STRONG UNIQUE CONTINUATION PROPERTIES OF GENERALIZED
BAOUENDI-GRUSHIN OPERATORS

NICOLA GAROFALO AND DIMITER VASSILEV

1. Introduction and statement of the results.

The uniqueness in the Cauchy problem and the closely connected unique continuation
property (ucp) for subelliptic operators is a subject which is far from being understood
and to a large extent unexplored. On the negative side there exists a general coun-
terexample of Bahouri [Ba] to the ucp for zero order perturbations of sub-Laplacians
L-V = Z;n:l X;X; — V, when, besides the finite rank condition on the Lie algebra,
some additional geometric conditions are fulfilled by the vector fields X7, ..., X,, (such addi-
tional assumptions are not necessary in dimension three or four). What happens, however,
if one considers the unperturbed operator corresponding to the case V' = 07 In this situation
Bony [Bo] has proved uniqueness in the Cauchy problem if the vector fields are real analytic.
A general satisfactory answer to this question in the C* or less regular case does not seem
to be presently available. In this paper we study the strong unique continuation property
(sucp) for a class of variable coefficient operators whose “constant coefficient” model at one
point is the so called Baouendi-Grushin operator [B], [Grl], [Gr2]. We recall that the latter
is the following operator on RY =R™ x R*, N =n + m,

N
(L.1) Lo=) XiXu,
i=1
where the vector fields (which are not in fact constant coefficient) are given by

0 0

:Txk’ k=1,...,n, Xn+j:|x]°‘a—yj, j=1,....m.

Here o > 0 is a fixed parameter, z = (z1,...,2,) € R" and y = (y1,...,Ym) € R™. When
a =0, L, is just the standard Laplacian in RV. For a > 0 the ellipticity of the operator £,
becomes degenerate on the characteristic submanifold M = R™ x {0} of RY. When o = 2k,
with k& € N, then £, is a sum of squares of C'®° vector fields satisfying Hormander finite
rank condition on the Lie algebra rank Lie[X1,...,X,;,] = N. We note that there exists a
family of anisotropic dilations

(1.2) X,

(1.3) 51(8) = 0i(w,y) = (tw, 1> Dy) | t>0
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naturally associated with the vector fields in (1.2). Consequently, in the analysis of £, the
number

(1.4) Q=n+(a+1)m (> N=n+m),

plays the role of a dimension. We refer to @) as the homogeneous dimension relative to
the vector fields (1.2). Operators modeled on (1.1) have been intensively studied after the
pioneering works of Franchi and Lanconelli, see [FL], [F'S], and the references therein.

The analysis of the operator L, is subtle and, at least in the case o = 1, it is closely
connected to that of the real part of the Kohn sub-Laplacian on the Heisenberg group H"”,
see [RS], [FL], [G2], [GS1], [GS2]. Since the latter operator is real-analytic hypoelliptic,
harmonic functions in H" cannot vanish to infinite order at one point unless they are
identically zero. However, to present date there exists no quantitative proof of such sucp
in H" (by this we mean a proof based on estimates and which does not directly hinge on
the real-analyticity of solutions). In particular, it would be important to know whether
the generalized frequency in H" introduced in [GLa| is increasing, but this remains at the
moment a challenging open question. Such and related questions constitute some of the
motivations of the present paper. Returning to the operator £,, we mention that it was
proved in [G2] that the frequency attached to the horizontal energy is indeed increasing at
points of the degeneracy manifold M, thus the sucp holds for £,. In the same paper this is

also proved for the operator £L,— < b, Du > —V with suitable assumptions on b and V.
To give an idea, for example

V] < iw and \<Z,Du>\ < C|Xu|yp/?

is enough. Here Du is the gradient of u, |Xu| is the horizontal gradient (1.10) of u, and p
and v are defined correspondingly in (1.8) and (1.9). With a completely different method,
based on a subtle two-weighted Carleman estimate, the sucp was established in [GS1] for zero
order perturbations £, — V', where the potential V is allowed to belong to some appropriate
L? spaces.

In this paper we consider equations of the type

N
(1.5) Lu=Y" Xj(a;(z,y)Xiu) = 0.

ij=1

We assume that A = (aij (x,y)),i,j =1,...,N,is a N x N matrix-valued function on R
which, for simplicity, we take such that

(1.6) A(0) = Id.

