MODELLING ANTICIPATIONS ON FINANCIAL MARKETS

FABRICE BAUDOIN

ABSTRACT. The aim of the present course is to give a review of the modern mathematical tools
which can be used on a financial market by a ”small” investor who possesses some informations
on the price process.
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2 FABRICE BAUDOIN

Financial markets obviously have asymmetry of information. That is, there are different types
of traders whose behavior is induced by different types of information that they possess.

Let us consider a ”small” investor who trades in an arbitrage free financial market so as to
maximize the expected utility of his wealth at a given time horizon. We assume that he is in
the following position : He possesses extra information about some functional Y of the future
prices of a stock (e.g. value of the price at a given date, hitting times of given values, ...). Our
basic question is then: What is the value of this information 7

We can imagine two modelling approaches:

(1) A strong approach: The investor knows the functional w by w. This modelling of the
additional information was initiated in [41] using initial enlargement of filtration, a theory
developed in [27], [28], and [29].

(2) A weak approach: The investor knows the law of the functional ¥ under the effective
probability of the market assumed to be unknown. This notion of weak information is

defined in [5], [6], and further studied in [8].

We present and compare these two approaches.

1. MATHEMATICAL FRAMEWORK

Let T' > 0 be a constant finite time horizon. In what follows, we will work on a continuous arbi-
trage free financial market. Namely, we work on a filtered probability space (Q, (Ft)o<i<r ,IP)
which satisfies the usual conditions (i.e. F is complete and right-continuous and F is assumed
to be trivial). We assume that the price process of a given contingent claim is a continuous
d—dimensional and F-adapted square integrable local martingale (St)ogth' In addition, we
shall assume that the quadratic covariation matrix of the d—dimensional process S which is
denoted by (S5) :
(S) = (<Si75j>t)1§z’7j§d

is almost surely valued in the space of positive matrix, which means that S is non-degenerate.

For a matrix M, M* will denote the transpose of M and for a vector v € R? diag (v) denotes

the d X d matrix
(% 0 e 0

0

0 0 Vd
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Of course, since S is a local martingale under PP, the market just defined has no arbitrage
(precisely, there are no arbitrage opportunities with tame portfolios, see Corollary 2 in [36]; see
also [15] for a general view on the absence of arbitrage property). Moreover, to take a null drift
under P, means that we consider discounted prices (or equivalently, prices expressed in the bond
numéraire). The key point is that we start from the observable dynamics of S (a model of S
under P can be calibrated to market data) and not from the “true” but unobservable dynamics
of S under a so-called “historical” measure. Our modelling of anticipations on .S will provide
both in the strong and the weak approach an additional drift which will be calibrated over the
information that the insider possesses. The quadratic variation process, or volatility, will be
not be affected by anticipations on S; indeed, from a mathematical point of view this quadratic
variation is invariant both by enlargements of filtration and equivalent changes of probability.
Moreover, it is important to note that we could actually start from any semimartingale model

for the price process.

Definition 1. The space M (S) of martingale measures is the set of probabilities P ~P such

that (St)o<i<7 s an F-adapted local martingale under P.

Let us now precise what we mean by arbitrage on the financial market

(2 Hoocrr » (S)osir - Q)

where H is a filtration (right-continuous and P—complete) which contains the natural filtration

of S, and QQ a probability measure equivalent to P.

Definition 2. We say that there is an arbitrage on the financial market

<Q7 (Ht)0§t<T ) (St)0§t<T ’ Q) ’

if there exists a probability measure @ equivalent to Q such that (St)y<,.p i an H-adapted local

martingale under @

Definition 3. The space Ar (S) of admissible strategies is the space of R'—valued and F —predictable

processes O integrable with respect to the price process S, such that

t
([ as.)
0 0<t<T

is a (]TD, .7-") martingale for all PEM (S).
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Remark 1. ©! represents the number of shares of the risky asset S* held by an investor at time

t and the wealth process associated with the strategy © € A (S) with initial capital x is given by
t
Vt:x—k/ O, - dS,.
0

In particular, our strategies are self-financing.

Remark 2. This set of admissible strategies is restrictive. We used it because of the Definition
6 of admissible strategies in an enlarged filtration. Nevertheless, we believe that is possible to

extend most of the presented results in a slighty much general setting.

We shall also very often assume that the financial market

<Qa (ft)OStST )]P)) (St)OStST)

is complete in the sense that the martingale (S;)o<;<7 enjoys the following predictable repre-
sentation property (in abbreviate PRP) : For each F-adapted local martingale (M}) << there

exists a predictable process © locally in L? such that

t
Mt:M0+/ Q,-dS,, t<T.
0

Remark 3. Under the previous assumption, we have
M (S) = {P}.

Indeed, if P = D P eM(S), then since (St)o<i<r 18 a local martingale under P, thanks to

Girsanov’s theorem we get that for all 1 < i <d
d(S*, D); = 0.
But, by assumption, there exists O, locally in L?, such that
T
D=1+ / O, -dS,
0

which implies that for all 1 <i <d
and hence

In what follows, we use the following notion of utility functions (see [32]):
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Definition 4. A wutility function is a strictly increasing, strictly concave and twice continuously

differentiable function
U:(0,+00) =R
which satisfies

lim U'(z) =0, lim U'(z)= +cc.

r—+00 r—0t

We use the convention that U (z) = —oo for < 0. We shall denote by I the inverse of U’, and

by U the convex conjugate of U:

0(y) = max (U(x) — zy)

(that is, the Fenchel-Legendre transform of —U(—z)).

For a sake of simplicity, we limit ourselves to smooth utility functions, although it is also possible
to obtain some results in the non-smooth case (see e.g. [10]). In our examples, we study the
cases U(x) = In(x) and U(z) = 2. The case U(x) = e** is also interesting; it does not fit into

the previous definition, though our results remain true in this case.

Let us now introduce the object on which anticipations will be made.

Let P be a Polish space (for example P = R, P = C (R4+,R"), etc...) endowed with its
Borel o—algebra B (P) and let Y : Q@ — P be an Fr—measurable random variable (it will be a
functional of the trajectories of the price process). We denote by Py the law of Y and assume

that Y admits a regular disintegration with respect to the filtration F, precisely we assume that:
Assumption 1. There exists a jointly measurable continuous in t and F—adapted process
n, 0<t<T, yeP,
satisfying for dt @ Py almost every 0 <t <T andy € P,
(1.1) P(Y €dy| F) = Py (dy).

This is a classical assumption of the theory of the initial enlargement of the filtration F by Y

(see [27]) . This assumption is not very restrictive, and will be satisfied for nice functionals as it

will be seen. The existence of a conditional density % is the main point, the existence

of a regular version follows from general results on stochastic processes (see [45]).
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Remark 4. We can note here that, if we denote by PY the disintegrated probability measure

defined by PY =P (- | Y = y), then the above assumption implies that for t < T,
Pz//]_-t = 77tyP/]:t

In particular, for Py —a.e. y € P, the process (n])q<,op is a martingale in the filtration F (not

uniformly integrable, as it is nicely illustrated in [23]).

Finally, we shall denote by G the filtration F initially enlarged with Y, i.e. G; is the P—completion
of Noso (Ftae Vo (Y)), t <T.

2. STRONG INFORMATION MODELLING

The theory of initial enlargement of filtration has been developed by the French school of prob-
ability during the eighties (see [27], [28], [29], [47] and [46]). This theory has many deep appli-
cations, most of which have been worked out by T. Jeulin and M. Yor. In the past few years
we have seen new interest in this theory because of its applications in mathematical finance in
the topic of the asymmetry of information. Papers where applications of the enlargement of
filtration technique is applied to portfolio optimization of an insider include [2], [3], [18], [20],
[24], [25], and [41]. In this chapter, we review the theory of initial enlargement of filtration and

its applications in finance. We shall always assume that the financial market

(Q, (Ft)o<t<r + P (St)ogth)

is complete (i.e. that S enjoys the PRP, see section 1).
2.1. Some Results on Initial Enlargement of Filtration.

2.1.1. Martingales of the Enlarged Filtration. Let us start this subsection with some simple

remarks about martingales in the initially enlarged filtration G.

Proposition 1.

o Let (My)y<ior be an F—adapted process which is a (local) martingale in the filtration G,
then it is also a (local) martingale in the filtration F.
o Let (My)y<yior be an integrable process adapted to the filtration G, then the two following

statements are equivalent:
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(1) For Py —a.e. y € P, the process (BY(My | Ft))g<yer is a PY—(local) martingale
in the filtration F, PY being the disintegrated probability measure defined by PY =
P(-|Y =y) and EY the expectation under this measure.

(2) The process (My)o<io7 is a (local) martingale in the filtration G.

Proof. We make the proof of this proposition with true martingales because the case of local

martingales is easily deduced by localization. The first point is trivial, indeed for s <t < T
E (M | Gs) = M;

which implies, by conditioning with respect to Fs,
E(M; | Fs) = M.

Let us now prove the second point. Since for s <t < T, A € F5 and A € B(P) we have

E ((M; — M) Lanyen) = /A EY (M, — My) 14) Py (dy)

it is easily seen by a monotone class theorem that our equivalence takes place. ]

Of course, (local) martingales in the filtration F do not remain (local) martingales in the enlarged

filtration, but as shown in the following section, they remain semimartingales.

2.1.2. Jacod’s theorem. Jacod’s celebrated theorem says that a semimartingale which is adapted
to the filtration F remains a semimartingale in the enlarged filtration G. Before we state
it, we start with a representation lemma which allows to give explicitly the semimartingale
decomposition of S in the enlarged filtration. In what follows, P(F) denotes the predictable
o-field associated with the filtration F.

