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Abstract. By potential theoretic methods involving the Cartan fine topology a recent result by two of the
authors is extended as follows: The Riesz charge of the lower envelope of a family of 3 or more d-subharmonic
functions (no longer supposed continuous) in the plane equals the infimum of the charges of the lower
envelopes of all pairs of functions from the family. As a key to this it is shown in two different ways that
the (fine) harmonic measures of any 3 pairwise disjoint finely open planar sets have Borel supports with
empty intersection. One proof of this uses the Jordan curve theorem and the fact that the set of inaccessible
points of the fine boundary of a fine domain is Borel and has zero harmonic measure; the other involves
Carleman—Tsuji type estimates together with a fine topology version of a recent result of P. Jones and
T. Wolff on harmonic measure and Hausdorff dimension.
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Introduction

Let w be a §-subharmonic function in a domain Q = C, ie, w = u — v, where the
functions u and v are subharmonic in . Then w is well-defined quasi-everywhere
(g.e.) in €1, that is: up to a polar set, in other words a set which tocally has zero outer
logarithmic capacity. The set of all §-subharmonic functions in €2 is closed under the
operation of taking the lower envelope (that is, the pointwise minimum) of finite sets
of such functions. We denote this operation by A. Let u[w] denote the Riesz charge
associated with a d-subharmonic function w in . There is a natural ordering on the
set of all locally finite Borel charges (that is, signed Borel measures) on Q:u > v if
1 — v is a (nonnegative) measure. This relation induces the least upper bound v g,
and the greatest lower bound A u; of any finite set of charges {y;}, and we write
lul = v 0+ {—p) v 0. We follow the convention that y[w] =0 corresponds to
subharmonic functions w.
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The main goal of this paper is to prove the following theorem (trivial for m = 2):

THEOREM 1. Letw,,...,w, be d-subharmonic functionsinadomainQ < C,m = 3. Then

ﬂl: /:\1 Wj] 2 /\ ulw; A w, .

l€f<k<m

COROLLARY 1. Let for any pair (j,k), j # k, the function w; A w) be subharmonic.
Then the function A7, w; is subharmonic too.

Theorem 1 is very useful in the subharmonic approach to the value-distribution
theory of meromorphic functions, cf. [7}, [8]. Theorem 1 follows from Theorems 2
and 3 below, which appear to have independent interest. In [7] Theorem 1 and
Corollary 2 were proved for continuous d-subharmonic functions. For the general
case, and for Theorems 2 and 3, we need some notions concerning the Cartan fine
topology and related subjects, cf, [5], [9]. We do not assume that the reader is closely
familiar with these notions and facts, and we gather them in Section 1, Concepts
pertaining to the fine topology are marked ‘fine{ly). If E is a subset of an open set
2 = C, the set of all fine limit points of E in £ is called the base of E (relative to Q)
and denoted by (E).

In Theorem 2, Q denotes a Green set, i.e., an open subset of C having a Green
function. For any set E < Q and any point zeQ we denote by £ the swept-out
measure (relative to £)) of the point-mass &, on E (see Section 1). If E is finely closed
in Q and if ze Q\E, then &} may be regarded as a (generalized) harmonic measure for
the finely open set Q\E relative to €& When speaking of a set of measure 0 for a
measure v, the set will always be assumed to be v-measurable.

THEOREM 2. Let Q be a Green set in C; let w be a §-subharmonic function in Q; let
i = u[w] denote the Riesz charge of w; and let E denote the base of {z:w(z) = 0}
relative to Q. Then |u(F) = 0 for any set F < E such that e5(F) = 0 for every ze Q\E,
or equivalently that e5(F) = O for some point z in each fine connectivity component of O\E.

Because £F is supported by the fine boundary & +E of E when zeQ\E, Theorem 2
implies, in particular, the known fact that |u|(int ; E) = 0, whereint . E = E\8,E denotes
the fine interior of E, of. e.g. [5, p. 186].

When E is a subset of an open set & = C, a point {€E is called accessible from
O\E if there exists a continuous map p:[0, 1]— C such that p(f)eQ\E for 0 <t < 1,
and p(1) = {. This notion is clearly independent of Q (= E). Taking for F in Theorem
2 the set E* of points of E which are not accessible from Q\E, we obtain in view of
Lemma 3 in Section 2 the following corollary,
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COROLLARY 2. In the notation of Theorem 2, the set E* of all points of E which
are inaccessible from Q\E is a Borel set, and |yj(E*) = 0.

