R-groups and Elliptic Representations for SL,

DaviD GOLDBERG

Abstract. We determine the reducibility and number of components of any representation of SLy, (F)
which is parabolically induced from a discrete series representation. The R-groups are computed in terms
of restriction from GL,(F), extending the results of Gelbart and Knapp. This yields an explicit descrip-
tion of the elliptic tempered representations of SLy (F). We also describe those tempered representations
which are not irreducibly induced from elliptic representations.

To Elizabeth:

Introduction. We continue our investigation of those representations of classical
p-adic groups which are parabolically induced from the discrete series. We now consider
the group G = SL,(F). We will describe explicit criteria for reducibility of induced rep-
resentations, determine the number of constituents of such representations, and develop
criteria for the constituents to be elliptic. Moreover, we can describe those irreducible tem-
pered representations of G which are not elliptic, and are also not irreducibly induced

from an elliptic representation.

We use the technique of restriction from G = GL, (F). This technique has been used
by several authors to describe various aspects of the representation theory of G [4,5,
6,7,14,19,20,21,22,24,30]. Our purpose here is to use some of these results to obtain

information on the structure of the generalized principal series for G.

Let P = MN be a parabolic subgroup of G. Suppose that ¢ is an irreducible
discrete series representation of M. We wish to determine when the unitarily induced
representation ig pr(o) is reducible, and if so, what is the structure of its components.
We use the theory of R-groups, as developed by Knapp and Stein [18], and Silberger [28].
This, along with the multiplicity one result of Howe and Silberger [14], determines the

structure of the commuting algebra C(o).

The R-group is a quotient of the subgroup, W(c), of Weyl group elements which fix
o. If A’ isthe collection of reduced roots for which the Plancherel measure of o vanishes,

then R~ W(o)/W', where W' is the group generated by reflections in the roots in A’.
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For the groups Spa,(F) ,SO,(F), and U,(F), we were able to explicitly describe the
group W (o), and use the properties of Plancherel measures to determine which groups
could possibly arise as R-groups [9,10]. However, what precise R-groups can arise has yet
to be determined, since the explicit computation of Plancherel measures is not completed
in these cases. The R-groups for certain parabolics are understood completely [8,27]. In
the case of SL,,, the Plancherel measures are well understood [24,25]. Moreover, there is
already a necessary condition, in terms of restriction, for a Weyl group element w to be
in W(o) [24]. We show that this condition is sufficient, and thus we obtain an explicit

description for the R-group, where all the pieces are understood.

Let P = MN be a parabolic of G, with P =PNG, and M = M NG. Then there
is a discrete series representation, m,, of M so that To|p contains o as a constituent.
The components of 7,[y are said to be L-indistinguishable. Since ic m(0) <= ig (7o),
the Plancherel measures for o are the same as those for 7, [24]. The reducibility of
induced representations for GL,, are well understood [3,23], and we know the Plancherel
measures for m, explicitly [25]. Therefore, we know the zeros of the Plancherel measures
for o by restriction. We then show that w € W(o) if and only if wn, ~ 7, ® no det,
for some n € F (cf. Lemma 2.3). A lemma of Shahidi [24] shows that W’ is the set
of w with the property that wm, ~ m,. This gives an explicit description of R, as
a group of characters, and generalizes the results of [7]. For a fixed 7, we construct a
unique element, w,, with w, € R, and w,m, ~ 7, ® ndet (cf. Theorem 2.6). We use
this explicit description of the elements of R, and a theorem of Arthur [1], to describe
the elliptic tempered representations of G (cf. Theorem 3.4). We also give an explicit
description of those irreducible tempered representations of G which are not of the form
ig v (1) for some Levi subgroup M’, and some elliptic representation 7 of M’ (cf.

Theorem 3.8). This is based on a result of Herb [13].

Many results on reducibility and number of components are also obtainable by the
method of Hecke algebra isomorphisms. Thus, our reducibility results should match those

in forthcoming work of Bushnell and Kutzko [5].

I would like to thank Rebecca Herb, Stephen Kudla, Phil Kutzko, Paul Sally, Freydoon



Shahidi, and Marko Tadic for comments and conversations which furthered the results
herein. I would like to thank Anthony Knapp and the referee for pointing out some

oversights on my part.

