an open surface F' of parabolic type belongs to the class F, then the
mapping meromorphic function w = f(z) can have multiple a-points or have a as
an asymptotic value only when a is one of the base points. In this case asymptotic
spots of f(z) correspond bijectively to logarithmic branch points of F'.

Let us show that, conversely, if a meromorphic in {|z| < oo} function w = f(z)
has multiple a-points or asymptotic values a only for a finite set a = aq,...,aq,
then the Riemann surface F' corresponding to the function f(z) belongs to the class
Fy(a1,...,aq).

Let A be an arbitrary simply connected region in the extended w-plane which
does not contain the points aj,...,a,. Let wy € A, and let K be an arbitrary
continuous curve lying in A and having wg as its starting point. We show that
an arbitrary analytic element z = Pj(w, wq) of the function z = f~!(w) centered
at the point wy admits an analytic continuation along the curve K. Suppose that
P;(w,wo) has an analytic continuation up to the point w; € K, excluding the point
wy. Let K7 be the part of the curve K between wo and wi, K1 : w = w(t),0 <t <1,
w(0) = wp, w(l) = wiy, we denote by K| the curve K; without the point wi,
Ki:w=wk),0<t<1l Let Q:2z=2(@),0<t <1 be the continuous
curve in {|z| < oo} corresponding to K under the mapping based on the analytic
continuation of z = P;(w, wy). It is obvious that f(z(t)) — w1 € A ast — 1.

Suppose that the function z = z(t) has at least two limit points in the extended
z-plane as t — 1. Denote one of them by zo, 2o # co. It is clear that f(z¢) = ws.
Then f(z) # w; if z is in a sufficiently small neighborhood of zy and z # zp. Let
7 > 0 be so small that the circle {|z—zg| = 0} is contained in this neighborhood and
at least one of the limit points of z(¢) is outside the circle. The curve @ intersects
the circle {|z — zo| = n} infinitely many times. Hence there exists a sequence ¢, — 1
such that z(t,) — 21, |2(tn) — 20| = . Then f(z1) = w1, we get a contradiction
with the condition that f(z) # wy on the circle {|z — 29| = n}. Hence the function
z(t) has a (finite or infinite) limit as ¢ — 1.

Let z(t) = z0 # 00 as t — 1. Then f(z9) = w;, moreover, zp is not a multiple
wy-point of the function f(z), since otherwise the point zg would be mapped onto
an algebraic ramification point on F', whose projection is w1 # a;, 1 < j < ¢. Since
the function f(z) is univalent in a sufficiently small neighborhood of the point
2o, continuing the element Pj(w,wq) along K{ we can continue it to the point
wy € K7, getting an analytic element Pj(w,ws), P;j(wi,w1) = 2. We contradicts
the assumption.

If 2(t) — oo as t — 1, then the curve @ is an asymptotic curve for the function
f(2), and wy is an asymptotic value, but again, it is impossible because wi # aj,
I<j<q

Thus, we have shown that the analytic element P;(w,wq) admits an analytic
continuation along an arbitrary continuous curve in A, hence, by the monodromy
theorem (A.I. Markushevich [Mar77, Vol. 3, Ch.VIII§40], S. Stoilow [Sto62, Vol.
1, Ch. IV,§1,6)° the function obtained as a result of such analytic continuation is
defined in the region A and is single valued in it. In other words, the set of points

50r L. Ahlfors, Complex Analysis, Ch. 8, 1.6.
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of the Riemann surface F' which are projected into A decomposes into infinitely
many one-sheeted regions, forming a complete covering of the region A.

We draw a closed Jordan curve L through the points a1, ...,a,. The curve L
divides the extended w-plane into two simply connected regions H; and H.. One-
sheeted regions on F' forming a complete covering of H; and H. make up half-sheets
H; and H,.. Since for fixed j, 1 < j < g, the region H; U L; U H, is also simply
connected and the parts of the surface F' forming a complete covering of this region
are one-sheeted, each half-sheet H; (fle) is pasted along each the arc C'j to one
half-sheet H,. (H;). Hence the surface F belongs to the class F.

The discussion above shows, in particular, that in the case when F' is a closed
Riemann surface of genus zero or an open Riemann surface of parabolic type, then
belonging of F' to the class Fj, does not depend on the choice of the base curve
L, since we gave a complete characterization of mapping meromorphic functions
which does not involve base curves. Similar conclusion can be derived for surfaces
of hyperbolic type.

The Riemann surfaces corresponding to the functions (1) w = e* (base points
a1 =0, az = 00); (2) w= e (base points a; = 0, az = 1, ag = o0); (3) w = sin z
(base points a; = —1, az = 1, ag = c0) are examples of open Riemann surfaces
from the class Fj,.

Riemann surfaces of the class Fj, can be conveniently presented using so-called
line complexes. By a line complex B of order ¢q, 2 < ¢ < 0o, we mean a connected
set in the extended z-plane having the following properties:

(1) B consists of a finite or countable set of Jordan arcs which are called edges,
and their ends are called vertices. Two different edges can intersect at vertices only.

(2) All vertices are divided into two classes: internal and external. Each edge has,
as its ends, one external vertex and one internal vertex.

(3) Edges are labelled using numbers from 1 to ¢g. Each vertex is an end of ¢ edges,
which are located around the edge according to their labels, the order is positive
(anti-clockwise) if the vertex is interior and is negative if the vertex is exterior.

(4) If B contains infinitely many vertices, then B does not contain co and z = oo
is the only limit point of vertices.

Line complexes B; and By are regarded as the same if one of them can be
mapped onto the other by a homeomorphism of the extended z-plane, which maps
edges to edges with the same label, internal vertices onto internal vertices, and
external vertices onto external vertices.

The complement of B in {|z| < oo}, if B has a finite number of vertices, and
the complement of B in {|z| < oo}, if B has infinitely many vertices, is an open
set. Each component of this set is a region bounded by either a finite set of edges
(elementary algebraic region), or by an infinite set of edges (elementary logarithmic
region). By the condition (4) elementary logarithmic regions are unbounded. It is
easy to see that when we go around an elementary region edges with labels 7 — 1
and j (1 < j < g, the label 0 is equivalent to the label g, the label ¢+ 1 is equivalent
to the label 1) alternate. Such elementary region is called a j-region. It is clear that
the boundary of an algebraic elementary region consists of an even number of edges.
Conversely, it is easy to see that each Jordan curve on B, closed or approaching
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z = 0o and consisting of alternating edges with labels j — 1 and j is a boundary of
a j-region.

Several edges with consecutive labels, having common ends lying in one internal
and one external vertices form a so-called edge bundle. Clearly, two edges belonging
to the same edge bundle and having labels j — 1 and j form a boundary of a digon.

Consider the class of Riemann surfaces Fy(ai,...,aq) and fix a base curve
L. Now we describe a one-to-one correspondence between Riemann surfaces F' €
F,(a1,...,aq) and line complexes B.

1°. Let a Riemann surface F' € F be given. If F is open, we map it homeomor-
phically onto the complex z-plane, if F' is closed, we map it homeomorphically onto
the extended complex z-plane. Then the set of points on F', whose projections are
q
in U C; is mapped onto a line complex B, moreover, C'j are mapped onto edges
j=1
with label j, points a are mapped onto internal vertices, and points b are mapped
onto external vertices. It is easy to check that the conditions (1)-(4) are satisfied.
Hence we get a line complex. This complex is uniquely determined by F' and by the
base curve. In fact, if we chose points a’ € H;, b" € He, and curves C7, 1 < j < p,
differently, then, as is easy to see that it is possible to map the extended complex
w-plane homeomorphically onto itselfS in such a way that the points aj, 1 <j<p,
are fixed, L is mapped onto L, a’ onto a, b’ onto b, and C? onto C;. If we map all

half-sheets H; and H,, and all curves INJJ- using the same homeomorphism, the Rie-
mann surface F' will be mapped homeomorphically onto itself, moreover, points a’
will be mapped on @, point ¥ will be mapped onto b, and curves CN'j' will be mapped
onto the curves C';. Hence the line complex B, corresponding to the surface F', does
not depend on the choice of curves C}, and hence is uniquely determined by the
surface F'. We would like to mention that there exist examples (see V.G. Tairova
[Tai62], [Tai64]) showing that with different choices of the base curve, the line
complexes corresponding to the same Riemann surface F' € F; can be different.
2°. Now suppose that we are given a line complex B. Since we a given a
base curve L, the regions H; and H,. are determined. We consider a one-to-one
correspondence which maps each internal vertex of B onto a copy of the region H;
and each external vertex of B onto a copy of the region H.. We paste copies of H;
and H. along the arc L;, 1 < j < g, if an only if the corresponding internal and
external vertices are the ends of the same edge from B with label j. By the property
(3) of line complexes we get a Riemann surface Fy (see above). As before, we can

choose points a € H;, b € H,, and curves C}, define regions D§-k), and complement
the surface Fy to the surface Fj. Now we need to show that the surface F{ is simply
connected.

Mark in each algebraic j-region of the line complex B a point a;; if the j-region
is logarithmic, we place the corresponding point a;- into the boundary point z = co.
Each edge with label j is contained in the boundary of one (j — 1)-region and one

j-region. We join the corresponding points a;_l and a} by a Jordan arc I; which

6Here and later on we use the following fact, without mentioning it explicitly. A homeo-
morphic mapping between boundaries of two regions bounded by closed Jordan curves can be
extended to a homeomorphic mapping between the regions. In the case when the regions are unit
discs, the statement is obvious. The general case can be reduced to this special case by mapping
the regions conformally onto the unit disc.
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is contained in the union of the considered (j — 1)-region and j-region, except for
one point on the edge with label j and, possibly, the points a971 and a;, if one
or both of them coincide with co. We draw these Jordan arcs in such a way that
they are pairwise disjoint, it is easy to see that it is always possible. Then the
z-plane (the extended z-plane if the number of vertices is finite) is divided into
regions S, each of which contains one vertex, and its boundary consists of ¢ Jordan
curves [; with ends at points a; and a; 11, where, as the index increases, the points
ay,..., a; follow along the boundary in the positive direction if the vertex is internal,
and in the negative direction if the vertex is external. We established a one-to-one
correspondence between half-sheets H;(H.) of our surface F}}, and internal (external)
vertices. We map homeomorphically each half-sheet H; or H, onto the region S
containing the corresponding vertex in such a way that the mapping is continuous
on the closure of these half-sheets, and in addition the boundary arcs fjj are mapped
onto the arcs [;, and the points a; on the boundary H; or H, are mapped onto the
points a. Observe that a point a, corresponding to a point @; € Fy, lies inside
an algebraic j-region. The constructed mapping F{ onto the (possibly extended)
z-plane is not, generally speaking, smgle valued on arcs LJ, since when we map
half-sheets H; and H., pasted along LJ, we can map the same point from L onto
two different points in the z-plane. However, using some additional topologlcal
transformations of the closed regions S we can eliminate this multivalence. In fact,

regions S can be arranged into a (finite or infinite) sequence S1,Se,... such that
k—1

Sk, has at least one common arc I; with U S;. This is equivalent to writing the
j=1

line complex as a sequence, such that each vertex with number k is joined with at
least one of the vertices having smaller number by an edge. Since the line complex
is connected, we can always choose such a sequence of vertices. No we subject So
to an additional topological transformation, mapping S onto Sy in such a way
that all points a; € 95> remain fixed, and the arcs /; belonging to 951 N 9S> are

transformed in such a way that points on the corresponding arcs INJ C F} will have
the same image in the z-plane both under the mapping onto 051 and the mapping
onto 0S3. Then we transform S3 topologically into S3 in such a way that all points
a] € 0S5 remain fixed, and arcs [; belonging to 9(S1US5)NASs are transformed as
above. Continuing this process, we get a topological transformation of the whole
Riemann surface F] onto {|z| < oo} or {|z| < oo} depending on whether Fj is a
closed or open surface. Thus, the surface is simply connected and belongs to the
class Fj.

It is easy to see that if we use the rule described in 1° to get a line complex Bj
corresponding to the obtained Riemann surface Fj, the complex B; would coincide
with the line complex B with which we started our construction of the surface Fj.

Thus, we established a one-to-one (for a fixed base curve L) correspondence
between Riemann surfaces of the class F, and line complexes. The line complex
corresponding to a Riemann surface will be called the line complex of this surface.
On our diagrams internal vertices of a complex will be marked by circles, external
vertices will be marked by crosses. The label of an elementary region (the point
a;) will be written inside the region. We will not write labels inside digons. It is
clear, that if on a line complex the labels of elementary regions are marked, it is
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not necessary to label edges, since the edge between the j-region and the (j 4 1)-
region is the edge label j. If some j-region is a digon, then, as is easy to see, the
corresponding point @; € Fy is not a ramification point. If a j-region is an 2m-gon,
2 <'m < oo, then the corresponding point a; is an algebraic ramification point of
order m — 1.

We suggest the reader to analyze the following examples of line complexes of
Riemann surfaces, for which the mapping functions are indicated. In all examples
the base curve is the real line, H; = {Imw < 0}, H, = {Imw > 0}.

(1) w = 22 (Fig. 5); (2) w = 22 (Fig. 6); (3) w = % (z-i— %) (Fig. 7);

1

4) w= 3 <z3 + 2—13> (Fig. 8); (5) w = e* (Fig. 9); (6) w = e* (Fig. 10);

(Mw= e (Fig. 11); (8) w = € (Fig. 12); (9) w = sin z (Fig. 13); (10) w = sin 22
(Fig. 14); (11) w = cos/z (Fig. 15).

We suggest, also, to sketch the location of regions S. As an example we sketch
the corresponding diagrams for the functions (4), (5), and (6) (Fig. 16, 17, and 18).

Now we turn our attention to closed Riemann surfaces F' of genus zero. Sup-
pose that aq,...,a, are projections of their ramification points (we do not ex-
clude the case when there are no ramification points above some point a;). Sup-
pose that a; is the projection of v; algebraic ramification points of F' with orders
A1(aj), ..., A (aj). Let n be the number of sheets of F' and 72(a) be the number of
points of the Riemann surface whose projection is a, here each ramification point
is counted once. It is clear that 7i(a) < n for all a, moreover

n fora#a;, j=1,...,q,
(a)—{ !

n—Ai(a;) — - — A, (a;) fora=a;.

Let B be the line complex of a Riemann surface F'. Elementary regions, edges and
vertices of B for on the Riemann sphere a topological polyhedron. Using the well-
known Euler formula, we get the equality K — S + E = 2, where K is the number
of elementary regions, S is the number of edges, E is the number of vertices in the

line complex B. The number K is equal to the number of all points of the surface
q

F lying over the base points aq,..., a4, that is, Z 7(a;). The number of vertices
j=1

of F is equal to 2n, where the number of both internal and external vertices is equal

to n. Since exactly g edges leave each internal vertex, moreover, each edge has as

one of its ends one and only one internal vertex, we have S = nq. Hence

n(aj) —ng+2n =2,
1

n

J

q Vi

(4.1) 2(n—1) =Y {n—nla;)} =D > Mil(aj).

j=1 j=1 k=1

The equality (4.1) represents the well-known Riemann—Hurwitz formula.
The following question arises in a natural way. Assume that we are given com-
plex numbers a1, . .., aq and natural numbers n, v, Ag(a;), satisfying the inequality
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(4.1) and the inequalities

(4.2) Aag) =Y Akay) <nm—wj, j=1,...,q
k=1

Is it possible to construct a closed Riemann surface F' of genus zero, which is n-
sheeted, has A (a;), with v; ramification points whose projection is a;, with orders
Ak(aj% 1§k§’/j7 1§]§q?

It turns out that it is not always possible.

EXAMPLE 1. Let n =4, ¢ = 3, v1 = va = 2, v3 = 1, A(a1) = Ae(aq) =
A1(a2) = Aa(a2) = 1, A(as) = 2. It is easy to see that these numbers satisfy
the relations (4.1) and (4.2), but it is impossible to construct the corresponding
Riemann surface. In fact, if there were the corresponding surface, its line complex
would have eight vertices, its elementary 1- and 2-regions would be quadrangles,
one 3-region GG; would be a hexagon, and the other would be a digon G5. The
boundary of the 3-region G; would contain six vertices, each of which is an end
of some edge lying outside G;. There are only two vertices outside G;. Suppose
that there are two edges leaving from two vertices on the boundary of G; which
end at one end outside G¢. The exterior of Gy is divided into two Jordan polygons,
a quadrangle and a hexagon. The second vertex lying outside G; is either inside
the quadrangle or inside the hexagon. Hence one of these Jordan polygons is an
elementary region, adjoining to G; along two or four consecutive sides of GG, which
is impossible. If both ends of some edge lying outside G; are on the boundary of
(1, then this edge divides the exterior of (G; into two quadrangles and, arguing as
above, we get a contradiction. Hence, from each of the vertices on the boundary
of G there is an edge lying outside G; which ends at a vertex lying outside G4,
where different edges correspond to different vertices. Thus, there are at least six
vertices outside G, and we again get a contradiction.

We denote by § = F(n;a1 : A1(ar), ..., A (a1);...5aq : Ai(ag), ..., A, (aq)),
where a1, ...,aq are distinct complex numbers, n, v;, Ax(a;) are positive integers
satisfying the conditions (4.1) and (4.2), the class of closed Riemann surfaces of
genus zero, which are n-sheeted with v; ramification points of orders A;(a;), whose
projections are a;j. Sometimes it will be convenient for us to allow Ax(a;) to take
zero values also (we will always mention this explicitly), this will mean that we
require the Riemann surfaces from the class § to have over a; at least as many
unramified sheets, as many zeros are there among the numbers A;(a;),..., A, (a;).
If there is a; : A(a;) instead of a; : Ai(a;),..., A, (a;) in the notation of the class
§, it means that we require only that the sum of orders of the ramification points
projected into a; is equal to A(a;). It is clear that the numbers A(a;) should satisfy
the relations

(4.1) Aay) = 2(n— 1),
j=1
(4.2" A@j)<n-—-1,j5=1,...,q
Obviously, for A(a;) = Ai(aj) +---+ Ay, (a;) we have
S 5a5 0 Milag), ..o A (ag);...) 8. 505 0 Aay);...).
Example 1 shows that the class §(4;a1 : 1,1;a2: 1,1;a3 : 2) is empty.
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THEOREM 4.1. The classes F(n;a1 : Ai(a1);...;aq @ Ai(aq)), Ai(a;) > 0, are
non-empty.

Theorem 4.1 immediately implies

COROLLARY. The classes §(n;a1 : Alar);...;aq : Alag)), Ala;) > 0, are
non-empty.

Before proving Theorem 4.1 we state two more theorems which will be needed
in Section 6.

First we introduce some definitions. A Jordan arc C on a Riemann surface F
(the case of one-sheeted region F' is not excluded) will be called a J-curve, if it
has the following properties: (1) different points of C' are projected onto different
points, only the ends of C can be projected onto the same point; (2) C' does not
contain algebraic ramification points of F', the only possible exception is the ends
of C; (3) there exists a Jordan arc C; C C with ends in the interior points of C
such that C\C; consists of two line segments; (4) C has a continuous curvature.
In some cases by a J-curve we shall mean a Jordan arc satisfying (1)—(4) without
one end or without both ends. Whether or not a J-curve includes the ends will be
clear from context.

A closed Jordan curve C in the plane is called a J'-curve with ends at a point
a € C, if it has a continuous curvature at all points except, possibly, the point a,
and in a sufficiently small neighborhood of a the curve C' has the form of a linear
angle with a vertex at the point a.

It is clear that the projection of an arbitrary J-curve on a Riemann surface is
either a J- or a J’-curve in the plane.

THEOREM 4.2. Let ¢ > 2, let aq,...,aq be distinct complex numbers, and let v
be a J-curve joining the points a1 and az, which does not pass through the points a;,
3 < j <q. Then each of the classes listed below contains a Riemann surface F, on
which one can draw a J-curve I' with ends a; and as € F, such that I' is projected
into 7y in a one-to-one way, and a; is a ramification point of order Ai(a;) > 0, lying
above aj, j =1,2. The classes of Riemann surfaces mentioned above are:

(a) F(n;a1 : Ai(a1), A2(a1);az = Adi(az), A2(az); a3 : Aas);aq : Adi(aq);...;
aq : Ai(aq));

(b) F(n;a1 : A(a1), Az(a1);az : Adi(az);as : Ai(as);- .. ;a4 A1(ag)),
where A1(a1) > 0;

(c) F(nsar : M(ar);az : Ai(az), A(az);as : A1(as);...;aq @ A1(ag)),
where A1(az) > 0;

(d) F(nsar : A(ar), Az(ar);az : 0, A2(az);as = Ai(as);...;aq - Ai(ag));

(e) F(nsa1 : 0, 2(a1); a2 : M(az2), A2(az);as : Ai(as);...;aq 0 Ai(ag));

(f) F(n;a1 : M(ar);az2 = Alaz);as : Adi(as);...;aq @ M(aq))
where A1(a1) > 0, Ai(az) > 0;

(g) (n;a1 : Ai(a1), A2(a1);a2 : 0;a3 = Ai(as)...; aqg: Ai(aq)),
where A1(a1) > 0;

(h) F(nsa1 : 05a2 : A(az2), A2(az);as : Ai(as);...;aq 0 Mi(aq)),
where A1(az) > 0;

(i) F(n;a1: 0, 2(a1); a2 : 0, Xz2(az);as : Mi(as);. . .5 aq = Mi(aq)),
where q¢ > 4.
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THEOREM 4.3. Let ¢ > 3, let a1, ...,aq be distinct complex numbers, and let
~ be a J'-curve with ends at the point a1, moreover, let the point as be inside the
curve vy, and the points as,...,a, be outside v. Then each of the following two
classes:

(4) S(n;a1 : Aiar), Az(ar), As(a1); az : Ai(az);as : Adi(as);. . ;a4 2 Ailag)),

where M(a1) >0, k=1,2,3; A\(a2) > 2;

(k) §(nya1 : A(a1), Ae(a1);az = Ai(az);...;aq; A1(ag)),

where A\p(a1) > 0,k =1,2;

contains a Riemann surface F', on which one can draw a J-curve I' with ends ay
and ag € F, such that the curve I' without ends is projected in a one-to-one way into
Y\{a1}, the point ai is a ramification point of order Ai(a1) lying over a1, k =1, 2.

Proofs of Theorems 4.1, 4.2, and 4.3 are not difficult, but they are rather
cumbersome and are using topological constructions, which are far from the main
topics of this book. Readers who do not wish to analyze these proofs and are ready
to believe the results, can omit the proofs without harm to understanding of the
subsequent results.

Before starting the proofs we fix some notation. Let G; be a Jordan m;-
gon, we join it with a Jordan mo-gon, lying outside Gy in such a way that G2 N
0G1 is a Jordan arc, consisting of m Jordan arcs which are sides of G; and Ga,
m < min(my — 1,mq — 1), following one after another starting with a vertex « in
the negative direction of the boundary of GG;. This operation will be denoted by
U(Gl, GQ, (e m) (Fig. 19).

PrROOF OF THEOREM 4.1. The theorem is trivial if n = 1. We assume that
n > 2 and construct the corresponding line complexes. If ¢ = 2, then necessarily
A1(a1) = Ai(az2) = n — 1, and the line complex is a closed Jordan curve consisting
of 2n edges (see, for example, Fig. 5 and 6). Now let ¢ > 3. We take the region
G1 which is a Jordan (2A;(a1) + 2)-gon as an elementary 1-region. We fix on the
boundary of GG; an internal vertex «. Let p be the largest integer satisfying

P

(4.3) 242> Ai(a;) < 2n.
j=1

Since, by (4.1), we have

q
22 Al(aj) = 4(’[1 - 1),
j=1
then 1 < p < ¢. Suppose that there is an equality in (4.3). We join to G
and elementary 2-region Go, which is a Jordan (2A;(az) + 2)-gon using the oper-
ation U(G1,G2,a,1). Denote the region (G1 U G2\d(G1 U Ga), which is a Jordan
(2M1(a1)+2X1(a2)+2)-gon, by Ay. We join to Ag an elementary 3-region G, which
is a Jordan (2A1 (a3)+2)-gon, using U(A3z, Gs, «, 1). Suppose that we have already

S S
joined an elementary s-region G, 1 < s <p—1. Let A; = (U C_¥j> \o (U Gj).
1 1

We join to A, and elementary (s+1)-region G411 which is a Jordan (2A1(as4+1)+2)-
gon, using U(A;, Gs+1, @, 1). The boundary of A, contains 2 Z§=1 Ai(aj)+2=2n
vertices. We join to A, an elementary (p + 1)-region Gpy1, which is a Jordan
(2A1(apt1)+2)-gon, using U(A,, Gpt1, @, 2X1(apt+1)+1). The boundary of Apyq
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contains 2n—2\1 (ap41) vertices. Joining to Ay, p < s < ¢—2, an elementary (s+1)-
region Gs41, which is a (2A1(as41) + 2)-gon, using U(As, Gsi1, @, 2X1(as+1) +1),
we get a Jordan region A,;1, the boundary of which contains 2n — 2 Z;ii A (aj)
vertices. The boundary of the region A,_; contains

2n — 2 z_: )\1(&1)22(71—1)—2 z_: )\1(aj)+2

j=p+1 j=p+1

vertices. By (4.1) and the assumption that there is an equality in (4.3), we have

QZ)\l a;) =2(n—1) Z)\l a;),
P q

Z)\l(aj): Z M(aj)=n—1.
j=1

Jj=p+1
Therefore the boundary of A,_; contains

q q—1
2 ) Mla) =2 Y Ai(ay) +2=2N\(ag) +2
Jj=p+1 Jj=p+1
vertices. As an elementary g-region G, we take the complement of A,_; in the
extended complex plane.

Thus, we have constructed all needed elementary regions different from digons.
Our system of edges does not yet satisfy the condition (3) from the definition of
line complexes. However, it, as is easy to see, has the property that if some internal
(external) vertex lies on the boundary of more than two elementary regions, then
the labels of these elementary regions increase (decrease) as we go around the vertex
in the positive direction. Clearly, some edges can be replaced by bundles in such a
way, that we get a line complex having all required properties, that is, representing a
Riemann surface belonging to the class F(n; a1 : A1(a1);...; a4 : Mi(aq)), A1(a;) > 0.

If there is a strict inequality in (4.3), then the construction is changed at one
point only. We construct the elementary 1-, 2-, ..., p-regions G1,Gs,...,Gp, and
the regions Ay, Az, ..., A, in the same way as before, but now there are m; vertices
on the boundary of Ay, where

P
(4.4) my=2+2Y M(a;) < 2n.
j=1
On the other hand,
p+1
2/\1(ap+1) +m; =2+ 22 /\1(aj) > 2n.
j=1
The inequality (4.4) implies that

P
Mlapp1) + Y Mlay) < (n—=1)+(n—1) =2(n—1),
j=1
therefore, by (4.1), we have p+ 1 < gq. Now we join to A, and elementary (p + 1)-
region Gp41, which is a Jordan (21 (ap+1) +2)-gon, using U(A,, Gpt1, o, ma+1),
where mo = 2X1(ap+1) + m1 — 2n. We can use this operation since mg + 1 < my
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and mg +1 < 2A(ap+1) + 2. Since the number mg + 1 is odd, the end of the Jordan
arc 0A, N 0Gp11, different from ¢, is an external vertex. It is easy to count that
there are my + (2A1(apt1) + 2) — (m2 + 2) = 2n vertices in AP_H, moreover, there
are 2n — mg vertices on the boundary of A, .

After the construction of the region A, 1, we construct the elementary regions
G and the regions Ag, p+2 < s < g— 1 in the same way as before. The boundary
of Ay—1 contains

q—1 q—1
2n—m2—2 Z Al(aj)=4n—m1—2)\1(ap+1)—2 Z )\1((1]')
Jj=p+1 Jj=p+2
P q—1
=2{2(n— D} +4-2> Mi(a;)—2-2 > M(a))
Jj=1 Jj=p+1
q q—1
= 22)\1(&j) +2— 22)\1(&j) = 2)\1(aq) + 2
Jj=1 Jj=1

vertices. After that the construction of the line complex is completed in the same
way as in the previous case. Fig. 20 and 21 show examples of line complexes
corresponding to the cases when there is an equality and the strict inequality in
(4.3). O

REMARK. Later on we shall use the observation that in the construction that
we used in the proof of Theorem 4.1 there is an internal vertex o which lies simul-
taneously on the boundaries of the elementary j-regions G1,Ga,...,Gg, which are
Jordan (2X1(a;) + 2)-gons, that is, all ramification points of the Riemann surface
are lying on the boundary of one internal half-sheet.

PROOF OF THEOREM 4.2. We draw a base curve L through the points a4, ...,
aq in such a way that the curve v, except its ends, is inside L. Now, obviously,
it suffices to construct a line complex with prescribed ramification and satisfying
the additional condition that the elementary regions corresponding to the points
a; and a have on their boundary at least one common internal vertex.

CASE (a). Since 7 = A1(a1)+Az2(a1)+A1(a2)+A2(az2) < 2(n—2) < 2(n—1), then

q

n>3,q >3, and ZA(aj) > 2. Assume first that 7 < n — 1. In this case we con-
j=3

sider surfaces of the class §(n; a1 : A1(a1), A2(a1); az : A1(az2), A2(az2); as: Ai(as);
...5aq 0 M(aq)), where Ai(as) = A(az). Take as an elementary 1-region G a Jor-
dan (2X2(a1) + 2)-gon and mark some internal vertex o’ on its boundary. We
join to G} and elementary 2-region G5, which is a Jordan (2A2(az2) + 2)-gon using
U(Gy, Gy, o, 1). Let B8 be the next after o’ external vertex, as we go around the
boundary of G in the negative direction. We join to A’ = (G} UGH)\d(G,UGY) an
elementary 1-region GY, which is a Jordan (21 (a1)+2)-gon, using U(A', GY, 3, 1).
Let a be the next after 3 internal vertex, as we go around the boundary of GY in the
negative direction. We join to A” = (G U A")\d(GY U A’) an elementary 2-region

4, which is a Jordan (2X1(az2) + 2)-gon using the operation U(A”, GY, «, 1).
Let Ay = (A" UGY)\O(A” UGY). Tt is easy to count that the boundary of A,
contains 2 + 2XA1(a1) + 2A1(az) + 2X2(a1) + 2A2(a2) = 2 + 27 < 2n vertices, and
there are no vertices inside As. After this we join to Ay successively elementary 3-,
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., g-regions and construct a line complex in exactly the same way as in the proof
of Theorem 4.1, in addition, the internal vertex « is lying on the boundary of the
elementary regions GY, G4, Gs, ..., G4 (only the fact that a belongs to 0G] N OGY
is important for us).

A line complex corresponding to the case when 7 < n — 1 is shown in Fig. 22.

Now we consider the case when 7 > n. If A(as) > 1, we construct a surface of
the class F(n; a1 : Ai(a1), A2(a1); az: Ai(az2), A2(a2); as: Ai(asz), A2(as); aq:
At(aq);...5aq 0 Ai(aq)), where Aa(ag) =1, Ai(as) = Aas) — 1; if A(az) = 1 then
necessarily ¢ > 4, and wee construct a surface of the class F(n; a1 : Ai(a1), A2(a1);
az : Ml(az), A2(az); as : AM(as);...; aq: Ai(aq)), where A\j(asz) = 1. At first we
assume 7 = n. The corresponding line complex can be constructed in the following
way. Let Q1 be the square with vertices A = (-1,-1), B = (-1,1), C = (1,1),
D = (1,-1), Q2 be the square with the vertices A’ = (-2, -2), B’ = (-2,2),C' =
(2,2), D' = (2,—2). The square @; will play the role of an elementary 3-region.
Using segments of bisectors of the coordinate angles we join the corresponding
vertices of the squares Q; and Qs, we divide the region Q>\Q; into four trapezoids
Ti,...,T4, where Tj is the lower, Ts is the left, T3 is the upper, and T} is the right
trapezoid. We place internal vertices in the points a = A’,C’, B, D, and external
vertices in the remaining vertices of @1 and Q2. Now we place (2A1(a1)—2) vertices
in the interval A’D’, (2)A1(az) — 2) vertices in the interval A’B’, (2X2(a1) — 2) in
the interval B'C’, (2X\2(a2) — 2) in the interval C'D’. We shall regard T7 and
T, as elementary l-regions and T» and T, as elementary 2-regions. The closed
square Q2 will contain 2(A1(ay) + A1(az) + Aa(a1) + Aa(az) —4) +8 = 27 = 2n
vertices, 2n — 4 of them lie on the boundary of Q2. If A(az) > 1, we join to Q2
successively elementary 3-, 4-, ... , (¢ — 1)-regions, which are Jordan (2A;(a;) + 2)-
gons, using the operations U(A;_1,Gj,a,2XM(a;) + 1), 3 < j < g — 1, where
Ay =Q2, Aj = (Aj_1 UG;H)\O(Aj_1 UGj). It is easy to count that the boundary
of Ay_1 contains 2n — 4 — 2 Z?;é A1(aj) vertices. But (4.1) implies that

Z)\l(aj)=2(n—1)—7'—)\2(a3)=2(n—1)—n—1=n—3,

therefore 2n—4 = 2 Z?::,, A1(aj;)+2, and the boundary of the region A,_; contains
2)\(aq)+2 vertices. We take the complement of A,_1 in the extended complex plane
as an elementary g-region. Replacing some of the edges by bundles we get, as before,
a required line complex. If A(asz) = 1, we carry out the construction in the same
way, the only difference is that we do not need to take an elementary 3-region in
the complement of Q2. Both cases are illustrated on Fig. 23 and 24.

Now we assume that p = 7 —n > 0. Then A (a1) + A2(a1) = 7 — M(a2) —
A2(az) > n+p—(n—2) =p+ 2 and, similarly, A\j(a2) + A2(az) > p+ 2. We
subtract one from the largest of the numbers A\; and Ay and from the largest of the
numbers A3 and A\y. We get numbers, which we denote )\(11), )\(21), /\gl), )\511). We

repeat the same operation with the new numbers, and get A§2>, cee )\512). Repeating
the same operation p times, we get the numbers )\(lp), .. .,)\Elp). It is easy to see
that )\gp),...,)\flp) > 1. Let p13 be the number of ones which were subtracted

simultaneously from A; and Az in the process of all p operations. The numbers
D14, D23, P24, P31, P32, P41, Pa2 are defined similarly. It is easy to see that p;r = pij,
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Aﬁp) = A1 —P13 D14, Aép) = A2 —Pp23—D24, Aé”) = A\3—P31—D32, )\A(lp) = A4 —D41 — D42,
D13 + P1a + P23 + P24 = P31 + P32 + pa1 + pa2 = p.

Now we construct the squares @)1 and Q)2 and trapezoids T, ..., Ty, and place
vertices of the line complex in the vertices of these squares and trapezoids in the
same way as we did for 7 = n. Now in the intervals, joining the points shown in
the table below, we place the number of vertices shown in the right column of the
table:

AaD | 22 2 A4 9p,
A'B | 22P —2 BB | 2p,s
B'C' | AP _2 ¢ | 2pa
C/.Dl 2A51p) -9 D/D 2p14

The boundary of T} contains (2/\§p) —2)4+2p13+2p1a+4 =2\ +2=2)\(a1)+2
vertices, the boundary of T5 contains (2A1(a2) + 2) vertices, the boundary of T3
contains (2A\z(a1) + 2) vertices, and the boundary of Ty contains (2A2(az2) + 2)
vertices. We take Q1 as an elementary 3-region, 77 and T3 as elementary 1-regions,
T> and Ty as elementary 2-regions. The boundary of Q2 contains 2()\(1p ) H+---+
2P — 1) 44 =20 —1—p13—pra)+ - +20—1—ps—pa2)+4 =27 —dp—4 =
2n — 2p — 4 vertices, and the interior of Q2 contains (2p + 4) vertices. Now we
successively join to Q2 elementary 3-; 4-, ..., (¢ — 1)-regions, if A(as) > 1, or 4-,
., (g — 1)-regions if A(as) =1, in the same way as we did this in the case 7 = n.
Now the boundary of A,_; contains o = 2n—2p—4—2(A(as) —1)—2 Z?;i A (aj)
vertices. Since 2n — 2 =7+ A(a3) + 231.24 A1(aj) and 7 = n + p, we have

q
T=2p+ 2+ A(as) + ZM(%‘)
j=4
and
q—1
o=2r—4p—2—2A(az) —2)_ Mi(a;) = 2\1(ag) +2.

Jj=4

We take as an elementary g-region the complement of A,_; in the extended
complex plane, and then complete the proof as in the previous case. A line complex
with 7 > n is shown on Fig. 25.

