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Chapter 1

Brownian motion and Stochastic
processes

The first stochastic process that has been extensively studied is the so-called Brown-
ian motion, named in honor of the botanist Robert Brown (1773-1858), who observed
and described in 1828 the random movement of particles suspended in a liquid or
gas. One of the first mathematical studies of this process goes back to the mathe-
matician Louis Bachelier (1870-1946), in 1900, who presented a stochastic modelling
of the stock and option markets. But, mainly due to the lack of rigorous foundations
of probability theory at that time, the seminal work of Bachelier was partly heuris-
tic and has been ignored for a long time by mathematicians. Let us observe that
independently of Bachelier, in his 1905 paper, Albert Einstein (1879-1955) brought
this stochastic process to the attention of physicists by presenting it as a way to
indirectly confirm the existence of atoms and molecules.

1.1 Introduction to the Brownian motion: The

point of view of Bachelier

The purpose of Bachelier was to provide a mathematical model that could describe
and predict the evolution of a stock price. Let Xt denote the price at time t of a
given asset. By convention, we will assume that X0 = 0 (otherwise, we work with
Xt − X0). The first observation is that the price Xt can not be predicted with
absolute certainty. It seems therefore reasonable to assume that Xt is a random
variable defined on some probability space. One of the initial problems of Bachelier
was to understand the distribution of prices at given times, that is the law of the
random variable (Xt1 , ..., Xtn), where t1, ..., tn are fixed. In what follows, we briefly
discuss how he tackled this problem from scratch.
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The two following fundamental observations of Bachelier were based on empirical
observations:

• If τ is very small then, in absolute value, the price variation Xt+τ − Xt is of
order σ

√
τ , where σ is a positive parameter (nowadays called the volatility of

the asset);

• The expectation of a speculator is always zero1 (nowadays, a generalization of
this principle is called the absence of arbitrage).

Next, Bachelier assumes that for every t > 0, Xt has a density with respect to the
Lebesgue measure, let us say p(t, x). The two above observations imply that for τ
small,

p(t+ τ, x) =
1

2
p(t, x− σ

√
τ) +

1

2
p(t, x+ σ

√
τ).

Indeed, due to the first observation, if the price is x at time t + τ , it means that
at time t the price was equal to x − σ

√
τ or to x + σ

√
τ . According to the second

observation, each of this case produces with probability 1
2
.

Now Bachelier assumes that p(t, x) is regular enough and uses the following approx-
imations coming from a Taylor expansion:

p(t+ τ, x) ' p(t, x) + τ
∂p

∂t
(t, x)

p(t, x− σ
√
τ) ' p(t, x)− σ

√
τ
∂p

∂x
(t, x) +

1

2
σ2τ

∂2p

∂x2
(t, x)

p(t, x+ σ
√
τ) ' p(t, x) + σ

√
τ
∂p

∂x
(t, x) +

1

2
σ2τ

∂2p

∂x2
(t, x).

This gives
∂p

∂t
=

1

2
σ2 ∂

2p

∂x2
(t, x).

This is the so-called heat equation, which is the primary example of a diffusion
equation. Explicit solutions to this equation are known, and by using the fact that
at time 0, p is the Dirac distribution at 0, it is obtained that:

p(t, x) =
e−

x2

2σt

σ
√

2πt
.

1Quoted and translated from Bachelier: It seems that the market, the aggregate of speculators,
can believe in neither a market rise nor a market fall, since, for each quoted price, there are as
many buyers as sellers..
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It means that Xt has a Gaussian distribution with mean 0 and variance σ2. Let now
0 < t1 < ... < tn be fixed times and I1, ..., In be fixed intervals. In order to compute

P(Xt1 ∈ I1, ..., Xtn ∈ In)

the next step is to assume that the above analysis did not depend on the origin of
time, or more precisely that the best information available at time t is given by the
price Xt. That leads first to the following computation

P(Xt1 ∈ I1, Xt2 ∈ I2) =

∫
I1

P(Xt2 ∈ I2 | Xt1 = x1)p(t1, x1)dx1

=

∫
I1

P(Xt2−t1 + x1 ∈ I2 | Xt1 = x1)p(t1, x1)dx1

=

∫
I1×I2

p(t2 − t1, x2 − x1)p(t1, x1)dx1dx2,

which is easily generalized to

P(Xt1 ∈ I1, ..., Xtn ∈ In) =

∫
I1×···×In

p(tn−tn−1, xn−xn−1) · · · p(t2−t1, x2−x1)p(t1, x1)dx1dx2 · · · dxn.

In many regards, the previous computations were not rigorous but heuristic. One of
the main issues here, is that the sequence of random variables Xt is not well defined
from a mathematical point of view. In the next section, we will provide a rigorous
construction of this object Xt, t ∈ R on which worked Bachelier and that is called
the Brownian motion.
Let us observe that after the work of Bachelier and the work by Black and Scholes
and Merton, Brownian motion and its generalizations are at the basis of the modern
mathematical modelling of financial markets.

1.2 Stochastic processes

1.2.1 Measure theory in function spaces

Stochastic processes can be seen as random variables taking their values in a function
space. It is therefore important to understand the natural associated σ-algebras.
Let A(R+,Rd), d ≥ 1, be the set of functions R≥0 → Rd. We denote by T (R≥0,Rd)
the σ-algebra generated by the so-called cylindrical sets

{f ∈ A(R≥0,Rd), f(t1) ∈ I1, ..., f(tn) ∈ In}

where
t1, ..., tn ∈ R≥0

and where I1, ..., In are products of intervals Πd
k=1(aki , b

k
i ].
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Remark 1.2.1 As a σ-algebra T (R≥0,Rd) is also generated by the following fami-
lies:

•
{f ∈ A(R≥0,Rd), f(t1) ∈ B1, ..., f(tn) ∈ Bn}

where
t1, ..., tn ∈ R≥0

and where B1, ..., Bn are Borel sets in Rd.

•
{f ∈ A(R≥0,Rd), (f(t1), ..., f(tn)) ∈ B}

where
t1, ..., tn ∈ R≥0

and where B is a Borel set in (Rd)⊗n.

Exercise 1.2.2 Show that the following sets are not in T ([0, 1],R):

1.
{f ∈ A([0, 1],R), sup

t∈[0,1]

f(t) < 1}

2.
{f ∈ A([0, 1],R),∃t ∈ [0, 1]f(t) = 0}

The above exercise shows that the σ-algebra T (R≥0,Rd) is not rich enough to include
natural events; this is due to the fact that the space A(R≥0,Rd) is by far too big.
In this course, we shall be interested in processes with continuous paths. In that
case, we use the space of continuous functions C(R≥0,Rd) endowed with the σ-algebra
B(R≥0,Rd) generated by

{f ∈ C(R≥0,Rd), f(t1) ∈ I1, ..., f(tn) ∈ In}

where
t1, ..., tn ∈ R≥0

and where I1, ..., In are products of intervals Πd
k=1(aki , b

k
i ].. This σ-algebra enjoys nice

properties. It is for instance generated by the open sets of the topology of uniform
convergence on compact sets.

Exercise 1.2.3 Show that the following sets are in B([0, 1],R):

1.
{f ∈ C([0, 1],R), sup

t∈[0,1]

f(t) < 1}

2.
{f ∈ C([0, 1],R), ∃t ∈ [0, 1]f(t) = 0}
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1.2.2 Stochastic processes

Let (Ω,F ,P) be a probability space.

Definition 1.2.4 On (Ω,F ,P), a (d-dimensional) stochastic process is a sequence
(Xt)t∈R≥0

of Rd-valued random variables that are measurable with respect to F .

A process (Xt)t∈R≥0
can also be seen as an application

X(ω) ∈ A(R≥0,Rd), t→ Xt(ω).

These applications are called the paths of the process. The application X : (Ω,F)→
(A(R≥0,Rd), T (R≥0,Rd)) is measurable. The probability measure defined by

µ(A) = P(X−1(A)), A ∈ T (R+,Rd)

is called the law (or distribution) of (Xt)t∈R+ .

For t ≥ 0, we denote by πt the application that sends f ∈ A(R≥0,Rd) to f(t). The
stochastic process (πt)t∈ R≥0

which is defined on the probability space (A(R≥0,R), T (R≥0,Rd), µ)
is called the canonical process associated to X. It is a process with law µ.

Definition 1.2.5 A process (Xt)t∈R≥0
is said to be measurable if the application

(t, ω)→ Xt(ω)

is measurable with respect to the σ-algebra B(R≥0)⊗F , that is if

∀A ∈ B(Rd), {(t, ω), Xt(ω) ∈ A} ∈ B(R≥0)⊗F .

The paths of a measurable process are, of course, measurable functions R≥0 → Rd.

Definition 1.2.6 If a process X takes its values in C(R≥0,Rd), that is if the paths
of X are continuous functions, then we say that (Xt)t∈R≥0

is a continuous process.

If (Xt)t∈R+ is a continuous process then the applicationX : (Ω,F)→ (C(R≥0,Rd),B(R≥0,R))
is measurable and the law of X is a probability measure on (C(R≥0,Rd),B(R≥0,Rd)).
Moreover, it can be shown that a continuous process is measurable in the sense of
the definition 1.2.5.
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1.3 The Daniell-Kolmogorov extension theorem

The Daniell-Kolmogorov extension theorem is one of the first deep theorems of the
theory of stochastic processes. It provides existence results for nice probability
measures on path (function) spaces. It is however non constructive and relies on the
axiom of choice. In what follows, in order to avoid heavy notations we restrict to
the one dimensional case d = 1. The multidimensional extension is straightforward.

Definition 1.3.1 Let X be a stochastic process. For t1, ..., tn ∈ R≥0 we denote by
µt1,...,tn the probability distribution of the random variable

(Xt1 , ..., Xtn).

It is therefore a probability measure on Rn. This probability measure is called a finite
dimensional distribution of the process X.

If two processes have the same finite dimensional distributions, then it is clear that
the two processes induce the same distribution on the path space A(R≥0,R) because
cylinders generate the σ-algebra T (R≥0,R).
The finite dimensional distributions of a given process satisfy the two following
properties: If t1, ..., tn ∈ R≥0 and if τ is a permutation of the set {1, ..., n}, then:

1.

µt1,...,tn(A1 × ...× An) = µtτ(1),...,tτ(n)
(Aτ(1) × ...× Aτ(n)), Ai ∈ B(R).

2.

µt1,...,tn(A1 × ...× An−1 × R) = µt1,...,tn−1(A1 × ...× An−1), Ai ∈ B(R).

Conversely,

Theorem 1.3.2 (Daniell 1918, Kolmogorov 1933)
Assume given for every t1, ..., tn ∈ R≥0 a probability measure µt1,...,tn on Rn. Let us
assume that these probability measures satisfy:

1.

µt1,...,tn(A1 × ...× An) = µtτ(1),...,tτ(n)
(Aτ(1) × ...× Aτ(n)), Ai ∈ B(R).

2.

µt1,...,tn(A1 × ...× An−1 × R) = µt1,...,tn−1(A1 × ...× An−1), Ai ∈ B(R).
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Then, there is a unique probability measure µ on (A(R+,R), T (R+,R)) such that
for t1, ..., tn ∈ R≥0, A1, ..., An ∈ B(R):

µ(πt1 ∈ A1, ..., πtn ∈ An) = µt1,...,tn(A1 × ...× An).

The Daniell-Kolmogorov theorem is often used to construct processes thanks to the
following corollary:

Corollary 1.3.3 Assume given for every t1, ..., tn ∈ R≥0 a probability measure
µt1,...,tn on Rn. Let us further assume that these measures satisfy the assumptions
of the Daniell-Kolmogorov theorem. Then, there exists a probability space (Ω,F ,P)
as well as a process (Xt)t≥0 defined on this space such that the finite dimensional
distributions of (Xt)t≥0 are given by the µt1,...,tn’s.

Proof. As a probability space we chose

(Ω,F ,P) = (A(R≥0,R), T (R≥0,R), µ)

where µ is the probability measure given by the Daniell-Kolmogorov theorem. The
canonical process (πt)t≥0 defined on A(R≥0,R) by πt(f) = f(t) does the job. �

We now turn to the proof of the Daniell-Kolmogorov theorem. This proof proceeds
in several steps, is difficult and can be skipped by the student in a first reading.

As a first step, let us recall the Caratheodory extension theorem that is often useful
for the effective construction of measures (cf. the construction of the Lebesgue
measure on R):

Theorem 1.3.4 (Caratheodory) Let Ω be a non empty set and let A be a family of
subsets that satisfy:

1. Ω ∈ A;

2. Si A,B ∈ A, A ∪B ∈ A;

3. Si A ∈ A, Ω\A ∈ A.

Let σ(A) be the σ-algebra generated by A. If µ0 is σ-additive measure on (Ω,A),
then there exists a unique measure2 µ on (Ω, σ(A)) such that for A ∈ A,

µ0(A) = µ(A).

2The σ-additivity is not provided by the theorem
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As a first step, we prove the following fact:

Lemma 1.3.5 Let Bn ⊂ Rn, n ∈ N be a sequence of Borel sets that satisfy

Bn+1 ⊂ Bn × R.

Let us assume that for every n ∈ N a probability measure µn is given on (Rn,B(Rn))
and that these probability measures satisfy:

µn(Bn) > ε,

where 0 < ε < 1. There exists a sequence of compact sets Kn ⊂ Rn, n ∈ N, such
that:

• Kn ⊂ Bn

• Kn+1 ⊂ Kn × R.

• µn(Kn) ≥ ε
2
.

Proof.
For every n, we can find a compact set K∗n ⊂ Rn such that

K∗n ⊂ Bn

and
µn(Bn\K∗n) ≤ ε

2n+1
.

Let
Kn = (K∗1 × Rn−1) ∩ ... ∩ (K∗n−1 × R) ∩K∗n.

It is easily checked that:

• Kn ⊂ Bn

• Kn+1 ⊂ Kn × R.

Moreover,

µn(Kn) = µn(Bn)− µn(Bn\Kn)

= µn(Bn)− µn
(
Bn\

(
(K∗1 × Rn−1) ∩ ... ∩ (K∗n−1 × R) ∩K∗n

))
≥ µn(Bn)− µn

(
Bn\

(
(K∗1 × Rn−1)

))
− ...− µn

(
Bn\

(
K∗n−1 × R

))
− µn(Bn\K∗n)

≥ µn(Bn)− µn(B1\K∗1)− ...− µn(Bn\K∗n)

≥ ε− ε

4
− ...− ε

2n+1

≥ ε

2
.
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With this in hands, we can now turn to the proof of the Daniell-Kolmogorov theorem.

Proof. For the cylinder

Ct1,...,tn(B) = {f ∈ A(R+,R), (f(t1), ..., f(tn)) ∈ B}

where
t1, ..., tn ∈ R≥0

and where B is a Borel subset of Rn, we define

µ (Ct1,...,tn(B)) = µt1,...,tn(B).

