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ABSTRACT. In this monograph the authors gather together results and exam-
ples from their work of the past two decades related to power series rings and
to completions of Noetherian integral domains.

A major theme is the creation of examples that are appropriate inter-
sections of a field with a homomorphic image of a power series ring over a
Noetherian domain. The creation of examples goes back to work of Akizuki
and Schmidt in the 1930s and Nagata in the 1950s.

In certain circumstances, the intersection examples are computable as a
directed union, and the Noetherian property for the associated directed union
is equivalent to a flatness condition. This flatness criterion simplifies the anal-
ysis of several classical examples and yields new examples such as

e A catenary Noetherian local integral domain of any specified dimension
bigger than one that has geometrically regular formal fibers and is not
universally catenary.

e A three-dimensional non-Noetherian unique factorization domain B such
that the unique maximal ideal of B has two generators; B has precisely
n prime ideals of height two, where n is an arbitrary positive integer;
and each prime ideal of B of height two is not finitely generated but all
the other prime ideals of B are finitely generated.

e A two-dimensional Noetherian local domain that is a birational extension
of a polynomial ring in three variables over a field yet fails to have Cohen-
Macaulay formal fibers. This also demonstrates that Serre’s condition
S1 need not lift to the completion. It is related to an example of Ogoma.

Another theme is an analysis of extensions of integral domains R — S
having trivial generic fiber, that is, every nonzero prime ideal of S has a nonzero
intersection with R. Motivated by a question of Hochster and Yao, we present
in Chapters 24, 25 and 26 results about

o The height of prime ideals maximal in the generic fiber of certain exten-
sions involving mixed power series/polynomial rings.

e The prime ideal spectrum of a power series ring in one variable over a
one-dimensional Noetherian domain.

e The dimension of S if R < S is a local map of complete local domains
having trivial generic fiber.

A third theme relates to the questions:
e What properties of a Noetherian domain extend to a completion?
e What properties of an ideal pass to its extension in a completion?
e What properties extend for a more general multi-adic completion?
We give an example of a three-dimensional regular local domain R having a
prime ideal P of height two with the property that the extension of P to the
completion of R is not integrally closed.

All of these themes are relevant to the study of prime spectra of Noether-
ian rings and of the induced spectral maps associated with various extensions
of Noetherian rings. We describe the prime spectra of various extensions in-
volving power series.
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Preface

The authors have had as a long-term project the creation of examples using
power series to analyze and distinguish several properties of commutative rings
and their spectra. This monograph is our attempt to expose the results that have
been obtained in this endeavor, to put these results in better perspective and to
clarify their proofs. We hope in this way to assist current and future researchers in
commutative algebra in utilizing the techniques described here.

Dedication

This monograph is dedicated to Mary Ann Heinzer, to Maria Rotthaus, to
Roger Wiegand, and to the past, present and future students of the authors.

William Heinzer, Christel Rotthaus, Sylvia Wiegand






CHAPTER 1

Introduction

About twenty years ago, as we were starting to collaborate on this work, the
authors were inspired by expository talks Judy Sally gave on the following question:

QUESTION 1.1. What rings lie between a Noetherian integral domain and its
field of fractions?

We are also inspired by Shreeram Abhyankar’s research such as that in his
paper [1] to ask the following related question:!

QUESTION 1.2. Let I be an ideal of a Noetherian integral domain R and let
R* denote the I-adic completion of R. What rings lie between R and R*? For
example, if x and y are indeterminates over a field k, what rings lie between the
polynomial ring k[z,y] and the mixed polynomial-power series ring k[y|[[z]]?

In this book we will encounter a wide variety of integral domains fitting the
descriptions of Question 1.1 and Question 1.2.

Over the past eighty years, important examples of Noetherian integral domains
have been constructed that are an intersection of a field with a homomorphic image
of a power series ring. The basic idea is that, starting with a typical Noetherian
integral domain R such as a polynomial ring over a field, we look for more unusual
Noetherian and non-Noetherian extension rings inside a homomorphic image S of
an ideal-adic completion of R. An ideal-adic completion of R is a homomorphic
image of a power series ring over R; see Section 3.1 of Chapter 3.2 That is, our
Basic Construction includes an “intersection” domain A of the following form:

Basic CONSTRUCTION EQUATION 1.3. A= LnNn§s.

Here L is a field between the field of fractions of R and the total quotient ring of S.
The field L and the ring S are made more explicit in Chapter 5.
We have the following major goals:

(1) To construct new examples of Noetherian rings, continuing a tradition
that goes back to Akizuki and Schmidt in the 1930s and Nagata in the
1950s.

(2) To construct new non-Noetherian integral domains that illustrate recent
advances in ideal theory.

(3) To study birational extensions of Noetherian integral domains as in Ques-
tion 1.1.

lRam’s work demonstrates the vastness of power series rings; a power series ring in two
variables over a field k contains for each positive integer n an isomorphic copy of the power series
ring in n variables over k. The authors have fond memories of many pleasant conversations with
Ram concerning power series.

2Most terminology used in this introduction, such as “ideal-adic completion”, “coefficient
field”, “essentially finitely generated” and “integral closure”, are defined in Chapters 2 and 3.

1



2 1. INTRODUCTION

(4) To consider the fibers of an extension R < R*, where R is a Noether-
ian domain and R* is the completion of R with respect to an ideal-adic
topology, and to relate these fibers to birational extensions of R.

These objectives form a complete circle, since (4) is used to accomplish (1).

Classical constructions of Noetherian integral domains with interesting prop-
erties are given by Akizuki, Schmidt, and Nagata in [7], [117], and [95]. This
work is continued by Brodmann-Rotthaus, Ferrand-Raynaud, Heitmann, Lequain,
Nishimura, Ogoma, Rotthaus, Weston and others in [13], [14], [33], [70], [71], [72],
[79], [97], [102], [103], [110], [111], and [130].

The present authors have been captivated by this topic and have been examin-
ing ways to create new rings from well-known ones for a number of years. Several
chapters of this monograph, such as Chapters 4, 5, 6, 8, 17 and 21, contain a
reorganized development of previous work on this technique.

Basic Construction Equation 1.3 as presented here is universal in the following
sense: Every Noetherian local domain A having a coefficient field £ and with field of
fractions L finitely generated over k is an intersection LNS, as in Basic Construction
Equation 1.3, where S = ﬁ/ I and I is a suitable ideal of the m-adic completion
R of a Noetherian local domain (R,m). Furthermore we can choose R so that k
is also a coefficient field for the ring R, L is the field of fractions of R and R is
essentially finitely generated over k; see Section 5.2 of Chapter 5.

What are the classical constructions? Many of the examples concern integral
closures. Akizuki’s 1935 example is a one-dimensional Noetherian local domain R
of characteristic zero such that the integral closure of R is not a finitely generated
R-module [7]. Schmidt’s 1936 example is a one-dimensional normal Noetherian
local domain R of positive characteristic such that the integral closure of R in a
finite purely inseparable extension field is not a finitely generated R-module [117,
pp. 445-447]. In relation to integral closure, Nagata’s classic examples include
(1) a two-dimensional Noetherian local domain with a non-Noetherian birational
integral extension and (2) a three-dimensional Noetherian local domain such that
the integral closure is not Noetherian [96, Examples 4 and 5, pp. 205-207].

In Example 4.8 of Chapter 4, we consider another example constructed by
Nagata. This is the first occurence of a two-dimensional regular local domain
containing a field of characteristic zero that fails to be a Nagata domain, and hence
is not excellent. For the definition and information on Nagata rings and excellent
rings; see Definitions 2.3.1 and 3.28 in Sections 2.1 and 3.3, and Chapter 14. We
describe in Example 4.10 a construction due to Rotthaus of a Nagata domain that
is not excellent.