CASE (b). Denote 7 = A1(a1)+A2(a1)+A1(az). Itis clear that 7 < n—2+n—1 =
2n—3, therefore ¢ > 3. At first we assume 7 < n—1. Take as a 1-region G} a Jordan
(2X\(a1)+2)-gon and mark an interior vertex a on its boundary. Then we join to G7,
as a 2-region Go, a Jordan (2\; (az) 4 2)-gon using the operation U(G}, G2, a, 1).
We join to the region A; = (G4 UG2)\d(Gy UGs) a 1-region GY, which is a Jordan
(2X2(a1) + 2)-gon, using the operation U(A;, GY, B, 1), where 8 is an exterior
vertex on the boundary of G2, next after a as we go around the boundary in
the negative direction. The boundary of the region Ay = (A; U GY)\O(A; UGY)
contains 2A1(a1) + 2 + 2A1(a2) + 2X2(a1) = 27 + 2 < 2n vertices, After that we
complete the construction of a line complex in the same way as in the proof of
Theorem 4.1. If 7 > n, then 7 = n—1+4+p, p > 1. It is easy to see that p =
Ar(ar)+A2(a1) +A1(az) — (n—1) < A1(a1)+A2(a1). Therefore we can find numbers
P1, P2, such that 0 < p; < A1(a1), 0 < p2 < Az(a1), p = p1 + p2. Now we carry out
the construction of a line complex in the same way as in the case 7 < n—1, with the
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only difference that we join G5 to G using the operation U(GY, G, «, 2p1+1), and
join G to Ay using the operation U(A;, GY, 3, 2p2+1). Now the closed region A,
contains 21 (a1)+2+2X2(a1)+2+2X1(az) — (2p1 +1)— (2p2+1) = 27+2—-2p = 2n
vertices, and the boundary of Ay contains 2n — 2p; — 2ps = 2(n — p) vertices. Now
we again join successively 3-, ..., (¢ — 1)-regions as in the proof of Theorem 4.1,
and get a region A,_; whose boundary contains

q—1 q—1
2(n—p)—2) M(a;) =2n+2n—2-27 -2 X\i(a;)
j=3 j=3
qg—1
=2{2(n—1}+2-2r-2> Ai(q)
j=3
q q—1
=2|74+> Milay) | +2-2r -2 Ai(a)) = 2X\(ag) +2
Jj=3 Jj=3

vertices. After that the construction of a line complex is completed in the usual
way. Line complexes corresponding to the case (b) for 7 < n —1and 7 > n are
shown on Fig. 26 and Fig. 27.

CASE (c). First we construct a line complex for a Riemann surface of the class
F(n;ar @ M(a2), A2(az);az : A(a1);a3 @ M(ag);aq s Ai(ag—1);...;aq : A(as)) in the
same way as we did it in the case (b). Then we take a mirror image of this line
complex and the images of 2-regions consider as 1-regions, the images of 1 regions
as 2-regions, the images of g-regions as 3-regions, the images of (¢ — 1)-regions as
4-regions, ..., the images of 3 regions as g-regions. It is easy to verify that as a
result of this transformation (we denote it by S) we get a line complex satisfying
all the conditions imposed in the case (c¢). The line complex obtained as the result
of the transformation S for the line complex from Fig. 27 is shown on Fig. 28.

CASE (d). Consider the line complex which we constructed in our study of case
(b), where A1(a2) is equal to the number A2(az2) prescribed in the case (d), and
A1(a1) > 1. Let o be the exterior vertex on the boundary of the elementary 1-
region G, (' be the interior vertex following after o’ as we go around the boundary
of G in the positive direction. Some elementary 2-region G5 has the edge joining
o' and 3 as its common boundary with G). If 7 < n — 1, then clearly G} # G». If
T > n, we observe, that A\;(a2) < n— 2 in our case, therefore p = A\1(a1) + A2(a1) +
Ar(az) = (n = 1) < A(a1) + Az2(a2) — 1, and we can take 0 < p; < A1(a1) — 1,
0 < pa < Az2(aq). With this choice of p; we get that G # G5 for 7 > n also. Thus

% is a digon. The line complex satisfies all the conditions, there is an interior
vertex o in 0G1 N IG,,.

CASE (e). We get the solution by using the solution of the case (d) in the same
way as we used the solution of the problem in the case (b) to solve it in the case
(c).

CASE (f). The solution is contained in Theorem 4.1 and the remark after it.

CASE (g). First we a construct a line complex disregarding the existence of
the base point as, that is, assuming that there are ¢ — 1 base points: a1, as, ...,
agq. Then the construction is reduced to the case (b). If we take into account the
base point as, we need only to replace each edge separating 1- and 3-regions by
a digon. Since in our construction in the case (b) the regions G} and G2 in the
constructed complex have in their boundaries at least one common edge, in our
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case the boundary of the 1-region G/, which is a Jordan (2A1(a1) + 2)-gon, and the
boundary of some 2-region which is a digon have one common internal vertex.

CASE (h). The argument is similar to the case (g).

CASE (i). We construct a line complex in the same way as in the proof of The-
orem 4.1 for a Riemann surface of the class §(n; az : A2(az2); asz: Ai(az);...; aq:
M(aq); a1 @ A2(aq)), that is, the region G; is an elementary (j + 1)-region,
1 <j < q—1, and the region G, is an elementary 1-region. The first and the
second vertices on the boundary of Ga, counting starting at « in the negative direc-
tion, we denote by B and o/, respectively; the vertex (3 is external, and the vertex
o/ is internal. These vertices do not lie on the boundary of Gy since it is a Jordan
(2X2(az2) +2)-gon, and 2X3(az)+2 < 2n—2 since Az(az) < n—2. The vertices § and
o’ lie on the common part of the boundary of a 3-region and a 4-region, therefore
they also belong to the common part of the boundary of two digons, which are
elementary 1- and 2-regions. Since o’ is an internal vertex, the constructed line
complex has all required properties.

Note that in the case (i) the requirement g > 4 is essential. For ¢ = 3 the class
F(n; a1 : 0, Aa(a1); az: 0, Az(a2); as : Ai(as)) is nonempty, as is easy to show
referring to Theorem 4.1. However, it is easy to verify that for ¢ = 3 the digons
which are elementary 1- and 2-regions have disjoint boundaries. O

REMARK. In Theorem 4.2 we assume that Ai(a;) > 1, 3 < j < ¢ in all cases.
This is done for simplicity of the proof only. It is easy to see that it would suffice
to require A;(a;) > 0, 3 < j < ¢ only, in addition, in the case (a) for one of the
points aj, 3 < j < ¢, we require that A(a;,) > 1if Ai(a;) = 0 for 3 < j < jo;
and in the case (i) we require that A (a;) > 1 for at least two values j, 3 < j <gq.
In fact, in our construction of the line complex we can first disregard those base
points for which A(a;) = 0, and then complete the constructed line complex with
the corresponding digons.

PRrROOF OF THEOREM 4.3. First we note that since
(45) /\1(&1) +)\2(a1)+/\3(a1) < n—3,

(4.6) A1(az) <n—1,

the condition (4.1) implies that the requirement ¢ > 3 in the statement of the
theorem is necessary.

We can draw the base curve L in such a way that it intersects the curve 7 in
two points only, one of which is a;. We select interior and exterior vertices on the
curve vy, and the arc of 7 joining these vertices and not passing through a; take as
the curve Cy. We select the other curves, C1,Cj,...,Cy, used in the construction
of a line complex, without any additional requirements. Now it is easy to verify
that it suffices to construct a line complex with the prescribed ramification and the
additional restriction that on the boundary of an elementary 1-region corresponding
to the point a; (point ag) there is an internal (external) vertex with the property
that these vertices are the ends of the same edge with label 2.

CASE (j). We shall distinguish two subcases: (j1) when 2A(a1) 42X 1(az) +2 <
2n; (j2) when 2A(a1) + 2X21(a2) +2 =2n+ 2p, p > 0.

SUBCASE (j1). Take as an elementary 1-region a Jordan (2A1(a1) + 2)-gon.
Mark an internal vertex « on its boundary and join as an elementary 2-region Gs
a Jordan (2X;1(az) + 2)-gon using the operation U(G1, G2, a, 1). We mark on the
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boundary of G5 an external vertex (3, which is the first after « if we go along the
boundary of G in the negative direction, and an internal vertex o’ separated from
a by four edges. We join to the region A = (G1 UG2)\0(G1UGs) an elementary 1-
region Gis which is a Jordan (2A2(a1) + 2)-gon, using the operation U(Asq, G, 5,1).
Then we join to Az = (Ay U G3)\0(Az U G3) an elementary 1-region G4 which is
a Jordan (2A3(a1) + 2)-gon using the operation U(As, G4,0/,1). It is easy to see
that the boundary of the region Ay = (A3 U G4)\0(A3 U G4) contains

2(/\1(a1) + )\Q(al) + /\3(&1) + /\1(a2)) +2= 2A(a1) + 2/\1((12) +2<2n

vertices. After that we successively join to Ay elementary 3-, 4-, ..., g-regions in

the same way as in the proof of Theorem 4.1, but now the role of the region G,

is played by the region A4, and the number p, 2 < p < ¢ is defined as the largest
P

integer satisfying 2 + 2A(a1) + 22 Ai(aj) < 2n (cf. (4.3). We leave the details of
j=2
the construction to interested reéders. Examples of line complexes, corresponding
to the cases when p = 2 and when p = 3 are shown on Fig. 29 and Fig. 30.
SUBCASE (j2). By (4.6) we have p < A(ay). Therefore we can write p =
p1 + p2 + ps, where 0 < pr < Ag(a1), & = 1,2,3. Take as an elementary 1-
region G a Jordan (2A1(a1) + 2)-gon. We mark on its boundary an internal vertex
a and join as an elementary 2-region Go a Jordan (2A1(a2) + 2)-gon using the
operation U(G1, G2, o, 2p;1+1). The inequality (4.5) implies that 2p < 2X;(ag)—4 =
(2A\1(az2) + 2) — 6. Therefore the indicated operation of joining, as well as the next
two, is admissible. We mark on the boundary of G2 an external vertex 8 which is
the first after o as we go around the boundary of G2 in the negative direction. We
join to the region Ay = (G U G2)\d(G1 U G>) an elementary 1-region G which is
a Jordan (2A\z(a1) 4 2)-gon using the operation U(As, Gs, 5, 2p2 + 1). The Jordan
arc 0G3 N 0As has two ends: one is in the vertex 3, the other is in an internal
vertex, which we denote by 4’. We mark on the boundary of G5 an external vertex
o/, which is the first external vertex after 8’ if we go around the boundary of Gs
in the negative direction. We join to the region Az = (A U G3)\d(Az U G3) an
elementary 1-region G4, which is a Jordan (2As3(a1) + 2)-gon, using the operation
U(A3, Gy, ,2p3+1). It is easy to count that the region Ay = (A3UG4)\O(A3UGy)
contains 2(p; + p2 + p3) = 2p vertices, and the boundary of A, contains 2n — 2p
vertices. Let

As = (Asfl U Gs)\a(Asfl U GS)?

5 < s < g+1, G; be an elementary (s—2)-region, which is a Jordan (2A1(as—2)+2)-
gon, joined to As_1 using the operation U(A;_1, Gs, a, 2A1(as—2)+1). It is easy
to count that the boundary of A, contains

qg—1 q—1
2n—2p—2 Z)\l(aj) =2n — (2A(a1) + 2)\1(&2) +2— 2n) — 22 Al(aj)
=3 =3
q—1
=4(n—1)+2—2A(a1) =2 Ai(a;) = 2X1(ag) + 2
=2

vertices. We take as an elementary g-region the complement of A1 in the extended
complex plane. We have constructed all elementary regions, and, replacing some of
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the edges by edge bundles, we get the desired line complex. An example of a line
complex corresponding to the case (j2) is shown on Fig. 31.

CASE (k). The argument is completely analogous to the argument in the case
(j), the only difference is that we do not need to join to Ag the third elementary
l-region. We leave the detailed argument in this case to interested readers. An
example of a line complex corresponding to the case (k) is shown on Fig. 32. Note
also, that if the relation (4.5) is satisfied with A1(a2) > 2, then the case (k) is
reduced to the case (j) with A3(a1) = 0. O

REMARK. It is clear that in the condition of Theorem 4.3 we may assume that
the point as is outside 7, and the points as, ..., a, are inside this curve.

EXERCISE. Prove the following statement. Let g > 4 distinct complex numbers
ai,...,aq and a J'-curve v with ends at the point a; be given, moreover, let points
as,...,ar, 2 <r < g, be inside the curve v, and the points a,1,...,aq be outside
the curve . Then each of the classes

(1) §(n; a1 = Ai(ar), A2(a1), As(ar), az :© Ai(a2); az: Ai(as), 0...; ag—1 :
A1(ag—1), 0; aq: Ai(aq)), where Ag(a1) >0, k=1,2,3; A\ (az) > 2;

(m) §(n; a1 : Ai(ar), A2(a1); az : Adi(az); az : A1(as), 0;...; ag—1: Ai(ag—1);
aq: M(agq)), where Ag(a1) >0, k=1,2;
contains a Riemann surface F' on which a J-curve I with the ends a; and a; € F,
such that the curve I' without ends is projected in a one-to-one way onto v\{a1},
and the point a; is a ramification point of order Ai(a;) lying over ay, k =1, 2.

Fig. 33, containing a “typical” line complex corresponding to the case (1) can
be considered as a hint showing the changes which should be made in the proof of
Theorem 4.3 (cf. Fig. 31) in order to get the desired statement.

5. Statement of the inverse problem of the value distribution theory.
Riemann surfaces with finitely many logarithmic ends

The direct problem of the value distribution theory is the problem of deter-
mination of the distribution of deficiencies and indices of a given meromorphic
function. The inverse problem consists in finding a meromorphic function having
the prescribed distribution of deficiencies and indices. In the general form the in-
verse problem of the value distribution theory for meromorphic function (later on
we shall call it briefly ‘the inverse problem’) is stated in the following way:

Let a1, a9, ..., be a (finite or infinite) sequence of complex numbers. Suppose
that for each member of this sequence numbers §(ay) and £(ay) are given, and these
numbers satisfy the conditions

(5.1) 0<d(ag) +elar) <1, k=1,2,...,

(5.2) S {5(ar) + e(ar)} < 2

The problem is to find a meromorphic function having at the points ar, k =1,2,...,
deficiencies 6(ay) and indices €(ay), and having no other deficient or index values
in the complex plane.



376 7. APPLICATIONS OF RIEMANN SURFACES TO VALUE DISTRIBUTION

The most interesting is the study of the distribution of deficiencies. For this
reason the inverse problem is often considered in more narrow form, with no re-
striction on indices. Thus, the “restricted” inverse problem, as we shall call it, is
the following

Let {ar} be a (finite or infinite) sequence, let §(ar) be numbers corresponding
to the elements of the sequence and satisfying the conditions 0 < §(ar) < 1 and

(5.3) > o(ar) <2.
k

The problem is to find a meromorphic function f(z) such that d(a, f) = d6(ax),
k=1,2,...,, and §(a,f) = 0 for all a # ar, k = 1,2,...; or to prove that such
functions do not exist.

Solutions of the inverse problem can be sought among meromorphic functions
belonging to some class C, for example, to the class of entire functions (in this
case we, of course, require a; = oo and d(co0) = 1) or to the class of meromorphic
functions of finite order. In such a case we say that the inverse problem is solved
in the class C.

The complete solution of the inverse problem is still unknown.” Fuchs and Hay-
man [FH62]| (see also [Hay64, §4.1]) found a complete solution of the “restricted”
inverse problem in the class of entire functions of infinite order. For this result we
refer the reader to the mentioned book of Hayman. All other case in which the
solutions of the inverse problem are known today will be presented in this chapter.

We shall consider the inverse problem in the class of meromorphic functions of
finite order without mentioning this explicitly. Further, we restrict our attention to
the case when the number of points {ay} is finite: a1, aq,...,aq,. Although, as we
saw in Chapter 4, the set of deficient values of a meromorphic function of a finite
positive order can be an arbitrarily prescribed countable set, the deficiencies in the
points of this set cannot be prescribed arbitrarily, since besides the inequality (5.3)
they satisfy some additional relations (see the commentary to Chapter 7). The fact
that the deficiencies, besides the inequality (5.3) should satisfy some additional
conditions, which are almost unexplored yet, makes the solution of the inverse
problem for countable sets {ay} extremely complicated. As for the set of index
values, we can easily get rid of the requirement of its finiteness and introduce this
requirement only to make our presentation more accessible. In fact, as we shall see,
in the case when the set {ax} is finite it suffices to consider rather simple class F,
of Riemann surfaces. However, in the corresponding place we shall provide hints
which can be used to generalize the obtained results to the case when the set of
index values is infinite.

So we shall solve the inverse problem assuming that the set {a;} = {a1,a2,...,
aq} is finite. Besides, we shall assume that all numbers a;, 1 < j < g, are finite.
Obviously the latter assumption does not reduce the generality because we can pass
to the general case using a linear-fractional transformation.

Now we shall prove one theorem due to R. Nevanlinna [NevR32b] (see, also
[NevR74, n. 257]). Although this theorem will be considerably generalized in
subsequent sections, we present it here not so much because it is historically the
first example of a rather general solution of the inverse problem, but because the

"Now it is solved. About this and other problems mentioned in this page, see the survey in
the end of the book.
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main idea of the proof (it is different from the original proof due to R. Nevanlinna)
will be used in what follows, and here it is not concealed by technicalities.

THEOREM 5.1. Let ¢ > 2, let a1, ...,aq be complex numbers, and d(a;), 0 <
q

d(a;) <1, be rational numbers satisfying Zé(aj) = 2. Then there exists a mero-
j=1
morphic function f(z) whose deficiency at the point a; is equal to 6(a;), 1 < j <gq.

First we introduce a class of Riemann surfaces, the so-called surfaces with
finitely many logarithmic ends, and study the value distribution of the meromorphic
mapping functions.

Let a1, ...,aq be a set of distinct complex numbers (¢ > 2), for simplicity we
assume that they are finite.

Take a finite sequence of numbers by, by, . . ., by, all members of which are taken
from the set {a1,...,aq}, moreover, the number a; (1 < j < g) is repeated p; times

in the sequence {by}, also we assume that the sequence satisfies by, # br_1, bg+1
q

(bo = bp, bpt1 = b1). It is clear that ij =pandp; <p/2for1<j<gq. Takea
j=1
simply connected finite-sheeted Riemann surface K with boundary,® bounded by a
closed Jordan curve C, consisting of p J-curves o = B By4+1, where the point By,
is projected onto the point b;. Here and later on all indices k& will be taken modulo
p, that is, & = 0 should be replaced by k = p, and k¥ = p + 1 should be replaced
by k = 1. The surface K can be constructed, for example, in the following way.
We draw a closed Jordan curve c through the points a1, as, ..., a, in the w-plane,
having a continuous curvature and consisting of line segments in sufficiently small
neighborhoods of points a;. Let wg be a point inside c. We consider a path on the
curve ¢ which passes through points b1, b2, . .., by, by moving along c in the positive
direction only (of course, when we move along ¢ from b; to b;11 we can pass through
some other points by). Then arg(w — wp) will get an increment 27y, where v is a
positive integer. We can take as K a part of the Riemann surface of the function
(w— wo)l/ Y (that is, a part of the Riemann surface corresponding to the function
w = wg + z¥), covering the interior of the curve ¢. Then the boundary of K will
play the role of C, and, obviously, the points By can be placed on the curve C in
the desired way. If p; = 1 for all j, we can take as K the interior of the curve c.
Let A be a Riemann surface corresponding to the function w = (be*—a)/(e*—1)
(that is, the Riemann surface of the function z = Ln{(w — a)/(w — b)}), with
logarithmic ramification points over a and b, a # b. If we join these logarithmic
ramification points by a J-curve I' on A (this curve does not have ends since the
surface A does not cover the points a and b, but as a point moves along I' in each of
the two possible directions, it tends to the corresponding logarithmic ramification
points), and make a cut along this curve, the surface A will be decomposed into two
parts A; and A, each of them is called a logarithmic end. The curve I' oriented
in such a way that the region A; (j = 1,2) is on the left, is called the boundary of
the logarithmic end A;. For each of the logarithmic ends we shall say that it has
logarithmic ramification points over a and b.

83, Stoilow [Sto62, Vol. 2, Ch.VIL,§5] uses the term polyhedral regions for Riemann surfaces
with boundary.
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Now we take p logarithmic ends Ag, 1 < k < p, where the end Ay has log-
arithmic ramification points over by and bgy1, and its boundary is the J-curve
o = Bypy1By. We paste to the Riemann surface K with the points By, 1 < k < p,
excluded, the logarithmic ends Ay, along the curves oy, for all k, 1 < k < p. We get a
Riemann surface F' which is called a Riemann surface with p logarithmic ends. The
part K of the Riemann surface F' is called its pseudokernel (clearly it is not uniquely
determined). If we exclude from K sufficiently small one-sheeted neighborhoods of
the boundary points By, 1 < k < p, we get a Riemann surface with boundary Ky
which is called the kernel of the Riemann surface F. The Riemann surface F' has
at most finitely many algebraic ramification points, all of which belong to K, and
p logarithmic ramification points By, ..., Bp, which are projected onto the points
ai,...,aq, moreover, there are p; logarithmic ramification points over a;.

Sufficiently small e-neighborhood of the logarithmic ramification point By, con-
tains an e-neighborhood of the boundary point By on K and intersects the loga-
rithmic ends Ax and Ay_;1. It is clear that the Riemann surface F' belongs to the
class Fy,, g1 > q. The line complex of a Riemann surface with five logarithmic ends
(the sequence by, is of the form aq,as,a1,as,a2, v = 3) is shown in Fig. 34. See,
also, Fig. 10 and 11. The line complex of a surface with p logarithmic ends has
p elementary logarithmic regions, which are separated from each other by parts of
the complex which have the form of a sequence of vertices, each of which is the
end of exactly two bundles, so that bundles and vertices alternate in the following
way: bundle, vertex, bundle, vertex, ... . These parts of the line complex are also
often called logarithmic ends because they, in some sense, correspond to logarithmic
ends of the Riemann surface. More precisely, if a point moves along a logarithmic
end of the line complex visiting successively all vertices contained in it, then the
corresponding point on the Riemann surface is moving on certain logarithmic end
A, moving from sheet to sheet, and moving away from the boundary of A.

Now we construct a homeomorphic mapping of the Riemann surface F' onto
the complex (-plane, which is quasiconformal on F\ K. Let us agree that to all
regions on F', which we consider, we join their boundary points belonging to F'.

Take pairwise disjoint 2e-neighborhoods U (2¢, By,) of the logarithmic ramifica-
tion points By, where ¢ is so small that U(ZE,Bk) N K is a disc sector with the
vertex at By, which does not contain algebraic ramification points and is bounded
by two radii and an arc which is projected into the circle {|w — bx| = 2¢}. The ra-
dian measure of the arc can exceed 2, so the sector is not necessarily one-sheeted.
We make a cut in U(e, B;) N K along a radius

Sk ={Jw—bg| <e, argw = ai},

going out of By. Then U(e, By) decomposes into two parts, Ut (e, B) and U~ (e,
By), where U™ (g, B) has a nonempty intersection with Ay and U~ (e, B;) has a

P
nonempty intersection with Ax_;. Denote the kernel K\ U Ule, By) by K. Let
k=1

e = A\{U (e, Br) UU (e, Bri1)},

;c =AU U+(E,Bk) U Ui(E,Bk_H) =\ U U+(€,Bk) U U7(6,3k+1).
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It is easy that
q
F=FKyU (U A%) :
k=1
We map A}, quasiconformally onto the upper half-plane
Hj, = {Im¢, > 0}

with some trapezoid removed. To construct such mapping we do the following. We
map U~ (&, Br+1) conformally onto

Hp ={& < —1, n >0}, Cp = &k + img,

using the function

(5.4) (r=1In — 1—iags1,
where the branch of the logarithm is chosen in such a way that the point w € Sk1 is
—b .
mapped onto (; = & = In M —1. Similarly, we map U™ (g, Bg) conformally
€

onto
H;:{§k>17 nk>0}

using the function

(55) Ck =1In

+ 1+ ia,
w—bk

where the branch of the logarithm is chosen in such a way that the point w € Sj is

mapped onto (x = & = In + 1.

€
|’LU - bk|

We cut Ay along all J-curves lying over o;. Then the Riemann surface A\g
decomposes into one-sheeted regions <I>§-k), j=1,2,..., each of which has the form
of the extended complex w-plane with the discs {|w —bx| < €} and {|w —br41 < €}
removed, and a cut o)) along those part of the curve o) which lies outside these
discs. We denote the boundaries of this cut by a,j and o, depending on whether
the positive direction on this boundary (that is, the direction for which the region is

on the left) coincides with the direction from by to bg41 on oy, or with the direction
Q={-1<& <1, 0<m <27}
in such a way that the circle {|w — bxy1| = €} is mapped onto the segment {£, =
—1, 0 < my < 2w}, the circle {|w — bx| = €} is mapped onto the segment {&, =
1, 0 < m < 27}, a,j is mapped onto the segment {n; = 27, —1 < & < 1},
and o, is mapped onto the segment {n, = 0, —1 < & < 1}, moreover, the
distortion is constant on each of the sides of the rectangle. The existence of such
quasiconformal mapping with a bounded characteristic follows from Example 5 from
Section 2. Each point from A which is projected into oy, lies simultaneously on the
boundary o,': of some @gk), and on the boundary o, of the region @gﬁ_)l. Under the
mapping onto @ this point is mapped either onto the point (£, 0), or onto the point
(&,27) depending on whether we mapped @;Tl or ‘b;k), but the z-coordinate in
both cases will be the same, since the distortion |dw/d(| on the horizontal sides of

from byy1 to by. We map @/ quasiconformally onto the rectangle

the rectangle is constant and is equal to §length(ag). Therefore, making additional
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vertical shifts of the rectangles @) corresponding to <I>§»k), j=1,2,..., we can paste
them and get a half-strip Ly = {—1 < & < 1, nx > 0}. In such a way we get a
quasiconformal mapping (; = wi(w) of the surface Ay onto Ly, moreover, wy(w)

maps <I>§-k) onto

QY ={-1<& <1, 2n(j — 1) < < 215}
The mapping wi(w) has a bounded characteristic, and a constant distortion
(5.6) |l /dw| =1/¢

on the part of the boundary of A; which is projected into {|w — bi| = €} or {Jw —
bk+1| = E}.

The function (; = wi(w) maps the part of the boundary of A\, which is pro-
jected into {|w — bi4+1| = €}, into {& = —1, nr > 0}. But the same set of points
considered as a part of the boundary of U~ (g, By 1) is mapped by the function (5.4)
into {& = =1, nx > 9,:+1}, where 6, ; > 0 is the angle between Si1 and oy, at
the point Bj.y1, moreover, the distortion is constant and satisfies the relation (5.6).
Similarly, the part of the boundary of A; which is projected into {|w — bx| = €},
on one hand, is mapped by the function wy(w) into {&x = 1,7 > 0}, and on the
other hand, is mapped by the function (5.5) into {&; =1, n, > 9,':}, where 92‘ >0
is the angle between Sy and oy at the point By.

Denote by T} the trapezoid with vertices at the points (—1,0), (1,0), (1,6’,':),
(—=1,0,.,,). We map quasiconformally Ly onto Ly\T}, using the mapping

0 — o 0 + 07
Ck_@k((k)_&c-i—i{??k-k k Ale, + & k+1}.

2 2

This quasiconformal mapping (cf. Example 2 from Section 2) is affine, has a
bounded characteristic, and reduced to vertical shifts on the vertical sides of Ly.
Each rectangle Qg-k) is mapped onto some parallelogram by the mapping @ (k).
The function ¢ = Qi (w) = Ok (wi(w)) maps A\x onto Li\T} quasiconformally and
with the bounded characteristic p(w, () < M, moreover now points of the part of
the boundary of Ay which are projected into {|w — bgy1| = €} (into {Jw — bx| = €})
are mapped onto the same points on {§, = —1, . > 0, } (on {& =1, n > 92‘})
both under the mapping ¢ = Q(w) and under the mapping (5.4) (mapping (5.5)).

We have got a quasiconformal mapping (; = Q9(w) of the surface A} onto
Hj\T}, which is represented by the function (5.4) on U~ (g, Bj11), by the function
(5.5) on U (e, By), and by the function Q(w) on Ay, where the first two functions
are conformal mappings, and the last function is a quasiconformal mapping with a
bounded characteristic. Therefore

//Hk\Tk {p(Ck,w) — 1}do(In (x)
(5.7) = //Lkm {p(Ce, w) — 1}do(In ) < M//Lk\n do(In )

_ dO’({k) ’
_M//Lk\Tk |Cx|? s Miseo

Let w = 91 ((x) be the inverse function of ¢, = Q9 (w), mapping Hy\T) onto A}.
Denote by v (r, a) the number of a-points of the function ¥ (¢x) in (Hg\Tk)N{|Ck| <
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r}. It is easy to see that ¢y (Cr) # bk, br+1 and v(r,by) =0, v(r,brr1) = 0. If a #
bk, bi+1, then the a-points ¢ ({x) form a sequence C,io)(a) +2mim, m=0,1,2,....
Therefore vi(r,a) ~r/(27) as r — oo for all a # by, bgy1.

Now we observe that the point w € Sk, as we have already mentioned, is

mapped onto the point & = In + 1 on the boundary of Hp\T), and onto

_c
|’LU — bk|
—1 = —¢&, on the boundary of Hy_1\T;_1. Therefore,

if we map Hy\T} using the function

-b
the point {1 = In u

(5.8) ¢ = gpeu k=D k=1,2,...,p,

onto some region =j, which is the angle {2—7r(k —1)<arg( < 2—7Tk with some
bounded region deleted, then the points on %c)he surface F' whichlzorrespond to a
point ¢ from 0Z;_; N OE, = {arg( = 2—7T(k —-1),[¢] > 1} under the mappings
w = Y ((=1)F1¢P/?) and w = ¢p_1((—1 )’?CP/Q) are the same. Then the function

(5.9) ¢ =C(w) = {Quw)} 7T Dk =1,2,...p,

realizes a quasmonformal mappmg of the part of the simply connected Riemann

surface F\ Ky = U A, onto U 2. We map the Riemann surface Ky homeomor-
k=1 k=1

P
phically onto the region {|(| < oo}\ U Z} in such a way that the points w € 9Ky
k=1
are mapped in the same way as by the function ¢ = {(w) defined by the formulas
(5.9). Thus we get a homeomorphic mapping ¢ = ((w) of the Riemann surface
F onto {|¢| < c0}?. Thus we have proved that the Riemann surface F is simply
connected. Let z = z(w) be a conformal mapping of F onto {|z| < R}, R < co. We
define a homeomorphic mapping z = z({) of the complex {-plane onto {|z| < R} as
P

a composition of two mappings {|¢| < oo} — F' — {|z| < R}, moreover on U Sk

k=1
this mapping is quasiconformal with the characteristic p(¢, z) = p(¢, w) = p((, w),
where ¢ and (;, are connected by the formulas (5.8).
Taking into account (5.7) we get

// - ;k p(Gw) — 1}do(In¢) = Z/ E{pﬁ, w) — 1}do(InC)
_Z//Hk\Tk P(Ge, w) = 1} da((lng)) o(In k)

1 !/
= Z //Hk\Tk p(Cr,w) — 1}do(In¢y) < EM < oo0.

Thus, the mapping z = z(( ) satlsﬁes the condition of Theorem 3.1 (O. Teichmiiller
theorem). Hence R = oo and the surface F' is of parabolic type. The meromorphic

9t is possible to map Ky by a quasiconformal mapping also, then the mapping ¢ = {(w)
would be quasiconformal everywhere on F.
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function w = f(z) mapping {|z| < oo} onto F' can be normalized in such a way that
the function ¢ = {(z) = ([f(z)], mapping the complex z-plane onto the complex
(-plane satisfies the condition

(5.10) lim ‘@‘ = lim ‘ﬂ‘ =1.
z—o00 | 2z (—oo| €
Let w = ¢(() be the inverse function to { = ((w), ¢ maps {|(| < oo} onto the
surface F. Outside | J}_, E the function ¢(¢) has at most finitely many a-points
for each a. It is not difficult to count, using (5.8), that

p
n(r,a,9) = O(1) + Y _w(r"?,a) ~
k=1
(5.11) L% for a#ay,...,a
o ) s gy

pT:pjr%—l—O(l) for a=aj, 1<j<gq,

since for a = a; exactly 2p; of the functions v (r,a) are identically zero. The
summand O(1) in (5.12) is essential only for those a;, for which 2p; = p, if there
are any. Note that the pseudokernel K can always be chosen in such a way that it
does not cover the points a;, 1 < j < ¢ (this is what happens in the construction of
a pseudokernel which was given as an example). Then the summand O(1) in (5.12)
is absent (it appears because of the points on Ky which are projected onto a;), and
if 2p; = p, the function f(z) does not take the value a;.

The equality (5.10) implies

(5.12)

227"% for a # ay,...,aq,
n(r,a, f) ~< 5™ op.
b p]rf—i—O(l) fora=a;, 1<j<g;
27
S0
1 »
(5.13) N(r,a,f)~—=rz for a#ai,...,aq,
T
and
1 2p; 3 .
(5.14) N(r,a,f)~=(1——=—]r24+0(nr) for a=a;, 1<j<g.
m p

Take a # a1, ..., aq such that the Valiron deficiency A(a, f) = 0. Then (5.13)
implies that
%

(5.14") T(r,f) ~ %r .

On one hand, the relation (5.14") implies that the function f(z) has a normal
type of order p = p/2, on the other hand, using (5.13) and (5.14) we find that

0 for a #aq,...,aq,

(5.15) Mwﬁ=ﬁ@ﬂ={@

for a=aj;, 1<j<q,
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moreover, by the corollary of Theorem 6.5 from Chapter 4, (5.15) remains true for
each normalization of the function f(z) mapping {|z| < co} onto F, that is, for all
f(Az+ B), A# 0. We have

P P
2
(5.16) E d(aj, f 5 E pj =2.
j=1 j=1

If we let p be an odd number > 3, we get examples of meromorphic functions with
properties similar to the properties of functions from Example 8 from Section 5 of
Chapter 5.

Now it is not difficult to prove Theorem 5.1. We write the rational numbers
d(a;)/2 in the form §(a;)/2 = p;/p, where p; and p are positive integers. Since

L_10(aj) = 2, we have >3%_, p; = p. Besides, it is obvious that p; < p/2,

1 < j <gq. It is clear that we can find a sequence by, ..., b, whose elements belong
to the set {a1,...,aq}, and the value a; (1 < j < ¢) occurs p; times in the sequence
bi,...,bp, and by # bip—1, bgy1. Constructing for such sequence b4, ...,b, a surface
F with p logarithmic ends in the way described above, we get, that for the mapping
function f(z) the formulas (5.1) hold, that is, the deficiency at the point a; is equal
to 0(aj), 1 < j < g, and there are no other deficient values.

If 6(aj) = 1, then the surface F' can be chosen in such a way that it does not
cover the point aj, that is, f(z) # a; for all z.

6. Almost periodic ends

In the construction of surfaces with logarithmic ends, which was presented in
the previous section, the main role was played by the notion of a logarithmic end, a
sort of a “half” of the Riemann surface of a logarithmic function. In order to solve
the inverse problem for a wider class of cases than the one for which the solution
is given by Theorem 5.1, we generalize the class of Riemann surfaces with finitely
many logarithmic ends, to do this we first generalize the notion of a logarithmic
end.

Consider a sequence {®}, k = £1,+2, ..., of closed Riemann surfaces of genus
zero, all ramification points of which are projected into the points a1, as, .. ., aq only,
where the points aq,...,a, are distinct. For simplicity we shall assume that the
complex numbers aq,...,a, are finite. Let b; and by be complex numbers, such
that either by = a1, by = ag, or by = by = a;. We assume that &, = ®_;, k > 1.
For each Riemann surface ®; we make a cut I'y along some J-curve with ends
B¥, BY ¢ ®;, which is projected to a fixed curve v with ends b; and by, which
does not pass through the points a;, unless a; # b1, ba. The case by = b, which
corresponds to a closed Jordan curve v is not excluded, but, obviously, in this case
the requirement of possibility making the cut I'y imposes certain restriction on the
surface @y, for example, ®; cannot be a one-sheeted surface. The Riemann surface
obtained from ®; after making the cut Iy, will be called a brick <I>k, <I>k =&_ k-

Considering v as a cut, denote its boundaries by v and v~, so that in the
sufficiently small neighborhood of by the angle between v~ and T with the vertex
at by is equal to 27. Transferring this notation to each of the cuts I'y we get the
boundaries 1"+ and I';. Now we paste I‘+ with 'y, k # —1,0, and F+1 with I'.
We get an open snnply connected Rlemann surface ® Wthh has two logarlthmlc
ramification points B; and B, which are projected onto by and by, respectively (if
b1 = by, then the correspondence between logarithmic ramification points and b;,
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j = 1,2 is established in an arbitrary, but fixed way). The cut on the surface ¢
along the curve I' = ] = I'", divides ® into two parts, A; and A, each of which
is called an end. The boundary of the end A; is defined in the same way as for
logarithmic ends.

We shall distinguish between surfaces ® with by # by, and with b; = bs.
Following L.I. Volkovyskii [Vol50], we call the ends arising from ® the ends of
the first and the second kind, respectively.

If all @4 are one-sheeted, then, as is easy to see, the surface @ is the Riemann

surface of the function In = Z?, and the ends A; are logarithmic. In the case

when all bricks @, are the same, the ends A; are called periodic*®. Ends satisfying
somewhat less restrictive assumptions are called almost periodic. Before listing the
assumption, we introduce some notation.

Let my be the number of sheets on the surface ®y.

Denote by ®”, v = 1,2, ..., the part of the Riemann surface ® consisting of

U ®},, moreover we include I'] into ®”, but exclude I'}. Let 7, (a) be the number
k=1

of the points of ®” lying over a, and n,(a) is the number of the same points, but
each ramification point of order m is counted m + 1 times. The number

v
n, = E myg
k=1

is called the number of sheets of the surface ®”. Besides, we let ng = ng(a) = 0 for
all a. Obviously, i, (a) < n,(a) < n,, besides, n,(a) = n, for all a # by,bs. In the
case when b; = by = a1, we denote the sum over k, 1 < k < v, of numbers of points
(in the case of algebraic ramification points we take into account their orders) of
the Riemann surfaces ®\{B}}, lying over the point a; by n,(b;), j = 1,2. It is
easy to see that

(6.1) 2n, —n.,(b1) —n,(b2) = n, — ny(ar).

