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REGULARITY OF MINIMIZERS OF THE CALCULUS
OF VARIATIONS IN CARNOT GROUPS VIA
HYPOELLIPTICITY OF SYSTEMS OF HORMANDER TYPE

LucA CAPOGNA AND NICcOLA GAROFALO

We prove the hypoellipticity for systems of Hormander type with constant coefficients in
Carnot groups of step 2. This result is used to implement blow-up methods and prove
partial regularity for local minimizers of non-convex functionals, and for solutions of non-
linear systems which appear in the study of non-isotropic metric structures with scalings.
We also establish estimates of the Hausdorff dimension of the singular set.

1. Introduction.

The present paper constitutes the first part of a project aimed at developing the
regularity theory for local minimizers of non-convex variational functionals and for weak
solutions of quasi-linear systems in a class of non-isotropic spaces known as Carnot
groups. Here, we focus on the non-evolutive case and on the model situation of groups
of step 2. In a series of forthcoming articles we will study the technically more involved
case of Carnot groups of arbitrary step, and we will also prove partial regularity results
for quasi-linear parabolic systems which arise in the study of the harmonic maps flow.
We will also consider the regularity theory for variational functionals and systems with
special structure.

A Carnot group of step 7 > 1 is a simply connected Lie group G whose Lie algebra
admits a vector space decomposition in 7 layers g = V! @ ... ® V" having the two
properties: (i) g is stratified, i.e., [V1,VJ] = VI+l j =1 .. r—1; (ii) g is r-nilpotent,
that is, [VZ,V"] = {0}, 5 = 1,...,7. We note that the exponential map exp : g — G
defines a global diffeomorphism. Such a group is equipped with a natural family of non-
isotropic dilations. One starts with defining dilations Ay on the Lie algebra as follows.
FX=X1+..+X,€g withX; €VJ, j=1,.,r then Ay(X)=AX1 + ... + \"X,.
The group dilations ) : G— G are then introduced by lifting A, via the exponential
map exp : g — G, i.e., 6x(z) = expoAy o exp }(z). We denote by dz the bi-invariant
Haar measure on G obtained by pushing forward the standard Lebesgue measure on g
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via the exponential map. When we say that a set has measure zero in G we mean this
with respect to dz. One easily recognizes that (d o §y)z = A?dz, where the number

Q =) jdim(V7)
j=1

is the so-called homogeneous dimension of G. Such number is larger than the topological
dimension 22:1 dim(V7) of the group.

The homogeneous structure of G generated by the group dilations {dx}r>0 plays
an important role in the analysis developed in this paper. Another aspect which will
be equally important is the pseudo-metric structure which one associates to the strat-
ification of g in the following natural way. We assume that g is equipped with an
inner product < -,- > with respect to which the V7’s are mutually orthogonal, and let
|| =(<-->)Y2 For X = X; + ... + X, € g one defines

r 27!
Xl = (zwwl) |

=1

and
lelle = IXllg i =exp X,

Henceforth, we will ordinarily omit the subscripts and simply write ||z|| and || X]|.
The homogeneous pseudo-norm on G induces the following pseudo-distance d(z,y) =
||z=1y||- One has for every z,y,z € G and for any A > 0

d(zz,zy) = d(z,y), d(6x(x),0x(v)) = Ad(z,y).

Using these properties it is easy to recognize that the Haar measure of B(z, R) =
{y € G | d(z,y) < R} is given by |B(z, R)| = wgR®?, where wg = |B(e,1)| and e is
the group identity. This growth of the pseudo-balls accounts for the role of a critical
dimension played by the number () in Theorems 1.1 and 1.2.

Carnot groups indirectly owe their name to the foundational paper of Carathéodory
[Ca] on Carnot thermodynamics. Such Lie groups are similar to Euclidean spaces (which
are themselves abelian Carnot groups with trivial step 1) in that they possess transla-
tions and dilations, and come with a measure which is invariant with respect to these
operations. They also have a pseudo-metric structure, but when the step > 1, then the
non-abelian group law produces a strong distortion of the underlying geometry. As a
consequence, the basic properties of the latter are extremely different, and much harder
to grasp, then those of Euclidean spaces. There exists a very wide variety of situations
in which Carnot groups appear as the natural setting, and it is impossible to attempt
here even a brief description. Besides Carathéodory’s cited paper, we mention the fa-
mous accessibility paper of Chow [Cho], which in many respects paved the way to the
modern developments. In connection with optimal control theory and sub-Riemannian
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geometry one should also see the articles [Br] and [Su], and the recent book [BR]. In
partial differential equations Carnot groups first implicitly appeared in Kolmogorov’s
short note [Ko|. Thirty years later Hormander [H] proved his fundamental theorem
stating that, given a system X,, X, ..., X, of smooth vector fields in R", the condi-
tion rank Lie{X,, X1,..., Xm} = n is sufficient for the hypoellipticity of the partial
differential operator L = Z;"Zl X7 4 X,. These operators include trivially all elliptic
and parabolic operators (with smooth coefficients), but in the important case when
m < n—1, they define a class which fails to be either elliptic or parabolic. For instance,
Kolmogorov’s equation for the probability density of a system with 2n degrees of free-
dom is precisely of this type. Here is the basic model in R3: X?u + X,u = 0, where
X1 =0/0x and X, = —x0/0y — 0/0t, and one has [X;, X,| = —9/0y. Another oper-
ator, which is of paramount importance, is the real part of the Kohn sub-Laplacian on
the Heisenberg group H". In the three-dimensional model H! such operator is given by
L = X24+X2, where X1 = 0/02+2yd/0t, Xo = 0/0y—2x0/0t, and one has the commu-
tation relation [ X1, Xo] = —40/0t. The Heisenberg group is the most important Carnot
group of step 2. For its description we refer the reader to section two. Carnot groups
are the natural osculating spaces (or blow-up limits) for Cauchy-Riemann [F'S], [S], and
Carnot-Carathéodory manifolds [Pal, [Gr|, [GN], [HK], [JX], [Che], [AK1], [AK2], [Ga].
In continuum mechanics they occur as limits of crystalline structures [Chr], but they
also play an important role in other applied sciences, such as mechanical engineering
or robotics [CK]. These Lie groups are thus the natural testing ground for problems in
Calculus of Variations which arise in the study of non-isotropic metric structures with
scalings. In this paper we focus on the more elementary case of groups of step 2. The
reason for this choice is that the study of these models incorporates most of the essen-
tial ideas. Many of the geometric obstructions of the more general situation are already
present for groups of step 2, but the technical aspect is considerably less complicated.

Given a Carnot group of step 2 with Lie algebra g= V! @ V2, we fix an orthonormal
basis X = {X1, ..., X;n} of the first layer V! of g. Thanks to the stratification assump-
tion, the elements of X and their brackets generate the whole algebra. We continue to
use the same symbols X; for the corresponding left-invariant vector fields on G. For a
function u = (ul,...,u") : G — R, the matrix {Xu}; ; = X;u’ denotes the Jacobian
matrix of u with respect to such basis. Since {Xu} represents differentiation only with
respect to a basis of the first layer V1, we will call it the horizontal Jacobian matriz
of u. The main objective of this paper is to establish regularity properties in the non-
horizontal (commutators) directions starting from structural assumptions which involve
only control of the horizontal ones.

One of our main purposes is to study the partial regularity of local minimizers of
functionals of the type

(1.1) Flu, Q) = /Q F(Xu) dp,

where F : R™Y — Rt is a C? function satisfying the following structural assumptions:
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For some 2 < q < 0o, one has for every £, € R™N

F() < C(1+[¢]9),

N m
Do D O 0 FO i) = AAL+[EDT nf* > 0.
a,f=1 i,j=1 ’
Observe that while F' is strictly convex as a function of Xwu, it may fail to be so when
viewed as a function of Vu (the full Riemannian gradient of u). The prototype of the
functionals we consider is the regularized horizontal g—energy

(1.2) Ei(u,Q) = /Q(s+\Xu|2)%dp,

with 2 < g < 0co. Here, €2 denotes a given open subset of G.
Another objective of this paper is to prove the partial regularity of weak solutions of
quasi-linear systems of the form

(1.3) —Z Z X; Aaﬂ (z,w) XuP) = f*(z,u, Xu), a=1,.,N

B=114,j=1

where A%ﬂ (z,u) are Holder continuous functions satisfying together with f = (f1, ..., fV)
the hypothesis: For every M > 0 there exist A\(M),a(M) > 0, such that for x € Q and
lu| < M one has

(1.4) Z Z AP (w,u) €0 €0 > A(M) [€]%,

a,f=14%,j=1

and

(1.5) [f(z,u,€)] < a(M) IE* +b.

The model for (1.3) is the sub-elliptic harmonic map system for mappings u : Q2 — N,
where N is a Riemannian manifold. In this case the principal part of the operator
involved is the sub-Laplacian on G

L= ixf.
j=1

The Dirichlet problem for such maps with suitable conditions on the target has been
recently studied by Jost and Xu [JX] (see also [HS]). The parabolic version of (1.3) has
clearly a geometric interest in view of the applications to the harmonic flow. This case
will be studied in a sub-sequent article.

The regularity of local minimizers of (1.1) and of weak solutions to (1.3) will be
measured in terms of the horizontal Holder and Sobolev spaces introduced by Folland
and Stein [FS], [F]. Denote by H® the s-dimensional Hausdorff measure generated by
the pseudo-metric d. We prove the following.
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Theorem 1.1. Let G be a Carnot group of step two, and let Q C G be a bounded open
set. If u is a local minimizer of (1.1) in ), then there exists a closed set S C ), having
measure zero, such that Xu is Holder continuous in Q\ S. Moreover, if ¢ = 2 then
H®=2%9(8) = 0, for every o > 0.