In the foundational work of Akizuki, Nagata and Rotthaus (and indeed in most
of the papers cited above) the description of the constructed ring A as the basic
intersection domain of Equation 1.3 is not explicitly stated. Instead A is defined
as a direct limit or directed union of subrings. In Chapters 4 to 12, we expand the
basic construction to include an additional integral domain, also associated to the
ideal-adic completion of R with respect to a principal ideal. That is, our adjusted
Basic Construction consists of two integral domains:

(1) The “intersection” integral domain A of Basic Construction Equation 1.3:
A =LNS, the intersection of a field L with a power series ring S, and

(2) An “approximation” domain B, a natural direct limit domain B contained
in A that approximates A and is more easily computable, sometimes as a
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nested union of localized polynomial rings.

The details of the construction of B are given in Chapter 6. Construction Properties
Theorems 6.17 and 6.19 describe essential properties of the construction and are
used throughout this book.

The fact that in certain circumstances the approximation domain B is equal
to A, and so the intersection domain A may be computable as a directed union, is
crucial to our development of this technique; the description of A as an intersection
is often unfathomable! In case A = B, the critical elements of B that determine L
are called limit-intersecting over R; see Chapter 6 (Definition 6.5) and Chapters 12,
21 and 22 where we discuss the limit-intersecting condition further.

To see a specific example of the construction, consider the ring R := Qlz, 3],
the polynomial ring in the variables = and y over the field Q of rational numbers.
Let S be the formal power series ring Q[[z, y]] and let L be the field Q(x,y, €%, e¥).3
Then Equation 1.3 yields that

et —eY
o =

€ A=Q(z,y,e" e) NQlz,yll,

but a ¢ B, the approximation domain. In this example, the intersection domain
A is Noetherian, whereas the approximation domain B is not Noetherian. More
details about this example are given in Chapter 4 (Example 4.4 and Theorem 4.12),
Chapter 7 (Theorem 7.2 and Example 7.3) and Chapter 8 (Example 8.11).

A primary task of our study is to determine, for a given Noetherian domain R,
whether the ring A = LN .S of Basic Construction Equation 1.3 is Noetherian. An
important observation related to this task is that the Noetherian property for the
associated direct limit ring B is equivalent to a flatness condition; see Noetherian
Flatness Theorems 8.3 and 8.8. Whereas it took only about a page for Nagata
[96, page 210] to establish the Noetherian property of his example, the proof of
the Noetherian property for the example of Rotthaus took 7 pages [110, pages 112-
118]. The results presented in Chapter 8 establish the Noetherian property rather
quickly for this and other examples.

The construction of B is related to an interesting construction introduced by
Ray Heitmann [70, page 126]. Let x be a nonzero nonunit in a Noetherian integral
domain R, and let R* denote the (x)-adic completion of R. Heitmann describes
a procedure for associating, to each element 7 in R* that is transcendental over
R, an extension ring T of R[7] having the property that the (x)-adic completion
of T is R*.* Heitmann uses this technique to construct interesting examples of
non-catenary Noetherian rings. In a 1997 article [51, Theorem 2.8], the present
authors adapt the construction of Heitmann to prove a version of Noetherian Flat-
ness Theorem 8.8 of Chapter 8 that applies for one transcendental element 7 over
a semilocal Noetherian domain R; see Remark 8.9.2.

The primarily limit-intersecting concept (see Definition 21.9) used in [51] ex-
tends to more than one transcendental element 7. This permits the extension of
Heitmann’s construction to finitely many algebraically independent elements of R*;

3This example with power series in two variables may be realized by taking first the (x)-adic
completion R* and then taking the (y)-adic completion of R*.

4Heitmann remarks in [70] that this type of extension also occurs in [96, page 203]. The
ring T is not finitely generated over R[r] and no proper R[r]-subring of T' has R* as its (z)-adic
completion. Necessary and sufficient conditions are given in order that T' be Noetherian [70,
Theorem 1.4].
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see [51, Theorem 2.12]. Thus, with Basic Construction Equation 1.3 as presented
in Chapter 5, we are able to prove Noetherian Flatness Theorem 8.8 in the case
where the base ring R is an arbitrary Noetherian integral domain with field of frac-
tions K, the extension ring S is the (z)-adic completion R* of R, and the field L is
generated over K by a finite set of algebraically independent power series in S.

In the case where S is the ideal-adic completion R* of R and L is a field
between R and the total quotient ring of R*, the integral domain A = L N R*
sometimes inherits nice properties from R*, for example, the Noetherian property.
If the approximation domain B is Noetherian, then B is equal to the intersection
domain A. The converse fails however; it is possible for B to be equal to A and
not be Noetherian; see Example 13.7. If B is not Noetherian, we can sometimes
determine the prime ideals of B that are not finitely generated; see Example 17.1.
If a ring has exactly one prime ideal that is not finitely generated, that prime ideal
contains all nonfinitely generated ideals of the ring.

In Chapters 7 and 10, we adjust the construction from Chapters 4-9. An
“insider” technique is introduced in Chapter 10 and generalized in Chapter 13 for
building new examples inside more straightforward examples constructed as above.
Using Insider Construction 13.1, the verification of the Noetherian property for
the constructed rings is streamlined. Even if one of the constructed rings is not
Noetherian, the proof is simplified. We analyze classical examples of Nagata and
others from this viewpoint. Chapter 7 contains an investigation of more general
rings that involve power series in two variables x and y over a field k, as is the case
in the specific example above.

In Chapters 17 and 18, we use Insider Construction 13.1 to construct low-
dimensional non-Noetherian integral domains that are strangely close to being Noe-
therian: One example is a three-dimensional local unique factorization domain B
inside k[[x,y]]; the ring B has maximal ideal (x,y)B and exactly one prime ideal
that is not finitely generated; see Example 17.1.

There has been considerable interest in non-Noetherian analogues of Noether-
ian notions such as the concept of a “regular” ring; see the book by Glaz [39].
Rotthaus and Sega in [116] show that the approximation domains B constructed
in Chapters 17 and 18, even though non-Noetherian, are coherent regularlocal rings;
they show every finitely generated submodule of a free module over B has a finite
free resolution; see [116] and Remark 17.11.°

One of our additional goals is to consider the question: “What properties of
a ring extend to a completion?”  Chapter 15 contains an example of a three-
dimensional regular local domain (A,n) with a height-two prime ideal P such that
the extension PA to the n-adic completion of A is not integrally closed. In
Chapter 16 we prove that the Henselization of a Noetherian local ring having ge-
ometrically normal formal fibers is universally catenary; we also present for each
integer n > 2 a catenary Noetherian local integral domain having geometrically
normal formal fibers that is not universally catenary.

5Rotthaus and Sega show more generally that the approximation domains constructed with
Insider Construction 13.1 are coherent regular if R = k[z,y1 ..., Yr](z,y,...,y,]) 1S @ localized poly-
nomial ring over a field k, m =1, r,n € N and 71, ..., T, are algebraically independent elements
of zk[[z]]. Such rings can have arbitrarily large Krull dimension, whereas the rings constructed in
Chapters 17 and 18 have dimension 3 or 4.
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We consider excellence in regard to the question: “What properties of the
base ring R are preserved by the construction?” Since excellence is an important
property satisfied by most of our rings, we present in Chapter 14 a brief exposition
of excellent rings. In some cases we determine when the constructed ring is
excellent; for example, see Chapter 9 (Polynomial Example Theorems 9.2, 9.5 and
9.7), Chapter 13 and Chapter 27. Assume the ring R is a unique factorization
domain (UFD) and R* is the (a)-adic completion of R with respect to a prime
element a of R. We observe that the approximation domain B is then a UFD; see
Theorem 6.21 of Chapter 6.

Since the Noetherian property for the approximation domain is equivalent to
the flatness of a certain homomorphism, we devote considerable time and space to
exploring flat extensions. We present results involving flatness in Chapters 9, 11,
12, 19, 20, 21 and 22.