§1 Preliminaries. Let F be a locally compact, non—discrete, nonarchimedean field
of characteristic zero. Let ¢ be the residual characteristic of F. Let G be a connected
reductive quasi-split algebraic group defined over F. Let G be the F-rational points of
G. We say that an element = of G is elliptic if its centralizer is compact, modulo the

center of G. We let G¢ denote the set of regular elliptic elements of G [12].

Let &2(G) denote the collection of equivalence classes of irreducible discrete series
representations of G, and denote by &;(G) the equivalence classes of irreducible tempered
representations of G. Then &(G) C &(G). If w € &(G), then we denote its character
by O,. Since O, can be viewed as a locally integrable function [11], we can consider
its restriction to G¢, which we denote by ©f. We say that = is elliptic if ©% # 0.
In general, we would like to describe &;(G), and explicitly determine which classes are

elliptic.

We say that M C G is a Levi subgroup of G if there is a parabolic subgroup P of
G with M as its Levi component. Let N be the unipotent radical of P. If A, is a
maximal F-split torus of G, then we let ®(G, Ag) be the set of roots of Ay in G. Let
A be a collection of simple roots. Then the conjugacy classes of parabolic subgroups of
G are in one to one correspondence with subsets of A. If § C A, then we let Ay be the
subtorus of Ay corresponding to 6. Let B = TU be the Borel subgroup associated to
Ap = Ap. Then a Levi subgroup M is called standard if there is a parabolic P = M N,
with P D B. In this case, P is also called standard.

If M is a Levi subgroup with split component A, then we denote the Weyl group
Ng(A)/Za(A) by W(G/A) or W(A). Let we W(A), and choose a representative w
for w in Ng(A). If (0,V) isan irreducible tempered representation of M, then we let
wo be the representation defined by the formula wo(m) = o(w~imw). The class of wo

is independent of the choice of w. We say that o is ramified if there is some non—trivial

w € W(A), with @wo ~ 0. We denote by Ind%(c) the representation unitarily induced
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by o. Since its class depends only on M, not P, we may also denote it by ig (o).

We denote by X(M)pr the collection of F-rational characters of M. We let
a = Hom(X(M)p,Z), be the real Lie algebra of A, and let af be the complexified

dual of a [12]. Then there is a homomorphism Hp: M — a which satisfies
gt > — |\ (M)|r, ¥ x € X(M)p, m € M.
For any v € af and o € &(M), we let
I(v,0) = Ind$ (a ® q<”’HP()>> :
The space V(v,0) of I(v,0) is given by
V(v,o) = {f : G — V|f(mng) = 5;/2(m)a(m)q<”’ﬂp(m)>f(g), Vge G,m € M,n € N} :

Here Jp is the modular function of P. If w € W(A), then we let Ng =U Nw ! Nw,
where N is the unipotent radical opposed to N. We formally define an operator on
V(v,0) by
Avo,w)f(g) = [ flw ng)n.
Ng
If the integral converges for every choice of f and ¢, then we say that A(v,o,w) con-

verges. If A(v,o,w) converges then it defines an intertwining operator between I(v,o)

and I(wv,wo).

THEOREM 1.1 (HARISH-CHANDRA). Let w € W(A) and o € E(M). Let P’ be the
standard parabolic subgroup with Levi component w~'Mw. Then A(v,o,w) converges
for v in the positive Weyl chamber, and can be extended to a meromorphic function of

v on af. Moreover, there is a complex number p(v,o,w) so that
A(v, 0, w) A(wv, wo,w™ ) = u(v,o0,0) *yg(G/P)yg-1(G/P'),

where the constant ~vz(G/P) is defined in [12]. Moreover, v — u(v,o,w) is meromor-

phic on af, and holomorphic on ia*. 0

The factor u(v,o,w) is called the Plancherel measure associated to v,0 and w.

When w is the longest element of the Weyl group, we write p(v,0) = u(v,o,w), and write
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(o) = p(0,0). If M is a maximal proper Levi subgroup, then ig p(o) is reducible if
and only if o is ramified and (o) # 0 [29]. One can normalize the intertwining opera-
tors A(v,o,w) by a meromorphic (in v ) scalar factor to obtain a family of intertwining
operators A(v,o,w) with the following property [16,26]. If we let A(o,w) = .A(0, 0, w),

then these operators satisfy the cocycle condition

A(o, wiwg) = A(wao, w1)A(o, we),

for all wy,wy; € W(A). One consequence of this normalization is that the operators
A(v,0,w) are holomorphic on the unitary axis ¢a* [29]. Shahidi [26] has shown that
the Plancherel measures and normalizing factors are related to conjectural Langlands L-

functions.