Theorem 1.2. Let G be a Carnot group of step two, and let Q@ C G be a bounded
open set. If u is a weak solution of (1.3) in Q, with the assumptions (1.4), (1.5), and
if a(MYM < A(M)/2, then there exists a closed set S C Q such that Xu is Hélder
continuous in Q\ S, and H?~2%7(S) = 0, for every o > 0.

In the classical elliptic case corresponding results have been proved by various authors
using either the blow-up technique or the approach of Morrey-Campanato (see [Mo],
[GM], [GG1], [GG2], [Gi], [E]). The central result, on which both approaches rest, are
the W22—estimates for constant coefficient systems. When we tried to extend the
classical theory to the non-elliptic setting of Carnot groups we were confronted with
a major obstruction: The W?2—estimates for the corresponding constant coefficient
systems of Hormander type were lacking. The main contribution of the present paper
consists in developing a direct proof of such estimates in the setting of Carnot groups
of step two. After completing this part we will suitably modify and adapt several parts
of either of the above mentioned approaches to the non-abelian setting.

The constant coefficient systems of interest for us are of the form

N m
(1.6) Ty X <Ag;ﬂxjuﬂ s fg) — f% a=1,.N,

B=1 4,j=1
where A%B is a tensor satisfying the coercivity condition on the horizontal directions

N m
N
(1.7) SN AP el > xgP, germY,
a,f=1 i,j=1

and f&, f¢ are L? functions defined in Q. In the following we will let f = (f1,..., fV),
and f; = (f}, ..., f¥). Systems such as (1.6) are the most basic examples of non-diagonal
systems of Hormander type. In the context of the present paper they either arise as
limits of the blow-up’s of the Euler-Lagrange equation of (1.1), or as the “frozen” version
of the homogeneous part of (1.3). We will prove that for smooth f, and f<, the system
(1.6) satisfies the following estimate: For each n > 0 there exist C,, > 0, and multi-
indices a, b, ¢, d, depending on n, such that for any multi-index k& of order less than or

equal to n

(1.8) sup |X*u| < C, {/ uf? do +/ [ToXPF22 4 [TeX452 2] dp}.
B(0,1) B(0,2) B(0,2)

Here, T' denotes a derivative along the direction of commutators. As a consequence
of (1.8) we find the following basic result.
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Theorem 1.3. Let G be a Carnot group of step two, then the system (1.6) is hypoel-
liptic in the sense that, given an open set Q C G and f¢, f& € C*°(Q), a weak solution
to (1.6) is C*(Q).

After one has the hypoellipticity result, then standard arguments lead to LP, 1 <
p < oo, and Holder estimates for higher order derivatives of the solutions.

It is important to note that for diagonal systems the W2:2—estimates and the ensuing
hypoellipticity follow from the fundamental works of J. J. Kohn [K], Hérmander [H],
Folland and Stein [FS], and Folland [F]. In this connection, one should also see the
interesting recent paper of Xu and Zuily [XZ]. However, the results in these papers do
not cover non-diagonal systems and this is why we needed to develop a new proof of
these basic results. After the completion of the present paper E. Stein, M. Christ and
D. Geller brought to our attention that the W22 —estimates could also be derived from
the analysis of pseudo-differential operators on homogeneous groups developed in [G],
[CGGP], and [T]. Such approach is very general but also highly technical and complex.
We feel that our proof, which is close in spirit to the works [C1], [C2], has perhaps
the advantage of being more easily accessible to workers in pde’s who are not familiar
with the theory of pseudo-differential operators. Moreover, the method of fractional
order difference quotients used here can be applied also to quasi-linear systems such
as (1.3), or to those arising as Euler-Lagrange equations for (1.1). While for (1.3) the
parametrix method can still be used (by freezing the coefficients), this is not the case
for the Euler-Lagrange systems of (1.1), where in order to use the method of freezing
the coeflicients one needs to have a-prior: regularity assumptions on the minimizers.

We use the method of fractional order difference quotients to prove the second part
of Theorem 1.1. In order to estimate the size of the singular set one needs to establish
higher differentiability of the minimizers not just in terms of the horizontal derivatives,
but with respect to the underlying Riemannian structure. This is achieved by the
following result.

Theorem 1.4. If u is as in Theorem 1.1, with q = 2, then its Riemannian gradient
Vu has locally square integrable horizontal derivatives.

In closing, we give a short description of the organization of the paper. Section two
is devoted to some preliminary definitions and lemmas concerning Sobolev and Holder
spaces. We also collect various basic results concerning difference quotients. In section
three we establish the L? estimates, the hypoellipticity for (1.6), and prove Theorem
1.4. In section four we present for the special case f® = 0 the detailed blow-up analysis
of (1.3), and we prove Theorem 1.1. In section five we prove Theorem 1.2.

Acknowledgements. We thank Michael Christ and Daryl Geller for interesting con-
versations regarding the method of the parametriz on homogeneous groups. We also
thank the anonymous referee for carefully reading the manuscript, and for several com-
ments that contributed to improve the presentation.
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2. Preliminaries.

As we mentioned in the previous section this paper focuses on Carnot groups of step
two. We will thus henceforth assume that G represents such a group with Lie algebra
g= Ve V2% with [V1,V!] = V2, [g,V?] = 0. We will denote by m the dimension
of V!, and indicate with k£ the dimension of V2. The homogeneous dimension of G
will be thus given by Q@ = m + 2k. Let Xi,...,X,, be an orthonormal basis of V!
and fix an orthonormal basis T1, ..., T of V2. The same symbols X; and T} will be
used to indicate the corresponding left-invariant vector fields on G. One can easily see
that the Carnot Carathéodory metric - the control distance associated to the vector
fields X; via Chow’s accessibility theorem [Cho] - is equivalent to the pseudo-distance
d. Since we will exclusively work with d, we will not make further reference to the
control metric. If B(p,r) denotes the pseudo-ball centered at p with radius r, then as
we said |B(p,r)| = wg r°.

In this paper we will always use the globally defined exponential coordinates on G.
It is possible to describe the group structure only in terms of the algebra by means of
the formula of Baker-Campbell-Hausdorff (see Section 2.15 in [V]): If X, Y € g, then

(2.1) eXe¥ = XtV H3lXY]

Using (2.1) one can write explicitly the dependence of the vector fields on the expo-
nential coordinates. There exists constants c¢; i, 4,7 = 1,...,m, and | = 1, ..., k, such
that if (z,t) € R™ @ RF represent the exponential coordinates of p € G, then

k m
9 9 '
Xilp) = 5, T DD i e i=1,..,m,
i it ot
0
Tl(p) = 8—tl7 l:]_,,k

We respectively denote by Xu = (Xyu, ..., X;pu) and Tu = (Thu, ..., Tru) the horizontal
and non-horizontal gradient of a function w.

The simplest non-trivial example of Carnot group of step two is the Heisenberg group
H". The latter is the Lie group whose underlying manifold is R?*” x R endowed with
the non-commutative group law

(2.2) (z,0)(¢,8) = (z+ (, t + s+ 2[z,(]),

where z,{ € R*", t,s € R, and [2,{] = Y. ;((i#n+i — #iCnti)- The vector fields
Xi = 0y +22n4i0s, Xign = 05, — 22,0, fori =1,...,n, and T = —40; form a left-
invariant basis for the Lie algebra of H". The real part of the Kohn sub-Laplacian
on H* is £ = Z?Zl XJZ. The stratification of the Heisenberg algebra is given by

V! = span{Xy,..., X2, }, and V2 = span{T}. The associated dilations are parabolic
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da(z,t) = (Az, A%t), with homogeneous dimension @ = 2n + 2. If V is a left-invariant
vector field and V = 212:1 v X; + vo2p17T, then we will write the exponential map
as exp(V) = " = (v1,v2, ..., v2n41) = (v',v2,41). In this case, the Baker-Campbell-

Hausdorff formula follows immediately from the group law (2.2). Since the group is of
step two the homogeneous gauge is given by ||p|| = (|z|* + t2)1/4, where p = (z,t) € H",
with relative pseudo-distance d(p,p’) = |[p~p’||. It was proved by Cygan [Cy] that this
is in fact a distance.

Let G be a Carnot group of step two and 2 C G an open subset. For N € N consider
functions v : Q — RY. For 0 < a < 1 we will use the Folland-Stein class

|u(p1) — u(p2))
r'*(Q2) = que L>*(Q sup < ooy,
( ) { ( ) ‘P17P2€Q, P1#P2 d(pl,p2)a }

and its local version I'? () = {u |pu € T'*(Q) for every n € C§°(2)}, see [FS] and
[F]. For k € N the symbol ]f‘fo’g‘ (©2) will denote the set of functions having horizontal
derivatives up to order k in I'? .(€2). Observe that I'*(2) becomes a Banach space when

endowed with the norm

||UHFQ(Q) — sup |U(p1) - U(p2)|

+ ||ul| oo (q)-
pl,PzEQ, p1;£p2 d(pl’p2)a H ||L (Q)

We will need the horizontal Sobolev spaces

Ell(;g(Q) = {f: QRN |fe LE (Q), Xf=(X1f,', Xnf) € LL ()}, 1< ¢ < 0.
Here, X, f, j = 1,...,m denotes the weak derivative of f € L{ () along X; defined
by the formula

[ 0w o ap = = [ 10) X000t @)
Q Q

We recall that in any Carnot group one has X7 = —Xj; for the formal adjoint of Xj,

see [F]. We will also use the Sobolev space of functions with zero trace, £1:9(Q) = C1(£2),
where the closure is taken in the £%-norm, [l 210y = Jo(lu|? + | Xu|?)dz. Let h be
an integer and denote by I, = (i1,...,i5) a multi-index with 1 < i; < m. Given a
function f we indicate with X» f = X ...X;, f the corresponding horizontal derivative
of order h. The higher order Sobolev spaces are

LEQ) ={f:Q=RY [ Y |X"fle LL (Q), forany 0< h <k}, 1<q<oo.

loc loc
Ip

We next recall that in a group of step two the gauge pseudo-balls are NT' A domains,
see [CG], hence, in particular, they are Poincaré-Sobolev (PS—) domains. Thereby,
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such sets support the Poincaré-Sobolev inequality, i.e., for every 1 < g < @ there exists
Sy > 0 such that for every u € S19(B(p,,r)) one has

Q—q 1
1 Qq Qa 1 a
— U — up, | Q-1 da:) < S,r <7 | Xu|? dac) ,
(|B(pO’T)| B(po,r) P 1 |B(p0’r)| B(po,r)

where we have let u,_ , denote the average of u over the pseudo-ball B(p,,r). See, e.g.,
[Lu], [GN] or also [HK]|. The fact that gauge pseudo-balls are (PS)-domains allows to
use Theorem 1.27 in [GN] and obtain the following compact embedding

,Cl’q(B(po,r)) —<— LY B(po, 1)), 1 <qg < oo.