Lemma 1. (See [27] ) There exists a P(F) @ B(P) measurable process

0,7 x © x P — R?
(t . w, y) — of(w)
such that:

(1) ForPy —a.e.y € P and for0 <t <T,1<i<d,

P ( /0 () d(S)uad < +oo> ~1

(2) ForPy —a.e. y€P and for0 <t <T,1<i<d,

(Y, 5%, :/ nY (Zagdd@z’squ).
0

=1



8 FABRICE BAUDOIN

Remark 5. We can choose a such that for Py —a.e. y € P and for 0 <t < T,
t 1 t
it = ([ atds— 5 [ @ty as)at) on it >0y
0 0

We shall need (actually, only in the next section on the modelling of a weak anticipation;
without this assumption Jacod’s theorem remains true) the following additional assumption

which ensures the existence of a version of o which allows to use filtering theory:
Assumption 2. For almost every t € [0,T), we have P-almost surely
¢
/ ST, ST)E (oY ||| Fu)® < o0, 1<i,j<d.
0

Theorem 1. (See [27]) Under the probability P the price process (St)y<;r is a semimartingale

in the filtration G, and its decomposition is given by
t

(21) St280+/ d<S>uOéZ+Mt, 0<t<T
0

where (My)o<y7 s a local martingale in the filtration G such that

Proof. From Proposition 1, it is enough to show that for a.e. y € P, the process
¢
MY = _/ d(S)ual + S,
0

is a PY—local martingale in the filtration F. But this is a direct consequence of Girsanov’s

theorem, because (1)), is the density process of P¥ with respect to P (see Remark 4). [

Hence the class of semimartingales is preserved by an initial enlargement of filtration. Related
to this is Stricker’s theorem (see [44]): If a process is a semimartingale in an enlarged filtration,
then it is a semimartingale in its own filtration.

We conclude this paragraph with a converse of Jacod’s theorem. As it will be seen later, this
theorem makes the link between the strong and the weak approach and also shows that the

natural filtration of M (as defined in the previous Theorem) is strictly included in G.

Theorem 2. (See [5]) Let Q be a probability measure on  which is equivalent to P with a
bounded density. If the process (M¢)g<;p defined by

t
Mt::St—/ dSha),  0<t<T
0
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s a local martingale under Q in the filtration G, then there exists a probability measure v on P

such that
Q= / Y =y)v(dy).

Proof. For Py — a.e. y € P, let us denote by QY the conditional probability Q(-|Y =y).
From our assumption and Proposition 1, the process M is, under QY, a local martingale. Now,
because Q is assumed to be equivalent to IP, it is easily seen that for Py — a.e. y € P, QY is
locally absolutely continuous on F with respect to P. Hence, by Girsanov’s theorem, for Py —a.e.
yeP,

dQ?_ﬁ = n%’dIP)/}-t ,t<T.

Since we also have, for Py — a.e. y € P,

dPY . = nldP/z, ,t<T,

as explained in Remark 4, where PV is the conditional probability P (- | Y = y), we immediately
deduce
QY = P¥

for Py —a.e. y € P, and hence

Q= / Y =y)v(dy)

where v is the law of Y under Q. 0

2.1.3. Martingale Preserving Measure and PRP in the Enlarged Filtration. In all this paragraph,

we shall assume that for Py — a.e. y € P, the process (nf)0<t<T is strictly positive P-a.s.

Lemma 2. (See [3]) The process
1
Zy ==, t<T
U
is a P-martingale (not necessarily uniformly integrable) in the enlarged filtration G. Moreover,

it satisfies
(2.2) E(Z] |R)=1t<T
Proof. For Py —a.e. y € P, the process (Zz:ty)ogt<T is a PY—martingale in the filtration F because

it is the density process of PY with respect to P. We conclude with Proposition 1. Now, for the

second point, we claim that

E(2Y | F) = /P 20y (dy) — 1,



10 FABRICE BAUDOIN

which completes the proof. O

Definition 5. The probability measure ﬁ”t, t < T, defined on G; by
P, =7} Py,
is called the [0,t] —martingale preserving measure associated with P.

Remark 6. As a consequence of (2.2), we can note that for t < T the law of an F—adapted

process (Xs)o<g<; 95 the same under Pz, as under P;.

Remark 7. We have the following representation result
t t
1 *
ZY = exp <—/0 oY - dM, — 2/0 (aX) d<M>ua§> ,t<T.
The terminology of martingale preserving measure stems from the following theorem.

Theorem 3. (See [3]) For t < T, any P—(local) martingale adapted to (Fs)o< .y is also a
Py — (local) martingale in the enlarged filtration (Gs)o<s<irand thus a Py— (local) martingale in the

filtration (Fs)o< o<y -
which is a consequence of the following easy lemma.

Lemma 3. (See [3]) For t < T, under the probability Py, the o—algebras F; and o (Y) are

independent.

We conclude this subsection on the general theory of initial enlargement of a filtration with
a particular case of the PRP of the martingale preserving measure in the enlarged filtration
obtained by Amendinger [1]. This representation result is an easy consequence of the stability

of the PRP by Girsanov’s transforms (see Proposition 17.1. in [47]).

Theorem 4. Let t < T. For any P,— (local) martingale (Ms)o<s<y adapted to (Gs)o< o<y and
which satisfies My = 0, there exists a G—predictable process © which is integrable with respect
to S and which satisfies

M, = /OS 0,dS,, s <t.

2.2. Examples of Initial Enlargement of Filtration. We present now some illustrative
examples of enlargement of filtration. For further examples, we refer the interested reader to

the ”Récapitulatif” in [29], pp. 305-313 and Chapter 12 of [47].
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2.2.1. Stochastic Analysis Warm Up. Here, we use stochastic analysis to obtain explicit com-
putations for the enlargement formula of the natural filtration of the coordinate process. First,
we recall some basic definitions of stochastic analysis (for further details we refer to the book

[40]). Consider the d—dimensional Wiener space of continuous paths

Wi= (C%, (Fo<i<r » (Xtho<i<r ’P>

where:

1) C4 is the space of continuous functions f : [0, 7] — R, such that f (0) =

2) (Xt)o<t<r is the coordinate process defined by X:(f) = f (t)
3) (Ft)¢>p is the natural filtration of (Xi)g<icr

4) P is the Wiener measure.

(¢
(2)
(3)
(4)

We assume furthermore that
P=RY
for some integer N > 1 and that Y belongs to (]D)LQ)N. We recall (see [40] pp. 26) that the

Hilbert space D2 is the closure of the class of smooth cylindric random variables with respect

to the norm
1
IFlz = (E (F?) +E(IDFI3: )

where D is the gradient defined for a functional F' = ® (X (f1),..., X (f4)) by

DF = (JGC¢) (f17 vy fd)

where ® : R? — R? is a smooth function whose Jacobian matrix is denoted Jace, and ( fi)ic1, 4 €
(LQ)d . We give now in this setting, by means of the Clark-Ocone formula, some expressions for

« and 7 in the case where Sy = Xy, t > 0.

Theorem 5. (see [5]) Assume that for almost every t < T,

(2.3) /R i ‘IE (21 7) ) X < +00

then Y has a density p with respect to the Lebesque measure which is given by

p(y) = 1) /R N e WAE (ei”) d,

(2m)N
and for Py — a.e. y € RN and for almost every t < T,

(2.4 o) 1t = o [ E (P F) iy
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Moreover, if for Py —a.e y € RN and for almost every t < T,
/ HDtE (BM'Y | E) H d\ < +o0, p(y) #0,
RN
then for Py —a.e y € RN and for almost everyt < T , n/ € Dom (D) and

(2.5) Dynf = njaf.

Proof. Let m be a function on RY such that

/ im(y)| dy < +oc
RN

Let now m be the Fourier transform of m defined on RY by

i (y) = /R e ().
We have for ¢ < T,
[ @By (@) =BG ) | 7).
But,
E(m(Y)| F) = /RN E (ei” | ft> m (\) dA
hence,
Lot Py @) = [ B F)m(3)ax

Since the previous equality takes place for all m, this implies, thanks to the inversion formula

for the Fourier transform:

_ 1 e WA R
m) = o [ dy

that for Py — a.e y € RN and for all t < T,

1 —iy- Y
Y ]P’y(dy):W</RNe y*E(e*Y]]-}>d)\) dy.

This provides easily the first part of our theorem.

Assume now that for Py —a.e. , y € RY and for a.e. t < T,

/ HDtE (ei’\'y | ]:t> H d\ < 4o00.
RN
Because for for Py —a.e. , y € RY and for a.e. t < T, X € R,

E (ei)vy | ft) c ]D)LQ
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it is easily seen that 1y € Dom (D). Moreover, let us consider a probability measure p on RY
such that p is equivalent to Py and £ := CgT“Y admits a bounded continuously differentiable

version. From the Clark-Ocone formula, we have:

d| [ ntntan| =20 7 ax
RN
which implies,
/ afnip(dy) = DE(E(Y) | F) :Dt/ ni w (dy)
RN RN

for a.e. t € [0,T] and the conclusion follows easily because p was arbitrary. ([l

Remark 8. Of course, formula (2.4) remains true under the assumption (2.3) even if Y ¢

(012)",

Remark 9. The formula 2.5 can be found in [26] (Proposition A.1.) in an equivalent form.
Indeed, in this paper the authors have developed a Malliavin Calculus for measure valued random

variables and gave a sense to the following formula

E(D¢dy | Ft)(dy)
P(Y S dy ’ ft) ’

Yy _
at -

2.2.2. Initial Enlargement with the Terminal Value of a Diffusion. In this subsection, we con-
sider the case P =R? and Y = Sp. We assume furthermore that the dynamics of (Stho<i<r

under P are given by
t
(2.6) S; = sg + / diag (Sy) o (Sy) dBy, 0<t<T
0

where (Bt)ogth is a d-dimensional standard Brownian motion whose filtration is F, sg € (]Ri)d
and o a positive definite symmetric bounded C*° function with bounded partial derivatives

function satisfying
inf |loo™ (z)|| > a>0.
z€RY
The last assumption implies (Hormander’s theorem, see [40] Chap. 2) the differentiability of the

transition function p;, 0 < ¢t < T, defined by
pr(z,y)dy =P (S €dy| Sy =x).