Suppose wo ~ 0. Choose an intertwining operator T'(w) with T(w)(wo) = oT'(w).
Then A'(o,w) = T(w)A(o,w) is a self intertwining operator for Ind$(c). Let
W(o)={we W(A) | wo ~c}. Denote by C(c) the commuting algebra of ig r(0).

THEOREM 1.2 (HARISH-CHANDRA [29, THEOREM 5.5.4.3]).

The collection {A'(o,w) | w € W (o)} spans the commuting algebra C(o). O

The theory of the Knapp—Stein R-group tells us how to determine a basis for C(o)
from among the A’(o,w). Let ®(P,A) be the reduced roots of P with respect to A,
and let B € ®(P,A). Let A be the torus (ker 5N A)°. Let Mg denote the centralizer
of Ag in G. Then M is a maximal proper Levi subgroup of Mgs. Let pg(o) be the
Plancherel measure attached to ips, a(0). Since M is a maximal proper Levi subgroup
of Mg, we know pg(o) =0 if and only if wo ~ o, for some w # 1 in W(Mg/A),
and in,,0(0) is irreducible. We denote by A’ the collection of 3 € ®(P, A) such that
pp(o) =0. We let

R=R(oc)={we W(o)|wB>0,V3eA'}

Let W’ be the subgroup of W (o) generated by the reflections in the roots of A’
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THEOREM 1.3 (KNAPP-STEIN, SILBERGER [18,28]). For any o € &(M), we have

W(o) = Rx W'. Furthermore, W' ={w € W(o) | A'(o,w) is scalar }. O

Thus, {A'(w,0) | w € R} is a basis for C(o). The number of irreducible constituents
of igm(o) is the number of irreducible representations of R, and the representation

corresponding to p € R appears with multiplicity dim p. Moreover, if @;, @, € R, then
A (o, w,wy) = n(wy, ws) A (o, w1) A’ (0, ws),

where the 2—cocycle 7: R x R — C* satisfies T(w,ws) = n(wy,ws)T(w1)T (wy). It is
known that C(c) ~ C[R],, where C[R], is the complex group algebra, twisted by the
cocycle n. The multiplicity of each constituent of ig a(c) is equal to one if and only
if R is abelian and 7 splits [16,17]. The isotypic components of ig (o) can be

parameterized by the irreducible representations of R [17].

We now assume that R is abelian and C(o) ~ C[R]. For each w € R, we let
ag ={H €a|w-H=H}. Let Z be the split component of G, and let 3 be the real

lie algebra of Z. Let ar = () ag.
wER

THEOREM 1.4 (ARTHUR [1, PROPOSITION 2.1]).

Suppose R is abelian and C(o) ~ C[R|. Then the following are equivalent:

(a) ic m(o) has an elliptic constituent,

(b) all the constituents of ig pm(o) are elliptic,

(c) Thereisa w € R with ag = 3. O
THEOREM 1.5 (HERB [13]). Suppose R is abelian and C(o) ~ C[R]. Let m be an

irreducible constituent of ig a(c). Then 7 =ig am/(T) for a proper Levi subgroup M’

and some T € &(M') if and only if ar # 3. Moreover, M' and T can be chosen with

7 elliptic if and only if there is a wyo € R with ar = ag,. d

We will use these last two theorems to describe the irreducible tempered representations
of SL,(F) which are elliptic, and those which are not irreducibly induced from elliptic

representations.



One of our main tools is the use of restriction theorems. We state those we need below.
Tadic [30] has extended these results to the case where the quotient is not necessarily finite,

but H is of the form G1Z(G), with G; the derived group of G.

THEOREM 1.6 (GELBART-KNAPP [7]). Let G be a totally disconnected group, and

suppose that H is an open normal subgroup of G, with G/H a finite abelian group.

(a) If 7 is an irreducible admissible representation of G, then |y is the finite direct
sum of irreducible admissible representations. Each component of w|y appears with

the same multiplicity.

(b) If o is an irreducible constituent of 7|y, and G, = {g € G | g-0 ~ o}, then

G/G, permutes the inequivalent components of 7|y simply and transitively. (Here
g-o(z) =09 "zg). )

(c) If o is an irreducible admissible representation of H, then there is an irreducible

admissible representation m, of G so that m,|y contains o.