We will need the analogue of the Morrey-Campanato embedding, proved by Folland
(see thm. 5.15 [F]): For every p, € G, k € N, 1 < g < oo, and r > 0, one has

L54(B(po, 7)) C Tfee(B(po,7)),

Wherea:k—%.

The spaces ,Cllo’Z(Q), with ¢ < 0o, can be characterized in terms of difference quotients.

Let Z be a smooth vector field in . A function f € L{ () is weakly differentiable in
Q along the direction Z, if there exists a locally integrable function g such that for any

¢ € C° () the identity

/Q F(0)Z* $(p)dp = /Q 9(p)$(p)dp

holds. Here Z* denotes the formal adjoint of Z. For 0 < s < &, where ¢ is suitably
small, denote with pe®? the integral curve of Z starting at p. If K CC € is an open
set, then we can think of e*Z as a diffeomorphism e*Z : K — e*Z(K) C . We also let
e*Z f(p) = f(pe*?) when p € K and f is a real valued function defined on e*Z(K).

Proposition 2.1. Let u € L{ (), 1 < g < oo, and K CC Q. If there exist positive
constants €,C such that

sZ\ q
(2.3) sup / [u(ze™) u(z)l dr < C9,
0<|s|<e JK s[4

then Zu € LK) and || Zu||pa(x)y < C. On the other hand, if Zu € L{ (), then (2.3)
holds with C = 2||Zu||ra(k) for any K CC Q.

Proof. The proof of this proposition is standard, see for instance Proposition 2.3 in
[C1]. O
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In the following we will need estimates on the Lebesgue norm of fractional derivatives
of functions in the direction of commutators 7. Let 2, Z be as as in Proposition 2.1.
For w € L%(2) with compact support in Q, and « € (0,1), we define the seminorm

(2.4) wlb = sup / P Jw(geh?) — w(g)? da,
|h|<€o Q

where ¢, is chosen sufficiently small. Let n = m + k = dim(g), and identify g with
the Euclidean space R". Now consider a function w € C°(R™). For o € (0,1) the
fractional derivative of w of order «, along the direction e;, j = 1,...,n, is given by

9w _
De. = |h|aw(a:1,..,a:j_l,h,a:j+1,...,a:n),
J

where we have denoted by w the partial Fourier transform in the variable e;. By the
Plancherel formula we have
0%w ol
(2.5) ||$||L2(g):/ B2 (21, oo 251, By 41, oo ) P,
J R™
The following theorem of Peetre [P] (see also sec. 2.3.3, Remark 4, page 180 in [Tr])
will play an important role in the sequel.

Theorem 2.2. Let 0 < < a <1, andw € CP(R™). There exists a positive constant
C, depending only on o and B, such that for each vectore;, j =1,...,n, of the standard
basis of R, one has

OPw 1, 0%w
—||L2(rr) < <C™
Cll o lraam < il oo <7

ej ||L2(Rn).

The next result, which is a direct consequence of the formula of Baker-Campbell-
Hausdorff, is a special case of Theorem 4.3 in Hérmander’s fundamental paper [HJ.

Theorem 2.3. Let G be a Carnot group of step two, let @ C G be an open set and
B(po,7r) C Q a gauge pseudo-ball. If n € C°(B(po,7)), and w € C*(QY), then there
exists a positive constant C such that for each T € V2.

2n

wnl s < CY - lwnlx, 1.
=1

At this point we turn our attention to weak solutions to (1.6). To state our next
result we introduce a definition. For a given left-invariant vector field Z and a function
f:G— R we let for s # 0 fixed

f(pes?) — /o)

|s[

(f)Z,W(p) =
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Theorem 2.4. Let G be a Carnot group of step two and 2 C G be an open set. If
ue Ly 2( ) is a weak solution of (1.6) in 2, then for every left-invariant vector field

loc
Z, the function (u)z.~y = ((¢1)z,, ---, (UN) z,y) salisfies the following system

(2.6)

Z Z/ [Aaﬂ (X;u”)24(p) + (F)24(p) ]Xiqﬁ"‘(p) d

ﬂlzgl

e300 [ [ )+ gee)| 07 (2 x0000)

B=11,5=1

- /Q W)Y -z,@) dp,  a=1,..N,

for every ¢ = (¢1,...,¢") € C(Q,RY), v € (0,1), and |s| small enough.

Proof. The proof is based on the Baker-Campbell-Hausdorff formula. The first step
consists in writing the weak form of (1.6)

>3 [ (47 %08+ 52)0) X0 do = [ 20 0°0)

B=11,5=1
where ¢ = (¢, ...,¢Y) € CP(Q,RY). We also write a similar equation with test
function ¢(p) = ¢(pe—*%), subtract one of the other, divide by |s|” and change variable
p— peSZ to obtain

Z Z/ [AO‘B (Xju” zw(p)+(f{")z,v(p)]Xwﬁ"‘(p)dp

B=11,7=1
+ Z Z / [AaﬁX uP (pe*?) +f{’(pesz)} Xi[¢a(pe—sz)]|(splisz)  Xu(p) .
B=14,j=1

- / 12 (0) ()2 (p) dp,
Q

(recall that the Jacobian of the translation p — pe®Z is the constant function with value
one, see for instance [CoG]). The Baker-Campbell-Hausdorff formula yields

Xi[(ba(pe_sz)](pesz)_Xi¢a(p) _ S|S|_7[Z X1 (p)
o7 g (XA,

concluding the proof. [

In several occasions we will make use of a basic energy estimate, which in the standard
elliptic case is usually referred to as Caccioppoli inequality. In the next lemma we
will state such estimate for weak solutions of the system (1.3) (of which the constant
coefficient system (1.6) is a special case), but it should be remarked here that, as in the
classical setting (see for instance [Gi]), it holds in much greater generality.
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Lemma 2.5. Let G be a Carnot group of step two, and let Q2 C G be a bounded open
set. If u € L,22(Q) is a weak solution of (1.3) in Q, with the assumptions (1.4), (1.5)
and with f* =0, a = 1,..., N, then the following Caccioppoli type inequality holds for
B(pm 27’) cQ

1
(2.7) / | Xul>dp < C - lul? dp.
B(po,r) r B(po,2r)

Proof. The proof follows along the lines of the classical argument, see, e.g., [Gi]. One
multiplies both sides of (1.3) by un?, where n € C°(B(p,,2r)), n > 0, n = 1 in
B(po,7), and |Xn| < C/r. After integrating on B(p,,2r), and using Holder inequality
and the coercivity assumptions (1.4), the conclusion follows. The existence of test
functions n with the properties described above can be easily established using the
group translations and the pseudo-norm || - ||. O

3. Systems with constant coefficients.

In this section we prove the hypoellipticity of the constant coefficient system (1.6)

N m
33 x(ag e g) = g et

B=1 i,j=1

Our approach is based on appropriate sub-elliptic versions, contained in Theorems 3.5
and 3.6, of the classical W22 estimates. Following the classical scheme we differentiate
the system with respect to a vector field Z, and show that the function Zu solves
a new system, similar in structure to (1.6). A major obstacle is constituted by the
non-trivial commutation relations involving the horizontal basis X = {Xy,..., X;,,}. In
fact, when (1.6) is differentiated new terms arise which include derivatives of u along
the directions of the commutators [X;, Z]. Since a-priori there is no control on such
terms, it is necessary to develop new ideas. In essence, we combine in a delicate way a
repeated use of the fractional difference quotients along the integral curves of Z, with
the energy inequality in Lemma 2.5, and the interpolation estimates in Theorems 2.2
and 2.3. In the end, the iteration of the sub-elliptic W22 estimates allows to establish
the smoothness of weak solutions.

To conclude the section, in Theorem 3.9 we will prove a priori estimates for quasi-
linear systems with quadratic growth in the horizontal gradient. Such estimates, which
are derived by the same technique employed in Theorems 3.1 and 3.2, will be used in the
proof of Theorem 4.11. Henceforth, we use the notation f; = (f},..., fN), i =1,....,m,

f= (Y Y. .
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Theorem 3.1. Let G be a Carnot group of step two, andu € Lloc (Q) be a weak solution
to (1.6) in an open set Q@ C G. If f*,T;f<, f&, T;f& € L (), for every i = 1,...,m,
j=1,..,k, and a =1,..., N, then for each TO E V2 one has

(i) Tju € L2 (Q).

loc

Furthermore, for every pseudo-ball B(p,,2r) C Q and n € C°(B(po,2r)), the fol-
lowing estimate holds for w = nT; u

(ii) / (7‘4|w|2 +7‘6|Xw|2> dp
B(poﬂ')

<cf ( )(r2|Xu\2+|u\2 ; r4|f|2+r8|Tjof|2+Z[r“‘\fi\%rﬁwjofiﬁ])dp,
B(po,2r

=1

for some positive constant C' depending only on g and on the structural parameter in
(1.7). Moreover, T; u is a weak solution in § to

(iif) — Z Z X; (AaﬁX (T, w)? +T;, f{") =Ty, f°,

B=11,5=1
fora=1,...,N.