Later on we shall write n, (b;) instead of n,(b;), because it does not lead to any
confusion, but will allow us not to consider the cases by = by and b; # by separately
in some formulas. By the Riemann-Hurwitz formula (4.1) the sum of all algebraic
ramification points of the surface ® is equal to 2my, if we agree to count the orders
of the points Bj’?, j =1,2, according to the number of sheets included in the cycle,
that is, we add one to the order of a ramification point (or to zero, in the case of a
simple point). Then it is easy to check that

D (= w(ag)) + ) (nu(az) = 7in(ay))

-

j=1 j=3
(6.2) ) .
= E (ny —nu(aj)) + E ny(aj) — i (a;)) = 2n,
j=1 Jj=1
101y the case of periodic ends the requirement that the curves I'y, = I'y are J-curves is

superfluous, since the equal bricks ka = @, can be pasted into a surface ® if the cuts in & = &;
are made along an arbitrary Jordan curve, the same for all ®y.
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for by # bs, and

ny — ﬁu(al) + Z(nu(aj) - ﬁl’(aj))

=2

= (ny —nu(ar)) + > (nu(a;) — nu(ay)) = 2n,

Jj=1

(6.3)

for by = by = a;.
The quantities

6g(a) = 5g(CL,A1) =1- limsup ny—@ — lim inf LTLV(CL)’

v—00 Ny v—roo Ty

£y(a) = £4(a, Ar) = lim inf M
will be called the geometric deficiencies and indices, respectively, of the end A,
as well as of the end As, and of the surface ®. It is clear that for a # by, by we
have d4(a) = 0, and for a # a1, ..., aq, we have e4(a) = 0. It is easy to see that
ggla) + d4(a) < 1, g4(a) > 0, dg(a) > 0. Besides, the equalities (6.2) and (6.3)
imply that

Y (65(a) +e4(a)) < 2,
a
moreover, the equality here takes place if and only if all geometric deficiencies
and indices are obtained as exact limits, that is, for all a the relations n,(a) =
n, (1 —dg(a)) + o(n,) and n,(a) — i, (a) = g4(a)n, + o(n,) hold.
For by = by = a1 we will consider, in addition to d,4(a1), the quantity

8 (bj) =0, (bj, A1) =1 —limsupM j=12.
93d gy v—00 ny ’ '

The equality (6.1) implies that, if n;,(b;)/n, = 1 — d,(b;) + o(1) as v — oo,
J =1,2, then dg4(ay1) = d;(b1) +dg(b2). Later on we shall write d,4(b;) and d4(b;, A1)
instead of d;(b;) and d; (b;, Ay).

It is clear that the surface ® belongs to the class F, and can be represented
by means of a line complex. It will be convenient for us to choose base curves in
a special way. If ® has ends of the first kind, we choose the base curve in such
a way that it includes the curve «y. If ® has ends of the second kind, then v is a
closed Jordan curve, and we choose the base curve in such a way that it intersects
v at two points only: at a; = b; = bs and at one more point b. In this case as
vertices we choose one point on each of the arcs on which the curve v is divided
by the points a; and b. It is easy to see that with such choice of the base curve
the boundary between the parts of the line complex of the surface ® corresponding
to the neighboring bricks passes either through one edge (b1 # b2), or through two
vertices joined by one edge (b; = bz). A line complex of the surface ® with ends of
the first kind is shown on Fig. 9 and 35, a line complex of the surface with ends
of the second kind is shown on Fig. 13 and 36. In the case shown on Fig. 9, the
surface ® has two logarithmic ends, in the case shown on Fig. 13, the surface ®
has two periodic ends, which in this special case are called sine-ends.
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It is easy to single out those parts of the line complex of ® which correspond
to surfaces ¥, and, as it easy to verify, the geometric deficiencies and indices of
the surface ® can be computed directly from the line complex of the surface ®.

Now we assume that d,(b1) > 0 and d4(b2) > 0. We cut from &, pairwise
disjoint e-neighborhoods U (e, B}“), j = 1,2, of the points BY and BY, where ¢ > 0
is chosen to be so small that 2e-neighborhoods of the points BY and B do not
contain other ramification points of ®, and the part of I'y; containing in each of
the neighborhoods U (2¢, Bf) consists of one line segment. We find a quasiconformal
mapping of the Riemann surface

;c = (i)k\(U(&Bf) U U(57B§))

onto the rectangle Ry = {—1/04(b2) < & < 1/d4(b1), 0 < n < 2mmy}, ( =&+ in,
such that the part of the boundary of ®} lying over {|w — by| = €} and over
{|lw — b1| = €} is mapped onto the left and the right sides of the rectangle Ry,
respectively; and the part of the boundary of ®; lying on I',” and on I‘Z, is mapped
onto the lower side and the upper side of Ry, respectively; moreover the distortion of
the quasiconformal mapping is constant on each side of the rectangle. The existence
of the required quasiconformal mapping follows from Example 5 of Section 2. These
quasiconformal mappings are not uniquely determined. Denote by py the infimum
of the set of numbers sup p(w, ) over all quasiconformal mappings ®}. on R, with
weD)
the described correspondence between the boundaries. It ic clear that p_, = ps.
Since @) depends on ¢, then pj depends on e. We shall assume that ¢ is fixed!!.
Denote the function realizing the quasiconformal mapping of ®}, onto Ry, with
the indicated correspondence between the boundaries by

¢ = or(w),
we also assume that p(w, pr(w)) < 2p for w € @),

DEFINITION. Ends A; and As of the Riemann surface ® are called almost
periodic, if the following conditions are satisfied:

Vb’ 1 .
) o(1Y Dy e

v nl/
(oo}
o Dvmy
2 E 57— < 003
v=1 v

n

3° The following limits exists: lim nw(@) = (a) =¢gg(a) > 0;
V—»00 n,

4 lim 2 = o.
v—00 My,

In the case when the surface ® has periodic ends, my = m1, n, = vmj = vny,
ny(a) = vni(a), n,(a) = viti(a), nu(b;) = vni(db;), 7 = 1,2, p, = p1. It is clear
that the conditions 1°-4° hold, hence periodic ends are almost periodic. It is easy
to see that all geometric deficiencies and indices of a surface ¢ with periodic ends
are rational numbers, and if e4(a) > 0, then g4(a) + d4(a) < 1.

11Since, as we shall see, the sequence py is used in the definition of an almost periodic end,
the almost periodicity of an end depends, generally speaking, not only on Aj, but also on the
choice of e. This deficiency of the definition can be eliminated, but we are not going to do this,
because the present definition will no cause any inconvenience.
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The conditions 1° and 3° together with (6.2) and (6.3) imply that for a surface
® with almost periodic ends the condition

(6.4) > (04(a) +24(a)) =2
holds.

In what follows we consider surfaces ® with almost periodic ends only without
mentioning this explicitly.

We construct a quasiconformal mapping of the surface ® onto the complex (-
plane, ¢ = £ +in. To this end we map the e-neighborhoods U (e, Bj) and U(e, Bs)
of the logarithmic ramification points using the function

1 w—by .
6.5 = In + iag,
( ) C 59(62) 2
1 ce
(6.6) ¢ 5,00) nw—b1 + i

onto the regions Go = {{ < —1/d4(b2)} and G1 = {& > 1/d4(b1)}, respectively.
We choose the real constants ap in (6.5) and a; in (6.6) in such a way that these
mappings map the line segment I' N U(e, By) onto {n = 0,6 < —1/8,(bs)}, and
the line segment ' N U(e, By) onto {n = 0,6 > 1/8,(b1)}. We place the vertices
A%, A5, A% A% on the boundary @) in the order corresponding to the positive
(counterclockwise) orientation of the boundary, in such a way that A¥A5 = r,,
Ak Ak =T}, the curve A% AX lies over {|w —bi| = ¢}, and the curve A} A¥ lies over
{|w — b2| = €}. Under the mapping (6.5) the point A¥ is mapped onto the point

1 211
D= 4+ 2" (1 —np_q(b for k>1,
K 5.0) 6g(b2)( k=1 — Nk—1(b2)) 2
1 271
Dk = — — s (g = ng(b)) for k<1,

! dg(b2)  dg(b2)

the point A% is mapped onto the point D¥ = D’f“, DY = D}. Under the mapping
(6.6) the point A% is mapped onto the point

1 271
D= — 4+ = (nj_1 —np_1(b for k>1
2 (Sg(bl) +6g(b1)(nk 1 N 1( 1)) or = 4
1 21

Dy =
27 Gy(b1)  Gy(br)
the point A% is mapped onto the point D} = D’QC'H.

We consider a quasiconformal mapping of ®}, onto the trapezoid T}, with vertices
at the points DY, D5, D% DX in such a way that the point A? is mapped onto the

(n—g —n_g(by)) for k< -1,

point D;“, j =1,2,3,4, and the distortion is constant on each of the sides of the
trapezoid. To this end, we first map @ onto the rectangle using the function ¢’ =
¢x(w) onto the rectangle Ry = {—1/d4(b2) <& <1/§4(b1),0 <7’ < 2wmy}. Then
we map the rectangle Ry onto the trapezoid T} using a quasiconformal mapping
¢ = r(¢'), such that v(—1/8,(bs)) = D¥, ve(1/6,(b1)) = D5, $i(1/5,(bs) +
i2mmyg) = DX, ¥p(=1/3,4(bs) + i2mmy) = D%, and the distortion is constant on
each of the sides of Rj. We show that the functions ¢ (¢’) can be chosen in such a
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way that the characteristic p(¢’, ¢) is bounded by a constant which does not depend
on k. In fact, if we use the inequality (2.12), we get the estimate (k > 1)

p(cl C) < 27ka max(qlfa qg)
(6.7) = min(q’f, q§) 2mmy,
' 2mmy,

2k k_ k 2
h? min(q¥, ¢) max{ay, (¢35 —q7 — @7 +ax)’},

where
1 1
h= + ,
dg(b1) ~ Gg(b2)
- o 1k — 1k (b)) g {:k,l S U] Y
g( j)
ap = 2 {nk—l —ng-1(b1)  mp-1 — nk—l(bQ)}
dg(b1) dg(b2)
If £ < —1, the estimate (6.7) remains true with oz = ay, q}“ = ‘ | ,7=12 Tt

is clear that it suffices to consider the estimate (6.7) for k > 1. The condition 1°
implies that n, — n,(b;) = n,d4(b;) + O(1), j = 1, 2. Therefore

a = O(1), q;-“ =2m(nk — nk—1) + O(1) = 2amy, + O(1),

k
; 1
E_ _k — 1 9 =1 — | =0(1).
3 —qi +ar=0(1), CE— +0 p— O(1)

Besides, since the quantities ny — ng(b;) form a non-decreasing sequence, qj >
21/64(bj), 3 = 1,2, k > 1. Therefore
2mmy 1

¢ T 1T+Oo/m) o

These estimates imply that the right-hand side of (6.7) is uniformly bounded
by some constant L. Then the characteristic of the quasiconformal mapping ( =
U (w) = ¢Yr(pr(w)) of the surface @}, onto the trapezoid Ty is bounded by 2Lpy.

Taking into account the fact that under the mapping of U(e, By), Ul(e, Ba),
and @}, k = £1,42,..., onto Gy, Ga, and T}, respectively, the distortion on the
common part of the boundary of two of these regions is equal to the same constant,
it is easy to see, that we have constructed a quasiconformal mapping ¢ = ((w) of
the whole Riemann surface ® onto {|¢| < oo}, moreover, in Ul(e, By) and U(e, By)
this mapping is conformal. Under this mapping the end A; is mapped into {n > 0},
the end As is mapped into {n < 0}, and the curve I" is mapped into {n = 0}.

We estimate the integral

//CéTluT 1 p(Gw)do(lng) = Z // w)do(ln ¢)

|k|=2

< Z 2ka// do(In ¢) —4szk/ do(In¢).

|k|=2

(6.8)
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But for sufficiently large k we have

I om0~ ] T < i S 20
h

- 2{min (|D],|D5]) }
h(gt + g5)
2
2 {minuzl’g (%[nk,1 - nk,l(bu)]) }
h  dmmy + 0(1) h 4my, + 0(1)

T2+ O} 2 {2mny — 27my + O(1))2
_h omy 4 + O(1/my) —O<%>
- s

T2 n2 m 2 n
k {27T—27rn—: +O(1/nk)} k

7 {1D§ — D3|+ D — Dy}

IN

We used the condition 4° here.
By the condition 2° the inequality (6.9) implies that the series in the right-hand
side of (6.8) converges. Hence

/ / o [p(Gw) 1y
- / / {p(¢,w) — 1}do(inC)
[¢]>1,—1/684(b2)<E<1/84(b1)

< / / p(¢, w)do(In ¢) < co.
[¢1>1,—1/8,4(b2)<EL1/8,(b1)

Let z = z(w) be a conformal mapping of the surface ® onto {|z| < R}. Then
the quasiconformal mapping z = z({), obtained as a composition of the mappings
{[¢| < oo} = @ — {]z| < R} with p(¢,2) = p(¢,w), by (6.10), satisfies the
conditions of Theorem 3.1. Hence R = oo and with a suitable normalization of the
mapping of ® onto {|z| < co} we have

(6.10)

@
(6.11) lim ‘7‘ lim

zZ—00 {—o0

L‘ _
z(¢)

Let us study the value distribution of the meromorphic function w = ¢(¢), which
maps the complex z-plane onto ®. By (6.11) it suffices to study the value distribu-
tion of the function w = ¢(¢) inverse to the function ¢ = ((w) constructed above.
The function w = ¢(() establishes a quasiconformal mapping of {|¢| < oo} onto ®.
It is easy to see that for each a, a-points of the function ¢(z) lie in some vertical
strip {|¢] < &}, &0 = &o(a) > 0. On the other hand, the mapping ¢ = {(w) maps
the brick ®}, into the region Sj consisting of the trapezoid Ty and two adjoining to
its vertical sides horizontal half-strips. The region S}, is contained in the horizontal
strip

min { 2m (M k—1 — n|k|_1(bu)]} < (—1)sEnky

< max {%[nw - nlkl(bu)]} :
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Using the conditions 1° and 4° we see that the width of this strip is equal to
27 () — nyg|—1) + O(1) = 2wmy + O(1) = o(nyy|). Since the set

k —k
Usi|ul US| k=1,
j=1

j=—1

contains 2ny(a) a-points of the function ¢({) (27 (a) a-points, if we do not take
into account the multiplicity of a-points), then, using the conditions 1°, 3°, and 4°,
it is easy to show that

— +o(r) for a # by, bo,
T

(6.12) n(r,a,p) = %(1 —dg(a;)) +o(r) for a=a;,j=1,2 (if by # b2),

1(1 —dg(a1))+o(r) for a=a; (if by = by = a1),
T

(6.13) ni(r,a, ) = EQ(CL)% + o(r) for all a.

Taking into account (6.11) we see that the relations (6.12) and (6.13) remains
true if we replace n(r, a, p) by n(r,a, f) and nq(r,a, ) by n1(r,a, f) in them. Now
we easily find, that

Z +o(r) for a # by, ba,
(6.14) N(roa,f) = £(1=by(a)) +o(r) for a=aj, j=1,2 (if by # ba),
Z(1=dg4(a1)) +o(r)  for a=ay (if by = b2 = a1),

(6.15) Ni(rya, f) = eg(a)£ +o(r) forall a.
Taking a # b1, by such that A(a, f) =0, we get
(6.16) T(r, f) = % +o(r).

The relation (6.16) implies that the type, and also deficiencies and indices are
the same for all functions f(Az + B), A # 0, that is, for all normalizations of
functions mapping the complex z-plane onto the surface ®. Taking into account
(6.14), (6.15), and (6.16), we get the following theorem.

THEOREM 6.1. If the meromorphic functions w = f(z) maps the complex z-
plane onto the Riemann surface ® with almost periodic ends, then the function f(z)
has the normal type of the first order, and its deficiencies and indices coincide with
the geometric deficiencies and indices of the surface ®.

Taking into account this theorem we shall write simply d(a, A1) and e(a, A1)
instead of d4(a, A1) and €4(a, A1). However we cannot omit the subscript ¢ in the
notation d4(a) and e4(a), because it can lead to a confusion.

EXERCISE. Suppose that the surface ® has periodic ends and ¢, = ®;. Sup-
pose that a rational function w = R;(z) maps the extended z-plane onto ®;, more-
over Ry(0;) = B} € @1, j = 1,2; R(z) = R1(L(z)), where L(2) is a linear-fractional
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transformation, mapping the points 0 and oo onto the points (5; and (2, respec-
tively. Prove that the function w = R(e®) maps {|z| < oo} onto ®. Conversely,
each meromorphic function of the form w = R(e®), where R(z) is some rational
function, maps the complex z-plane onto some surface ® with periodic ends.

We would like to make some remarks in connection with the study if surfaces
®, undertaken above. This remarks will be used later on.

REMARK 1. When we constructed the quasiconformal mapping ¢ = {(w) of
the Riemann surface ® onto {|(| < oo}, the part of the Riemann surface which was
mapped into the strip {—1/d,4(bz) < & < 1/84(b1)} was ®\(U(e, B1) U U(e, Ba)),
where ¢ is the fixed number from the definition of the quantity pj entering the con-
dition 2°. Let us show that the quasiconformal mapping (3 = (3 (w) with similar
properties can be constructed if we take instead of € an arbitrary number ¢; satisfy-
ing 0 < &; < e. In fact, let us map U(ey, By) and U(ey, By) onto {& < —1/8,(ba)}
and {& > 1/64(b1)}, respectively, using the functions (6.5) and (6.6), with e; in-
stead of . We map ®\(U(e1, B1) UU (g1, By)) onto the strip

{ 1 10 €€ < ¢ < 1 ! 66}
_ nc n=*
0g(b2) &1 T 77 dg(b1) e

using the function ¢ = {(w), and then map this strip using the function

(6.17) &1 +im = mi_ + i1

€1

onto the strip {—1/d4(b2) < & < 1/64(b1)}. The quasiconformal mapping (6.17)
has characteristic p(¢, (1) = const, therefore it is easy to verify that the relations
(6.10), (6.12), and (6.13) are valid also for the function w = ¢1(¢1) which is the
inverse of (1 = (1(w). Therefore in what follows we shall use these formulas, and
also the formulas (6.5) and (6.6), regarding € as a sufficiently small number.

REMARK 2. The constructed quasiconformal mapping w = ¢({) maps the
upper half-plane {n > 0} onto the almost periodic end A;. Let o and 8 be some
positive numbers. Denote by H,g the region in the (;-plane, {; = & + in1, whose
boundary is the polygonal line consisting of {m1 = «a, & < —1/d4(b2)}, {m =
B, & > 1/04(b1)}, and the line segment joining the points (—1/d,4(b2)) + i and
(1/04(b1)) + i, where the ray {& = 0, m1 > max(«, 3)} is contained in H,3. We
map Hyg onto {n > 0} using the mapping

<.
=
e}
=
7223
—
INA
|
—_
~
[=7)
Q
—~
>
DN
~

&+ (m—a)i
C=¢+in={& +(m—B)i
&+ 771—6—(1 ——a/ag(bl)zﬁ/ég(b”)i for 697(1 <& <

=
—
e}
=
T
i\
\%
—
~
>
)
—
o>
=
S~—

It is clear that p(¢1,{) =1 for & > 1/64(b1) and for & < —1/84(b2), and p((1,¢) =
C = const for —1/d4(b2) < & < 1/64(b1). Denote by w = ©ag(¢1) = ¢({(¢1))
a function which establishes a quasiconformal mapping of the region H,g onto
the almost periodic end A;. It is easy to see that the function ¢ = ((w), inverse
to w = wap(C), has the form (6.5) and (6.6) in U(e, By) and Ul(e, By), but with
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different constants a; and ay. Next, by (6.10) we have

i . 6w~ o)

- / / {p(Grrw) — 1}do(nGy)
HopgN{—=1/84(b2)<€1<1/d4(b1)}
dO’(lIl Cl)
6,18 <c / / p(¢w) 220D o n ) + ¢y
(6.18) (=178 (b2)<€<1/84 (b1),[C|>1} do(In ¢)

2
= C// (¢, w) £ do(In¢) + C4
{—1/84(b2)<€<1/84(b1),|¢|>1}
<, / / P(C, w)do(n ¢) + C; < oo,
{=1/64(b2)<€<1/84(b1),[¢|>1}

G
where C7 and Cy are some constants.
Denote by n(r, a, pag) or ii(r,a, pas) the numbers of a-points of the function
w = as(C) lying in Hap N {|¢| < 7}, depending on whether we count or no the
order of a-points. Let n1(r,a, pag) = n(r,a, pag) — (r, a, pas). Using (6.12) and
(6.13), it is easy to get

7= +o(r) for a # by, be,
(6.19) n(r,a,0ap) = { 5=(1 = d4(az)) +o(r) fora=a;, j=1,2 (if by # by),

—(1 = 64(a1)) +o(r) fora=ay (if by = by = a1),

|~ 5

2
r
(6.20) n1(r, a, pag) = €4 (a)z— + o(r) for all a.
T
Now we prove the following theorem.
THEOREM 6.2. Let €1,€2,...,64 (¢ > 2), 01,02 be some numbers, such that
0;>0,7=1,2,0<¢;<1,5=1,...,q,0;+¢; <1 forj=1,2, and
q
(6.21) S+ 02+ Y &5 =2.
j=1
Letay,...,aq be distinct complex numbers and y be some J-curve in the w-plane
with ends at the points a1 and az, which does not pass through the points as, . .., aq.

Then there exists a Riemann surface ® with almost periodic ends of the first kind,
separated by a J-curveI' C ®, such thatT' is projected into v, d4(a;) =05, j =1,2;
eglaj) =¢j,5=1,...,q; 04(a) =0 for a # a1, as; e4(a) =0 for a # as,...,a,.
If 1 + 02 = 2, then necessarily 6; =d2 =1,¢; =0, 5 =1,...,q. We can take as
— as

w
® the Riemann surface of the function In , that is, a Riemann surface ® with

w—a
logarithmic ends. The logarithmic ends can bé separated by an arbitrary J-curve
on @, joining the logarithmic ramification points. In particular, the J-curve can be
selected in such a way that it is projected into ~.

Now we can assume that d; + d3 < 2. First we introduce an additional restric-
tion:

A Ife; >0,thene; +9; <1,j=1,2,and g; <1, j =3,...,q. From here it
follows that ¢ > 3, Z?::,, g; > 0. We may assume without loss of generality that
€3 > 0. Choose a positive integer m so large that, with the notation D; = md; — 1,
j=1,2,E;=mej;, j=1,...,q, the following conditions are satisfied:
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(a) D; >0, j =1,2, moreover, if §; < 1, then D; < m — 2;
(b) If E; >0,then D; + E; <m—4,j=1,2,and E; <m—2,j=3,...,q
(¢) g+3<E;3<m-—q-—3.

To construct the surface ® we shall take surfaces @, with the same number
m of sheets, and with algebraic ramification points which are projected into the
points ay, . .., a, only. There exists only a finite number'? of different surfaces ®.
Since the curve 7y for the construction of the surface ® is fixed, then ® is composed
if a finite number of bricks ®;, of different types. Choosing arbitrarily a sufficiently
small ¢, we define @) and find, that maxpj, = P < 0. It is clear that n, = mv,

m, = m, therefore the conditions 2° and 4° from the definition of an almost periodic
end hold.

We shall take surfaces &, which have algebraic ramification points over the
points a; and ag, and at the ends of the curve I'j, of orders d¥ and d5, dg? >0,
j = 1,2, respectively, and at most one algebraic ramification point of each of the

orders e} and e}, e? >0, j = 1,2. There is at most one algebraic ramification

point of order e’C > 0,4 < j < g, over each point a;, j = 4,...,q, and there
are at most two algebralc ramification points with the sum or orders e§ > 0 over
the point as. Theorem 4.2 implies that the only relations between the numbers
ef, 1 <j <gq, d¥, di are the relations dg? < m—1 and dg? + e? < m-—2,if
eh >0, =12 €

ramification points over as, we have also ef < m — 2) and the Riemann-Hurwitz
q

formula: df +d5 + Z e? = 2(m—1), that is, we can construct Riemann surfaces ®y,
j=1
with preassigned numbers d;?, e?, provided they satisfy the relations listed above.

<m—1,3 < j < g, (moreover, if there are two algebraic

Choosing the sequence d;?, j = 1,2, we shall distinguish two variants. In the
first variant dk [kD;] — [(k—1)D;], k=1,2,.... Then

ny

ny, — ny(ay) . dk k
— —0; = +1) d; —4; —|——
; Z

(6.22) )
-1 {%kzldf —D]} - {@ —Dj} = {vD; - WDy},
Hence
(6.23) (6.23,) - niy _ _% - %:(%) s, <0,

In the second variant the choice of dé? differs from the first only when we set
djl = [D;]+ 1. The second variant is applicable only if ; < 1 and, by the condition

(a), Dj < m — 2. In the second variant of choice of dé? we get, instead of (6.23,),
the following inequality

v — Ty J 1
(6.23,) 0w zmle) o 1
ny ny

12Readers who are not acquainted with this fact, can replace this sentence by the following:
“We shall use only a finite number of different surfaces ®;”.
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In both cases we have
v ] 1 .
(6.24) ’1—M—5j}<—,]—1,2,

ny ny

that is, d4(a;) = 65, j = 1,2, and the surface ® satisfies the condition 1° from the
definition of an almost periodic end.
Now we can choose e?, 1<j<gq, k>1,in such a way, that

i () — 7w (ay)
V=00 n,

For 1 < j <gq, j # 3, it suffices to take

(6.25) =g, 1<j<q.

By the condition (b) such choice of e? is possible. Then (j # 3)

ny(a) —a;) 1~ VB [vme] ,
(6.26) o = ;ej =S = s e, Voo,

Now as e§ we take

q
(6.27) ef =2(m—1)—df —d5 =) €.
=1
7#3
Since mé; —2 < df <md;+1,j=1,2; E; —1 < el <E;+1 for j # 3, by the
condition (c) and (6.21) we have

ek <2(m—1) — (mé; — 2) — (mdy — 2) — Z(msj -1)
J#3

=2m+q+1—m 51+(52+ZE]‘
73
=2m+qg+1-m(2—e3)=E3+qg+1<m-—2

ek 22(m—1)—(m61+1)—(m62+1)—2(m5j+l)
J#3
=2m—(¢+3)—m(2—¢e3) =E5—(¢g+3)>0.

Hence such choice of €% is admissible. Now, by (6.21), (6.24), (6.26), and (6.27)
we get

v

ny(as) — 7, (as) J 1 k&
Rl Sat- A E =2 E di +1
vm “ (di+1)

n vm
v k=1

D NCERIED SPUD SRR S ]
k=1

J#3 k=1 J#3

Thus, the relation (6.25) has been proved for all j, 1 < j < ¢. So we have proved
that the condition 3° from the definition of an almost periodic end is satisfied, and
also, that eg4(a;) =¢;,1<j <gq.
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Note, that we not only proved (6.25), but also obtained the inequalities
ny(a;) —nu(a;)
ny n,’

where Cj =1 for j #3 and C3 = ¢+ 1.
Now we shall eliminate the restriction A. We may assume that ¢ > 3, letting

(6.28)

€3 = 0 if necessary. We can choose numbers s(ln), . ,8((1”) >0,n=1,2,..., such
that
q
(@) 1 +da+ > e =2
j=1

(b) Ifsg-") > 0, then Eg-n) +6;<1,7=1,2, and Eg-n) <1,5=3,...,q
(¢) lim el = g5, 1<j<q.

n—oo J
We already know how to construct a surface ® with almost periodic ends,
such that dg4(a;) = 6§, 1 = 1,2; g4(a;) = E;n), 1 < j < g¢. We denote bricks of the
surface ®(") by @fcn). Now we construct a surface @, each of whose ends consists of
the following sequence of bricks:

SRR T T I (RN
the choice of the sequence Iy,ls,... will be specified later. We shall use the same
notation for the surface ®(™) as we used for ®, but shall add an upper index n. If
§; =1 (5 =1,2), we take d?’(") = m(» — 1 for all n. Then obviously ny(a;) =0,

and the condition 1° for the point a; is satisfied for ®. Now let 0 < J; < 1. Let

us show that we can choose df’(n) according to the first or the second variant,
depending on n, in such a way that the inequality (6.24) is satisfied for ®. Let us
choose d?’(l) according to the first variant. Then, obviously, (6.231) and (6.24) are
satisfied for 1 < v < l;. We introduce the notation v, =1y + Iy + -+ + [,. Suppose

that (6.24) is satisfied for 1 < v < v,. Consider the expression

Q‘r == ]. - LuT(aj) — 6j'

ny

-

If Q, > 0, then we choose d?’(TH) according to the second variant, if @, < 0, we

use the first variant. Then the inequality (6.24) is valid also for v, < v < wv,47. In
fact, let, for example, () > 0, that is

(6.29) o<1 Ml@) 5oL

Ny Ny

T+1)

Then we choose df’( according to the first variant and, denoting N = v — v,

by (6.231), we have

(r+1) (r41)
1 ny —ny (a;)
(6.30) -7 < Y ~3§;<0.
9% ny

By (6.29) and (6.30), respectively, we have

0<ny,, —ny (a;) —dn,, <1,

-1< n%H) - ng\?_l)(aj) — 6jn§\7+l) <0.
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Adding these inequalities and observing that

Ny, + n%—-{-l)

we find that

=Ny, o8 =1y, o, (05) + 05 (05) = nu(ay),

-1 <n, —ny(a;) —6jn, <1,

the inequality (6.24) follows. The case @, < 0 is treated similarly. Thus, we
may assume that (6.24) holds for all v independently of the choice of the sequence
l1,12,.... Hence d4(a;) = d;, and the condition 1° holds for .

Let v, < v <wv;11. By (6.28) we get

Ini(a5) = (@) = nY | < €5, 1< s <
then
(6.31) ni(a5) = 2" (a5) — ™| < G + el — il 1< s <7
Similarly for N = v — v, we have
(6.32) I (ay) = G (@) — e TV < €+ 15T — Y.

Adding the inequalities (6.31) and (6.32), and taking into account
_ N D)
(6.33) n, = ans +ny
s=1

and similar inequalities for n,(a;) and 7, (a;), we get

Iny(aj) — 7 (a;) —ejn| < (7 +1)C;

(634) - s s T+1 T+1
+ 3 les” —eilng? + 16y — eiln Y.
s=1
Since egn) — g5 as n — 00, taking into account (6.33) we get (v — o0)

I . .
(6.35) - {Z |€§s) —ejln + 1Y — 5j|n§\,+1)} = 0.
Y Us=1

We shall assume that I, > n, then 7 = o(v,), and for 7 — co we have

T—l—lST—l—lST—l-l
n, n,

— 0.

6.36
(6.36) ) o
The relations (6.34), (6.35), and (6.36) imply that, for ®, the relation e4(a;) = ¢;,
1 < j <gq, holds, and the condition 3° is satisfied.

It is easy to see that'® (vy = 0)

m,, PO
S S

v=1 v T=lv=v,_1+1
0 vr 1 o > 1
() (™) — (D (™) —
(6.37) §§:1P m Z+1 2 <§:1P m Z-i—l 2
— v=v,_1 = V=v,_1

o0 o0
PMm(7) 1
E 4 pWy,, M E .
< = v + m — V2

13Recall that P(T) = mkaxpgr).
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It is clear that for arbitrary given sequences { P(")}, {m(")} we can, by means

of a suitable choice of I, 12, ... make the sequence v,_; so rapidly increasing that
e P(T)m(T)
6.38 — < o00.
(6.38) ;2 =

The inequality (6.37) then implies that the condition 2° holds for ®. The
condition (6.38) implies that m(™) = o(v,_;) as 7 — oo, that is, the condition 4° is
satisfied.

Theorem 6.2 has been proved.

THEOREM 6.3. Let €1,€9,...,64 (¢ > 2), 01,02 be some numbers such that
0;>0,j=1,2,1>¢;2>20,j=1,...,q, 01 +d2+e1 <1, and

q
51+52+Z€j:2.

j=1
Let ay, . ..,aq be distinct complex numbers and let v be a J'-curve with ends at the
points a1 and with all points as,...,aq on the same side of the curve v with the

possible exception of one point, which is lying on the other side of v. Then there
exists a Riemann surface ® with almost periodic ends of the second kind, which are
separated by a J-curve I' C ®, such that I' is projected into v, d4(a1) = 01 + 62,
egla;) =€, =1,...,q, 64(a) =0 if a # a1, g4(a) = 0 if a # a1,...,aq, and
dg(bj) =65, j=1,2.

We are not going to present a proof of Theorem 6.3 because its proof is very
close to the proof of Theorem 6.2. First we construct a Riemann surface ® under
the following additional restrictions:

B. All points ag,...,aq lie on the same side of the curve v, and the point a,
is on the other side; 1 > e(az) > 0; if &7 > 0, then g1 + 61 + 2 < 1; ¢; < 1 for
3<Jj<gq

The construction is carried out in the same way as in the corresponding part
of the proof of Theorem 6.2, but the reference to Theorem 4.2 is replaced by the
reference to Theorem 4.3. Then we turn to the general case, as before, but if the
given points ag,...,as lie on the same side of the curve 7, we add a point ag1,
which is separated from as, . .., a4 by the curve v in the construction of the auxiliary
surfaces @™, and let 55;?1 >0, 5((11)1 —0asn — oco.

REMARK. In the condition of Theorem 6.3 we can require only that the curve
v is a J'-curve with ends at a;, and a; ¢ 7, 2 < j < ¢q. To prove this modification
we replace the reference to Theorem 4.3 in the proof by a reference to the exercise
at the end of Section 4.

EXERCISE. Suppose that we have added the condition A to the conditions of
Theorem 6.2, or the condition B to the conditions of Theorem 6.3, and, besides, the
numbers 61, d2,€1,. .., are rational. Show that in these theorems we can choose
® to be Riemann surfaces with periodic ends.

Theorems 6.1, 6.2, and 6.3 immediately imply
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THEOREM 6.4. Let ¢ > 2 complex numbers a1, ...,aq be given, and let 6(a;)
and £(aj), 1 < j < g, be non-negative numbers, such that 0 < 6(a;)+¢e(a;) <1 and

q
> {0(ay) +e(ay)} =2,
j=1
moreover, only one or two of the numbers §(a;) are positive. Then there exists a
meromorphic function f(z) such that its deficiencies and indices at the point a; are
equal to 6(a;) and e(a;), respectively, 1 < j < gq.

REMARK. We can drop the requirement that the number of index values in
Theorem 6.4 is finite, extending somewhat the notion of an almost periodic end.
Without giving the details, we shall provide hints, which allow the reader to re-
construct the corresponding argument. We consider the case when d(a;) = d; > 0,
j =1,2. Now we have sequences {a1,az,...} and {e(a1),e(az),...}. If the points
a1 and a2 are not accumulation points of the sequence {as,aq,...}, there are no
any new substantial difficulties. We carry out the construction of the surface ®
in the same way as in the proof of Theorem 6.2, but the number ¢(™) of the base
points for the surface @™ will depend on n, and ¢(™) — oo as n — oo, while before
we had ¢(™ = ¢. In general case we need to make more substantial changes in the
construction of the surface ®.

As before, we choose a J-curve v with ends at the points aj, as in such a
way that it does not pass through the points a;, 3 < j < oco. Now we cannot
choose neighborhoods U(e Bk) j = 1,2 with fixed ¢, which does not depend on
k, and we take Ul(ey, B ), where e, = e_4, 0 < g; < e < 1 for |k| < |j|. Now

@) = &4\ (Uler, Bi)U U(sk,Bg)), and the role of U(e, B;) is played by

U({ex}, B;) U{Uek, \Tk}-

|k[=1

We let € = ¢, in the formulas (6.5) and (6.6), then the functions (6.5) and (6.6) are
conformal mappings of U({ex}, B1) and U({er}, B1) onto the regions

> Ev Ny—1 — nu—l(bQ) ny — nu(bQ) }
Gso {§< In ,27T—§1’]§27T7
“Uv<sm 5, (b2) g 5, (b2)
and
> 1 e Ny—1 — ny—1(b1) n, — ny,(b1)
G = {§>—ln—,27r—<n<27r7 ,
' VLZJl 6g(b1) Ev 6g(b1) | | (Sg(bl)
respectively.

The definition of the number pj also has to be changed. Now we shall find a
quasiconformal mapping of ®}. onto the rectangle

1
Ry, = In—, 0<n<2
(i et gy 0 sns 2o},
such that: (1) The part of the boundary of ®;, lying over the circle {|w — ba| = e}
(over {|w — b1| = ex}) is mapped with the constant distortion onto the left (right)
side of the rectangle; (2) The part of the boundary of ®) lying on I',, (on I‘z) is
mapped onto the lower (upper) side of Ry, moreover, the points on Ff satisfying
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er < |w — by| < e (satisfying e, < |w — b1| < €) are mapped onto the points with
the real part equal to
1 |w - b2|
= In
6g(b2) ge

1 ce
= In ,
$=5,00 |w—bl|>

(with the real part equal to

points of the remaining part of Ff are mapped with the constant distortion onto
intervals with —1/04(b2) < & < 1/d4(b1). After that the number py is defined as
before.