Furthermore, we assume A is symmetric and uniformly elliptic matrix. Thus a;;(g) = a;:(g)
and there exists A > 0 such that for any n € RY

(1.7) Anl? < < Anp>< Al
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Our main concern is whether, under suitable assumptions on the matrix A, the sucp contin-
ues to hold for the operator £. To put our result in perspective we mention that when oo = 0
in (1.2), so that £, is the standard Laplacian, a famous result due to Aronszaijn, Krzywicki
and Szarski [AKS]| states that if the matrix A has Lipschitz continuous coefficients, then
the operator £ possesses the sucp. Furthermore, it was shown in [M] that such assumption
is optimal. Our results, Theorems 1.2 and 1.3 can be seen as a generalization of that in
[AKS], in the sense that, in the limit as & — 0 we recapture both the assumptions and the
conclusion of the elliptic case, see Remark 1.3. The approach, however, is different from
that in [AKS], which is based on Carleman inequalities along with results from Riemannian
geometry that do not seem to be adaptable to our context due to the lack of ellipticity. In-
stead, we have borrowed the ideas developed in [GL1], [GL2], [G2], see also the subsequent
simplification in [K]. Our main result is Theorem 1.2, which gives a quantitative control of
the order of zero of a weak solution to (1.5). Such result is proved under some hypothesis
on the matrix A which are listed as assumptions (H) below. The latter are tailored on the
geometry of the operator £, and should be interpreted as a sort of Lipschitz continuity with
respect to a suitable pseudo-distance associated to the system of vector fields (1.2).

In order to state the main result we recall the definition of the gauge p associated to L,
[G2]. With & = (z,y) € RN we let

(L8) p=p(&) & (oD + (o + 1)y ).

We stress that p is homogeneous of degree one with respect to the anisotropic dilations (1.3).
In the sequel we indicate with B, = {p < r} the pseudo-balls centered at the origin in RV
with radius r with respect to the gauge p . Since p € C®(RM \ {0}), the outer unit normal
on OB, is given by v = |Dp| ! Dp. As we mentioned, if o = 2k, with k € N, then the system
(1.2) satisfies Hormander’s condition, and the ensuing Carnot-Carathéodory distance of &
from the origin can be shown to be comparable to p(£). We will also need the angle function
1 defined as follows [G2]

2
def xr
(19) v=v© Y IXPO-20 ¢t
Hereafter, given a function f, we denote by

the gradient along the system of vector fields in (1.2) ( called also horizontal gradient of f),
and let | X f|? = Zjvzl (X, f)?. The function ¢ vanishes at every point of the characteristic
manifold M, and clearly satisfies 0 <1 < 1.

Definition 1.1. A weak solution to Lu = 0 in an open set Q is a function v € L} ()

such that the (distributional) horizontal gradient Xu € L2, (), and for which the equation
Lu = 0 is satisfied in the variational sense in Q, i.e.,

/<AXu,X¢> av = 0
Q

for every ¢ € C°(Q).
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We note that, under the hypothesis in the present paper, thanks to the basic results in [FL],
[F'S] a weak solution u is (after modification on a set of measure zero) Hélder continuous
with respect to the Euclidean distance. We are ready to state our main result.

Theorem 1.2. Let A be a symmetric matriz satisfying (1.7) and the hypothesis (H) below
with relative constant A. Suppose u is a weak solution of (1.5) in a neighborhood of the
origin Q2. Under these assumptions, there exist positive constants C = C(u,a, \, A, N) and
ro = ro(u,a, \, A, N), such that, for any 2r <r,, we have

/ wpdv < C | upav.
Bzr Br

The dependence of the constant C on u is quite explicit. It involves the L? norm of |Xu|
on By, and the L? norm of u on 9B; with respect to the weighted measure v¥» dHy_1. We
remark that, although we have stated Theorem 1.2 when the point of consideration is the
origin, this result continues to be true for any other point with the appropriate modification
of the hypothesis (H).

We say that u € L? (RY) vanishes to infinite order at some z, € R if for every k > 0

loc
one has
.1 9
lim — luldV =0.
r—07r Br(zo)

A given partial differential operator £ in R is said to possess the strong unique contin-
uation property (SUCP) if for every z, € RY, and any weak solution v of Lu = 0, the
assumption that v vanishes to infinite order at z, implies that © = 0 in some neighborhood
of z,. In other words non-trivial solutions can have at most finite order of vanishing. As it
is well known [GL1], Theorem 1.2 implies the following sucp.

Theorem 1.3. With the assumptions of Theorem 1.2, the operator L has the SUCP.