Thanks to the assumptions on the µt1,...,tn ’s, it is seen that such a µ is well defined
and satisfies:

µ (A(R≥0,R)) = 1.

The setA of all the possible cylinders Ct1,...,tn(B) satisfies the assumption of Caratheodory
theorem. Therefore, in order to conclude, we have to show that µ is σ-additive, that
is, if (Cn)n∈N is a sequence of pairwise disjoint cylinders and if C = ∪n∈NCn is a
cylinder then

µ (C) =
+∞∑
n=0

µ(Cn).

This is the difficult part of the theorem.
Since for N ∈ N,

µ(C) = µ
(
C\ ∪Nn=0 Cn

)
+ µ

(
∪Nn=0Cn

)
,

we just have to show that
lim

N→+∞
µ (DN) = 0.

where DN = C\ ∪Nn=0 Cn.
The sequence (µ(DN))N∈N is positive decreasing and therefore converges. Let assume
that it converges toward ε > 0. We shall prove that in that case

∩N∈NDN 6= ∅,

which is clearly absurd.
Since DN is a cylinder, the event ∪N∈NDN only involves a coutable sequence of times
t1 < ... < tn < ... and we may assume (otherwise we can add convenient other sets
in the sequence of the DN ’s) that every DN can be described as follows

DN = {f ∈ A(R≥0,R), (f(t1), ..., f(tN)) ∈ BN}
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where Bn ⊂ Rn, n ∈ N, is a sequence of Borel sets such that

Bn+1 ⊂ Bn × R.

Since we assumed µ(DN) ≥ ε, we can use the previous lemma to construct a sequence
of compact sets Kn ⊂ Rn, n ∈ N, such that:

• Kn ⊂ Bn

• Kn+1 ⊂ Kn × R.

• µt1,...,tn(Kn) ≥ ε
2
.

Since Kn is non-empty, we pick

(xn1 , ..., x
n
n) ∈ Kn.

The sequence (xn1 )n∈N has a convergent subsequence (x
j1(n)
1 )n∈N that converges to-

ward x1 ∈ K1. The sequence ((x
j1(n)
1 , x

j1(n)
2 )n∈N has a convergent subsequence that

converges toward (x1, x2) ∈ K2. By pursuing this process we obtain a sequence
(xn)n∈N such that for every n,

(x1, ..., xn) ∈ Kn.

The event
{f ∈ A(R+,R), (f(t1), ..., f(tN)) = (x1, ..., xN)}

is inDN , this leads to the expected contradiction. Therefore, the sequence (µ(DN))N∈N
converges toward 0, which implies the σ-additivity of µ. �

1.4 The Kolmogorov continuity theorem

The Daniell-Kolmogorov theorem is a very useful tool since it provides existence
results for stochastic processes. Nevertheless, this theorem does not say anything
about the paths of this process. The following theorem, due to Kolmogorov, precises
that, under mild conditions, we can work with processes whose paths are quite
regular.

Definition 1.4.1 A function f : R≥0 → Rd is said to be Hölder with exponent
α > 0 if there exists a constant C > 0 such that for s, t ∈ R≥0,

‖f(t)− f(s)‖ ≤ C | t− s |α .
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Hölder functions are in particular continuous.

Definition 1.4.2 A stochastic process (X̃t)t≥0 is called a modification of the process
(Xt)t≥0 if for t ≥ 0,

P
(
Xt = X̃t

)
= 1.

Remark 1.4.3 We can observe that if (X̃t)t≥0 is a modification of (Xt)t≥0 then
(X̃t)t≥0 has the same distribution as (Xt)t≥0.

Theorem 1.4.4 (Kolmogorov 1956) Let α, ε, c > 0. If a d-dimensional process
(Xt)t∈[0,1] defined (Ω,F ,P) satisfies for s, t ∈ [0, 1],

E (‖Xt −Xs‖α) ≤ c | t− s |1+ε,

then there exists a modification of the process (Xt)t∈[0,1] that is a continuous process
and whose paths are γ Hölder for every γ ∈ [0, ε

α
).

Proof.
For n ∈ N, we denote

Dn =

{
k

2n
, k = 0, ..., 2n

}
and

D = ∪n∈NDn.

Let γ ∈ [0, ε
α

).
From Chebychev inequality:

P
(

max
1≤k≤2n

‖X k
2n
−X k−1

2n
‖ ≥ 2−γn

)
= P

(
∪1≤k≤2n‖X k

2n
−X k−1

2n
‖ ≥ 2−γn

)
≤

2n∑
k=1

P
(
‖X k

2n
−X k−1

2n
‖ ≥ 2−γn

)

≤
2n∑
k=1

E
(
‖X k

2n
−X k−1

2n
‖α
)

2−γαn

≤ c2−n(ε−γα)

Therefore, since γα > ε,

+∞∑
n=1

P
(

max
1≤k≤2n

‖X k
2n
−X k−1

2n
‖ ≥ 2−γn

)
< +∞,
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From the Borel-Cantelli lemma, we can thus find a set Ω∗ ∈ F such that P(Ω∗) = 1
and such that for ω ∈ Ω∗, there exists N(ω) such that for n ≥ N(ω),

max
1≤k≤2n

‖X k
2n

(ω)−X k−1
2n

(ω)‖ < 2−γn.

The paths of X/Ω∗ are consequently γ-Hölder on D. Indeed, let ω ∈ Ω∗ and s, t ∈ D
such that

| s− t |≤ 1

2n

with n ≥ N(ω).
We can find an increasing and stationary sequence (sn)n∈N converging toward s,
such that sn ∈ Dn and

| sn+1 − sn |= 2−(n+1) ou 0.

In the same way, we can find an analogue sequence (tn)n∈N that converges toward t.
We have then On a alors:

Xt −Xs =
+∞∑
i=n

(Xsi+1
−Xsi) + (Xsn −Xtn) +

+∞∑
i=n

(Xti −Xti+1
),

where the above sums are actually finite.
Therefore,

‖Xt −Xs‖ ≤ 2
+∞∑
i=n

max
1≤k≤2i

‖X k

2i
(ω)−X k−1

2i
(ω)‖

≤ 2
+∞∑
i=n

2−γi

≤ 2

1− 2−γ
2−γn.

Hence the paths of X/Ω∗ are γ-Hölder on the set D.

For ω ∈ Ω∗, let t → X̃t(ω) be the unique continuous function that agrees with
t → Xt(ω) on D. For ω /∈ Ω∗, we set X̃t(ω) = 0. The process (X̃t)t∈[0,1] is the
desired modification of (Xt)t∈[0,1]. �

1.5 Gaussian processes and Brownian motion

1.5.1 Gaussian processes

Definition 1.5.1 A real-valued stochastic process (Xt)t≥0 defined on (Ω,F ,P) is
said to be a Gaussian process if all the finite dimensional distributions of X are
Gaussian random variables.

14



The distribution of a Gaussian process is characterized by its mean function

m(t) = E(Xt)

and its covariance function

R(s, t) = E ((Xt −m(t))(Xs −m(s))) .

We can observe that the covariance function R(s, t) is symmetric (R(s, t) = R(t, s))
and positive, that is for a1, ..., an ∈ R and t1, ..., tn ∈ R≥0,∑

1≤i,j≤n

aiajR(ti, tj) =
∑

1≤i,j≤n

aiajE
(
(Xti −m(ti))(Xtj −m(tj))

)
= E

( n∑
i=1

(Xti −m(ti))

)2


≥ 0.

Conversely, as an easy application of the Daniell-Kolmogorov theorem,

Proposition 1.5.2 Let m : R≥0 → R and let R : R≥0 × R≥0 → R be a symmetric
and positive function. There exists a probability space (Ω,F ,P) and a Gaussian pro-
cess (Xt)t≥0 defined on it, whose mean function is m and whose covariance function
is R.

1.5.2 Brownian motion

Definition 1.5.3 Let (Ω,F ,P) be a probability space. A continuous real-valued
process (Bt)t≥0 is called a standard Brownian motion if it is a Gaussian process with
mean function

m(t) = 0

and covariance function
R(s, t) = min(s, t).

Remark 1.5.4 It is seen that R(s, t) = min(s, t) is a covariance function, because
it is symmetric and for a1, ..., an ∈ R and t1, ..., tn ∈ R≥0,∑

1≤i,j≤n

aiaj min(ti, tj) =
∑

1≤i,j≤n

aiaj

∫ +∞

0

1[0,ti](s)1[0,tj ](s)ds

=

∫ +∞

0

(
n∑
i=1

ai1[0,ti](s)

)2

ds ≥ 0.
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Remark 1.5.5 The distribution of a standard Brownian motion is called the Wiener
measure.

Remark 1.5.6 A d-dimensional stochastic process (Bt)t≥0 is called a standard Brow-
nian motion if

(Bt)t≥0 = (B1
t , · · · , Bd

t )t≥0

where the processes (Bi
t)t≥0 are independent standard Brownian motions.

Exercise 1.5.7 Let (Bt)t≥0 be a standard one-dimensional Brownian motion. Show
the following properties:

1. B0 = 0 a.s.;

2. For any t > s ≥ 0, Bt −Bs has the distribution as Bt−s;

3. For any t > s ≥ 0, the random variable Bt−Bs is independent of the random
variable (Bt1 , ..., Btn) whenever 0 < t1, ..., tn < s.

4. If 0 < t1 < · · · < tn are given times and if I1, · · · , In are intervals then

P(Bt1 ∈ I1, ..., Btn ∈ In) =

∫
I1×···×In

p(tn−tn−1, xn−xn−1) · · · p(t2−t1, x2−x1)p(t1, x1)dx1dx2 · · · dxn,

where p(t, x) = e−
x2

2t

σ
√

2πt
.

5. For every c > 0, the process (Bct)t≥0 has the same law as the process (
√
cBt)t≥0;

6. The process (tB 1
t
)t≥0 has the same law as the process (Bt)t≥0;

Theorem 1.5.8 There exist a probability space (Ω,F ,P) and a stochastic process
on it that is a standard Brownian motion.

Proof. From the Proposition 1.5.2, there exists a probability space (Ω,F ,P) and a
Gaussian process (Xt)t≥0 on it, whose mean function is 0 and covariance function is

E(XsXt) = min(s, t).

We have for n ≥ 0 and 0 ≤ s ≤ t:

E
(
(Xt −Xs)

2n
)

=
(2n)!

2nn!
(t− s)n.

Therefore, by using the Kolmogorov continuity theorem, there exists a modification
(Bt)t≥0 of (Xt)t≥0 whose paths are locally γ-Hölder if γ ∈ [0, n−1

2n
). �
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Figure 1.1: Sample paths of a Brownian motion

From the previous proof, we can also deduce that the paths of a standard Brownian
motion are locally γ-Hölder for every γ < 1

2
. It can moreover be shown that they

are not 1
2
-Hölder and almost nowhere differentiable.

For further reading on the Brownian motion we refer the interested student to [17].
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Chapter 2

Diffusion processes

2.1 Markov process associated to a diffusion op-

erator

2.1.1 Diffusion operators

The primary example of a diffusion equation is the heat equation. The problem is
to find a real valued function φ(t, x) that is smooth on (0,+∞)×Rn, continuous on
[0,+∞)× Rn and that satisfies:

∂φ

∂t
(t, x) =

1

2
∆φ(t, x), φ(0, x) = f(x), (2.1.1)

where ∆ =
∑d

i=1
∂2

∂x2
i

is the Laplace operator on Rn and f is a given function on Rn.

Remark 2.1.1 This equation describes how temperature evolves. Assume that at
time t = 0 the temperature at a point x ∈ Rn is f(x), then the temperature at time
t will be given by φ(t, x).

Remark 2.1.2 The coefficient 1
2

in front of the Laplace operator is here for a nor-
malization reason that will later be apparent (it can be removed by replacing t by 2t
in the following computations).

This equation is easily solved by using Fourier transforms.

Exercise 2.1.3 Assume that the function f ∈ L2(Rn,R). Show that the unique
solution to the equation (2.1.1) is given by

φ(t, x) =
1

(2πt)
n
2

∫
Rn
e−
‖x−y‖2

2t f(y)dy.
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Beside the fact that it is possible to obtain a closed solution, it is remarkable that
positivity is preserved by the equation. Namely, if f is non negative then φ(t, x) is
also non negative. This is a fundamental feature shared by the so-called diffusion
equations.

Example 2.1.4 For instance, the equation

∂φ

∂t
(t, x) = −1

2

∂2φ

∂x2
(t, x), φ(0, x) = f(x),

does not preserve positivity. Indeed, if f(x) = x2, then φ(t, x) = x2 − t is a solution
which is not non negative.

Definition 2.1.5 A differential operator L on Rn, is called a diffusion operator if
it can be written

L =
n∑

i,j=1

σij(x)
∂2

∂xi∂xj
+

n∑
i=1

bi(x)
∂

∂xi
,

where bi and σij are continuous functions on Rn and for every x ∈ Rn, the matrix
(σij(x))1≤i,j≤n is a symmetric and positive matrix.

Diffusion operators satisfy a maximum principle. Before we state this principle let
us recall a simple result from linear algebra.

Lemma 2.1.6 Let A and B be two symmetric positive matrices, then

tr(AB) ≥ 0.

Proof. Since A is symmetric positive, there exists a symmetric and positive matrix
S such that S2 = A. We have then

tr(AB) = tr(S2B) = tr(SBS) = tr(tSBS).

The matrix tSBS is seen to be symmetric and positive and thus has a positive
trace. �

Proposition 2.1.7 (Maximum principle for diffusion operators) Let f : Rn → R
be a smooth function that attains a local minimum at x. If L is a diffusion operator
then Lf(x) ≥ 0.
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Proof. Let

L =
n∑

i,j=1

σij(x)
∂2

∂xi∂xj
+

n∑
i=1

bi(x)
∂

∂xi
,

and let f : Rn → R be a smooth function that attains a local minimum at x. We
have

Lf(x) =
n∑

i,j=1

σij(x)
∂2f

∂xi∂xj
(x)

= tr (σ(x)Hessf(x)) .

Where σ(x) is the symmetric and positive matrix with coefficient σij(x) and Hessf(x)

is the Hessian matrix of f , that is the symmetric matrix with coefficient ∂2f
∂xi∂xj

(x).

Since x is a local minimum of f , Hessf(x) is a positive matrix. We can now use
the previous lemma to get the expected result. �

Actually, together with the linearity and the local property, this maximum principle
is characteristic to the diffusion operators.

Theorem 2.1.8 Let C∞(Rn,R) be the set of smooth functions Rn → R and C(Rn,R)
be the set of continuous functions Rn → R. Let now

L : C∞(Rn,R)→ C(Rn,R)

be an operator such that:

1. L is linear;

2. L is a local operator; That is, if f, g ∈ C∞(Rn,R) coincide on a neighnorhood
of x, then Lf(x) = Lg(x);

3. If f ∈ C∞(Rn,R) has a local minimum at x, Lf(x) ≥ 0.

Then L is a diffusion operator.