Moreover, it is easily seen that we obviously are in the assumptions of the theory of the initial

enlargement of F with Sp. Namely, for 0 <t < T,

P (St edy | F) = pr— (S, y) dy
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which implies that for Pg, —a.e. y € Riandt < T

y _ PT—t (St,y)

! pr (50,9)

In what follows, for a smooth function f (z,y) defined on R% x RY, Vf denotes the gradient

(2.7) U

computed with respect to the first variable.

Theorem 6. In the filtration G, the process (Si)g<;.r admits the following semimartingale de-

composition
t
Vpr—
St:so+/ d(S), ~PI=
0 Pr—t

where (Bt)g<i<p 15 a d-dimensional standard Brownian motion adapted to the filtration G (and

(Su, ST) +/0 diag (Sy) o (Sy) dpy,

hence independent of St).

Proof. In this case, from the Markov property of S (see (2.7), or [21] for further details), we

have for Pg, — a.e. y € R?
y _ pr—t (St Yy)
Y=

n , t<T.
pr (507 y)
Hence, thanks to Itd’s formula
Vpr—t
azt/ = (St7 y) )
br—t
which leads, according to Jacod’s theorem, to the expected result. ]

2.2.3. Initial Enlargement with the First Hitting Time of a Level of the Brownian Motion. In
this paragraph, we give the formula for the enlargement with the first hitting time of a > 0 by
a standard Brownian motion B. Let us denote by T, this stopping time, i.e.

T, = }rzlg{t, B = a}.
In this case, the assumption of the existence of 1 is not satisfied. Nevertheless, as it is seen in
the proof of Theorem 7, there exists a jointly measurable continuous in ¢ and F.\1, —adapted
process
n/, 0<t<T, yeR}
satisfying for dt @ Py, almost every 0 <t < T, and y € R",

P(T,edy| F, t<T,)=n! P(T, €dy).

Moreover, a process « can be associated (up to time T},) with 1 in the same way as in the Lemma

1. In [28], T. Jeulin found the following enlargement formula:
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Theorem 7. In the filtration G = F.a1,Vo (Ty) , the process B admits the following semimartin-

gale decomposition

t 1 a — B
2.8 By =p — - ds, t<T,
(28) =0 [ (g ) ds t<T.

where B is a standard Brownian motion adapted to the filtration G (and hence independent of

).

Proof. 1t is easily shown, by using exponential martingales that for a € R,

2

E <e—°‘22Ta | Fi, t < Ta> = e(Bima)= 5t

It stems from this, by inverting the previous Laplace transform that for y > 0,

P (T, € dy | Fi, t<Ta)_a—Bt< y )3/26a2_<a-3t>2
Yy

2y 2(y—t)
-t

P (T, € dy) a

which gives the expected result after straightforward computations. O

2.2.4. Initial Enlargement with the Perpetuity. We consider now the case P =R and assume that

the dynamics of S under P are one-dimensional and given by

1
St:exp<Bt—2t>, t>0

where (Bt)y<;<r is a one-dimensional standard Brownian motion whose filtration is 7. We recall

+o0o +oo
Y = / S2dt = / Bty
0 0

is well defined and distributed, up to a multiplicative constant, as the inverse of a gamma law,
+oo 1
/ SZdt ~ ,
0 2712
1
e 2y

+o0 1
2
P </O S2dt € dy> Vo (1) 1,>0dy.

We have then the following enlargement formula.

that the functional

precisely (see [19]):

which means that

Theorem 8. In the filtration G = F V o ( 0+OO Sfdt) , the process S admits the following semi-
martingale decomposition

t SQ

u ’U

where (ﬁt)t>0 s a standard Brownian motion adapted to the enlarged filtration (and hence inde-

pendent of f+°° S2dt).
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Proof. From the Dubins-Schwarz theorem (which appears here as a special case of the Lamperti’s

relation, see [43] pp. 452), there exists a standard Brownian motion « such that

St=1- Tt S2dur

Hence,
+oo
/ S2dt =T
0
where
T = %gg{t’% =1}
and we conclude with the enlargement formula (2.8). O

Remark 10. The decomposition (2.9) implies (see [7])

eﬁt-&-%t
= > 0.
i 1 4 Joeetieds 7 =0
R

2.3. Utility Maximization with Strong Information.

2.3.1. The Financial Market of the Informed Insider. We now apply to finance the general
results of initial enlargement of filtration presented in the previous sections. For this, we assume
that for a.e. y € P, the process (nf)OSKT is strictly positive P-a.s. Hence, we can use the
martingale preserving measure introduced earlier in Section 2.1.3. we study here the financial

market

(2.10) (2 Gozsar P (Shosrcr)

and solve the portfolio optimization problem associated with this model. The first remark is the

following (see Definition 2).

Proposition 2. For t < T, there is no arbitrage in the time interval [0,t]. But there is an

arbitrage in the time interval [0,T].

Proof. Indeed, from Theorem 3, the martingale preserving measure ﬁt is a martingale measure
for S. Now, let us assume that there exists a probability measure QQ on Fr which is equivalent
to P and such that S is a martingale under Q. In this case, on the time-interval [0,¢], S is a

local martingale. It implies from Theorem 4 that Q/g, = IF’t, which can not happen because the

P—martingale (i

Y) is not uniformly integrable. O
M Jo<t<T
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2.3.2. Value of the Strong Information. Let now U be a utility function as defined in Section 1.

Definition 6. The space Ag (S) of admissible strategies is the space of R4—valued and G—predictable

processes (Os), . integrable with respect to the price process S, such that

1 t
<Y / O, - dSu)
N Jo 0<t<T

is a (P,G)-martingale.

With this set of admissible strategies, we classicaly associate the following portfolio optimization

problem.

Portfolio optimization problem on [0,t]: For t € [0,T], the insider’s portfolio optimization

problem on [0,t] is to find

t
u(z,Y,t):= sup E <U <x+/ @udSu>> ,
OcAg(S) 0

x > 0 being the initial endowment of the insider.

We restrict ourselves to the time-interval [0, ], because of the presence of the arbitrage discussed

in the previous proposition and now solve the portfolio optimization problem on [0, t].

Theorem 9. (See [2]) Lett € [0,T) , x > 0 and let us assume that there exists an o (Y') —measurable
random variable Ay (z) : Q — (0, 400) with

(o () )

u(z,Y,t) :]E( (Uol) (At W)).

ny

-i(5).

First, we note that, according to Theorem 4, there exist © € Ag (S) such that

then

Proof. Let us set

t
W:m+/ O, - dS,.
0
Since U is concave, we have

Ub)>U((a)+U (b)(b—a), a,be (0,+00).
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Hence
~ At (CL‘) ~
UWVy) >U (V) + Vi =V
() + =7 (vi-7)
where
o~ t o~
0
with

O Ag(9).

Even if A;)@ (Vt — f@) is not integrable, we can take generalized conditional expectations to
t

obtain

E(Atf) (Vt—f/t) yY> :At(a:)IE(ly (Vt—@ |Y> ~0.

Un U
We conclude hence

EW V) |Y)2E(U (V) 1Y),

which gives the expected result. O

As an illustration of the previous theorem, we give the optimal expected utility in the case of

the most commonly used utility functions.

Example 1. Let a € (0,1) and U (z) = -, then

and

and

u(x,Y,t)zlnijE(lnntY).
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2.4. Comments. The fact that there always is an arbitrage in the financial market

(Q, (gt)0§t<T ’ Q7 (St)0§t<T)

is one of the principal problem of this approach. From the mathematical point of view, it is
easily understood because the knowledge of a functional w by w is very restrictive. In Chapter 3,
we develop the notion of weak information, which is much more flexible and which leaves more
freedom on the model used by the informed insider.

Nevertheless, by a change of filtration, there is some possibilities to allow much freedom on the
anticipation. For instance, we can enlarge the ”public” filtration F by Y + N where N is a
noise independent of F and constant in the time. The computations and theorems associated
with this kind of enlargement are studied in a very general setting in [2], and [1] for the PRP
properties. Another possibility is to use a part of the theory of progressive enlargement of
filtration (for further details on it we refer to [47] Section 12.2.). Roughly speaking, we would
like that the "noise” N could evolve in the time. Typically, it is natural to study enlargement
formulas associated with the filtration F;Vo (Y + Wr_g, s < t) where W is a standard Brownian
motion independent of Fp. This idea is presented in [14], where the authors give, more generally,
an enlargement formula associated with a filtration of the form FVo (F(Y,Ws),s < t), W being
this time any process independent of Fp and F' a Borel function. In this setting, the authors
proved that if the rate at which the additional noise in the insider’s information vanishes is slow
enough, then there is no arbitrage and the additional utility of the insider is finite. Let us see
briefly more precisely what kind of ”progressive” enlargement formulas can be obtained in full
generality. Consider a filtration W independent of Fr, and H a sub-filtration of G V W which

contains F. We have then the following enlargement formula.

Theorem 10. Assume that for almost every t € [0,T), we have P-almost surely
t
[ ats' S B (@ | 7)) < oo, 120y <d
0

then, under the probability P the price process (St)y<iop i a semimartingale in the filtration H,

and its decomposition is given by
t

(2.11) St:s()—l—/ d(S),E (af | Hu) + M, 0<t<T
0

where (My)g<y 1 is a local martingale such that
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This theorem is easily understood by the ”méthode des Laplaciens approchés” (see [16]). Namely,

the bounded variation part A of a semimartingale N in the filtration H is

YE(Nyp — N | Hs
At = lim ( s+h | H )
h—>>0 0 h

ds

as soon as the right hand exists in L', and we know that S is semimartingale in the filtration H
because it is in the filtration G V W from Jacod’s theorem. From a financial point of view, we

can note that the financial market

(Q> (Ht)t<T ) (St)t<T ) P)

is not complete, contrary to the market

(Q, (gt)t<T ) (St)t<T 7P) :

Indeed, it is clear that there are many martingale measures for S. For instance,
Dy
Qmn, =E (y ! Ht) Py,
U
is a martingale measure for S (in the filtration H) as soon as D is a positive martingale adapted

to the filtration W such that E (D) = 1.