(d) Suppose m and 7' are irreducible admissible representations of G such that both
wlg and 7’|y decompose with multiplicity one. Suppose o is a constituent of both
wlg and w'|g. Then w|g ~ 7’|y, and 7' ~ 7 ®mn, where n is a character of G,

which is trivial on H.

§¢2 The group SL, .

Let F' be as in Section 1. Let G,, = SL,, and én = GL,,, as defined over F. We
let G, = Gn(F) and G, = G, (F). If the dimension is clear we may just write G or
Let Z = Zn be the center of G.

oY

Let flo C G be the subgroup of diagonal matrices, and let A9 = G N fio. Let U be
the subgroup of unipotent upper triangular matrices. Then U C G, and B=AyU isa
Borel subgroup of G, while B = AgU is one of G. Let ®(G,Ay) = (G, Ay) be the
roots of Ay in G. Let A = {e; —e;+1}"] be the collection of simple roots given by
B. Let § C A, and let Py = MyNy be the associated standard parabolic subgroup of
G. Then Py = f’g NG = MyNy, with My = Me N G, is a standard parabolic subgroup
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of G, and every standard parabolic arises in this way. Suppose M = Mp,. Then there is

a partition mj +mo + ...+ m, = n, such that

Specifically,
g1 0
~ 92 ~
M = g; € Gml
0 Jr
Then
~ gl g'L e émz
M=MnG=
g detg; -detgy-...-detg. =1

Let A= Ay be the split component of ]\7[, and A= ANG that of M. Then

A1
A2

N
|

)\iEFX ,

where by A; we really mean \;I,,,. Thus,

A2

ATAAT M = ]

A

The Weyl group W = W(G/A) ~ W(G/A), is isomorphic to a subgroup of S,. More
precisely, W is generated by the transpositions (ij) for which m; = m;. If (ij) isin

W, then
(1) - A1y Ay N s A = (A, A Ay A,

Let M, be the derived group of M.

g1
My = 9i €EGm, p ~Gpy X ... X Gy, .

gr



Note that My is also the derived group of M. Let ¢:M — F™ x...x F* be given

-
r—1 times

by

©(g1,92,---,9r) = (det g1, detga,... detg._1).

We note that we have the following exact sequences.

(21) 1= GuZp— Gn S FJ(F)" > 1
(22) 1= MA— M= F/((F*)™ (FX)™ .. (F)™) =1

(23) 1 MoA — M % FXJ(FX)™ x FX [(FX)™ x .. x F* [(F*)™1 = 1.

We will choose specific splittings in order to simplify our later arguments. For each m > 1
let {am.,1,am2,..-amy, } be a collection of representatives for F*/(F*)™. For each

(m, 1), let ap,,; = (am’i I 1). Then a,; +— @y, splits (2.1).
—

Similarly, if y is a representative for F*/((F*)™(F*)™2 ... (F*)™,) then we let
J= <y I > . Then y— ¢ splits (2.2). Now let
n—1

r—1
a= (amlail’a/m27i27 - 'a’mr—lzir—l) = H FX/(FX)mj'
j=1

Let A(a) = am,.,iy * Cmyis - - - @m,_4i,_,- LThen we let

Amy iy

Amy,io

amw—liw—l

m—l

Clearly, 1 splits (2.3).

Note that if 7 € £(G,), and we write 7|, = @ p;, then [24,30] each p; appears

J
with multiplicity one. Theorem 1.6(b) implies that the @, ; permute the constituents p;
transitively. The representations p; are said to form an L-packet for G,. We also say

that the p; are L-indistinguishable.



Let o € &(M). Then, by Theorem 1.6(c), there is some 7, € E(M) with 74|p D 0.
Moreover, if #/ is another such representation, then 7/ = m, ®n-det, for some character

n of F* (Theorem 1.6(d)). We denote 7,®n-det by m,®n. Let 7, = T @m®...Qm,,

with each m; € &(G,,,). Let 7,y = @o;, with o7 = 0. We again say that the
i

representations o; are L-indistinguishable, and say that {o;} forms an L-packet of M.

The reason for this terminology is discussed in [7]. If w € W(G/A), and we realize w

as a permutation on r letters, then wm, >~ my1) ® Ty2) @ ... @ Ty (r)-

bi T
Note that if g, = @ pij, then 7[nm, = D @ pij; is multiplicity free. Thus,
j=1 {3} i=1

for i # k, Hompy, (ok,0;) = {0}. Note that this (redundantly) implies that m,|y is

multiplicity free.