The application of Basic Construction Equation 1.3 in Chapters 19 and 20
yields “idealwise” examples that are of a different nature from the examples in
earlier chapters. Whereas the base ring (R, m) is an excellent normal local domain
with m-adic completion (E, m), the field L is more general than in Chapter 5.
We take L to be a purely transcendental extension of the field of fractions K of
R such that L is contained in the field of fractions of R; say L = K(G), where
G is a set of elements of m that are algebraically independent over K. Define
D :=LnN E, The set G is said to be idealwise independent if K(G) N R equals
the localized polynomial ring R[G]m,c). The results of Chapters 19 and 20 show
that the intersection domain can sometimes be small or large, depending on whether
expressions in the power series allow additional prime divisors as denominators. The
consideration of idealwise independence leads us to examine other related flatness
conditions, namely the concepts of “residual algebraic independence” and “primary
independence”; see Definitions 19.24 and 19.12. The analysis and properties related
to idealwise independence are summarized in Summaries 19.6 and 20.1.

In Chapters 21 and 22, we consider properties of the constructed rings A and
B if R is an excellent normal local domain and S = R* is an ideal-adic completion
of R. In analogy with the concepts of residual algebraic independence and primary
independence above, we introduce the concepts of “residually limit-intersecting”
and “primarily limit-intersecting” for elements of R* over R; see Definitions 21.9.
We draw connections with Cohen-Macaulay fibers and discuss properties of an
example, due to Ogoma, of a three-dimensional normal Nagata local domain whose
generic formal fiber is not equidimensional.

In Chapter 25, we study prime ideals and their relations in mixed power series-
polynomial extensions of low-dimensional rings. For example, we determine the
prime ideal structure of the power series ring R[[x]] over a one-dimensional Noe-
therian domain R and the prime ideal structure of k[[x]]ly], where z and y are
indeterminates over a field k. We analyze the generic fibers of mixed power series-
polynomial ring extensions in Chapter 24. Motivated by a question of Hochster
and Yao, we consider in Chapter 26 extensions of integral domains S < 7T having
trivial generic fiber; that is, every nonzero prime ideal of T intersects S in a nonzero
prime ideal.

Let R be a Noetherian ring with Jacobson radical 7. In Chapter 27 we consider
the multi-ideal-adic completion R* of R with respect to a filtration F = {Qy, }n>0,
where @, C J" and Q.1 C Qfl for each n, k € N. We prove that R* is Noetherian.
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If R is an excellent local ring, we prove that R* is excellent. If R is a Henselian
local ring, we prove that R* is Henselian.

The topics of this book include the following:

(1)

An introduction and glossary for the terms and tools used in the book,
Chapters 2 and 3.

The development of the construction of the intersection domain A and
the approximation domain B, Chapters 4-10,13.

Flatness properties of maps of rings, Chapters 8, 9, 11, 12, 19-22.
Preservation of properties of rings and ideals under passage to completion,
Chapters 15, 27.

The catenary and universally catenary property of Noetherian rings, Chap-
ter 9, 16.

Excellent rings and geometrically regular and geometrically normal formal
fibers, Chapters 9, 13, 14, 16.

Examples of non-Noetherian local rings having Noetherian completions,
Chapters 7, 13, 17-19.

Examples of Noetherian rings, Chapters 4, 6, 7, 9, 15, 18, 23.

Prime ideal structure, Chapters 17, 24-26.

Approximating a discrete rank-one valuation domain using higher-dimen-
sional regular local rings, Chapter 23.

Trivial generic fiber extensions, Chapters 24-26.

Transfer of excellence, Chapters 9, 13, 27.

Birational extensions of Noetherian domains, Chapters 8, 17, 18, 21, 22.
Completions and multi-ideal-adic completions, Chapters 3, 27.

Exercises to engage the reader in these topics and to lead to further ex-
tensions of the material presented here.



CHAPTER 2

Tools

In this chapter we review conventions and terminology, state several basic the-
orems and review the concept of flatness of modules and maps (homomorphisms).

2.1. Conventions and terminology

We generally follow the notation of Matsumura [89]. We also reference Dummit
and Foote [28] for more elementary concepts. Thus by a ring we mean a commuta-
tive ring with identity, and a ring homomorphism R — S maps the identity element
of R to the identity element of S. The set of prime ideals of a ring R is called the
prime spectrum of R and is denoted Spec R. The set Spec R is naturally a partially
ordered set with respect to inclusion. For an ideal I of a ring R, let

V(I) = {P€SpecR|ICP}.

The Zariski topology on Spec R is obtained by defining the closed subsets to be
the sets of the form V(I) as I varies over all the ideals of R. The open subsets are
the complements Spec R\ V(I).

We use Z to denote the ring of integers, N for the positive integers, Ny the non-
negative integers, Q the rational numbers, R the real numbers and C the complex
numbers.

Regular elements. An element r of a ring R is said to be a zerodivisor if

there exists a nonzero element a € R such that ar = 0, and r is a reqular element
if  is not a zerodivisor. The total ring of fractions of the ring R, denoted Q(R),

is the localization of R at the multiplicatively closed set of regular elements, thus
Q(R):={a/b|a,be Randbis aregular element }. There is a natural embedding
R — Q(R) of a ring R into its total ring of fractions Q(R), where 7 — § for every
r € R.

An integral domain, sometimes called a domain or an entire ring, is a nonzero
ring in which every nonzero element is a regular element. If R is a subring of an
integral domain S and S is a subring of Q(R), we say S is birational over R, or a
birational extension of R.

Krull dimension. The Krull dimension, or briefly dimension, of a ring R,
denoted dim R, is n if there exists a chain Py C P; C --- C P, of prime ideals of
R and there is no such chain of length greater than n. We say that dim R = oo if
there exists a chain of prime ideals of R of length greater than n for each n € N.
For a prime ideal P of a ring R, the height of P, denoted ht P, is dim Rp, where
Rp is the localization of R at the multiplicatively closed set R\ P.

Unique factorization domains. An integral domain R is a unique factoriza-
tion domain (UFD), sometimes called a factorial ring, if every nonzero nonunit of

7
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R is a finite product of prime elements; an element p € R is prime if pR is a prime
ideal.
In a UFD every height-one prime ideal is principal; this is Exercise 2.1.

Local rings. If a ring R (not necessarily Noetherian) has a unique maximal
ideal m, we say R is local and write (R, m) to denote that R is local with maximal
ideal m. If (R, m) and (S, n) are local rings, a ring homomorphism f: R — S is a
local homomorphism if f(m) C n.

Let (R,m) be a local ring. A subfield & of R is said to be a coefficient field for
R if the composite map k — R — R/m defines an isomorphism of k onto R/m.

If (R,m) is a subring of a local ring (S,n), then S is said to dominate R if
m = n N R, or equivalently, if the inclusion map R < S is a local homomorphism.

The local ring (S, n) is said to birationally dominate (R, m) if S is an integral
domain that dominates R and S is contained in the field of fractions of R.

Jacobson radical. The Jacobson radical J(R) of a ring R is the intersection
of all maximal ideals of R. An element z of R is in J(R) if and only if 1 4 zr is a
unit of R for all » € R.

If I is a proper ideal of R, then 1+ 1:={ 14 a | a € I } is a multiplicatively
closed subset of R that does not contain 0. Let (1 + I)~!R denote the localization
Re141) of R at the multiplicatively closed set 1+ I, [89, Section 4]. If P is a prime
ideal of R and PN (1+1) =0, then (P+1I)N (14 1) = (. Therefore I is contained
in every maximal ideal of (1+ I)"'R, so I C J((1+ I)"*R). In particular for the
principal ideal I = zR, where z is a nonunit of R, we have z € J((1+ zR)"'R).

Finite and finite type. Let R be a ring, let M be an R-module and let .S be
an R-algebra.

(1) M issaid to be a finite R-module if M is finitely generated as an R-module.

(2) S is said to be finite over R if S is a finitely generated R-module.

(3) S is of finite type over R if S is finitely generated as an R-algebra.

(4) S is essentially finite over R if S is a localization of a finite R-module.

(5) S is essentially of finite type over R if S is a localization of a finitely
generated R-algebra. We also say that S is essentially finitely generated
in this case.

Symbolic powers. If P is a prime ideal of a ring R and e is a positive
integer, the et® symbolic power of P, denoted P(¢) is defined as

P = {ae€R|abe P°forsomebe R \ P }.

Valuation domains.  An integral domain R is a valuation domain if for each
element a € Q(R) \ R, we have a~! € R. A valuation domain R is called a discrete
rank-one valuation ring or a discrete valuation ring (DVR) If R is Noetherian and
not a field; equivalently, R is a local principal ideal domain (PID) and not a field.