Proof. Since the class of systems satisfying (1.7) is invariant under the action of the
group left-translations it is enough to show that w € L2(B(e,4r)), where e is the
group identity and B(e,4r) C . By dilation invariance we can assume r = 1. Once
(ii) has been proved for r = 1, the general case follows by rescaling. We use difference
quotients in the T}, direction of order (roughly) one half. For 0 < v < 1 define

) =l (e ) ) ).

The differentiated system (2.6) takes a simpler form in the case Z = T and v = 1/2.
For every ¢ € C°(Q, RY) one has

N m

(3.1) Z Z / [A?jﬂ(Xjuﬂ)(Tjo,lm) + (fia)(Tjo,l/z)] Xi¢%dp = Lfa¢?_Tjo,1/2)dp-

B=114,j=1

Now observe that (3.1) continues to hold for test functions in £12(Q,RY). Since T},
commutes with the X;’s, then the function p — u(pe® Tio) is in L12(B(e,4)). If we
set ¢*(p) = (u*)(z;, 1/2)(p) N*(p), with 1 as in the statement of the theorem, then ¢ is
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a good test function for (3.1). From the coercivity hypothesis, and with this choice of
test function, we obtain from (3.1) the following energy inequality

(3.2) /Q (Xu®) g, 1y PrPdp

< 0 [ 10 7m0+ X012+ 3 )t P+ 1D et a7 ]
i=1
Noting that |, 1/2)| < C, then (3.2) and Theorems 2.2 and 2.3 yield

(33) [ 108X e 2a

m
<0 [ (X0l 3 [+ D0 + 157+ 150
B(e72) =1
To improve in the order of differentiability of u we use Theorem 2.3 once more

(3.4) / \8é_26nua\2dp
Q o

B(e,2)

<c (W xaP+ Y [|fz~|2 ; \Tjom] Iy |Tjof|2)dp-
=1

5
We now apply (3.4) with &, = 1/12 to gain control over the L? norm of 97 u®. Next,
we consider the difference quotients u(r, s/6), Tepeat the argument in (3.1)-(3.3), and
use (3.4) to obtain

/ (|af,; ® (ru) 2 + |X8§:€(77ua)|2> dp

<of ( )(IU\2+|XU\2+Z[|fz'|2+\Tjofz'|2]+\f\2+|Tjof|2)dp-
€2 i=1

At this point we are ready to estimate
1o 5 5
65) [ e < [ 0F 0k Pdp < [ (X0] % () Pap
Q Q Q

<[ . (W xuP Y [|fz~|2 n |T,~ofz~|2] Sy \Tjof|2)dp-
e,2 i=1

This proves the first part of the theorem. To establish (ii) it now suffices to consider
the following difference quotients of order one: (ua)(Tjo’l), and apply Lemma 2.5 to
(2.6) for this special case. Part (iii) follows from part (i) and from (2.6) . O

In the sequel for a function f defined in G we indicate with V f the standard Rie-
mannian gradient of f, whereas we let |Tf|2 = (X1, (Tyf)?).
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Theorem 3.2. Let G, u, and Q be as in Theorem 3.1. If f*,T;f* € L2 () and

loc

2 VfE e LR .(Q), fori =1,..,m, j = 1,..,k and « = 1,...,N, then for every

loc
1o = 1,...,m one has

(i) X; ue LI2(Q).

loc

Moreover, for any pseudo-ball B(p,,2r) C Q and n € C(B(p,,2r)) one has for v =
nXi,u

(ii) / | Xv|2dp
B(po,r)

m
<0 [ (R [P R AR
B(po,2r i=1

for some positive constant C depending only on G and the structural assumptions in
(1.6). Finally, if we also assume that f® € £,22(Q), then X, u is a weak solution in Q
to

N m
(i) S (ATl + AT X + X
B=1i,j=1

N m
D X XJAF X + ) = Xif*  a=1,..,N
B=11i,j=1

We mention explicitly that an important consequence of Theorems 3.1 and 3.2 is that

Xou € WE(Q),

loc

where W,>?(Q) denotes the ordinary Sobolev space.

loc

Before proving Theorem 3.2 we need a preliminary lemma.

Lemma 3.3. Let G be a Carnot group of step two and €2 C G be an open set. If
f e L£2(Q) is such that T;f € L2 (), for j = 1,...,k, then for each 0 € G, the

loc loc

function g(p) = f(ph) is in L12(Q), where Q = QO~L. Moreover, one has the identity:

Xi(f(pe®)) = X, f(pe”) — [S, Xilf (pe®),

where without loss of generality we have set 6 = e°.

Proof. In the Heisenberg group the proof is a simple application of the Baker-Campbell-
Hausdorff formula. For the general case the argument is slightly different and is based
on the following identity (see Chapter 1 in [CoG], or Section 2.5 in [V]): For X,Y € ¢

1
(Ad exp X)Y =) —(ad X)*Y = 1y,
k!
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where, if P € G, then Ad P : g — g is the differential of the map Q — PQP~!, and
(ad X)Y = [X,Y]. In a nilpotent Lie group the infinite sum will simply be a finite sum,
the highest order of non-zero commutators being the step of the group (in our setting
hence, a sum of two terms).

At this point we observe that

Xi(F(pe®) = S 700 imo = 4 F e ()6 o
Step of G a kv
— ((de)xf)oes) = (30 (0 ) et
k=0

In our case, with a group of step two the formula becomes
Xi(f(pe®)) = Xif(pe®) =[S, Xilf (pe”).

The proof is concluded once we observe that [S, X;] € V2 and the vectors T}, are a basis
of V2. [

Thanks to Theorem 3.1 (i), Lemma 3.3 allows to use difference quotients in the
direction of X;, 1 =1,...,m.

Remark 3.4. Using the argument in Lemma 3.3 one can easily prove

Xi('U/(X,'O,l)) = (qu) + [Xi,XiO]U(pe”XiO),
(Xioal)

In particular, this shows that if u € Wyg: (), then u(x, 1) € L2 (Q).

Proof of Theorem 3.2. The proof is based on Theorem 3.1. In particular, what makes
things work is the fact that the solution u is not only in the horizontal Sobolev space
L22(€), but also in the usual Euclidean Sobolev space W,*(Q2). This follows from
Theorem 3.1, which asserts the L2-integrability of the derivatives in the directions of
the second layer V2, and from the representation of the vector fields in exponential
coordinates (see Section two).

As in the proof of Theorem 3.1, it suffices to establish (ii) in a fixed pseudo-ball
B(e, 1), and then use left-translations and dilations to obtain (ii) for a general pseudo-
ball B(p,,r). Observe that by continuity (2.6) still holds for any ¢ in the ordinary
Sobolev space W22(Q2,RY). Let n be as in the statement of the theorem. By Remark
3.4 we may use ¢ = U(Xi0,1)772 as a test function in (2.6), thus we proceed to substitute
it in the equation. By Remark 3.4 and the coercivity condition (1.7) we derive the
energy inequality

(3.6) /Q |(Xnu®)x, 1y[%dp <
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C/B( . (Iu\2+|Xu|2+\T(u)(xio,1)|2+Z [‘Xfi‘2+‘fi‘2:|-Hfa‘|((ua)(Xi071)772)(X1.0,1)|>dp.
© i=1

The conclusion now follows using Theorem 3.1 and Proposition 2.1. [
When studying the regularity theory of weak solutions to the quasi-linear system
(1.3) one is naturally led to analyze the hypoellipticity of linear sub-elliptic systems

with constant coefficients of the type (1.6). In doing this one naturally encounters

systems such as (2.6). For A?jﬂ as in (1.7) and f* a smooth function we thus consider
weak solutions of

N m
(3.7) YD AYX X = (e,
B=11,7=1

for « =1, ..., N. By iterating Theorems 3.1 and 3.2 we obtain the following.

Theorem 3.5. Let G be a Carnot group of step two and 2 C G be open. Let u €
L2(Q) be a weak solution of (3.7) in Q. For each I,h € N and multi-indices I;, =

loc

(i1y.eyin) € {1,2,..,m}", and J; = (j1, ..., 51) € {1,2, ...k}, define
of, =TI XTP = (Ty, ... T;,) (X4, ... X, )uP.

If f =(fY ..., fN) € C®(Q,RN) then

(3.8) Uih € Lige ().

Moreover, v p, is a solution to the system

N m
(39) Z Z X; (A%’BXle,h + fic,z(l,h)) = f(?,h)’ a=1,..
B=11,5=1

where f(cl!,()) = TJl faa fiof(l,()) = O}

ff(l,h) = szXihff(l—1,h_1) "‘Aa [Xin, X51T5, ”z 1,h—1

and

fl?h:sz{[ ins Z](AaﬁX iV—1,h— 1)+fz(l 1,h— 1))+thf(l 1,h— 1)}-
We define the semi-norm = 25 | T X ™ g||L2(B(p,r)» where Ij and J;

respectively range over all the elements of {1,2,..,m}" and of {1,2,...,k}. As a conse-
quence of Theorems 3.1, 3.2 and 3.5 one obtains the following.
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Theorem 3.6. Let G, Q, B(po,7), and u be as in the previous theorem. For each
h,l € N, one has

(3.10)

< ch,l{nuu%,o,w n r2<2+2<l+3h+1>+2h>||f||%+3h+1,2h,2r}.