LEMMA 2.1 (SHAHIDI [24]). Let o € £(M) and choose 7, € Ey(M) which contains
o upon restriction to M. Let « € ®(P, A). Then

i
For 1<i<r let ¢; = my For 1 <i<j<r let aj; =e, —e_,+1. Then
j=1

{aij |1 <i<j<r} isacomplete set of representatives for the reduced roots, ®(P,A).

COROLLARY 2.2. Let o0 and m, be as in Lemma 2.1. Suppose 7, =T ® ... & Tp.

Then a;; € A" if and only if m; ~ 7.

Proof. Let a = o;;. Recall that o € A’ if and only if p.(c) =0. By Lemma 2.1,
po(o) =0 if and only if pa(7,) = 0. By [3,25] this is equivalent to m; ~ ;. O

We now describe the group W (o) in terms of the representation 7.
LEMMA 2.3. Let o € &(M), and suppose 7, € Ey(M) with Ty|y D 0. Then

W(o)={weW |wr, ~ 7, ®n, for somen e F*}.
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Remark. That wo ~ o implies wn, ~ 7, ®n for some 71 was proved by Shahidi in

[24].

Proof. If wo ~ o, then wo < m,|p. Since wo C wny|p, we know that m,|y and
wTy|p have a common constituent. Thus, since m,|y and wm, |y are multiplicity free,

Theorem 1.6(d) implies that wr, ~ 7, ® n, for some 7 € Fx,

Now suppose that wn, >~ 7, ®n. Then we know that wo ~ o; for some i. Note that
'

Wy | My = @ (é Puw(i)ju(sy - SUPPOSE po = @ pij; is an irreducible constituent of o|xyz,.
Since wwa{g};;}b n, we know that ) :Z;rl ®n for each 7. Thus, P (i) and p;j,
are L-indistinguishable. By Theorem 1.6(b) there is a choice of k; so that @m, k, - pij; =
Puo(i)ju, - Suppose s = (i w(i) w?(i)...w' (7)) is a cycle appearing in w. Without loss
of generality, assume s = (12 ... £). Let m be the common value of mj,ms,...,my.
Foreach 1 <7 </{¢—1, we choose b; = a, , with the property that b; Piji = Pli+1)jisr -

Let by = (byiby...by_1)~!. Then, since the b; commute,
be-pe=(br...be—1)" " puj, = p1j,-
That is, we can take ap, r, = by. Therefore, we can choose a,, r, so that their product
over any cycle s of w is 1, and thus the product of all a,, , is 1.
Let

amlykl

A ko

SH
|

amr,kr
Then we have just shown that b € M. Thus, by Theorem 1.6(b), b- py is a constituent
of o|p,. On the other hand,

T r
b- Po = ®ami7ki *Pig; = ®pw(i)jw<i) = WpPo-
=1 1=1

Thus, wpy C 0 and wpg C wo implies Homyy, (0, wo) # {0}. Therefore, by multiplicity

one, 0 =~ wao. 0
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Let

L(r,) ={n e F* | 7, ® n ~ wn,, for some w € W}.

Let X(m,) = {n € F* | 7, ® n =~ 7,}. Note that if n,x € L(n,), and 7, @ n =~
e ® X, then ny~! € X(m,). Thus, there is a well defined homomorphism ¢: W (o) —
L(my)/ X (7,) given by ¢(w) =nX(m,), where wry ~ 7, @ 1.

THEOREM 2.4. The R-group of o is given by

R(0) ~ L(ry) /X (7).

Proof. Tt is enough to show that kero = W', where W’ is the group generated
by reflections in the roots of A’. If «a;; € A’, then m ~ 7, so (ij) - 7, ~ 7o,
and thus, W’ C kery. On the other hand suppose w = s182...s; is in kery. Let
s; = (i1 12 ... i;). Since wm, ~ 7y, m, ~ m;,,, for 1 <L < j—1. Thus, by Corollary

2.2, Qigigyq EA/, for each /. Let Qiiis g = Oy Then

k%
w:HHwa, W
Tete4-1

i=1/¢=1

Thus, kerp = W', so L(n,)/X(n,) ~W(o)/W' ~R. []

Remark. The fact that W’ = {w | wr, ~ 7,} was first shown, with a slightly different
proof, by Shahidi [24, Proposition 1.8].