REMARKS 2.1. (1) If R is a valuation domain with field of fractions K and F
is a subfield of K, then RN F is again a valuation domain and has field of fractions
F [96, (11.5)]. If R is a DVR and the field F' is not contained in R, then RN F is
again a DVR [96, (33.7)].

(2) Every valuation domain R has an associated valuation v and value group G;
the valuation v is a function v : R — G satisfying properties 1 and 2 of Remark 2.2,
where the order function ordg r is replaced by v in the equations of properties 1
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and 2. See [89, p. 75] for more information about the value group and valuation
associated to a valuation domain.

Integral ring extensions, integral closure, normal domains. For com-
mutative rings R C S, we say that S is integral over R, or an integral extension of
R, provided every a € S is a root of some monic polynomial f(x) in the polynomial
ring R[z]. An integral domain R is said to be integrally closed provided it satisfies
the following condition: for every monic polynomial f(z) in the polynomial ring
Rx], if a € Q(R) is a root of f(z), then a € R. The ring R is a normal ring if for
each P € Spec R the localization Rp is an integrally closed domain [89, page 64]. If
R is a Noetherian normal ring and pq, ..., p, are the minimal primes of R, then R
is isomorphic to the direct product R/p1 x - - - x R/p, and each R/p; is an integrally
closed domain. Since a nontrivial direct product is not local, a normal Noetherian
local ring is a normal domain.

For an extension R C S of rings, the integral closure of R in S is the set of all
elements of S that are integral over R. The integral closure or derived normal ring
of an integral domain R is the integral closure of R in its field of fractions.

If R is a normal Noetherian integral domain and L is a finite separable algebraic
field extension of Q(R), then the integral closure of R in L is a finite R-module by
[89, Lemma 1, page 262] or [96, (10.16)]. Thus, if R is a normal Noetherian integral
domain of characteristic zero, then the integral closure of R in a finite algebraic
field extension is a finite R-module.

The order function associated to an ideal. Let I be a nonzero ideal of a
ring R such that (), 1™ = (0). Adopt the convention that I° = R, and for each
nonzero element r € R define

ordp (r) == n if rel™ \ 1"

REMARK 2.2. With R, I and ordg ; as above, consider the following two prop-
erties for nonzero elements a, b in R:

(1) If a+b#0, then ordg ;(a + b) > min{ordg ;(a),ordg 1(b)}.
(2) OI‘dRJ(CLb) = OI‘dR’](a) + OI‘dRJ(b).

Clearly the function ordg,; always satisfies item 1. If ordp ; satisfies item 2 for
all nonzero a,b in R, then the function ordg; extends uniquely to a function on
Q(R) \ (0) by defining ordg ;(}) := ordg(a) — ordg,;(b) for nonzero elements
a,b € R, and the set

Vo= {q €QR) \ (0) |ordrs(g) = 0} U {0}

is a DVR. Therefore if item 2 holds for all nonzero a,b in R, then R is an integral
domain and [ is a prime ideal of R.

Moreover, in case ordp,; satisfies item 2 for all nonzero a,b in R, then the
function ordg ; is the valuation on the DVR V described in Remark 2.1.2, and the
value group is the ring of integers.

Let A be a commutative ring and let R := A[[z]] = {f = Y2, fiz' | f; € R},
the formal power series ring over A in the variable z. With I := zR and f a
nonzero element in R, we write ord f for ordg ;(f). Thus ord f is the least integer
1 > 0 such that f; # 0. The element f; is called leading form of f.

In the case where (R, m) is a local ring, we abbreviate ordp m by ordpg.
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Regular local rings. A local ring (R, m) is a reqular local ring (RLR) if R is
Noetherian and m can be generated by dim R elements. If (R, m) is a regular local
ring then R is an integral domain, and the function ordp satisfies the conditions of
Remark 2.2. The associated valuation domain

Vi={q € Q(R)\ {0} | ordr(q) = 0} U {0}

is a DVR that birationally dominates R. If x € m\ m?, then V = R[m/x];Rrim /a1,
where m/x = {y/z | y € m}.

We record the following definitions.

DEFINITIONS 2.3. Let R be a commutative ring.

(1)

R is called a Nagata ring if R is Noetherian and, for every P € Spec R and
every finite extension field L of Q(R/P), the integral closure of R/P in L is
finitely generated as a module over R/P. In Nagata’s book [96] a Nagata
ring is called pseudo-geometric. It is clear from the definition that a
homomorphic image of a Nagata ring is again a Nagata ring. An important
result proved by Nagata is that a polynomial ring in finitely many variables
over a Nagata ring is again a Nagata ring [96, Theorem 36.5, page 132].
An integral domain R is said to be a Krull domain if there exists a family
F = {Vx}area of DVRs of its field of fractions Q(R) such that

o R={1ycaVa, and

e Every nonzero element of Q(R) is a unit in all but finitely many of

the V>\.

We list the following examples and properties of Krull domains.

(a) A unique factorization domain (UFD) is a Krull domain, and a Noe-
therian integral domain is a Krull domain if and only if it is integrally
closed. An integral domain R is a Krull domain if and only if it sat-
isfies the following three properties:

e Rp is a DVR for each prime ideal P of R of height one.

e R=){ Rp | P is a height-one prime }.

e Every nonzero element of R is contained in only finitely many
height-one primes of R.

(b) If R is a Krull domain, then F = {Rp | P is a height-one prime }
is the unique minimal set of DVRs satisfying the properties in the
definition of a Krull domain [89, Theorem 12.3]. Moreover, for each
nonzero nonunit a of R the principal ideal aR has no embedded asso-
ciated prime ideals and a unique irredundant primary decomposition
aR=q¢ N---Ng. If p, =rad(g;), then R,, € F and ¢; is a symbolic

power of p;; that is, ¢; = pgei)

, where e; € N, [89, Corollary, page 88].
Let R be a Krull domain and let R < S be an inclusion map of R into a
Krull domain S. The extension R < S satisfies the PDE condition (“pas
d’éclatement”, or in English “no blowing up”) provided that for every
height-one prime ideal @ in S, the height of @ N R is at most one [32,
page 30].

A local ring (R, m) is Henselian provided the following holds: for every
monic polynomial f(x) € R[x] satistying f(z) = go(x)ho(z) modulo m[x],
where go and hg are monic polynomials in R[z] such that

goR[x] + hoR[z] + m[z] = R[z],
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there exist monic polynomials g(x) and h(z) in R[z] such that f(z) =
g(z)h(x) and such that both

g(x) — go(z) and h(z) — ho(z) € mlzx].

In other words, if f(x) factors modulo m[z] into two comaximal factors,
then this factorization can be lifted back to R[x]. Alternatively, Henselian
rings are rings for which the conclusion to Hensel’s Lemma holds [89,
Theorem 8.3].

We list results concerning Henselian rings from [96], where proofs are
given for these results.!

(a) Associated with every local ring (R, m), there exists an extension
ring that is Henselian and local, called the Henselization of R and
denoted (R", m"); see [96, Statement 43.5 and the four paragraphs
preceding (43.5), p. 180]. By [96, (43.3), p. 180, and Theorem 43.5,
p. 181], R" dominates R, R" has the same residue field as R and
mR" = m". Moreover, by [96, page 182], the Henselization R" of R
is unique up to an R-isomomorphism.

(b) The Henselization R" of a local ring R is faithfully flat over R, [96,
Theorem 43.8]; the concept of faithful flatness is defined in Defini-
tions 2.20.

(¢) If (R,m) is a Noetherian local ring, then (R", m") is a Noetherian
local ring such that with respect to the topologies on R and R"
defined by m and m”, respectively, R is a dense subspace of R". Tt
follows that R" C }A%, where R is the m-adic completion of R, [96,
Theorem 43.10]; the m-adic topology and completion are defined in
Definitions 3.1.

(d) If R is Henselian, then R" = R, [96, (43.11)].