We replace the condition 2° in the definition of an almost periodic end by the
following condition.

2° bis.
o 1
p,my, In =
E — < 0.
n
v=1 v

Now, modifying somewhat the previous argument, we find a quasiconformal map-

o0
ping of ® onto {|(| < oo}, such that U @), is mapped into {|¢| < co}\{G1 U G2}
k=1
by some function ¢ = ((w), and U({ex}, B2) and U({ex}, B1) are mapped by the
functions (6.5) and (6.6).

Observe that now that mapping ¢ = ¥ ({’) is such that we still have £ = ¢/,
but only the set R N {—1/04(b2) < & < 1/64(b1)} is mapped into the trapezoid
Ty, and the sets Ry N{{ < —1/d4(b2)} and Ry N {&' > 1/d,4(b1)} are mapped by
affine transformations into rectangles adjoining to Ty from the left and from the
right. Using the condition 2° bis we can show that

i L PGw) ~1detin) < [ cpero, 216 wior(ng) < oc.

I¢1=1

Let w = ¢(¢) be a function realizing the inverse mapping of {|¢| < oo} onto ®. If
we add the condition

: 1
5°. lim, o0 222 =0,
Ny

the arguments of a-points of ¢((), lying in {(—1)’n > 0}, j = 0,1, tend to (—l)jg,
and the formulas (6.12) and (6.13) remain true. Now it is not difficult to prove
analogs of Theorems 6.1, 6.2, and 6.3 for this wider class of generalized almost
periodic ends. In the case of an analog of Theorem 6.3 we impose on the curve
< the following restrictions only: a; ¢ 7, j = 2,3...; a1 is an end of v, and use
the exercise at the end of Section 4 (cf. Remark to Theorem 6.3). The point is
that the points as,as,... could be located in such a way (e.g. everywhere dense
in the plane), that no matter how we draw a J'-curve v with ends at a;, there are
infinitely many points of the sequence as, as, ... on each of the sides of .

7. Riemann surfaces with finitely many almost periodic ends

After the introduction of the notion of an almost periodic end we can introduce
the class of Riemann surfaces with finitely many almost periodic ends in the same
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way as, using the notion of a logarithmic end we constructed surfaces with finitely
many logarithmic ends.

Let K be some simply connected finite-sheeted Riemann surface with boundary,
bounded by a closed Jordan curve C' consisting of p J-curves op = B;C/\B ki1 k=
1,...,p. As in Section 5, all indices k will be considered mod p. Let by be the
projection of the point By. For simplicity we assume that oo is not among the
points bg. Take p almost periodic ends Ag, 1 < k < p, moreover, the boundary of
Ay is a J-curve o, = BkJr/l\Bk. Obviously, if by # bx41, then the end Ay is of the
first kind, if by = bg41, then the end Ay is of the second kind. We introduce the
following notation

5g(bk,Ak) = dg, 5g(bk+1,Ak) = d;

We paste to the Riemann surface K with the points Bi, 1 < k < p, excluded,
almost periodic ends Ay along the curves o, 1 < k < p. Then we get some
Riemann surface F' which is called a Riemann surface with p almost periodic ends.
The part K of the Riemann surface F' is called its pseudokernel. If we exclude from
K sufficiently small neighborhoods of the boundary points B, 1 < k < p, we get
a Riemann surface with boundary K, which is called the kernel of the Riemann
surface F'. The Riemann surface F has logarithmic ramification points By, . . ., Bp,
which are projected into b1, ...,b,. A sufficiently small e-neighborhood U (e, Bk) of
a logarithmic ramification point By, contains and e-neighborhood of the point By,
on K, and intersects with the almost periodic ends Ay and Ag_;. From now on we
assume that € > 0 does not depend on k£ and does not exceed any of € from the
definition of almost periodic ends Ay.

Obviously, the Riemann surface F' belongs to some class F,. Note, that it is
possible for a Riemann surface to have one almost periodic end (p = 1), which is,
obviously, and end of the second kind. For example, the function w = cos/z (see
Fig. 15) maps the complex z-plane onto a Riemann surface F' with one periodic
end (sine-end).

Now we construct a homeomorphic mapping of the Riemann surface F' one the
complex (-plane, which is quasiconformal outside certain compact region on F'.

As in Section 5, we assume that all regions on F' which we consider contain
all of their boundary points belonging to F. We make a cut in U(E—,‘,Bk) NnK
along a radius of Sy = {0 < |w — bi| < &, argw = a} } starting at Bj. This cut
splits U (e, By,) into two parts: U™ (e, By) and U~ (g, By,), where U™ (e, By) has a
non-empty intersection with Ay and U~ (g, By,) has a non-empty intersection with
Aj—1. We denote the kernel K\ |J}_, U(e, Bx) by Ko. The regions U;' (¢, By) =
U™ (e, Br)\Ay and Uy (¢, By) = U~ (g, Bx)\Ay_1 are circular sectors with the vertex
at By and the angles HNI': and 0}:, respectively, QNZ' + é,: < 27m. Denote by A} the
following part of the Riemann surface F':

r=Ax U U+(E,Bk) U Ui(E,BkJrl) =Ar U U1+(€, Bk) U Uy (e, Bk+1)
It is clear that
P
F=KyU (U A%) )
k=1

We find a quasiconformal mapping of A} onto the region Hy = {m > 0}\Tx,
Ck = &k + ik, where T}, is a trapezoid with vertices at the points —1/d, , l/d;l',
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1/df + 6, —1/d;; + 10, , where 0, = 0 /d;}, 0, = 0,,,/d;;. We denote the
region {& < 1/dk, 0 < <6} by H(k)(HJr) the region {& < —1/d., 0 <
e < 0k+1} by H( )(9,;_1) and the region H®* (0,;“,94') Hk\(H( )( k+1) U
H® (05)) by H®* (HIZ_H, 0;7). We map the region H(k)(01:+1v 0;7) onto Ay using the
function w = @ (Ck), Where &5 (Cr) is the function pas(Ck) rnentloned in Remark 2
to Theorem 6.1 (p. 77?) with a =0, ,, 8 = 0 (Hop = H'* )(0k+1,9 )). This is a
quasiconformal mapping. We map H (k>(9,;+1) onto Uy (e, Bj41) using the function

(7.1) w=bry1 +eexp{dy G +1—id a; .}

1 —-b
(that is, (x = —1In W~ Okt1 + ia/?+1>’ where the real constant «;_, ; is chosen in
d, ce
such a way that {£ < —1/d,_,m = 0} is mapped into Si41. Similarly we map

H® (0,7) onto U;" (e, By,) using the function
(7.2) w= by +eexp{—df ¢ +1+id o}

(that is, (x = di+ In w%ebk + iaZ), where the real constant aZ is chosen in such
k
a way that {€; > 1/d{, mx = 0} is mapped into Sj.

If we take into account the form of the function @ ((x), which can be written
explicitly in the regions {& < —1/d;;, mx > 0,1} and {& > 1/d, me > 07},
it is easy to see that the point (; € 8H(k)(9,;+1,9+) N 8H(k)(9,:+1), that is, & =
§k + 10,1, &k < —1/d,; is mapped onto the same point both under the function
&k(¢r) and the function (7.1), namely it is mapped onto the point o satisfying
|w — bry1| = eexp{d, & + 1}. Similarly, the point (x = & + ig,f, & > l/dg is
mapped onto the point o such that

w — by| = eexp{—d; & + 1},

both under the mapping @ (k) or under the function (7.2). In such a way we get a
quasiconformal mapping w = ¢ ((x) of the region Hy, onto the Riemann surface A},
where ¢ (Cx) = @r(Ck) for ¢ € H(k)(Gk_H,G ), for ¢ € H(k)(ﬁkﬂ) the function
¢k (k) is given by the formula (7.1), and for ¢y € H®(0}), the function ¢ (¢) is
given by the formula (7.2). Taking into account (6.18) we get

/ {p(Gerw) — 1)}do(In Gi)
Hy,

= // {p(Cr, w) — 1}do(In(y) < oo
H®) (0, ,,,6)

k+1°

(7.3)

We denote the number of a-points of the function w = @i (¢) in Hx N {|| < 7}
by n(r, a, ¢k ), similarly we define ni(r, a, ). By (6.19) and (6.20) we have

(7.4)
3 +o(r) for a # by, bri1,
n(r,a, @) = § 5= (1 = dg(bj, Ax)) +o(r) a=bj, j=Fkk+1(if by # bry1)
2 (1= 8,(b,A)) +o(r) fora=b (if by = b4 = b),

(7.5) ny(r,a, o) = 5g(a,Ak)% +o(r) forall a.
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Let us observe that for fixed a all a-points of the function ¢ () lie in some
strip |x| < K = K(a). The quantity

_dfdy...df
drdy ...dy

will be called the characteristic of the surface F'. If we change the way in which we
count the points By on the curve C, the characteristic y does not change. Let

<lnx>2
B=1+(—=) .
™™

Let ¢, = pre'®*, 1 < k < p. We map H}, using the function

x = x(F)

2

+ + P .
di ...d; Ck) 612,7”(1“*1)7 1<k<p, d(ﬂf =1,

(7-6) C/ = wk(ﬁk) = (ﬁ
1%

2 -n!
where the branch of {/ is chosen in such a way, that (¢’ = p/ e'?)

df...dr\7 2 2 o2
7'6, p,: <u> pv 9/: -6 + k-1 — lgkgp
(7.6) A ...d ) % p" ( )p

The function (7.6) maps Hy onto the region
2 2
(k= 1)=" <arg¢’ <k—-NTJ,

where T}, is the image of the trapezoid T} under the mapping (7.6). The mapping
= np,;l(w) maps the point w € Si onto the point

1 1 ge
—In———,

e =& =

the mapping ¢’ = wk(nplzl(w)) maps the point w € S; onto the point

2

+ + » 2

(7.7) ¢ = A dioa ) () e TeFER) b1 p.
d1 "'dk—l |w—bk|

The mapping (1 = @Zﬁl(w), k =2,...,p maps the same point w € Si onto the
point
1 |w — by a1 e
In =

= - 1 ,
Cr—1 i = e i n|w—bk|

and the mapping (' = wk,l(gog_ll(w)) maps it onto the point

(/ _ (diF c dzfl eiﬂ' 1 1 €e ) ei%(k—?)

SIS

dy ...d d;. Il| bi|
e dy _ W — O
(7.8) ! 2 o

2 2
(A ) <ln =L > T k=2 .. p
dy_y-..dy_4 |w — b ’ Y

Comparing the formulas (7.7) and (7.8) we see that the mapping (' = w(w) =
wi(¢y ' (w)) remains single-valued and continuous on the radii S, Ss,...,S, for
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P P
we A, US,USky1, k=1,...,p, and maps (U A;) U (U Sk> onto the region

k=1 k=2
p

G’ defined as the complex (’-plane with U T} removed and with the cut along
k=1

the positive real half-axis. In the general case the function ¢’ = w(w) is not single-

valued on S;. In fact, under the mapping ¢’ = wl(gofl(w)) the point w € S is

mapped, by (7.7), onto the point

;o ce 5: n
¢ (1“|w—b1|> <

and under the mapping by the function ¢’ = wy(¢, ' (w)) it is mapped onto the

point
2
+ gt »
¢ = Mei”%lni oo (p=1)
di ...d,_y dp |w — b1
2
lw — b1

If x = 1, then (™ = (™, and the function ¢/ = w(w) is continuous and single-valued
also on S7. In the general case we make an additional conformal mapping;:

(7.9) ¢= (VO ¢ = plet?, ¢ = pe?,
where a single-valued branch is chosen in such a way that the region {0 < 6’ < 27}
is mapped into the region

{lnplnx o< Inplny —|—27r}

mp ™
that is, into the complex (-plane with the cut along a logarithmic spiral § =
1
—Inplny, 0 < p < oo. Under this mapping the point (* = p’ on the upper
P
boundary of the cut in the {’-plane is mapped onto the point

¢ = (M) = (P enp (iR

and the point (~ = X%CJreQ” on the lower boundary of the cut is mapped onto the
point

(= (C+)1/(1—il:—;‘)X2/(p7i1"TX)62ﬂ'i/(1—i1:—;<)

_ (C+)1/(1—il;j—;<) exp{ﬂnX‘ifyp} _ (<+)1/(1—11:—;<)62m’
p— X

s

that is, under the mapping (7.9) the points (* and (™ are mapped onto the points
on the opposite boundaries of the cut in the (-plane, which correspond to the same
number in the complex plane. We denote the image of the region G’ under the
mapping (7.9) by G. It is easy to see that Gy = {|¢| < co}\G is a simply connected
region bounded by a closed Jordan curve. The mapping ¢ = ((w), which is a
composition of the mapping ¢’ = w(w) and the mapping (7.9), is a homeomorphic
mapping of F\Kj onto G. There exists a homeomorphic mapping of the kernel
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K, onto the region Gy such that we get a homeomorphic mapping ¢ = ((w) of the
whole Riemann surface F' onto {|¢| < oco}. Denote the mapping inverse to ¢ = ((w)
by w = ¢(¢). It is clear that the mapping w = (¢) is quasiconformal in G. Taking
into account (7.3) we get

(7.10)

2
J[ twtc.w) = 1ydoting) - / ¢ 0) =13 |42

= B /G,{p(C',w) —1}do(In¢’)

- %Z /] e -1 |Gme
_%i//H (p(Co, w) — 1}do(In () < oo
= J) u,

If the function w = f(z) is a conformal mapping of {|z| < R} onto F, then the
mapping z = z(¢) = f~1(p(¢)) satisfies, by (7.10), the conditions of Teichmiiller
Theorem 3.1, hence, R = oo and under the corresponding normalization of the
meromorphic in {|z| < co} function w = f(z) we have

)|, |
z z(€)

Let d*(a) = d,4(a,Ax), ef(a) = e4(a,Ag). If r is sufficiently large, then the

region corresponding to {|¢| < r}\Go in the (’-plane is the region which is the

1
intersection of G’ with the region {p’ < rPexp (0'M> }, 0 < 6 < 27, and the
™

do(In¢’)

2
do(In )

(7.11) lim

zZ—00

(—o0

corresponding regions in (j-planes are the intersections of Hy with (Cx = pre’®*):

d1 . d]; 1.3 ln 27
< L Tk—1, Bp/2 B Y
PR d+7“ Xp{%( Or + (k )p>}
dr ... d;

S k+1 Bp/QXﬂlp{GkJrTr(k: DY 0<fp<m 1<k<p,

di ...d}
this follows from (7.6") and (7.9). Taking into account the relations (7.4) and (7.5),
and also the fact that for each a the arguments of a-points in the (i plane tend to
/2, we find that

rﬁp /2 P " dy ...d,_, 1(k—1) Bp/2
(7.12) n(r,a, ) E { 1—d*( WX” + o(r”P’%),
rﬁp/2 P N
(7.13) ny(r,a, ) = E et 2+1x (k- )+o(rﬁp/2).

By (7.11) the relations (7.12) and (7.13) remain true if we replace n(r, a, ) by
n(r,a, f) and nq(r, a, @) by ni(r,a, f). From here we get

/2 P =
Tﬁp 1 dkl 1

(T14) Nl f)= - Z{ 1—d*a 7d+x—( “4) 4 o(rP/2),
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rﬁp/Q p k d’l_dlzfl l(k,l)
e”(a)————x»\" "2
ﬁpﬂ; @) gF ar X

(7.15) Ni(rya, f) = + o(rﬁpm).

Since d*(a) =0, 1 < k < p, for all a except at most p, arguing as in the deduction
of (6.16) we find that

rBp/2

(7.16) T(r,f) = >

fpm i~

dy ...d,
LT (3) 4 o(rP/2),
df...d

and get the following theorem.

THEOREM 7.1. Let w = f(z) be a meromorphic function mapping the complex
z-plane onto a Riemann surface F' with p almost periodic ends and characteristic
X. Then the function w = f(z) has a normal type of order

_Bp _p Iny”
(7.17) p_7_§{1+<ﬂ—p> };

moreover T'(r, f) ~ KrP, 0 < K < 0o, and its deficiencies and indices are equal to

dy..dy_; 1(p_1
Py dh (@) et ()

7.18 oa, f) = —
(7.18) R A ety
k=1 "gqf..d} X
and
dy...d;_ 1(fp_1
Pt (o)t ()
(7.19) ea, f) = C iy :
pddyy L(k-1)
k=1 "gf _af X
respectively.

Since Y, {d*(a) + €*(a)} =2 for k = 1,...,p, the equalities (7.18) and (7.19)
imply that

> {o(a, f) +ela, )} =2

for each function f satisfying the conditions of Theorem 7.1.

For brevity we shall speak about deficiencies and indices of the surface F' with
almost periodic ends meaning deficiencies and indices of the mapping meromorphic
function w = f(z), and defining (a, F') = d(a, f) and €(a, F) = €(a, f). In what
follows we shall consider surfaces with finitely many almost periodic ends for y =1
only, without mentioning this explicitly. For convenience of references we rewrite
the formulas (7.17)—(7.19) for this case.

(7.20) p=np/2,
1 d; dy ...d,_
d—+d1(a) + d+;+d2(a)...+ ;Jr 2*1 d(a)
(7.21) (a, f) = =4 - —L P ;
LA bt
i drdg ar



406 7. APPLICATIONS OF RIEMANN SURFACES TO VALUE DISTRIBUTION

1 dy d{ ...d__
d—+el(a) + d+tl+ e2(a) +---+ ﬁep(a)
(7.22) ela, f) = L —L
1 dy dy ...d, 4
R
The quantity
1 d7 dy ...d__
L(F7 Bl) = L : L

af " dfdf df ... d}

(B; is the point on the boundary of the pseudokernel, at which we start counting),
which is the denominator in both (7.21) and (7.22) is called the weight of the surface
F at the point B;. Taking into account that x = 1, it is easy to verify that for
1 < j <p we have

1 d; di ...dydy ...d; 5, df...df |
L(F,Bj) = —¢ + 12— 4+ 2P T = ———=—L(F,B).
Yodr o dfdf, df ..didf..df o dy.dy

Thus, generally speaking, weight depends on a point at which it is taken. However,
for brevity, we shall write L(F') instead of L(F, By).

It is clear that the expressions in the right-hand sides of (7.21) and (7.22) do
not depend on the choice of the starting point By such d(a, f) and €(a, f) do not
depend on this choice, but this can also be proved by a formal computation.

Let Fy and F, be two surfaces with finitely many (p; and pa, respectively)
almost periodic ends, moreover, each of these surfaces have at least one logarith-
mic ramification point B’ and B” which is projected onto b. Let K; and K, be
pseudokernels of the surfaces F; and F5. For sufficiently small € > 0 the regions
KNU (g, B') and KoNU (e, B") are circular sectors with vertices at points B’ € K,
and B” € 0K,. Suppose that these two sectors contain two radii with the same
projection. We make cuts along these radii and paste the surfaces F; and F» along
them, pasting each boundary of one cut with the opposite boundary of the other
cut. We get a Riemann surface F', which also is a surface with p(= p1 + p2) almost
periodic ends.

We shall write F' = F; + F5 and say that the surface F' is obtained by a junction
of the surfaces F; and F at the points B’ and B”.

It is easy to see that x(F) = x(F1)x(F2). Therefore, if x(F1) = x(F2) =1
(we agreed to consider such surface only), then x(F') = 1. On each of the joined
surfaces Fy and F, we start counting the logarithmic ramification points at B’ and
B, respectively, we start counting logarithmic ramification points on the junction
F = Fy + F5 at either the logarithmic ramification point corresponding to B, or at
the logarithmic ramification point corresponding to B”, the specific choice makes
no difference. It is easy to verify that

L(Fy + F») = L(F1) + L(F»),
and using the formulas (7.21) and (7.22) we find that

L(Fl)é(a,Fl) + L(FQ)(S((I,FQ)

(7.23) 6(a, Fi + Fz) = L(F) + L(F)
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L(F)e(a, Fy) + L(Fy)e(a, Fy)
L(F1) + L(F») '

If we assume that we have already defined Fy +---+ Fj,_1, we define Fy +---+
E, = Z;‘Zl Fjas (Fi+---+ F,_1) + F,.

Suppose that the surface F; + --- + F,, is obtained in the following way. The
surfaces F; and F, are joined at the points B’ and B”, and we start counting
logarithmic ramification points of the sullrlface of F; + F5 at one of the points corre-
sponding to B’ or B” (we denote it by B ). The surfaces Fy + F, and F3 are joined

~ 1

at the points B and B", and we start counting logarithmic ramification points of
="

F\ + F, + F3 from one of the points corresponding to B and B’ (we denote it

~ 1
by B ), we continue in an obvious way till we get the surface Fy +--- + F,,. It is

not always possible to get the surface in this way, but if it is the case, we get, by
induction, that

(724) E(G,Fl + FQ) =

n

(7.25) LY F :iL(Fj),

—

(7.26) 5| a,

J

F; | = ,
! Z;L:1 L(Fj)

S 2o L(F;)é(a, Fy)

[

g | = Zim L)@ F)
. ST L(E)

3, these formulas are no longer true. Later on we

NE

(7.27) el a,

?.
v

In the general case, for n
shall need the following

THEOREM 7.2. Letby,..., b, be some complex numbers, not necessarily distinct,
ai, . ..,aq be distinct complex numbers, moreover, all terms of the sequence {by} are
present among terms of the sequence {a;}. Then there exists a Riemann surface F
with p almost periodic ends A1,...,A,, following after each other in the indicated
order, where §(a,Ag) = 0 for a # bk, bri1, and 0(bg, Ar), 6(bk+1, k), (aj, A),
1<j<gq,1<k<p, are arbitrary preassigned numbers satisfying (b, Ar) > 0,
6 (bry1, Ax) > 0,

q
Z{é(aj,Ak) +e(a;, Ag) +e(aj, Ag)} =2, and 0<d(aj,Ag)+e(aj,Agx) <1.
j=1

First we construct a pseudokernel K. If by # bi11, that is, all almost periodic
ends A are of the first kind, the construction of the pseudokernel K is the same
as in the proof of Theorem 5.1. In general, the construction is somewhat more
complicated.

First wee assume that not all of the numbers b;, 7 > 2, are equal to b;. Let
by, ..., b, and b7, ..., b} be subsequences of by, ..., b, such that each of them has
the same set of values as by,..., by, but: (a) by, # by _y, 05,1 (b =0, b, = b)),
k=1,...,v; (b) all numbers b) are distinct; (c) there is no subsequence with the
same properties and more terms. Let b, = b, 1 =n1 < ng < --- < n, < p;
bry # bny—1, b = by, , 1 =m1 <my <--- <my, <v. We draw a closed Jordan
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curve ¢ through the points {b7,...,b;} which does not pass through the points
ai,...,aq, different from {b1,...,b,}, has a continuous curvature, and consisting
in line segments in sufficiently small neighborhoods of the points b7, ...,b;. After
that we, in the same way as at the beginning of the proof of Theorem 5.1, construct
a simply connected finite-sheeted Riemann surface K’ w@ioundary, bounded by
a closed Jordan curve C’, consisting of v J-curves o}, = B,’CB’]H_I, where the point
Bj, is projected onto bj,. If v = p, we let K = K’ and By = B. If v < p,
we carry out an additional construction. Suppose that the sequence by,...,b,
satisfies by_1 # by = byp1 = -+ = brys # brysy1 (indices are taken mod p). Let
b, = b =b!!. Take a J'-curve ¢, with ends at b/ such that the region G, bounded by
it is contained in the region bounded by the curve ¢, and G, \{b”} does not contain
points ai, ..., aq, moreover, for different ¢ the regions G, are pairwise disjoint. We
take s copies of the region G, and make in each of them the same cut along a line
segment with one end at b/ and the other end at m, € G,. We make the same cut
on K’ starting at B.. We paste to K’ s copies of the regions G, along this cut in
such a way, that the obtained Riemann surface remains simply connected, and an
algebraic ramification point of order s appears over mw,.. Making such pasting for
all ¢, we get a finite-sheeted simply connected Riemann surface K with boundary,
bounded by a Jordan curve C consisting in p J-curves oj = Bk/ﬁ k+1, wWhere the
point By is projected onto the point by, and the arc oy is projected into the arc
b/k\ka on the curve c if by11 # by, and into some arc ¢, if b1 = by. The surface
K plays the role of pseudokernel. Now, using Theorems 6.2 and 6.3, we construct
almost periodic ends Ay, with preassigned d(a, Ax) and e(a, Aj), and the boundary
0, . Joining them to the pseudokernel K we get the desired surface F.

If by = --- = b, = b, the construction of the pseudokernel K is simplified. Take
a J'-curve c with ends at b, let G be the interior of the curve c. Choose the curve c
in such a way that G'\{b} does not contain the points ai,...,a,. Let wg € G. We
take as K the part of the surface of the function (w — wg)'/? lying over G.

8. The inverse problem of the value distribution theory

First we prove the following theorem.

THEOREM 8.1. Let d;, €5, j = 1,...,q be non-negative numbers satisfying the
conditions

q
1) S5 4} =2
j=1
(2) 0<(5j+€j§1, 1<5<q,

P q
(3) 0 < Z(Sj < 2, moreover, if 26j = 2, then all numbers 61,...,d, are

j=1 j=1
rational.
Let ai,...,aq be arbitrary distinct complex numbers. Then there exists a Riemann

surface F' with almost periodic ends such that §(a;, F) = 0;,¢(a,F) =¢€;,1<j <gq.
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q
In the case when Z(Sj = 2, the desired Riemann surface F' was constructed
j=1
q
in Theorem 5.1, namely, a surface with logarithmic ends. Note that for Z 0; =2
=1
we cannot drop the restriction that the numbers §;, 1 < j < g, are rati(])nal, even
if we use Riemann surfaces with almost periodic ends. In fact, if €(ag, Ag) > 0 for
at least one almost periodic end Ay and at least one point ag, then, by (7.19), we

q
have e(ag, F') > 0. But this contradicts the condition 26j = 2. Hence, for each
j=1
end Ay, we have df = d; = 1,1 < k < g, and, necessarily, y = 1. The equality
(7.21) implies that the deficiencies d(a, F') are rational numbers.

q q
In what follows we assume Z d; < 2 and Z g; > 0. The distribution of defi-
j=1 j=1
ciencies and indices of some surface F' with almost periodic ends will be described
using a scheme

sy e ) =(5 %),

and the construction of a surface with this distribution of deficiencies and indices
will be called a scheme solution. Junction of Riemann surfaces will be symbolically
represented as addition of the corresponding schemes using the following rule:

oo N
Ly ( 5](,1) + Ly 5{2)
e e
(8.1) L0} + Lo

= (L1 + L) Ly

11—1— ) ’
Llsg- ) +L25§ )
L+ Ly

where the factor in front of a scheme denotes the weight of the surface taken at the
point at which the junction takes place. We mean that the joined surfaces both
have positive deficiencies over one of the points a;, and the junction takes place at
logarithmic ramification points over aj,. Solving schemes-summands we, obviously,
can always select pseudokernels in such a way that the junction is possible. We may
assume without loss of generality that a;, = a;. Thus, in all schemes which we are
going to join should be §; > 0, and the weight is always taken in a logarithmic
ramification point over a;. To solve a scheme with weight means to construct a
Riemann surface with almost periodic ends, with preassigned value distribution and
with the given weight up to a rational factor. If we can solve the schemes in the
left-hand side of the equality (8.1) using surfaces F; and Fy with weights ;L—llLl and
%LQ, respectively, where ni,ns, mi1, mo are positive integers, then, joining nemq
copies of the surface Fy with nimg copies of the surface Fy, we, by (7.25), (7.26),
and (7.27), get a surface F solving the scheme in the right-hand side of the equality
(81) with Welght ’I’ll’rLg(Ll + Lg)
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We shall reduce solutions of complicated schemes to solutions of four main
schemes (a-, 8-, 7-, and d-schemes), for which we provide a solution with a preas-
signed weight, up to a rational factor. We use the notation ©; = d;+¢;,1 < j <gq.

0-SCHEME is a scheme with 6; > 0, 62 =d3 =--- =9, = 0:

I < &6 0 ... 0 > '
g1 €2 ... Eq
Let m be so large positive integer that 2/(mL) < d;. We construct a surface ®
with almost periodic ends of the second kind solving a given a-scheme, moreover,
di =d; =2/(mL), d] =df =61 —dj. Such surface ® exists by Theorem 6.3.
The weight of such surface ® is equal to
1 dp 2

i . Ay
df = dfdy df

B-SCHEME is a scheme for which §; > 0,1 < j < g, €1 > 0, and all numbers O;

are rational, 1 < j < g¢:
I < 01 02 ... g > ’
g1 €2 ... Eq

q
Let ©; = n;/n, nj, n be positive integers, e; > 1/n. Then an =2n. We
j=1
represent J; and €; as sums

nj ’I’Lj
d; = g Aj, €5 = E Eji,
k=1 =1

where

1
Ajk>0, Ejkzo, A]‘k-l—Ejk:E, 1§k§n]

Let m be a positive integer satisfying 2/(mL) < 1/n. Since €1 > 0, we can take
A1 =2/(mL), B11 = n~t— Ay > 0. We take a surface F with 2n almost periodic
ends Aq,...,As, and with logarithmic ramification points By, ..., Ba,, where B

lies over a1, and there are n; logarithmic ramification points over a;, 1 < j < g.
q

Since n; < n = 3 an, the sequence B, can be chosen in such a way that
j=1

b, # b,+1, 1 < v < 2n, where b, is a projection of the point B,,.. Here and later
all indices v are taken mod 2n. Suppose that B, is the logarithmic ramification
point number s among those projected into aj, s = s(v), j = j(v). Let A, = Ajq,
E, = Ejs, j = j(v), s = s(v). Obviously, Ay = Aq;. We choose an almost
periodic end A, in such a way that d(a;i),Av) = Aun, 6(ajwr1), M) = Aupin,
e(ajwy, Av) = Eun, e(ajw41), Av) = Eyyin. We have d,; = djﬂ = Api1n. The
weight of the surface F' is equal to

1 1 2

—2n=——>2n=— =mL.
df Apn Arr
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The equality (7.21) implies

2n
1 1 / 1 "
(5((1]‘,F) = % Zé(aj,Au) = %Z 5((1]-(”),/\1,) + %Z 5(aj(u+1),Al,)
v=1 j

J J

1 I
= 5o {8500, Av) + 8(aj, A1)}
J

where Z; means that the sum is taken over those v for which j(v) = j, and Z;’
means that the sum is taken over those v for which j(v + 1) = j. Therefore

1 1 ’ " .
§(aj, F) = %Z {A,n+Ayn} = Z A, = ZAJS =05, 1<j<q.
J J s=1

Similarly we get e(a;, F) =¢;,1<j <q.

REMARK. If we considered the “restricted” inverse problem only and did not

impose any conditions on €; in the statement of Theorem 8.1, it would suffice to
q

restrict our attention to a- and [-schemes. It is clear that if Z 0; <2,q2>2, we
j=1
can always choose non-negative numbers €; such that 0 < 6; +¢; <1,1 < j < ¢;
q

Z(6j +¢;) =2, and ©; = §; + ¢; are rational numbers. We will not have to add
j=1

schemes, for this reason their weight does not matter for us, and we can disregard
the requirement €; > 0. Besides, if we refer to Theorem 6.4, we may restrict
our attention by the case ¢ > 3 and solve the “restricted” inverse problem using
[B-schemes only.

~-SCHEME is a scheme for which: (1) d; > 0for1 <j<p,2<p<gandd; =0

p
forp+1<;<q,1<p<yg; (2)2@j§26j:@f0r1§j§p;(3)5p+1>0:
j=1

I 0 ... 0 O ... 0
€1 ... Ep Ept1 -.- & )

Since €p41 > 0, we have © < 2. We show that all ©;, 1 < j < p, can be
represented as sums of n; positive summands 8;;, in such a way that the following
conditions are satisfied

(8.2) O; =01+ +0jn, 1<j<p,
Ok . .
8.3 . <2_@a1§]§P71§2§P71§k§n71§l§n?
0 J J
il
P
(8.4) 2n; < an =n.
j=1
Let k be a positive integer, so large that
2175
(8.5) — <2-0.

1—-2-+



412 7. APPLICATIONS OF RIEMANN SURFACES TO VALUE DISTRIBUTION

Let
[e%e} ) .
®j=2ai2’k, a,=0o0r1l, 1<j<p;
k=1

A be a positive integer so large that for each j, 1 < j < p, at least one of the

numbers a7, a3, ..., o} is equal to 1. Let

Ak
I _ ol kK Jo—k
nj72 E 27,
k=1

If at least two of the numbers n;-, 1 < j < p attain their maximal values, then
n; =nj, 1 < j <p. If there is jo such that n > n for j # jo, we let nj, = n’ and
n;j =nj + 1 for j # jo. It is clear that (8.4) holds in the first case. In the second
case the inequality (8.4) follows from the inequality
9j, < Z 0,

1<j<p,

J#jo
which holds by the condition (2) in the definition of a ~-scheme. Now we let
Ojr =0;/nj, 1 <k <mn;. Itis easy to see that

% < % — 2*)\71€ 1+ Zzik-ﬂi—i—l ai2*k
I sz Oci2*’c
(8.6) N z
2—k
= (1 - IM;—KAH) =277 (1 +277).

On the other hand,

CR R e | EL I -9 Tt}
n;g —n;+1 n; n;+1 n;

The inequalities (8.6), (8.7) and (8.5) imply that

QJ_-k _ ‘ < 14277

——-1<2-06
01 —1—-2"" < ’

that is, (8.3) holds.
We write §; and ¢; in the form

n; n;
§; = ZAjka € = ZE]‘k, 1<j<p,
k=1 k=1
where

Ajk—f—Ejk:ij, A]‘k >0, Ejk >0, 1§k§nj

We can always do this in such a way that Aj; is equal to rL, where r is a rational
number. To achieve this in the case when €; = 0 we possibly need to change
somewhat 617 and 615 without changing the sum 61 + 612, it is clear that this can
be done without violating any of the strict inequalities in (8.3).

We take a surface F' with n almost periodic ends Aq,...,A,,. We use the
notation B, b,, s = s(v), 3 =3j(v), Ay, E, in the same way as in the case of a (-
scheme, but now 1 < v < n and indices v are taken mod n rather than mod 2n,
and the set of values {b1,...,b,} coincides with {a;}, 1 < j < p. In addition, we
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let 8, = 0js, j = j(v), s = s(v). The possibility to satisfy the condition b, # b, 11
and, hence, the possibility to choose all ends to be ends of the first kind follows
from (8.4).

We choose a periodic end A, in such a way that the following conditions are
satisfied:

S S

i), A =df =A, —— i), Ay) =E,————|
6(a3(1’)7 ) dl/ 0y+0y+(1§)’ E(a]( ) ) 91/ +0V+1
o(a, AN)=d, =N 1————)
R

(8.8) _E

e(ajw+1),Av) g g T
d(a,Ay) =0 for a+# a;u), aju+),
e(aj,Ay) =¢j, p+1<j<gq
e(a,Ay) =0 for a# ajuy, a1y, piis---,aq-

Such an end can be constructed since by (8.3) we have

S} S} (C) (C)
8.9 A, +E, =0, <1,
( ) 91/ + 91/—}-1 91/ + 91/—}-1 01/ + 0u+1 1 + V+1

© © ©
+ By =0 =

8.10 A ¥ =
( ) 0, + 0,41 +1 0, + 0,41 1+ Gfil

_°
v 91/ + 91/—}-1

and also

S}
91/7 + 91/—}-1

- 2-0)=2.
T +epr1t+-+e=0+(2-0)

91/ + 91/+1
The weight of the surface F' is equal to

S) C) (]

Ayg—— Nop—— AN, ————
1 20, 1 6, 0, + 0, 0,1+ 0,
+ + -t
AL A © A © A © A ©
Y0, + 0, Y0, + 0, 205+ 05 Y040, "0, + 6,
> (65 +0541)
_ 1= _2_ 2 _2.

N e) A AL
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. . / ,/ . . .
Using the notation Z , Z in the same way as in the solution of a 8-scheme,

i
by (7.21) we get

_ﬁ = 0u+0u+1

. F) = v v . Al/
d(aj, F) 2 2" A0 0(aj,Ay)
1 / "
= % Z(au + 0V+1)6(aj(1/)7 All) + Z(gy + 9y+1)5(aj(u+1),Al,)
J J

1 I
- % Z{(QV + 01/+1)6(aj(1/)7 Al/) + (01/71 + gy)é(aj(y)a Aufl)}

J

1 & 0 S}
= 0, + 0, 1) Ay —2 (s + 0D, —
2@;{( +Ovi1) A g+ (01 £60) 9V1+au}

! nj
S A=Y AL —d, 1< <p
J s=1

Similarly we get that e(a;, F) = ¢;, 1 < j < p. For p+1 < j < g the equality
e(aj, F') = ¢; is obvious.
A 0-SCHEME is a scheme satisfying the conditions (1) §; > 0 for 1 < j < p,

p
2<p<gandd;=0forp+1<j<g; (2’)@:Z@j§1; (3) ep+1 > 0.
j=1

As we see the only difference between the conditions for a d-scheme and for a
v-scheme is that the condition (2) is replaced by the condition (2’). The scheme is
solved almost in the same way as a 7y-scheme, for this reason we restrict ourselves
to a description of differences between solutions of - and J-schemes. We used
the condition (2) in the proof of the inequalities (8.4) (8.9) and (8.10). But the
inequalities (8.9) and (8.10) for a d-scheme are obviously satisfied by the condition
(2).