2.1.2 Diffusion equations

In the sequel, we consider a diffusion operator L as well as a Borel measure µ on
Rn. We will assume that if f ∈ Lp

µ(Rn,R), 1 ≤ p ≤ +∞, then there is a unique real
valued function φ(t, x) that is smooth on (0,+∞)×Rn, continuous on [0,+∞)×Rn

and that satisfies:

∂φ

∂t
(t, x) = Lφ(t, x), φ(0, x) = f(x). (2.1.2)
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This equation is called the diffusion equation associated with the diffusion operator
L. In general, unlike the heat equation this is not possible to explicitly solve equation
(7.1.1). To understand solutions, it is however extremely useful to introduce a
one-parameter family of operators defined in the following way: If f ∈ Lp

µ(Rn,R),
1 ≤ p ≤ +∞, then , for t ≥ 0, we set

(Ptf)(x) = φ(t, x),

where φ is the unique solution of equation (7.1.1). We shall assume that Lp
µ(Rn,R)

is left stable by Pt for any t ≥ 0 and 1 ≤ p ≤ +∞, and that for f ∈ Lp
µ(Rn,R),

g ∈ Lq
µ(Rn,R), with 1

p
+ 1

q
= 1,∫

Rn
fPtgdµ =

∫
Rn
gPtfdµ. (2.1.3)

In order to simplify the following discussion, we shall also assume that the Schwartz
space S of smooth rapidly decreasing functions on Rn is a dense subset of Lp

µ(Rn,R),
1 ≤ p < +∞ and is left globally stable by L and by Pt for any t ≥ 01.

Remark 2.1.9

• Observe that, due to the linearity of equation (7.1.1), Pt is for any t ≥ 0, a
linear operator Lp

µ(Rn,R)→ Lp
µ(Rn,R).

• Observe that if we apply (7.1.2) with f ∈ S and g = 1, then we get∫
Rn
fPt1dµ =

∫
Rn

Ptfdµ.

But Pt1 = 1, therefore for f ∈ S,∫
Rn

Ptfdµ =

∫
Rn
fdµ.

By differentiating with respect to t this last equality, we also obtain that for
f ∈ S ∫

Rn
Lfdµ = 0.

1In general we work with an algebra of functions that depends on L and that satisfies these
properties
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• We can also observe that for f ∈ Lp
µ(Rn,R) and s, t ≥ 0, Pt+sf = Pt(Psf).

This property Pt+s = Pt ◦ Ps is called the semigroup property for the one-
parameter family of operators (Pt)t≥0. Due to the fact that we moreover have
at t = 0,

d

dt
Ptf = Lf,

we often use the notation Pt = etL.

We then have the following theorem that asserts that equation (7.1.1) preserves the
positivity.

Theorem 2.1.10 (Preservation of positivity) Let f ∈ Lp
µ(Rn,R), 1 ≤ p ≤ +∞, be

a µ-almost surely non negative function. Then for every t ≥ 0, the function Ptf is
µ-almost surely non negative.

Proof. The first step is to observe that if ψ is a smooth convex function and if f ∈ S,
then we have

L(ψ ◦ f)(x) =
n∑

i,j=1

σij(x)
∂2(ψ ◦ f)

∂xi∂xj
(x) +

n∑
i=1

bi(x)
∂(ψ ◦ f)

∂xi
(x)

= (ψ′ ◦ f)(x)Lf(x) +
n∑

i,j=1

σij(x)
∂f

∂xi
(x)

∂f

∂xj
(x)

≥ (ψ′ ◦ f)(x)Lf(x).

Now,

∂

∂t

∫
Rn
ψ(Ptf)dµ =

∫
Rn
ψ′(Ptf)

∂

∂t
Ptfdµ

=

∫
Rn
ψ′(Ptf)LPtfdµ

≤
∫

Rn
Lψ(Ptf)dµ = 0.

The functional
∫

Rn ψ(Ptf)dµ is therefore non increasing. We deduce that∫
Rn
ψ(Ptf)dµ ≤

∫
Rn
ψ(f)dµ.

In particular, by approximating the function x → |x| by smooth convex functions,
for f ∈ S, ∫

Rn
|Ptf | dµ ≤

∫
Rn
|f |dµ. (2.1.4)
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Thus if f ∈ S is non negative,∫
Rn
|Ptf | dµ ≤

∫
Rn
|f |dµ =

∫
Rn
fdµ =

∫
Rn

Ptfdµ,

which implies that almost surely Ptf is non negative.
Let now f ∈ Lp

µ(Rn,R), 1 ≤ p < +∞, be a µ-almost surely non negative function.
There exists a sequence of non negative functions fn ∈ S that converges toward f
in Lp

µ(Rn,R). We are going to show that the sequence Ptfn converges toward Ptf ,
which implies that Ptf is µ-almost surely non negative. According to (2.1.4), for
m,n ∈ N, ∫

Rn
|Ptfn −Ptfm| dµ ≤

∫
Rn
|fn − fm|dµ.

The sequence Ptfn is therefore a Cauchy sequence and thus converges in Lp
µ(Rn,R).

For every g ∈ Lq
µ(Rn,R), with 1

p
+ 1

q
= 1, we have∫

Rn
fmPtgdµ =

∫
Rn
gPtfmdµ,

and therefore ∫
Rn
fPtgdµ =

∫
Rn
g lim
m→+∞

Ptfmdµ.

This implies that limm→+∞Ptfm = Ptf .

If f ∈ L∞µ (Rn,R) is non negative, there exists a bounded an increasing sequence of
non negative fn ∈ L1

µ(Rn,R) that converges to f , µ-almost surely. The sequence
Ptfn is increasing and bounded and therefore converges µ-almost surely. Finally, it
is shown as above that this limit has to be equal to Ptf . �

2.1.3 Associated Markov process

The preservation of positivity by diffusion equations makes the bridge between prob-
ability theory and the theory of diffusion equations. More precisely:

Exercise 2.1.11 If A is a Borel set in Rn, t ≥ 0, and x ∈ Rn we define

Pt(x,A) = (Pt1A)(x),

where 1A is the indicator function of A. Show that the following properties are
satisfied:

1. For t ≥ 0 and x ∈ Rn, Pt(x, ·) is a probability measure on Rn;
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2. For t ≥ 0 and A Borel set in Rn the application x→ Pt(x,A) is measurable;

3. For s, t ≥ 0, x ∈ Rn and A Borel set in Rn,

Pt+s(x,A) =

∫
Rn
Pt(y, A)Ps(x, dy).

With this in hands, we can now show that there is a natural family of stochastic
process associated to the equation (7.1.1).

Theorem 2.1.12 Let ν be a probability measure on Rn. There exists a probability
space (Ω,F ,P) and a stochastic process (Xt)t≥0 such that:

1. The distribution of X0 is ν ;

2. If f : Rn → R is a bounded and Borel function

E
(
f(Xt+s) | FXs

)
= (Ptf)(Xs), s, t ≥ 0

where FX is the natural filtration 2 of X.

Proof. For 0 = t0 < t1 < ... < tm, A a Borel set in Rn and B Borel set in (Rn)⊗m,
we define

µt0,t1,...,tm(A×B) =

∫
A

∫
B

Pt1(z, dx1)Pt2−t1(x1, dx2)...Ptm−tm−1(xm−1, dxn)ν(dz),

where we use the notation Pt(x, ·) introduced in Exercise 2.1.11. µt0,t1,...,tn is therefore
a probability measure on Rn × (Rn)⊗m. Since for a Borel set C in Rn and x ∈ Rn

we have

Pt+s(x,C) =

∫
Rn
Pt(y, C)Ps(x, dy),

we deduce that this family of probability satisfies the assumptions of the Daniell-
Kolmogorov theorem. Therefore, we can find a process (Xt)t≥0 defined on some
probability space (Ω,F ,P) whose finite dimensional distributions are given by the
µt0,t1,...,tn ’s. Let us now prove that this process satisfies the property stated in the
theorem. First, the distribution of X0 is ν because

µ0(A) =

∫
A

ν(dz) = ν(A), A ∈ B(Rn).

2Recall that FX
s is the smallest σ-algebra that makes measurable all the random variables

(Xt1 , · · · , Xtm
), 0 ≤ t1 ≤ · · · ≤ tm ≤ s.
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We now have to prove that if f : Rn → R is a bounded and Borel function and if
0 < s, t, then

E
(
f(Xs+t) | FXs

)
= (Ptf)(Xs).

For this, we have to prove that if f : Rn → R, F : (Rn)⊗m → R, are bounded and
Borel functions and if 0 = t0 < t1 < ... < tm, then

E
(
f(Xtm)F (Xt0 , ..., Xtm−1)

)
= E

(
(Ptm−tm−1f)(Xtm−1)F (Xt0 , ..., Xtm−1)

)
.

But according to Fubini’s theorem

E
(
f(Xtm)F (Xt0 , ..., Xtm−1)

)
=

∫
(Rn)⊗(m+1)

f(xm)F (z, x1, ..., xm−1)Pt1(z, dx1)Pt2−t1(x1, dx2)...Ptm−tm−1(xm−1, dxm)ν(dz)

=

∫
Rn

∫
(Rn)⊗m

(Ptm−tm−1f)(xm−1)F (z, x1, ..., xm−1)Pt1(z, dx1)Pt2−t1(x1, dx2)...Ptm−1−tm−2(xm−2, dxm−1)ν(dz)

=E
(
(Ptm−tm−1f)(Xtm−1)F (Xt0 , ..., Xtm−1)

)
.

�

Remark 2.1.13 Observe the degree of freedom we have on the distribution of X0.

Remark 2.1.14 It is possible to show (see the Theorem 2.2.10 below) that we can
always work with a continuous version of (Xt)t≥0.

We are finally led to the following definition.

Definition 2.1.15 A continuous stochastic process (Xt)t≥0 defined on a probability
space (Ω,F ,P), is called a diffusion process with semigroup Pt and infinitesimal
generator L if for every bounded and Borel function f : Rn → R

E
(
f(Xt+s) | FXs

)
= (Ptf)(Xs), s, t ≥ 0.

Remark 2.1.16

• Diffusion processes are Markov processes, that is

E
(
f(Xt+s) | FXs

)
= E (f(Xt+s) | Xs) , s, t ≥ 0.

• The operator L is called the infinitesimal generator of (Xt)t≥0 because it char-
acterizes how the process evolves in small time intervals. If τ is small,

E
(
f(Xt+τ ) | FXt

)
= (Pτf)(Xt) = f(Xt) + τLf(Xt) + o(τ).

One of the purpose of stochastic differential equations will be to explicitly construct
diffusion processes.
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2.2 Diffusion operator associated to a Markov pro-

cess

We have seen in the previous section, that due to the positivity preserving property,
it was possible to a associate a Markov process with a diffusion operator. In this
section, we shall show that under mild conditions the converse is also true. Namely,
we can associate a diffusion operator to most of the (continuous) Markov processes.
Intuitively, a stochastic process defined on a probability space (Ω,F ,P) is a Markov
process if for every bounded and Borel function f : Rn → R,

E
(
f(Xt+s) | FXs

)
= E (f(Xt+s) | Xs) , s, t ≥ 0.

Let us now turn to a more precise definition. The notion of transition function
for Markov process is the analogue in continuous time of the a transition matrix
associated to a Markov chain.

Definition 2.2.1 A transition function {Pt, t ≥ 0} on Rn is a family of kernels

Pt : R× B(Rn)→ [0, 1]

such that:

1. For t ≥ 0 and x ∈ Rn, Pt(x, ·) is a probability measure on Rn;

2. For t ≥ 0 and A Borel set in Rn the application x→ Pt(x,A) is measurable;

3. For s, t ≥ 0, x ∈ Rn and A Borel set in Rn,

Pt+s(x,A) =

∫
Rn
Pt(y, A)Ps(x, dy). (2.2.5)

The relation (2.2.5) is called the Chapman-Kolmogorov relation.
A transition function can also be seen as a one parameter family of linear operators
(Pt)t≥0 from the space of bounded Borel functions into itself:

(Ptf)(x) =

∫
R
f(y)Pt(x, dy).

With this in hands, we can now provide the definition of a (homogeneous) Markov
process:

Definition 2.2.2 A stochastic process (Xt)t≥0 defined on a probability space (Ω,F ,P)
is called a Markov process if there exists a transition function {Pt, t ≥ 0} on Rn such
that for every bounded and Borel function f : Rn → R,

E
(
f(Xt+s) | FXs

)
= Ptf(Xs), s, t ≥ 0.
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Remark 2.2.3 We may also speak of the Markov property with respect to a given fil-
tration. A stochastic process (Xt)t≥0 defined on a filtered probability space3 (Ω,F , (Ft)t≥0,P)
is called a Markov process with respect to the filtration (Ft)t≥0 if there exists a tran-
sition function {Pt, t ≥ 0} on Rn such that for every bounded and Borel function
f : Rn → R,

E (f(Xt+s) | Fs) = Ptf(Xs), s, t ≥ 0.

If {Pt, t ≥ 0} is a transition function, then the following properties are satisfied:

• Pt1 = 1;

• For every t ≥ 0, Pt is a positive operator, in the sense that if f is non negative,
so is Ptf ;

• For every t ≥ 0, Pt is a contraction from the space of bounded Borel functions
into itself (that is, it is a continuous operator with a norm smaller than 1);

• The semigroup property holds: For every s, t ≥ 0,

Pt+s = PtPs, s, t ≥ 0.

We have already met such one-parameter families of operators, when we solved
diffusion equations. Our goal, here, will now be to identify sufficient conditions
ensuring that (Pt)t≥0 is actually the semigroup associated with a diffusion equation.

Exercise 2.2.4 Let f : R≥0 → Mn(R) (set of n × n matrices) be a function such
that f is continuous at 0, f(0) = In and

f(t+ s) = f(t)f(s), s, t ≥ 0.

Show that there exists M ∈Mn(R) such that for t ≥ 0,

f(t) = etM .

This exercises suggests that with a continuity assumption at 0 we should be able to
write

Pt = etL,

where L is an operator is an operator defined on some function space.
In what follows, we denote by C0(Rn,R) the set of continuous functions f : Rn → R
such that lim‖x‖→+∞ f(x) = 0.

3Recall that a filtration (Ft)t≥0 is an increasing sequence of sub σ-fields of F
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Definition 2.2.5 Let {Pt, t ≥ 0} be a transition function. We say that {Pt, t ≥ 0}
is a Feller-Dynkin transition function if:

1. Pt : C0(Rn,R)→ C0(Rn,R);

2. P0 = Id;

3. ∀f ∈ C0(Rn,R), ∀x ∈ Rn, limt→0(Ptf)(x) = f(x).