3. WEAK INFORMATION MODELLING

We now turn to the weak approach. The main difference with the strong one is that there is
no change of filtration but only a change a probability. Nevertheless, as it will be seen, from
a mathematical point of view, all the results relative to initial enlargement of filtration can be
recover from the weak approach.

The topic of investors with additional weak information was initiated in [5] and [6] and further
studied in [8]. We present these works in a continuous setting.

We keep the notations of Section 1 and 2 and consider here an insider who is only weakly
informed on Y. This means that the he has knowledge of the filtration F and of the law of
Y. More precisely, with Y we associate a probability measure v on P. We assume that v is
equivalent to Py with a bounded density. The probability v should be interpreted as the law of
Y under the effective probability of the market.

In this section, we shall assume that the financial market

(Q, (ft)ogth P, (St)OStST)

is complete, i.e. that the process S enjoys the PRP.
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3.1. Conditioning of a Functional.

3.1.1. Minimal Probability Associated with a Conditioning. We first associate with the weak

information (Y, v) a probability which will appear as canonical.

Definition 7. The probability measure PV defined on (2, Fr) by:
IP”’(A):/]P’(A|Y:y)V(dy), Ae Fr
P

is called the minimal probability associated with the weak information (Y,v).

Here are some immediate consequences of this definition:

(1) If F: Q — R is a bounded random variable then
E(F|Y)=E(F|Y)

(2) The law of Y under P” is v

3) PP=Poy=Py

(4) The following equivalence relationship takes place

B dv
~ dPy

(5) If A € Fr is P—independent of Y then it is also P¥—independent of ¥

dp” (Y) dP

(6) If we can choose a version of the map y — P(- | Y = y) which is continuous in the
topology of weak convergence of probability measures, then the map v — P¥ is also

continuous in this topology.

In order to justify the word minimal assigned to P¥ we consider a convex function
p: Ry =R

and denote by £¥ the set of probability measures on ) which are equivalent to P and such that

the law of Y under Q is v.

Proposition 3. (See [5]) We have

Proof. Let
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be a probability measure which belongs to £”. Since the law of Y under Q is v, we have

dv

E(D|Y)= 5

(Y).

Now, from Jensen’s inequality

which implies

Remark 11. Notice that since ”2% is assumed to be bounded, the value E (go (%)) is finite.

Example 3. With o (z) = 22, we see that PV is the minimal variance probability, i.e.

we((3))-=((F))

With ¢ () = xInx, we see that it is also a minimal entropy measure.

3.1.2. Semimartingale Decomposition under the Minimal Probability. Our aim, now, is to de-
velop stochastic calculus under the minimal probability P¥. To do this, the first step is to
compute the martingale density process of P¥ with respect to P. And then, we apply Girsanov’s
theorem. For this, we use the process (1} )ogt <TyeP defined by Assumption 1 and the process

y .
(¢ )o<i<Tyep defined in Lemma 1.

Lemma 4. Fort<T , PI;]-} is absolutely continuous with respect to Pz, and

Proof. Since
dv

P =
dPy

(Y) P,
fort < T,
y dv
7 =B\, V1 F) Pz

Now, it is an immediate consequence of the definition of (1)), yep that

B (e ) 17) = [t v,
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Theorem 11. The process (St)g<ir 8 a (F,P¥) semimartingale and its decomposition is given

by
o [ gy ol (dy)
(3.1) St = 50 +/0 d(S)u fp T (dy)

where (My)g<yor is a (F,P¥) local martingale such that

+ M, t<T

Proof. The process

Dt:/nfl/(dy) ,0<t<T,
is the density process of P¥ with respectp to P. By Lemma 1 and Fubini’s theorem (we can apply
it because of Assumption 2), we have for 0 <t < T, 1 <i <d,

d(D, S, = ( /P 0 (Z a%”d<S’,SJ>t> u(dw) .

i=1
The result is then a consequence of Girsanov’s theorem. g

Remark 12. The compensator of S under P:

! Jp ntiadiv (dy)
d(S) = 7
0 fp 77uV( y)
represents the information drift given by the weak anticipation v.

3.1.3. Connection with the Theory of Initial Enlargement of Filtration. In this paragraph, we
show the link between the weak and the strong approach, precisely the following theorem com-

pletes the converse of Jacod’s theorem (see Theorem 2).

Theorem 12. Under the probability P¥ the price process (St)0§t<T 1s a semimartingale in the

filtration G, and its decomposition is given by
¢
(3.2) Sy = so —I—/ (S)ua + M,, 0<t<T
0

where (My)g<,op is a P¥ local martingale such that

Remark 13. We recover the decomposition (3.2) from (3.1) with v = dy, nevertheless this is
only formal because in our assumptions v is not assumed to be random. This shows the analogy
between Jacod’s and Girsanov’s theorem. This is very well explained in [46], where the author
understood the Jacod’s theorem as a Girsanov formula applied on a convenient product probability

space .
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Remark 14. The decomposition (3.1) can also be written
t
St = S0 +/ d<S>uEV (Oé,l}: ‘ fu) + Mt
0

which is a posteriori explained from the decomposition (3.2) by the filtering theory.

3.1.4. Conditioned Stochastic Differential Equations. We define here the notion of conditioned
stochastic differential equations. This notion has been introduced in [5]. The idea is to construct
a stochastic differential equation whose distribution of the solution is the same as the law of
the process (St)ogth under P¥. This gives hence a tool to construct minimal models associated
with weak anticipations.

Let us assume that the information drift (L’M

Jp il v(dy) >0§t<T
natural filtration of (St)o<;<7, then there exists on the Wiener space of continuous functions

is predictable with respect to the

W a predictable function F such that for all ¢ < T,

Jp ainiv (dy)
Jpniv (dy)

Let us assume furthermore that under the martingale measure P, (S;)y<,< can be written

= (t(S)uee) -

t
S, = 80 + / 7 (5, (Su)uss ) AW,
0 <
where W is a standard Brownian motion and where o is a predictable functional on the Wiener

space valued in the space of d X d matrix.

Definition 8. Let ((NZ, (Ht)0§t<T , Q) be any filtered probability space on which a d-dimensional

standard H—adapted Brownian motion (3;)y<,.p is defined. The stochastic differential equation

t t
(33)  Xi=so+ / (0°0) (5. (e B (5. (e st [ (5., z,)
0 - - 0 -
t < T, is called the conditioned stochastic differential equation (in abbreviate CSDE) associated

with the conditioning (T,Y,v).

Remark 15. DBy construction, the stochastic differential equation (3.3) has always a weak

solution defined on the filtered probability space (Q, F,PV).

Thanks to Yamada-Watanabe’s theorem (see [43] pp. 368), we can now state an important

transfer result:
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Theorem 13. Assume that the stochastic differential equation (3.3) enjoys the pathwise unique-
ness property. Then (3.3) has a unique strong solution (Xt)o<,.7 associated with the initial con-
dition Xo = so and the law of (Xt)g<yor is the same as the law of (St)g<;<7 under the minimal

probability PV associated with the conditioning (Y,v) .

3.1.5. Connection with the Theory of Schridinger processes. Before we turn to examples of con-
ditioning, in this paragraph we show how our results are closely related to some processes studied
in quantum mechanics and called Schrodinger processes (see by e.g. [39]). We shall assume here
that (2, F,P) is the d-dimensional Wiener space of continuous paths, i.e. that Q is the space of
continuous functions [0, 7] — RY that F is the natural filtration of the coordinate process and
that P is the Wiener measure. Hence, for a continuous stochastic process Z (defined on any
suitable probability space), Y (Z) denotes the P-valued random variable w — Y ((Z(w))o<t<T)-

Assume now that we are interested in the following variational problem:

Problem: Let v be a probability on P which is equivalent to Py with a bounded density. On a
general filtered probability space

(Qu (Ht)OStST ) (Wt)ogth ) Q)

on which a standard Brownian motion W is defined, we search an adapted control © minimizing

1 T
A:E@(/ @ids>
2 0

Q(Y (29) € dy) = v (dy),

the action
under the constraints

and
]PZe ~ ]P’
where Pye is the law of

t
ZP:/ Ouds + Wy, t <T.
0

@:5(/(]'Au.dxu>T P

on the Wiener space, the relative entropy of Q with respect to P (assuming that the integral

1 N T
EQ(/ Agdu).
2 0

For a probability

below is convergent) is given by
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Now, since the function x — z In(x) is strictly convex on the open set (0,00), Proposition 3 can

be applied, and we conclude:

Theorem 14. Assume that the relative entropy of v with respect to Py is finite, then the previous
problem admits one and only one solution ©* and the law P o+ of the corresponding process A

satisfies the following absolute continuity relationship
Pyor =£(Y) P

_ dv
where £ = ik
Remark 16. It is known from [22] that since

1 Q r *\2
—E (©;)7ds ) < 40
2 0

the following limit (called Nelson forward derivative) exists in L>

§ Z@* _Z *
D, 79" = hlir(r)1+EQ (”"t | ft> L t<T

and is equal to ©*. This is hence by analogy with classical mechanics that

1 2
L — iE@ ((th@ ) )

T
A—/ L, di
0

In the case where Y = X7, X being the coordinate process, then the previous theorem is well

1s called a Lagrangian and

an action integral.

known: Z©" is Markov and is called a Schrodinger process (for further details on this case, we

refer to Subsection 3.2.2 ).

3.2. Examples of conditioning. We now give some examples of conditioning. These examples

are the same as those studied in Subsection 2.2.