The condition (8.4) is not satisfied in general, for this reason we cannot use
ends of the first kind only. If an end A, is of the first kind, the formulas (8.8)
remain true. If the end A, is of the second kind, that is, a;(,) = a;j(,41),we choose
it in such a way that

©

5(%‘(1/)7/\:/) = (A, + Av+1)m7

() S)
df = Ay o—F—, d, =Dy ——,
v 91/ + 0u+1 v i 01/ + 91/—}-1

6(a,Ay) =0 for a# aj,),

E(aj(u)7AV) = (B, + EuH)m;

E(aj7Al/) = €5, p+1 S]S(L

e(a,Ay) =0 for a# aju), api1,--.,aq.
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Such an end can be chosen because

6(aj(u)7A1/) + 5(aj(y)7Au) = (AV + AV+1 + Ez/ + EVJrl)eL =0 <1
v + 91/—}-1
by the condition (2). The remaining computations are carried out in the same way
as for a 7y-scheme.

Observe that in the solution of a d-scheme we do not need to obtain (8.3),
therefore we can take ©1 = 611 + 012, ©; = 01, 2 < j < p, that is, n; = 2,
ng = --- = n, = 1. With this choice of n; the condition (8.4) is not satisfied for
p = 2 only, and only in this case it is necessary to use an end of the second kind.
Although for p = 2 we can solve a d-scheme with the help of a surface & with two
almost periodic ends of the first kind (see Theorem 6.2), but, generally speaking,
we will not be able to ensure the preassigned, up to a rational factor, weight of our
scheme.

It is easy to see that a scheme can be a y-scheme and a d-scheme simultaneously.

Now we consider schemes of the general form. Let 6(a;) > 0 for 1 < j < p,
p <gq,and §(a;) =0for p+1<j <gq (if p < ¢q). We may assume that p > 2,

P

since for p = 1 we get an a-scheme. Set © = Z ©;. We may assume without loss
j=1
of generality that ©; = max ©;. We consider two cases: Case A: © < 2; Case
j

B: © = 2. We divide the case A into three subcases: (1) A’ if §; =1, (2) A", if
©;=1ande; > 0, (3) Am, if ©; < 1.

SUBCASE A’. Set

P q
0=>0;,0"= > ¢
i=2 j=p+1
It is clear that ©' < 1 and ©” > 0. We write ©;, 2 < j < p, as a sum of n; positive
summands 6, (see (8.2)) in such a way that
Ok _ 1

(8.11) <2-20,2<j<p 2<i<p 1<k<n; 1<Ii<n,.

il
The possibility of such representation can be proved similarly to the proof of rep-
resentation (8.2) under the condition (8.3). Now we write §; and ¢; in the form

n; n;
5= Ajr,gj =Y Ej, 2<j<p,
k=1 k=1

where

Aji + Ejke = Ojk, Dji >0, Eji, 20, 1<k <n;, 2<j <p.

P
We take a surface F' with 2n = 22 n; almost periodic ends Ay, ..., Ay, and
j=2
with logarithmic ramification points Bi, ..., Bs,. The points By,, 1 < v < n are
projected onto ai, and there are n; logarithmic ramification points lying over aj,
2 < j < p. Suppose that Bs,_1, 1 < v < n, is the logarithmic ramification point
number s among points projected into aj, s = s(v), j = j(v). Let A, = Ay,
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E, =Ejs, 0, =0j5, j = j(v), s = s(v). We take all numbers v mod n. We take
ends Ay of the first kind in such a way, that for As,_; the following is true:

d(ar,Aov—1) =d5, 1 =1,

20’
v 91/ + 91/+1 ’

d(a,A2,—1) =0 for a# ay, @),

6(aj(wy, Aaw—1) =d3,_; = A

20’

E(Gj(u),A2u—1) = Eym7

E(aijQVfl) = kV€j7 p+ 1< .] < q,

!
oL 206\
o ev+ev+1

e(a,Aay—1) =0 for a# ajuy, api1,...,0aq,

where

and for Ay, the following is true:
(5(&1,1\2”) = d;_u = 1,

20/

d(ajs1y,Aav) = dy, = Au+1ma

6(a,Aay) =0 for a# ar, ajpi1),

20’

5(%‘(1/+1)7A2u) = Ev+1m,

E(aijQV) = lllgj7 p+ 1 S] < q,

- 1 <1 _20,4.0' )
T\ 0100 )
g(a,Aay) =0 for a# ajuy1), Api1,---,0q-
Let us show that such almost periodic ends can be constructed. In fact, the
inequalities (8.11) imply that
20,0’ 20’ 20’
0,01 14 % T+ (-1420)

where

and similarly
20,10’
0, + 6,11
hence the numbers &, and [, are positive, and d(a;(,y, A2v—1) +€(ajy, Aav—1) < 1,
0(ajw+1y, Aov) +€(aj(41), A2v) < 1. Besides, for p+1 < j < g we have
kyej <k,©" <1 and l,e; <1,0" <1.

Thus, by Theorem 7.2 we can construct a Riemann surface F' with the indicated
distribution of values of almost periodic ends.

<1,
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Since §(ay, Ax) = 1 for all A, we have §(ay, F) = 114
Now let 2 < j < p. Using the notation Z; and Z;/ in the same way as before,
we get

d; dy
Z; %6(01](1/ A21/ 1) + ZH Z:- 16(aj 1/+1)7A21/)
5(ajv F) = -
Zk 1 (11+ ;‘Fl
(8.12)
22] d+ dz—: fé(aj(ll)7A21/—1)
Zk 1 17}1

It is easy to see that

dy ...dy_; 0 +0,1
= k=20—-1,2l (1<l <n).
dF o df | 200A; Alsisn

Therefore

2n  g— — n n
dl "'dk—l 0, —|—01+1 1 2
8.13) L(F)=Y L k1 _» - 0+ 0r.1) —
( ) ( ) ; dILde ; 2@’A1 @/Al ;( | + l+1) A17

rdy - .dy,
D 04, Azn)
j 1 2v—1

(8.14)

Oy + 041, 20" 1 1 5;
= = — Al/ = — A‘S = —‘].
Z TN AIEJ: A Zl T A

(From (8.12), (8.13), and (8.14) we get that d(a;, F) = ¢;. Similarly we find
that e(a;, F) =¢;,2<j <p.

For p+1 < j < g, taking into account (7.22) and the equality k, + 1, =
o7(1 —©') =2, we find that

Ay | ~dy-dy, S dydy,
i) = — 7”7% 7”11/
_ A1 = 9u+91/+1 - 0V+0V+1
=7 EJ{Z 2004, k”; 20, l”}

E4 " E4 -
= 4é)/ Z(GV +0u41) (kv + 1) = 2é/ Z(gv +0,41) = €.

v=1 v=1

Thus, the constructed surface F' has all desired properties.

14Obvious1y, the surface F' can be constructed in such a way that it does not cover the point
a1, in such a case the value a; is a Picard exceptional value for the mapping function f(z).
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SuBCASES A” AND A’’. The corresponding schemes are solved in the following
way. After finitely many operations of the form

R G

Ev

- 01 ... Opt+e, ... o1 ... 0
a0 M e (0 )

where §; > 0, the problem is reduced to a solution with weight of schemes of the

form
00 0 0 ... 01 02 ... 4, O ... 0
€1 €9 €3 ... )’ er 0 ... 0 epg1 ... &)’
where d1,...,d, > 0, moreover, the numbers J;, €;, 2 < j < ¢ in these schemes

are, generally speaking, different from the original, also the numbers a;, 2 < j < ¢

could be subjected to a permutation. The first of these schemes is an a-scheme.
n

(8.15)

The second scheme is either a y-scheme, or it satisfies the inequality 20, > Z O;
j=1

(remind that for the original scheme we assumed that ©; > ©;, 2 < j <p, and in

decompositions of the form (8.15) the quantities ©; do not change). In the latter

n
case, taking into account Z@j < ©1 < 1, by a sequence of operations of the

j=2
following type
01 ... Op-1 Opn ... O
(6”_1+6”)<51 ... 0 0 ... 5q>
—6 (51 e 6n—1+6n 0 e 0
IR =S R 0 0 ... g
(51 0 6n—1+6n 0
+6"<51 ... 0 0 5q>

we reduce the problem to a solution with weight of a scheme of the form

01 62 0O ... O

er 0 e ... g )’
where §; = ©5 < 61 +¢1 + ©1. If we needed just to solve this scheme, we would be
able to refer to Theorem 6.4, however, we need to solve this scheme with weight.

q
Set ©" = Zsj. If ©” > 1, then ©; + O < 1, and our scheme is a d§-scheme.
j=3
Further consideration is needed in the case " < 1.
In the subcase A” the equalities §1+&1 = 1, d2+©"” = 1 hold, and we decompose

<51 b 0 ... 0 )
1
€1 0 €3 ... Eq

(& 10 .0 L0 0 0 ... 0
_‘52<51 00 .. 0>+@ g 0 & ..o )

(8.16)

The first scheme in the right-hand side of (8.16) is a S-scheme, the second is
an a-scheme.
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In the subcase A”" we observe that 0 <1 — 0" =0+, —1 < 20; —1. Then

61 62 0 ... 0
(261_1)<€1 0 g3 ... Eq>
01 61 0 0
8.17 = (© 0o — 1 _ _
(s.17) @i (2 T ey ey )
0 1—06 0 0
+(61-0) ( €1 0 e3/0" .. g,/0O" >
Here we take into account that
2(1—-0 € .
(2@1 —1)€j = (@1—1—(52—1)53‘%4—(@1 —(52)@—]/,, 3<j5<q,

by the equality (©1+d2—1)2(1—01)+(01—3d2) = (1-0")2(1-60,)+(0"+20,-2) =
©”(201 — 1). The first scheme in the right-hand side of the equality (8.17) is a
~-scheme, the second is a J-scheme.

CASE B. We may assume that 1 > 0, but ©; is not necessarily the largest

number among O;, j =1,...,q. The scheme is of the form
01 ... Og .
(8.18) - - ,60;>0,1<j5<gq, 1 >0.
1 ... q

Let ©; < 1. We choose rational numbers r;, 1 < j < g, such that (a) 0 <7 <
q
. O1—n
©1<L;(b)1>r; >0; for2<j<g; (c);rjzl (d) rj—@j<@jm
for 2 < j < g. The fact that r; can be chosen in such a way that (a), (b), and
(c) are satisfied, is obvious. The fact that the condition (d) also can be satisfied
follows from the inequality
q

1 @1—7“1 2—@1
Z63‘2(1—@1) B 2—2@1(91_”) > 01 - =2 (1~ 6)).

j=2 j=2

We decompose the scheme (8.18) in the following way:

§
o1 ... 0 Sry .G
(1—7‘1)< 1 a ) =(1-0) & O 1
g1 ... Eq 9—17'1 @—qrq

(8.19)
6 0y ... 0
+(@1—r1)<€,1 gy ... &y )’
where §] = 01/01, €] =€1/61, and for 2 < j < g we have
d; 1-06, d;
5= =L - ML O, 95
i~ e, {6J @1_r1(rj @J)} -5 >0,
55 ._1_7@1 . _ 0. & <
& = 0, {91 @1—r1(rj @J)} >3 >0,

by the condition (d). The first scheme in the right-hand side of (8.19) is a S-scheme,
and ©] = ¢} +¢} = 1 in the second scheme. Therefore we may assume that ©; =1
in (8.18).
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Let e, > 0, 2 < v < q. We represent the scheme (8.18) as a sum of two schemes:

e (DL )

g1 ... Ey

_ o .. Oute, ... g 01 ... 0
6"<51 0 ...>+€”<51 R W - >
The second scheme (S) in the right-hand side of the equality (8.19) corresponds
to the case A”. As we saw, it is possible to solve the scheme (S) constructing a
surface F' with weight L. The scheme (S) can be represented as a finite sum of
basic schemes (S1), ..., (S:) with weights L4, ..., L;, respectively, where, by (7.25),
L =Li+---+ L;. We shall write this junction in the form of the following equality:
L(S) = L1(S1) + -+ - + L¢(S:). However, we need to get a scheme (S) with weight
equal to €,, up to a rational factor. We do the following. We solve a basic scheme
(S;) with weight equal to rje,L;/L, 1 < j < t, where r; is a rational number,
and denote the corresponding surface by Fj. Let r; = m;/n, where n is the least
common denominator of the fractions rq,...,r;. Now we join moms...m; copies

of the surface Fy, mims...m; copies of the surface Fs, ..., mimso...my_1 copies
of the surface F;. By (7.25), the weight of the obtained surface F” is equal to

(8.20)

T'1€VL1 T2€VL2
moms ... Mi——— + M1M3 ... M4 —+ ...
L L
TtE,,Lt Ev
+mimeo ... Mp_1——— = M1My .. ~mt_(L1 4+ e+ Lt)
L nL
my...My
= 751/,
n

that is, equal to a rational multiple of ¢,,.

Using the formulas (7.26) and (7.27) it is easy to see that the surface F” solves
the scheme (S), that is, the second scheme in the right-hand side of (8.20), with
the desired weight.

As for the first scheme in the right-hand side of (8.20), we decompose it again
according to the formula (8.20), but now with another v. Repeating this operation
finitely many times we get, besides schemes corresponding to the case A", a scheme

of the form (8.18) with g5 = --- = ¢, = 0. Next, using successive operations
81 ..o Opo1 On o ...
(On—1+0n) < &6 ... 0 0 >
o 61 ... Op_1+d, 0 ... 61 ... 0 b6p_1+6, ...
_5”—1<51 0 0 ...>+5”<51 00

we reduce the scheme to schemes of the form
&4 0 ... 0 1 0 ...
eg 0 ... 00 0 ... )"
which are (-schemes.
This completes the proof of Theorem 8.1.

REMARK. We can drop the restriction that there are finitely many numbers €;
and consider the case of infinite sequences €1,€2,...,0<¢e; <1 and ay,az,.... In
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such a case the condition (1) should be replaced by the condition

oo

q
S5+ ei=2,
j=1 J

1

and instead of Riemann surfaces with almost periodic ends we consider surfaces
with generalized almost periodic ends (see the remark at the end of Section 6),
which are constructed in the same way as surfaces with almost periodic ends. The
main results of Section 7 can be transferred onto this wider class of surfaces without
substantial changes. In order to get the indicated generalization of Theorem 8.1 it
will be necessary to solve schemes with infinitely many columns:

& ... 6 0O 0 ...

€1 ... Eq Eq+1 Eq+2 --- )’
where €; > 0 for j > ¢ + 1. These schemes correspond to the case A, and we solve
them, as before, joining to each of the schemes the same set of columns of the form

( f ) with numbers j > ¢ + 1, including the case of a-, 7-, and §-schemes. We
J

cannot join any columns to -schemes, but B-schemes occur in the case B only.
Now we prove the following theorem.

THEOREM 8.2. Let 65,5, j =1,...,q be non-negative numbers satisfying

q
1) Y {5 +e} <2,
j=1
(2) 0<(5j+€j§1,1§j§q,
q

(3)0<> §;<2,
j=1

q

moreover, if Z(Sj = 2, then all numbers 61,...,04 are rational. Let ay,...,aq
j=1

be arbitrary distinct complex numbers. Then there exists a meromorphic function

f(z) of finite order, such that 6(aj, f) = 9;, e(aj, f) =€, 1 <j <gq; 0(a,f) =0,

ela, f)=0fora#a;, 1<j<gq.

The theorem has been already proved in the case when the inequality (1) holds
with equality: in such a case we can take f(z) to be a mapping function of the
Riemann surface F' which was mentioned in Theorem 8.1. So now we can assume
that

q
E=2-) {§+¢}>0.

j=1

We take unequal numbers ag1 and agy2, different from aq,...,a,. Let q41 =
€q+2 = E/2. Then there exists a meromorphic function w = f;(z), such that

n(r,a, fi) = Kr? + o(r?) for a # a,...,aq,
n(r,a;, f1) = K(1 —6;)r? +o(r?) for 1<j<g,
ni(r,aj, f1) = Kejr? +o(r?) for 1<j<qg+2,
ni(r,a, fi) =o(r?) for a#a;, 1 <j<qg+2,

(8.21)
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where K and p are some positive constants. This statement follows from Theorem
8.1 and formulas (7.12), (7.13), (7.18), (7.19) (using these formulas we assume, as
we agreed on p. 7?7, that x = 1).

The conditions (8.21) imply that

(822) TL(T+1,(1,f1) —n(r— 1,(1, fl) :O(Tp)

for each a. Let {2k, }3°, be the sequence of all multiple aq,-points of the function
fi1(z), v = 1,2. Take pairwise disjoint discs Ck, = {|z — 2k | < T}, K = 1,2,...;
v = 1,2, such that r;, <1 and

2 oo
(8:23) ZZ // do(In z) < co.
v=1k=1 CroN{|z|>1}

Suppose that the function w; = f1(z) maps the complex z-plane onto some
Riemann surface F;. We denote the image of the disc C, under this mapping by
Dy, Dy, C Fy. The region Dy, contains one algebraic ramification point Wklu
which is projected into a4y, that is, into the image of the point z;,. We take
so small circular neighborhood U}, of this ramification point, that U}, does not
contain other ramification points, and U}, C Dy,. The region U}, is the Riemann
surface of the function (w—a,, )Y/ ™, lying over the disc {|{w—aq1.| < ex }, where
my, — 1 is the order of the ramification point Wkly, and &g, is a sufficiently small
positive number. Let Uy, be the Riemann surface of the function (w — aku)l/m’“",
|aky — agiv| < 3w, lying over the disc {|w — ag4s| < €y }. We choose the points
aky in such a way that all of them are distinct when & = 1,2,..., v = 1,2, and all of
them are different from projections of algebraic ramification points of the Riemann
surface F3.

Let w = ¢g,(w1) be a quasiconformal mapping of U,iy onto Uy, such that
points on the boundary of U}, are fixed and the ramification point W}! is mapped
onto the ramification point Wy, of the same order my, — 1, which is projected onto
aky. The mapping w = ¢k, (w1) can be chosen in such a way that p(wr,w) < 3
(see Example 8 from Section 2).

Let Fy = Fl\U U.,. Denote by F the Riemann surface which we get if we
k,v
replace regions U}, by regions Uy, on the surface F;. It is clear that Fy = F\U Uky.
k,v
Denote the preimages of Fy and U}, under the mapping w = fi(z) by Go and Gy,
respectively. Obviously, Gk, C C,. Let w = ¢(() be a quasiconformal mapping of
the complex (-plane onto the Riemann surface F', given by the following formulas

f1(Q) for ¢ € Gy,
or(f1(¢)) for (€ Giy, k=1,2,..., v=1,2.
It is clear that for each a the functions f1({) and ¢(¢) have the same amount

of a-points in Gy,. Since the diameter of each of the regions Gy, is less than 2, the
relations (8.22) and (8.21) imply that

o(C) =

n(r,a,p) = Kr? +o(r?) for a#ai,...,aq,
n(r,aj,¢) = K(1—0;)r” +o(r?) for 1<j<gq,
ni(r,a;, ) = Kejr? 4+ o(r?) for 1<j<gq,
ni(r,a,¢) =o(r?) for a#a;, 1<j<gq.

(8.24)
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We can even claim that nq(r, a, ) = ni(r,a, f1) for a # a1, ...,aq4+2, k=1,2,...,

v=1,2n1(r,a,¢) =0 for a =agi1,aq+2, and ni(r,a, ) = O(1) for a = ag,.
Taking into account (8.23) we get that the mapping w = ¢({) satisfies

//|<|>1 (¢, w) = 1}do(Ing) = ZZ// {p(¢,w) — 1}do(In ¢)

) ka{|<|>1}
<3 // o(ln¢) <3 // do(In¢) < oo.
;; ka{|<|>1} ;; CruN{I¢]>1}

Using Teichmiiller Theorem 3.1 in the same way as we have repeatedly done,
we find that the surface F' is of parabolic type, and the relations (8.24) remain true
for the meromorphic function w = f(z) which maps {|z| < oo} onto F, after an
appropriate normalization of f(z). From here we get that

T(r, f) = Erp + o(r?),
P
K , p
N(r,a,f):?r +o(rf) for a#as,...,aq,
K .
N(ryaj, f)=—(1=68;)r" +o(r?) for 1<j<gq,
P

K
Ni(r,aj, f) = —ejr” +o(r?) for 1 <j<gq,
)

Ni(r,a, f) = o(r”) for a#a; 1<j<q.

These relations imply that the function w = f(z) is a desired function, whose
existence was claimed in Theorem 8.2. It is clear that our remark to Theorem 8.1
is applicable to Theorem 8.2 also. It is clear from our argument that if 6; = 1, then

the function f(z) can be chosen in such a way that f(z) # a;.
q

We can drop the restriction Z 0; > 0 in Theorem 8.2, but in such a case we
j=1
have to avoid usage of Riemann surfaces with almost periodic ends, because their
mapping functions necessarily have deficient values.
We prove the following theorem.

THEOREM 8.3. Let €1,€2,... be a sequence of numbers satisfying 0 < e; <1,

Z €; <2, anday,as,... be a sequence of pairwise distinct complex numbers. There
j=1

exists a meromorphic function w = f(z) such that (a;, f) = ¢; for j =1,2,...,
ela, f)=0 fora#aj, j>1;0(a, f) =0 for all a.

Let b1,bs,... be a sequence of distinct complex numbers, b; # ag, j, k =
1,2,.... Let ejx, 1 < j <k, be integers satisfying
(1) 0<ep<k—1,1<j<k—1,
k
2) 0> e <2k —1),

=1
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(3) klim % = ¢; for each j.
— 00

It is clear that such numbers ej; can be selected. Let §;, and ) be some
integers, such that 0 < 87, , 8 <k —1 and

k
> ek + B+ B =2(k - 1).

j=1
Let ®; be a Riemann surface from the class
F(k;a1: enr;an : eans. .5k : €rpsbop—1 : Byibar : By), k=1,2,...

By Theorem 4.1 such surface exists.

It is always possible to find a positive number uj, and a number 7, 0 < r, < 1/4,
such that |uy — k| < 1/4 and there are no ramification points of the surface ®j, over
the disc {|w — ug| < rt}. Denote by Gy a fixed one-sheeted region on ®; lying
over {|w — ugx| < rg}. Let ®) = &, \Gy. Let wi = ¢,(w) be a quasiconformal
mapping of the surface ®{ onto the region {|w; —ug| > ri}, under which points on
the boundary of ®) remain fixed. The existence of such a quasiconformal mapping
follows from Example 9 in Section 2. Let the characteristic of this quasiconformal
mapping be bounded by a constant py. Let r’ = min(rk,p;1/2). We introduce the
notation G}, = Gy N {|w — ux| < r}.}, Y} = ®,\Gi.

It is easy to see that there exists a quasiconformal mapping of ®}, onto the disc
{|¢ —ug| < 7, /4} with constant distortion on the boundary and with characteristic
at most pg. In fact, first we map ®} onto {|w — ux| > r}}; to this end we map
®Y C @) using the function 1y (w), and leave the region Gj\G), fixed. Then we
map the region {|w — ux| > ).} onto {|¢ — uk| < 7, /4} using the linear-fractional
transformation ¢ = (1’3 /4)(w — uz)~* + ug. In this case the point on 0®) which
is projected onto w = ug + rj, is mapped onto the point wy = uy + r},/4. Denote
the constructed mapping of @} onto {|¢ — uy| < 7. /4} by ¢ = wi(w), denote by
w = Qi (¢) the inverse mapping.

We make a cut on ®;, along the line segment I';, C G),, which is projected into
/ /

r r
the line segment 7, = uk—Ekguguk—f—Ek,v:O , w = u+ tv. Take the

complex w-plane with cuts along ¢, £ = 1,2,..., and denote it by P. We paste
to P the surfaces @ with cuts along I'y pasting the upper (lower) side of the cut
T to the lower (upper) side of the cut 7,. We get a simply connected Riemann
surface F.

Let Gf = G4\I'y, GY = {|w — ug| < 7} N P. Denote the part of the Riemann
surface F' consisting of C;’;C and G) by Wj. It is a doubly connected Riemann
surface with two algebraic ramification points of the first order over the points
ug £75./2. We denote the boundary curves of Wy, by Cix and Cag, both of them
are projected into {|w —ux| = r}.}, moreover, C1y C 0G),, Car, C 8@;6 By Example
10 from Section 2 there exists a quasiconformal mapping of the surface Wy onto
the annulus {r} /4 < |¢ — ug| < 7}, such that the point w = uy, + rje® € Oy, is
mapped onto the point ¢ = uy, + 7,e?, and the point w = uy, + rie” € Cy is

/

Tk

mapped onto the point { = up + Xeig

. Denote this quasiconformal mapping by

¢ = sg(w), and its inverse by w = Sg(¢). As it was shown in Example 10, the
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characteristic of this mapping is bounded by a constant @, which obviously does
not depend on k.

(o]
Let Py = P\ U Gg) The Riemann surface F' can be partitioned into pair-
k=1
wise disjoint parts Py, Wi, Wa, ..., ®7,®,,.... There exist a quasiconformal map-
ping of the surface F' onto the complex (-plane which leaves P, fixed, maps the
surfaces Wy, by ¢ = sx(w), and the surfaces ®} by ¢ = wy(w). It is easy to verify
that such mapping is one-to-one and continuous everywhere on the surface F'. We

denote its inverse quasiconformal mapping of {|{| < oo} onto F' by w = ¢({):

¢ for ¢ € Py,
w=0p) =1 8k(¢) forr,/4<|{—ur| <7, k=1,2,...
Qp(¢)  for [( —ug| <r/4, k=1,2...

It is clear that p(¢,w) = 1 for ¢ € Py, p(¢,w) < Q for v}, /4 < | — ux| < 7,
kE=1,2,...; p((,w) < pyg for | — ug| < r},/4. Hence

//wa p(¢;w) — 1}do(In) = Z//C WM w) — 1}do(In¢)
x(Q, pr) //4 ukl% o(In ()
2 x(Q,px)O <k2>_k210<k12><00'

Here we used the condition r;f <1/pg.

Now we consider the distribution of a-points of the function w = ¢(z). It is
clear that all a-points except at most one are lying in the discs {|¢—ux| < r}, < 1/4},
moreover, the number of a-points in each of these discs is equal to k if |a —ug| > 7,
and is equal to k+ 1 if |a — ug| < 7";« Therefore

(8.25)

Mg ||M8

2
(8.26) n(r,a, @) Z kE+O(r) = % +O(r)

for each a. Similarly we get that
(8.27) ni(r,a, ) = O(1)
fora #a;,j=1,2,...,and
[r]
(ryaj, ¢ Z ejr + O(r

[r] r2

—EJZ]{?-FZ fej2+o( 2).
k=1

(8.28)

for a = a;.
Using Teichmiiller Theorem 3.1, which is applicable by (8.25), in a standard
for this chapter way we find that there exists a meromorphic function w = f(z) for
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which the relations (8.26), (8.27), (8.28) remain true if we replace ¢ by f and O(r)
by o(r?) in them. Now we get that

2
N(r,a, f) = TZ +o(r?) for all a,

T2
T(r, f) = = +olr?)

2
T .
Nl(r,aj,f)ZEjZ+O(T2),]:1,2,...,

Ni(r,a, f)=O(lnr) for a#a;, j=1,2,...

It is clear that the function w = f(z) satisfies the conditions of Theorem 8.3.



On the magnitude of type of an entire function

It was proved in Theorem 1.3 from Chapter 2 that for an entire function f(z)
the characteristics T'(r, f) and In M (r, f) have the same growth category. Let p(r)
be some proximate order, such that p(r) — p as r — oo, where p < oo is the order
of an entire function.

Set
T(r,f)

In M(r, f)
o) '

rp(r)

Ajp = limsup
T—>00

Ar = lim sup

T—00
Theorem 1.3 from Chapter 2 implies that A7 and Aj,s are equal to 0 or co simul-
taneously, since 0 < A7 < oo implies 0 < Ajp; < 0o, and vice versa. Now we shall
establish more precise relations between A7 and Ap;. The inequality Ar < Ay is
obvious, because T(r, f) < In* M(r, f). We shall now prove the following theorem.

THEOREM 0.4. The inequalities

(0.29) Ay < mpesce(mp)Ar for 0< p<1/2,
(0.30) Ay < 7mpArp for 1/2 < p < oo.
hold.

Observe that the inequalities (0.29) and (0.30) hold with equalities for the
Mittag-Leffler function (5.31) from Chapter 2 for p(r) = p, 0 < p < 0. If p =0
the equality Aps = Ap holds for each entire function (see Remark 1 to Theorem
4.5 from Chapter 2). Therefore we can restrict our attention to the case p > 0.

It is relatively easy to prove the inequality (0.29). We may assume without
loss of generality that f(0) = 1. Then N(r,0, f) < T(r, f). Let {ar} denote the
sequence of zeros. Then (cf. (4.3) from Chapter 2)

oo > 0o ,
th(T,f) =InM (rakl_[lE (a_k’())) S kzz:lln <1+ w)

0 r *n(t,0,f) dt
| w(i+g)aneo.p = [ 22D
dt

:7'/0 N(Ulf)m

i dt *° dr
S 7"/0 T(t,f) (T+t)2 :/O I‘V(TT7 f)m

(0.31)

15gimilar examples can be constructed in the case when p(r) is not identically equal to p.
For example, if 0 < p < 1 we can take the function (5.1) from Chapter 2 with I(r) = p(r) and use
the formulas (5.4’) and (5.11).

427
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We may assume that Ap < oo, since for Ay = 0o the inequality (0.29) is obvious.
Let T(r, f) < (A 4 €)r?™) hold for 7 > ro(g). Then (0.31) implies

ro/T - o .
In M(r, f) < T(Tovf)/o (ljl_iT)Q + (Ar + 5)/ (rT)p(TT) d

ro/T (1+T)2’

© (pr)Ptrm)  dr

L In M(r, f) .
Ay =limsup ——~—= < (Ar +¢) lim P (1+7)2

r—00 T/J(T) —00

ro/T

0.32
( ) TPdT P

=<AT+€>/O Ao~ Brteag

The possibility of passing to the limit under the integral sign is proved in the same
way as in Exercise 1 in Section 2 of Chapter 2; the last integral can be easily
computed by using the residue calculus. Since € can be chosen arbitrarily small,
the inequality (0.32) implies (0.29).

The inequality (0.30) is proved in a much more complicated way; it was obtained
only recently by N.V. Govorov [Gov69], although it was conjectured long time ago
(see, for example, [Hay64, Ch. 1, 1.8]).

Let f(z) be an entire function of order p, 1/2 < p < oo, p(r) be a proximate
order, p(r) — p as r — co. We may restrict ourselves to the case when 0 < Ay <
oo. Besides, without loss of generality, we may assume f(0) = 1.

2
Let £¢ be an arbitrary number satisfying the condition 0 < g9 < min | 2p — 1, 3 p) .

Choose ¢, 0 < € < &g, in such a way that the function f(z) does not have zeros on
the rays argz = +7/(2p—¢€). Set c =1/(2p—¢), 0 < 0 < 1,

Tu(r) = % /_7: In | £ (rei®)|do.
It is clear that
(0.33) Ti(r) <m(r, ) =T(r, f).
The function ¢ = —22°~¢ is a conformal mapping of the angle {| arg 2| < 7o'} onto

the region D = {0 < arg{ < 27}, that is, {-plane with a cut along the positive real
half-axis. We consider the function

(0.34) () = f{(=9)"}
in D, where the single-valued branch of the function (—¢{)? is chosen in such a way
that (—¢)? > 0 for ¢ < 0. Let ¢ = £ +in. We denote the points ( = £ > 0 lying on
the upper and lower sides of the cut S by ¢+ and £, respectively. Obviously,
O(ET) = f(E7eMT).

Let

G(&) = @(¢7)/@(67) = f(€7e™™)/ f(£7€"™), £ >0, G(0) = 1.
It is clear that the function G(€) is analytic on the ray {{ > 0}, and the function
G(£Y/9) is analytic, also, at the point & = 0, moreover, G (&) # 0 for £ > 0.

We choose a branch of In G(€) which is continuous for £ > 0 and satisfies the
condition In G(0) = 0. Let

BN
s(r)f/o 1 G(f)é.
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Let us show that
(0.35) s(r) = o(r3/*) for r — oo.

In fact, let f(z) be without zeros on the ray {argz = 6y}. We choose a continuous
branch of In f(z) on this ray, such that In f(0) = 0. Applying Theorem 2.4 from
Chapter 1 to In f(z) we get (R=2r >r >t >0)

i 1 [ i Re'® + tetfo
in %) = 5= [ f(Re) e

|am| R — Apptet?
-2 :
R(ay, — teio)

lam|<R

(0.36)

where a,, are the zeros of the function f(z), and the branches of the logarithms in
the sum are chosen in such a way that Im In Tanl | = 0. Then

m 2_—mt190
‘Imln{m | B a e. H<27r

am R(an, — teto)

for each ¢, 0 <t < co. Since

0 < Reln |am| R? — Gmte'® | N R? — a,,tet 0 2R
am R(am —te®) [ | R(ay, —tei)| = ||an| —t|’
from (0.36) we get
R+t 1 ; 2R
1 ) < - .= 1 0 n —= 9
s < B0 L e+ 3 w20, e
lam|<R
R+r { < 1>} 2R
<—<m(R,f)+m|(R,= In——— + 2mn(R,0, f
g " 7 ;KR Ta 1] 20 T)
<6T(R, f)+2mn(R,0,f)+ Y ln” |_t|

lam|<R
We integrate this inequality with respect to dInt from t =1 to t = r. We get

2R dt

/1T|1nf(tei9°)|d < 6T(R, f)InR + 2mn(R,0, f)mR+ ). /ln7||am|_t|?

lam|<R

But
T |am|+1 r
/ lniﬁg/ lnidt—FanR/ ﬂ
1 lam| =t ¢ lam|-1  |lam| =1 1
1
:2/ lnﬁdT—f—hﬂR-lnr
0 T
=2{In(2R) + 1} +In2R-In7 < (In7)?> + 41Inr + 6.
Therefore

/T [In f(te™)] lnf(ze%” dt < 6T'(2r, f)In2r +n(2r,0, f){2rn(2r) + (In7)* + 4lnr + 6}.
1
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Since the order of the functions T'(r, f) and n(r,0, f) does not exceed p, then the

relations
T 100 ,
[ Iy g
0

and

r 1 to' 6o ,
/ | nf(te )|dt:O(Tp G):O(T3/4)
0
hold for each p’, 3/(40) > p’ > p. The relation (0.35) follows.
Denote the number of zeros of the function ®(¢) in the region {0 < arg( <
27, |¢] < r} or, which is the same, the number of zeros of the function f(z) in the
sector {|arg z| < 7o, |z| <7}, by na(r). Then ny(r) = O(r*'?) and

(0.37) na(r) = o(r®/*).

Suppose that the arc {|{| = ¢, 0 < arg < 27} does not contain zeros of the
function ®({). Let

2
Ta(r) = %/o In |®(re™)|da.

Then, applying the argument principle and the Cauchy—Riemann equations we find

that
t 27

na(t) = L darg G(&) + %/ darg ®(te')

a=0
T D arg ®(te')
Oa

1

= %argG(t) + —/0

d
21 @

—iﬂ@ﬂwﬁi{i/%mﬂwwm}
2w dt | 27 J,

dT(#)

dt -~

We divide this equality by ¢ and integrate from 0 to r. Taking into account ns(0) =
T5(0) = 0 we get the equality

1
=or arg G(t) +t

" d
0.38) To(r) = /O {ng(t) - % arg G(t)} s
Now we consider the analytic function
_ ¢ [ st _
(0.39) ro =ew {5 [T i) — ewono)

in the region D. The relation (0.35) implies the absolute convergence of the integral
in (0.39). Integrating it by parts we get

/ 1 s 1 [* InG()
(A.11') %ZJ(C)*%/O 2" T am )y W™

Let 0 < &y < co. We show that

(0.40) waww@nzmg&W

The equality (0.40) is a special case of the well-known formulas due to Yu.V. Sokhot-
skii; we prove only the special case that we need.
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Take a circle v = {|¢ — &| = r}, where r < & is chosen so small, that the
function In G(¢) is analytic in the disc {|¢ — &]| < r}. If Im{ > 0, then by the
Cauchy theorem, we can write the function 1({) as

(0.41) 0O = g [ g

where the curve I'~ consists of the positive real half-axis without the interval {|{ —
&) < r} and the lower semicircle {|¢ — &| =, Im( < 0}. It is clear that with the
help of (0.41) the function ¥({) can be continued analytically from {Im¢ > 0} into
the half-disc {|¢ — &| < r, Im( < 0} through the interval {n = 0,|¢ — &| < r}.
Therefore ¥(£;) exists and

1 In G(¢)
1/’(50 ) 27'(2 /1"— t(t _ SO)dt

Similarly we get that

1 In G(¢)
Y& = 2mi /F+ t(t — £O)dt’

where the curve I'" consists of positive real half-axis without the interval {| —&y| <
r} and the upper semicircle {|¢ — &| =7, Im¢ > 0}. Since [~ — ' = ~, we have

1 InG(t) , InG(&)
27rz/t(t—§o)dt7 &

It is also clear from the preceding argument that the functions ¥ (£1) and (£7)
are continuous for 0 < £ < oo.
Let us show that

(0.42) CY(C) —0 as ¢ —0, ¢ €D.