Unlike Theorem 2 itself, Corollary 2 remains valid if E is understood more generally
to be any subset of Q which differs from {z: w{z) = 0} only by polar set, except that
then E* need no longer be Borel, but E* will still be |uj-measurable with measure 0.

Like Theorem 1, Corollary 2 has a local nature, and so the assumption that Q be
a Green set can be dropped. Actually, Theorem 2 itself likewise remains valid for any
open set Q < C, when &£ is replaced by the (generalized) harmonic measure w(Q\E, z)
for the finely open set £\E evaluated at zeS\E, see Remark | in Section 2.

THEOREM 3. Let D, D,, D, be three pairwise disjoint, finely open subsets of a
Green set Q) < C. The harmonic measures for D,, D,, D, have Borel supports §,, §,,
S, such that S, S, N §; = .

More precisely, there exist Borel sets S|, §,, §; « Qsuch that §, "5, S, = J and
that, for each i = 1, 2, 3, Q\§; has measure 0 with respect to &> for every zeD,.
Theorem 3 remains valid when Q is replaced by the entire plane C and ™ by the
‘full’ (generalized) harmonic measure w(D,,z), see Remark 1. Similarly as to
Lemma 3 (Section 2) and Lemma 4 (Section 6).

In Sections 3, 4, and 5 we prove Theorems 2, 3, and 1, respectively. A second proof
of Theorem 3 will be given in Section 6.

Theorem 2 and its corollary extend immediately to R, n = 3, in place of C, and
Theorem 2 even extends to suitable harmonic spaces. We do not know whether
Theorem 1, or equivalently Theorem 3 (cf. [6]), extends to R", but they do not extend
to harmonic spaces, as shown in Section 7.

The authors thank A. Rashkovskii for valuable discussions. The third named author
thanks the Mathematics Institute, University of Copenhagen, for the opportunity to
visit Copenhagen in July, 1990.

1. Preliminaries about the Fine Topology

The fine topology of classical potential theory in C is defined as the coarsest topology
on C making every subharmonic function continuous. A well-known theorem of H.
Cartan states that a set U is a fine neighborhood of a point { €U if and only if CU
is thin (effilé) at { in the sense of Brelot, i.e., there should exist a subharmonic function
v in a neighborhood of { such that

w{) > lim sup wz}.

z—+fzegl



194 ALEXANDRE EREMENKO ET AL,

Some connectivity properties of the fine topology will be recalled in the proof of
Lemma 2 in Section 2.

We shall now consider potential theoretic notions relative to a fixed openset Q = C,
Topological and potential theoretic notions will then be understood relative to Q.
For instance, the base B(E) of a set E = Q is the set of all points of {1 at which E is
not thin. Equivalently, #(E) is the set of all fine limit points of E in Q, and HE) is
therefore finely closed (relative to £2). Moreover, ME) is a (usual) G; set; E\ WE) is
polar; and h(WE)) = b(E). Cf, e.g., [5, p. 177].

A set e = Q is polar if and only if Ke) = ¢ (i.e., e has only finely isolated points).
A polar set is finely closed. Two subsets of Q which differ only by a polar set have
the same base. Note that, when w is d-subharmonic in an open set Q < C, the set
E = {z:w(z) = 0} differs only by a polar set from its fine closure F or from its base
b(E) = H(F).

Now suppose that Q is a Green set, and let G be the Green kernel for Q. For any
superharmonic function s > 0in Qand any set E = Q the function RE defined for ze Q by

RE(z) = inf{u(z): u superharmonic > 0 in , u > 5 in E}

is called the reduced function of s, and its lower semicontinuous regularization R’ is
called the swept-our function of s (relative to {2). When s is the Green potential Gu
of a measure u on £}, the swept-out function Rg“ is the Green potential of a certain
measure on {2 denoted by u and called the swept-out of z on E (relative to ). When
sweeping a measure on any two subsets of () which differ only by a polar set, the
swept-out measures are the same.

Let £, be the Dirac measure at a point ze£. The following identity holds for any
measure x on Q such that Gu is superharmonic in Q, any set E < Q, and any Borel
set B O

uE(By = L £: (B)u(dz) (1.1)

(cf. [5, p. 160]). By linearity one can extend the definition of the sweeping operation
so as to apply to charges i on € (always such that G|y| is superharmonic, i.e., Glp| £ o
in every component of ).