In order to state our main assumptions (H) on the matrix A it will be useful to represent
the latter in the following block form

A A
A= )
Here, the entries are respectively n x n, n x m, m x n and m X m matrices, and we assume
that A%y = Ag;. We shall denote by B the matrix
B = A — Inun
and thus
(1.11) B(0) = Onxn,

thanks to (1.6). The proof of Theorem 1.2 relies crucially on the following assumptions on
the matrix A. These will be our main hypothesis and, without further mention, will be
assumed to hold throughout the paper.
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HYPOTHESIS. There exists a positive constant A such that, for some € > 0, one has in
B the following estimates

Ap, for 1<4i,j<n

1bij| = laij — 0i3] <
jafo 1

Al/)é—i_%p = APT, else

(H)

A, for 1<k<n, and 1<, j<n
| Xkbij| = | Xgaij| <
1 o
A2 = A‘i—'a, else

An interesting, typical example of a matrix satisfying the conditions (H) is

g (Ytpflry) |2t g(z.y)
2|t g(z,y) 1+ |z h(z,y) )

where f,g and h are functions which are Lipschitz continuous at the origin of R? with
respect to the Euclidean metric. In this example m =n = 1.

Remark 1.4. It is important to observe that, thanks to (1.9), if we take formally o = 0
in (H) we obtain a Lipschitz condition at the origin for the matrix A. Our results thus
encompass those in the cited paper [AKS], see also [GL1].

For a vector field F' we denote by F'A the matrix with elements (F aij). We will apply the
same notation to all matrices under consideration. Throughout the paper we will tacitly
assume that all vectors are column vectors. Also, we will use the same notation for first
order partial differential operators and for the corresponding tangent vectors, with meaning
determined by the context.

The plan of the paper is as follows. In section two we prove Theorem 1.2. The proof
involves various technical estimates. For the reader’s convenience and ease of exposition we
have collected all the auxiliary material in section three.

Acknowledgment: We thank Bruno Franchi for his kind help in clarifying the results in
the papers [FL], [FS].

2. The frequency function.

The purpose of this section is to prove Theorem 1.2. The main step is to show the
monotonicity of the frequency Theorem 2.2. We begin by introducing the relevant quantities
that will appear in the proof. Since our results are local in nature, from now on, we focus
our attention on the pseudo-ball By. The notation dH n_; will indicate (N —1)-dimensional
Hausdorff measure in RY. Let u be a weak solution u of (1.5) in Bs.
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Definition 2.1. For every 0 < r < 2 we let

AXp, X
H(r) _/BB UQM(U_[N_17

D(r) :/ < AXu, Xu > dV.

The generalized frequency of u on B, is defined by

rD(r .
Nyt [ T H A0
0, if H = 0.

We shall denote by S the matrix relating the gradient along the vector fields in (1.2) and
the standard gradient in RY, i.e., X = SD , where

- Inxn 0
(2.1) s_< 5 ,xmmm)
Trivially, we have
(2.2) S=5" and Lu = div(SASDu).

The following theorem constitutes the main result of this section.

Theorem 2.2. Let u be a nontrivial weak solution of Lu = 0 in the pseudo-ball Bs, then
there exist positive constants ro = ro(a, \, A, N) and M = M (u,a, \, A, N) such that

N(r) = exp(Mr)N(r)

is a continuous monotonically nondecreasing function for r € (0,7,).

Proof. The proof of Theorem 2.2 rests on Lemmas 2.5 and 2.12 below. Let M = max{C1, Ca},
where C1 and Cs are the constants from Lemmas 2.5 and 2.12. Let @ be the homogeneous
dimension in (2.3) associated with the non-isotropic dilations (2.4). With r, as defined in
Lemma 2.5 we have that, either u = 0 in B,,, or H(r) > 0 for 0 < r < r,. In the former
case the frequency is identically zero on (0,7,), so let us consider the latter case, in which
H(r) > 0. The continuity of N(r) follows from the continuity of each of the functions
involved in its definition. Furthermore, for a.e. r € (0,7,) we have

rD(T) onres 1 D'(r) H'(r)
In——Le2Mry — 2 -
(HH(T)e ) =5 oy Hpy M
>1+Q—2Jr 2 / < AXu,Xp>2 dHy_1
o r D(r) Jop, < AXp,Xp> [Dpl
Q-1 D(r)
9 >
r H(r) — 0,

where we have applied first Lemmas 2.5 and 2.12, and then Proposition 2.4 and the Cauchy-

Schwarz inequality.
0
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With the help of the monotonicity it is easy to prove Theorem 1.2, see Section 3 of [GL1].
We include the proof in the current setting for completeness.