V(&) — (&) =

The function In G(¢'/7) is analytic in a sufficiently small neighborhood of ¢ = 0
and

InG(¢'7) = chgk

hence, the function In G({)/¢ is analytic for {|arg(| < 7, |¢| < 7o}, and
(0.43) [InG(Q)/¢l=0(¢|]”™") as ¢ —0.
Let Im{ < 0. We write

1 InG(t) 1 InG(t)
40 =55 [, wog 3w | o
1 In

<)
G(t)
= — dt+0(1 —0
2mi Jg, t(t — Q) +0@), ¢ ’
where 57 is the line segment joining 0 and irg, and S5 is a curve consisting of the
line segment joining the points ir¢g and rg, and the ray {{ > ro, n =0}. If t € 51
and Im¢ < 0, then |t — ¢| > |¢|]. Taking into account (0.43) and (0.44) we obtain
that

(0.44)

Q) < / O(t°)dt + O(1) = =0(r5) + O(1).

|C| 2m |C|
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Hence

limsup [¢y(¢)] < O(rg).
¢(—0, Im <0
Since ro can be chosen to be arbitrarily small, the relation (0.42) follows. Similar
argument works in the case when Im¢ > 0. Thus, the relation (0.42) has been
proved.
The formulas (0.39), (0.40), and (0.42) imply that
(&) o(ET) (&) _ 2(¢)
3

(57) :G(g): = 7).

(0.45) 3e) Fer) B

!

and
1
E<|F(O|<K<OO

in a neighborhood of ¢ = 0, where K is some constant. Therefore the analytic in
D function

Q(Q) = 2(¢)/F(C)

admits an analytic continuation into the whole complex (-plane and is an entire
function. Taking into account (0.34) and (0.42) we see that (0) = 1.
The equality (0.39) implies that (0 < ¢ < 2m)

, ro [ |s(t)|dt 1 [ |s(rr)|dr
In|F(re*)|| < — _ = — —_—
miFCe < 5 [ RS = ), o

Since |7 — €| > (7 4+ 1)sin £ (see Section 5 of Chapter 2), taking into account
(0.35), we get that

) 1 o0 3/4
|In |F(re'?)|| < / o{(rt) }dt = o(r3/%) csc? g
0

= " o
sin® £ (t+1)?

Besides, it is obvious that In |®(re’?)| < o(r3/*). Therefore

(0.46) In [Q(re'?)| < C1r®/* esc? % +C4,

where C] is some positive constant. Positive constants which do not depend on r
and ¢ will be denoted Cj.

Using the method due to V.I. Matsaev [Mat60] we show that the estimate
(0.47) In [Q(re?)| < Cor®/* + Cy
holds. -

Denote the region {| arg(( —1) — 7| < 1_6} N{[¢| < 1} by G, the boundary of

this region by L, and the part LN{|¢| < 1} of the boundary L by L;. Let d = sin 116
It is clear that {|¢| < d} C G. The function u(¢) = exp{—(¢ —1)"*} is, as it is

easy to show, analytic in G’ and continuous in G. For ¢ € L; we have

e~ 4 arg(¢—1) cos T
'“(O'_e"p{‘ IS H_GXP{‘K—%}'

If ¢ € Ly, then, by the sine theorem,

1K _-1
d~ d |sing]

, p =arg(.
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Therefore (¢ € Lq)

(049 @) < exp{ TN o | L2
. expl ———— exp{ — .
i =P V2sintp ) T P sin* 2
For ¢ € L\L; we have
cos T 0
0.49 < < —27z ;.
(0.49) O] < exp{ -2} < o {271}
Combining the estimates (0.48) and (0.49) we obtain that the inequality
C
(0.50) (o)l < exp{ }
sin® £

d
holds on L. Let |{| < A > 1. Then (/r € G, and, by the Cauchy formula, we
get

(0.51) Q@) = 2mp1( 7 /L Qirt_)’z(t)dt.

It is easy to see that

s T

/ ’t"”' <y L= s 0= 5r
2

Taking into account (0.46) and (0.50) we conclude that (0.51) implies

3/4
(0.52) M (%,Q) < QLC4C5GCI max exp{Clr _ G }

0<p<2m sin? z sin* z

We assume that r is so large that 2C5 < Cyr3/4. Than, finding the maximum in
(0.52) using the standard methods of calculus, we get

2
M <dr Q> < —C’;;C’5ec1 exp{faﬁm}

and

(0.53) M(r,Q) < CgeCm"” | r > 0.

Now we consider the auxiliary function
3T
Q) = Q) exp {701 sec 37— el |

in the angle W = {| arg(| < %}, where n is an arbitrary positive number. If

|0] < %, taking into account (0.53), we obtain the estimate

; 3 30 50
|2, (re™)| < Cg exp {067“3/2 — 7C1 sec %7“3/4 cos - — nrd/3 cos 3}

5
< Cg exp {Cﬁr3/2 — 703t — 777'5/ cos 1—;}
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Hence Q,(re’’) — 0 for 7 — oo, |#| < Z. The function €,(¢) is analytic in the

region W and is continuous in W. Now we estimate |2, (¢)| on the boundary of W
using (0.46). We get

}Qn (reii%” < e%exp {7017’3/4 — 703t — 777'5/3 cos El)_;r} < e,

Hence, by the principle of the maximum modulus, the inequality
c
€2, ()] < e
holds in W. Letting n tend to 0 in this inequality, we get that the inequalities

Qe s 8| < 01

and

(0.54) 2(0)] < eXp{cn AL Seci—g}

hold in W. The inequality (0.46) implies that the inequality
In |2(Q)] < 7C1[¢P/ + €y

7
holds for % <arg( < Iﬂ- Thus, the estimate (0.54) holds for |¢| < oo. Since the

order of the entire function Q(¢) does not exceed 3/4, Q(¢) # 0 for ¢ > 0, and
Q(0) =1, we have

Q(C):H<1_C£>’ Cn — 00, 0 < arg(, < 2m.
n=1 n

Since the equality ®(¢) = F(¢)Q2(¢) holds in D, zeros of the function ®(¢) in D
coincide with zeros of Q(¢), and n(r,0,£) = ny(r). Therefore (cf. (0.31))

na(t)dt

tt+r)

By (0.39), (A.11"), (A.26'), (0.38), we have that
In|®(—r)| < In|F(—r)| +In M(r, Q)

S e A

(A.26") In M(r,Q) < r/oo
0

(0.55) _ /°° = arg G(t) — na(t) dt _ /OO dTy(t)
B 0 t t+r  Jo t+r
o dt ° dr
), POTEE -, Ry
Taking into account (0.33) and (0.34) it is easy to get that
Ta(r) = (2p — )T (r?) < 2pT(r%, f).
Then (0.55) implies that
e dr
7\ < o,.0
mlf () <2 [ 76
whence
e dr 2p [ tYe dt
. 1 <2 T(r° —_ = — T —_——.
©056) i)l <2 [ TN =2 [ T g
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Since the function z(z + 1)~2 increases on [0, 1] and decreases on [1,00), we have

ti/o t1/o0 0 1
< = .
@7 7172 = @ 5 1) <o <o 2% — 20
Therefore (0.56) implies that
> tt/oo gt
0.57 1 < (2p)? T(t ———— .
(057) nlf0)] < @0 [ T D)y

Applying this inequality to the function f(ze®), 0 < 8 < 27 we get that In|f(r)| in
the left-hand side of the inequality (0.57) can be replaced by In | f(re?)| (we cannot
do the same for the inequality (0.56) since o unlike o¢ depends on ). Therefore
0 tt/oo  dt
2 =
MG )< 2 [ Tl ey
In the same way as we obtained (0.32) from (0.31), we find that for an arbitrary
small €; the inequality

A A 2 [T p=1 /o0
< 2 P e dt
M f( T+€1)( p) /0' (tl/ao +1)2
) oop TOoopP
— (A 20)2 Tid = (A 20)2 —F .
(Ar+e0@pfon [ i = (r+ e (20) 0ol

holds. Letting €1 and €y tend to 0 in the right-hand side of this inequality, we get
(0.30). This completes our proof of Theorem 0.4.
Theorem 0.4 immediately implies

COROLLARY. Let f(z) be an entire function of order p, 0 < p < co. Then

) T(r, f) sinmp | 1

. 1 > <p<-—

(0:58) lflscgp InM(r,f) = 7p fosps 2’
. T(r, f) 1 . 1
0.59 | —_— > — —.
(0.59) WS M) S wp P73

In fact, if p = oo, the statement of the corollary is trivial. If p < oo, then let
p(r) be a proximate order, such that

In M(r, f)

hﬁs@gp e R 1.
Then
T T
lim sup (r, f) > lim sup (r, /)

rooo N M(r, f) rooo TP

and (0.58) and (0.59) follow from (0.29) and (0.30), respectively.

The fact that the estimates (0.58) and (0.59) are sharp follows from the same
examples which were used to show that the estimates (0.29) and (0.30) are sharp. If
p = 00, we can use the function f(z) = exp(e?), for which T'(r, f) = o(ln M (r, f)) =
o(e") as r — oo (see (6.4) from Chapter 4).

The inequality (0.58) was first proved by G. Valiron [Val30] and A. Wahlund
[Wah29]. The inequality (0.59) was conjectured by R.E.A.C. Paley [Pal32] and
proved only 35 years later by N.V. Govorov [Gov69]. V.P. Petrenko [Pet69] proved
that the inequalities (0.58) and (0.59) remain true for meromorphic functions even
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if we replace the order p by the lower order A\. The fact that it is possible to replace
p by X in (0.58) for entire functions and for A < 1/2 was proved in Section 3 of
Chapter 5 (see the inequality (3.30)).



Notes

Chapter 1

Theorem 2.1 was apparently first proved by F. Nevanlinna and R. Nevanlinna
[NN22]. Formula (2.2) was first obtained by R. Nevanlinna [NevR24] who named
it the Poisson—Jensen formula, since it is an immediate generalization of the clas-
sical formulas due to Poisson and Jensen [Jen99] (Theorem 2.5). Formula (2.4)
was obtained in the same paper of R. Nevanlinna, it is often called the Schwarz—
Jensen formula. Formula (2.3) was also discovered by R. Nevanlinna [NevR25b).
Important generalization of the formulas (2.2), (2.4), and (2.8) were found by
M.M. Dzhrbashyan [Dzh66, Chapter IX]. Theorems equivalent to Theorem 2.6
were independently proved by T. Shimizu [Shi29] and L. Ahlfors [Ahl29].

Theorem 3.1 was first proved by F. Nevanlinna [NevF22a] (see, also, [NevF22b)),
and somewhat later by T. Carleman [Carl23]. Following the existing tradition we
use the name “Carleman formula” for (3.1). Theorem 3.4 was proved by B.Ya. Levin
[Lev41], and later independently by M. Tsuji [Tsu50].

Theorem 4.1 is due to R. Nevanlinna [NevR25a]. Theorems 4.2 and 4.4 were
obtained by T. Shimizu [Shi29] and L. Ahlfors [Ahl29]. Formulas (4.8) and (4.13)
were obtained by H. Cartan [Cart29b], [Cart29a], [Cart33].

Theorems 5.1 and 5.2 were proved by R. Nevanlinna [NevR25b]. Theorem 5.3
was proved by M. Tsuji [Tsu50].

Relations (6.1)—(6.15) are well known. Inequalities (6.16)—(6.18) were proved
by S. Hellerstein and L. Rubel [HR64]. G. Valiron [Val31] proved the following
theorem containing Theorem 6.2 and the equality (6.29).

Let R(u,v) be a rational function of u and v, of degree d in v. If f(z) is a
meromorphic function, then T(r, R(z, f(2))) = dT(r, f) + O(Inr). Theorem 6.4 is
due to R. Nevanlinna [NevR29], [NevR74, Ch. X, sect. 214].

Theorems 7.1 and 7.2 were proved by R. Nevanlinna [NevR29, pp. 24-27].
Theorem 7.3 was proved by A. Edrei and W.H.J. Fuchs [EF62al].

Chapter 2

Section 1 contains well-known facts presented in many texts. In using the term
“growth category” we follow B.Ya. Levin [Lev80]. The term “magnitude of type” is
not standard and apparently is introduced for the first time here. Usually they call
the number o[a] simply the “type”. We find this inconvenient. We note also that
the well-known Cauchy-Hadamard formulas allow to determine the order and the
type of the function In M(r, f) in terms of Taylor coefficients of an entire function
f(2) (see, for example, B.Ya. Levin [Lev80, Chapter I, §2]). Sometimes Picard
exceptional values are defined as values which are never taken by a function f(z)

437
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and Borel exceptional values are defined as values for which the order of n(r, a) is
less than the order of the function.

Various comparison functions for building the scale of growth, different from
the function exp(r?) were introduced at the beginning of the 20th century by E. Lin-
del6f, P. Boutroux, O. Blumenthal, G. Valiron, and others. G. Valiron in [Val23|
calls the proximate order, defined as in our Section 2 a prozrimate order of Lindelof
(although Lindel6f considered much more narrow class of comparison functions),
and he calls the function [(r) which we introduce in Section 5 a prozimate order of
Boutrouz. Today the definition of a proximate order, as we introduce it in Section
2, is standard, and the results proved in Section 2 are well known (see, for exam-
ple, [Lev80]). Theorem 2.1 is due to G. Valiron [Val23] (in a bit weaker form
it was proved already in [Vall4, p. 213]), who, however, did not consider a lower
proximate order. The presented proof of Theorem 2.1 is mostly due to S.M. Shah
[Sha46b], he also introduced [Sha48] a lower proximate order. In the definition of
a slowly varying function one can omit the condition of the uniform convergence of
L(kr)/L(r) to 1. In fact, J. Karamata [Kar30] proved that if rlggo L(kr)/L(r) =1

for all k, 0 < k < oo, then the convergence of L(kr)/L(r) to 1 is uniform in k
for 0 < a <k < b < oo. See, also, J. Korevaar, T. Aardenne-Ehrenfest and
N.G. de Bruijn [KAB49].

Theorems 3.2 and 3.3 in this generality are apparently published here for the
first time, although some of their corollaries, for example, the inequality (3.6) are
well known (see, for example, B.Ya. Levin [Lev80]). Theorem 3.4 is due to E. Borel
[Bor97] and is contained in all standard courses of the theory of entire functions.

Theorem 4.1 was proved by J. Hadamard [Had93] for entire functions. The-
orem 4.2, essentially, goes back to E. Borel [Bor00], who however did not use
proximate orders. The corollary of Theorem 4.2 was proved by R. Nevanlinna
[NevR29| in a different way.

Theorem 4.4 was proved by E. Lindelof [Lin05] for entire functions without
using proximate orders. The generalization of the Lindel6f theorem consisting in
the usage of proximate orders apparently was first done by B.Ya. Levin [Lev80,
Chapter I, §13]. The Lindel6f theorem was carried over to meromorphic functions
by G. Valiron [Val33]. Our proofs of Theorems 4.3, 4.4, and 4.5 are close to the
presentation of S.M. Shah [Sha60]. Theorem 4.6 was proved by G. Valiron [Val50],
our proof is different from the original one, although it uses the same idea.

The asymptotics of functions (5.1) was found by G. Valiron [Val14], however
in some particular cases, for example, when n(r,0) ~ Ar”(lnr)®, it was known al-
ready to E. Lindeldf [Lin02]. Our presentation is different from Valiron’s method.
Stronger results than those presented here are known in the case when I(r) = p(r)
is a proximate order (B.Ya. Levin [Lev80]). Examples 1, 2 and 1’ are due to
A.A. Goldberg [Gol63]. The asymptotics of the functions considered in 2° in the
case n(r,0) ~ Ar”(Inr)*, p > 0 was studied already by E. Lindel6f [Lin02]. For
an arbitrary proximate order p(r) the results from Section 5, 2° follow from more
general results of A.A. Goldberg [Gol64al]. The function E,(z) (5.31) was intro-
duced (including the case of complex p) by G. Mittag-Leffler [Mit05], estimates
(5.40), (5.43) are due to him. Asymptotic properties of functions E,(z) have been
studied in detail, including the case of imaginary values of the parameter p. A
series of papers by different authors devoted to this function was published in Acta
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Mathematica, 29 (1905); from recent works we would like to mention the work of
M.M. Dzhrbashyan (see [Dzh66]) and a paper by M.N. Sheremeta [She69].

Chapter 3

The main in Section 1 Theorem 1.3 (the lemma on the logarithmic derivative)
was first proved by R. Nevanlinna [NevR25a], [NevR29]. Theorem 1.1, giving
the sharpest known estimate of m(r, f’/f), and the inequality (1.17) following from
it, are due to Vu Ngoan and I.V. Ostrovskii [NO65]. Theorem 1.2 was proved by
R. Nevanlinna [NevR31], who generalized an earlier result (Exercise 1) of E. Borel
[Bor97].

Theorem 2.1 - the second fundamental theorem - was proved by R. Nevanlinna
[NevR25a], [NevR29]. We would like to mention that, as it was discovered later,
there are proofs of the second fundamental theorem which do not use the lemma
on the logarithmic derivative. We refer only to proofs due to L. Ahlfors, which
can be found in M.A. Evgrafov [Evg68, Chapter X, §6], R. Nevanlinna [NevR74,
Chapter XIII], L. Ahlfors [Ahl35], S. Stoilow [Sto62, Vol. II, Chapter X]. Remark
1 to Theorem 2.1 is due to K. Yosida [Yos34].

Theorem 2.4 is due to H. Milloux [Mil40], [Mil47]. We present the proof
given by K.-L. Hiong [Hio55]. He also proved Theorem 2.5 (K.-L. Hiong [Hio56]).
Theorems 2.6 and 2.7 are due to W.K. Hayman [Hay59], [Hay64, §3.3].

Theorem 3.1 for meromorphic functions of finite order was proved by R. Nevan-
linna [NevR25b], in the stated form it was proved by I1.V. Ostrovskii [Ost60c],
[Ost61]. Note that J. Dufresnoy [Duf39] gave an estimate of the sum Aqg(r, f'/f)+
Bogs(r, f'/f) in terms of S, 8, (7, f), o1 < a < 8 < B1; some estimates of different
character were given by K. Habetha [Hab61a], [Hab61b].

Theorem 3.2 is due to M. Tsuji [Tsu50]. Our presentation follows the paper
B.Ya. Levin and I.V. Ostrovskii [LOG60].

Chapter 4

The notions of deficient values were introduced by R. Nevanlinna [NevR25a]
and G. Valiron [Val26] in 1925-1926. A stronger result than Theorem 2.1 was
obtained by G. Valiron [Val26]. In our proof of Theorem 2.1 we follow [Val60].
The strongest result showing ‘sparseness’ of the set Ey (f) can be found in R. Na-
vanlinna’s book [NevR74, Chapter X, §3]. We state a weaker result: for each
e > 0 and each continuous strictly monotone increasing function h(r), 0 <r <1,

1
h(0) =0, such that / h(r)dlnr < oo, the set By (f) can be covered by a sequence
0

of discs with radii r,, such that Zh(ﬂ/) < e. Theorem 2.1 corresponds to the

case h(r) = 7r?. Example 1 from Section 2 is due to G. Valiron [Val19] (in our

presentation we have changed some details). D. Drasin and D.F. Shea [DS69] con-
structed a similar example of an entire function f(z) with T'(r, f) = O(x(r) In*r),
where ¥(r) — oo is an arbitrary preassigned function. On the other hand, if an
entire function f(z) satisfies T'(r, f) = O(In®r), then Ey (f)\{co} = 0 (G. Valiron
[Vall4]).

For 0 < p < oo examples of meromorphic functions without deficient values
were found by S.K. Singh [Sin61] (the idea of his construction can be easily ex-
tended to the cases p = 0 and p = 00). Our construction uses a different idea.
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Examples of meromorphic functions of order p > 0 with preassigned at most
countable set of deficient values were first constructed by A.A. Goldberg [Gol54a],
[Gol59a). W.K. Hayman [Hay64, §4.3] using A.A. Goldberg’s idea, significantly
simplified the construction. Our presentation in §4 is close to the presentation
of W.K. Hayman, here we used also some of his observations made during our
meeting in 1965. Lemma 4.1 (with a slightly different statement) was proved by
W.H.J. Fuchs and W.K. Hayman [FH62] (see, also, [Hay64, §4.1.3]).

In our presentation of N.U. Arakelyan’s example we, in addition to his paper
[Ara66] used notes of his lectures at the Kharkov university in April 1967. Theo-
rems 5.2 and 5.3 are special cases of certain results of M.V. Keldysh presented in
S.N. Mergelyan’s papers [Mer52], [Mer53].

Example 1 from Section 6 is due to D. Dugué [Dug47], Example 6 from Section
6 is due to W.K. Hayman [Hay53]. Result which we obtained as a corollary
of Theorem 6.5 was first obtained (but under somewhat stronger restriction p —
A < 1) by G. Valiron [Val47]|. The remaining results of Section 6 are due to
A.A. Goldberg (see §2 of the paper P.P. Belinskii and A.A. Goldberg [BG54]).
Originally one of the essential steps of the construction of Example 2 was based on
P.P. Belinskii’s theorem on univalent conformal mappings (see §1 of [BG54]), but
later B.Ya. Levin pointed out that it is possible to construct such an example using
the same idea, but not the theorem of P.P. Belinskii. This construction was carried
out by A.A. Goldberg [Gol60b]. In Section 6 these results are presented in more
detail than in the paper, some of them are published for the first time.

W.K. Hayman [Hay52] considered more general functions than in Example 6.
His purpose was to establish the possibility of realization of (6.61) and to get more
precise statements about the speed of convergence to —oco in (6.61).

Chapter 5

To Section 1. The notion of an asymptotic spot is essentially present already
in the work of P. Boutroux [Bou08]. The term “asymptotic spot” was introduced
by M. Heins [Hei57]. Another term used for the same notion is “asymptotic tract”
(see, for example, G.R. MacLane [Mac63]). Theorem 1.1 is due to F. Iversen
[Iveld] (see, also [NevR74, n°.239]). Lemma 6.1 is due to E. Phragmén and
E. Lindelof (see, for example, B.Ya. Levin [Lev80, Chapter 1, §14]).

Theorem 1.2 is a weakened version of L. Ahlfors’s theorem [Ahl32a] (see,
also, R. Nevanlinna [NevR74, n°.258]). In our proof we use the method due to
T. Carleman [Carl33] (see, also, A. Dinghas [Din36]).

Theorem 1.3 was proved by A. Wiman [Wim05] under the assumption that
p < %, we state this theorem in the form in which it was first stated in M. Heins
[Hei48]. Corollary 1 of Theorem 1.3 was first found by A. Edrei and W.H.J. Fuchs
[EF56], Corollary 3 (in which the order p appears instead of the lower order \)
was proved by J.E. Littlewood [Lit08]. W.K. Hayman [Hay52] proved that the
quantity

Y. In pu(r, f)
Cp) = 1nfhgs;p WM )’

where the infimum is taken over all entire functions of order p, satisfies the inequality
—Ki(lnp+1) <C(p) < —Kz(lnp+1), p=>1,

where 0 < K9 < K7 < 0o are absolute constants.
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Theorem 1.3’ was proved by K. Arima [Ari52]. V.P. Petrenko [Pet67] proved
that if f(z) is a meromorphic function of finite lower order A, and ! is a number
satisfying the conditions

—1 % e
0<I<2m, I< KX\ 74 (a’f)/ln—é(a,f)’
where K is an absolute constant, then there exists a sequence of arcs {|z| = r, 0 <
argz < 0 + 1}, r. — oo, on which f(z) tends to a uniformly in arg z.

Theorem 1.4 was conjectured by A. Denjoy [Den07], who proved it under the
additional assumption that C; are rays going out of z = 0. T. Carleman [Carl21]
proved Theorem 1.4 with a weaker estimate than (1.1). Theorem 1.4 in its full
extent was first proved by L. Ahlfors [Ahl30]. Proving E. Lindel6f’s Lemma 1.2 we
used the presentations in G. Valiron [Val23, Chapter V, §4] and in N.G. Chebotarev
and N.N. Meiman [CM49, Chapter II, §7].

To Section 2. The first example of an entire function (of order p = oo) with
deficient nonasymptotic value was constructed by W.K. Hayman [Hay53]; later
A.A. Goldberg [Gol57b] constructed an analogous example in the case when 1 <
p < 00, and, finally, N.U. Arakelyan [Ara66] in the case when 1/2 < p < oo.

J.M. Anderson and J. Clunie [AC66] proved that if a meromorphic function
f(z) satisfies T(r, f) = O(In® r), then each deficient value of f(z) should be asymp-
totic (by Theorem 4.6 the function f(z) has at most one deficient value).

Example 1 is due to O. Teichmiiller [Tei39]. He considered the case p = 1/2
only, but his construction can be easily carried over to the case 0 < p < co. Example
2 was constructed by A.A. Goldberg [Gol66]. Using the idea of Example 2 it is
possible to construct an analogous example of a meromorphic function of the first
order and of the maximal type (F.A. Baraket and A.A. Goldberg [BG69]). Such
examples are not known for lower growth categories. The statement of Lemma 2.1
was first published in A. Wiman [Wim15]. Today much more general results are
known (B.Ya. Levin [Lev80, Chapter IIJ).

Theorem 2.1 is well known, however, we did not succeed to find out the corre-
sponding reference. In any case, all estimates needed for its prove were known to
E. Borel [Bor00].

Examples 3 and 4 are published here for the first time. The observation that
there are Borel exceptional values which are not deficient is due to G. Valiron
[Val33]. Example 5 is due to A.A. Goldberg [Gol67].

In examples of meromorphic functions of order p > 0 constructed in Section 3
of Chapter 4, each deficient value was asymptotic, in particular, these functions can
have a countable set of asymptotic values. G. Valiron [Val25] proved that for each
function ¢(r) — oo as r — oo there exists a meromorphic function f(z) such that
T(r, f) < (r)In®r, r > ro, and the set of asymptotic values of f(z) has the cardi-
nality of continuum. As was shown by G. Valiron [Val35b], if T(r, f) = O(In?r),
then f(z) cannot have more than one asymptotic value. Y. Tumura [Tum43a]
showed that the last condition can be replaced by the condition

liminf T'(r, f)/In®r < occ.
r—oo

If we do not impose any restrictions onto T'(r, f), the structure of the set of as-
ymptotic values is known. Namely, M. Heins [Hei53], [Hei55] proved that if a
set M, oo € M is analytic (Suslin), then it is a set of asymptotic values of an en-
tire function; the necessity of this condition was proved earlier by S. Mazurkiewicz
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[Maz31]. For meromorphic functions a result, similar to Heins’s was proved earlier
by D.B. Potyagailo [Pot51], but his result was not published. We do not have an
opportunity to present here these interesting results.

To Section 3. Theorem 3.1 sums up works of several authors. First O. Te-
ichmiiller [Tei39] proved that under the condition §(oo, f) > 1 — cosmp, where
p < 1/2 is the order of the function f(z), the equality limsup, . |f(re?)| = o
holds for all 8, 0 < 6 < 27, and proved the statement of Theorem 3.1 under a
stronger assumption 4 (oo, f) > %, where £ > 0 is an absolute constant. Un-
der the condition (oo, f) > 1 — cosmp the statement of Theorem 3.1 was proved
by A.A. Goldberg [Gol54a], [Gol56].

The mentioned works of O. Teichmiiller and A.A. Goldberg relied on the
Hadamard theorem on canonical representation of meromorphic functions of fi-
nite order. The Hadamard theorem is inapplicable in the study of functions of
finite lower order. A generalization of the results to the case of functions of finite
lower order became possible due to the idea of B. Kjellberg [Kje60], which can be
described in the following way: a function of finite lower order for some sequence
R = Rj — oo can be represented as a product of two factors, one of which is
a quotient of two canonical products, and the second is very close to one in the
disc {|z| < Ry}. A precise statement, somewhat more general than the one due
to B. Kjellberg, is contained in Lemma 3.1, which was essentially proved already
in the paper by F. Nevanlinna [NevF23] (see, also, R. Nevanlinna [NevR74, Ch.
VIII, sect. 177]).

Theorem 3.1, its corollary, Theorems 3.2, 3.3, and the inequality (3.29) were ob-
tained by A.A. Goldberg and I.V. Ostrovskii (published in I.V. Ostrovskii [Ost63al).
See, also, the preceding paper A.A. Goldberg and I.V. Ostrovskii [GO61a], contain-
ing a somewhat weaker result. Theorem 3.1 and its corollary were independently
obtained by A. Edrei [Edr64]. The statement of the corollary for A = 0 was
obtained significantly earlier by A. Edrei, W.H.J. Fuchs [EF59Db].

The inequality lim sup N(r,0,f) > SITP for entire functions of order p<l1

P WM f) © p
is due to A. Wahlund [Wah29] and G. Valiron [Val30] (a simple proof was shown
by G. Valiron [Val35a)).

Theorem 3.4 is due to B. Kjellberg [Kje60] (see, also, B. Kjellberg [Kje63],
where its refinement is presented). It is a generalization of the classical theorem
proved independently by A. Wiman [Wim15] and G. Valiron [Vall4]: each entire
function f(z) of order p < 1 satisfies

1
lim sup M > COosSTP.

T—00 IHM(T', f)

Different problems related to the Wiman—Valiron theorem are treated in many
papers. A survey of these papers is given in A.A. Goldberg and 1.V. Ostrovskii
[GO61D).

The main idea of the method used in the proofs of Theorems 3.2-3.4 is due
to A. Denjoy [Den30]. This method was later developed in G. Valiron [Val35al],
B. Kjellberg [Kje54], [Kje60], A.A. Goldberg and I.V. Ostrovskii [GO61a]. The
last paper contains a general formulation of the method, using it one can imme-
diately get Theorems 3.2, 3.3, and several other relations. We decided not to give
here this general formulation because of its complexity.
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The construction of the examples showing how sharp are Theorems 3.2-3.4 in
the case A = p is due to A. Edrei and W.H.J. Fuchs [EF60], and of the example
showing how sharp is Theorem 3.1 is due to O. Teichmiiller [Tei39]. These authors
considered functions with positive zeros and n(r,0) ~ ar? instead of the functions
£(2,0).

To Section 4. The estimate (4.1) with d(p) = |sinmp|/C1([p]) was obtained by
R. Nevanlinna [NevR29] and later sharpened by S.M. Shah [Sha44] and A.A. Gold-
berg [Gol57a]. The parameter x(f) was introduced by R. Nevanlinna [NevR29],
who conjectured that the best estimate of this parameter from below in terms of p
is 5(f) > 11(p).

The estimate (4.4) confirming R. Nevanlinna’s conjecture for p < 1 and close to
the best possible for p > 1 is due to A. Edrei and W.H.J. Fuchs [EF59a], [EF60).
The estimate (4.3) is due to I.V. Ostrovskii [Ost63b]; close but somewhat weaker
estimate was obtained independently by A. Edrei [Edr64]. The method consists
in extension of the method of works A. Edrei and W.H.J. Fuchs [EF59a], [EF60]
with the help of the idea of B. Kjellberg mentioned in our notes to Section 3.

Lemmas 4.2 and 4.5 are due to A. Edrei and W.H.J. Fuchs [EF59a], [EF60].

Lemma 4.4 is due to A.A. Goldberg [Gol54a], [Gol56], who also found its
generalizations [Gol57c|. The presented proof of Lemma 4.4 is taken from A. Edrei
[Edr64]. Lemma 4.6, part B is an analogue of G. Pélya’s theorem on sequences
(G. Pdlya, G. Szego [PS98, Vol. 1, Ch. 3, probl. 107-110], it was obtained in a
more general form by S.M. Shah [Sha40], [Sha41]. Lemma 4.6, part A is due to
L.V. Ostrovskii [Ost63b].

A version of Theorem 4.4 with the lower order \ replaced by the order p is due
to A. Edrei and W.H.J. Fuchs [EF60]. Theorem 4.4 was proved independently by
A. Edrei [Edr62] and I.V. Ostrovskii [Ost63a]. The method is an extension of the
method from A. Edrei and W.H.J. Fuchs [EF60].

To Section 5. Examples similar to Examples 1-5 can be constructed in a

uniform manner using a result from S.M. Shah [Sha46a]. In this paper entire
o0

functions f(z) = Z arz", such that the sequence |ag /a4 1| is non-decreasing, are

k=0
considered, and the formulas

. Ink . Ink
P[f] N h;ICILS(:p In |ak/ak+1|’ )\[f] N hknilolo}f In |ak/ak+1|
are obtained.

Theorem 5.2 with less sharp estimate than (5.5) was in a different way obtained
by A. Edrei and W.H.J. Fuchs [EF59b]. Our presentation follows I.V. Ostrovskii
[Ost63b]. The corollary of Theorem 5.2 and Theorem 5.3 with somewhat less sharp
estimates were obtained by A. Edrei and W.H.J. Fuchs [EF59b], they also proved
Lemma 5.1. Much earlier A. Pfluger [Pfl46] established that for an entire function
f(2) of finite order p with Za;éoo d(a, f) = 1 the number p is a positive integer, and
all deficiencies are of the form k/p, where k is an integer; thus the number of finite
deficient values in this case does not exceed p. A. Edrei and W.H.J. Fuchs [EF59a]
complemented this result of A. Pfluger by showing that all deficient values are
asymptotic. They established an analogous result for “almost all” deficient values
of meromorphic functions satisfying the condition (5.7) with sufficiently small value
of ~.
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Example 8 is a representative of a wide class of similar examples considered
by F. Nevanlinna [NevF29].16 F. Nevanlinna [NevF29] conjectured that if a

meromorphic function f(z) satisfies Z(S(a, f) =2, then p[f] = ¢/2, where ¢ is a

positive integer. This conjecture is still unproved.'”

Example 9 was constructed by A.A. Goldberg [Gol64b|, however his construc-
tion of the auxiliary function g(z) is different. Presented construction of the function
g(z) is due to B.Ya. Levin and I.V. Ostrovskii.

To Section 6. The relation m(r, f) = O(1) for functions of the form (6.1) was
proved by M.V. Keldysh [Kel54]. Theorem 6.1 representing a strengthening of
this result was obtained by I.V. Ostrovskii (published in A.A. Goldberg [Gol60b]).
Lemma 6.1, making possible the sharpening of the method of M.V. Keldysh, is due
to V.I. Smirnov [Smi28].

Theorem 6.2 is due to M.V. Keldysh [Kel54], the relation (6.4) makes it pos-
sible to simplify the original proof.

Theorem 6.3 is due to I.V. Ostrovskii [Ost61].

Chapter 6

To Section 1. Functions with (p,n)-separated zeros and poles were introduced
by A.A. Goldberg [Gol60a], he also proved (|[Gol60a], [Gol61]) Theorems 1.1, 1.2,
1.4, the corollaries of Theorem 1.1, constructed Examples 1 and 3. All other results
of this section are due to A. Edrei and W.H.J. Fuchs, S. Hellerstein [EFH61]. In
the case when f(z) is an entire function, Corollary 3 of Theorem 1.5 was proved by
A. Edrei and W.H.J. Fuchs [EF59b]. The same paper contains the first proof of
Corollary 1 under the a priori assumption p[f] < co.

The papers A. Edrei, W.H.J. Fuchs and S. Hellerstein [EFH61] and [Hel63]
contain results showing that under certain condition of arithmetic character im-
posed onto arguments of zeros and poles of a meromorphic function f(z) for which
p[N(r,0,00)] is finite but sufficiently large, the inequalities §(0, f) > 0, §(co, f) > 0
hold.

To Section 2. The first results on connections between the growth of a mero-
morphic function and the distribution of its values with respect to the arguments
are due to L. Bieberbach [Biel9] and R. Nevanlinna [NevR25b].

The paper of L. Bieberbach [Biel9] contains in implicit form the following
statement. Let f(z) be an entire function of finite order such that all of its a- and
b-points (a # b; a,b # c0) belong to the system of rays D = D(aq,...,ay). Then
the growth of the function f(z) is does not exceed the normal type of order w(D).
R. Nevanlinna [NevR25b] showed that this estimate is valid also in the case when
a- and b-points satisfy the condition

Z {CajaHl(T? a) + Caja,, (1) b)} =O(1).

161y fact, the function from example 8 belongs to the class of functions constructed in The-
orem 5.1, Chapter VII. (Editor).
171t is proved now in [A44], see the Editor’s comments.
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Besides, R. Nevanlinna [NevR25b] proved that this growth estimate holds for a
meromorphic function f(z) of finite order, if

Z {Cajayir (1,0) + Cayayy (1, D) + Cajayy (1,0)} = O(1)

j=1
(a, b, and c are three different points from the extended complex plane) and the
growth categories of at least two of the functions N(r,a), N(r,b), N(r,c) do not
exceed the convergence class of order w(D).

Note that these results are contained in Corollary 3 from Theorem 2.1 and in
Theorem 2.4.

In the cited above results of L. Bieberbach and R. Nevanlinna finiteness of the
order of f(z) is an a priori assumption. M.G. Krein [Kre47] considered entire
functions f(z) with zeros close to the real line, such that 1/f(z) can be represented
in the form (2.29), and found growth estimates without an a priori assumption
of finiteness of the order. We stated the result of M.G. Krein as Corollary 2 of
Theorem 2.10. Theorems 2.9 and 2.10 can be considered as generalizations of this
result.