If Dis a finely open set and E = )\ D, the generalized Green function for D with pole at zis

G, 7) = G(, 2) — Ge& = Gg, — RE,,. (1.2)

This function GP(-, z) is non-negative, subharmonic in Q\{z}, and its Riesz measure
{on Q\{z}) is the harmonic measure & for D relative to ©. We have G®(-, z) =0
guasi-everywhere in E (and everywhere in E if E is a base). Further properties of
GY(-, z) considered in D are given in [10].
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REMARK 1, The ‘full’ (gencralized) harmonic measure for a finely open set D = C
evaluated at a point ze D may be defined as a measure on C as follows. If @ is polar,
we set w(D, z) = 0. Now suppose that @ is not polar (hence not even inner polar, by
Choquet’s capacitability theorem). By Myrberg’s theorem there then exist Green sets
Q o D in C. It can be shown that the (generalized) Green function GP(-, z), defined
in D relatively to such a Green set Q by (1.2) above, is independent of the choice of
Q. Moreover, G?(-, z) has a unique extension to all of C such that G?(-, z) is
subharmonic in C\{z} and equal to 0 g.e. in C\D (and more precisely G°(-, z) = 0
everywhere in b(C\D)). The Riesz measure of this subharmonic extension of G?(-, z)
from D\{z} to C\{z} will be called simply the harmonic measure for D at z, and we
denote it by (D, z). The measure (D, z) is carried by the fine boundary é,D of D,
and even by the fine boundary of the fine component of z in D. It can be shown that
XD, z) has total mass 1 and does not charge the polar sets. The trace of (D, z) on
any Green set Q@ = D in C is ¢€2° (sweeping relative to Q). In case of, say, a bounded,
fincly open set D = C we thercfore have (D, z) = 2% for any ze D and any Green
set (1 in C containing the fine closure of D in C. For a usual open set D = C, w(D, z)
gquals the usual harmonic measure for D at z. — An alternative characterization of
the harmonic measure a{D, z} for a finely open set D of non-polar complement is
obtained by solving the fine Dirichlet problem for a bounded and finely continuous
function ¢ on d,D. The solution H 2 is the unique bounded, finely harmonic function
in D which has the fine limit ¢(y) q.e. for yeé D (namely for every y e(d,D) n b((D)).
It can be shown that

Ho(z) = JdJ dexD, 2), zeD.

In the case where D is bounded, this is contained in [9, §14]. — In the rest of the
paper we shall not draw on the present remark since most of its content has not been
published, and we shall therefore again refer to suitable Green sets in C; this will
cause no real loss of generality.

2. Auxiliary Results
For the proof of Theorem 2 we need the following lemma.
LEMMA 1. Fori=1,2let Q, be a Green set in C, let E, c €, be finely closed relatively
to Q,, and let Q, be an open subset of Q; N Q, such that
E,nQy=E,nQ,.
For any Borel set B < Q, we then have the bi-implication

D EYBYy =0 for all zeQ\E, = ™5 (B) = 0 for all zeQ,\E,.
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Here the left superscript £, i = 1, 2, indicates sweeping relative to €;. Using results
about the fine Dirichlet problem [9, §14], this lermma can be proved in a similar way
as in the well-known special case where E; is relatively closed in Q,, i = 1,2, in the
usual topology. We omit the details because Lemma 1 only enters effectively in the
reduction of Theorem 2 to the case where w is the Green potential of a charge, and
Theorem 1 easily reduces to the case of such potentials (even equal to 0 outside some
disk, if we like).

In our first proof of Theorem 3 we use the following consequence of the famous
puzzle about three houses and three wells.

LEMMA 2. Let D,, D,, D, be pairwise disjoint, finely open sets in C. Then the set
X of points of C accessible from D,, D,, D, simultaneously is at most countable.

In fact, if D,, D,, D, are moreover finely connected, or equivalently pathwise (even
polygonally) connected [12, p. 113], then there are at most 2 points simultaneously
accessible from these three fine domains. This is nothing but Euler’s puzzle ~ an easy
consequence of the Jordan curve theorem, cf. Whyburn [18, p. 316] or [7). The
general case follows because the fine topology is locally connected, <f, [9, p. 92], and
a finely open set has at most countably many fine components; furthermore, a path
in € contained in a finely open set D is contained in one of the fine components of
D (because the union of those fine components of D which meet the path is pathwise
connected, hence also finely connected in the present, planar case).