3.2.1. Stochastic analysis. Here again (see Section 2.2.1.), we use stochastic analysis to obtain
explicit computations for the conditioning of a functional of the coordinate process. We assume
that

P =RN

for some integer NV > 1 and that Y belongs to (]]])172)]\7.
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Proposition 4. Assume that & := d?TVy admits a continuously differentiable version with bounded

partial derivatives then, fort <T

Jra i v (dy)
fRd T];{‘JV (dy)

V¢

:Dth(Y)lft):EV((f

) 0D ).
Proof. Under these assumptions, we have
Pr=¢(Y) P
and so for t < T,
Y =E(E(Y) | F) Byp,e

Now from the Clark-Ocone formula (see [12], [37] pp. 183 and [40] Proposition 1.3.5.)

EEY)|F) = 1+ [{EDLY)|F)-dX,
= 1+ [{E((VE(Y))" DY | F)-dX..

Hence,
Jew ainiv(dy) _E((VE(Y))" DY | F)
Jen nfv(dy) E((Y) | F)
and the Bayes formula gives the expected result. O

Remark 17. Under the assumptions of the previous proposition, the formula for the compen-

sator of S under P¥, or the information drift takes hence the following nice form

v (dy)
Dtln/Py(dy)P(Yedy]]:t).

3.2.2. Conditioning of the Terminal Value of a Diffusion. Now, we return (see subsection 2.2.2)

to the case P =R% and Y = St where the dynamics of (St)ogth under P are given by
t

(3.4) S, = so+ / diag (S.) 0 (Su)dBy,  0<t<T
0

where (B;),<,;<p is a d-dimensional standard Brownian motion whose filtration is F, so € (Ri)d
and o a positive definite symmetric bounded C'*° with bounded partial derivatives function such

that
inf |loo™ (z)|| > a> 0.
z€RY

And we consider again the transition function p;, 0 < ¢t < T. In this setting, we easily obtain

by the same way as in Section 2.2.2.
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Theorem 15. (See [8]) Under the probability PV, the process (St)g<;.r admits the following

semimartingale decomposition

v —U Su?
fRd pPTT(S(gJJ) 2y (dy)

—u(Su,
fRd pjz;T(S(o,y)y) v (dy)

(3.5) Sy = s0+ /0 (5%5)(S,) du + /0 & (Sy) dfa

where (6¢)g<i<7 15 a d-dimensional standard Brownian motion under PV and

o(x) = diag (z) o(z).

Remark 18. Let us now consider on a filtered probability space

(Qa (Ht)ogth ) Q)

which satisfies the usual conditions and on which is defined a d-dimensional standard Brownian
motion (Wy)o<i<t, the following stochastic differential equation

Vpr—u(Xu,
oo P i)

—u(Xu,
fRd pq;JT(go,y)y) v (dy)

X, = s+ /Ot(&*@(xu) du + /Ot & (Xy) dW,,.

If this SDE enjoys the pathwise uniqueness property, then thanks to Theorem 13, it admits a
strong solution whose law is the same as the law of S under P¥. That is why we can speak of

minimal model for the price process including the weak information v on the price at the date

T.

More generally, in [8], we have studied the conditioning of the value at time T of any Markov
process. In this case, under the minimal probability measure, the price process is the so called

Doob’s transform of the starting process.

Precisely, here are the results. Let us denote by £ the (extended) generator of S under P. We
assume that the domain D(L£) contains C? functions with compact support and that for such
functions ¢,

1< 9%
B0 L8 =5 3 oo [ (6o ) 6le) —y- Vo) Vo)
where a(z) is a smooth function with values in nonnegative definite symmetric d x d matrices,
and N(z,dy) is the Lévy kernel of S (see [17]).
In this setting, there is a function d such that E[{(S7)|F:] = d(t,S;). Note that we assumed
that & is a.s. bounded and strictly positive, so that d(¢,z) is strictly positive for almost all ¢

and z.
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Theorem 16. (See [8]) PV solves the martingale problem associated to LY and the initial dis-

tribution ds,, where

1

£oo(tw) = g Eed) )

- d(tla x)ia((;if)(t’x) + d(tl,g;)ﬁ(qb(t’ Dd(t,))(x)

for any ¢ such that ¢ € D(L) and ¢d € D(L), where L is the generator of the space-time process
(t,St) which is given by:

o¢
3¢ (b 2) + L(6(t, ) ().

Lo(t,x) =
3.2.3. Conditioning of the Perpetuity. In this paragraph, we return to the case P =R and assume

that the dynamics of S under P is one-dimensional and given by

1
St—exp<Bt—2t>, tZO

where (By)g<;<7 is a one-dimensional standard Brownian motion whose filtration is 7. We have

the following conditioning formula for the functional f oo S2du.

1

Theorem 17. (See [5], [7]) Assume that v admits with respect to the function %1y>0 a C?
density § : Ry — Ry which is almost surely bounded. The decomposition of S under PV is then
given by

t f+°° —u 1/2§<fUS2ds+§—g>du
(3.7) Stzl—l—/Sv 1-2 dv+ 5 ,t>0

0 JoFo emuu/2g (f S2ds + )du

where (0¢),~q s a standard Brownian motion under PV.

3.2.4. Conditioning of Hitting Times. Let (Bt)ogth be a one-dimensional standard Brownian
motion whose filtration is F. In this paragraph, we give the conditioning formula associated
with

T,=inf {t>0,B;=a},a>0.

Here, we assume that v is a Borel measure defined on R* by

(3.9) v (dt) = ( /0 T S (a5) )fy(dt)

with m a probability measure on R such that [; 052 m (d6) < +o0 and

a

273
ee [43] pp. 107).

’%dt, t>0.

v (dt) =

T

We recall that « is the law of T, under P

A
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Remark 19. We take v under the form (3.8) in order to use directly exponential martingales
(see the expression (3.9)). Otherwise, we would have to invert the formula (3.8), which appears

to be rather complicated.
We have then the following conditioning formula.

Theorem 18. (See [5]) Under the probability P¥ defined on Fr, by

400 52
(3.9) Pl — /O T 0 (d5) By

the process (Bt)g<y<r, 18 a semimartingale whose decomposition is given by

(3.10)

t +<><>6 75%+633 ds
Bt:/ J ‘ m( )ds—i—ﬁt, t<T,
0

f0+00 e—s%—l—dXs m (d(;)

where 3 is a standard Brownian motion under P”.

Example 4. Let a > 0. With m = 36, + 26_a, decomposition (3.10) becomes

¢
B; = a/ tanh [aBs] ds + ;.
0

3.3. Pathwise Conditioning. Before we conclude this section with some general comments
on the conditioning, we would like to present briefly another kind of conditioning. Precisely, let

us assume that an insider is in the following position: He knows that with probability one
Vi >0, S;e0

where O C R? is a non-empty, open, simply connected, and relatively compact set (the boundary
of O shall be denoted by 00).

Our question is now: Can we give to this insider a minimal model which takes into account this
information 7

We shall answer this question in the case where, under the martingale measure P, S is an homo-
geneous diffusion with elliptic generator £ (the general case where S is only a local martingale
seems to need more works).

For this, we proceed in two steps:

(1) First, we give a sense to the following probability measure
P*=P(- |Vt > 0,5 € O)

(2) Secondly, we compute the semimartingale decomposition of S under P*.
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To fulfill this program, we first define P*, as being the weak limit when ¢ — 400 (it is shown

just below that it exists under suitable assumptions) of the following sequence of probabilities
P! =P(- |Too =t), t>0

where
Tso = inf{t <0, S; ¢ O}.

It is easily seen, by the strong Markov property of S under P that we have:

t g(Suut_u)

P = P , u<The
IF g(so,t) /7

where g is defined by
P(Tpo € dt | So = x) = g(z,t)dt, (x,t) € O x RT.

Of course, implicitly, we assume that g such characterized is well defined and positive. Moreover,

we shall assume that it is smooth.

Proposition 5. We have, for all bounded and Fo-measurable random variable F,

lim E <9(S“’t_“) F) —E (ehwl(su) F)

t—+00 9(so, 1)
where A1 is the smallest (positive) eigenvalue and 1 the corresponding eigenfunction of the
Dirichlet problem:
%/Lw+)\w:0 on O,
and

VY90 =0, 1(so) = 1.

Proof. In fact, this is a direct consequence of the theory of Dirichlet problems for elliptic op-
erators on relatively compact open sets (these problems are widely discussed in [42] ). Indeed,

from this theory, g which solves the following problem:

?9? - %ﬁg on O x RT and g(z,t) = 6y on dO x R¥,

can be expanded on O x R*:
00 ~
glz,t) = e Mhpi(x)
i=1
where 0 < A; < ... < Ay < ... are the eigenvalues and 1, ..., ¢n, ... corresponding eigenfunctions

of the Dirichlet problem
1
iﬁw + A =0o0n O, and ¢¥/90 = 0.
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The proof follows then almost immediately after straightforward considerations. O

From this, we deduce first that the following absolute continuity relationship holds:

7-7:u = eAlul/Jl(Su) ]P)/]:u, u < Tho

and secondly from Girsanov’s theorem the semimartingale decomposition of S under P* (up to

T, but notice that actually Tyo = +oo, P* a.s.).

Example 5. As a consequence of this, we can deduce for instance that a one-dimensional

standard Brownian motion B conditioned by the event {¥t > 0, B; € [a,b]} witha <0< b is a
Jacobi diffusion.

Example 6. A one-dimensional Brownian motion started from a > 0 and conditioned by the

event {Vt > 0,B; > 0} is a 3-dimensional Bessel process (which is clearly related to Pitman’s

theorem,).

3.4. Comments.

(1)

(3.11)

In this section, we did not try to perform the most general setting in which our condi-
tioning technique works. We preferred focussing on the ideas of the construction of P¥.
In fact Assumption 1 is even not necessary. Indeed, our conditioning technique stems
of the semimartingale decomposition of the price process under the minimal probability
PY. Now, since

dv
PV = —
dPy

from Girsanov’s theorem it is clear that the price process remains a semimartingale

(Y) P,

under P even if Assumption 1 is not satisfied. But this decomposition is not as explicit
as the decomposition (3.1). We have worked in this section under this assumption in
order to provide closed formulas and in order to show the link with the theory of initial
enlargement of filtration.