Remark. If P is the minimal parabolic, then Gelbart and Knapp [7] showed that

L(7,) ~ R(o). Thus, our result generalizes theirs, as well as those of Keys [16].

COROLLARY 2.5. If ¢ and o' are L-indistinguishable discrete series representations

of M, then R(c)= R(c'). []

While Theorem 2.4 describes R as a subgroup of (F*/(F*)™)", we desire a more
explicit description of R. Let n € L(m,). Let Q(n,i)={j | m; ~m ®n}. Let wy,(1) =
minQ(n,1). For 2<i<r, let I'(n,i) = {w,(j) | j <i}. Then we let

wy(i) = min (@ (n,7) N (T (1,4))°).
Clearly w, € W.
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THEOREM 2.6. Let 1 € L(m,). Then w, is the unique element of R(c) associated

with n.

Proof. Since, for each i, m, ;) ~ m ®n, we have w,m, ~ 71, ® n. Thus, w, €
W(o). Suppose «;; € A’. Then m; ~ m;, so Q(n,i) = Q(n,j). Since i < j, we have
wy (i) < wy(j), by construction. Thus, wya; = Qu, (i)w, () > 0. Therefore, for each

ae€ A',w,a >0, and thus w, € R(o). d
n n

§3 Elliptic representations.

We now use our description of the R-groups of G to explicitly describe the elliptic
tempered spectrum of G. We also describe those tempered representations which are not
elliptic, and are not irreducibly induced from an elliptic representation. We begin with
the multiplicity one result of Howe and Silberger. This result has been extended to an

arbitrary irreducible admissible unitary representation of M [30].

THEOREM 3.1 (HOWE—-SILBERGER [14]). Let G = SL,(F), and let P = MN be
an arbitrary parabolic subgroup of G. Suppose o € E(M). Then each constituent of

ig,m(0) appears with multiplicity one. O
COROLLARY 3.2. For any o € (M), C(o) ~ C[R]. O

LEMMA 3.3. Let P = MN be a standard parabolic subgroup of G. Let M be the
Levi subgroup of G with M = M NG. Suppose M ~ éml X émZ X ... X émr. If, for

some i and j,m; # m;j, then ig y (o) can never contain an elliptic constituent.

Proof. By Theorem 1.4 and Corollary 3.2, ig a(0) has an elliptic constituent if and
only if there isa w € R so that a, = 3. Since m; # m;, W(G/A) does not permute
the blocks of M transitively. Thus, there is no w € W(G/A) with a, = 3 = {0}.

Therefore, for any o € £3(M), igm (o) cannot contain an elliptic constituent. O

THEOREM 3.4. Suppose mi; = mg = ... =m,. Let o € & (M), and choose 7, €

Ey(M) with 74|p D 0. Then the following are equivalent:
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(a) ic m(o) has an elliptic constituent,
(b) every constituent of ig (o) Is elliptic,

(c) R(o)~Z,.

Proof. Since R is abelian and C(o) ~ C[R], (1) and (2) are equivalent, and both are
equivalent to a,, = {0} for some w € R(o). Since my =...=m,, W(G/A) = S,, and
a, = {0} if and only if w is an n-cycle. Up to conjugation by an element of W (G/Ay),
we can assume that w = (12...r). Let 7, = 7 ® -+ ® m., with each m; € 52(ém).

From Theorem 2.6, w € R(c) if and only if there is an n € FX such that 1" € X (m),
and 7/ ¢ X(m) for 1<j<r—1, with m; =m ®n'"'. That is,

Tom®@men®men)®...e (men ).

Now it is clear that L(7,)/X(7,) =<n >, so R(c)~Z,. O

Remark. It is not the case that every irreducible tempered representation of G is
either elliptic, or is irreducibly induced from an elliptic representation. This was already
known for G = SL4, with P = B, the Borel subgroup [13]. We will give a description
of all representations of G of this form. We begin with an example which illustrates the

ideas involved. This example is a generalization of the example given in [13] for SL,.

Example 3.5. Let m > 1, and let G = SLy4,,. Let M ~ ém X ém X ém X ém. Let
m € E(M). Suppose that n and x are distinct characters with 7, x and nx ¢ X(w),
but n?, x? € X(r). Let

=1 (@1 (T x)® (T ®nX).