Proof of Theorem 1.2. If the solution vanishes in some neighborhood of the origin then the
doubling for all sufficiently small balls is trivially satisfied. Let us consider next the case
of a non-trivial solution. Let r, be the number defined in Lemma 2.5 and 2r < r,. By the

co-area formula
R
// u27!1dHN_1dr:/ u?pdv.
o JoB, |Dp| Br

JFrom the ellipticity of A in (1.7), we have

R
/H(T)dr%/ u*pdV
0 Bgr

with constant of proportionality depending only on A > 0. This shows it is enough to prove
the doubling property for the height function H. Now, we obtain from Lemma 2.5

H(2r) H(2r) H(r)  [* (H'(t) Q-1
W) - Maenet Mo / {H(t) T }dt

2r D(t) 2r e—ZMt
< 2—~ < 2N M
_/T { H(t)+cl} dt < / (1) dt + M

2r
5 1 .
< 2N(ro)/ ;dt + M = 2N(r,)In2 + M,
T

In

where in the last inequality we have used the monotonicity of the modified frequency ex-
pressed by Theorem 2.2. We thus conclude

H(2r) < 29071 (2No)n2 4+ M} pr(py

Integrating the latter inequality we obtain the doubling property in the conclusion of The-

orem 1.2.
O

Remark 2.3. We observe that for non-trivial solution we have the doubling property for
all balls Ba, C Q and 2r < 1, since for "big” balls, i.e., 2r > r, we have

fBzr uzw dVv - fBl u2¢ av
fBr u?pdV — fBro/Q uZpdV-

Of course, in this case the constant C' in the doubling property depends on N(l)

Finally, we establish Theorem 1.3.
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Proof of Theorem 1.3. Suppose u is a solution which vanishes to infinite order at the origin.
Let |B,| = wor?. Fix a number x > 0 such that C,279% = 1. For any r sufficiently small
and p € N the doubling property applied p times gives

/ wdV < Cg/ u?h dV
Is BT/QP
r@s 1

< WhCP 2 dV
> Wy 02Qpli |B7~/2P|F” /BT/Q;) u ¢

w2 dV — 0
|B7"/2p|H Br/Qp

< wgrQ“

when p — oo since 0 < v < 1. This ends the proof.

The remainder of this section is devoted to establishing Lemmas 2.5 and 2.12.

Proposition 2.4. For a.e. r € (0,2) the horizontal energy of u on B, can be expressed by

the surface integral
< AXu, X
D(r) = / U&dﬁr}v—l-
B, |Dpl

Proof. By the definition of weak solution we have u is continuous and Xu € L?(Bs), thus
for a.e. r € (0,2) one has Xu € L?(0B,). The outer unit normal on 9B, is given by
v = |Dp|™'Dp and thus

AXu, X AX D
=AdmaAp > u< u, SDp > =< uSAXu,v >.
[Dpl [ Dpl

The divergence theorem, (2.2) and the fact that Lu = 0 imply

AXu, X
/ T / div(uSAX ) dV
OB, [ Dpl :

:/ <AXu,Xu>dV+/ ulu dV

T T

:/ < AXu, Xu>dV ,
as claimed in the proposition. O

We proceed with proving the main estimate for the generalized height function H(r).
This is the first place where the assumptions (H) on the matrix A play a decisive role. We
observe that r — H(r) is absolutely continuous, thus differentiable a.e. on (0,2). In the
subsequent analysis the number
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(2.3) Q=n+(a+1)m (> N=n+m),

will play an important role. We note that @ is the homogeneos dimension relative to the
anisotropic dilations

(2.4) 6:(8) = 6y(z,y) = (ta, t @ Vy) | t>0

naturally associated with the vector fields in (1.2). The infinitesimal generator of (2.4) is

0 0
(2.5) Z = Z Tig—+ (a+1) Z Vigy
1<i<n 1<j<m

so that a function u is d;-homogeneous of degree k € R if and only if Zu = ku. At this
point it is worth observing that if u is homogeneous of degree k, and solves the ”constant
coefficient” equation L,u = 0 (i.e. u is a fundamental £,-harmonic of degree k), then the
corresponding frequency is constant and equal to k. This justifies the name generalized
frequency. To prove this fact one uses Proposition 2.4 with A = I which gives

< Xu,Xp>
D(T‘):/ < Xu,Xu>dV = / u#dHN_l.
: OB, [ Dpl

A calculation, see (2.13) in [G2] or Proposition 3.1, shows ( X = SD!)