(e) If (R,m) is a local integral domain, then R is Henselian <= for
every integral domain S that is an integral extension of R, S is a
local domain, [96, Theorem 43.12].

(f) If R is a Henselian ring and R’ is a local ring that is integral over R,
then R’ is Henselian, [96, Corollary 43.16].

(¢) If (R',m’) is a local ring that is integral over a local ring (R, m),
then R’ @ R" = (R')", [96, Theorem 43.17].

(h) If (R',m’) is a local ring that dominates the local ring (R, m) and
if R’ is a localization of a finitely generated integral extension, then
(R')" is a finitely generated module over R", [96, Theorem 43.18].

DEFINITIONS 2.4. Let I be an ideal of a ring R.

(1) An element r € R is integral over I if there exists a monic polynomial
f(z) = 2"+ 3" a;z" " such that f(r) = 0 and such that a; € I’ for
each 7 with 1 <7 <mn.

(2) The integral closure I of I is the set of elements of R integral over I; I is
an ideal.

(3) The integral closure of I is equal to 1.

(4) If I =1, then I is said to be integrally closed.

IThe notation in [96], in particular the meaning of “local ring” and “finite type”, differ from
our usage in this book. We have adjusted these results to our terminology.
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(5) The ideal I is said to be normal if I™ is integrally closed for every n > 1.
(6) If J is an ideal contained in I and JI"~! = I", then J is said to be a
reduction of I.

2.2. Basic theorems

Theorem 2.5 is a famous result proved by Krull that is now called the Krull
Intersection Theorem.

THEOREM 2.5 (Krull [89, Theorem 8.10]). Let I be an ideal of a Noetherian
ring R.
(1) If I is contained in the Jacobson radical J(R) of R, then (),—,I" =0,
and, for each finite R-module M, we have (),—, I"M = 0.
(2) If I is a proper ideal of a Noetherian integral domain, then (\,—, I" = 0.

Theorem 2.6 is another famous result of Krull that is now called the Krull
Altitude Theorem.

THEOREM 2.6 (Krull [89, Theorem 13.5]). Let R be a Noetherian ring and let
I = (a1,...,a,)R be an ideal generated by r elements. If P is a minimal prime
divisor of I, then ht P < r. Hence the height of a proper ideal of R is finite.

Theorem 2.7 is yet another famous result that is now called the Krull-Akizuki
theorem.

THEOREM 2.7 (Krull-Akizuki [89, Theorem 13.7]). Let A be a one-dimensional
Noetherian integral domain with field of fractions K, let L be a finite algebraic field
extension of K, and let B be a subring of L with A C B. Then

(1) The ring B is Noetherian of dimension at most one.
(2) If J is a nonzero ideal of B, then B/J is an A-module of finite length.

To prove that a ring is Noetherian, it suffices by the following well-known result
of Cohen to prove that every prime ideal of the ring is finitely generated.

THEOREM 2.8 (Cohen [22]). If each prime ideal of the ring R is finitely gen-
erated, then R is Noetherian.

Theorem 2.9 is another important result proved by Cohen.

THEOREM 2.9 (Cohen [23]). Let R be a Noetherian integral domain and let S
be an extension domain of R. For P € SpecS and p = P N R, we have

ht P+ tr.deg.ppk(P) < htp + tr.deg.pS,
where k(p) is the field of fractions of R/p and k(P) is the field of fractions of S/P.

Theorem 2.10 is a useful result due to Nagata about Krull domains and UFDs.

THEOREM 2.10. [118, Theorem 6.3, p. 21] Let R be a Krull domain. If S
is a multiplicatively closed subset of R generated by prime elements and S™'R is a
UFD, then R is a UFD.

We use the following:

Fact 2.11. If D is an integral domain and c is a nonzero element of D such
that ¢D is a prime ideal, then D = D[1/c] N D¢p.
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ProOOF. Let 8 € D[1/c] N D.p. Then 8 = c% = %1 for some b,b; € D,

s € D\ ¢D and integer n > 0. If n > 0, we have sb = ¢"by = b € ¢D. Thus we
may reduce to the case where n = 0; it follows that D = D[1/¢] N D.p. O

REMARKS 2.12. (1) If R is a Noetherian integral domain and S is a multiplica-
tively closed subset of R generated by prime elements, then S™!R a UFD implies
that R is a UFD [118, Theorem 6.3] or [89, Theorem 20.2].

(2) If z is a nonzero prime element in an integral domain R such that R,p is
a DVR and R[1/z] is a Krull domain, then by Fact 2.11, R is a Krull domain; and
by Theorem 2.10, R is a UFD if R[1/z] is a UFD.

(3) Let R be a valuation domain with value group Z @ Z ordered lexicograph-
ically; that is, for every pair (a,b), (¢,d) of elements of Z ® Z, (a,b) > (¢,d) <
a > c, ora=candb > d Then the maximal ideal m of R is principal, say
m = zR. It follows that R[1/x] is a DVR; however R is not a Krull domain.

The Eakin-Nagata Theorem is useful for proving descent of the Noetherian
property.
THEOREM 2.13 (Eakin-Nagata [89, Theorem 3.7(1)]). If B is a Noetherian ring

and A is a subring of B such that B is a finitely generated A-module, then A is
Noetherian.

Krull domains have an approximation property with respect to the family of
DVRs obtained by localizing at height-one primes.

THEOREM 2.14 (Approximation Theorem [89, Theorem 12.6]). Let A be a Krull
domain with field of fractions K, let Py,..., P. be height-one primes of A, and let
v; denote the valuation with value group Z associated to the DVR Ap,, for each i
with 1 < ¢ < r. For arbitrary integers e1, ..., e,., there exists x € K such that

vi(x) = e for 1 < i < r and v(z) > 0,

for every valuation v associated to a height-one prime ideal of A that is not in the
set {P1,...,P.}.

An interesting result proved by Nishimura is

THEOREM 2.15 (Nishimura [97, Theorem, page 397], or [89, Theorem 12.7]).
Let R be a Krull domain. If R/P is Noetherian for every height-one prime
ideal P of R, then R is Noetherian.

REMARK 2.16. It is observed in [49, Lemma 1.5] that the conclusion of The-
orem 2.15 still holds if it is assumed that R/P is Noetherian for all but at most
finitely many of the height one primes P of R.

Theorem 2.17 is useful for describing the maximal ideals of a power series ring
R[[z]]. Tt is related to the fact that an element f = ag + ai1x + az2? + -+ € R][z]]
with the a; € R is a unit of R[[z]] if and only if ag is a unit of R.

THEOREM 2.17 ([96, Theorem 15.1]). Let R][[z]] be the formal power series ring
in a variable x over a commutative ring R. There is a one-to-one correspondence
between the mazximal ideals m of R and the mazimal ideals m* of R[[x]] where m*
corresponds to m if and only if m* is generated by m and x.

As an immediate corollary of Theorem 2.17, we have
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COROLLARY 2.18. The element x is in the Jacobson radical J(R[[x]]) of the
power series ring R[[x]]. In the formal power series ring S = R|[[x1,...,xy]], the
ideal (x1,...,2,)S is contained in the Jacobson radical J(S) of S.

Theorem 2.19 is an important result first proved by Chevalley.

THEOREM 2.19 (Chevalley, [20]). Let (R,m) be a Noetherian local domain.
There exists a DVR that birationally dominates R.

More generally, let P be a prime ideal of a Noetherian integral domain R. There
exists a DVR V' that birationally contains R and has center P on R, that is, the
mazimal ideal of V intersects R in P.

2.3. Flatness

The concept of flatness was introduced by Serre in the 1950’s in an appendix
to his paper [119]. Mumford writes in [91, page 424]: “The concept of flatness is
a riddle that comes out of algebra, but which technically is the answer to many
prayers.”

DEFINITIONS 2.20. A module M over a ring R is flat over R if tensoring with
M preserves exactness of every exact sequence of R-modules. The R-module M is
said to be faithfully flat over R if, for every sequence of R-modules

S: 0 Ml M27

S is exact if and only if S ®r M is exact.
A ring homomorphism ¢ : R — S is said to be a flat homomorphism if S is
flat as an R-module.