The following lemma enters in the proof of Corollary 2 and in the first proof of
Theorem 3.

LEMMA 3. Let Q be a Green set in C, and let E be a relatively finely closed subset
of Q. The set E* of all points of E which are inaccessible from Q\ E is then a Borel set, and

eF(E*) =0, zeQ\E.

Proof. To prove that E* is a Borel set (in the usual sense) we adapt the proof given
by Mazurkiewicz [16] for the case of a usual compact set E = C, For this adaptation
we use once more the connectivity properties of the fine topelogy on C mentioned
after Lemma 2 above.

The open set Q <= C is a Polish space in the sense of [2, §6]. Accordingly, let p
denote a metric on € inducing the standard topology on Q and such that the metric
space (£, p) is complete, necessarily with a countable base (Q,),., of open sets.
Replacing p by min{l, p}, we may arrange that p < 1.

Following [16] we introduce on D:= Q\E a new metric p* defined by

p*(x,y) = inf{diam L:Le #(x, )}, x,yeD,
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where #(x, y) denotes the set of all (ranges of continuous) paths L in (D, p) leading
from x to y, and diam L denotes the diameter of L with respect to p. (If Z(x,y) = &,
define p*(x,y) = 1))

Let D = (D, p*) denote the completion of (D, p*). The complete metric space (I, p*)
is a Polish space because it is separable. In fact, a countable dense subset of (D, p*)
and hence of (B, p*) can be obtained as X = |_nen X o Where, for each ne N, X, consists
of one point from each fine component of the finely open set D n €2,. This uses the
pathwise connectedness of fine domains in C.

The identity map (D, p*)— (D, p) = (L, p) is contractive and hence extends uniquely
to a contraction

¢:(D, p*)— (€ p).

It is easy to see that every point of D\ D is accessible from D (in the topology defined
by p*), and further that

¢(D) = N\E*,

which shows that E* is the complement within Q of the Souslin set ¢(D). In particular,
E* is universally measurable, and this is really all that matters in the applications of
Lemma 3 in the present paper.

To show that ¢(D) and hence E* are even Borel sets, one proceeds like in [16].
The main step is to show that the set Z of points z e p(D) for which the pre-image
¢ 1(z) has 3 or more points is at most countable; for this one uses Lemma 2 above
and the fine connectivity properties listed after it, cf. the analogous step in [16]. Next,
D\¢~%2Z) is a G, in the Polish space (D, p*), hence itself a Polish space. Because ¢
is at most countable-to-one (even 2-to-1) on D\ ¢~ (Z), the image ¢(D)\ Z is not only
analytic, but a Borel set in €, and so are therefore ¢(D) and E* = Q\ (D), by a
well-known theorem, see ¢.g. [3, Theorem 5.17].

For the last assertion of Lemma 3 we use that, for any Borel set B — E and any
point ze D (= )\ E), £(B) equals the probability that a Brownian particle in €, starting
at z, eventually hits E, and finds itself in B the first time it hits E, cf. [1, p. 264].
When applied to B = E* (the points of which are never hit) this shows that indeed
eEE(EY) =0.

REMARK 2. Lemma 3 extends to R* (in place of C) except that E* need then no
longer be a Borel set (according to known examples with E a usual closed set in R?),
but E* is still the complement within Q of the Souslin set ¢(J), and in particular E*
remains universally measurable. This appears from the first part of the above proof.
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3. Proof of Theorem 2

Write D = Q\E and let D, denote the nth fine connectivity component of the finely
open set D. Suppose that F < E and that, for each n in question, &£ (F) = 0 for some
z,eD,. Then eE(F) = 0 for every zeD, see [9, p. 150]. In proving that |ul(F) = 0 we
may assume that F is contained in a given disk £, with closure in Q. Choose a Borel
set A, so that Fc 4, cEnQ, and ¢ (4,) =0, and write 4 =), 4,. Then
Fc Ac EnQ,, and it remains to prove that y(B) = 0 for every Borel set B = A,
Clearly, & (B) = 0 and hence, as above,

e.(B)=0 for every ze D. 3.1)

For the proof that u(B) = 0 we consider first the case where w = —Gu for some
charge u on Q (with Glu| superharmonic); then u[w] = . It is known that & is
supported by WE) = E; and that &F does not charge the polar sets, except if z€E, in
which case sf = ¢ cf. [S, p. 161, 183]. Because Gu = 0 gq.¢. in E we therefore have