(2.6) Xp = ‘ﬁslz :
for any function u. When u is L£,-harmonic of degree k we have Zu = ku, and one infers
from (2.6)

¥

< Xu, Xp>= Zu .
p

Substitution of the latter identity in (2.6) gives
k k
D(r):/ Py, = ~H(r),
r Jos,  |Dpl r

which proves N(r) = k.

Lemma 2.5. a) There exists a positive constant C1 = Cy(a, \, A, N) such that for a.e.
r € (0,2) one has
/ -1
H (r)— LH(T) —2D(r)| < C1H(r).
r
b) There exists a positive number v, = ro(c, \, A, N) < 1 such that, either H(r) =0 on
(0,70), or H(r) >0 on (0,7,).
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Proof. a) Using the definition (2.1) of S we have

< AXp, Xp >
SAAPAP T SAXpv > .
|Dpl

The divergence theorem gives

r

H(r):/ u? < SAXp,v > dHy_y = / div(u*SAXp) dV
0B

(2.7) :/ < AXp, Xu? > dV +/ u LpdV

T

:/ 2u < AXp, Xu > dV —I-/ u?LpdV.

r

Since the gauge p is not smooth at the origin, to make rigorous the previous calculation one
must integrate on the set B, \ B, and then let ¢ — 0. We note that the last integral on the
second line of the above chain of equalities is convergent since Lp € L} (RY). This can be
seen from the remarkable formula

(2.8) Lop = SR B},

which is (2.18) in [G2]. Once (2.8) is available one easily obtains by a rescaling, using (2.4),
that p™P € L}OC(RN) if and only if p < @. This shows, in particular, that L,p € L}OC(RN).
We note explicitly that (2.8) expresses, in disguise, the fact that for a suitable constant

C > 0 the function
(2.9) I = Cp*¢

is a fundamental solution of £, with pole at 0.
Returning to (2.7), after an application of the Federer’s co-area formula we differentiate
at a.e. r > 0, and use Proposition 2.4, obtaining

u’l
H(r):2D(r)+/83 |Dp'|0dHN,1.

This implies
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B - S aey —opp) = /a CLD @ H(r)

Brfl)ﬂf r

:/ 2 div(SBXp)
0By

c
dHy_| + / W22 aHN
|Dpl OB,

|Dpl

-1 Xpl?
o Q / U2 ‘ p| dHNfl
r Jop, |Dpl|

—1 < BXp,Xp>
Q / 2SBXp Xp>
0B,

r |Dp|

We recall that (b;;) = B = A — Id. Now, thanks to (2.8) the two middle terms in the last
equality above are equal. The last term is easily estimated as follows on 0B,

<BXp, Xp> <AXp,Xp>
P A S r —_—
[ Dpl [Dpl
for some positive constant C' = C'(a, A\, A, N)). This is recognized observing that by (H) we

have ||B||p=sB,) < Cr, and using also (1.7). Finally, we estimate the first term in the
right-hand side. Writing the divergence term as

N N
div(SBXp) = Y Xi(biyXjp) = Y XibijXjp+biXiX;p,
ij=1 ij=1
and taking into account the assumptions (H), Proposition 3.1 and Proposition 3.3 we find,

by splitting the terms into the four groups that appear in the block form of A ( and hence
of B ), the following inequalities

N
S Xibi Xjp| < C(!F 38 +rp!Tam +yips +¢gipt) < O,

ij=1
N 3,1

1,1 11 1,1 1272 1,1
S by XiXypl < C(p% + podtas pud—ah 4 pu 3 22 i )
ij=1

< C.
This completes the proof of part a).

b) From part a) we have

H(r) > (? — C1)H(r) +2D(r).
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Let r1 = min{1, %_11} so that H'(r) > C1H(r)+2D(r) > 0 on the interval (0,7;). Therefore
there exists an 0 < r, < r1 with the required properties. O

Our next objective is to obtain estimates of the first variation D'(r) of the horizontal
energy. Let

(2.10) < Axp, Xp> .
Consider the vector field F' defined as follows

N
(2.11) F=pY LRSI %0,
=1 M
ie.
Fu= g < AXp, Xu >= 5 < SAXp, Du >,

for any smooth function u. We now see that the assumptions on the matrix A guarantee
that F can be continuously extended to all of RY. Furthermore, near the characteristic
manifold, such extension gives a small perturbation of the Euler vector field Z in (2.5). To
prove this latter claim, we recall (2.6), and let

(2.12) o ™ <BXp, Xp>=pu—1.