Proof. By means of left-translations and rescalings we can assume that p, = e, and
r = 1. Using an induction argument and Theorem 3.5 one deduces that

(3.11) 2 amlvwt < Cllullitity p—140,2,

and

(3-12)  |[finl

B (Hfaulﬂ i+ [lliz 11tz + |6l 12 200 +)

Now choose a non-negative cut-off function 1, € C°(B(e,2),RY), with n; = 1 in
B(e,1). Recall that n € C§°(B(0,2)) is also non-negative. Using Theorem 3.2 we obtain

(3.13)

2)-

(||u||h,2+2[||fmh)|

01,2 T [ fiq, h)||1 0 2}
=1

From (3.11)-(3.12) one has

(3.14) 1= C(H“||l2+3,h+1,2 + ||f||l2+1,h,2)'

Applying the energy inequality to (3.9) we obtain that for each I and h the following
estimate holds

(3.15) C( )
=1

By (3.11)-(3.15) we infer

(3.16) ||77U||12,h+2,1 < C(||“Hl2+3,h,2 + ||f||l2+1,h,2)-

If h = 2h, then iterating (3.16) A times one finds

(3.17) ||“Hl 2h+2,1 = < Cn l(||“H12+371,2,2 + ||f||l2+3ﬁ—2,2}1,2)‘

On the other hand, if we take [—th order derivatives of the original system (3.7) in
the directions 71, ..., Ty € V2, we obtain the new system

N m
(3.18) SN AYX Xy =f  a=1,.,N.

B=14,5=1
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Theorem 3.2 applied to (3.18) gives

ullf o1 < Clulli2 + 11 fll141,0,2)-
Applying the energy inequality to (3.18) one may assume that in the right-hand side of
the last inequality there is the norm ||u||;,0.2, and not ||ul[;1,2.

From a repeated application of Theorem 3.1 (I times ) one concludes

(3.19) |‘U||l2,2,1 < Cl(||“”g,o,2 + ||f”l2+1,0,2)'

Now (3.10) follows at once from (3.17) and (3.19). O

Remark. It is important to observe that as a consequence of (3.10) one obtains the
hypoellipticity of the system

N

YN AY¥XXuP = o, a=1,..,N.
B=11¢,j=1

Hence, in the special setting of Carnot groups of step two, Theorem 3.6 generalizes to
non-diagonal systems the basic results of Kohn [K] and Hérmander [H].

We now pass to the study of some consequences of Theorem 3.2 that will be useful in
the study of the regularity of solutions of non-linear systems. The following corollaries
are direct consequences of Theorem 3.2 and of the embedding of the Folland-Stein

Sobolev spaces £™2 in the non-isotropic Holder classes (see section two and thm 5.15
in [F] for details).

Corollary 3.7. Let G be a Carnot group of step two and 2 C G be an open subset. If

U € [,110’3 () is a solution of the constant-coefficient system
m N
(3.20) YN A x X =0, a=1,..,N,
,j=1 =1

in the gauge ball B(p,,3R) C Q, then u is smooth in B(p,,3R). Moreover, there ezists
a positive constant C such that

1

sup (fuf* + RAXul’ + R 5 1XiXul®) < O tpami foo o
09 Do,

B(po,R)

u|?dp.
,j=1
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Corollary 3.8. Let G, Q and u be as in the previous corollary, then there exists a
positive constant C' such that for each 0 <r < R < 2 one has

(3.21) / \u—uo,r|2dp < C (L)Q”/ |u—uo,R\2dp,
B(po,r) R B(po,R)
(3.22) / ul?dp < (L)Q/ |ul?dp,
B(po,’l“) R B(po,R)
(3.23) / Xu— (Xu),,,[?dp < C(1)@+ / Xu— (
B(poJ') R B(pO,R)

(3.24) / Z | X X ul?dp < C’ / Z|XX u|?dp,
B B(po,

(po7'r)zg 1 R) 1_7

where fp, » denotes the average of the function f on the ball B(p,, ).

Proof. The estimates (3.21), (3.22) follow from Corollary 3.7 similarly to the classical
elliptic case. The key observation is that the function

m

v(p) = ulp) — tp,,r — Y (#:(p) — i(po)) (Xit)p,,r

=1

is still a solution of the system (3.20). This can be easily proved using the Baker-
Campbell-Hausdorff formula (2.1) (see also the explicit expression of X/s following
(2.1)). Moreover, one has

/ vdp = 0, / Xvdp =0
B(p07R) B(poyR)

The inequality (3.23) requires a new proof, since, because of the non-commutativity
of the X;’s, we cannot simply say that X; u satisfies the same system as u. Instead, we

have
m N

Z Z AP X X(X,uf) = Y ) e XTwf,  a=1,..,N.

p=11,5=1 j=1p=1

In order to deal with this system one has to make use of the results in Theorems 3.1
and 3.2, and Corollary 3.7. The first step consists in proving inequality (3.24). By
homogeneity it suffices to do this for R =1, i.e.

/ Z|XXu|dp<r / Z\XXu\dp,
B(pOa B(pOa

T)Z] 1 1)23 1
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for r < 1. In the case 0 < r < 1/2, the latter inequality is obtained from Corollary 3.7
and the sub-elliptic Poincaré inequality, see [J] or [Va], as follows

—Q | X Xju?dp = r=@ X X;v’dp < C X, X v?
r 4 gu| 1Y r | 1 jv| P = sup | 4 Jv|
B(po’r) 'L;l B(po,’l‘) 7‘;::1 B(p071/2) 1;::1
< C w|2dp < C | Xv|2dp < C’/ > XX v dp.

B(p071) B(po71) B(povl) 7,7=1

The remaining case 1/2 < r < 1 is trivial and requires no proof. This establishes
(3.24). Once this is done formula (3.23) follows from the Caccioppoli inequality for
w = X;_ u (see Theorem 3.2), and from the Poincaré inequality. [

In the diagonal case proofs of (3.21)-(3.24) have appeared in [XZ].

Remark. In Section 5 we will also need the following estimate: Let u € £2(Q,RN) be
a solution of (3.20). There exists C > 0 such that

r

(3.25) / | Xul?dp < C ( )Q/ | X u|%dp.
B(0,r) R B(0,R)

This estimate too follows from Corollary 3.7 and from the Poincaré inequality.

To conclude the section we show how the method of difference quotients allows to
establish L? estimates for some quasi-linear systems. Let F : R™Y — R* be a C?
convex function satisfying the following structural assumption: There exists a positive
constant C such that for every ¢ € R™N one has

m N
CTUEP < D D Oealn F(€) < CleP.

L,j=la,f=1

As an example, we can consider the functional in (1.2) when the gradient | Xu| is uni-
formly bounded by two positive constants.

Theorem 3.9. Let u € Ello’i (Q), be a weak solution to the quasi-linear system

3.26 Fro (Xu) X;¢%dp = 0,
(3.26) ;/Q o (Xu) X, dp

for each ¢ € C$°(Q,RY). The solution u is weakly differentiable (in the L? sense) along
the V2 directions and moreover for eachi=1,....,m and j = 1, ..., k, we have

(3.27) Xiu, Tju € L122(Q).

loc
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Proof. The first step consists in differentiating (3.26) (in terms of difference quotients)
along one of the Ty, directions, in the same spirit as (3.1). In this setting we will obtain
the system

Z Z/aﬁ" gBF (Xu)[Xju” Iy, 1) Xs0%dp = 0,

B=11,j=1

for each ¢ € LY2(Q,RY). From the Caccioppoli inequality and Theorems 2.3 and 2.2,
as in (3.3) we obtain the existence of fractional derivatives of order  — & in the Ty,
direction

¢
[ xemerrapse [ (e ixue)ap
Q

B(0,2)

If we use Theorem 2.3 once more we obtain

[ mppm <o [ (e xa)
B(0,2

Repeating the argument in (3.5) we can easily prove that Ty, u exists in L? and moreover

[ramera<e [ (P xap)a
Q B(0,2)

To continue we differentiate the system (3.26) along X; with difference quotients
of order one. As in remark 3.4, commutators will appear. However, at this point we
already have estimates on the commutators and this leads us directly to

[1ecom) oy Pav<e [ (e xup)a
Q B(0,2)

The proof is concluded once we apply Proposition 2.1. For more details we refer the
reader to the paper [C1], where the scalar case was considered. [J

Since (3.26) is the Euler-Lagrange system of (1.1), the previous theorem has an
immediate corollary.

Corollary 3.10. Let F' be as in Theorem 3.9. If u € [,IOC(Q) 1s a critical point of the
functional

f(u,Q):/QF(Xu) dp,

then u is differentiable along the V2 directions and moreover for each i = 1,...,m and
7=1,...,k, we have

(3.27) Xiu, Tju € L122(Q).
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4. Partial regularity of homogeneous systems and of local minimizers of
convex functionals. The blow-up technique.

In this section using Theorem 3.6 we develop the blow-up analysis and prove partial
regularity of weak solutions of non-linear systems of the form

(4.1) Z i Xi(A%'B(a:,u)Xjuﬂ) =0,

where A%ﬁ (x,u) are bounded continuous or uniformly continuous functions satisfying

N m
>N AP (w,u)ere] > (¢
a,f=114,j=1

for every = € Q, and for every N xm matrix . In section five we will allow in (4.1) a non
zero right-hand side satisfying natural growth conditions. However, a method different
from the one developed here will be needed, along with the additional hypothesis that
u be bounded. Before presenting the proof of the main theorem we need to introduce
some preliminary definitions and results.

Definition. Let X > —%. A function u € L%(R) is said to belong to the Morrey space
M2A(Q) if

r—@ / w?dp < C r2G-D)
B(p,r)NQ
for every p € Q2 and 0 < r <diam(2).

Definition. Let A > —%. A function u € L?(Q) is said to belong to the Campanato

space C2*(Q) if for every p € Q and 0 < r <diam(2) one has U(pg, R) < CR?*, where
we have let
1

e —— 2 dp.
| B(po, R)| B(po,R)NQ

U(pOa R) =

|u(p) = tpy,r

Remark. The classical characterization of Holder continuous functions via integral means
can be generalized to the setting of Carnot groups (see for instance [C2] or [Ga] and
references therein). In particular, adapting the arguments in [DP] (see also Chapter 3,
Theorem 1.2 in [Gi]), one has the following: Let 0 < A < 1. If Q has the A—property,
i.e., there exists A > 0 such that for R > 0 and p € Q)

QN B(p,R)] > A |B(p,R)|,
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then C22(Q2) C T (). In particular, the gauge pseudo-balls have the A—property (for
a proof of this fact see for instance [CG]), and therefore for every p, € G, and every
r > 0 one has

C* M B(po,7)) C Tpo(B(po,r)) for 0 < A< 1.

