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Let f : C → C be a non-constant meromorphic function. How many
disjoint simply connected regions Gk ⊂ C can exist, such that each preimage
f−1(Gk) is connected ?

If f has a limit f(∞), that is f is rational, the number of such regions
can be at most 2. Indeed, extend f to C, and let Dk = f−1(Gk) ⊂ C

be connected. Let fk be the restrictions of f on Dk. Then fk are ramified
coverings of degree d = deg f . If some Gk is the sphere, then evidently k = 1.
Otherwise, by the Riemann–Hurwitz relation,

χ(Dk) = d − Ik,

where Ik is the number of critical points in Dk. If Dk is the sphere then
k = 1. Otherwise χ(Dk) ≤ 1, so Ik ≥ d − 1, and we obtain that k ≤ 2
because the total number of critical points is 2d − 2.

The same is true if we assume (instead of the existence of a limit f(∞))
that there is a finite set A ⊂ C such that the restriction

f : C\f−1(A) → C\A

is an unramified covering [2, 3].
I conjecture that k ≤ 2 is true for all meromorphic functions.
In the case f : C → C and Gk ⊂ C, k ≤ 1 holds [1].
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