Thus, F' can be re-written as

N
b X s
(2.13) F=Y2:PsBxp =2 - %2+ Yo il
[T I

3,j=1

From (H), the coercivity of A, and from Lemma 3.1 we find easily

1 1 1,1 1 1
’gZ’ < C p1p1+2a¢1+2a —|—p1/;2+2a1/}21p1+2a ‘Z‘
(2.14) a v
< App'ta|zZ| < AJaf|Z],
and

b]MX]pX\ < C< Cppr < Claf .
Substituting the two estimates (2.14) in (2.13), we obtain the above claim.

Our next goal is establishing a basic Rellich-type identity involving the vector field F,
Lemma 2.11, which we shall use to prove the main estimate on the derivative of the hori-
zontal energy, see Lemma 2.12. The proof of such Rellich-type identity relies on some basic
estimates on the divergence and the commutators of F' which are collected in the subse-
quent Lemmas 2.6, 2.7, 2.8, 2.9 and 2.10. We mention that, in turn, the proofs of these
five lemmas rely on some auxiliary technical estimates which, in order to keep the flow of
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this section, we have collected separately in the next section. Hereafter, the summation
convention over repeated indices will be adopted.

Lemma 2.6. There ezists a constant C = C(a, \, A, N) > 0 such that for 1 <i < N we
have:

{Xz-fSBXp]u < Cp|Xul.

Proof. By a direct calculation

(X, LSBXplu=X; < LBXp, Xu > — < LBXp, X Xju >=
u o u

—X; (g)bijijku n gXi(bijjp)Xku + gbijjp[Xi, Xp]u.

Now, Lemma 3.8, Lemma 3.9 and Remark 3.6 give the desired bound for the first and the
second sum in the last line. To estimate the last sum we use that

«

[ X, Xilu| < —[Xul

|z
and Lemma 3.9. O

Lemma 2.7. There ezists a constant C = C(a,\, A, N) > 0 such that for 1 < i < N we
have: o
’[Xi, ——Z]u‘ < CplXul.
7

Proof. ;From Proposition 3.1 we have

Zu ::§<Xp,Xu>.

(X, %Z]U = Xi(%g < Xp, Xu >> — %5 < Xp, XX;u >

g (o
= Xz(fBka) Xpu + lep[Xi, Xk]u
Y p iy

_ Py, (3>kaxku + 7%, <B>kaXku + 22 x. X p X+ 28 X plXs, X
Iz I p

(4 (0 pp
Using Lemmas 3.7, 3.8, 3.5 and Propositin 3.3 together with
Q@
|[Xi, XpeJu| < HIXUI

we can bound each of the terms above and finish the proof. ]
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Lemma 2.8. There ezists a constant C = C(a, A\, A, N) > 0 such that
|div(2SBXp)| < Cp.
w

Proof. We have
div(LSBXp) =< BXp, X(2) > +Ldiv(SBX)p)
H T

=2 P (<BXp,Xo>+<BXp,X¢p>)+ gxk(bijj).

2
noop
Invoking Lemmas 3.5, 3.9, Proposition 3.2 and Remark 3.6, we end the proof.

Lemma 2.9. There ezists a constant C = C(a, A\, A, N) > 0 such that
|div(22)| < Cp.
1

Proof. The proof is straightforward after we make use of the fact that v is homogeneous of
order 0, i.e., Zv = 0. Recall also that divZ = @, and that u =¥ + o.

(u +Qg
o K

~—

dw(gz) = Z(%) + Q% —7

o 1 o P o
= —Z(%) +Q—-=—YZ(—-)+Q=-=—5Zoc+Q—.
0 1 [ B I
Clearly
o
= < Cpy
1
while p
1Z0] < £1Xpl1Xo| < Cpu
by Lemma 3.5.

Lemma 2.10. | < FAXu, Xu>| < C p|Xul*.
Proof. Tt is enough to show that
|Fars| < Cp,
ie.,
g|<AXp,Xars>| < Cp,

which is the same as
| < AXp,Xays >| < Cy forall (r,s).
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The assumption (H) implies
laij XipXjars| < Cwéwé <CY, n+1<j<N,

las; XipXjans| < C(' 2 +p2tampyp2) < Cypltas < Cy, 1<j<n.