We can extend our work to the case where the measure v is singular with respect to Py.
But for this, we need further assumptions. Indeed, the family of conditional probabilities

P(- | Y = y) is only defined Py-a.s., so that the formula

P”=/7)P(~!Y=y)1/(dy)
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does not make sense when v is singular with respect to Py. Nevertheless, for instance, let
us assume that we can choose a canonical version of the regular conditional distributions
given Y such that the map y — P(- | Y = y) is continuous in the weak topology on
probability measures. In this case, we can still define P” by the formula 3.11, and it is

not difficult to see that the law of Y under P” is given by v.

4. UTILITY MAXIMIZATION WITH WEAK INFORMATION

We now turn to financial applications of the conditioning. Precisely, we try to give a quantitative
financial value to the weak information (Y, v). This value should satisfy the following rule: Less
the information is precise, less this value is. For instance the minimal information is v = Py
because under P the price process (St)g<;~7 is a local martingale and the mazimal information is
obtained at the limit with v = ¢, for y € P. Since the probability v is assumed to be equivalent
to Py, we shall see that it implies that there is no arbitrage (in the sense defined Section 1); this
is one of the main difference with the strong information setting. Throughout this section we
shall denote by & a version of the density of v with respect to Py. Furthermore, we shall again

assume here that £ can be chosen bounded.

4.1. Portfolio Optimization Problem. We first introduce the set of insiders which are weakly
informed on the functional Y and define what will be called the financial value of the weak
information (Y, v). Precisely, let £ be the set of probability measures Q on (€2, Fr) such that:
(1) Q is equivalent to P
(2) QY e dy) =v(dy).

The financial market model associated with an element Q of £ is

(4.1) (2 (Focrer - Q (Sthosizr)

It is then clear that there is no arbitrage on this market because Q ~ P and S is a local martingale

under P. Now, the portfolio optimization problem associated with (4.1) is the following:

Portfolio optimization problem: The insider’s portfolio optimization problem is to find

t
sup EQ <U <m+/ @ud5u>>
0cAx(S) 0

x > 0 being the initial endowment of the insider.
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We recall here that U is a utility function and that Az (S) is the set of adapted admissible

strategies (see Section 1).

Definition 9. We define the financial value of the weak information (Y,v) as being

T
u(z,v):= inf sup EQ (U x+/ O.dS. | | .
QeE” oecA(s) 0

In other terms, we define the financial value of the weak in formation as being the lowest increase

in utility that can be gained by the insider from this extra knowledge .

4.1.1. Value of the Weak Information in a Complete Market. We assume in this subsection
that the market is complete. The following proposition, which is just, by convex duality, a
consequence of proposition 3 shows the universal property of PV (P¥ does not depend on the
utility function used by the insider) among the other elements of £¥. It also gives the exact
value of the weak information. We use here classical results on martingale dual approach in a

complete market (see [31] and [32]).

Theorem 19. Assume that integrals below are convergent. Then for each initial investment

x>0,
u(x,v) = Supee.a(s) E” (U (‘T + fOT @“dsu)>
= wen(3) v

() =

Moreover, under P¥ the optimal wealth process is given by

V, = /PI <2((;))> n{ Py (dy),

and the corresponding number of parts invested in the risky asset S by

O; = /PI (28;) 1 o Py (dy).

Proof. We will use a duality argument, as is now classical in this type of problem. Let Q =

where A (z) is defined by

DP € &Y. We first proceed to rewrite

T
sup E© <U <a: +/ Oy - dSu))
OcA(S) 0

differently. In fact, from classical results on complete markets, the Lagrangian associated with

the optimization problem above is known to be given by

L(y) = zy + EF (DU (%)) (y >0)
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where we recall that U is the convex conjuguate of U.
T
sup EY <U (x —|—/ Oy dSu>) = inf L(y).
OcA(S) 0 y>0

u(z,v) = ;I;% {:cy + i%fEP (DU (%))}

where D runs through the densities dQ/dP, Q € £Y. Now the function z +— 2U (g) is convex

Moreover

Hence we have

for fixed y, and by proposition 3, we obtain

u(r,v) = inf {my +EP <§(Y)U <§(yy)>> } :

The function y — zy +EF (5 (YU (%)) inherits from U the properties to be strictly convex,

continuously differentiable and to tend to +00 as y — +00; hence there exists A(x) that realizes

x —EF <§(Y)I <?((;j;>> =0.

From this proof, it also follows immediately that if we denote by V the optimal wealth process

the inf, and A(x) is given by

under P¥ then we have:

V=1 <A () ‘%’ (Y)>

which implies the second part of the theorem. O

As in the case of a strong information on Y, we give explicitly the formulas for the most commonly

used utility functions.

Example 7. (See [5], [8]).

(1) Let « € (0,1) and U (z) = % then

u(x,m:f[/P (d‘;@y))ll“wedm]

(2) Let U (z) = Inx then

l—«

dv dv
=1 — (Y In—(y) P(Y e dy).
wew)=tna+ [ @ g @)Y ey

Remark 20. u (z,v) represents the minimal value of the terminal utility for an insider which

1s weakly informed on the functional Y. It will be shown later that we always have

u(z,v) > U (z)
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and that the equality takes place for v = Py. Hence, it is perhaps more natural (but of course

equivalent) to define the value of the additional information as being
v(z,v):=u(z,v)—U(x).

From an intuitive point of view, the more the anticipation is precise, the greater v (z,v) will be.
For instance, in the case of a logarithmic utility, v (z,v) is the relative entropy of v with respect

to Py.

Remark 21. We have the following interesting additivity property: If an insider is weakly

informed on two variables Y1 and Yo which are independent under P then
gvi®r2 _ g1 ev2
and, again in the case of a logarithmic function

vz, ®@vy) =v(z, 1) +v(z, ).

4.1.2. Value of the Weak Information in an Incomplete Market. We now turn to the case where
the market is incomplete, i.e. we assume that S does not enjoy the PRP. Moreover, we make the

following additional assumption on the asymptotic elasticity of our utility function (see [34]):

/
lim sup g(g)

This last assumption allows to use the classical duality methods (see [32] and [34]).

<1

Theorem 20. (See [8]) For each initial investment x > 0,
u(z,v) = ;r;% <<;r€11f)/7> U (ym (u)) v (du)> + :Ey)

dPy
dv '’

where

D={ Pe M(S)}.

Proof. First fix Q € £¥, and let

ug(z,v) = sup EC [U (x+/0T®u-dSu>]

Qe A(S)
[ dP
7 (o))}

According to Theorem 2.2 in [34], we have

ug(z,v) = inf { 2y + inf EC
y>0 PeM(S)
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o))}

Now, the optimal Q associated with a fixed P is given by £ (Y)P, where £ = -2 Hence,

We deduce that our function u is given by

w(z,v) = inf inf{ 2y + inf EC
PeMm(s) ¥>0 Qegv

dPy
e ~lznm [ Y
u(z,v) = inf inf <Szy+E [{Y)U | =
v>0FeMm(S) { £(Y)
~ 1 -
= inf inf E|—— Y
i Lo+ B | 0000
and we conclude with straightforwards computations. O

Remark 22. We always have
u(z,v) >U(x).

Indeed, since U is a conver function, for € € D and y > 0,

0wt ) v (@) > T w)
and hence,

u(z,v) > ;I;% <ﬁ(y) +acy) =U (x).

Moreover, if 1 € D, i.e. there exists P € M (S) such that
P(Y € dy) = v (dy)

then

u(z,v)=U(x).

It would be really interesting to know more about the quantity

inf /PU(yW (w)) v (du)

weD
which seems to be hard to evaluate, even in the simplest examples of incomplete markets (Sto-
chastic volatility models). Nevertheless, in the case Y = Sy, we can deduce from the previous

proposition the following inequality.

Proposition 6. Assume that P =R? and Y = Sy. Then we have for x > 0

u(a:,V)Z/( LU+ B-u)v(du)

1)
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where « € Ry and B € Ri are defined by
xf(Ri)d U'(a+ - u)v(du)

Tyt e+ B0 U ot ) ()

l’f(Ri)du U'(a+ - u)v(du)

[VICE B L CE B P e R

Proof. Let y > 0. Let us consider the convex functional
L:'V — RyU ~{+oo}
§ — ijrd U (yg (u)) v (du)

defined on the convex set

v={e20. [ cpln=1 [ utydn)= s

* d
4

Since D C V, we have

. = > . i
inf f T We @) = ok | 0wt ) ().
Now, because L is convex, in order to find the minimum of L on V, it suffices to find a critical

point. An easy computation shows that such a critical point E must satisfy
[0 (s @) nwvidw =0
R 4
for all n such that

/ n(u)v (du) =0, / un (u) v (du) = 0.
Rid Rid
This implies

€)= U (@) +A ) v
where a (y) € Ry and 3 (y) € R% are defined by

U @)+ 5) w)y(du) =y

/RuU’<a<y>+ﬁ<y>-u>u<du>—yso

*d
+
(see Remark 23 below). Hence

u(z,v) > inf (/
y>0 R

U (U (2)) =U (2) — 2U" (2),

U (U (a(y) +B(y) ) v (du) +xy) :
but for all z > 0
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hence

u(z,v) > inf </Rd U(a(y)+ﬁ(y)'U)V(dU)—(a(y)+ﬁ(y)'U)y+:vy>-

y>0

The previous infimum is clearly attained for y > 0 such that

ay)+6y) - So==z

which gives the expected result. O

Remark 23. a(y) and [(y) are well defined by the formulas above. Indeed, according to a

classical theorem of Hadamard, the application

(@, 8) 1 </(R*+)d U (a—l—ﬁ-u)u(du),/( R u(du)>

induces a diffeomorphism from (R x (R%.)?)\(0,0) onto itself because it is proper with an every-
where non-singular differential. Moreover, since the function y — a(y)+ B(y)-So maps intervals

into intervals, there exists y such that (y) + B (y) - So = .