Remark 2.2.6 It is possible to show that if {Pt, t ≥ 0} is a Feller-Dynkin transition
function, then actually ∀f ∈ C0(Rn,R)

lim
t→0
‖Ptf − f‖∞ = 0.

Remark 2.2.7 If the transition function of a Markov process is a Feller-Dynkin
transition function, then we say that the process is a Feller-Dynkin process.

We then have the following result:

Proposition 2.2.8 There exists a dense subset D ⊂ C0(Rn,R) such that for f ∈ D,
there exists g ∈ C0(R,R) such that:

lim
t→0

∥∥∥∥Ptf − f
t

− g
∥∥∥∥
∞
.

Proof. Let us consider the following bounded operators on C0(Rn,R) :

At =
1

t

∫ t

0

Psds.

For f ∈ C0(Rn,R) and h > 0,

1

t
(PtAhf − Ahf) =

1

ht

∫ h

0

Ps+tf −Psfds

=
1

ht

∫ t

0

Ps+hf −Psfds.

Therefore,

lim
t→0

1

t
(PtAhf − Ahf) =

1

h
(Phf − f) .

Since limh→0Ahf = f , we get the expected result. �

If f ∈ D, the g corresponding to f is of course unique and shall be denoted by
L. The linear operator L : D → C0(R,R) is called the infinitesimal operator of the
Feller-Dynkin transition function {Pt, t ≥ 0} and the space D is called the domain
of L. We would like to show that, under suitable assumptions, L is a diffusion
operator.
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Theorem 2.2.9 Let {Pt, t ≥ 0} be a Feller-Dynkin transition function on Rn such
that for every ε > 0, and every compact set K ⊂ Rn,

lim
t→0

sup
x∈K

1

t
Pt(x,B(x, ε)c) = 0,

where
B(x, ε)c = {y ∈ Rn, ‖y − x‖ ≥ ε}.

Let us assume that the domain D of the the infinitesimal operator L of {Pt, t ≥
0} contains the space of smooth and compactly supported functions. Then, L is a
diffusion operator, that is

L =
n∑

i,j=1

σij(x)
∂2

∂xi∂xj
+

n∑
i=1

bi(x)
∂

∂xi
,

where bi and σij are continuous functions on Rn and for every x ∈ Rn, the matrix
(σij(x))1≤i,j≤n is a symmetric and positive matrix.

Proof. We are going to use Theorem 2.1.8, to show that L has to be a diffusion
operator. We have to show that under our assumptions:

1. L is linear;

2. L is a local operator;

3. If f is smooth, compactly supported, and has a maximum at x, then Lf(x) ≤
0.

The first point is obvious. Let now f be a smooth and compactly supported function
that vanishes in a neighborhood of x ∈ Rn. Since for every ε > 0,

lim
t→0

1

t
Pt(x,B(x, ε)c) = 0,

we have

lim
t→0

Ptf(x)

t
= 0,

and therefore Lf(x) = 0.
Finally, let f be a smooth, compactly supported function that attains its maximum
at x. We have f ≤ f(x). Therefore Ptf − f(x) ≤ 0, which implies Lf(x) ≤ 0.

�

Finally, for Feller-Dynkin transition functions, we have the following existence the-
orem.
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Theorem 2.2.10 Let {Pt, t ≥ 0} be a Feller-Dynkin transition function on Rn such
that for every ε > 0, and every compact set K ⊂ Rn,

lim
t→0

sup
x∈K

1

t
Pt(x,B(x, ε)c) = 0.

Let now ν be a probability measure on Rn. There exists a probability space (Ω,F ,P)
and a continuous stochastic process (Xt)t≥0 such that:

• The distribution of X0 is ν;

• (Xt)t≥0 is a Markov process with transition function {Pt, t ≥ 0}.

2.3 Examples of diffusion processes

2.3.1 Brownian motion

Let us recall that a n-dimensional Brownian motion on a probability space (Ω,F ,P)
is a process (Bt)t≥0 that can be written

Bt = (B1
t , · · · , Bn

t )

where B1, · · · , Bn are independent one-dimensional Brownian motions.

Proposition 2.3.1 (Bt)t≥0 is a diffusion process with semigroup

Ptf(x) =
1

(2πt)
n
2

∫
Rn
e−
‖x−y‖2

2t f(y)dy

and infinitesimal generator L = 1
2
∆.

Proof. We already know that the unique solution of

∂φ

∂t
(t, x) =

1

2
∆φ(t, x), φ(0, x) = f(x),

is given by

φ(t, x) = Ptf(x) =
1

(2πt)
n
2

∫
Rn
e−
‖x−y‖2

2t f(y)dy.

Let now f : Rn → R be a bounded and Borel function and let s, t ≥ 0. We have:

E(f(Bt+s) | Fs) = E(f(Bt+s −Bs +Bs) | FBs ).
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Since Bt+s −Bs is independent from FBs , we deduce that

E(f(Bt+s) | FBs ) = E(f(Bt+s) | Bs).

For x ∈ Rn,

E(f(Bt+s) | Bs = x) = E(f(Bt+s −Bs +Bs) | Bs = x) = E(f(Xt + x)),

where Xt is a random variable independent from Bs and such that Xt is normally
distributed with mean 0 and variance tIn. Therefore,

E(f(Bt+s) | Bs = x) =

∫
Rn
f(x+ y)

e−
‖y‖2
2t

(
√

2πt)n
dy

and

E(f(Bt+s) | FBs ) =
1

(2πt)
n
2

∫
Rn
e−
‖Bs−y‖2

2t f(y)dy.

�

2.3.2 Ornstein-Uhlenbeck process

Let θ ∈ R\{0}. The diffusion operator on R

L = θx
d

dx
+

1

2

d2

dx2

is called the Ornstein-Uhlenbeck operator. Let (Bt)t≥0 be a one-dimensional Brow-
nian motion and let θ ∈ R\{0}. We consider the process

Xt = eθtB 1−e−2θt

2θ

.

Proposition 2.3.2 (Xt)t≥0 is a diffusion process with semigroup

(Ptf)(x) =

∫
R
f

(
eθtx+

√
e2θt − 1

2θ
y

)
e−

y2

2

√
2π
dy.

and infinitesimal generator L.

Proof. It is easily seen by a straightforward computation that if φ solves the heat
equation

∂φ

∂t
(t, x) =

1

2

∂2φ

∂x2
φ(t, x), φ(0, x) = f(x),
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then the function

ψ(t, x) = φ

(
e2θt − 1

2θ
, eθtx

)
solves the diffusion equation

∂ψ

∂t
(t, x) = θx

∂ψ

∂x
(t, x) +

1

2

∂2ψ

∂x2
(t, x), φ(0, x) = f(x). (2.3.6)

Therefore, the unique solution to equation (2.3.6) is given by

ψ(t, x) = (Ptf)(x) =

∫
R
f

(
eθtx+

√
e2θt − 1

2θ
y

)
e−

y2

2

√
2π
dy.

We now compute

E
(
f(Xt+s) | FXs

)
= E

(
f

(
eθ(t+s)B 1−e−2θ(t+s)

2θ

)
| FXs

)
=

1(
2π e

−2θs−e−2θ(t+s)

2θ

)n
2

∫
Rn

exp

(
− θ‖y‖2

e−2θs − e−2θ(t+s)

)
f
(
eθ(t+s)(y + e−θsx)

)
dy

= (Ptf)(Xs)

�

2.3.3 Black-Scholes diffusion

On R, the diffusion operator

L = µx
d

dx
+

1

2
σ2x2 d

2

dx2
.

is called the Black-Scholes operator. Let (Bt)t≥0 be a one-dimensional Brownian
motion and let µ ∈ R, σ > 0. We consider the process

Xt = e

“
µ−σ

2

2

”
t+σBt .

We let as an exercise the following result:

Proposition 2.3.3 (Xt)t≥0 is a diffusion process with semigroup

(Ptf)(x) =

∫
R
f

(
xe

“
µ−σ

2

2

”
t+σy

)
e−

y2

2t

√
2πt

dy.

and infinitesimal generator L.
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2.3.4 Bessel process

On R≥0, the operator

L =
n− 1

2

d

dx
+

1

2

d2

dx2
,

where n ≥ 1 is an integer, is called the Bessel diffusion operator. Let (Bt)t≥0 be a
n-dimensional Brownian motion. We consider

Xt =

√√√√ n∑
i=1

(Bi
t)

2.

We let as an exercise

Proposition 2.3.4 (Xt)t≥0 is a diffusion process with semigroup

(Ptf)(x) =
1

t

∫
R≥0

f (y)
(y
x

)n
2
−1

In
2
−1

(xy
t

)
e−

x2+y2

2 dy, x > 0

=
21−n

2 Γ(n/2)

tn/2

∫
R≥0

f (y) yn−1e−
y2

2t dy x = 0

and infinitesimal generator L. The function In
2
−1 is the modified Bessel function of

the first kind with index n
2
− 1.
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Chapter 3

Stochastic differential equations

Stochastic differential equations provide a pathwise construction of diffusions.

3.1 Stochastic calculus

In this section, we review briefly (mainly without proof) the theory of stochastic
calculus. The stochastic integration is a natural, easy and fruitful integration theory
which is due to K. Itô in 1944. For further details on this theory we refer to the
excellent books by Revuz-Yor [17] or by Protter [16].

3.1.1 Martingales

In what follows, we work on a filtered probability space (Ω, (Ft)t≥0,F ,P) which
satisfies the usual conditions, that is:

1. (Ft)t≥0 is a filtration, i.e. an increasing family of sub-σ-fields of F ;

2. for any t ≥ 0, Ft is complete with respect to P, i.e. every subset of a set of
measure zero is contained in Ft;

3. (Ft)t≥0 is right continuous, i.e. for any t ≥ 0,

Ft =
⋂
s>t

Fs.

Consider an adapted and continuous process (Mt)t≥0 defined on (Ω, (Ft)t≥0,F ,P).

Definition 3.1.1 The process (Mt)t≥0 is said to be a martingale (with respect to
the filtration (Ft)t≥0) if:
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1. For t ≥ 0, E (|Mt |) < +∞;

2. For 0 ≤ s ≤ t, E (Mt | Fs) = Ms.

For instance a standard Brownian motion is a martingale.
In the theory of stochastic processes, it is often useful to deal with random times.
A real valued positive random variable T is said to be a stopping time with respect
to the filtration (Ft)t≥0 if for any t ≥ 0,

{T ≤ t} ∈ Ft.

If T is a stopping time the smallest σ-field which contains all the events {T ≤ t},
t ≥ 0, is denoted FT . For martingales, we have the following proposition, which is
known as the stopping theorem.

Proposition 3.1.2 The following properties are equivalent:

1. The process (Mt)t≥0 is a martingale;

2. For any bounded stopping time T , E(MT ) = E(M0);

3. For any pair of bounded stopping times S and T , with S ≤ T , E (MT | FS) =
MS.

Actually, if T is a bounded stopping time, then the process (Mt∧T )t≥0 is also a
martingale.
A martingale (Mt)t≥0 is said to be square integrable if for t ≥ 0, E (M2

t ) < +∞. In
that case, from Jensen’s inequality the function t → E (M2

t ) is increasing. We also
have the so-called Doob’s inequality

E
(

sup
t≥0

M2
t

)
≤ 4 sup

t≥0
E
(
M2

t

)
,

which is one of the cornerstone of the stochastic integration. Observe therefore
that if supt≥0 E (M2

t ) < +∞, the martingale (Mt)t≥0 is uniformly integrable and
converges in L2 to a square integrable random variable M∞ which satisfies

E (M∞ | Ft) = Mt, t ≥ 0.

If (Mt)t≥0 is a square integrable martingale, there exists a unique increasing process
denoted (〈M〉t)t≥0 which satisfies:

1. 〈M〉0 = 0;

2. The process (M2
t − 〈M〉t)t≥0 is a martingale.
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This increasing process (〈M〉t)t≥0 is called the quadratic variation of the martingale
(Mt)t≥0. This terminology comes from the following property. If 0 = t0 ≤ t1 ≤
· · · ≤ tn = t is a subdivision of the time interval [0, t] whose mesh tends to 0, then
in probability

lim
n→+∞

n−1∑
i=0

(
Mti+1

−Mti

)2
= 〈M〉t.

For technical reasons (localization procedures), we often have to consider a wider
class than martingales.

Definition 3.1.3 The process (Mt)t≥0 is said to be a local martingale (with respect
to the filtration (Ft)t≥0) if there exists a sequence (Tn)n≥0 of stopping times such
that:

1. The sequence (Tn)n≥0 is increasing and limn→+∞ Tn = +∞ almost surely;

2. For every n ≥ 1, the process (Mt∧Tn)t≥0 is a uniformly integrable martingale
with respect to the filtration (Ft)t≥0.

A martingale is always a local martingale but the converse is not true. Nevertheless,
a local martingale (Mt)t≥0 such that for every t ≥ 0,

E
(

sup
s≤t
|Ms |

)
< +∞,

is a martingale. If (Mt)t≥0 is a local martingale, there still exists a unique increasing
process denoted (〈M〉t)t≥0 which satisfies:

1. 〈M〉0 = 0;

2. The process (M2
t − 〈M〉t)t≥0 is a local martingale.

This increasing process (〈M〉t)t≥0 is called the quadratic variation of the local mar-
tingale (Mt)t≥0. By polarization, it is easily seen that, more generally, if (Mt)t≥0 and
(Nt)t≥0 are two continuous local martingales, then there exists a unique continuous
process denoted (〈M,N〉t)t≥0 and called the quadratic covariation of (Mt)t≥0 and
(Nt)t≥0 which satisfies:

1. 〈M,N〉0 = 0;

2. The process (MtNt − 〈M,N〉t)t≥0 is a local martingale.

Before we turn to the theory of stochastic integration, we conclude this section with
Lévy’s characterization of Brownian motion.
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Proposition 3.1.4 Let (Mt)t≥0 be a d-dimensional continuous local martingale such
that M0 = 0 and

〈M i,M i〉t = t, 〈M i,M j〉t = 0 if i 6= j.

Then (Mt)t≥0 is a standard Brownian motion.

3.1.2 Stochastic integration

Let (Ω, (Ft)t≥0,F ,P) be a filtered probability space which satisfies the usual condi-

tions specified before. We aim now at defining an integral
∫ t

0
HsdMs where (Mt)t≥0 is

an adapted continuous square integrable martingale such that supt≥0 E (M2
t ) < +∞

and (Ht)t≥0 an adapted process which shall be in a good class. Observe that such
an integral could not be defined trivially since the Young’s integration theory does
not cover the integration against paths which are less than 1

2
-Hölder continuous.