We can now prove the above mentioned Rellich-type indentity.

Lemma 2.11. Let X1,..., XN and F be the above considered vector fields in RN . We have
the following identity

/ < AXu,Xu>< F,v> dHy_1 =
OB,

= 2/ ajprXju < Xp,v> FudHn_1 — 2/ (divXy) ajpXju FudV
OBy

T

- 2/ ajr Xju [ Xy, FludV + / (divF) < AXu, Xu> dV

T

+ / < (FA)Xu,Xu> dV — 2/ FuLudV,

T T

where F'A is the matriz with ellements Fa;;. Here, v denotes the outer unit normal to B, .

Proof. The proof of the above integral identity is based on the divergence theorem and
can be carried similarly to its classical couterpart, see Ch.5 in [Ne]. Since the vector
fields and the matrix A are not smooth, one has to justify the use of such result by a
standard approximation argument which can be carried using the following key estimates
from Lemmas 2.6 - 2.10. Specifically, Lemmas 2.8, 2.9 give

|Q — divF| < Cp,
whereas Lemmas 2.6, 2.7 imply
I[X, Flu — Xu| < C p |Xu].

Finally, Lemma 2.10 gives
IFAlw < Cp.

Lemma 2.12. There exists a constant Cy = Co(a, A\, A, N) > 0 such that

, 1< AXu, Xp >2 -2
D(r)>2/ l=AXuXp>" 0y Q
aB, M | Dp| T

D(r) — Cy D(r) ,

where p is defined in (2.10).
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Proof. By the co-area formula D(r) = [ [55. % dHy_1ds. Hence,

/ AXu, X 1
D(T):/E;B <“’“>dHN_1:/aB < AXu,Xu><F,v> dHN_1 ,

[Dpl r
taking into account that on 0B, one has < F,v > = i Drp‘. The latter follows from the
following calculation
Fp < SAXp,Dp > < AXp, Xp > r
<Fv>= — =p =p = i
[ Dp| 1| Dpl 1| Dpl |Dp|

JFrom Lemma 2.11 we obtain

1
D(r)y=2 dV+/ (divF) < AXu, Xu > dV

, / 1< AXu, Xp >2
oB, M | Dpl r

r

2 1
—/ ajr Xju [ Xy, FludV + -
B

T T

/ < (FA)Xu,Xu> dV.

T

In view of (2.13), the fact that divZ = @, and of the identities [X;,Z] = X;, i =1,..., N,
we can rewrite the above formula in the following form

' 1 < AXu, Xp >2 —2
D'(r) = 2/ L= AXuXp > e+ 9= 2poy
0B, M |Dpl T

1
+ T/ div(—%Z—l— gSBXp) < AXu, Xu> dV

2
— / ajr Xju [ Xy, 77+ BSBXp]udV
T

T

T

+1/ < (FA)Xu,Xu > dV.

r

T

At this point we are left with showing that the assumption (H) implies the correct estimates
for the last three integrals. The absolute value of the integral involving the divergence is
estimated by Lemmas 2.8 and 2.9. The integral involving the commutators is estimated by
Lemmas 2.6 and 2.7, using also the ellipticity of A, cf. (1.7). Finally, the absolute value
of the last integral is estimated by Lemma 2.10 and by (1.7). This finishes the proof of
Lemma 2.12. ]
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3. Auxiliary results

In this section we collect some basic estimates that have been used in section two. Recall
that the matrix S was defined in (2.1)

Proposition 3.1. i) The following formula holds true

p
Z = —=SX
" P

ii) The horizontal gradient of the gauge satisfies

Xl < ¢ forl<k<n,

| Xt < (a+ 1)w% for1<k<m.

Proof. By definition

Xip :w% for1<k<n,

L Yk
Xn+kp :(a+1)1/)2pa+1 for1<k<m.

In other words, we have

(G P12 Y - Y o1
Xp = (—w, a+1 y) :—<:L‘, a+ 1)z ay) = =57,
PRl SR 5@ (et Dl ;
having in mind the definition of the radial vector field Z, see (2.5). From M = wi and
ly| < p®*! we obtain that the estimates in ii).
O

In the next proposition we compute the horizontal gradient of the angle function

Proposition 3.2. The angle function v satisfies the estimates

| Xk §C’o¢E fl<k<n

2|’
Xpid] < Oazﬁ, f1<h<m.