This continuous inclusion will be henceforth tacitly used.

Our first result in this section generalizes a beautiful theorem of Giusti and Miranda
[GM].

Lemma 4.1. Let u be a weak solution of (4.1), with continuous A%ﬂ ’s.  For each

0<7<1, and M > 0, there exist €,, and R, > 0 such that if for some p, € 2, one
has U(po, R) < €2, and |u,, r| < M for R < min(R,, d(p,, 0)), then

U(po,TR) < C 7% U(p,, R).

Here, C is the same as in (3.21).

Proof. We argue by contradiction, assuming that there exists 0 < 7 < 1, M > 0,
sequences (p,) € Q, ¢, — 0, R, — 0, and a sequence u™ (the upper index is not an
exponent) of weak solutions to (4.1), such that

(4.2) Uy, r,| < M,
(4.3) U™(pn,Rp) = €2 — 0,
and
(4.4) U™ (pp, TRy) > 2C 12 2.
Set
(4.5) v"(q) = e [u"(Pndr, (9)) — up, R, |-

From the homogeneity of the X;’s we have

(4.6) (Xu) (budr, (@) = en R:M(Xi0™)(q).

For R > 0, set Bgp = B(e, R), where e is the group identity. From (4.1), and (4.6)
we infer that for every ¢ € C§°(B;) the function v™ satisfies the system

(4 7)
Z Z/ £ (Pndr, (0),env™ + ul 5 )X;(v™)P(0)Xi¢*(q)dg = 0, a=1,..,N.

B=11,7=1
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n J—
Moreover, v} =0,

1

(4.8) V(e 1) = —/ 0" [2dg = 1,
|B1| JB,

and

(4.9) V™(e,T) > 2072,

From (4.8), taking a sub-sequence that we still denote as v™, one obtains the existence
of v € L?(By) such that v, — v weakly in L?(Bj), while ¢,v™ — 0 a.e. in B;. From
the continuity assumptions on A%ﬂ and (4.2) one finds

AP (pndr,, (q),env™ +uy ) — BiP.
At this point we recall the compact embedding
El’z(BR) —— Lz(BR),

noted in section two. This result, coupled with the Caccioppoli inequality Lemma 2.5,
implies Xv™ — Xv weakly in L?(B;) and v™ — v strongly in L?(B;). All these facts,
together with (4.9), give for every ¢ € C3°(B)

N m
(4.10) > Z/ By X} Xl¢%dp = 0, a=1,..,N.
p=1i,j=1" b1
The contradiction now follows from (4.8), (4.9) and from (3.21). O

Lemma 4.3. Choose 72 < 2C and let u be a weak solution of (4.1) in Q. If at a point
Do € Q one has for some R < R, = R,(M),

(411) ‘upo,R < M;
and
(4.12) Ul(po, R) < m2(M),

with 0, (M) < min{e, (M), MT(Q@+t2/2(1 — 7/2C)}, then for every integer k we have
U(po, T°R) < (2CT)*U (p,, R).

We omit the proof of Lemma 4.3, since it is completely analogous to that of the
elliptic case in [GM] (see also chap. 4, page 95, Theorem 1.1 in [Gi]). The key step is
an iteration based on Lemma 4.2.
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Theorem 4.4. Let u € £122(Q) be a weak solution of (4.1) in Q. Denote by

loc

S1 = {po € Q| Slll%p |ume| = OO},

Sy = {p, € QliminfU(p,, R) > 0},
2 = {po € Q[liminfU(po, R) > 0}

and we let S = S1 U Sy indicate the singular set. There exists 0 < o < 1 (depending
only on G, Q, and on the structural constants in (1.4)) such that u € F?(;Z'(Q \S).

Proof of Theorem 4.4. The proof of the Holder regularity follows from Lemma 4.3, by
adapting the arguments in [GM]. If p ¢ S, then there exist M > 0 and 7,(M) such
that in a small neighborhood B(p, r,) of p the inequalities (4.11) and (4.12) hold. From
Lemma 4.3 we conclude for each R > 0 small enough and for some 0 < a < 1

(4.13) U(p, R) < CR*".

This implies u € C**(B(p,7,)), the sub-elliptic Campanato class introduced above,
and thereby the Holder continuity of u in B(p,r,) follows. O

Our next goal is to estimate the Hausdorff dimension (with respect to the group
pseudo-metric) of the singular set (compare with [Giu]).

Lemma 4.5. Let u € L (). If (4.13) holds for some a > 0 then limg_,o+ Up(p,R)

loc

exists and is finite. Consequently, p is regular if and only if (4.13) holds for some a > 0.
The elementary proof of Lemma 4.5 is left to the interested reader.
Remark. In the case where Az.ajﬂ are uniformly continuous the singular set coincides with

Sy and a point p is regular if and only if (4.13) holds with a = 0.

Lemma 4.6. Let f € LL (Q) and set for 0 < a < Q

loc

F,={p, € Q| limsupr_a/ |f(p)|dp > 0}.
B(poa"')

r—0+t

One has H,(Fy) =0 .
Proof. 1t suffices to show that, if for s > 0 we let

Fy={p, € Q| 1imsup7““/ |f(p)|dp > s},
B(poa"')

r—0t

then Ho(F®) = 0. Let K C €2 be a compact set and consider an open set O such that
KCOcCOCQ. Fix0<e< D(K,00). For every p € Fy there exists r(p) € (0,¢)
such that

0 [ i@l > s
B(p,r(p))
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By the covering lemma of Wiener type in a space of homogeneous type (see [CW])
there exists a constant 7, depending only on the homogeneous dimension (), and a
sequence of pairwise disjoint pseudo-balls B; = B(p;, r(p;)), such that F* C ;2 nB;.
One has

(4.14) dorg < s/ | f(q)|dg,
= U, Bi

and
(4.15) | U Bi| < Cne¥ s /0 |f(q)|dq.
=1

Letting ¢ — 0 in (4.15) we infer H,(F®) = 0. By the arbitrariness of s > 0 the
conclusion follows. [

Theorem 4.7. Let u be a weak solution of (4.1) in Q. For every e > 0 we have
HQ—2+6(S) =0.

Moreover, if the coefficients Af‘jﬂ are uniformly continuous then one may take € = 0.

Proof. Set
E. = {po, € Q| limsupr=°U(p,,r) > 0}.

r—0t

Lemma 4.5 implies S = NesoFE:. We want to prove that for each € > 0
HQ—2+€(E6) = 0.

From the Poincaré inequality [J], [Va] one has

r=° U(po,r) < C r—Qt2—¢ / | Xu(p)|%dp.
B(po,’r‘)

Since | Xu|? is in L]

1be(€2), the conclusion follows from Lemma 4.6. O

Remark 4.8. Tt is easy to see that the solutions of (4.1) satisfy for some r < 2 the
following reverse Holder inequality

T

(4.16) /Bl(1+ | Xu|)?dp < (/BQ(1+ |Xu\)rdp>

An adaptation of a well known argument due to Gehring (see [Ge], [BI]), based on
the Calderén-Zygmund decomposition in spaces of homogeneous type (see [CW], [Ch])
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allows to establish the higher integrability of Xu (see also [C3], [FSC], [GMo] and
[GG3]). Since one can easily generalize Theorem 4.7 to the LP setting, with p > 2, then
one infers that for some p > 2

Hg—p+e(S) = 0.

We conclude this section with the proof of Theorem 1.1 which we will divide in
two steps, Theorems 4.10 and 4.11. We stress that in the proof of Theorem 4.10 the
convexity assumption on the energy function F, stated in the introduction, is only used
in the study of the constant coefficient system arising as limit of the blow-ups of the
Euler-Lagrange equations of (1.1). Such study was conducted in section three. Since
the functional (1.1) is convex, then in particular it is strictly quasi-convex [E], i.e., there
exists v > 0 such that for each N x m constant matrix A and every ¢ € C$° (2, RY)

wn [F(A)w(1+|X¢\q-2)|x¢\2]dp < [ Pla+xoa,

We can thus adapt to the present sub-Riemannian setting the ideas in L.C. Evans’
paper [E] on quasi-convex elliptic integrands. In doing so, we will avoid any repetition,
highlighting only those points where different arguments are needed. These arguments
are collected in the following Propositions 4.8 and 4.9 which respectively contain a new
Caccioppoli type inequality and the essence of the blow-up technique.

In the following, we will denote points p € G by exponential coordinates p = (z,t)
where € V! and t € V2. Observe that if A is an N x m matrix, then X(A4-z)(p) = A
for every p € G. If f is a function, we let f,f(p)dp = ﬁ Jo f(p)dp.

Proposition 4.8. Let u € [,llo’g(Q) be a local minimizer of (1.1). For each L > 0 there
exists C1(L) > 0 such that

(4.18) ][ (14 | Xu— A|77%)| Xul?dp <
B(po,r)

1 ) 1

—a—A-(r— q
. i f e O)—aAa—zo)p),

for each B(p,,2r) C Q, a € RY, and any N x m constant matriz A with |A| < L.