First, we define the class of integrands. The predictable σ-field P associated with
the filtration (Ft)t≥0 is the σ-field generated on R≥0 × Ω by the space of indicator
functions 1]S,T ], where S and T are two stopping times such that S ≤ T . An adapted
stochastic process (Ht)t≥0 is said to be predictable if the application (t, ω)→ Ht(ω)
is measurable with respect to P . Observe that a continuous adapted process is
predictable.
Let us first assume that (Ht)t≥0 is a predictable elementary process that can be
written

Ht =
n−1∑
i=1

Hi1]Ti,Ti+1](t)

where Hi is a FTi measurable bounded random variable, and where (Ti)1≤i≤n is a
finite increasing sequence of stopping times. In that case, a natural definition for∫ t

0
HsdMs is ∫ t

0

HsdMs =
n−1∑
i=1

Hi

(
Mt∧Ti+1

−Mt∧Ti
)
.

Then, we observe that the process
(∫ t

0
HsdMs

)
t≥0

is a bounded martingale which

satisfies furthermore from Doob’s inequality

E

(
sup
t≥0

(∫ t

0

HsdMs

)2
)
≤ 4 ‖ H ‖2

∞ E(M2
∞).

We also note that

E

((∫ t

0

HsdMs

)2
)

= E

(
n−1∑
i=1

Hi

(
Mt∧Ti+1

−Mt∧Ti
)2

)
.
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Assume now that (Ht)t≥0 is a bounded continuous adapted process. To define∫ t
0
HsdMs, the idea is of course to approximate (Ht)t≥0 with elementary processes

(Hp
t )t≥0 and to check the convergence of

(∫ t
0
Hp
sdMs

)
t≥0

with respect to a suitable

norm. Precisely, let us define for any p ∈ N∗, the following stopping times:

T p0 = 0

T p1 = inf

{
t > 0, | Ht |≥

1

p

}
,

and by iteration

T pn+1 = inf

{
t > T pn , | Ht −HT pn |≥

1

p

}
.

We now define

Hp
t =

n−1∑
i=1

HT pi
1]T pi ,T

p
i+1](t).

For this sequence of processes (Hp
t )t≥0, it easy to show that

E

(
sup
t≥0

(∫ t

0

(Hp
s −Hq

s )dMs

)2
)
→p,q→+∞ 0.

From this, we can deduce that there exists a continuous martingale denoted
(∫ t

0
HsdMs

)
t≥0

such that ∫ t

0

HsdMs = lim
p→+∞

∫ t

0

Hp
sdMs

uniformly for t on compact sets. We furthermore have

E

(
sup
t≥0

(∫ t

0

HsdMs

)2
)
≤ 4 ‖ H ‖2

∞ E(M2
∞).

and

E

((∫ t

0

HsdMs

)2
)

= E
(∫ t

0

H2
sd〈M〉s

)
.

Now, by localization, it is not difficult to extend naturally the definition of
∫ t

0
HsdMs

in the general case where:

1. (Mt)t≥0 is a semimartingale, that is, (Mt)t≥0 can be written

Mt = At +Nt,

where (At)t≥0 is a bounded variation process and (Nt)t≥0 is a local martingale;
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2. (Ht)t≥0 is a locally bounded predictable process.

In this setting, we have:∫ t

0

HsdMs =

∫ t

0

HsdAs +

∫ t

0

HsdNs.

Observe that, since (At)t≥0 is a bounded variation process, the integral
∫ t

0
HsdAs is

simply a Riemann-Stieltjes integral. The process
(∫ t

0
HsdNs

)
t≥0

is a local martin-

gale.
The class of semimartingales appears then as a good class of integrators in the theory
of stochastic integration. It can be shown that this is actually the widest possible
class if we wish to obtain a natural integration theory. The decomposition of a
semimartingale (Mt)t≥0 under the form

Mt = At +Nt,

is essentially unique under the condition N0 = 0. The process (At)t≥0 is called the
bounded variation part of (Mt)t≥0. The process (Nt)t≥0 is called the local martingale
part of (Mt)t≥0. If (M1

t )t≥0 and (M2
t )t≥0 are two semimartingales, then we define the

quadratic covariation (〈M1,M2〉t)t≥0 of (M1
t )t≥0 and (M2

t )t≥0 as being (〈N1, N2〉t)t≥0

where (N1
t )t≥0 and (N2

t )t≥0 are the local martingale parts.
Throughout this course we shall only deal with continuous processes so that in the
sequel, we shall often omit to precise the continuity of the processes which will be
considered. Moreover, we shall preferably use Stratonovitch’s integration rather than
Itô’s integration. If (Nt)0≤t≤T , T > 0, is an F -adapted real valued local martingale

and if (Θt)0≤t≤T is an F -adapted continuous process satisfying E
(∫ T

0
Θ2
td〈N〉t

)
,

then by definition, ∫ T

0

Θt ◦ dNt =

∫ T

0

Θt · dNt +
1

2
〈Θ, N〉T ,

where:

1.
∫ T

0
Θt ◦ dNt is the Stratonovitch integral of (Θt)0≤t≤T against (Nt)0≤t≤T ;

2.
∫ T

0
Θt · dNt is the Itô integral of (Θt)0≤t≤T against (Nt)0≤t≤T ;

3. 〈Θ, N〉T is the quadratic covariation at time T between (Θt)0≤t≤T and (Nt)0≤t≤T .
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3.1.3 Itô’s formula

The Itô’s formula is certainly the most important formula of stochastic calculus.

Theorem 3.1.5 Let (Xt)t≥0 = (X1
t , · · · , Xn

t )t≥0 be a n- dimensional continuous
semimartingale. Let now f : Rn → R be a C2 function. We have

f(Xt) = f(X0) +
n∑
i=1

∫ t

0

∂f

∂xi
(Xs)dX

i
s +

1

2

n∑
i,j=1

∫ t

0

∂2f

∂xi∂xj
(Xs)d〈X i, Xj〉s

= f(X0) +
n∑
i=1

∫ t

0

∂f

∂xi
(Xs) ◦ dX i

s.

3.2 Stochastic differential equations

We now turn to the theory of stochastic differential equations. Stochastic differential
equations are the differential equations corresponding to the theory of the stochastic
integration. They provide a pathwise construction of diffusion processes.

3.2.1 Existence and uniqueness for solutions

Let us consider a diffusion operator L on Rn,

L =
1

2

n∑
i,j=1

aij(x)
∂2

∂xi∂xj
+

n∑
i=1

bi(x)
∂

∂xi
,

where bi and aij are continuous functions on Rn such that for every x ∈ Rn, the
matrix (aij(x))1≤i,j≤n is a symmetric and positive matrix. Since the matrix a is
symmetric and positive, it admits a square root, that is, there exists a symmetric
and positive matrix σ such that

σ2 = a.

Let us now introduce a filtered probability space (Ω, (Ft)t≥0,F ,P) which satisfies the
usual conditions and on which is defined a n-dimensional Brownian motion (Bt)t≥0.
The main theorem is the following:

Theorem 3.2.1 Let us assume that b and σ are smooth, and that their derivatives
of any order are bounded.
Then, for every x0 ∈ Rn, there exists a unique and adapted process (Xx0

t )t≥0 such
that for t ≥ 0

Xx0
t = x0 +

∫ t

0

b(Xx0
s )ds+

∫ t

0

σ(Xx0
s )dBs. (3.2.1)
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Moreover, if we denote for a bounded and Borel function f : Rn → R,

Ptf(x) = E (f(Xx
t )) , t ≥ 0, x ∈ Rn,

then, for every x0 ∈ Rn, (Xx0
t )t≥0 is a Markov process with semigroup (Pt)t≥0.

Finally, if f : Rn → R is a smooth and compactly supported function, then the
function

φ(t, x) = E (f(Xx
t )) = Ptf(x)

is the unique bounded solution of the diffusion equation

∂φ

∂t
(t, x) = Lφ(t, x), φ(0, x) = f(x).

Proof.
For the first part of the theorem, as for the proof of the Cauchy-Lipschitz theorem
that asserts existence and uniqueness of solutions for ordinary differential equations,
the idea is to apply a fixed point theorem in a convenient Banach space. Let us first
observe that from our assumptions, there exists K > 0 such that

1. ‖b(x)− b(y)‖+ ‖σ(x)− σ(y)‖ ≤ K‖x− y‖, x, y ∈ Rn;

2. ‖b(x)‖+ ‖σ(x)‖ ≤ K(1 + ‖x‖), x ∈ Rn.

For T > 0, let us consider the space ET of continuous and adapted processes such
that

E
(

sup
0≤s≤T

| Xs |2
)
< +∞

endowed with the norm

‖ X ‖2= E
(

sup
0≤s≤T

| Xs |2
)
.

It is easily seen that (ET , ‖ · ‖) is a Banach space.

Step one: We first prove that if a continuous and adapted process (Xx0
t )t≥0 is a

solution of the equation (3.2.1) then, for every T > 0, (Xx0
t )0≤t≤T ∈ ET .

Let us fix T > 0 and consider for n ∈ N the stopping times

Tn = inf{t ≥ 0, ‖Xx0
t ‖ > n},
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For t ≤ T ,

Xx0
t∧Tn = x0 +

∫ t∧Tn

0

b(Xx0
s )ds+

∫ t∧Tn

0

σ(Xx0
s )dBs.

Therefore, by using the inequality

‖a+ b+ c‖2 ≤ 3(‖a‖2 + ‖b‖2 + ‖c‖2),

we get

∥∥Xx0
t∧Tn

∥∥2 ≤ 3

(
‖x0‖2 +

∥∥∥∥∫ t∧Tn

0

b(Xx0
s )ds

∥∥∥∥2

+

∥∥∥∥∫ t∧Tn

0

σ(Xx0
s )dBs

∥∥∥∥2
)
.

Thus,

E
(

sup
0≤u≤t∧Tn

‖Xx0
u ‖

2

)

≤ 3

(
‖x0‖2 + E

(
sup

0≤u≤t∧Tn

∥∥∥∥∫ u∧Tn

0

b(Xx0
s )ds

∥∥∥∥2
)

+ E

(
sup

0≤u≤t∧Tn

∥∥∥∥∫ u∧Tn

0

σ(Xx0
s )dBs

∥∥∥∥2
))

By using our assumptions, we first estimate

E

(
sup

0≤u≤t∧Tn

∥∥∥∥∫ u∧Tn

0

b(Xx0
s )ds

∥∥∥∥2
)
≤ K2E

((∫ t∧Tn

0

(1 + ‖Xx0
s ‖)ds

)2
)

By using our assumptions and Doob’s inequality, we now estimate

E

(
sup

0≤u≤t∧Tn

∥∥∥∥∫ u∧Tn

0

σ(Xx0
s )dBs

∥∥∥∥2
)
≤ 4K2E

(∫ t∧Tn

0

(1 + ‖Xs‖)2ds

)
.

Therefore, from the inequality ‖a+ b‖2 ≤ 2(‖a‖2 + ‖b‖2), we get

E
(

sup
0≤u≤t∧Tn

‖Xx0
u ‖

2

)
≤ 3

(
‖x0‖2 + 2(K2T + 4K2)

∫ t

0

(
1 + E

(
sup

0≤u≤s∧Tn

∥∥Xx0
u∧Tn

∥∥2
)
ds

))
.

We may now apply Gronwall’s lemma to the function

t→ E
(

sup
0≤u≤t∧Tn

‖Xx0
u ‖

2

)
and deduce

E
(

sup
0≤u≤T∧Tn

‖Xx0
u ‖

2

)
≤ C
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where C is a constant that does not depend on n. Fatou’s lemma implies by passing
to the limit when n→ +∞ that

E
(

sup
0≤u≤T

‖Xx0
u ‖

2

)
≤ C.

We conclude, as expected, that

(Xx0
t )0≤t≤T ∈ ET .

More generally, by using the same arguments we can observe that if a continuous
and adapted process satisfies

Xt = X0 +

∫ t

0

b(Xs)ds+

∫ t

0

σ(Xs)dBs,

with E(X2
0 ) < +∞, then (Xt)0≤t≤T ∈ ET .

Step 2: We now show existence and uniqueness of solutions for the equation (3.2.1)
on a time interval [0, T ] where T is small enough.
Let us consider the application Φ that sends a continuous and adapted process
(Xt)0≤t≤T to the process

Φ(X)t = x0 +

∫ t

0

b(Xs)ds+

∫ t

0

σ(Xs)dBs.

By using successively the inequalities (a+ b)2 ≤ 2(a2 + b2), Schwarz inequality and
Doob’s inequality, we get

‖ Φ(X)− Φ(Y ) ‖2≤ 2(K2T 2 + 4K2T ) ‖ X − Y ‖2 .

Moreover, arguing the same way as above, we can prove

‖ Φ(0) ‖2≤ 3(x2
0 +K2T 2 + 4K2T ).

Therefore, if T is small enough Φ is a Lipschitz map ET → ET whose Lipshitz
constant is strictly less than 1. Consequently, it has a unique fixed point. This fixed
point is, of course the unique solution of (3.2.1) on the time interval [0, T ]. Here
again, we can observe that the same reasoning applies if x0 is replaced by a random
variable X0 that satisfies E(X2

0 ) < +∞.

Step 3:
In order to get a solution of (3.2.1) on [0,+∞), we may apply the previous step to
get a solution on intervals [Tn, Tn+1], where Tn+1−Tn is small enough and Tn → +∞.

43



This will provide a solution of (3.2.1) on [0,+∞). This solution is unique, from the
uniqueness on each interval [Tn, Tn+1].

Step 4:
We now turn to the proof of the second part of the theorem, namely the Markov
property of solutions. The key point, here, is to observe that solutions are actually
adapted to the natural filtration of the Brownian motion (Bt)t≥0. More precisely,
there exists on the space of continuous functions [0,+∞)→ Rn a predictable func-
tional such that for t ≥ 0:

Xx0
t = F (x0, (Bu)0≤u≤t).

Indeed, let us first work on [0, T ] where T is small enough. In that case, as seen
in the Step 2, the process (Xx0

t )0≤t≤T is the unique fixed point of the application
Φ that was above defined. Alternatively, one can interpret this by observing that
(Xx0

t )0≤t≤T is the limit in ET of the sequence of processes (Xn
t )0≤t≤T inductively

defined by
Xn+1 = Φ(Xn), X0 = x0.

It is easily checked that for each Xn there is a predictable functional Fn such that

Xn
t = Fn(x0, (Bu)0≤u≤t),

which proves the above claim when T is small enough. To get the existence of F for
any T , we proceed as in Step 3.
With this hands, we can now prove the Markov property. Let s ≥ 0. For t ≥ 0, we
have

Xx0
s+t = Xs +

∫ s+t

s

b(Xx0
u )du+

∫ s+t

s

σ(Xx0
u )dBu

= Xs +

∫ t

0

b(Xx0
u+s)du+

∫ t

0

σ(Xx0
s )d(Bu+s −Bs).

Consequently, from uniqueness of solutions,

Xx0
s+t = F (Xx0

s , (Bu+s −Bs)0≤u≤t).