‘ |2a

Proof. Since ¢ =

5~ We have
p3e
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20|z [? 1 X |z B 20|z |>

Xy =

p2a p2a+1

I E AN 20z || %

- p 0) p2etD) \(a+ 1)y

T 2
~ o (FF) _2a Y z '
O‘w< 0 ) 2 \(a+ Dlaly
This shows that
2a¢|§|i2 = 2a¢2% if 1 <i<n,
X =

—20(a+ izl ifn+1<i<N.

Now, |z| < p and |y| < p®*! lead to the desired estimates.
U

In the proof of Theorem 1.2 the following estimates on the horizontal Hessian of p play an
important role.

Proposition 3.3.

| XX p] <Clﬁ for 1<i,j<nor n+1<i,j<N,

2
XiXiiol <CL —Cppd=2 for 1<i<n, 1<j<m,
xr

3 syl
| X+ Xip| §C¢2L$‘ :C'¢2 ’ for 1<i<n, 1<j<m.
p p

Proof. We need to compute the second derivatives of p and this is done easily for example
by using the product rule and the formulas from Propositions 3.1 and 3.2. We shall write
only the expressions for the second derivatives.

If 1 <4,5 <n, we have:

P2 (2 (0
X.X.p=—(2 D)z + Q0 —— s+ =8
iXjp (2a + ),03 zix; + ap|:c|2$lmj + i
If1<i<nandl<j<m we have:
2
XiXniip = —(a+ 1) (a4 1o wiy,

PE

+ 20— (a+ Dz Oz, — fa(a+1)|x|—a—2miyj.

ol
plz|?
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If1<i<nandl1<j<m we have:
wQ

Xn+jXZ‘p = —(2a + 1) p3

(o + 1|~ Pay;.
If 1 <14,7 < m, we have:
S y? a2 Vs
Xn+tiXntjip = —(2a+ 1)?(04 + 1)z TjYi + (o + 1);51%

At this point the estimates follow in an obvious way using |z| < p and |y| < p@+L. O

Definition 3.4. Let:
n < Axp, Xp >,

and also
BY A 14, o< BXpXp>.

One more notation we will use is: (b;;) = B.

Lemma 3.5. If (H) holds then:
o] < Cppztas,
|Xpo| <Cpz 1<k<N.
Proof. We have 0 = b;; X;pX;p. Thus Proposition 3.3 and (H) give:

o] < C(pptaaplTan + pprTaaytaays + ppitaayipd)

< C(p*e + pp? s + pp3tae) < Cpypitas,

The derivatives are given by X0 = b;; X, X;pX;p + X3.b;; X;pX;p and we can use Proposi-
tions 3.1 and 3.3 to obtain the desired estimates.

For 1 <k <n we have

¥
p

D=

|Xko| < Clp='Tas + ppptas 2o

SRR

1 1 1 1
+ phrtaa 2 aa gt e 4 pyztaa pyp2aag?)

+ Oy o gyt tasys +yryay)

N

< Ot e +p*a +42) < Cot.
Forn+1 <k < N we find
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3 1 3 1
21 %a 1 1,1 102 20
X< (b e

b ppitds Dy g puieas Yy )
p p

+ Cpr (pHramyttae 4T gR 4 gryr)

N

< C(q/;%Jré 1 y?taa +z/)%) < Ci2.

Remark 3.6. Notice that a careful examination of the second part of the above proof shows
that we also proved:

| X3bij Xip| < Co.

Lemma 3.7. If (H) holds then:

‘Xk ‘<C¢z for1<k<N.

Proof. 1t is enough to estimate the reciprocal % since

() = _fX Gy

From Xk(%) = Xk(%), using Lemma 3.5 and Proposition 3.2 we obtain:

H -1
and 0 <A < — < A7
) ¥

%ka‘ C(w + prM P13 ) = Cpi.

The proof is complete. 0

|- -

Lemma 3.8. If (H) holds then:

’Xk ‘<C¢1 for 1<k <N.
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Proof.
Xk(g) :Xk(yﬁ) - X (%) Py Xkp Pka'

pp e T Yu

Now Lemmma 3.7 and Propositions 3.1 and 3.2 give:
1 1
Y2p P2 p v -
+—+-57) SCY " 2a,
9t TR

()=

recalling also that 0 < A < % < 2L

Lemma 3.9. If (H) holds then:

1
b X;p| < Cpip!*2a

Proof. If 1 < j < n we have | X;p| < Cwl‘*'% and by; < Cp. If n+1 < j < N we have
X;p| < Ctp2 and by; < Cpipataa, 0
P kj p
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