Flatness is preserved by several standard ring constructions as we record in
Remarks 2.21. There is an interesting elementwise criterion for flatness that is
stated as item 2 of Remarks 2.21.

REMARKS 2.21. The following facts are useful for understanding flatness. We
use these facts to obtain the results in Chapters 8 and 17.

(1) Since localization at prime ideals commutes with tensor products, the
module M is flat as an R-module <= My, is flat as an Rg-module, for
every prime ideal @ of R.

(2) An R-module M is flat over R if and only if for every mq,...,m, € M

and aj,...,a, € R such that > a;m; = 0, there exist a positive integer k,
a subset {b;;}7_;,%_, C R, and elements mj, ..., mj € M such that m; =

Zle bijm/; for each i and Y 7" | a;bi; = 0 for each j, [89, Theorem 7.6]
or [87, Theorem 1]. Thus every free module is flat.

(3) A finitely generated module over a local ring is flat if and only if it is free
[87, Proposition 3.G].

(4) If the ring S is a localization of R, then S is flat as an R-module [87,
(3.D), page 19].

(5) Let S be a flat R-algebra. Then S is faithfully flat over R <= one has
JS # S for every proper ideal J of R, [87, Theorem 3, page 28] or [89,
Theorem 7.2].

(6) If the ring S is a flat R-algebra, then every regular element of R is regular
on S [87, (3.F)].
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(7) Let S be a faithfully flat R-algebra and let I be an ideal of R. Then
ISNR =1 [89, Theorem 7.5].

(8) Let R be a subring of a ring S. If S is Noetherian and faithfully flat over
R, then R is Noetherian. This is an easy exercise; see Exercise 7 at the
end of this chapter.

(9) Let R be an integral domain with field of fractions K and let S be a
faithfully flat R-algebra. By item 6, every nonzero element of R is regular
on S and so K naturally embeds in the total quotient ring Q(S) of S. By
item 7, all ideals in R extend and contract to themselves with respect to
S, and thus R = KNS. In particular, if S C K, then R = S [87, page 31].

(10) If ¢ : R — S is a flat homomorphism of rings, then ¢ satisfies the Going-
down Theorem [87, (5.D), page 33]. This implies for each P € Spec S
that the height of P in Sis greater than or equal to the height of ¢—!(P)
in R.

(11) Let R — S be a flat homomorphism of rings and let I and J be ideals of
R. Then (INJ)S =15nJS. If J is finitely generated, then (I :g J)S =
1S :5 JS [89, Theorem 7.4] or [87, (3.H) page 23].

(12) Consider the following short exact sequence of R-modules:

0 A B C 0.

If A and C are flat over R, then so is B.
(13) If S'is a flat R-algebra and M is a flat S-module, then M is a flat R-module
[89, page 46].

The following standard result about flatness follows from what Matsumura
calls “change of coeflicient ring”. It is convenient to refer to both the module and
homomorphism versions.

Fact 2.22. Let C' be a commutative ring, let D, E and F' be C-algebras.

(1) If¢ : D — Eis a flat C-algebra homomorphism, then ¥ ®c1p : DQc F —
E ®¢ F is a flat C-algebra homomorphism.

(2) If E is a flat D-module via the C-algebra homomorphism v, then E®¢ F
is a flat D ®¢ F-module via the C-algebra homomorphism ¢ ®¢ 1p.

PROOF. By the definition of flat homomorphism, the two statements are equiv-
alent. Since F is a flat D-module, E ®p (D ®¢ F) is a flat (D ®¢ F)-module by
[89, p. 46, Change of coefficient ring]. Since E ®p (D ®¢ F) = E ®¢ F, Fact 2.22
follows. O

We use Remark 2.23.3 in Chapter 7.

REMARKS 2.23. Let R be an integral domain.

(1) Every flat R-module M is torsionfree, i.e., if r € R,z € M and rz = 0,
then r =0 or z = 0 [87, (3.F), page 21]

(2) Every finitely generated torsionfree module over a PID is free [28, Theo-
rem 5. page 462].

(3) Every torsionfree module over a PID is flat. This follows from item 2 and
Remark 2.21.3.

(4) Every injective homomorphism of R into a field is flat. This follows from
Remarks 2.21.13 and 2.21.4.
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In Chapter 3 we discuss other tools we will be using involving ideal-adic com-

pletions and properties of excellent rings.

Exercises

(1)
(2)

(10)

Prove that every height-one prime ideal of a UFD is principal.

Let V be a local domain with nonzero principal maximal ideal yV. Prove that
Visa DVRif (o—, y"V = (0).

Comment: It is not being assumed that V' is Noetherian, so it needs to be
established that V' has dimension one.

Prove as stated in Remark 2.1 that if R is a valuation domain with field of
fractions K and F is a subfield of K, then RN F' is again a valuation domain
and has field of fractions F; also prove that if R is a DVR and the field F is
not contained in R, then RN F' is again a DVR.

Prove that a unique factorization domain is a Krull domain.

Let R be a Noetherian ring. Let P; C P, be prime ideals of R. If there exists
a prime ideal @ of R with @ distinct from P; and P such that P, C Q C Ps,
prove that there exist infinitely many such prime ideals Q.

Suggestion: Apply Krull’s Altitude Theorem 2.6, and use the fact that an

ideal contained in a finite union of primes is contained in one of them [9, Prop.

1.11, page 8.

Prove as asserted in Remark 2.2 that, if ordg j(ab) = ordg ;(a)+ ordg, ;(b), for

all nonzero a,b in R, and if we define ordg,;(%) := ordg (a) — ordg () for

nonzero elements a,b € R, then:

(a) The function ordp, ; extends uniquely to a function on Q(R)\ (0) with this
definition.

(b) V := {qg € Q(R) \ (0)|ordgs(g) > 0} U {0} VisaDVR, and

(¢) R is an integral domain and I is a prime ideal.

Let R[[z]] be the formal power series ring in a variable = over a commutative

ring R.

(i) Prove that ag + a1z + agz? + - -- € R[[z]], where the a; € R, is a unit of
R][x]] if and only if ag is a unit of R.

(ii) Prove that x is contained in every maximal ideal of R[[z]].

(iii) Prove Theorem 2.17 that the maximal ideals m of R are in one-to-one cor-
respondence with the maximal ideals m* of R[[z]], where m* corresponds
to m if and only if m* is generated by m and z.

Prove items 4-8 of Remarks 2.21.

Suggestion: For the proof of item 8, use item 7.

Let f : A — B be a ring homomorphism and let P be a prime ideal of A. Prove

that there exists a prime ideal @ in B that contracts in A to P if and only if

the extended ideal f(P)B contracts to P in A, i.e., P = f(P)BN A. (Here we
are using the symbol N as in Matsumura [89, item (3), page xiii].)

Let f : A < B be an injective ring homomorphism and let P be a minimal
prime of A.

(i) Prove that there exists a prime ideal @ of B that contracts in A to P.
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(ii) Deduce that there exists a minimal prime @ of B that contracts in A to P.
Suggestion: Consider the multiplicatively closed set A\ P in B.

Let P be a height-one prime of a Krull domain A and let v denote the valuation
with value group Z associated to the DVR Ap. If A/P is Noetherian, prove
that A/ P(©) is Noetherian for every positive integer e.

Suggestion: Using Theorem 2.14, show there exists € Q(A) such that v(z) =
1 and 1/xz € Aq for every height-one prime @ of A different from P. Let
B = Alz].

(i) Show that P=2BN A and B= A+ zB.

(ii) Show that A/P = B/xB = x'B/x'T!B for every positive integer i.
(iii) Deduce that B/z¢B is a Noetherian B-module and thus a Noetherian ring.
(iv) Prove that 2°BNA C 2°ApNA = P(¢) and B/x°B is a finite A/(z°BN A)-

module generated by the images of 1,z,...,2° %
(v) Apply Theorem 2.13 to conclude that A/(z°B N A) and hence A/P(®) is
Noetherian.

Let A be a Krull domain having the property that A/P is Noetherian for all
but at most finitely many of the P € Spec A with ht P = 1. Prove that A is
Noetherian.