We deduce that for a bounded and Borel function f : Rn → R,

E (f(Xx0
s+t) | Fs) = E (f(F (Xx0

s , (Bu+s −Bs)0≤u≤t)) | Fs) = Ptf(Xx0
s ),

because (Bu+s −Bs)0≤u≤t is a Brownian motion independent of Fs.
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Step 5:
We finally prove the last part of the theorem. Let f : Rn → R be a smooth and
compactly supported function. From Itô’s formula, we deduce that the process

f (Xx
t )−

∫ t

0

Lf(Xx
s )ds

is a martingale. Therefore, for t ≥ 0,

E (f (Xx
t )) = f(x) +

∫ t

0

E (Lf(Xx
s )) ds.

In other words,

Ptf(x) = f(x) +

∫ t

0

PsLf(x)ds.

We can deduce from that
d

dt
Ptf = PtLf. (3.2.2)

In particular, at t = 0
d

dt
Ptf = Lf.

At that point, we will admit the fact that

Ptf(x) = E (f(Xx
t ))

is smooth with respect to the variable x (This actually stems from the differentiablity
of x→ Xx

t ). Therefore, on one hand for any s ≥ 0, at t = 0

d

dt
PtPsf = LPsf.

But on the other hand at t = 0

d

dt
PtPsf = Ps

d

dt
Ptf = PsLf.

We conclude that PtLf = LPtf and deduce from (3.2.2) that the function

φ(t, x) = E (f(Xx
t )) = Ptf(x)

is a bounded solution of the diffusion equation

∂φ

∂t
(t, x) = Lφ(t, x), φ(0, x) = f(x).
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We finally prove uniqueness. So, let φ(t, x) be a bounded solution of the diffusion
equation

∂φ

∂t
(t, x) = Lφ(t, x), φ(0, x) = f(x).

By using Itô’s formula, it is readily checked that for T ≥ 0, the process (φ(T − t,Xx
t ))0≤t≤T

is a bounded local martingale and thus a martingale. It has therefore a constant
expectation. This gives

φ(T, x) = E (f(Xx
T )) .

�

Definition 3.2.2 An equation like (3.2.1) is called a stochastic differential equation.

3.2.2 The language of vector fields

For geometric purposes, it is often very useful to use Stratonovitch integrals and the
language of vector fields in the study of stochastic differential equations.
Let O ⊂ Rn be a non empty open set. A smooth vector field V on O is a smooth
map

V : O → Rn

x → (v1(x), ..., vn(x)).

A vector field V defines a differential operator acting on the smooth functions f :
O → R as follows:

(V f)(x) =
n∑
i=1

vi(x)
∂f

∂xi
.

We note that V is a derivation, that is a map on C∞(O,R), linear over R, satisfying
for f, g ∈ C∞(O,R),

V (fg) = (V f)g + f(V g).

An interesting result is that, conversely, any derivation on C∞(O,R) is a vector field.
With these notations, it is readily checked that if V0, V1, · · · , Vd are smooth vector
fields on Rn, then the second order differential operator

V0 +
1

2

d∑
i=1

V 2
i

is a diffusion operator.
We have the following translation of Theorem 4.1.1 whose proof is let as a strongly
recommended exercise:
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Theorem 3.2.3 Let (Bt)t≥0 be a d-dimensional Brownian motion. Let us assume
that V0, V1, · · · , Vd are smooth vector fields on Rn, and that their derivatives of any
order are bounded.
Then, for every x0 ∈ Rn, there exists a unique and adapted process (Xx0

t )t≥0 such
that for t ≥ 0

Xx0
t = x0 +

∫ t

0

V0(Xx0
s )ds+

d∑
i=1

∫ t

0

Vi(X
x0
s ) ◦ dBi

s. (3.2.3)

Moreover, if f : Rn → R is a smooth function, the following Itô’s formula holds

f(Xx0
t ) = f(x0) +

∫ t

0

V0f(Xx0
s )ds+

d∑
i=1

∫ t

0

Vif(Xx0
s ) ◦ dBi

s.

Finally, if f : Rn → R is a smooth and compactly supported function, then the
function

φ(t, x) = E (f(Xx
t )) = Ptf(x)

is the unique bounded solution of the diffusion equation

∂φ

∂t
(t, x) = Lφ(t, x), φ(0, x) = f(x).

where

L = V0 +
1

2

d∑
i=1

V 2
i .
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Chapter 4

Malliavin calculus and elliptic
stochastic differential equations

4.1 Hypoellipticity and stochastic differential equa-

tions

Consider a stochastic differential equation

Xx0
t = x0 +

∫ t

0

V0(Xx0
s )ds+

n∑
i=1

∫ t

0

Vi(X
x0
s ) ◦ dBi

s, t ≥ 0, (4.1.1)

where x0 ∈ Rn, V0, V1, ..., Vn are C∞ bounded vector fields on Rn and (Bt)t≥0 is a
n-dimensional standard Brownian motion.
Let us first recall (see Chapter 3) that for every x0 ∈ Rn and every smooth function
f : Rn → R which is compactly supported,

E (f(Xx0
t )) = (Ptf) (x0), (4.1.2)

where Pt is the diffusion semigroup associated to the diffusion operator

L = V0 +
1

2

n∑
i=1

V 2
i .

We are interested in the existence of smooth densities for the random variables Xx0
t ,

t > 0, x0 ∈ Rn. According to formula (4.1.2), this question is therefore equivalent
to the question of the existence of a smooth transition kernel with respect to the
Lebesgue measure for the operators Pt. Let us recall the following definition which
comes from functional analysis.
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Definition 4.1.1 A differential operator G defined on an open set O ⊂ Rn is called
hypoelliptic if, whenever u is a distribution on O, u is a smooth function on any
open set O′ ⊂ O on which Gu is smooth.

It is possible to show that the existence of a smooth transition kernel with respect
to the Lebesgue measure for Pt is equivalent to the hypoellipticity of L. Therefore,
our initial question about the existence of smooth densities for the random variables
Xx0
t , t > 0, x0 ∈ Rn is equivalent to the hypoellipticity of L. One of the main results

of this chapter is to prove a weak version of the celebrated Hörmander’s theorem:

Theorem 4.1.2 Assume that for every x0 ∈ Rn,

span(V1(x0), ..., Vn(x0)) = Rn,

then the operator L is hypoelliptic.

Remark 4.1.3 The strong version of Hörmander’s theorem involves a condition on
the Lie algebra generated by the vector fields V0,V1,...,Vn.

Remark 4.1.4 Observe that in the above theorem the sufficient condition for hy-
poellipticity does not involve the drift term V0.

Remark 4.1.5 If for every x0 ∈ Rn,

span(V1(x0), ..., Vn(x0)) = Rn,

we shall say that the stochastic differential equation 4.1.1 is elliptic.

Remark 4.1.6 It is also possible to obtain hypoellipticity results for second order
differential operators which can not be written as a sum of squares and stochas-
tic differential written in Itô’s form. More precisely, If we consider the following
stochastic differential equation written in Itô’s form:

Xx0
t = x0 +

∫ t

0

b(Xx0
s )ds+

∫ t

0

σ(Xx0
s )dBs,

where σ is a C∞ bounded field of n× n matrices, then a sufficient condition for the
existence and smoothness of density of Xx0

t , t > 0 is that the matrix σ is always
invertible.

The original proof of Hörmander was rather complicated and has been considerably
simplified since by using the theory of pseudo-differential operators. The proba-
bilistic counterpart of the theorem, which is the existence of a smooth density for
the random variable Xx0

t , t > 0, has first been pointed out in Malliavin where, in
order the reprove the theorem under weaker assumptions, the author has developed
a stochastic calculus of variations which is now known as the Malliavin calculus.
This is this approach that we are going to follow.
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4.2 Malliavin calculus

In this section, we introduce the basic tools of Malliavin calculus which are used
in the proof of Hörmander’s theorem. For further details, we refer to the excellent
book:

David Nualart: The Malliavin calculus and related topics, Springer 2006.

Let us consider the Wiener space of continuous paths:

W⊗n = (C([0, 1],Rn), (Bt)0≤t≤1,B1,P)

where:

1. C([0, 1],Rn) is the space of continuous functions [0, 1]→ Rn;

2. (Bt)t≥0 is the coordinate process defined by Bt(f) = f (t), f ∈ C([0, 1],Rn);

3. P is the Wiener measure on [0, 1], that is the law of a n-dimensional standard
Brownian motion indexed by the time interval [0, 1];

4. (Bt)0≤t≤1 is the (P-completed) natural filtration of (Bt)0≤t≤1.

A B1 measurable real valued random variable F is said to be cylindric if it can be
written

F = f

(∫ 1

0

h1
sdBs, ...,

∫ 1

0

hms dBs

)
where hi ∈ L2([0, 1],Rn) and f : Rm → R is a C∞ bounded function. The set of
cylindric random variables is denoted S.
The derivative of F ∈ S is the Rn valued stochastic process (DtF )0≤t≤1 given by

DtF =
m∑
i=1

hi(t)
∂f

∂xi

(∫ 1

0

h1
sdBs, ...,

∫ 1

0

hms dBs.

)
.

More generally, we can introduce iterated derivatives. If F ∈ S, we set

Dk
t1,...,tk

F = Dt1 ...DtkF.

We may consider DkF as a square integrable random process indexed by [0, 1]k and
valued in Rd. For any p ≥ 1, the operator Dk is closable on S. We denote Dk,p the
closure of the class of cylindric random variables with respect to the norm

‖F‖k,p =

(
E (F p) +

k∑
j=1

E
(∥∥DjF

∥∥p
L2([0,1]j ,Rn)

)) 1
p

,
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and
D∞ =

⋂
p≥1

⋂
k≥1

Dk,p.

We have the following key result which makes Malliavin calculus so useful when one
want to study the existence of densities for random variables.

Theorem 4.2.1 Let F = (F1, ..., Fm) be a B1 measurable random vector such that:

1. for every i = 1, ...,m, Fi ∈ D∞;

2. the matrix

Γ =

(∫ 1

0

〈DsF
i,DsF

j〉Rnds
)

1≤i,j≤m

is invertible.

Then F has a density with respect to the Lebesgue measure. If moreover, for every
p > 1,

E
(

1

| det Γ |p

)
< +∞,

then this density is smooth.

Remark 4.2.2 The matrix Γ is often called the Malliavin matrix of the random
vector F .

This theorem relies on the following lemma of Fourier analysis for which we shall use
the following notation: If φ : Rn → R is a smooth function then for α = (i1, ..., ik) ∈
{1, ..., n}k, we denote

∂αφ =
∂k

∂xi1 · · · ∂xik
φ.

Lemma 4.2.3 Let µ be a probability measure on Rn such that for every smooth and
compactly supported function φ : Rn → R,∣∣∣∣∫

Rn
∂αφdµ

∣∣∣∣ ≤ Cα‖φ‖∞,

where α ∈ {1, ..., n}k, k ≥ 1, Cα > 0. Then µ is absolutely continuous with respect
to the Lebesgue measure with a smooth density.
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Proof. The idea is to show that we may assume that µ is compactly supported and
then use Fourier transforms techniques. Let x0 ∈ Rn, R > 0 and R′ > R. Let Ψ be
a smooth function on Rn such that Ψ = 1 on the ball B(x0, R) and Ψ = 0 outside
the ball B(x0, R

′). Let ν be the measure on Rn that has a density Ψ with respect
to µ. It is easily seen, by induction and integrating by parts that for every smooth
and compactly supported function φ : Rn → R,∣∣∣∣∫

Rn
∂αφdν

∣∣∣∣ ≤ C ′α‖φ‖∞,

where α ∈ {1, ..., n}k, k ≥ 1, C ′α > 0. Now, if we can prove that under the above
assumption ν has a smooth density, then we will able to conclude that φ has a
smooth density because x0 ∈ Rn and R,R′ are arbitrary. Let

ν̂(y) =

∫
Rn
ei〈y,x〉ν(dx)

be the Fourier transform of the measure µ. The assumption implies that ν̂ is rapidly
decreasing (apply the inequality with φ(x) = ei〈y,x〉). We conclude that ν has a
smooth density with respect to the Lebesgue measure and that this density f is
given by the inverse Fourier transform formula:

f(x) =
1

(2π)n

∫
Rn
e−i〈y,x〉ν̂(y)dy.

�

We may now turn to the proof of Theorem 4.2.1.

Proof. The proof relies on an integration by parts formula. Let φ be a smooth
and compactly supported function on Rn. Since Fi ∈ D∞, we easily deduce that
φ(F ) ∈ D∞ and that

Dφ(F ) =
n∑
i=1

∂iφ(F )DFi.

Therefore ∫ 1

0

〈Dtφ(F ),DtFj〉dt =
n∑
i=1

∂iφ(F )

∫ 1

0

〈DtFi,DtFj〉dt.

We conclude that

∂iφ(F ) =
n∑
j=1

(Γ−1)i,j

∫ 1

0

〈Dtφ(F ),DtFj〉dt.
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We now admit, and refer to the book of Nualart for further details, that there exists
an operator δ : D∞ → D∞ called the divergence operator (or Skorohod integral)
such that for H ∈ D∞,

E (Hδut) = E
(∫ 1

0

utDtHdt

)
,

whenever u is a measurable process such that ut ∈ D∞. By using inductively
this integration by parts formula in the above equality, we easily deduce that the
assumptions of the previous lemma are satisfied. �

4.3 Proof of Hörmander’s theorem

Theorem 4.3.1 Let (Xx
t )t≥0 denote the solution of the stochastic differential equa-

tion

Xx
t = x+

d∑
i=1

∫ t

0

Vi(X
x0
s ) ◦ dBi

s. (4.3.3)

Then, for every i = 1, ..., n, X i
1 ∈ D∞. Moreover,

Dj
tX1 = J0→1J

−1
0→tVj(Xt), j = 1, ..., d, 0 ≤ t ≤ 1,

where (J0→t)t≥0 is the first variation process defined by

J0→t =
∂Xx

t

∂x
,

and where Dj
tX

i
1 is the j-th component of DtX

i
1.
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Chapter 5

Stochastic Taylor expansions

5.1 Motivation

Let f : Rn → R be a C∞ bounded function and denote by (Xx0
t )t≥0 the solution of

(3.2.3) with initial condition x ∈ Rn. First, by Itô’s formula, we have

f(Xx
t ) = f(x) +

d∑
i=0

∫ t

0

(Vif)(Xx
s ) ◦ dBi

s, t ≥ 0,

where we use the notation B0
t = t. Now, a new application of Itô’s formula to

Vif(Xx
s ) leads to

f(Xx
t ) = f(x) +

d∑
i=1

(Vif)(x)Bi
t +

d∑
i,j=1

∫ t

0

∫ s

0

(VjVif)(Xx
u) ◦ dBj

u ◦ dBi
s.

We may iterate this process. For this, let us introduce the following notations:

1.
∆k[0, t] = {(t1, ..., tk) ∈ [0, t]k, t1 ≤ ... ≤ tk};

2. If I = (i1, ...ik) ∈ {0, ..., d}k is a word with length k,∫
∆k[0,t]

◦dBI =

∫
0≤t1≤...≤tk≤t

◦dBi1
t1 ◦ ... ◦ dB

ik
tk
,

and n(I) is the number of 0’s in I.