Proof. Without loss of generality we can assume p, = e, the group identity. For
r <t < s < 2r choose a test function £ € C°(B(p,, s)), with £ = 1 in B(p,,t). Define
two auxiliary functions ¢(p) = {(u —a — A-z), and p(p) = (1 - &)(u—a— A - z).
Following Evans [E], and using (4.17) we can easily prove

(4.19) / ( )[F<A>+v(1+\x¢\q—2>\x¢\2 dp <
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/ [F(Xu) —F'(Xu)Xe+C(1+ |Xu|q_2 + |X<p|q_2)|X(p|2] dp.
B(e,s)

Since u is a minimizer of (1.1), using |A| < L, and D?*F(Xu) < C(1 + |Xu|)?72, we
obtain

/ F(Xu)dp < / [F(A) + F'(A)Xp+C(1+ |Xu\)q_2|X<p|2):| dp.
B(e,s) B(e,s)
The latter inequality and (4.19) give

(4.20) y /B (1+ X ¢72)| X dp

< C / [(1 + |Xu|)q_2|Xu — Al Xel+C((1+ \Xu|q_2 + |X<p|q_2)|Xg0\2] dp.
B(e,s)

Recalling the definition of ¢ and using (4.20) we easily arrive at

/ (1+ \Xu—A\q_2)|Xu|2dp
B(e,t)

—a—A-zl|? —a—A-zl?
< 0{/ (1+|Xu—A\)q_2|Xu|2dp+/ ['“ i o [ Juza-4-g }d }
B(e,s)\B(0,t) B(e,2r) (s—1) (s —1t)1

The conclusion follows from a standard argument based on the so-called hole filling
technique (se [Gi] or [E, Lemma 5.1 on p. 239]). O

Proposition 4.9. Let u be as in Proposition 4.8. For each L > 0, there exists Co(L) >
0 such that for every 0 < 0 < 1/4 one can find (0, L) > 0 for which, if |(Xu)p, | <L,
|(Xu)p,.0r| <L, and U(p,,r) < €, then

U(poag'r) < 02([/) 0> U(po,T),

where

Uporr) = fB( (L X0 (X )2 X (X
Do,T

Proof. Similarly to Lemma 4.3 the proof proceeds by contradiction. If the assertion
of the proposition were false, then there would exist a sequence of balls B(pg, i) C €2,
such that |[(Xu)p, | < L, |(X0)p 00| < L, U(pg,7x) = i — 0 as k — oo, and

(4.21) U(pk,Ori) > Co(L) 0 X2,
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We now consider the blow-up sequence defined by

- u(p Or, (p)) — (u)pkﬂ‘k - (Xu)pkﬂ‘k "L
o) = = o -

By a simple rescaling, using the fact that the vector fields X;’s are homogeneous of
degree one with respect to the non-isotropic group dilations, one obtains from (4.21)
the inequality

(4.22) ][ (14 M7 X0F — (X0*)e6|972) | X 0% — (X0F). 02dp > Co(L) 62
B(e,0)

Using the compact embedding L12(B(e,2)) << L2?(B(e,2)), one obtains the
existence of v € L12(B(e,?2)), such that v* — v weakly in £1?(B(e,2)), and strongly
in L%(B(e,2)). Moreover, (Xu)p, r, = A € RVX™_ Repeating the argument in [E,
Lemma 6.2], we infer that v is a weak solution of a constant coefficient sub-elliptic
system of the form (4.10), with coefficients depending on A. This system satisfies (1.7)
since the original functional is convex. It is at this point that the sub-elliptic estimates
from section three enter into play. In particular, by means of Corollary (3.7) and the
Poincaré inequality [J], [Va], one has

f Xv = (X0)peg? < C(L) 0
B(e,20)

(note that the average in the integral is on a smaller ball). Using the latter inequality
and the Sobolev-Poincaré inequalities recalled in section two, one obtains

(4.23) lim A2 ][ 0k — (%) 20 — (X0F)o g - 2]%dp = 0.
B(e,26)

k— o0

The inequality (4.18) in Proposition 4.8, and (4.23), finally give

k— o0

lim sup ][ (14 M2 X 0% — (X% 6]772) | X0k — (Xo*).62dp < C3(L) 62
B(e,0)

Since the latter inequality contradicts (4.22), we have completed the proof. [

Theorem 4.10. Let u € £%(Q) be a local minimizer of (1.1). There exists a closed

loc

subset S C , with |S| = 0, such that Xu is locally Holder continuous in 2\ S.

Proof. With Propositions 4.8 and 4.9 in hands, the proof of Theorem 4.10 follows along
the lines of that of Lemma 4.3 without major modifications. For more details we refer
the reader to Evans’ paper [E]. O
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Proposition 4.9 characterizes the singular set S. One has § = S; U S5, where

S, = {poeQ| lim R© / Xu— Xuy, p|%dp > 0},
R—0% B(po,R)

and

So={p, € 2| lim Xu, r does not exist}.

li
R—0*
Clearly, S has measure zero. In the case ¢ = 2 we can say more about the singular
set.

Theorem 4.11. Let u be as in Theorem 4.10, with ¢ = 2. For every e > 0 one has

Hg-24c(5) = 0.

Proof. By virtue of Theorem 3.9 and Corollary 3.10 we have that for each ¢ = 1,....m
and 7 =1,...,k
(4.26) Xiu, Tju € L2 ().

The conclusion now follows from an argument similar to that in Theorem 4.7. One

needs to use the results from Lemma 4.5, 4.6, the characterization of the singular set
from Proposition 4.10, the Poincaré inequality (see [J], [Va]), and (4.26). O

Theorem 4.11 generalizes a result of Giusti and Miranda [GM].

5. Partial regularity for non-homogeneous systems via the Morrey-Campanato
approach.

In this section we establish the partial regularity of weak solutions of (1.3). Our re-
sults generalize to the sub-Riemannian setting those of Giaquinta and Giusti in [GG2].
Here, in order to treat systems whose right hand side satisfies the natural growth con-
ditions (1.5), we need to assume a priori the boundedness of the weak solution |u| < M.
In connection with (1.4), (1.5), we also assume

(5.1) a(M)M < A(M)/2.

For the necessity of (5.1) see [Gi] remark 1.3, chapter 3. Since for the most part the
proofs of the results in this section follow closely those of their Euclidean predecessors,
we provide only sketches of the arguments, emphasizing only the parts where the results
of section three are used.

We begin by introducing several preliminary results. The first is a maximum principle
for constant coefficients systems which extends a result of Cannarsa [Ca].
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Lemma 5.1. Let ¢ € Lll(;i(B(e, 1))NL>°(B(e, 1)), and assume that X p € M2°(B(e, 1)).
Set

L? = sup ’I‘2_Q/ | X ¢|?dp < oo.
po€B(e,1),r>0 B(po,r)NB(e,1)

Let v € £1’2(B(e, 1)) be a weak solution in B(e,1) of the constant coefficient system

loc
m N
> SR <o,
i,j=168=1

with v — ¢ € Li?(B(e,1)), and Afjﬂ satisfying the coercivity condition (1.7). There
exists a constant C' > 0 independent of v, and ¢ such that

sup |v| < C( sup |¢|+L>.
B(e,1) B(e,1)

Proof. The proof is divided in two parts. First we show that

(i) sup []* < C < sup |¢]® + L + sup r2=@ / \Xv|2dp>.
B(e’l) B(e71) pOEB(e,l),'r>O B(pOaT)mB(eal)

To conclude the proof we then establish the following Campanato-type estimate

(i) sup r2=Q / Xv|?dp < C L%
po€B(e,1),r>0 B(po,r)NB(e,1)

In order to prove (i) let p, € B(e, 1), and set d = d(p,, 0B(e, 1)) = d(po, o) for some
Zo € 0B(e, 1). In virtue of (3.22) for any 0 < 7 < R = min(d, 1) one has

rQ / lw|?dp < C R™9 / lv]2dp <
B(po,r) B(po,R)

¢ | sw o2+ w9 [ 6~ olas).
B(e,1) B(z0,2R)NB(e,1)
From the Poincaré inequality we infer
ro? / v|?’dp < C [ sup |¢|> + L+ R*€ / \Xv|2dp].
B(pow,r) B(e,1) B(2,,2R)NB(e,1)

The latter inequality gives the estimate (i). In order to prove (ii) we observe that
the function w = ¢ — v € LL?(B(e, 1)) is a weak solution of the system

m N m
So> AYXiXjw =) X F? a=1,..,N
i,j=1 B=1 i=1
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where N
Fr =Y > AY¥ X;¢ a=1,.,N
j=1 pg=1

in B(e,1). Let p, € B(e,1), and r > 0. Choose a test function n € C°(B(p,,2r)),
such that n = 1 in B(p,,r) and |Xn| < Cr~'. If we multiply both sides of the latter
equation by wn? and integrate by parts, then by (1.7) we obtain the following energy
inequality

/ | X¢p—Xv|?dp < C |F|%dp < C | X ¢|2dp.
B(po,r)NB(e,1) B(po,2r)NB(e,1) B(po,2r)NB(e,1)

From Schwarz inequality one infers

/ Xof2dp < C X 6[2dp.
B(po,r)NB(e,1) B(po,2r)NB(e,1)

The estimate (ii) follows from the latter inequality, once we multiply both sides by
r2~% and take the supremum over all gauge balls B(p,,r). O

m

One of the main ingredients in the proof of partial regularity for non-homogeneous
systems is the higher integrability of the gradient of the solution.

Lemma 5.2. Let u € £,72(Q) be a bounded weak solution of (1.3), and assume that

(1.4), (1.5) and (5.1) hold. There exists ¢ > 2 such that for every B(po,2r) C Q one
has

1_1
(5.2) | XullLaBporyy < @72 C (14| Xu))lL2(Bps,20)-

Moreover, if the right hand side of (1.3) is zero (i.e. a(M)=1b=10), then one has

1_1
(5.3) || Xul|laBp,,r)) < r@G=3) ¢ |1 XullL2(Bp,,2r))-

Proof. The hypothesis (1.4), (1.5) allow to prove a reverse Holder inequality for the
function (1 + |Xwu|). The proof is standard and rests on the Caccioppoli and Poincaré-
Sobolev inequalities in section two. Once we have the reverse Holder inequality, then
a well-known argument (see [Ge], [BI], [FSC] and chapter 5 in [Gi]), yields the higher
integrability of the horizontal gradient. In the homogeneous case, when a(M) =b =0,
the reverse Holder inequality can be proved directly for the function | Xu|, without need
of the additional constant. The higher integrability argument mentioned above yields
inequality (5.3) (see also Remark 4.8 for more references). [

The next lemma is the main step in the regularity proof, it substitutes the blow-
up argument in section four. We shall suppose that the coefficients A%’B are continuous
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functions of their arguments, and we shall denote by w(r) a bounded continuous function
such that

|A(£L‘,U) - A(y,’l))‘ < w(\x - y‘2 + ‘U - U‘2)7

whenever z,y € Q and |u|, |v| < M. Without loss of generality we may assume that w
is increasing, concave and w(0) = 0 (unless the coefficients A are uniformly continuous
one cannot expect w to be continuous).