Gu¥(z) = JGu def =0 qe forzef,

cf. [5, p. 160]. It follows that
utE=0. (3.2)

We now decompose
=4+, (3.3)

where i = pl;, v = plp. Then AE = 1 since 1 is supported by E = b(E), cf. [5, p. 183].
In view of (3.2), sweeping on E therefore leads to

=14+ =0, (34)
Using (1.1) and (3.1) we obtain

vi(B) = f & (Bpldz) = 0.
D

By (3.4) we thus get A(B) = 0, and we conclude from (3.3) that
(B) = v(B) =0

because B = A < E and v is supported by D.

In case of a general d-subharmonic function w in  we choose a disk Q, so that
0, = Q,, §, = Q Writing w = u — v with u, v superharmonic in £, hence lower
bounded in Q,, we may assume that »,v > 0 in Q,. Now replace Q by Q, and u, v
by their swept-out functions on €, relative to ,, which are Green potentials of
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measures on (2,. These substitutions cause no change in the restrictions of u, v, and
w to Q,, and therefore no change in the trace of u = u[w] on Q. It follows that
EnQ, (o B) and (B) do not change. Moreover, we infer from Lemma 1 (taking
Q,=Q E, =E, E, = En{), there) that the Borel subsets of ), of ef-measure 0 for
all zeQ\E do not change, and so ®'¢f'(B) = 0 for every zeQ,\E,. Consequently,
w(B) = 0 by the above proof for the case where w = —Gp.

4. First Proof of Theorem 3

For brevity write E, = b(Q\D,) (relative to Q), and denote by Ef = E\E} the set of
points of E; which are accessible from (E; (or equivalently from Q\E;). By Lemma 3,
E] is a Borel set because the base E, is a Borel set. The finely open sets

Di=Q\E, i=123,

are pairwise disjoint because (A, u A,) = b(A,) U b{A,) for any two sets A,, 4, = Q.
When applied to these three sets D,, Lemma 2 shows that

X=E nE;nE;
is countable, in particular polar. Now take
Si = E:‘\X!

that is, the set of all points of E; = Q\ D, which are accessible from J,, but not from
all three sets §,, D,, D, simultaneously. When zeD,, in particular when ze D, the
measure £-' = £°* does not charge the polar sets, and it is supported by the Borel
set E] according to Lemma 3, and consequently also by §;, which is likewise Borel.

Theorem 3 is proved. A different proof (without the use of accessible points and
Brownian motion) will be given in Section 6 below.

5. Proof of Theorem 1

Because the theorem has a local nature we may suppose that Q is a Green domain,
e.g., a disk (and also, if we like, that each w, is the Green potential of a charge). We
begin with the case m = 3 and write
wh= Aw, w= A w,
F#i 1€j<3
E,=b({zzw(z) 2 wi(z)}}, D,=Q\E; i=123,
the bases being taken relative to . The sets D, are finely open, usual F, sets, and

they are pairwise disjoint, cf the beginning of the preceding proof. Clearly,
{z2w{2) = wi(2)} = {z:w(z) = w{(2)}, and s0



200 ALEXANDRE EREMENKO ET AL.

E, = b({z: W(z) = w]'(2)}). (5.1
With the above notations the conclusion of Theorem 1 reads
uIwl(B) = ( A u[W}'])(B) (5.2)
1£j<3

for every Borel set B = ). Let S|, S,, §; be Borel sets with the properties stated in
Theorem 3. Writing F; = Q\S; we decompose Q = F, UF,UF, into 3 pairwise
disjoint Borel sets F; = F,. Then ££'(F;) = 0 for ze D,, i = 1,2, 3. The given Borel set
B decomposes into its parts in the 6 pairwise disjoint Borel sets E;n F; and D, F;;
and it suffices therefore to prove (5.2) for any Borel set B contained in one of these
6 sets. We do this by applying Theorem 2 to the function w — w* and the base E,,
i=1,2,3,cf (51). If B c E;n F, for some i then f*(B) = 0 for ze D,, and hence

ulwl(B) = ulw;1(B),

from which (5.2) follows. Suppose instead that for example B = D, 1 F),. Then B is
contained in the fine interior of E,, because D, is finely open and contained in
Q\D, = E,. As explained after Theorem 2 it follows that u[w](B) = u[w?](B), and
(5.2) ensues.