4.2. Study of a Minimal Markov Market. In this section, we make a complete study of the

market

<Q> (Ft)th ) (St)th 7PV>

in a Markov setting. Precisely, we consider the case where S is one-dimensional and ¥ = Sp
and we assume furthermore that there exist a bounded C**° function with bounded derivatives
o: Ry — [a,+00[ (@ > 0) and a P-standard Brownian motion (B;)y-,«; whose filtration is F

such that
(42) dSt = StO' (St) dBt y 0 S t S T.

From Theorem 15, we get:

Proposition 7. Under the minimal probability P,

(4.3) St_so+/S2 —lngp(uS du—|—/5’0 WdB, ,0<t<T
where (3 is a (F,P") standard Brownian motion and ¢ the solution of the partial differential
equation
dp 1 2202 e
4.4 T4z gy _
(4.4) 5 T30 (@) 55 =0

associated with the limit condition
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After the study of the dynamics of the price process under P, we now turn to optimal strategies.
As it is shown in the next proposition, the optimal wealth process and the corresponding strategy
associated with the model (4.3) are Markovian. We stress the fact that this is not the case in
all generality, and that this property is once again characteristic of the minimal probability P”.

In fact, the following proposition is a direct consequence of Theorem 19.

Proposition 8. In the market

(Q, (F)e<r » (Sthi<r ’Py>

the optimal wealth process (Vt)ogth 1s Markovian and can be written

‘/t - h(t7 St)

o= (1) 15-3)

Remark 24. It is interesting to note that we can deduce from this that the optimal proportion

where

process is given by
Ht (x) = St s (t, St)
where m solves the partial differential equation
— + = — - =0.
ot " 202 <x o (@) 8:1:) topp o))
This equation, called the Burgers equation is well-known in fluid mechanics and particulary in

aerodynamics (see [13]).

Let us now assume moreover that the volatility o is a strictly positive constant.
Hence
dS; = 0SydBy
which implies
S, = S BTt
hence, by a change of variable, a weak information on St is equivalent to a weak information

on the functional Brp, precisely

Proposition 9. Under the minimal probability P,

(45) dSt = O'StdBt ,t < T



MODELLING ANTICIPATIONS 41

where B satisfies
2 2
+oo _B Lf(y*Bj)
fioo (yT—tt> e2T  2(T-t) I/(dy)
= . e
+o0 ¥y _ b1
f_oo 2T~ 2(T—t) I/(dy)

(4.6) dB, dt+dB, t<T

B being a (F,P") standard Brownian motion.

For a complete study of the stochastic differential equation (4.6) (which enjoys the pathwise

uniqueness property), we refer to [5]. An immediate corollary of Proposition 8 is:

Proposition 10. In the market

(Q, (F)e<r » (Sthi<r ’Py>

the optimal wealth process is given by
Vi =h(t,B)

where B is defined by (4.6) and h given by

)2
A x)> 6_% dz.

1 oo A
My = D /_w ! (s<z>

We conclude this section with a particular case of the above market, precisely we study the case

where v is a Gaussian:
_ (z—m)2
(&} 252

v(de) = de

with m € R and s? < T. In this case, B is a Gaussian process and then S a log-normal process.

Precisely, straightforwards computations lead to
dSt = UStdBt

where B satisfies
(s> =T) By +mT

dB;, =
FT 2Tt + T2

dt + dB.

Remark 25. For s> =T, we recover the Black and Scholes model

d
a5 = pdt + odp;
St
with
L
p=07.

In this special and interesting case, all the computations can be made explicitely.
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Proposition 11. Let

the relative variance (6 = 0 corresponds to the Black and Scholes model). The optimal proportion
processes I1; and the optimal expected utilities u (x,v) for the utility functions U below are given

as follows:
(1) Logarithmic utility U : ]0,4o00[— R , z — Inzx.

B l(th—i-m

I, = <t<T,

o t+T

2
u(x,y)zlnwé<5—1n(1+5)+"}>.

(2) Power utility U : ]0,+o0[— R , z — Z- o €]0, 1.

1 5Bt+m <t<T

m, = - 0
T odt+T(1—a)—adT T T

11—«

% 1 1—«o oz am2
vEB =3 s (1-1H5—a> eXp<2<T<1—a>—a6T>>'

5. MODELLING OF A WEAK INFORMATION FLOW

In this last section, we give a framework to model a weak information flow. Precisely, we study

three cases:

(1) The insider has a knowledge of all the conditional laws P (Y e dy | F;), 0 <t < T.

(2) The insider is allowed to update his weak information according to the information he
receives.

(3) The insider is in the following position: At time ¢, he receives a weak information about
the price Siyq, this anticipation being only valid for the infinitesimal time dt and at
t + dt the investor receives some new information and makes a new anticipation, and so

on....

5.1. Dynamic Conditioning. In this section, we consider an insider who knows all the con-
ditional laws of Y. Precisely, with Y we associate a continuous F-adapted process (v4)p<i<r
of probability measures on P (assumed to be the conditional laws of Y under the effective

probability of the market) such that vy = dy.
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We will assume that for 0 < t < T, 14 admits an almost surely strictly positive bounded density
& with respect to P(Y € dy | Ft), i.e.
v (dy) =& ()P (Y edy| Fr).

Remark 26. The terminal condition vp = dy is equivalent to & = 1.

Let £ be the set of probability measures Q on €2 such that:
(1) Q is equivalent to P
(2) QY edy | Ft) =wv(dy), t <T.
In order to ensure that £¥ is non empty we have to make the following additional assumption

on .

Assumption 3. There exists a P(F) ® B(P) measurable process (\/)o<,cp and an adapted

d-dimensional semimartingale (At)y<, . such that:
(1) ForPy —a.e.y € P and for0 <t <T,1<i,j<d
E </Ot (Aw)? d(Ai,Aj>u> < 400
) t
v (dy) = v (dy) —l—/o (ANPy (dy))dAs, t < T
(3)

weakly
Ut = 5y.

In order to understand this, let us give a simple example of a sequence (14)p<t<7 which satisfies
this assumption. Assume that (S¢)o<t<7 is a d-dimensional standard Brownian motion and that
vi(dy) = qr—¢(St, y)dy

where (g¢)o<t<7 is the transition function of the diffusion with generator
L=0b(z)V+ %A
where b is a bounded smooth function whose all partial derivatives are also bounded.

In this case, it easily seen (by Itd’s formula) that our assumption holds with

2
N = VorT efr 8"g“wu,y)
X

and

t
At = St — / b(Su)d’U,
0
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Notice that in this case
& ={Q}

where Q is the probability equivalent to P such that

t
S — / b(Su)du
0

is a martingale under Q.
The following proposition characterizes the set £”. Before we state it, recall that a probability
measure valued process (v¢)o<t<r is called a martingale, if for any bounded and measurable

function f, the process fp f(y)ve(dy) is a martingale.

Proposition 12. Let Q =D P a probability measure on ) equivalent to P, then the following
assertions are equivalent:

i) Q e&”

ii) The probability measure valued process (Vt)ogth is a F martingale under Q

iii) The process (Di&t (Y))g<i<r i a G martingale under P, where Dy = E(D | F) and where G
is the initial enlargement of F by Y

w) The process (At)o<yor s a F martingale under Q.

Proof. 1) = ii)
Let us consider Q €£¥.
Then for all bounded and measurable function f

B () 1) = [ f@mtd). 1<,
which implies immediately ii).
i) = iii)
If (11)g<i<r is @ F—martingale under Q then
ED|G)=&Y)ED|F), t<T.

Indeed, for all bounded and measurable function f,

E@<f<Y>rft>=/Pf<y>ut<dy>, L<T
thus,

E(g f(Y)\ft> ~ [1waw P eay| ), 1<T
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and so,
B( 5 S 001 7) =EGIGE) |5, t<T.

This means that for all bounded and F;— measurable functional F

B(p S0 F) =E¢0&M)F), e<T
which provides
E(D[G)=&Y)Dy, t<T,
so that the process (Di&; (Y))o<;<r is @ G martingale under P
iil) = 1)
In this case, we have
E(D|G)=&(Y)E(D|F), t<T
which implies that for all bounded and measurable function f,
ES(f (V)| F) = E(f() 558 | 7)

= E(f(Y)é& ( ) | )
= [pfW&WP Y edy|F)
= fp (y) v dy)

iv)<ii)
Immediate. O
The set £ is hence the set of martingale measures for A.

5.2. Dynamic Correction of a Weak Information.

5.2.1. A Useful Convergence Lemma for SDE’s. Before, we define our framework for a dynamic
correction of the weak information, we state a lemma about the continuity (with respect to a
suitable norm) of solutions of stochastic differential equations with respect to the drift. This
lemma will be used in the following.

Let us consider a sequence of Borel functions

an : [0,7] x RY = RY neN
and let us also consider a Borel function o : [0,7] x R? — My (R), where My (R) is the space
of d x d matrix.

We make the following assumptions. There exist non negative constants K; and K such that

for (t,z,y) € [0,T] x R? x R? and n € N

lan (t,2) — an (8 9)[| + o (t,2) — o (ty)|| < Ky llz -yl
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and
lan (&) + llo (8 @) < Ko (14 J2l)) -

Furthermore, we assume that the following pointwise convergence holds
an —n—+oo0

where a : [0,T] x RY — R? is a Borel function. Notice that we do not assume the continuity
with respect to t of the functions a,,.

Now we consider on a filtered probability space

<Q7 (Ft)o<t<r » P)

which satisfies the usual conditions and on which a standard d-dimensional Brownian motion is

defined, the sequence X", where (X}"),,< is the solution of the stochastic differential equation

t t
X{' =z + / an (s, X)ds + / o (s, X7)dWs.
0 0

We can note that the assumptions made on a, and o ensure the existence and the uniqueness

of such a solution. We have the following theorem.