We can then continue the above procedure and get that for every N ≥ 1

f(Xx
t ) = f(x) +

N∑
k=1

∑
I∈{0,...,d}k,k+n(I)≤N

(Vi1 ...Vikf)(x)

∫
∆k[0,t]

◦dBI + RN(t, f, x),
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for some remainder term RN(t, f, x) which is easily computed, and shown to satisfy

sup
x∈Rn

√
E (RN(t, f, x)2) ≤ CN t

N+1
2 sup

(i1,...,ik),k+n(I)=N+1 or N+2

‖Vi1 · · ·Vikf‖∞.

This shows that, in small times, the sum

f(x) +
N∑
k=1

∑
I∈{0,...,d}k,k+n(I)≤N

(Vi1 ...Vikf)(x)

∫
∆k[0,t]

◦dBI

is a more and more accurate approximation of f(Xx
t ) when N → +∞.

Remark 5.1.1 For further details on the above discussion, we refer to Ben Arous
[4] and Kloeden-Platen [11]. Related discussions for the Taylor expansion of solu-
tions of equations driven by rough paths may be found in Inahama [10] and Friz-
Victoir [8].

5.2 Chen series

Let R[[X0, ..., Xd]] be the non commutative algebra over R of the formal series with
d+ 1 indeterminates, that is the set of series

Y = y0 +
+∞∑
k=1

∑
I∈{0,1,...,d}k

ai1,...,ikXi1 ...Xik .

Definition 5.2.1 If x : R≥0 → Rd is an absolutely continuous path, the Chen series
of x is the formal series:

S(x)t = 1 +
+∞∑
k=1

∑
I∈{0,1,...,d}k

(∫
0≤t1≤...≤tk≤t

dxi1t1 · · · dx
ik
tk

)
Xi1 · · ·Xik , t ≥ 0,

with the convention x0
t = t.

The exponential of Y ∈ R[[X0, ..., Xd]] is defined by

exp(Y ) =
+∞∑
k=0

Y k

k!
,
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and the logarithm of Y by

ln(Y ) =
+∞∑
k=1

(−1)k

k
(Y − 1)k.

The Chen-Strichartz formula that we will prove in this subsection, is an explicit
formula for ln S(x)t.

Remark 5.2.2 As a preliminary, let us first try to understand a simple case: the
commutative case.
We denote Sk the group of the permutations of the index set {1, ..., k} and if σ ∈ Sk,
we denote for a word I = (i1, ..., ik), σ · I the word (iσ(1), ..., iσ(k)). If X0, X1, ..., Xd

were commuting1, we would have

S(x)t = 1 +
+∞∑
k=1

∑
I=(i1,...,ik)

Xi1 ...Xik

(
1

k!

∑
σ∈Sk

∫
∆k[0,t]

dxσ·I

)
.

Since ∑
σ∈Sk

∫
∆k[0,t]

dxσ·I = xi1t ...x
ik
t ,

we get,

S(x)t = 1 +
+∞∑
k=1

1

k!

∑
I=(i1,...,ik)

Xi1 ...Xikx
i1
t ...x

ik
t = exp

(
d∑
i=0

Xix
i
t

)
.

We define the Lie bracket between two elements U and V of R[[X0, ..., Xd]] by

[U, V ] = UV − V U.

Moreover, if I = (i1, ..., ik) ∈ {0, ..., d}k is a word, we denote by XI the commutator
defined by

XI = [Xi1 , [Xi2 , ..., [Xik−1
, Xik ]...].

The universal Chen’s theorem asserts that the Chen series of a path is the exponen-
tial of a Lie series.

1Rigorously, this means that we work in R[[X0, X1, · · · , Xd]]/J where J is the two-sided ideal
generated by the relations XiXj −XjXi = 0
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Theorem 5.2.3 [Chen-Strichartz expansion theorem] If x : R≥0 → Rd is an abso-
lutely continuous path, then

S(x)t = exp

∑
k≥1

∑
I∈{0,1,...,d}k

ΛI(x)tXI

 , t ≥ 0,

where for k ≥ 1, I ∈ {0, 1, ..., d}k :

• Sk is the set of the permutations of {0, ..., k};

• If σ ∈ Sk, e(σ) is the cardinality of the set

{j ∈ {0, ..., k − 1}, σ(j) > σ(j + 1)},

•

ΛI(x)t =
∑
σ∈Sk

(−1)e(σ)

k2

(
k − 1
e(σ)

) ∫
0≤t1≤...≤tk≤t

dx
σ−1(i1)
t1 · · · dxσ

−1(ik)
tk

, t ≥ 0.

Remark 5.2.4 The first terms in the Chen-Strichartz formula are:

1. ∑
I=(i1)

ΛI(x)tXI =
d∑

k=0

xitXi;

2. ∑
I=(i1,i2)

ΛI(x)tXI =
1

2

∑
0≤i<j≤d

[Xi, Xj]

∫ t

0

xisdx
j
s − xjsdxis.

We shall give the proof of this theorem in the case where the path xt is piecewise
affine that is

dxt = aidt

on the interval [ti, ti+1) where 0 = t0 ≤ t1 ≤ · · · ≤ tN = T . We may then conclude
by a limiting argument. The proof relies on several lemmas.

Lemma 5.2.5 (Chen’s relations) Let xt be an absolutely continuous path. For
any word (i1, ..., in) ∈ {0, 1, ..., d}n and any 0 < s < t,∫

∆n[0,t]

dx(i1,...,in) =
n∑
k=0

∫
∆k[0,s]

dx(i1,...,ik)

∫
∆n−k[s,t]

dx(ik+1,...,in),

where we used the following notations:

57



1. ∫
∆k[s,t]

dx(i1,...,ik) =

∫
s≤t1≤...≤tk≤t

◦dxi1t1 ...dx
ik
tk

;

2. if I is a word with length 0, then
∫

∆0[0,t]
◦dxI = 1.

Proof. It follows readily by induction on n by noticing that∫
∆n[0,t]

dx(i1,...,in) =

∫ t

0

(∫
∆n−1[0,tn]

dx(i1,...,in−1)

)
dxintn .

�

The previous lemma implies the following flow property for the Chen series:

Lemma 5.2.6 Let xt be an absolutely continuous path. For 0 < s < t,

S(x)t = S(x)s

1 +
+∞∑
k=1

∑
I=(i1,...ik)

Xi1 ...Xik

∫
∆k[s,t]

dxI

 .

Proof. We have, thanks to the previous lemma,

S(x)s

(
1 +

+∞∑
k=1

∑
I

Xi1 ...Xik

∫
∆k[s,t]

dxI

)

=1 +
+∞∑
k,k′=1

∑
I,I′

Xi1 ...XikXi′1
...Xi′

k′

∫
∆k[s,t]

dxI
∫

∆k′ [0,s]

dxI
′

=1 +
+∞∑
k=1

∑
I

Xi1 ...Xik

∫
∆k[0,t]

dxI

=S(x)t.

�

With this in hands, we may now come back to the proof of the Chen-Strichartz
expansion theorem in the case where xt is piecewise affine. By using inductively the
previous proposition, we obtain

S(x)T =
N−1∏
n=0

1 +
+∞∑
k=1

∑
I=(i1,...ik)

Xi1 ...Xik

∫
∆k[tn,tn+1]

dxI


Since, on [tn, tn+1),

dxt = andt,
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we have∫
∆k[tn,tn+1]

dxI = ai1n · · · aikn
∫

∆k[tn,tn+1]

dti1 · · · dtik = ai1n · · · aikn
(tn+1 − tn)k

k!
.

Therefore

S(x)T =
N−1∏
n=0

1 +
+∞∑
k=1

∑
I=(i1,...ik)

Xi1 ...Xika
i1
n · · · aikn

(tn+1 − tn)k

k!


=

N−1∏
n=0

exp

(
(tn+1 − tn)

d∑
i=0

ainXi

)
We now use the Baker-Campbell-Hausdorff-Dynkin formula:

Proposition 5.2.7 (Baker-Campbell-Hausdorff-Dynkin formula) If y1, · · · , yN ∈
Rd+1 then,

N∏
n=1

exp

(
d∑
i=0

yinXi

)
= exp

∑
k≥1

∑
I∈{0,1,...,d}k

βI(y1, · · · , yN)XI

 ,

where for k ≥ 1, I ∈ {0, 1, ..., d}k :

βI(y1, · · · , yN) =
∑
σ∈Sk

∑
0=j0≤j1≤···≤jN−1≤k

(−1)e(σ)

j1! · · · jN−1!k2

(
k − 1
e(σ)

) N∏
ν=1

y
σ−1(ijν−1+1)
ν · · · yσ−1(ijν )

ν .

We get therefore:

S(x)T = exp

∑
k≥1

∑
I∈{0,1,...,d}k

βI(t1a0, · · · , (tN − tN−1)aN−1)XI

 .

It is finally an easy exercise to check, by using the Chen relations, that:

βI(t1a0, · · · , (tN−tN−1)aN−1) =
∑
σ∈Sk

(−1)e(σ)

k2

(
k − 1
e(σ)

) ∫
0≤t1≤...≤tk≤t

dx
σ−1(i1)
t1 · · · dxσ

−1(ik)
tk

, t ≥ 0.

Remark 5.2.8 The seminal result of Chen [6] asserted that ln S(x)T was a Lie
series. The coefficients of this expansion were computed by Ben Arous [4] , Castell
[5], and Strichartz [18].
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5.3 Brownian Chen series

Chen’s theorem can actually be extended to Brownian paths (see Baudoin [3], Ben
Arous [4], Castell [5], Fliess [7]) and even to rough paths (see Lyons [12], Friz-Victoir
[9]).

Definition 5.3.1 If (Bt)t≥0 is a d-dimensional Brownian motion, the Chen series
of B is the formal series:

S(B)t = 1 +
+∞∑
k=1

∑
I∈{0,1,...,d}k

(∫
0≤t1≤...≤tk≤t

◦dBi1
t1 · · · ◦ dB

ik
tk

)
Xi1 · · ·Xik , t ≥ 0,

with the convention B0
t = t, and ◦ denotes Stratonovitch integral.

Theorem 5.3.2 If (Bt)t≥0 is a d-dimensional Brownian motion, then

S(B)t = exp

∑
k≥1

∑
I∈{0,1,...,d}k

ΛI(B)tXI

 , t ≥ 0,

where for k ≥ 1, I ∈ {0, 1, ..., d}k,

ΛI(B)t =
∑
σ∈Sk

(−1)e(σ)

k2

(
k − 1
e(σ)

) ∫
0≤t1≤...≤tk≤t

◦dBσ−1(i1)
t1 · · · ◦ dBσ−1(ik)

tk
, t ≥ 0.

If

Y = y0 +
+∞∑
k=1

∑
I∈{0,1,...,d}k

ai1,...,ikXi1 ...Xik .

is a random series, that is if the coefficients are real random variables defined on a
probability space, we will denote

E(Y ) = E(y0) +
+∞∑
k=1

∑
I∈{0,1,...,d}k

E(ai1,...,ik)Xi1 ...Xik .

as soon as the coefficients of Y are integrable, where E stands for the expectation.
The following theorem gives the expectation (see Baudoin [3], Lyons-Victoir [13]) of
the Brownian Chen series:
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Theorem 5.3.3 For t ≥ 0,

E (S(B)t) = exp

(
t

(
X0 +

1

2

d∑
i=1

X2
i

))
.

Proof. An easy computation shows that if In is the set of words with length n
obtained by all the possible concatenations of the words

{0}, {(i, i)}, i ∈ {1, ..., d},

1. If I /∈ In then

E
(∫

∆n[0,t]

◦dBI

)
= 0;

2. If I ∈ In then

E
(∫

∆n[0,t]

◦dBI

)
=

t
n+n(I)

2

2
n−n(I)

2

(
n+n(I)

2

)
!
,

where n(I) is the number of 0 in I (observe that since I ∈ In, n and n(I)
necessarily have the same parity).

Therefore,

E (S(B)t) = 1 +
+∞∑
k=1

∑
I∈Ik

t
k+n(I)

2

2
k−n(I)

2

(
k+n(I)

2

)
!
Xi1 ...Xik

�
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Chapter 6

Approximation of solutions of
stochastic differential equations

6.1 Exponential of a vector field

Let O ⊂ Rn be a non empty open set and V be a smooth vector field on O. It
is a basic result in the theory of ordinary differential equations that if K ⊂ O is
compact, there exist ε > 0 and a smooth mapping

Φ : (−ε, ε)×K → O,

such that for x ∈ K and −ε < t < ε,

∂Φ

∂t
(t, x) = X(Φ(t, x)), Φ(0, x) = x.

Furthermore, if y : (−η, η) → Rn is a C1 path such that for −η < t < η,
y′(t) = X(y(t)), then y(t) = Φ(t, y(0)) for −min(η, ε) < t < min(η, ε). From
this characterization of Φ it is easily seen that for x ∈ K and t1, t2 ∈ R such that
| t1 | + | t2 |< ε,

Φ(t1,Φ(t2, x)) = Φ(t1 + t2, x).

Because of this last property, the solution mapping t → Φ(t, x) is called the ex-
ponential mapping, and we denote Φ(t, x) = etV (x). It always exists if | t | is
sufficiently small. If etV can be defined for any t ∈ R, then the vector field is said to
be complete. For instance if O = Rn and if V is C∞-bounded then the vector field
V is complete.
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6.2 Lie bracket of vector fields

We have already mentioned that a vector field V may be seen derivation, that is a
map on C∞(O,R), linear over R, satisfying for f, g ∈ C∞(O,R),

V (fg) = (V f)g + f(V g).

Also, conversely, any derivation on C∞(O,R) is a vector field. If V ′ is another
smooth vector field on O, then it is easily seen that the operator V V ′ − V ′V is a
derivation. It therefore defines a smooth vector field on O which is called the Lie
bracket of V and V ′ and denoted [V, V ′]. A straightforward computation shows that
for x ∈ O,

[V, V ′](x) =
n∑
i=1

(
n∑
j=1

vj(x)
∂v′i
∂xj

(x)− v′j(x)
∂vi
∂xj

(x)

)
∂

∂xi
.

Observe that the Lie bracket satisfies obviously [V, V ′] = −[V ′, V ] and the so-called
Jacobi identity, that is:

[V, [V ′, V ′′]] + [V ′, [V ′′, V ]] + [V ′′, [V, V ′]] = 0.