This establishes Theorem 1 in the case m = 3. The general case m > 3 follows by
induction:

plw, A oA w1 =pl(wy A AW, ) A WLy A W,]

2pw A AW, sAaw, s ]Aauw AL AW, AW,]

AWy AWz A v A w]
lgj<ksm

6. Second Proof of Theorem 3

We may suppose that Q\D; is a base. (Otherwise replace D, by b ;= Q\W(\D;), and
note that the finely open sets ,, D,, D, are again pairwise disjoint, as in the first
proof of Theorem 3; and 83\5’ = ¢2%) Recall that D, has at most countably many
fine connectivity components, and if C, denotes any one of them then &% = £
for every zeC;, [9, p. 155]. In view of these circumstances it is enough to prove
Theorem 3 in the case where D,, D,, D, are finely connected. Also recall that the
sets of measure 0 with respect to &5°” are then the same for all zeD,, [9, p. 150].

Fix arbitrary points { ;& D, and put ; = &f, ™ (sweeping relative to Q). It is sufficient
to prove that the measures p; have supports with empty intersection, and this is
equivalent to

Vi= g Ay Ay =0, (6.1)
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Let us denote by #; = GP (¢ ;) the generalized Green function for D; with pole at
{;» cf. (1.2). Then u, is a non-negative function, subharmonic in Q\{{;}, and its Riesz
measure is y;. Furthermore, u; = 0 in E;.

For z,eC and t > 0 we denote by 0,(zy, t) the Lebesgue measure of the set
{#e[0,2n):z, + te’ € D;}. We have

0,(zo, 1) + B5(20. 1) + 05(z0,1) < 2m. (6.2)

Recall that u, is supported by the fine boundary é,D,, cf. [5, p. 186]. Fix z,€();2,D;
and r, > 0 so that r, < minglz, — {1, and write

o dt
GJ'(ZO’ f') = J: tgj(zop t),

r<r,.

Each circle [z — z,| = t of radius t < 7, meets ID; forevery j = 1,2,3. (In fact, ; > D,
for k # j, and D, is finely connected, in particular connected in the usual topology;
and because z,€9,D, = éD,, D, contains points z with |z — z,| < t as well as the
point {, with |{, — z,| > r, > t.) In view of this the well-known estimate of Carleman
(cf. [14] combined with the proof of a related estimate of harmonic measure due to
Tsuji [17, Theorem II1.67 and Corollary, p. 116]) implies

; (zo + %e"’) < Cexp(—10,(z,, ) (6.3)

where C is independent of r < r, and 6. (An alternative proof of (6.3) is described in
Remark 3 below.)
Write D{a, r) = {z:|z — a| < r}. Combining (6.3) with the Jensen inequality we get

forr<r,
r 2 de
M (D(Zoaz)) < .|’o I‘j(D(zo,t))T

L[ r e
S%L uj(zo+-2-e )dﬂ

< Cexp(—n@(z,, 7)). (6.4)
Using the Schwarz inequality and (6.2) we obtain
3 ro J0.(z,,t) dt\2
nr,—Inn? = ( N —)
¢ j§1 ro/8{zg, 1) ¢

3 e de J‘ o dt
< &,(zq, t)—
J'gl r 1o ) ! r tﬂj(zo, t)

<€ 2n(lnry — Inr)max @,(z,, 1),
J
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50
3
mjax ®;(z4, 1) 2 E(ln ro —Inr).

Together with (6.4) this implies
V(D(zﬂs r)) < min#j(D(201 r)) = O(r3l2)’ r—0. (6'5)
J

Now we use the following

LEMMA 4. For an arbitrary finely open subset D of a Green set Q c C the measure
u= e?‘”, {eD, has a Borel support of Hausdorf{’ dimension at most 1.

For usual domains this result is due to P. Jones and T. Wolff [15]. Let us derive the
required generalization. Denote by u = G”(-, {) the generalized Green function for
D with pole at £, cf. (1.2). Write £ = Q\D, and let F, = E be a sequence of compacts
such that Z, i(F,) = p(E) (= p(2)). Consider the Green function u, for the open set
O\ F, with the same pole { as u. We have u, > u, and u, = u quasi-everywhere on F,,
so by a theorem of Grishin [13] the Riesz measure of u, majorizes the Riesz measure
of u on F,. By the Jones— Wolff theorem the Riesz measure of u, has a Borel support
of Hausdorff dimension < 1. It follows that the restriction of  to each F, has a Borel
support of Hausdorff dimension <1, and so has therefore p itself.