A. Edrei [Edr55] proved the following theorem. Let D = D(aq,...,a,) be a
system of rays, f(z) be a meromorphic function, such that for some a # 0, 00 and
some integer [ > 0 all solutions of the equations

(K.1) f(2) =0, f(z) =00, fU(z) =a

except, possibly, finitely many of them lie on the rays of the system D. If 6(0, f) +
(0o, f) +6(a, fU) > 0, then the order of the function f(z) does not exceed w(D).
In the case when &(a, f(!)) > 0, this theorem of A. Edrei is contained in the corollary
of Theorem 2.5; the growth estimate in the Edrei theorem is less precise, and the
argument constraints are more restrictive. It is essential that in the corollary of
Theorem 2.5 the argument restrictions are imposed onto solutions of only two of the
equations (K.1). In the case that 6(a, f(!)) > 0, Edrei’s theorem cannot be derived
from Theorem 2.5. However, using the method of the proof of Theorem 2.5, it is
not difficult to prove (see I.V. Ostrovskii [Ost61]) a generalization of Theorem 2.5,
also containing these cases of the Edrei theorem.

All results of the present section, except Theorems 2.7, 2.8, Corollary 2 of
Theorem 2.10, and Examples 2 and 4 are due to I.V. Ostrovskii [Ost57], [Ost58],
[Ost60al, [Ost61].

Using a method, similar to the method of I.V. Ostrovskii [Ost58], [Ost61],
A. Edrei and W.H.J. Fuchs [EF62b] proved the following theorem:

Let

L; = {z:remﬂ'(’"), rg <r< oo}, 1=12...,n,

be a system of n rectifiable curves in the plane, where a;(r), r > rg, j =1,...,n,
are continuous functions, and
ar(r) < as(r) < - <ap(r) <o (r) + 27 = apsi(r), r > 1.

Suppose that the length s;(r1,72) of the curve Ly N{r; < |z| < ro} admits the
estimate
Sj(’l“l,’l“g) S B(?“Q — 7“1),
where B is a constant. If all zeros and poles of the meromorphic function f(z)
except, possibly, finitely many lie on the indicated system of curves, and for some
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a # 0,00 and integer 1 > 0 the inequality d(a, f)) > 0 holds, then the order of the
function f(z) does not exceed

. 9w B2
max limsup ——F—.
1< oo ajra(r) — aj(r)

Theorem 2.7 is a simple corollary of results of R. Nevanlinna [NevR25b] (The-
orem 3.1 in Section 3) and W.K. Hayman [Hay56] (the corollary of Theorem 3.2
in Section 3).

Theorem 2.8 somewhat complements the following result due to A. Edrei and
W.H.J. Fuchs [EF62a] (some other results of the same character can be found in
A. Edrei and W.H.J. Fuchs [EF62b], A. Edrei [Edr62]).

Let f(z) be a meromorphic function. Suppose that there exists a number §,
0 <§ < 1, and a sequence {7y}, 7 T 00, such that the annuli

Sk:{r—k§|z|§0krk}, k=1,2,...,
O

where o, = 1+ {InT(rg, f)}~° have the following property: to each Sy there
correspond n > 1 numbers

Qly Ok, ooy Akn Ol < Qpa < ... Qg < Qg1 + 27

in such a way that the number of zeros and poles of the function f(z) lying in

n
S\ U {largz — ar;| < {InT(owrs, £)} 77}
j=1
does not exceed
O(T“(rx))
(n >4, ¢ < 1 are constants).

Then the function f(z) has at most n + 1 deficient values. If the function f(z)
has n + 1 deficient values, then 0 and oo are among deficient values.

Example 2 is taken from A. Edrei [Edr55] and Example 4 is taken from A. Edrei
and W.H.J. Fuchs [EF62a].

To Section 3. Theorem 3.1 is due to R. Nevanlinna [NevR25b]. We prove The-
orem 3.2 using the Cartan—Ahlfors method (see R. Nevanlinna [NevR 74, Chapter
V, §5]), which W.K. Hayman [Hay56] used to prove the result which we state as
a corollary of Theorem 3.2. Our presentation follows this paper of W.K. Hayman.
Theorem 3.3 is published here for the first time. Theorem 2.3 which is an immedi-
ate corollary of Theorem 3.3 originally was obtained (I.V. Ostrovskii [Ost61]) in a
different way.

To Section 4. Theorem 4.1 (I.V. Ostrovskii [Ost60b]) is a generalization of
L. Bieberbach’s [Biel9] theorem, which we state as Corollary 2 of Theorem 4.1.
Example 1 is due to L. Bieberbach [Biel9|, Lemma 4.1 is due to O. Teichmiiller
[Tei39], Example 2 is due to I.V. Ostrovskii [Ost60b].

To Section 5. Theorem 5.2 was obtained by I.V. Ostrovskii [Ost60c]. Theorems
5.3, 5.4, and 5.5 are due to B.Ya. Levin and I.V. Ostrovskii [LO60]. Lemma 5.3
is a classical result due to C. Carathéodory. Theorem 5.3 is a strengthening of the
following result of A. Edrei [Edr55): If an entire function f(z) is representable
in the form f(z) = e9*)h(z), where g(z) is an entire function, h(z) is an entire
function of finite order, and all zeros of the function f(z)f'(z)f”(z) except, possibly,
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finitely many are real, then p[g] < 1. S. Hellerstein [Hel66] found a generalization
of Theorem 5.3. An extensive bibliography of works devoted to the question of
G. Pélya and A. Wiman can be found in B.Ya. Levin and 1.V. Ostrovskii [LO60].'®

Chapter 7

We present Theorem 1.2 following S. Kakutani [Kak35], who stated it in a
somewhat more general form and made a small error. Theorem 1.2 is contained
in a stronger result of Y. Tumura [Tum43b] and H.L. Selberg [Sel44], [Sel46],
who, in particular, proved that under the conditions of Theorem 1.2 the relation
m(r,a) = O(Inr) holds. Under the additional restriction that all algebraic branch
points of P are projected to a (each region F, can have at most one branch point),
Theorem 1.2 was proved by E.F. Collingwood [Col24] and H. Cartan [Cart30].

In Section 2 we present the necessary preliminaries from the theory of qua-
siconformal mappings. The theory of quasiconformal mappings is presented in
L.I. Volkovyskii [Vol54] and L. Ahlfors [Ahl66].

Most of the examples is contained (sometimes implicitly) in the monograph
L.I. Volkovyskii [Vol50]. O. Teichmiiller [Teid44] considered a class of quasicon-
formal mappings solving the problem from Example 7, and found a mapping for

which lnllax p(z,w) attains its minimum. Comparison with Teichmiiller’s result
z|<R

shows that the estimate (2.17) (see L.I. Volkovyskii [Vol50, p. 110]) approaches
the best possible as zg — 0.

Theorem 3.1 was obtained by O. Teichmiiller ([Tei38], see, also, H. Wittich
[Wit68, Chapter VI]) as a corollary of his theorem on moduli of ring domains.
H. Wittich [Wit48a] gave another proof of the Teichmiiller theorem, using a
method of L. Ahlfors [Ahl32b] (Step III of our proof). We present H. Wittich’s
proof with significant simplifications. P.P. Belinskii [Bel53], [Bel54] proved that
under the conditions of Theorem 3.1 the limit lim,_, ., w(z)/z exists.

The class Fy, of Riemann surfaces, as well as the notion of a line complex, were
introduced by R. Nevanlinna [NevR32a], [NevR32b]. A detailed theory of line
complexes was developed by G. Elfving [Elf34]. Our presentation differs of that of
G. Elfving. The dependence of the line complex on the choice of the base curve was
studied by E. Drape [Dra36], H. Habsch [Hab52], V.G. Tairova [Tai62], [Tai64].
F. Huckemann [Huc56a] extended the class F, and the notion of a line complex.

Theorem 4.1 should follow from a more general result of H. Weyl [Wey31], but
this result, in author’s own words, is stated in a so inefficient form, that it is not
clear how to get any specific corollaries of it.

Our proof, which is close to certain argument of V.G. Tairova [Tai64] allows us
to make an important for our purposes remark at the end of the proof. The corol-
lary of Theorem 4.1 was proved, using line complexes, by Le-Van-Thiem [LeV50].
In familiar sources (A. Hurwitz [Hur91], [Hur02], H. Weyl [Wey31], H. Rohrl
[R6h63]) we have not found anything indicating that the problem posed in Section
4 before Example 1 is not always solvable. Theorems 4.2 and 4.3 are published here
for the first time.

The statement of the inverse value distribution problem is due to R. Nevanlinna
(see, for example, [NevR74, Sect. 220]).

18This question is now completely solved. See the Editor’s comments at the end of the book.
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The hypothesis that the deficiencies of a meromorphic function of a finite order
should satisfy some other relations besides Z(S(a, f) <2 was stated by O. Te-

ichmiiller [Tei39]. W.H.J. Fuchs [Fuc58] proved that for functions of finite order
the relation Z v 0(a, f) < oo holds. This result was strengthened by W.K. Hay-

a
man [Hay64], who established that for functions of finite lower order and for

a > 1/3 the series Z 0%(a, f) is convergent, and observed that for o < 1/3 such se-
a
ries can diverge. The behavior of this series for o = 1/3 has not been studied,'® but

V.P. Petrenko [Pet67] proved that for 8 > 1/3 the series Z 6Y3(a, f)ln=" 6(a€ 7
converges. 7

W.H.J. Fuchs [Fuc58] and W.K. Hayman [Hay64| obtained also estimates for
the sum of the series Z 0%(a, f) in terms of A[f]; the sharpest estimates are due

a
to V.P. Petrenko [Pet66], [Pet67].

R. Nevanlinna [NevR32b] proved Theorem 5.1 using Riemann surfaces with
finitely many logarithmic ends and without any algebraic branch points. To study
the value distribution of the uniformizing functions he used some results of the an-
alytic theory of differential equations. Using the same method G. Elfving [E1f34]
studied uniformizing functions of surfaces with finitely many logarithmic ends, de-
fined as in our Section 5. L. Ahlfors [Ahl32b] proved the results of R. Nevanlinna
[NevR32b] without using differential equations.

Results of Sections 6, 7, 8 are due to A.A. Goldberg [Gol54b] (this paper
contains some errors). However various particular cases of these results were known
before. A detailed survey of previous results can be found in Chapter VIII of the
book H. Wittich [Wit68]. Here we mention the most important papers. The
class of Riemann surfaces with periodic ends was introduced by E. Ullrich [U1136].
H. Wittich [Wit47], [Wit48b] used quasiconformal mappings for the study of
the value distribution of the uniformizing functions of such surfaces, and obtained
the formulas (7.17), (7.18), (7.19) for surfaces with periodic ends. Note that for
surfaces ® with periodic ends it is not necessary to construct a quasiconformal
mapping onto the complex plane, the problem we were concerned with in Section
6, since the uniformizing meromorphic function can be easily written in an explicit
form (see the exercise after Theorem 6.1). Le-Van-Thiem [LeV49], [LeV50] solved
the inverse problem under the following restrictions: 1) The number of deficient and
index values is finite; 2) The deficiencies and indexes are rational numbers; 3) If

g(a) > 0, then 6(a) +£(a) < 1. In the case when Z d(a) = 0 Le-Van-Thiem solved

a
the problem using elliptic functions; in the case Zé(a) > 0 he used Riemann

a
surfaces with finitely many periodic ends and characteristic x = 1. K. Pdschl
[P6s51] noticed that if drop the restriction x = 1, then, with the help of Riemann
surfaces with finitely many periodic ends, the inverse problem can be solved, at

best (for 0 < Z d(a) < 2), if the deficiencies and indexes belong to a very narrow
subclass of the set of algebraic numbers.

19Weitsman [A157] proved the convergence for v = 1/3.
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Le-Van-Thiem [LeV49], [LeV50] introduced the notion of a conjunction of sur-
faces with periodic ends and obtained the formulas (7.23)—(7.27) for them. However
he did not take into consideration the conditions under which conjunction is pos-
sible and the conditions under which the formulas (7.25)—(7.27) are valid, for this
reason some parts of his argument are not convincing. The idea to use the calculus
of diagrams (see Section 8) is also due to Le-Van-Thiem.

It was conjectured that, if in Theorem 5.1 we restrict our attention to functions
of finite order, then the requirements of rationality of deficiencies and of the finite-
ness of the number of deficient values become necessary.?? For entire functions this
conjecture has been proved (A. Pfluger [Pf146]).

In connection with Theorem 8.3 we note that the first example of a meromor-
phic function with infinitely many index values was constructed by G. af Hallstrém
[H&l52], but in his construction severe restrictions were imposed both on the lo-
cation of index values and on the values of indexes. G. af Hallstrém [H&l41] also
found the first example of a function with £(a) = 1 (see, also, H. Wittich [Wit68,
Chapter VIII, §5]).

The class of Riemann surfaces with almost periodic ends is, as it was mentioned,
a generalization of a class of Riemann surfaces with periodic ends. The class of
Riemann surfaces with periodic ends was generalized also in other directions. We
mention in this connection the papers of F. Huckemann [Huc56b], A.A. Goldberg
[Gol59b], H.P. Kiinzi and H. Wittich [KW59], where the reader can find further

references.

20This is proved in [A44].
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APPENDIX A

A survey of some results after 1970 (by A.
Eremenko and J. K. Langley)

The literature on meromorphic functions® is very large. There is a compre-
hensive survey [62] that contains everything that was reviewed on the topic in the
Soviet “Referativnyi Zhurnal” in 1953-1970, and a later large survey [67]. More
recent surveys [30], [80] and [48] are shorter and have narrower scope.

Some books on specific topics in the theory of meromorphic functions published
after 1970 are [18], [20], [79], [100], [136], [133], [137], [162]. A survey of the fast
developing subject of iteration of meromorphic functions is [7].

Here we give a short survey of some results which are closely related to the
problems considered in this book. Thus we do not include many important topics,
like geometric theory of meromorphic functions, iteration, composition, differential
and functional equations, normal families, Borel and Julia directions, uniqueness
theorems, and most regrettably, holomorphic curves and quasiregular mappings.

Chapter II.

Mokhon’ko [121] proved the following generalization of (6.29), Ch. 1. Let R(w, z)
be a rational function of w whose coefficients are meromorphic functions h(z) sat-
isfying T'(r,h) = O(p(r)), where ¢ is a fized positive increasing function on [0,00).
Then for every meromorphic function f we have

T(r,R(f(2),2)) = deg,, RT(r, f) + O(¢(r)).

This is a purely algebraic result; its proof uses only properties (6.5), (6.6), (6.8')
and the property T'(r, f2) = 2T(r, f).

Another result in the same direction is due to Eremenko [39]. Let F(u,v,z)
be a polynomial in u and v whose coefficients are meromorphic functions h of z
satisfying T'(r,h) = O(¢(r)), where ¢ is a function as above, and assume that F
is irreducible over the algebraic closure of the field of meromorphic functions. If f
and g are meromorphic functions satisfying

(0.60) F(f(2),9(2),2) =0,
then
deg, FT(r, f) = (deg, F + o(1))T'(r, ) + O(¢(r)).

Both theorems have applications in the analytic theory of differential equations.

Vojta [153] noticed a formal analogy between the definition of the Nevanlinna
characteristic and the definition of height in number theory. This analogy extends
quite far, and it has been a source of many interesting results and conjectures in
the recent years. For example, under Vojta’s analogy, Jensen’s formula corresponds

f the domain is not specified explicitly, we mean meromorphic functions in C.
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466 A. RESULTS AFTER 1970

to the fundamental theorem of arithmetic, while the second main theorem without
the ramification term corresponds to the Thue—Siegel-Roth theorem on Diophantine
approximation. The full second main Theorem corresponds to the famous unproved
conjecture in number theory which is known as the “abc-conjecture”. The analogy
extends to the multi-dimensional generalizations of Nevanlinna theory, where it
has been especially fruitful [136, 101]. As an example of the influence of Vojta’s
analogy on the one-dimensional value distribution theory, we mention the recent
precise results on the error term in the second main theorem (see comments to
Chapter III).

Analogies between function theory and number theory were noticed before Vo-
jta. Osgood was the first to view the second main theorem as an analogue of the
Thue—Siegel Roth theorem [128, 129, 130]. See also [69, 77].

Formula (2.6), Ch. I is the basis of the so-called “Fourier method” in the theory
of entire and meromorphic functions, which was developed in the work of Rubel
[137], Taylor, Miles and others. The Fourier method is considered as a substitute
for the Weierstrass representation, which is more effective in certain cases. One of
the main results achieved with this technique is the theorem of Miles [114] on the
quotient representation of meromorphic functions: Every meromorphic function f
can be written as f = g1/go, where g; are entire functions, possibly with common
zeros, satisfying

T(T7gj)§AT(Brvf)7 j:0717

where A and B are absolute constants (independent of f). Moreover, for every
B > 1 there exists A such that the above statement holds for every f. Simple
examples show that one cannot in general take B = 1. This result was improved
by Khabibullin [97]: Let f be a meromorphic function and € > 0 a non-increasing
convez function on [0,00). Then there esists a representation f = g1/go such that
g; are entire functions, and

A
e(lz])
Khabibullin also extended Miles’s theorem to meromorphic functions in C™. A
survey of his results is [98].

The Fourier method is also one of the main tools for the study of functions

which satisfy various restrictions on the arguments of a-points (see comments to
Chapter VI). A recent book on the Fourier method is [99].

In(lg1(2)[ + lgo(2)]) < T((L+e([2D)lz], f) + Be.

Chapter II.

Various properties of increasing functions on [0,00) play an important role in
the theory of meromorphic functions. By 1970 it became clear that the lower order
A is at least as important as the order p. The main development since 1970 was
“localizing” the notion of order.

Let ® be an unbounded increasing function. A sequence rp — oo is called a
sequence of Pdlya peaks (of the first kind) of order p if the inequalities

B(rre) < (L4 ep)r#@(ry,), e <71 <€

hold with some €, — 0. Pdlya peaks were formally introduced by Edrei [33], though
they were used by Edrei and Fuchs already in 1963. Pélya peaks of order p exist for
all p in certain interval [A*, p*], which contains the interval [\, p]. The endpoints
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A* and p* of this interval are called the order and lower order in the sense of Pdlya,
respectively. The following formulas were given in [31]:

p* = sup{p: limsup g(Az)/APg(z) = oo}

x,A— 00

and
A" = inf{p: liril inf g(Az)/APg(x) = 0}.
x,A—00

Most contemporary results on functions of finite lower order use Pélya peaks.
Chapter III.

Milloux’ inequality (Ch. III, Theorem 2.4) has led to a rich vein of results
developing the value distribution properties of meromorphic functions and their
derivatives, in which a decisive role has been played by the paper [71] of Hayman.

Perhaps the most striking of the many results from [71] is Hayman’s alternative
(Ch. III, Theorem 2.6): if a function f meromorphic in the plane omits a finite
value a, and its kth derivative f(*), for some k > 1, omits a finite non-zero value b,
then f is constant. Two principal questions arising in connection with Hayman’s
alternative are: (i) whether a version of Hayman’s main inequality (Ch. III, (2.23))
holds with N(r,1/(f — a)) replaced by N(r,1/(f — a)); (ii) whether f*) can be
replaced by a more general term, such as a linear differential polynomial

(0.61) F=L[f]=f® +ap_1f* Y+ .. +aof,

with suitable coefficients a; of small growth compared to f. A positive answer
to (i) was given by Chen [17]. Question (ii) was answered affirmatively in [102],
although there do exist exceptional functions f, which may be determined from the
a;, for which f and F' — 1 have no zeros. A unified approach to the questions from
[17, 102] may be found in [14]. It was shown further in [19, 82] that if P is a
non-constant differential polynomial in f, all of whose terms have degree at least
2 in f and its derivatives, then a version of Hayman’s inequality holds with f(*)
replaced by P, and with N counting functions.

Question (i) is related to the issue of whether f —a and f*) —b (k > 1,b #
0) can both fail to have simple zeros, in analogy with the sharp result that a
nonconstant meromorphic function cannot be completely branched over five distinct
values. It has recently been shown [127] using normal family methods that if f
is transcendental and meromorphic in the plane with only multiple zeros then f’
takes every finite non-zero value infinitely often (see also [14, 155]).

The obvious example f(z) = e* shows that a transcendental entire function f
may have the property that f and all its derivatives omit 0: thus the condition
b # 0 is necessary in Hayman’s alternative. However, Hayman showed in [71] (see
Ch. III, Theorem 2.7) that if f is an entire function such that ff” has no zeros
then f(z) = exp(Az + B) with A, B constants: this follows from applying (Ch. III,
Theorem 2.6) to f/f’. Clunie [21] established the corresponding result with f”
replaced by a higher derivative f(*) which on combination with Hayman’s theorem
on ff” significantly improved earlier results of Pdlya and others on the zeros of
entire functions and their derivatives [24, 134, 139, 140|. The Tumura-Clunie
method, as developed in [21], shows that if U[g] is a differential polynomial of
form Wy [g] = g* + Py_1[g], where P,_1[g] is a polynomial in g and its derivatives
of total degree at most k — 1, and with coefficients of small growth compared to
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g, and if g has few poles and Uy[g] has few zeros, then Uy[g] admits a simple
factorisation. The application to zeros of ff*) then follows by writing f*)/f in
the form Wg[f’/f]. Variants and generalisations of the Tumura-Clunie method,
allowing functions g with unrestricted poles, appear in a large number of papers
including notably [125, 151, 164].

It was conjectured by Hayman in [71] that if f is meromorphic in the plane and
£ % has no zeros, for some k > 2, then f(z) = exp(Az+B) or f(z) = (Az+B)~™,
with A, B constants and m € N. This was proved by Frank [52] for £ > 3 and by
Langley [103] for k = 2 (see also [9, 105]), while simple examples show that no such
result holds for & = 1. Generalisations include replacing ff*) by fF, where F is
given by (0.61) with rational coeflicients [15, 54, 104, 147], and by ff'—af? ac
C [8, 105, 123]. Closely linked to Milloux’ inequality and Hayman’s alternative
is the question of whether G = f™f’ must take every finite non-zero value, when
f is non-constant meromorphic and n € N, the connection being that (n + 1)G is
the derivative of f**!, which has only multiple zeros and poles. Hayman proved in
[71] that this is the case for n > 2 and f entire, and for n > 3 when f has poles.
Following incremental results by a number of authors [22, 81, 124], the definitive
theorem in this direction was proved in [11]: if f is a transcendental meromorphic
function in the plane and m > k > 1 then (f™)®*) has infinitely many zeros. Here
the result is proved first for finite order, and the infinite order case is then deduced
by applying a renormalisation method from normal families [131, 132, 163]. The
closely related question of whether f’ + f™ may omit a finite value, which in turn
is related to the Tumura-Clunie method, is resolved in [11, 71, 124, 145]. A more
recent conjecture [156] asserts that if f is a transcendental meromorphic function
then ff(*) takes every finite, non-zero value infinitely often: this is known to be
true for £k =1 [11], and for ¥ = 2 and f entire [107].

A further development from [71] leads to two conjectures which remain open.
Hayman observed in [71] that since the derivative f’ of a transcendental meromor-
phic function f has only multiple poles, it follows that f’ has at most one finite
Picard value. It was subsequently conjectured by Mues [122] that the Nevanlinna
deficiencies of f("™) satisfy, for m > 1,

(0.62) > da, M) <1

aeC

This was proved by Mues [122] for m > 2, provided all poles of f are simple. In
the general case the best known upper bound for the sum in (0.62) appears to be
4/3 [84, 161].

The Mues conjecture (0.62) would follow from a positive resolution of the
Gol’dberg conjecture that, for a transcendental meromorphic function f and k > 2,

(0.63) N(r, f) < N(r,1/f®) + o(T(r, f))

as r — 00, possibly outside an exceptional set. This is in turn linked to a classical
result of Pélya [134] that if f has at least two distinct poles then f(*) has at least
one zero, for all sufficiently large k. When f has poles of multiplicity at most k — 1
the inequality (0.63) follows from a lemma of Frank and Weissenborn [55] (see also
[154]), so that in particular if f has only simple poles then (0.62) is true for every
positive m. A related inequality was proved in [53, 148]: if F' = L[f] as in (0.61),
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where the a; are small functions compared to f, then either
N(r,F) < N(r,1/F)+2N(r, f) + o(T(r, f))

outside a set of finite measure or f is a rational function in solutions of the homo-
geneous equation L{w] = 0. This method is connected to Steinmetz’ proof [146] of
the second main theorem for small functions discussed below. No further results
in the direction of (0.63) appear to be known, although it was proved by Langley
in [106] that if f is meromorphic of finite order in the plane and f (%) has finitely
many zeros, for some k > 2, then f has finitely many poles.

Examples abound of meromorphic functions with infinitely many poles such
that the first derivative has no zeros, but it was proved in [50] (see also [11]) that
if f is transcendental and meromorphic with limsup,._, ., T'(r, f)/r = 0 then f’ has
infinitely many zeros: the corresponding result with lim sup replaced by lim inf may
be found in [83].

We remark that the above results have all been stated for functions meromor-
phic in the plane. Those which are proved only using properties of the Nevanlinna
characteristic admit in some cases generalisation to functions of sufficiently rapid
growth in a disk [71] or a half-plane [110]. Some related results for functions of
slower growth in the disc appear in [142, 144].

An old conjecture of Nevanlinna was that one can replace constants aj in the
second main theorem by meromorphic functions ay(z) with the property T'(r, ax) =
o(T'(r, f)). Such functions aj, are usually called “small targets”. For the case of
an entire function f such a generalization was obtained by Chuang Chi Tai in
1964. Much later, the second main theorem without the ramification term, was
proved for meromorphic functions by Osgood, who used methods from number
theory [128, 129, 130]. A substantial simplification of Osgood’s proof was made
by Steinmetz [146], who also used a beautiful idea of Frank and Weissenborn [55].
Osgood and Steinmetz proved that

DN (f—ar)h) = (g =2+ 0o(1)T(r, f),
k=1

outside of the usual exceptional set. The proof in [146] is simple and elegant; and
uses only manipulations with Wronski determinants and the classical lemma on the
logarithmic derivative. This makes it suitable for generalizations to holomorphic
curves [129, 130, 136]. However, this version of the second main theorem does
not take ramification into account. Simple examples like f(z) = e* + z where
d(co, f) = d(z,f) = 1 and Ny(r, f) ~ T(r, f) show that one cannot include the
term N;. However, the following form of the second main theorem holds with small
targets:

q
SN (f — ar) ™) = (g — 2+ ()T, ),
k=1
where N(r,(f — ax)~!) is the usual function counting zeros of f — a disregarding
multiplicity. This result was recently obtained by Yamanoi [160]. In [159] he
separately treats the case of rational functions a; when the proof is technically
simpler. Yamanoi’s proof is very complicated, and it will be hard to generalize to
holomorphic curves. Surprisingly, it uses Ahlfors’s theory of covering surfaces (and
also algebraic geometry, moduli spaces of curves, and combinatorics). The idea to
bring Ahlfors’s theory to this context has its origin in the work of Sauer [138] who
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obtained a partial result for rational small targets. One application of Yamanoi’s
generalization of the second main theorem is the following. Suppose that f and g are
meromorphic functions in C satisfying a relation of the form (0.60). If the genus of
the curve F(u,v) = 0 is greater than 1, then T'(r, f)+ T(r,g) = O(¢(r)). This was
conjectured by Eremenko in 1982, and the important special case that ¢(r) = Inr,
that is F' is a polynomial in all three variables, was proved by Zaidenberg in 1990.

Now we turn to the classic setting. The estimate in the lemma on the logarith-
mic derivative was improved by Gol’dberg and Grinstein [66]:

m(r, f'/f) <™ {T(p, /)(1 = (r/p)) "'} + const,

where the constant depends on f. Vojta’s analogy (see comments to Chapter I)
stimulated new interest in refined estimates for the logarithmic derivative, as well
as for the error term

S(r, f) :Z m(r,aj, f) + Ni(r, f) — 2T(r, f)

in the second main theorem. Miles [118] derived from Gol’dberg’s and Grinstein’s
estimate the following. Let ¥ be a continuous non-decreasing function such that

Then for every meromorphic function f we have

m(r, f'/f) < " (T (r, f)) + O(1),
outside an exceptional set of finite logarithmic measure. The strongest results on
the error term S(r, f) belong to Hinkkanen [85], for example:

S(Ta f) S ln+ ¢(T(7‘7 f)) + 0(1)7

outside an exceptional set of finite logarithmic measure, where ¢ is as before. If
one replaces 1 by t(¢), then both results will hold outside an exceptional set of
finite measure. All presently known results on the error terms in one-dimensional
Nevanlinna theory are collected in the book [18].

No analog of the second main theorem holds without an exceptional set of r’s.
This can be seen from the result of Hayman [72]: Let {Ey} be closed sets of zero
logarithmic capacity, and ¢ and ¥ arbitrary unbounded increasing functions. Then
there exist an entire function f and a sequence T, — oo such that N(ry,a, f) <
¢(ri) Inry, for all a € Ey, while T (r, f) > ¥(rg).

Chapter IV.

The result of Hayman we just cited shows that the set Ey (f) of Valiron ex-
ceptional values, which always has zero capacity, can contain any F, set of zero
capacity, but a complete description of possible sets Evy (f) is not known.

For meromorphic functions f of finite order, Hyllengren [96] obtained a very
precise description of the sets Ey (f). Let us say that a set E satisfies the H-
condition if there exist a sequence (ay) of complex numbers and 1 > 0 such that
every point of E belongs to infinitely many discs {w : |w — a,| < exp(— exp(nn))}.
For every meromorphic function f of finite order, and every x € (0,1), the set
Ev(x, f) of those a € C for which Aa, f) > x satisfies the H-condition, and vise
versa, for every set E satisfying the H-condition, there exist an entire function f
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and a number x € (0,1) such that A(a, f) > z, for all a € E. Notice that the
H-condition is much stronger than the condition of zero capacity.

The first example of an entire function of finite order whose deficiency depends
on the choice of the origin was constructed by Miles [116]. The order of this
function was very large. Then Gol’dberg, Eremenko and Sodin [65] constructed
such examples with any given order greater than 5. (For entire functions of order
less than 3/2, deficiencies are independent of the choice of the origin.)

Chapter V.

Put L(r,f) = Inp(r, f)/In M(r, f), where p(r, f) = min{[f(z) : [2] = r}.
Corollary 3 on p. 232 says that limsup,_, ., L(r, f) > —[2\]. Hayman [70] showed
that the same holds with —2[A] replaced by —2.191n p when p is large enough. For
functions of infinite order, he proved

lim sup L(r, 1)

- -7 > _2.109.
rooo Inlnln M(r, f) —

He also constructed examples of entire functions of large finite order for which
limsup, _, ., L(r, f) < —1. Then Fryntov [56], answering a question of Hayman,
constructed entire functions of any given order p > 1 with the same property. Drasin
[29] constructed entire functions of order one, maximal type, with the property
M(r, f)u(r, f) = 0. This may be contrasted with a remarkable theorem of Hayman
[73] which says that if f is an entire function of order one and normal type, and
M(r, fp(r, f) is bounded, then f(z) = cexp(az) for some constants ¢ and a.

Thus for an entire function of order at least one, u(r, f) can decrease at a
higher rate than that of increase of M(r, f). The situation changes dramatically if
we consider the rate of decrease of |f(z)| on an unbounded connected set. Hayman
and Kjellberg [78] proved that for every entire function f and every K > 1 all
components of the set {z : In|f(z)| + KInM(|z|, f) < 0} are bounded.

Theorem 1.3’ has been the subject of many deep generalizations. First we
mention the famous “spread relation” of Baernstein [2] [4] conjectured by Edrei in
[34]: If f is a meromorphic function of lower order X\, then for every e > 0 there
are arbitrary large values of r such that the set of arguments 6 where |f(re??)] > 1
has measure at least

4
(0.64) min { X arcsin @, 27r} — e

Similar sharp estimates of the measure of the set where
In|f(re”)| > o' (r, f)

were given in [1].

Fryntov, Rossi and Weitsman [57, 58] proved that under the assumptions of
the spread conjecture, the set |f(re??)| > 1 must contain an arc of length (0.64).
See also [3] for the sharp lower estimate of the length of the arcs in the set {6 :
In|f(re®| > aln M(r, f)}.

Extremal functions for the spread relation and its generalizations were studied
extensively, [5, 36, 37, 141].
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The new methods introduced by Baernstein [2], [4] are based on the use of
subharmonic functions, and especially, on a new type of maximal function, the so-
called “star-function”, which turned out to be very useful in solving a wide variety
of extremal problems of function theory. An account of Baernstein’s star function
and its main applications is contained in the monograph [79].

One important application of the spread relation is the sharp estimate of the
sum of deficiencies of a meromorphic function of lower order A < 1 [35]. If a
meromorphic function f of lower order X has at least two deficient values, then

1—cosmA, 0<A<1/2
2 8. f) < { 2 —sinmh,  1/2< A §/1. ’
acC
The sharp estimate of the sum of deficiencies of a meromorphic function in terms
of its order or lower order A is still not established for A > 1. The conjectured
extremal functions are described in [32].

The results of §2 show that neither Nevanlinna nor Borel exceptional values
need be asymptotic values. On the other hand, Picard exceptional values are asymp-
totic. A natural question arises, whether any condition of smallness of N(r,a, f)
in comparison with T'(r, f) will imply that a is an asymptotic value. The basic
result belongs to the intersection of the papers [16], [74], and [38]. Let f be a
meromorphic function of lower order A < oo. If the order of N(r,a, f) is strictly
less than min{1/2, A} then a is an asymptotic value. Example 3 on p. 249 shows
that this condition is sharp, if only the lower order of f is taken into account. In
[38], a weaker sufficient condition for a to be an asymptotic value is given, that
uses both the order and lower order of f. Hayman [74] gives the following refined
condition: if

1 o0
T(r,f) - 57“1/2/ t=32N(t,a, f)dt — oo,
i
then a is an asymptotic value.

The problem on p. 285 of optimal estimation of x(f) for functions of lower
order greater than 1 is still open, even for entire functions. It has been solved only
for entire functions with zeros on a ray [94].

The best estimates known at this time for entire and meromorphic functions
with fixed A > 1 are contained in [119, 120]. They are derived from the following
sharp inequality which is obtained by the Fourier method:

N(r,0) + N(r,00) > sup \/§|sin7r)\| {1+sin27r)\}_1/2’
ma(r, f) A <A< pr A 27\

lim sup

where my is the L2-norm,

27
w3 f) = = [ (nlfre))Ran,

and A* and p* are the order and lower order in the sense of Pélya, [31] (see also
comments to Chapter II).

In 1929, F. Nevanlinna [126] found that meromorphic functions of finite order
satisfying N1 (r, f) = 0 have the following properties:

a) 2p is an integer, 2p > 2,

b) all deficient values are asymptotic, and
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¢) all deficiencies are rational numbers with denominators at most 2p, and their
sum equals 2.
It was natural to conjecture that one of the conditions

(065) Nl (T’, f) = O(T(T7 f))a
(0.66) > da, f) =2
acC

implies the properties a), b) and c). Notice, that by the second main theorem,
(0.66) implies (0.65) for functions of finite order.
It turns out that a strong form of this conjecture holds:

SMALL RAMIFICATION THEOREM. If f is a meromorphic function of finite
lower order with the property (0.65) then a), b) and c) hold, and:

(0.67) T(r, f) =rPL(r),
where ¢ is a slowly varying function in the sense of Karamata.?

As a corollary we obtain that conditions (0.65) and (0.66) for functions of finite
lower order are equivalent.

This result has a long history which begins with theorems of Pfluger and Edrei
and Fuchs establishing the case of entire functions (see Corollary 2 on p. 315).
Weitsman [158] proved that (0.66) implies that the number of deficient values is
at most 2p. Then Drasin [27], [28] proved that for functions of finite order (0.66)
implies a), b) and ¢) and the regularity condition (0.67). Eremenko proposed a new
potential-theoretic method (see, for example, [48]) which finally led to a proof of
a simpler proof of Drasin’s theorem. The small ramification theorem in its present
form stated above is proved in [44].

These results show that besides the defect relation, there is an additional re-
striction on defects of functions of finite order: (0.66) implies that the number of
deficient values is finite and all defects are rational.

There are other restrictions as well. Weitsman’s theorem [157] says that for
functions f of finite lower order

(0.68) > d(a, )P < oo
acC
The story of this theorem is described in Comments to Chapter VII (see p. 576).
Weitsman’s proof can actually be modified to produce an upper bound depending
only on the lower order of f.
The second restriction concerns functions of finite order having a defect equal
to 1. Lewis and Wu proved that such functions satisfy

> 6 ) < oo,

acC
with some absolute constant a > 0. Their proof gives a = 27264, which is far from
what is expected. (Lewis and Wu state their result for entire functions but their

proof applies to all functions with é(a, f) = 1 for some a.)

2That is £(cr)/¢(r) — 1, as 7 —= oo, uniformly with respect to ¢ € [1,2].
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Examples of entire functions of finite order with the property d(an,, f) > "
for some ¢ € (0,1) are constructed in [45], but a large gap remains between these
examples and the result of Lewis and Wu.

Recent research on value distribution meromorphic functions of the form

(0.69) Yy & leel o

z— 2z e

was mainly concentrated on the functions with ¢, > 0. Such functions are (complex
conjugate to) gradients of subharmonic functions of genus zero with discrete mass.
The main conjecture is that every function of the form (0.69) has zeros. This was
proved in [50] under the additional assumption that inf ¢ > 0.