6.3 Castell’s approximation theorem

Combining the stochastic Taylor expansion with the Chen-Strichartz formula leads
to the following result due to Castell [5]:

Theorem 6.3.1 (Castell approximation theorem) Let (Bt)t≥0 be a d-dimensional
Brownian motion. Let us assume that V0, V1, · · · , Vd are C∞ bounded vector fields on
Rn, Then, for the solution (Xx0

t )t≥0 of the following stochastic differential equation

Xx0
t = x0 +

∫ t

0

V0(Xx0
s )ds+

d∑
i=1

∫ t

0

Vi(X
x0
s ) ◦ dBi

s, (6.3.1)

we have for every N ≥ 1,

Xx0
t = exp

 N∑
k=1

∑
I∈{0,1,...,d}k,k+n(I)≤N

ΛI(B)tXI

 (x0) + t
N+1

2 RN(t),

where n(I) denotes the number of 0’s in the word I and where the remainder term
RN(t) is bounded in probability when t → 0. More precisely, ∃ α, c > 0 such that
∀A > c,

lim
t→0

P
(

sup
0≤s≤t

s
N+1

2 | RN(s) |≥ At
N+1

2

)
≤ exp

(
−A

α

c

)
.
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6.4 Approximation of solutions of diffusion equa-

tions

We consider the following linear partial differential equation

∂Φ

∂t
= LΦ, Φ(0, x) = f(x), (6.4.2)

where L is an operator on E that can be written

L = V0 +
1

2

d∑
i=1

V 2
i ,

the Vi’s being smooth and compactly supported1 vector fields on Rn. It is known
that the solution of (6.4.2) can be written

Φ(t, x) = (etLf)(x) = Ptf(x).

If I ∈ {0, 1, ..., d}k is a word, we denote as before

VI = [Vi1 , [Vi2 , ..., [Vik−1
, Vik ]...].

and
d(I) = k + n(I),

where n(I) is the number of 0’s in the word I.
For N ≥ 1, let us consider

PN
t = E

exp

 ∑
I,d(I)≤N

ΛI(B)tVI

 .

For instance

P1
t = E

(
exp

(
d∑
i=1

Bi
tVi

))
,

and

P2
t = E

(
exp

(
d∑
i=0

Bi
t∇i +

1

2

∑
1≤i<j≤d

∫ t

0

Bi
sdB

j
s −Bj

sdB
i
s[Vi, Vj]

))
.

1This assumption will not be restrictive for us because we shall eventually be interested in local
results
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The meaning of this last notation is the following. If f is a smooth and bounded
function, then (PN

t f)(x) = E(Ψ(1, x)), where Ψ(τ, x) is the solution of the first order
partial differential equation with random coefficients:

∂Ψ

∂τ
(τ, x) =

∑
I,d(I)≤N

ΛI(B)t(VIΨ)(τ, x), Ψ(0, x) = f(x).

Finally, let us consider the following family of norms: If f is a C∞ bounded function,
then for k ≥ 0,

‖ f ‖k= sup
0≤l≤k

sup
0≤i1,··· ,il≤d

sup
x∈Rn

‖ Vi1 · · ·Vilf(x) ‖ .

Theorem 6.4.1 Let N ≥ 1 and k ≥ 0. If f is a C∞ bounded function, then

‖ Ptf −PN
t f ‖k= O

(
t
N+1

2

)
, t→ 0.

Proof. First, by using the scaling property of Brownian motion and expanding out
the exponential with Taylor formula we obtain

exp

 ∑
I,d(I)≤N

ΛI(B)tVI

 f =

 N∑
k=0

1

k!

 ∑
I,d(I)≤N

ΛI(B)tVI

k
 f + t

N+1
2 R1

N(t),

where the remainder term R1
N(t) is such that E (‖ R1

N(t) ‖k) is bounded when t→ 0.
We now observe that, due to Theorem 5.3.2, the rearrangement of terms in the
previous formula gives

 N∑
k=0

1

k!

 ∑
I,d(I)≤N

ΛI(B)tVI

k
 f = f+

∑
I,d(I)≤N

∫
∆|I|[0,t]

◦dBIVi1 ...Vi|I|f+t
N+1

2 R2
N(t),

where E (‖ R2
N(t) ‖k) is bounded when t→ 0. Therefore

exp

 ∑
I,d(I)≤N

ΛI(B)tVI

 f = f +
∑

I,d(I)≤N

∫
∆|I|[0,t]

◦dBIVi1 ...Vi|I|f + t
N+1

2 R3
N(t),

and

PN
t f = f +

∑
I,d(I)≤N

E
(∫

∆|I|[0,t]

◦dBI

)
Vi1 ...Vi|I|f + t

N+1
2 E

(
R3
N(t)

)
,
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where E (‖ R3
N(t) ‖k) is bounded when t → 0. We now recall (see the proof of

Theorem 5.3.3 ) that if In is the set of words with length n obtained by all the
possible concatenations of the words

{0}, {(i, i)}, i ∈ {1, ..., d},

1. If I /∈ In then

E
(∫

∆n[0,t]

◦dBI

)
= 0;

2. If I ∈ In then

E
(∫

∆n[0,t]

◦dBI

)
=

t
n+n(I)

2

2
n−n(I)

2

(
n+n(I)

2

)
!
,

where n(I) is the number of 0 in I (observe that since I ∈ In, n and n(I)
necessarily have the same parity).

We conclude therefore

‖ PN
t f −

∑
k≤N+1

2

tk

k!
Lkf ‖k= O

(
t
N+1

2

)
.

Since it is known that

‖ Ptf −
∑

k≤N+1
2

tk

k!
Lkf ‖k= O

(
t
N+1

2

)
,

the theorem is proved. �

6.5 Approximation on the diagonal of elliptic heat

kernels

In this subsection, we keep the framework of the previous subsection and we assume
furthermore that at given point x0 ∈ Rn the vector fields V1(x0), ..., Vd(x0) form a
basis of Rn which of course implies n = d. In that case, it is known that the random
variable Xx0

t admits a smooth density pt(x0, ·) with respect to the Lebesgue measure
of Rn. In other words,

P(Xx0
t ∈ dy) = pt(x0, y)dy,

for some smooth function p(x0, ·) : (0,+∞)× Rn → R≥0.
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We are interested in pt(x0, x0) in small times. It is known (see for instance Azencott,
[1]), that the following asymptotic expansion holds when t→ 0,

pt(x0, x0) =
1

t
d
2

(
N∑
k=0

ak(x0)tk

)
+O

(
tN+1− d

2

)
, N ≥ 0,

for some constants a0(x0), · · · , aN(x0). The following proposition provides an effec-
tive way to compute these constants.

Proposition 6.5.1 For N ≥ 1, when t→ 0,

pt(x0, x0) = dNt (x0) +O
(
t
N+1−d

2

)
,

where dNt (x0) is the density at 0 of the random variable
∑

I,d(I)≤N ΛI(B)tVI(x0)

For instance, by applying the previous proposition with N = 1, we get

a0(x) =
1

(2π)
d
2

1

| det(V1(x0), · · · , Vd(x0))|

67

http://www.math.purdue.edu/~fbaudoin/azencott.pdf


Chapter 7

An introduction to the theory of
log-Sobolev inequalities

This last Chapter is only an introduction to the theory of functional inequalities for
diffusion operators. For a detailed account on this we refer to the following very clear
and complete survey written by Michel Ledoux: An Introduction to the geometry
of Markov processes

7.1 Framework

We use here the framework of Chapter 2 that we remind below.
In the sequel, we consider a diffusion operator L as well as a Borel measure µ on
Rn. We will assume that if f ∈ Lp

µ(Rn,R), 1 ≤ p ≤ +∞, then there is a unique real
valued function φ(t, x) that is smooth on (0,+∞)×Rn, continuous on [0,+∞)×Rn

and that satisfies:

∂φ

∂t
(t, x) = Lφ(t, x), φ(0, x) = f(x). (7.1.1)

As usual, if f ∈ Lp
µ(Rn,R), 1 ≤ p ≤ +∞, then , for t ≥ 0, we set

(Ptf)(x) = φ(t, x),

where φ is the unique solution of equation (7.1.1). We shall assume that Lp
µ(Rn,R)

is left stable by Pt for any t ≥ 0 and 1 ≤ p ≤ +∞, and that for f ∈ Lp
µ(Rn,R),

g ∈ Lq
µ(Rn,R), with 1

p
+ 1

q
= 1,∫

Rn
fPtgdµ =

∫
Rn
gPtfdµ. (7.1.2)
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As in Chapter 2, we shall also assume that the Schwartz space S of smooth rapidly
decreasing functions on Rn is a dense subset of Lp

µ(Rn,R), 1 ≤ p < +∞ and is left
globally stable by L and by Pt for any t ≥ 0.

7.2 The curvature inequality

We associate with the diffusion operator L two canonical differential bilinear forms:
For f, g ∈ S, we set

Γ(f, g) =
1

2
(L(fg)− fLg − gLf),

and

Γ2(f, g) =
1

2

[
LΓ(f, g)− Γ(f, Lg)− Γ(g, Lf)

]
.

Example 7.2.1 If L = ∆−〈∇U,∇·〉, where U is a smooth function, one can check

Γ(f, g) = 〈∇f,∇g〉,

Γ2(f, f) = ‖Hessf‖2
2 + 〈HessU(∇f),∇f〉.

It is easily seen that since L is a diffusion operator, the bilinear form Γ is positive,
more precisely a straightforward computation shows that if

L =
n∑

i,j=1

σij(x)
∂2

∂xi∂xj
+

n∑
i=1

bi(x)
∂

∂xi
,

then

Γ(f, f) =
n∑

i,j=1

σij(x)
∂f

∂xi

∂f

∂xj
≥ 0.

The bilinear form Γ2 is, in general, not positive but we set the following definition:

Definition 7.2.2 (Curvature inequality) We say that the operator L satisfies
the curvature inequality with parameter ρ ∈ R, if for every f ∈ S,

Γ2(f, f) ≥ ρΓ(f, f).

Remark 7.2.3 The name curvature inequality stems from the fact that the Laplace-
Beltrami operator of a Riemannian manifold satisfies the curavture inequality with
parameter ρ, if and only if the Ricci curvature (as a (0, 2) tensor) is bounded from
below by ρ.
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Example 7.2.4 The operator L = ∆ − 〈∇U,∇·〉 satisfies the curvature inequality
with parameter ρ if and only if

HessU ≥ ρ.

The curvature inequality is equivalent to the following inequality:

Proposition 7.2.5 The curvature inequality with parameter ρ ∈ R is satisfied if
and only if for every f ∈ S, and every t ≥ 0,√

Γ(Ptf,Ptf) ≤ e−ρtPt

√
Γ(f, f).

Proof.
We refer to Lemma 1.3. in Ledoux.

�

Remark 7.2.6 By Cauchy-Schwarz inequality, the above inequality implies

Γ(Ptf,Ptf) ≤ e−2ρtPtΓ(f, f).

Exercise 7.2.7 Let us assume that the operator L satisfies the curvature inequality
with parameter ρ > 0. Show that

µ(Rn) < +∞.

In this case, we will assume that µ(Rn) = 1.

7.3 Log-Sobolev inequality

A first basic consequence of the curvature inequality is the so-called Poincaré in-
equality:

Proposition 7.3.1 Let us assume that the operator L satisfies the curvature in-
equality with parameter ρ > 0. Then the following Poincaré inequality is satisfied:∫

Rn
f 2dµ ≤

(∫
Rn
fdµ

)2

+
1

ρ

∫
Rn

Γ(f, f)dµ,

where f is a function such that f, Lf ∈ L2
µ(Rn,R).
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Proof. Let f ∈ S. We have by assumption

Γ2(f, f) ≥ ρΓ(f, f).

Therefore ∫
Rn

Γ2(f, f)dµ ≥ ρ

∫
Rn

Γ(f, f)dµ.

But ∫
Rn

Γ2(f, f)dµ = −
∫

Rn
Γ(f, Lf)dµ =

∫
Rn

(Lf)2dµ.

Therefore ∫
Rn

(Lf)2dµ ≥ ρ

∫
Rn

Γ(f, f)dµ = −ρ
∫

Rn
fLfdµ.

By density, this last inequality is seen to hold for every function f such that f, Lf ∈
L2
µ(Rn,R). It means that the L2 spectrum of −L lies in {0}∪[ρ,+∞), which directly

implies the Poincaré inequality. �

As a consequence of the previous Poincaré inequality, we deduce the following con-
vergence to equilibrium for Pt,

Proposition 7.3.2 Let us assume that the operator L satisfies the curvature in-
equality with parameter ρ > 0. Let f, Lf ∈ L2

µ(Rn,R), then when t → +∞, in
L2
µ(Rn,R),

Ptf →
∫

Rn
fdµ.

More precisely, ∫
Rn

(
Ptf −

∫
Rn
fdµ

)2

dµ ≤ e−2ρt

∫
Rn

Γ(f, f)dµ.

Proof. First, observe that we may assume
∫

Rn fdµ = 0. Then, the idea is to consider
the functional

Ψ(t) =

∫
Rn

(Ptf)2dµ.

We have

Ψ′(t) = 2

∫
Rn

PtfLPtfdµ = −2

∫
Rn

Γ(Ptf,Ptf)dµ.

If we now use Poincaré inequality with Ptf , we end up with the following differential
inequality

Ψ′(t) ≤ −2Ψ(t).

This implies
Ψ(t) ≤ e−2ρtΨ(0),
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which is the required inequality. �

We now turn to the so-called log-Sobolev inequality

Theorem 7.3.3 Let us assume that the operator L satisfies the curvature inequality
with parameter ρ > 0. Then, for f ∈ S,∫

Rn
f 2 ln f 2dµ ≤

∫
Rn
f 2dµ ln

(∫
Rn
f 2dµ

)
+

2

ρ

∫
Rn

Γ(f, f)dµ.

Proof. By considering
√
f instead of f , it is enough to show that if f is positive,∫

Rn
f ln fdµ ≤

∫
Rn
fdµ ln

(∫
Rn
fdµ

)
+

1

2ρ

∫
Rn

Γ(f, f)

f
dµ.

We now have∫
Rn
f ln fdµ−

∫
Rn
fdµ ln

(∫
Rn
fdµ

)
= −

∫ +∞

0

d

dt

∫
Rn

Ptf ln Ptfdµdt

= −
∫ +∞

0

∫
Rn
LPtf ln Ptfdµdt

=

∫ +∞

0

∫
Rn

Γ(Ptf, ln Ptf)dµdt

=

∫ +∞

0

∫
Rn

Γ(Ptf,Ptf)

Ptf
dµdt

Now, we know that

Γ(Ptf,Ptf) ≤ e−2ρt
(
Pt

√
Γ(f, f)

)2

.

And, from Cauchy-Schwarz inequality,

(Pt

√
Γ(f, f))2 ≤ Pt

Γ(f, f)

f
Ptf.

Therefore,∫
Rn
f ln fdµ−

∫
Rn
fdµ ln

(∫
Rn
fdµ

)
≤
∫ +∞

0

e−2ρtdt

∫
Rn

Γ(f, f)

f
dµ,

which is the required inequality. �
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