Theorem 21. Under the above conditions, we have

lim E| sup | X — X > | =0
n—+o0 0<t<T

where (Xt)ogth is the solution of the stochastic differential equation
t t

X, =x9 +/ a(s,Xs)ds +/ o (s, Xs) dWs.
0 0

Proof. For notational convenience, we make the proof in dimension d = 1 but it immediately
extends to the d dimensional case.

Since for z,y € R?
(5.1) (z+y)* <2(a®+97)
we have for t € [0,7] and n € N
(Xp = X7 < 2| (an (0 XD) — 0 (X)) ]
2 [fi (0 (w, X[) = 0 (w, X)) AWV, g
Now, from Cauchy-Schwarz inequality and (5.1)

[ (an (0, X2) — a0, X)) ] < 2T 1 (an (0, X2) — g (1, X))
+2T fg (an (u, Xy) — a (u, X,))* du.
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Thus,
2
[fg (an (1, X?) — a (1, X)) du} < 2TK? [L(X7 — X,)? du
127 [ (an (u, Xu) — a (u, Xy))? du.
On the other hand, from Burkholder-Davis-Gundy inequality, for 0 <t <7
¢ 2 -
E ( sup [/ (o (u, X)) — o (u, Xu))qu] ) < 4K?E (/ (XD — X,)? du> .
o<t<r LJo 0
Putting things together, we deduce the following estimation
E (supocrer (X7 = X)) < (2T +8) K3E ([ (X7 — X,)” du)

5.2
(5.2) +2TE (f(f (an (v, Xu) — a (u, Xu))? d“) '

We apply now Gronwall’s lemma to obtain
E ((Xf - XT)2> < 2T (2T + 8) K2eRT+8)KEr [T o~CT+8)KTu@, (1) du
+2TGy, (1)

where
Gn(1):=E (/OT (an (u, Xy) — a (u, X,,))? du> .

The uniform linear growth assumption on a,, allows to use the dominated convergence theorem

which ensures first the following pointwise convergence
Gn —n—too 0

A new use of the dominated convergence theorem in (5.2) gives the expected result, i.e. for

0 r<T

E ( sup (X[ — Xt)2> oo 0

0<t<r

This complete the proof. O

5.2.2. Dynamic Correction of the Weak Information Flow. In this section, we define a framework
for a dynamic correction of the weak information at each time t. The insider is allowed to
update his weak information according to the information he receives. The reasoning here is
more pathwise oriented in the spirit of the notion of minimal model (see subsection 3.1.4).
Here we shall assume that the dynamics of (St)g<;<7 under the martingale measure P are given
by

t
5 = 30+/ diag (S.) 0 (Su) AWy,  0<t<T
0
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. . . . . d s
where (Wi)o<,;<p is a d-dimensional standard Brownian motion, sy € (R*Jr) and o a positive

definite symmetric bounded C'*° function with bounded partial derivatives function satisfying
inf |oo™ (z)|| > a> 0.
z€R4
Let us consider a sequence of subdivisions
Sp={0<ty<..<t;<..<tp,=T}, neN

of the time interval [0, 7], whose mesh tends to 0 when n — +o0.

The idea now is to associate with S an o(S;,)-adapted random sequence (vy,);,_o , 1 of
probability measures on P corresponding to an updating of the weak information on St at time
t;. This updating can come from the observation of the prices in the time interval [0,¢;] as well
as the learning of a new information on Sp. Let us now try to construct a model for the price
process which takes into account these updatings. We shall furthermore assume that the insider
has no other informations on the price process.

At time t; the insider ”learns” 14, (which erases completely 14, ) and constructs a probabilistic
bridge in the time interval [¢;, 7] which condition St to follow conditionally to the past filtration
Fi, the law 1y,. Since this anticipation is only valid in the time interval [t;,¢;11), according to
Theorem 15 and Remark 18, the model is given by

I Vor—y(Svv)y, ()

¢ proy, (St;v)

PT—v(SvsY)
Jre pr—i, (St;) vi; (dy)

Su— S —/ (5°5) (S) dv+/ 5 (S) AW ti < u < tin
t; t;

where (W)g<4<7 is a d-dimensional standard Brownian motion and 7(z) = diag (z) o(z).
Putting things together, we obtain the following dynamics

t t
Sy = sp —I-/ (6%6) (Sy) an (v,S,) dv —|—/ G (Sy)dW,,0<t<T
0 0

where

Notice now that the following pointwise convergence holds
Gp —n—4oco @

where

Vor—i (St,y)

n ta =
an (t,) re PT—t (St,y)

v (dy) .
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Hence, if we are under the assumptions of Theorem 21, then

t t
(5.3)  Si—so+ / °5) (Su) | YPT= (80 1) v (dy) du + / 5 (S0) W0 <1 <T
0 Rd PT—u 0

is a model for the price process which takes into account the dynamic correction of the weak

information flow.

5.2.3. An example of dynamic correction. Let us now assume that the dynamics of (S¢)j<;<r

under PP is given by
dSt = O'StdBt,O S t S T

where (Bt)y<,<p is a standard Brownian motion whose filtration is F and o a strictly positive
constant. With this model, we associated the two parameter Gaussian diffusion

(s> =T) B;+mT
(s2-T)t+ 17

(5.4) dB, = dt + df;

m being a mean parameter and s a variance parameter (we recall that By ~ N (m, 52)). This
model is the model which has been introduced at the end of section 4.2.

With this two parameters model, it is natural to make the maximum likelihood method on the
time interval [0,¢] , ¢ > 0, in order to check our anticipation. This gives after some straightfor-

ward computations the following estimators

and

Hence, we apply formally the dynamic correction procedure, we obtain thanks to (5.3)
B
dB, = Ttdt + dW,

which is a singular equation (Precisely, if B is a standard Brownian motion then the natural

t Bs
<Bt — / d8>
o S t<T

completed by o (Br) is the natural filtration of (By)g<i<p, see [38] for further details). This

filtration of

helps understand, that without any exogeneous information on By (in this case v is constructed

only by observing the past of a Brownian motion), the dynamic correction leads to a singularity.



50 FABRICE BAUDOIN

Nevertheless, for a general process (Vt)OSt <7 > the dynamic correction procedure applied to the

model (5.4), gives according to 5.3

Jry vi(dy) — B

t ~
dt + dW,.
Tt +aW

dB; =

This equation implies something interesting, indeed it implies

E(Bt):(T—t)/O (Iﬁ(_”z))st, t<T

with p; = fRy vt (dy) . This corresponds to the natural intuition that at each time ¢ < T, the
tangent to the curve s — [ (Bs) hits the line s = T' at the point (7, E* (u¢)), a well-known

phenomenon in physics which is related to the notion of caustic.

5.3. Dynamic Information Arrival. Now, we would like to present in this short section a
nice construction. We will not be rigorous in order to make understand the main intuitions.

Here again, we consider the case where S is one-dimensional and assume furthermore that there
exist a bounded C* function o : Ry — [a,+00[ (a > 0) and a P-standard Brownian motion

(Bt)o<i<r Whose filtration is F such that
dSt = StO' (St) dBt, 0 S t S T.

Let us consider an insider who is in the following position: At time ¢, he receives a weak
information about the price S;i4, this anticipation being only valid for the infinitesimal time
dt and at t + dt the investor receives some new information and makes a new anticipation, and
SO On....

Such an insider tries hence to construct a probability measure P* on €2 such that

P* (St+dt € dy ’ ft) =& (y)P(Stert €dy ’ ft)

y — & (y) being the F;—measurable function, corresponding to the weak information that the
investor receives at time t.

A canonical way to construct P* is the following : At time ¢, he learns the weak information
(Strat, &) and constructs in the sense of Section 2 a probabilistic bridge in the time interval
[t,t + dt) which forces Siiq4; to follow conditionally to the past filtration F; (which is not trivial
contrary to the static case) the law vy (dy) = & (y) P (Sprar € dy | Ft) . Let us see what it implies

on P*.
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Let us denote by ¢ the function x — zo (z). It is easily seen, from a representation theorem,

that we have
& (Siqar) = 14 & (Sy) 7 (St) dBy

(assumed that & is differentiable) because of the normalization

E (& (St+dt) ’ ft) =1

Hence, for all test function f, we must have thanks to It6’s formula (notice that & (S;) = 1)

E*(f (St4at) | Ft) = E (& (Stvar) f (Sevar) | Ft)
= F(S0)+ ' (S0) & (ST (Se)* dt+ 3£ (S) 52 (Sy) dt

which implies that the semimartingale decomposition of S under P* is
dS; = & (Sy) & (Sy)* dt + 7 (Sy) dy

where [ is a standard Brownian motion under P*.

6. COMMENTS

It seems that there are many advantages to the use of the weak approach instead of the strong
one in the modelling of informations on financial markets. The first reason is the robustness of
this kind of modelling. Mathematically, it means that the map v — P¥ is continuous in the weak
topology (as soon as we have a continuous version for the maps y — P (A | Y = y)). In practice,
it means that a little modification on the parameters of the model does not change completely
the model. Of course this robustness does not hold for initial enlargement of filtration. The
second reason is practical. Indeed, the weak approach generates simple models which are easy
to calibrate and to implement numerically. And finally, last but not least, the third reason is
theoretical. Indeed, it has been seen that the theory of initial enlargement of filtration can be
deduced from the weak approach by taking formally for v some anticipative measures (precisely
v = Oy gives the enlargement F V o (Y)).

To conclude, it is important to stress the fact that more works need to be done.

(1) On one hand, it would be very interesting to study more thoroughly some examples of
incomplete markets, such as stochastic volatility models.

(2) On the other hand, it would also be interesting to apply the present approach to equi-
librium price models in the spirit of [4] and [35]; for instance, given two agents acting in

the same market S with different weak anticipations, what is the equilibrium price of S?
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