Let us now complete the proof of the theorem. By Lemma 4 the measure v defined
in (6.1) has a Borel support S < );&,D; such that dim § < 1. Also v satisfies (6.5) at
each point zy€S. If W(S) > 0 then by Egorov’s theorem (applied e.g. to the sequence
of functions (r,)~5*v(D(z, r,)) on S, with r, = 27"} there exist a set §' — § with
¥(8") > »(S)/2 and a pumber R > 0 such that

WDz, ) <r’, r<R, ze§. {6.6)

It follows Irom the definition of the Hausdorff dimension that, given any é > 0, there
exists a covering of §' by disks A_ of radii », < R such that Zr>'* < §. We may suppose
that the centers of these disks lie on §'. So by (6.6)

) <) < T A< T <4,
and it follows that (S} = 0, which proves (6.1) and the theorem.

REMARK 3. Aliernatively, the proof of (6.3) outlined above could be replaced by
an extension of the quoted corolary in [17, p. 116] to the case of fine domains D < Q.
(D in [17] corresponds to D, in the above proof) This extension is based on an
approximation theorem due to Choquet [4, p. 91] applied to the set X = Q\D, which
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is thin at each point of the fine domain D. Thus there exists a decreasing sequence
of usual domains D™ with D = D™ < Q such that the capacity of D™\ D with respect
to the Green kernel G for Q tends to 0 as n— co. It follows that the two sets [}, D™
and D differ only by a polar set and hence have the same intersection with the circle
|lz| =t for almost every t. (The center 0 of these circles corresponds to z, above.) It
remains only to apply the monotone convergence theorem in order to prove the
desired extension of the estimate of harmonic measure given in [17, p. 116] to the
case of a fine domain D, noting that the relevant evaluation of harmonic measure
(denoted by u,(z) in [17]) does not decrease when D is replaced by D™ o D, Finally,
(6.3) above is a straightforward consequence of this estimate, applied to D = D;.

7. An Example from Axiomatic Potential Theory

We give an example of a Brelot harmonic space satisfying the axiom of domination
and having a Green function, and such that Theorems 1 and 3 do not hold. The
example is due to A. Cornea (unpublished) who devised it for a different purpose,
see [11, p. 184 £]. In this example all subharmonic functions are finite and continuous,
and so the fine topology coincides with the initial topology, and no point forms a
polar set. There is, however, an analogous n-dimensional example (for any n > 2) in
which the two topologies are distinct and all points are polar.

The underlying space Q in Cornea’s example is the union of 3 copies Q,, Q,, Q,
of the interval [0, 1) such that any two of these copies are considered to be disjoint,
except that the end-points 0 in all three copies are identified so as to form a single
point of €, denoted by 0*. The topology on Q is defined so as to agree with the
standard topology on each interval Q,; hence Q is locally compact.

A function f defined in an open subset @ of Q) is called harmonic if, for each j = 1,
2, 3, the restriction f; of f to each interval forming a component of w N, is affine,
and if, moreover, f{(0) + f3(0) + f3(0) = 0 in case 0* € w. With this sheaf of harmonic
functions, Q2 becomes a Brelot harmonic space with a Green function. A function f
on Q is subharmonic if and only if, for each j = 1, 2, 3, the restriction f; of f to €2; is
continuous and convex, and if moreover f;(0) + f5(0) + £3(0) > 0.

Let & denote the Dirac measure on Q at the point 0*. The Green function
Ge = G(-, 0*) (suitably normalized) has the following restriction (Ge); to €Q;:

Ge)(=3(1—1, O0<t<l

Now consider the following three superbarmonic functions w; on &, j =1, 2, 3:

w. = —t omn
710 on O\,

Simple calculations lead to the following Riesz charges:
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ulwy]l = —e,
ulw, A Wl = —26 j#k
wlw, A wy A wy] = —3e

The conclusion in Theorem 1 would thus read — 3¢ > —2¢, which is false.
Theorem 3 breaks down when we take D, = Q\{0*}. In fact, for zeD,, e is

supported by the boundary {0*} of D,, and &**({0*}) > 0 because {0*} is non-polar.

Consequently, any three supports 8, §,, §; asin Theorem 3 would have 0* in common.
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