Chapter VI

Entire functions whose zeros lie on (or are close to) finitely many rays were
intensively studied. Under certain conditions, one can estimate §(0, f) from below,
as in Corollary 4 on p. 350. The strongest results in this direction belong to
Hellerstein and Shea [91] and Miles [115]. One of the results of [91] says that
5(0, f) > By(61,...,0,) for all entire functions of genus q with zeros on the rays
argz € {01,...,0,), and By — 1 when ¢ — oo while the rays remain fized. In
the case of one ray, they obtained B,(f) = 1 — (7%e~! + 0o(1))/Ing, ¢ — oo.
For entire functions of infinite order with zeros on a ray, Miles [115] proved that
N(r,0,f)/T(r,f) — 0 as r — oo avoiding an exceptional set of zero logarithmic
density. However, it may happen that §(0, f) = 0 for such functions, as Miles shows
by an example constructed in the same paper.

Hellerstein and Shea [91] also considered meromorphic functions of finite order
whose zeros {z,} and poles {w,} lie in opposite sectors |arg z,| < n and | argw,, —
7| <, where 0 < n < 7/6. For such functions, they obtained a sharp estimate of
k(f) (definition on p. 285) from above.

For entire functions with zeros on finitely many rays, there are relations between
the order and lower order (see p. 344). There relations were further investigated
in [117, 60] and [135].

Miles [117] considers the class of meromorphic functions f whose zeros belong
to a finite union of rays X and poles belong to a finite union of rays Y, where
X NY = 0, and such that the exponent of convergence of the union of zeros and
poles is a given number g. He then produces a non-negative integer p = p(g, X,Y)
such that

lim T f) =o0 if p>0 and lim T f)

rooo 1P r—oo Inr

=00 if p=0,

and these growth estimates are sharp in the considered class. The integer p depends
in a subtle way on the arithmetical properties of the arguments of the rays X and
Y, and this integer is in general hard to compute or estimate.

Gleizer [60] considers entire functions with zeros on n rays. If n =1 or n = 2,
we have p < [\ + n, where [] is the integer part. This follows from Theorem 1.1,
Chapter VI. However, if n = 3, then the difference p — A can be arbitrarily large. In
this case, Gleizer proved that [p] < 3([A\] + 1). For arbitrary n, Qiao [135] proved
that p < 4971([\] +1).
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In [59, 61], Gleizer extended Theorem 4.1 by taking into account not only the
order but the lower order in the sense of Pdlya. He used Baernstein’s star-function.

There has been remarkable progress in the problems considered in §5. The
conjecture of Pélya and Wiman stated on p. 417 was proved by Hellerstein and
Williamson [92, 93]. If f is a real entire function such that all zeros of ff'f"
are real then f belongs to the Laguerre—Pdlya class. In [95] the same authors with
Shen classified all entire functions (not necessarily real) with the property that
ff'f" has only real zeros. The classification of meromorphic functions with the
property that all their derivatives have only real zeros was achieved by Hinkkanen
[86, 87, 88, 89, 90].

Sheil-Small [143] proved a conjecture of Wiman (1911), that every real entire
function of finite order with the property that ff” has only real zeros belongs to
the Laguerre—Pdlya class. Bergweiler, Eremenko and Langley [13] extended Sheil-
Small’s result to functions of infinite order. Then Langley [109] extended this result
to the derivatives of higher orders: If f is a real entire function of infinite order,
with finitely many non-real zeros, then f*) has infinitely many non-real zeros for
every k > 2.

For real entire functions of finite order with finitely many non-real zeros, that
do not belong to the Laguerre—Pélya class, Bergweiler and Eremenko [12] proved
that the number of non-real zeros of f(*) tends to infinity as k — oo. Together
with Langley’s result, this confirms another conjecture of Pélya (1943).

Chapter VII

The inverse problem (as stated on p. 487) was completely solved by Drasin [25].
A simplified proof is given in [26]. The general idea is the same as in Chapter VII:
quasiconformal surgery and a version of the theorem of Belinskii and Teichmiiller are
involved. However, unlike in Chapter VII, Drasin does not construct the Riemann
surface spread over the sphere explicitly but uses a more flexible technique.

Theorem 8.1 in Chapter VII actually gives a complete solution of the inverse
problem for finitely many deficient values in the class of meromorphic functions
of finite order. (This was not known in 1970 when the book was written. That
condition 3 of this Theorem 8.1 is necessary follows from the small ramification
theorem above).

On the narrow inverse problem in the class of meromorphic functions of finite
order with infinitely many deficiencies, there is the following result [42]:

Let {a} be an arbitrary infinite countable subset of C, and {6, } positive numbers
satisfying the following conditions:

(i) 6p < 1,

(it) >, 0n < 2, and

(iii) 3, 63/% < oo.

Then there exists a meromorphic function f of (large) finite order such that
d(an, f) = dn, and f has no other deficient values.

The order of this function depends on the quantities in the right hand sides of
(i), (ii) and (iii).
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Conditions (ii) and (iii) are necessary because of the small ramification theorem,
and Weitsman’s theorem (see comments to Chapter V above). Condition (i) cannot
be removed because of the Lewis and Wu theorem stated above, but it is not known
what the precise condition on d, is, if 6 = 1.

The class of meromorphic functions with finitely many critical and asymptotic
values which was used in Chapter VII to investigate the inverse problem is inter-
esting independently of this application. Let us call this class S. The first general
result on functions of this class belongs to Teichmiiller [149], who proved that the
second main theorem becomes an asymptotic equality for functions of this class:

q
Zm(r7aj7f) +N1(T7f) = 2T(T,f) + Q(T7f)7
j=1
where a; are all critical and asymptotic values.
Langley [108] found that the growth of a function f € S cannot be arbitrary:
T
¢(f) := liminf @ > 0.
In“r

7—00

This constant ¢(f) can be arbitrarily small, but in the case that f has only three
critical and asymptotic values, we have [49] c(f) > v/3/(27) and this is best pos-
sible. On the other hand, there are no restrictions from above on the growth of
functions of class S [113].

Class S plays an important role in holomorphic dynamics (iteration of entire
and meromorphic functions), see, for example, the survey [7]. In [23] an application
of almost periodic ends is given. In [32] the method of Chapter VII is extended
to a new class of Riemann surfaces which the authors call “Lindel6fian ends”. The
corresponding functions have infinitely many critical values and thus do not belong
to the class S.

Appendix.

Govorov’s original proof of the Paley conjecture was a byproduct of his research
on the Riemann Boundary problem with infinite index [68]. His theorem was
generalized to meromorphic functions by Petrenko, to subharmonic functions in R™
by Dahlberg, and to entire functions of several complex variables by Khabubullin,
see his survey [98].

Petrenko introduced the following quantity which he called the “deviation of f
from the point a”.

P 1n+ M(n (f_a)il)
(0.70) f(a, f) = lim inf T )
This differs from the defect in one respect: the uniform norm of In* |f(re) —
a|~! stands in the numerator instead of the L! norm. Petrenko’s generalization of
Govorov’s theorem proved in the Appendix can be restated as:

(0.71) Bla, f) < mA

for all meromorphic functions of lower order A and all a € C. This was the starting
point of a study of deviations ((a, f) by Petrenko and others. The results obtained
before 1978 are summarized in his book [133]. The main difference between the
theory of deviations and the theory of defects is the absence of a first main theorem:
there is no simple relation between [(a, f) and solutions of the equation f(z) = a.
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We only present a sample of the results. By analogy with defects, one can
expect that the set of exceptional values in the sense of Petrenko

P(f)={aeC:p(a,f) >0}

is small. This is indeed the case: for every meromorphic function f, the set P(f)
has zero logarithmic capacity; for functions of finite lower order it is at most count-
able (but may have the power of continuum for functions of infinite lower order).
The following analog of the Defect relation for functions of finite lower order was
established by Marchenko and Shcherba [112]:

2mA, A>1/2
Zﬁ(a,f) = { wAcsemA, A< 1/2.
acC
Moreover, an analog of Weitsman’s theorem (see comments to Chapter V) holds:
for functions f of finite lower order we have

Z B(a, f)? < oo,

aeC
and the exponent 1/2 is best possible. A version Baernstein’s spread relation also
holds with deviations instead of deficiencies [133]. It is worth mentioning here that,
according to Baernstein [4], the idea of introducing the star function that led to
the proof of the spread relation occurred under the influence of Petrenko’s proof of
(0.71).

The inverse problem for deviations turned out to be simpler than the inverse

problem for deficiencies. A complete solution for functions of finite order is given
in [42]: For every at most countable set {a,} of points and every sequence of posi-

tive numbers B, satisfying the condition ,6’,11/ 2 < 00, there exists a meromorphic
function f of finite order such that B(an, f) = Bn, and B(a, f) =0 for a & {an}.

In general, there is no relation between the sets En(f) and P(f): for every
pair (A, B) of at most countable subsets of C, there exists a meromorphic function
f of any given non-zero order such that En(f) = A and P(f) = B [64, 65]. On
the other hand, if T'(2r, f) = O(T(r, f)) then P(f) = Ev(f) [41].

Bergweiler and Bock [10] found an analog of (0.71) for functions of infinite lower
order. The idea was to replace T'(r, f) in the denominator of (0.70) by A(r, f). No-
tice that if one uses the Ahlfors definition of T'(r, f) then A(r, f) = dT'(r, f)/dInr,
for example, if T'(r, f) = r* then A(r, f) = AT'(r, f). Bergweiler and Bock proved
that for every meromorphic function f of order at least 1/2 and every a € C we
have .

WM (f )Y
b(a, f) = h}gggf A0 ) <m,

and then Eremenko [46] established the following analog of the Defect Relation:

o, A>1/2,
Zb(a,f) <{ 2rsinwA, A<1/2 7
acC

assuming that there are at least two values a with b(a, f) > 0. It follows that for
every meromorphic function the set {a € C : b(a, f) > 0} is at most countable.

Even Drasin’s theorem on the extremal functions for the defect relation (see
Comments to Chapter V) has its analog for b(a, f) [47]:
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If f is of finite lower order and
> bla, f) =2

aeC
then the following limit exists
lim lnT(T7f) — 27
T—00 lnr 2

where n is an integer, and b(a, f) = 7/n or 0 for every a € C.



Bibliography

[1] Anderson, J. M.; Baernstein, A. The size of the set on which a meromorphic function is large.
Proc. London Math. Soc. (3) 36 (1978), no. 3, 518-539.

[2] Baernstein, A. Proof of Edrei’s spread conjecture. Proc. London Math. Soc. (3) 26 (1973),
418-434.

[3] Baernstein, A. A generalization of the cosmp theorem. Trans. Amer. Math. Soc. 193 (1974),
181-197.

[4] Baernstein, A. How the *-function solves extremal problems. Proceedings of the International
Congress of Mathematicians (Helsinki, 1978), pp. 639-644, Acad. Sci. Fennica, Helsinki, 1980.
[5] Baernstein, A. Regularity theorems associated with the spread relation. J. Analyse Math. 31

(1977), 76-111.
[6] Barth, K. F.; Brannan, D. A.; Hayman, W. K. The growth of plane harmonic functions along
an asymptotic path. Proc. London Math. Soc. (3) 37 (1978), no. 2, 363-384.
[7] Bergweiler, W. Iteration of meromorphic functions. Bull. Amer. Math. Soc. (N.S.) 29 (1993),
no. 2, 151-188
[8] Bergweiler, W. On the zeros of certain homogeneous differential polynomials, Archiv der Math.
64 (1995), 199-202.
[9] Bergweiler, W. Normality and exceptional values of derivatives, Proc. Amer. Math. Soc. 129
(2001), 121-129.
[10] Bergweiler, W. and Bock, H. On the growth of meromorphic functions of infinite order. J.
Anal. Math. 64 (1994), 327-336.
[11] Bergweiler, W. and Eremenko, A. On the singularities of the inverse to a meromorphic func-
tion of finite order, Rev. Mat. Iberoamericana 11 (1995), 355-373.
[12] Bergweiler, W; Eremenko, A. Proof of a conjecture of Pélya on the zeros of successive deriva-
tives of real entire functions, To appear in Acta Math.
[13] Bergweiler, W.; Eremenko, A.; Langley, J. K. Real entire functions of infinite order and a
conjecture of Wiman. Geom. Funct. Anal. 13 (2003), no. 5, 975-991.
[14] Bergweiler, W. and Langley, J. K. Multiplicities in Hayman’s alternative. J. Aust. Math. Soc.
78 (2005), no. 1, 37-57.
[15] Briiggemann, F. Proof of a conjecture of Frank and Langley concerning zeros of meromorphic
functions and linear differential polynomials, Analysis 12 no. 1/2 (1992), 5-30.
[16] Chang, Kuan Heo. Asymptotic values of entire and meromorphic functions. Sci. Sinica 20
(1977), no. 6, 720-739.
[17] Chen Zhen Hua, Normality of families of meromorphic functions with multiple valued deriva-
tives, Acta Math. Sinica 30 (1987), 97-105.
[18] Cherry, W. and Ye, Zhuan. Nevanlinna’s theory of value distribution. The second main the-
orem and its error terms. Springer-Verlag, Berlin, 2001.
[19] Chuang, C. T., On differential polynomials, in: Analysis of One Complex Variable, World
Sci. Publishing, Singapore 1987, 12-32.
[20] Chuang, Chi-Tai; Yang, Chung-Chun. Fix-points and factorization of meromorphic functions.
Translated from the Chinese. World Scientific Publishing Co., Inc., Teaneck, NJ, 1990.
[21] Clunie, J.G. On integral and meromorphic functions, J. London Math. Soc. 37 (1962), 17-27.
[22] Clunie, J.G. On a result of Hayman, J. London Math. Soc. 42 (1967), 389-392.
[23] Clunie, J.; Eremenko, A.; Rossi, J. on equilibrium points of logarithmic and Newtonian
potentials. J. London Math. Soc. (2) 47 (1993), no. 2, 309-320.
[24] Csillag, P. Uber ganze Funktionen, welche drei nicht verschwindende Ableitungen besitzen,
Math. Ann. 110 (1935), 745-752.

479



480 BIBLIOGRAPHY

[25] Drasin, D. The inverse problem of the Nevanlinna theory. Acta Math. 138 (1976), no. 1-2,
83-151.

[26] Drasin, D. On Nevanlinna’s inverse problem. Complex Variables Theory Appl. 37 (1998), no.
1-4, 123-143.

[27] Drasin, D. Quasiconformal modifications of functions having deficiency sum two. Ann. of
Math. (2) 114 (1981), no. 3, 493-518.

[28] Drasin, D. Proof of a conjecture of F. Nevanlinna concerning functions which have deficiency
sum two. Acta Math. 158 (1987), no. 1-2, 1-94.

[29] Drasin, D. The minimum modulus of subharmonic functions of order one and a method of
Fryntov. J. London Math. Soc. (2) 54 (1996), no. 2, 239-250.

[30] Drasin, D. Meromorphic functions: progress and problems, Proc. Intl. Congr. Math., (Ziirich,
1994) vol. 2, 828-835. Birkhauser, Basel, 1995.

[31] Drasin, D. and Shea, D. Pdlya peaks and the oscillation of positive functions. Proc. Amer.
Math. Soc. 34 (1972), 403-411

[32] Drasin, D. and Weitsman, A. Meromorphic functions with large sums of deficiencies. Advances
in Math. 15 (1975), 93-126.

[33] Edrei, A. Sums of deficiencies of meromorphic functions. J. Analyse Math. 14 1965 79-107

[34] Edrei, A. Sum of deficiencies of meromorphic functions. J. d’Analyse Math. 19 (1967), 53-74.

[35] Edrei, A. Solution of the deficiency problem for functions of small lower order. Proc. London
Math. Soc. (3) 26 (1973), 435-445.

[36] Edrei, A. and Fuchs, W. H. J. Asymptotic behavior of meromorphic functions with extremal
spread. I. Ann. Acad. Sci. Fenn. Ser A I Math. 2 (1976), 67-111.

[37] Edrei, A. and Fuchs, W. H. J. Asymptotic behavior of meromorphic functions with extremal
spread. II. Ann. Acad. Sci. Fenn. Ser A I Math. 3 (1977), 141-168.

[38] Eremenko, A. The growth of entire and subharmonic functions on asymptotic curves. Siberian
Math. J., 21, 5 (1981), 573-683.

[39] Eremenko, A. Meromorphic solutions of algebraic differential equations. Russian Math. Sur-
veys, 37, 4 (1982), 61-95. Correction: 38, 6 (1983).

[40] Eremenko A. Deviations of meromorphic functions of finite lower order. (Russian) Teor.
Funktsil Funktsional. Anal. i Prilozhen. No. 40 (1983), 56—64.

[41] Eremenko, A. Defects and deviations of finite-order meromorphic functions. (Russian) Dokl.
Akad. Nauk Ukrain. SSR Ser. A 1985, no. 1, 18-21.

[42] Eremenko, A. Inverse problem of the theory of distribution of values for finite-order mero-
morphic functions. Siberian Math. J., 27, 3 (1987), 377-390.

[43] Eremenko, A. On the set of defect values of a finite-order entire function. Ukrainian Math.
J., 39, 3 (1987), 225-228.

[44] Eremenko, A. Meromorphic functions with small ramification. Indiana Univ. Math. J. 42
(1993), no. 4, 1193-1218.

[45] Eremenko, A. A counterexample to the Arakelyan conjecture. Bull. Amer. Math. Soc. (N.S.)
27 (1992), no. 1, 159-164.

[46] Eremenko, A. An analogue of the defect relation for the uniform metric. Complex Variables
Theory Appl. 34 (1997), no. 1-2, 83-97.

[47] Eremenko, A. An analogue of the defect relation for the uniform metric. II. Complex Variables
Theory Appl. 37 (1998), no. 1-4, 145-159.

[48] Eremenko, A. Value distribution and potential theory. Proceedings of the International Con-
gress of Mathematicians, Vol. II (Beijing, 2002), 681-690, Higher Ed. Press, Beijing, 2002.

[49] Eremenko, A. Transcendental meromorphic functions with three singular values. Illinois J.
Math. 48 (2004), no. 2, 701-709.

[50] Eremenko, A., Langley, J., and Rossi, J. On the zeros of meromorphic functions of the form
f(z) =352 ar/(z — z). J. Anal. Math. 62 (1994), 271-286.

[51] Fedorov, M. A.; Grishin, A. F. Some questions of the Nevanlinna theory for the complex
half-plane. Math. Physics, Analysis and Geometry, 1 (1998), 223-271.

[52] Frank, G. Eine Vermutung von Hayman iiber Nullstellen meromorpher Funktionen. Math. Z.
149 (1976), no. 1, 29-36.

[53] Frank, G. Uber die Nullstellen von linearen Differentialpolynomen mit meromorphen Koef-
fizienten, Complex Methods on Partial Differential Equations, 39-48, Math. Res. 53, Akademie-
Verlag, Berlin 1989.



BIBLIOGRAPHY 481

[64] Frank, G. and Hellerstein, S. On the meromorphic solutions of nonhomogeneous linear differ-
ential equations with polynomial coefficients, Proc. London Math. Soc. (3) 53 (1986), 407-428.
[65] Frank, G. and Weissenborn, G. Rational deficient functions of meromorphic functions. Bull.

London Math. Soc. 18 (1986), no. 1, 29-33.

[56] Fryntov, A. A counterexample concerning the maximum and minimum of a subharmonic
function. Proc. Amer. Math. Soc. 122 (1994), no. 1, 97-103.

[67] Fryntov, A., Rossi, J. and Weitsman, A. On the longest arc relation for §-subharmonic
functions. Complex Variables Theory Appl. 34 (1997), no. 1-2, 99-108.

[58] Fryntov, A., Rossi, J. and Weitsman, A. Circular means of fine Green’s functions and the
longest arc relation. Complex Variables Theory Appl. 37 (1998), no. 1-4, 211-224.

[59] Gleizer, E. V. Meromorphic functions with zeros and poles in small angles. (Russian) Sibirsk.
Mat. Zh. 26 (1985), no. 4, 22-37, 203.

[60] Gleizer, E. V. The growth of entire functions with zeros on a system of rays. (Russian) Ukrain.
Mat. Zh. 38 (1986), no. 3, 297-302, 404.

[61] Gleizer, E. V. Meromorphic functions with zeros and poles in small angles. II. (Russian)
Sibirsk. Mat. Zh. 31 (1990), no. 2, 9-20, 223; translation in Siberian Math. J. 31 (1990), no. 2,
192-202

[62] Goldberg, A. A. Meromorphic functions. Mathematical analysis, Vol. 10 (Russian), pp. 5-97.
Akad. Nauk SSSR Vsesojuz. Inst. Nauén. i Tehn. Informacii, Moscow, 1973.

[63] Goldberg, A. A. Nevanlinna’s lemma on the logarithmic derivative of a meromorphic function.
(Russian) Mat. Zametki 17 (1975), no. 4, 525-529.

[64] Goldberg, A. A.; Eremenko, A.; Sodin, M. L. Exceptional values in the sense of R. Nevanlinna
and in the sense of V. P. Petrenko. I. (Russian) Teor. Funktsii Funktsional. Anal. i Prilozhen.
No. 47 (1987), 41-51; translation in J. Soviet Math. 48 (1990), no. 6, 648-655

[65] Goldberg, A. A.; Eremenko, A.; Sodin, M. L. Exceptional values in the sense of R. Nevanlinna
and in the sense of V. P. Petrenko. II. (Russian) Teor. Funktsii Funktsional. Anal. i Prilozhen.
No. 4 (1987), 58-70; translation in J. Soviet Math. 49 (1990), no. 2, 891-899

[66] Goldberg, A. A.; Grinstein, V. A. The logarithmic derivative of a meromorphic function.
(Russian) Mat. Zametki 19 (1976), no. 4, 525-530.

[67] Goldberg, A. A.; Levin, B. Ya.; Ostrovskii, I. V. Entire and meromorphic functions. Complex
analysis, I, 1-193, 254-261, Encyclopaedia Math. Sci., 85, Springer, Berlin, 1997.

[68] Govorov, N. V. Riemann’s boundary problem with infinite index. Edited and with an intro-
duction and an appendix by I. V. Ostrovskii. Translated from the 1986 Russian original by Yu.
I. Lyubarskii. Birkh&user Verlag, Basel, 1994. xii+252 pp.

[69] Gundersen, G. and Hayman, W. K. The strength of Cartan’s version of Nevanlinna theory.
Bull. London Math. Soc. 36 (2004), no. 4, 433-454.

[70] Hayman, W. The minimum modulus of large integral functions, Proc. London Math. Soc., 2
(1952) 469-512.

[71] Hayman, W. K. Picard values of meromorphic functions and their derivatives, Ann. of Math.
70 (1959), 9-42.

[72] Hayman, W. K. On the Valiron deficiencies of integral functions of infinite order. Ark. Mat.
10, 163-172. (1972).

[73] Hayman, W. K. The minimum modulus of integral functions of order one, J. Analyse Math.,
28 (1975), 171-212.

[74] Hayman, W. K. On Iversen’s theorem for meromorphic functions with few poles. Acta Math.
141 (1978), no. 1-2, 115-145.

[75] Hayman, W. K. An approximation theorem with applications to Iversen’s theorem. Aspects of
contemporary complex analysis (Proc. NATO Adv. Study Inst., Univ. Durham, Durham, 1979),
pp- 209-223, Academic Press, London-New York, 1980.

[76] Hayman, W. K. On a meromorphic function having few poles but not tending to infinity
along a path. Ann. Polon. Math. 39 (1981), 83-91.

[77] Hayman, W. K. Warings Problem fiir analytische Funktionen. Bayer. Akad. Wiss. Math.-
Natur. KI. Sitzungsber. 1984, 1-13 (1985).

[78] Hayman, W. K.; Kjellberg, B. On the minimum of a subharmonic function on a connected
set. Studies in pure mathematics, 291-322, Birkh&user, Basel, 1983.

[79] Hayman, W. K. Subharmonic functions. Vol. 2. London Mathematical Society Monographs,
20. Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers], London, 1989.



482 BIBLIOGRAPHY

[80] Hayman, W. K. Nevanlinna theory 1945-1995. XVIth Rolf Nevanlinna Colloquium, Eds.:
Laine/Martio, Walter de Gryuyter and Co., Berlin, New York, 1996.

[81] Hennekemper, W. Uber die Werteverteilung von (f5+1)(*) Math. Z. 177 (1981), 375-380.
[82] Hinchliffe, J. D. On a result of Chuang related to Hayman’s alternative, Comput. Methods
Funct. Thy. 1 (2002), 293-297.

[83] Hinchliffe, J. D. The Bergweiler-Eremenko theorem for finite lower order, Result. Math. 43
(2003), 121-128.

[84] Ishizaki, K. Some remarks on results of Mues about deficiency sums of derivatives, Arch.
Math. (Basel) 55 (1990), 374-379.

[85] Hinkkanen, A. A sharp form of Nevanlinna’s second fundamental theorem. Invent. Math. 108
(1992), no. 3, 549-574.

[86] Hinkkanen, A. Iteration and the zeros of the second derivative of a meromorphic function.
Proc. London Math. Soc. (3) 65 (1992), no. 3, 629-650

[87] Hinkkanen, A. Reality of zeros of derivatives of meromorphic functions. Ann. Acad. Sci. Fenn.
Math. 22 (1997), no. 1, 21-38

[88] Hinkkanen, A. Zeros of derivatives of strictly non-real meromorphic functions. Ann. Acad.
Sci. Fenn. Math. 22 (1997), no. 1, 39-74.

[89] Hinkkanen, A. Iteration, level sets, and zeros of derivatives of meromorphic functions. Ann.
Acad. Sci. Fenn. Math. 23 (1998), no. 2, 317-388

[90] Hinkkanen, A. Zeros of derivatives of meromorphic functions with one pole. Complex Vari-
ables Theory Appl. 37 (1998), no. 1-4, 279-369.

[91] Hellerstein, S. and Shea, D. Minimal deficiencies for entire functions with radially distributed
zeros. Proc. London Math. Soc. (3) 37 (1978), no. 1, 35-55.

[92] Hellerstein, S. and Williamson, J. Derivatives of entire functions and a question of Pélya.
Trans. Amer. Math. Soc. 227 (1977), 227249

[93] Hellerstein, S. and Williamson, J. Derivatives of entire functions and a question of Pélya. II.
Trans. Amer. Math. Soc. 234 (1977), no. 2, 497-503.

[94] Hellerstein, S. and Williamson, J. Entire functions with negative zeros and a problem of R.
Nevanlinna. J. Analyse Math. 22 1969 233-267.

[95] Hellerstein, S., Shen, Li Chien and Williamson, J. Reality of the zeros of an entire function
and its derivatives. Trans. Amer. Math. Soc. 275 (1983), no. 1, 319-331.

[96] Hyllengren, A. Valiron deficient values for meromorphic functions in the plane. Acta Math.
124 1970 1-8.

[97] Khabibullin, B. N. Growth of entire functions with prescribed zeros and representation of
meromorphic functions. (Russian. ) Mat. Zametki 73 (2003), no. 1, 120-134; translation in Math.
Notes 73 (2003), no. 1-2, 110-124

[98] Khabibullin, B. N. The representation of a meromorphic function as the quotient of entire
functions and Paley problem in C": survey of some results. Mat. Fiz. Anal. Geom. 9 (2002), no.
2, 146-167.

[99] Kondratyuk, A. A. Fourier series and meromorphic functions, L’viv, Vyshcha shkola, 1988.

[100] Lang, S. Introduction to complex hyperbolic spaces. Springer-Verlag, New York, 1987.

[101] Lang, S. Number theory. III. Diophantine geometry. Encyclopaedia of Mathematical Sci-
ences, 60. Springer-Verlag, Berlin, 1991. xiv+296 pp.

[102] Langley, J. K. On Hayman’s alternative, Mathematika 32 (1985), 139-146.

[103] Langley, J. K. Proof of a conjecture of Hayman concerning f and f’’. J. London Math. Soc.
(2) 48 (1993), no. 3, 500-514.

[104] Langley, J. K. On second order linear differential polynomials, Result. Math. 26 (1994),
51-82.

[105] Langley, J. K. A lower bound for the number of zeros of a meromorphic function and its
second derivative, Proc. Edinburgh Math. Soc. 39 (1996), 171-185.

[106] Langley, J. K. The second derivative of a meromorphic function of finite order, Bulletin
London Math. Soc. 35 (2003), 97-108.

[107] Langley, J. K. The zeros of ff’ —b. Results Math. 44 (2003), no. 1-2, 130-140.

[108] Langley, J. K. Critical values of slowly growing meromorphic functions, Comput. Methods
Funct. Theory. 2 (2002), 539-547.

[109] Langley, J. K. Nonreal zeros of higher derivatives of real entire functions of infinite order,
J. d’Analyse 97 (2005), 357-396.



BIBLIOGRAPHY 483

[110] Levin B. Ja. and Ostrovskii, I. V. The dependence of the growth of an entire function on
the distribution of zeros of its derivatives. Sibirsk. Mat. Zh. 1 (1960) 427-455. English transl.,
AMS Transl. (2) 32 (1963) 323-357.

[111] Lewis, J. and Wu, Jang-Mei. On conjectures of Arakelyan and Littlewood. J. Analyse Math.
50 (1988), 259-283.

[112] Marchenko, I. I.; Shcherba, A. I. On the magnitudes of deviations of meromorphic functions.
(Russian) Mat. Sb. 181 (1990), no. 1, 3-24; translation in Math. USSR-Sb. 69 (1991), no. 1, 1-24

[113] Merenkov, S. Rapidly growing entire functions with three singular values, preprint,
http://www.math.lsa.umich.edu/ merenkov/entirel.pdf

[114] Miles, J. Quotient representations of meromorphic functions. J. Analyse Math. 25 (1972),
371-388.

[115] Miles, J. On entire functions of infinite order with radially distributed zeros. Pacific J. Math.
81 (1979), no. 1, 131-157.

[116] Miles, J. Some examples of the dependence of the Nevanlinna deficiency upon the choice of
origin. Proc. London Math. Soc. (3) 47 (1983), no. 1, 145-176.

[117] Miles, J. On the growth of meromorphic functions with radially distributed zeros and poles.
Pacific J. Math. 122 (1986), no. 1, 147-167.

[118] Miles, J. A sharp form of the lemma on the logarithmic derivative. J. London Math. Soc.
(2) 45 (1992), no. 2, 243-254.

[119] Miles, J. and Shea, D. An extremal problem in value-distribution theory. Quart. J. Math.
Oxford Ser. (2) 24 (1973), 377-383.

[120] Miles, J. and Shea, D. On the growth of meromorphic functions having at least one deficient
value. Duke Math. J. 43 (1976), no. 1, 171-186.

[121] Mohonko A. Z. Characteristics of certain meromorphic functions. (Russian) Teor. Funkcil
Funkcional. Anal. i Prilozen. No. 14 (1971), 83-87.

[122] Mues, E. Uber eine Defekt- und Verzweigungsrelation fiir die Ableitung meromorpher Funk-
tionen, Manuscripta Math. 5 (1971), 275-297.

[123] Mues, E. Uber die Nullstellen homogener Differentialpolynome, Manuscripta Math. 23
(1978), 325-341.

[124] Mues, E. Uber ein Problem von Hayman, Math. Z. 164 (1979), 239-259.

[125] Mues E. and Steinmetz, N. The theorem of Tumura-Clunie for meromorphic functions, J.
London Math. Soc. (2) 23 (1981), 113-122.

[126] F. Nevanlinna (see the old ref list).

[127] Nevo, S., Pang, X. and Zalcman, L. Picard-Hayman behavior of derivatives of meromorphic
functions with multiple zeros, Electron. Res. Announc. Amer. Math. Soc. 12 (2006), 37-43.

[128] Osgood, C. F. A number theoretic-differential equations approach to generalizing Nevanlinna
theory. Indian J. Math. 23 (1981), no. 1-3, 1-15.

[129] Osgood, C. F. Sometimes effective Thue-Siegel-Roth-Schmidt-Nevanlinna bounds, or better.
J. Number Theory 21 (1985), no. 3, 347-389.

[130] Osgood, C. F. Simplified proofs of generalizations of the n-small function theorem. Analysis
of one complex variable (Laramie, Wyo., 1985), 158-174, World Sci. Publishing, Singapore, 1987.

[131] Pang Xuecheng, Bloch’s principle and normal criterion, Sci. China Ser. A 32 (1989), 782-791.

[132] Pang Xuecheng, On normal criterion of meromorphic functions, Sci. China Ser. A (33)
(1990), 521-527.

[133] Petrenko, V. P. Growth of meromorphic functions (Russian) Izdat. pri Harkov. Gos. Univ.
Izdat. Ob’ed. “Vyshcha shkola”, Kharkov, 1978.

[134] Pélya, G. Uber die Nullstellen sukzessiver Derivierten, Math. Z. 12 (1922), 36-60.

[135] Qiao, Jianyong. Two problems in the value distribution theory. Acta Math. Sinica 11 (1995),
4, 365-371.

[136] Ru, Min. Nevanlinna theory and its relation to Diophantine approximation. World Scientific
Publishing Co., Inc., River Edge, NJ, 2001.

[137] Rubel, L. Entire and meromorphic functions. Springer-Verlag, New York, 1996.

[138] Sauer, A. Deficient rational functions and Ahlfors’s theory of covering surfaces. Ark. Mat.
39 (2001), no. 1, 151-155.

[139] Saxer, W. Sur les valeurs exceptionelles des dérivées successives des fonctions méromorphes,
C.R. Acad. Sci. Paris 182 (1926), 831-3.

[140] Saxer, W. Uber die Picardschen Ausnahmewerte successiver Derivierten, Math. Z. 17 (1928),
206-227.



484 BIBLIOGRAPHY

[141] Shea, D. On the set where a meromorphic function is large. Complex analysis and its ap-
plications (Hong Kong, 1993), 95-106, Pitman Res. Notes Math. Ser., 305, Longman Sci. Tech.,
Harlow, 1994.

[142] Shea, D. F. and Sons, L.R. Value distribution theory for meromorphic functions of slow
growth in the disk, Houston Math. J. 12 (1986), 249-266.

[143] Sheil-Small, T. On the zeros of the derivatives of real entire functions and Wiman’s conjec-
ture. Ann. of Math. (2) 129 (1989), no. 1, 179-193.

[144] Sons, L.R. Value distribution for unbounded functions in the unit disc, Complex Var. Theory
Appl. 7 (1987), 337-431.

[145] Steinmetz, N. Uber die Nullstellen von Differentialpolynomen, Math. Z. 176 (1981), 255-264.

[146] Steinmetz, N. Eine Verallgemeinerung des zweiten Nevanlinnaschen Hauptsatzes, J. fiir die
reine u. angewandte Mathematik 368 (1986), 134-141.

[147] Steinmetz, N. On the zeros of (f(®) 4+ap_1fP~1 4... 4 aof)f, Analysis 7 (1987), 375-389.

[148] Steinmetz, N. On the zeros of a certain Wronskian, Bull. London Math. Soc. 20 (1988),
525-531.

[149] O. Teichmiiller, Eine Umkehrung des zweiten Hauptsatzes der Wertwerteilungslehre,
Deutsche Math., 2 (1937) 96-107.

[150] Ter-Israeljan, L. A. A meromorphic function of zero order with a non-asymptotic defect
value. (Russian) Mat. Zametki 13 (1973), 195-206. English translation: Math. Notes 13 (1973),
116-123.

[151] Tohge, K. Logarithmic derivatives of meromorphic or algebroid solutions of some homoge-
neous linear differential equation, Analysis (Munich) 19 (1999), 273-297.

[152] Tumura, Y. On the extensions of Borel’s theorem and Saxer-Csillag’s theorem, Proc. Phys.
Math. Soc. Japan (3) 19 (1937), 29-35.

[153] Vojta, P. Diophantine approximations and value distribution theory. Lecture Notes in Math-
ematics, 1239. Springer-Verlag, Berlin, 1987.

[154] Wang, Y. F. On Mues’ conjecture and Picard values, Sci. China Ser. A 36 (1993), 28-35.

[155] Wang Y. F. and Fang, M. Picard values and normal families of meromorphic functions with
multiple zeros, Acta Math. Sinica New Ser. 14 (1998), 17-26.

[156] Wang, Y. F., Yang, C. C. Yang, Lo. On the zeros of (f(*¥))" f —a, Kexue Tongbao 38 (1993),
2215-2218.

[157] Weitsman, A. A theorem on Nevanlinna deficiencies. Acta Math. 128 (1972), no. 1-2, 41-52.

[158] Weitsman, A. Meromorphic functions with maximal deficiency sum and a conjecture of F.
Nevanlinna. Acta Math. 123 1969 115-139.

[159] Yamanoi, K. Defect relation for rational functions as targets. With errata by the author.
Forum Math. 17 (2005), no. 2, 169-189.

[160] Yamanoi, K. The second main theorem for small functions and related problems. Acta Math.
192 (2004), no. 2, 225-294.

[161] Yang, Lo. Precise estimate of total deficiency of meromorphic derivatives, J. d’Analyse Math.
55 (1990), 287-296.

[162] Yang, Lo. Value distribution theory. Translated and revised from the 1982 Chinese original.
Springer-Verlag, Berlin; Science Press, Beijing, 1993.

[163] Zalcman, L. Normal families: new perspectives, Bull. Amer. Math. Soc. (N.S.) 35 (1998),
215-230.

[164] Zhang Z.-L. and Li, W. Tumura-Clunie’s theorem for differential polynomials, Complex
Variables 25 (1994), 97-105.