Let o C mo|p- Then A’ = (). Note that 1 corresponds to the permutation (12)(34), x
to (13)(24), and nx to (14)(32). These are the non-trivial elements of R(c). Note that
ag = {0}, but for each w € R(0), a, 2 {0}. Therefore, by Theorem 1.5, no constituent

of ig m(0) is irreducibly induced from an elliptic representation. O

Definition 3.6. Let 7 € E5(G,y,). Let n1,m2,... ,m¢, ¢ > 2, be a collection of characters
of F*. Let o(n;) be the order of n; modulo X(m). Suppose that
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(1) nink...n) ¢ X(m) unless n;j € X(m) for each j;

(2) ged(o(n:))iy > 1.

o | 0<i<o(ng)
Let Q(m,m1,m2,...,m0) = S TN 05> ... 0" . We call the collection
j=1,...¢
Q(m,m1,n2,...,m¢) a multiple character segment for 7.

Definition 3.7. Let G = G,,. Suppose P = MN is a standard parabolic of G. A
discrete series representation p of M s said to contain a multiple character segment, (2

for 7 if, up to permutation of the blocks of M,

p= () e/p,

TEQ

for some p’.

THEOREM 3.8. Let o € &(M), and choose m, € Ey(M) with w,|p D o. Then
any constituent of ig a(o) is non—elliptic, and is not irreducibly induced from an elliptic
representation if and only if ©, contains a multiple character segment Q(mw,n1,...,m0),

with each n; € L(m,).

Proof. Suppose 7, ~ 71 ®...Q7,, and {m,...,7} is a multiple character segment
Q(m1,m1,...,n¢). Further suppose that n; € L(m,) for each 7;. Then w,, # 1, since

for 1<j<k, mj®@mn; 7. For 1 <j <k there are i1,7,...,% so that

T RN'Ny .0t = ;.

Thus, there is a w € R(o), with w(l) = j, for j = 1,2,... k. Let m denote the

common value of mq,...,mg. Then,

( d )

IN
.

ar mdk+2dimi =0

korl k+1
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We denote the subalgebra on the right by a’. Since gcd(o(n;)) > 2, there is no character
n so that, for each 2 < j <k, w;;(l) = j for some t. Thus, there is no w € R with
a, C o/, and thus it is impossible for a, = ar for some w € R. Therefore, by Theorem
1.5, every component of ig as(0) is non-elliptic, and cannot be irreducibly induced from

an elliptic representation.

Now suppose that 7, does not contain a multiple character segment with the described
compatibility condition. Suppose that w(i) # i for some w € R. Since there is no
compatible multiple character segment, we know there is a character, ~; = n, for some
k, so that m,; =m ® ’yf for some j. That is, we choose ~; € L(X(7,)) so that the
order of v; modulo X(7,) is maximal, with the property that m; ® v; % m;. Let s(i)
be the cycle of w., which contains i. Note that if w € R, and w(i) # ¢, then some
power of s(i) appearsin W. (This follows from the construction of the elements w, of
R.) Suppose that, v, #Z ) mod (X(r,) for any 1< j < o(v;) — 1. Then w., (i) = i,
and so m; ® v ~ m;. Let iy, Viy,--- Vi, be the distinct classes, modulo X(7,), among
the characters {v;}. Let wo = w,, w,, .. . Wy,,. By construction, the elements W, are

disjoint permutations, and wg € R. Moreover, if there is a w € R with w(i) = k, then

w}(i) = k for some j. Thus, a,, = ar. Therefore, by Theorem 1.5, if ig ps(0) has no

elliptic constituents, then each constituent of ig (o) can be irreducibly induced from

an elliptic representation of some proper Levi subgroup M’ of G. 0

Remark. Suppose o € &(M) and all the constituents of m = ig (o) are ellip-
tic. We can parameterize the constituents by the characters R of R. Let m,. be the
constituent which corresponds to x € R. Then 0f =0, so » 0 = 0. We would
like to explicitly know this relation between the characters @f:. In [13] Herb gives
an explicit description of this character relation when G = Sps, or SO,. In [10] we
used the same techniques to carry out this program when G = U,. Assem [2] uses his
global character expansions, and a result of Kazhdan [15] to describe this relation when
G =Gy, and n is prime. Shahidi [24] showed that R(o) ~ X(ig y;(7,))/X(75). Thus,
L(r,) = X (ig x1(ms)). Therefore, by extending the results of Kazhdan, one hopes to

describe this relation.
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