Suggestion: By Nishimura’s result, Theorem 2.15, and Cohen’s result, Theo-
rem 2.8, it suffices to prove each prime ideal of A of height greater than one is
finitely generated. Let Py,..., P, be the height-one prime ideals of A for which
A/P; may fail to be Noetherian. For each nonunita € A \ (PLU---UP,), ob-
serve that aA = Qgel) n-- -mQﬁjS% where Q1, ..., Qs are height-one prime ideals
of A not in the set {Py, ..., P,}. Consider the embedding A/aA — H(A/Qgei).
By Exercise 11, each A/ Qgei) is Noetherian. Apply Theorem 2.13 to conclude
that A/aA is Noetherian. Deduce that every prime ideal of A of height greater
than one is finitely generated.






CHAPTER 3

More Tools

In this chapter we discuss ideal-adic completions. We describe several results
concerning complete local rings. We review the definitions of catenary and ex-
cellence and record several important results about catenary and excellent rings.

3.1. Introduction to ideal-adic completions

DEFINITIONS 3.1. Let R be a commutative ring with identity. A filtration on
R is a decreasing sequence {I,}>2 , of ideals of R. Associated to a filtration there
is a well-defined completion R* that may be defined to be the inverse limit !

(3.1.0) R*=lim R/I,

and a canonical homomorphism ¢ : R — R* [100, Chapter 9]. The map ) induces
a map R — R*/I™R*, and it follows that

(3.1.1) R*/I,R* = R/Iy,;

see [100, page 412] or [89, page 55| for more details.

If No—oIn = (0), then the map ¢ is injective and the filtered topology on R
is Hausdorff by [100, Proposition 4, page 381]. In this case, R may be regarded
as a subring of R* [100, page 401]. In the terminology of Northcott, a filtration
{I,}22, is said to be multiplicative if Iy = R and I,I,, C I, for all m > 0,
n > 0 [100, page 408].

A well-known example of a multiplicative filtration on R is the I-adic filtration
{I"}22, where I is a fixed ideal of R such that (| _,I" = (0). In this case we
say R* := 1&1 R/I™ is the I-adic completion of R. If the canonical map R — R*

is an isomorphism, we say that R is I-adically complete. An ideal L of R is closed
in the I-adic topology on R if (2 (L + I") = L.

REMARK 3.2. In the special case where I = zR is a principal ideal with z € R
having the property that (2, 2" R = (0), then the z-adic completion R* of R is
the inverse limit

(3.2.) R*:=lim R/:"R.

n

Let y be an indeterminate over R. If the ideal (y — z)R[[y]] is closed in the J-adic
topology on R[[y]], where J := (y, z) R[[y]], then the J-adic completion R* also has

IWe refer to Appendix A of [89] for the definition of direct and inverse limits. Also see the
discussion of inverse limits in [9, page 103].

19
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the form
(3.2.2) R* =

This follows from [96, (17.5)].

If R is Noetherian, then the ideal (y — z)R[[y]] is closed in the J-adic topology
on R|[[y]] and the representation of R* as in Equation 3.2.2 holds by Remark 3.6.5.
A direct proof of this statement may also be given as follows: let — denote image
in R[[y]]/(y — 2)R[[y]]. It suffices to show that ()., (v, 2)"R[[y]] = (0).

We have (y,z)"R][y]] = y"R|[[y]], for every n € N. By Corollary 2.18, the
element y is in the Jacobson radical of R[[y]]. Hence 7 is in the Jacobson radical of
R][y]], a Noetherian ring. We have

() (v, 2)" Rl = () y"RIly]] = (0)-

The second equality follows from Theorem 2.5.1. Therefore (y — z)R][[y]] is closed in
the J-adic topology. Thus if R is Noetherian then R* has the form of Equation 3.2.2.

In general, if R* has the form of Equation 3.2.2, then the elements of R* are
power series in z with coefficients in R, but without the uniqueness of expression
as power series that occurs in the formal power series ring R[[y]]. If R is already
complete in its (z)-adic topology, then R = R*, but often it is the case for a Noe-
therian integral domain R that there exist elements of R* that are transcendental
over the field of fractions of R.

Fact 3.3. If R is a countable Noetherian integral domain and z is a nonzero
nonunit of R, then the (z)-adic completion R* of R contains an uncountable subset
that is algebraically independent over R.

PRrOOF. The (z)-adic completion R* of R is uncountable. By Fact 3.4 there
exists a minimal prime Py of R* such that R*/F, is uncountable. Since R is a Noe-
therian integral domain, R* is flat over R by Remark 3.6.2. Thus, by Remark 2.21.9,
PyN R =0. In R*/P, there exists an uncountable subset of algebraically indepen-
dent elements over R. By taking preimages in R*, we get an uncountable subset of
the (z)-adic completion R* of R. This set is algebraically independent over R since
the algebraic closure of the field of fractions of the countable ring R is countable. [

Fact 3.4. If D is an uncountable Noetherian commutative ring, then there
exists a prime ideal P of D such that D/P is uncountable. Hence there exists a
minimal prime Py of D such that D/Py is uncountable.

PrROOF. The ring D contains a finite chain of submodules
0 =MycC My C ---C My, =D

such that each quotient M;/M;_1 = D/P;, for some prime ideal P; of D, [89, Theo-
rem 6.4]. If each of the quotients were countable then D would be countable. Thus
D/P is uncountable for some prime ideal P of D, and hence D/P, is uncountable,
for each minimal prime Py contained in P. ([

We reserve the notation R for the situation where R is a local ring with maximal
ideal m and R is the m-adic completion of R. For a local ring (R, m), we say that
R is “the” completion of R. If m is generated by elements ay,...,a,, then R is
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realizable by taking the a;-adic completion R} of R, then the as-adic completion
Rj of Rj, ..., and then the a,-adic completion of R}, _;.
We use the following definitions.

DEFINITION 3.5. A Noetherian local ring R is said to be
(1) analytically unramified if the completion Ris reduced, i.e., has no nonzero
nilpotent elements;
(2) analytically irreducible if the completion R is an integral domain;
(3) analytically normalif the completion Risan integrally closed (i.e., normal)
domain.

If R has any one of the properties of Definition 3.5, then R is reduced. If R has
either of the last two properties, then R is an integral domain. If R is not reduced,
then R is analytically ramified; if R is not an integral domain, then R is analytically
reducible.

3.2. Basic results about completions
We record the following results about ideal-adic completions.

REMARKS 3.6. Let I be an ideal of a ring R.

(1) If R is I-adically complete, then I is contained in the Jacobson radical
J(R), where J(R) is the intersection of the maximal ideals of R [89, The-
orem 8.2] or [87, 24.B, pages 73-74].

(2) If R is a Noetherian ring, then the I-adic completion R* of R is flat over
R [87, Corollary 1, page 170].

(3) If R is Noetherian then the I-adic completion R* of R is faithfully flat
over R <= for each proper ideal J of R we have JR* # R*.

(4) If R is a Noetherian ring and I C J(R), then the I-adic completion R*
is faithfully flat over R [87, Theorem 56, page 172]. Moreover, we have
dim R = dim R* [87, pages 173-175].

(5) If I = (a1,...,an)R is an ideal of a Noetherian ring R, then the I-adic
completion R* of R is isomorphic to a quotient of the formal power series
ring R[[z1,...,Z,]]; namely,

R* — R[[ml,,xn]]
(Il —at,...,Tn — an)RH‘Tla cee 71:%]]
[89, Theorem 8.12].

In Proposition 3.7 we give conditions for an ideal to be closed with respect to
an I-adic topology.

PROPOSITION 3.7. Let I be an ideal in a ring R and let R* denote the I-adic
completion of R.
(1) Let L be an ideal of R such that LR* is closed in the I-adic topology on
R*. Then L is closed in the I-adic topology on R if and only if
LRFNR=1L.?
(2) If R is Noetherian and I is contained in the Jacobson radical of R, then
every ideal L of R is closed in the I-adic topology on R.