Lemma 5.3. Let G be a Carnot group of step two and 2 C G an open set. Let
u € L;72(Q) be a bounded weak solution of (1.3), and assume that (1.4), (1.5) and (5.1)
hold. There exists Ry = Ro(M,a,b) > 0 such that for each point py € Q and for every
0 <7 < R < min(Ry, d(po, 90Q)), one has

64 [ arlxuPaso [ 0+ XuPan| ()2 + xR,
B(po,r) B(po,R) R

where a2 q—2
X(po, R) = R+ ¢(R) 2 +w(Co(R)) =,

and ¢(R) = R?2~9 fB(po R)(l + | Xu|?)dp, with q > 2 is as in (5.2).

Proof. First we prove that there exists R > 0 such that
(5.5) sup rz_Q/ | Xu|?dp < C'sup |ul.
r<R, B(po,r)CQ2 B(po,r) Q2

Let B(po,2r) C Q. Set ¢ = n?u, with n € C§°(B(po,2r)) n = 1 in B(po,7), |Xn| <
Cr~1! and use it as a test function in the weak form of (1.3),

/ Aaﬁ (z,u) X juP) X;¢*(x)dx :/ [z, u, Xu)¢p*(x)dz. a=1,...,N
B(po,2r)

/8 142 _7 1 B(po 72T)

By means of (1.4), and (1.5) we obtain the Caccioppoli inequality

[ xupp@ds<ort [ e [ (fl@)l@r@d
B(po,2r) B(po,2r) B(po,2r)

< or? / ul? (z)da + / (a(M) ul| Xul*n® + b(M)|ulp?)dz
B(po,2r) B(po,2r)

Now we use (5.1) and obtain for every p € Q and small r > 0,
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(5.6) / Xul? < Cr@=2[M? + brM].
B(p,r)

The estimate (5.5) follows from (5.6) if we choose R > 0 small enough so that
br?2 < M. Inequality (5.4) is obvious for % < r < R, hence we will consider only the
case 0 < r < %.

Next, we split u as u = v + w, where v € £2>(B(po, R/2),R") is a solution of

loc

2n N
57 5 A% o, (g ) XXy =,

i,j=1p=1

with boundary data v — u € £y (B(po, R/2)).
Recall that by (3.25) we have that for any 0 < r» < R/2 the following inequality holds

/ Xo|2ds < C(ﬁ)Q/ Xo[2da.
B(0,r) R B(po,R/2)

From Lemma 5.1 and (5.5) one obtains

(5.7) sup |v| < CM.
B(pOaR/2)

From (5.7) we deduce that |w| < CM.
Observe that w € Ly (B(po, R/2), R*), is a weak solution of the system

N m
SN[ A oty X)X ()
B(pOaR/Q)

B=1i,j=1

[ (At ) — A ) ) X X )
B(pO 7R/2)

-I-/ [z, u, Xu)p*(z)dz. a=1,...N
B(po,R/2)

Set ¢ = w and we obtain the Caccioppoli inequality

68) [ xepdpsolf @euhXels [ el
B(po,R/2) B(po,R/2) B(po,R/2)

where w? = w?(R? + |u — up, r/2[?).
From the Poincaré inequality we have
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1
|B(po, R/2)| JB(pe,r/2)

1
§CR<€/ \Xw|2da:+—>.

From (5.8) and the Poincaré inequality we obtain

|lwlde < CR | Xw|dx

|B(po, R/2)| JB(pe,r/2)

1
|B(po, R/2)| JB(po,R/2)

1

(59 —
|B(po, R/2)| JB(po,r/2)

lwldr < CR( (1+ \Xu|2)d:v>.

To complete the estimate of the terms in (5.8) we use the results in Lemma 5.2 and
obtain

1

2 2
—_— w?| Xu|*dz
|B(po, R/2)| JB(po,r/2)

(5.10)

q—2

q

1 1
<co— Lt (1+ \Xu|2)d:v<— w2Q/(q_2)da:>
|B(po; R)| JB(po,r) |B(po, R/2)| JB(po,r/2)
where ¢ > 2 is as in (5.2). Since w is bounded we have w?¢/(4=2) < Cw. Being w
concave, then Jensen inequality and (5.10) yield

1

—_— w?| Xu|*dz
|B(po, R/2)| JB(pe,r/2)

(5.11)

1
|B(po; R)| JB(po,R)

1
<C— "
= [B(po, R)| JB(po,r)

(14| Xu®)de w (CR2 + lu — upo,R\2da:>

|B(po, R)| J B(po,R)

1

1+ | Xu|?)dz w(CRQ*
(L4 [Xul’) B@o, B)] J5(p0.m)

1+ |Xu|2)dx).

Similarly we obtain

1

5.12 S —— w| Xul|?dz
(5.12) Boo B2 Jogyrm "
q—2
<o— 1 (1+\Xu|2)dx<¥ \'w|2da:> !
= " [Bwo, R)| J5(po.0) [B(po, R)| J5(po.n) ’
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where the constant C' depends on M as well. At this point we recall (5.8), that
together with (5.9)-(5.12) and the Poincaré inequality yields

(5.13) / | Xw|?dp < Cx(po, R)/ (1 + | Xu|*)dp.
B(po,R/2) B(po,R)

To conclude the proof we use (3.25) and obtain for 0 < r < &,

/ (1+ | Xul?)dz < C’[/ (1+ \Xv|2)d:v+/ |Xw|2d:v]
B(po,r) B(po,r) B(po,r)

< C[(i)Q/ (1+ [ Xv|*)dz +/ |Xw|2d:v]
R JB(po,Rr/2) B(po,R/2)

The conclusion follows at once from the latter, from the argument in the proof of (ii)
in Lemma 5.1, and from (5.13). O

We are now ready to prove the main result of the section.

Theorem 5.4. Let G be a Carnot group of step two and @ C G an open set. Let
u € L22(Q) be a bounded weak solution of (1.3), and assume that (1.4), (1.5) and (5.1)

loc

hold. There exists a closed set S C Q such that u is a—Hélder continuous in Q\ S for
every 0 < a <1 and Hy_2_.(S) =0 for some € > 0.

Proof. From Lemma 5.3 one has that for 0 < § < 1 the following estimate holds

(5.14) $(O0R) < CO*$(R)(1+ x(po, R)O™?).

Fix a € (0,1). Choose # in such a way that 2C6%*~2* — 1. If, for some R > 0 small
enough

then we can iterate (5.14) starting from
$(0R) < CT**¢(R),

and obtain

$(0"R) < CT**¢(R),

which implies

/ | Xu|?de < CrQ—2+2 [/ (1+ |Xu\2)dx].
B(po,r) Q
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From the latter and the Poincaré inequality it follows that u is a—Holder continuous
in a neighborhood of py. The singular set of u is characterized by inequality (5.15),
from which it is easy to infer that

i
R—0OT

S={po €| 1minfR2—Q/ | Xu|?dp > 0}.
B(p()aR)
The estimate on the Hausdorff dimension of S can be proved arguing as in Theorem

4.7. O

Theorem 5.1 holds for coefficients which are merely continuous. When A?jﬁ are Holder
continuous, then the horizontal derivatives of u are Holder continuous too.

Theorem 5.5. Let u,§) and S be as in Theorem 5.4. If Af}ﬁ are Holder continuous

with exponent o, then Xwu is locally Holder continuous with the same Holder exponent
in the set Q\ S.

Proof. We follow the argument in [GG2]. Since 0 < ¢ < 1 is the Holder coefficient of

the A?jﬁ , then we have

(5.16) w(r) < Cro/2,
Let Q1 cC Q\ S and let d = 1d(Q,,0(2\ S)). Let po € Q1 and R < min(1, d).

Following the argument in Lemma 5.3, we split u = v + w in B(po, R).
Using (3.23) we obtain for 0 < r < R, the estimate

(5.17) / Xu— (Xu)y, o |%ds
B(po,r)

Q+2
< 0[<1> / Xu— (Xu)po,RRdH/ \Xw|2da:}.
R B(po,R) B(po,R)

From (5.13), (5.16) and as a consequence of (5.15) we obtain

(a—2)

/ |Xw\2da: < CRQ—2+2a+cw—q
B(pOaR)

7

for every 0 < a < 1. Consequently (5.17) yields
(5.18) / | Xu — (Xu)p, r|?dr
B(po,r)

; " 242 (g—2)
< C[<—) / | Xu— (Xu)pO,RPd.’IZ-i-RQ_ +2atac =
i B(po,R)



BLOW-UP ANALYSIS AND HYPOELLIPTICITY 39

If « is close enough to 1, so that 2a + aa@ > 2, then using a standard argument
(see lemma, 2.1 in [Gi], chp. 3) we can readily deduce that Xu is Hoélder continuous in
2, with some exponent. In particular, Xu is locally bounded in the same set. Now we
want to prove that Xwu is locally Holder continuous in €2; with exponent ¢. Using the
boundedness of Xu in (5.8) along with the Poincaré inequality, we can prove

/ | Xw|?dz < CRPT?7.
B(po,R)

The proof is concluded once we introduce the latter inequality in (5.17), and use the
iteration lemma 2.1 in [Gi], chp. 3. O

For the scalar (diagonal) case the reader should consult [XZ], [C1] and [C2].

[AK1]

[AK2].
[BR].

[BI.
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