2Here, as in [89, page xiii], we interpret LR* N R to be the preimage ¢ ~1(LR*), where
1 : R — R* is the canonical map of R to its [-adic completion R*.
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(3) If R* is Noetherian, then every ideal A of R* is closed in the I-adic
topology on R*.

ProOF. For item 1, we have LR* = (>°_,(L + I"™)R*, since the ideal LR* is
closed in R*. By Equation 3.1.1, R/I™ = R*/I"R*, for each n € N. It follows that

(3.7.0)  R/(L+I"=R'/(L+I"R*, and L+I"=(L+I")R'NR,

for each n € N. By Equation 3.7.0, L is closed in R if and only if LR* " R = L.

This proves item 1. Item 2 now follows from statements 3 and 4 of Remark 3.6.
Item 3 follows from item 2, since IR* is contained in the Jacobson radical of

R* by Remark 3.6.1. (]

In Theorem 8 of Cohen’s famous paper [21] on the structure and ideal theory of
complete local rings a result similar to Nakayama’s lemma is obtained without the
usual finiteness condition of Nakayama’s lemma [89, Theorem 2.2]. As formulated
in [89, Theorem 8.4], the result is:

THEOREM 3.8. (A version of Cohen’s Theorem 8) Let I be an ideal of a ring R
and let M be an R-module. Assume that R is complete in the I-adic topology and
Mo I"M = (0). If M/I is generated over R/I by elements w1, ...,ws and w; is
a preimage in M of w; for 1 <i<'s, then M 1is generated over R by wy, ..., ws.

Let K be a field and let R = K[[z1,...,%,]] be a formal power series ring in
n variables over K. It is well-known that there exists a K-algebra embedding of R
into the formal power series ring K|[[y, z]] in two variables over K [139, page 219].
We observe in Corollary 3.9 restrictions on such an embedding.

COROLLARY 3.9. Let (R,m) be a complete local ring and assume that the map
¢ : (R,m) — (S,n) is a local homomorphism.
(1) If mS is n-primary and S/n is finite over R/m, then S is a finitely
generated R-module.
(2) If mS =n and R/m = S/n, then ¢ is surjective.
(3) If R = K|[[z1,...,x4,]] is a formal power series ring in n > 2 variables
over the field K and S = K|y, z]] is a formal power series ring in two
variables over K, then o(m)S is not n-primary.

We record in Remarks 3.11 several consequences of Cohen’s structure theorems
for complete local rings. We use the following definitions.

DEFINITIONS 3.10. Let (R, m) be a local ring.

(1) (R, m) is said to be equicharacteristic if R has the same characteristic as
its residue field R/m.

(2) A subfield k of R is a coefficient field of R if the canonical map of R —
R/m restricts to an isomorphism of & onto R/m.

REMARKS 3.11.

(1) Every equicharacteristic complete Noetherian local ring has a coefficient
field. [21], [89, Theorem 28.3], [96, (31.1)].

(2) If k is a coefficient field of a complete Noetherian local ring (R, m) and
T1,...,T, are generators of m, then every element of R can be expanded
as a power series in x1,...,2, with coefficients in k. [96, (31.1)] Thus
R is a homomorphic image of a formal power series ring in n variables
over k.
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(3) (i) Every complete Noetherian local ring, whether equicharacteristic or
not, is Henselian (defined in Definition 2.3.4) by [96, (30.3)].

(ii) Every complete Noetherian local ring is a homomorphic image of a
complete regular local ring.

(iii) Every complete regular local ring is a power series ring over either a
field or a complete discrete valuation ring [21], [96, (31.1)].

(4) If (R,m) is a complete Noetherian local domain, then R is a finite integral
extension of a complete regular local domain [96, (31.6)] and the integral
closure of R in a finite algebraic field extension is a finite R-module [986,
(32.1)].

(5) If a Noetherian local ring R is analytically unramified, then the integral
closure of R is a finite R-module [96, (32.2)].

(6) Let (R, m) be a one-dimensional Noetherian local domain. The following
two statements then hold [96, Ex. 1 on page 122] and [75].

(i) The integral closure R of R is a finite R-module if and only if the
completion R of R is reduced, i.e., if and only if R is analytically
unramified. R

(ii) The minimal primes of R are in one-to-one correspondence with the
maximal ideals of R.

A classical result of Rees describes necessary and sufficient conditions in order
that a Noetherian local ring (R, m) be analytically unramified.

THEOREM 3.12. (Rees) [109] Let (R,m) be a reduced Noetherian local ring
with total ring of fractions Q(R). Then the following are equivalent.

(1) The ring R is analytically unramified.
(2) For every choice of finitely many elements A1, ..., A, in Q(R), the integral
closure of R[A1,...,A\n] is a finite R[\1,. .., Ay]-module.

The following is an immediate corollary of Theorem 3.12.

COROLLARY 3.13. (Rees) [109] Let (R, m) be an analytically unramified Noe-
therian local Ting and let A1, ..., \, be elements of Q(R). For every prime ideal P
of A= R[A1,...,\n], the local ring Ap is also analytically unramified.

3.3. Chains of prime ideals, fibers of maps and excellence
We begin by discussing chains of prime ideals.

DEFINITIONS 3.14. Let P and @ be prime ideals of a ring A.

(1) If P € @, we say that the inclusion P C @ is saturated if there is no prime
ideal of A strictly between P and Q.

(2) A possibly infinite chain of prime ideals --- C P; C Piyq € --- is called
saturated if every inclusion P; C P,y is saturated.

(3) A ring A is catenary provided for every pair of prime ideals P C Q of A,
every chain of prime ideals from P to @ can be extended to a saturated
chain and every two saturated chains from P to ) have the same number
of inclusions.

(4) A ring A is universally catenary provided every finitely generated A-
algebra is catenary.

(5) A ring A is said to be equidimensional if dim A = dim A/P for every
minimal prime P of A.
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Theorem 3.15 is a well-known result of Ratliff [89, Theorem 31.7].

THEOREM 3.15. A Noetherian local domain A is universally catenary if and
only if its completion A is equidimensional.

A sharper result also due to Ratliff relating the universally catenary property
to properties of the completion is Theorem 3.16.

THEOREM 3.16.  [106, Theorem 2.6] A Noetherian local ring (R, m) is uni-
versally catenary if and only if the completion of R/p is equidimensional for every
minimal prime ideal p of R.

REMARK 3.17. Every Noetherian local ring that is a homomorphic image of a
regular local ring, or even a homomorphic image of a Cohen-Macaulay local ring,
is universally catenary [89, Theorem 17.9, page 137].

We record in Proposition 3.18 an implication of the Krull Altitude Theorem 2.6.

PROPOSITION 3.18. Let (R,m) be a catenary Noetherian local domain and let
P € Spec R with dim R/P =n > 1. Let d be an integer with 1 < d < n, and let

A = {Q €SpecR| PCQ and dimR/Q = d }.
Then P =gea Q-

PrOOF. If d = n, then P € A and the statement is true. To prove the assertion
for d with 1 < d < m, it suffices to prove it in the case where dim R/P = d + 1; for
if the statement holds in the case where n = d + 1, then by an iterative procedure
on intersections of prime ideals, the statement also holds for n =d+2,---.

Thus we assume n = d + 1. Since ht(m/P) > 2, Krull’s Altitude Theorem 2.6
implies that there exist infinitely many prime ideals properly between P and m; see
Exercise 5 in Chapter 2. Theorem 2.6 also implies that for each element a € m\ P
and each minimal prime @ of P + aR, we have ht(Q/P) = 1. Since R is catenary,
it follows that dim(R/Q) = dim(R/P) — 1 = d. Therefore the set A is infinite.
Since an ideal in a Noetherian ring has only finitely many minimal primes, we have

P:ﬂQGAQ. (]

Discussion 3.19. Let f: A — B be a ring homomorphism. The map f can
always be factored as the composite of the surjective map A — f(A) followed by the
inclusion map f(A) < B. This is often helpful for understanding the relationship
of A and B. If J is an ideal of B, then f~1(J) is an ideal of A called the contraction
of J to A with respect to f. If Q is a prime ideal of B, then P := f~1(Q) is a
prime ideal of A. Thus associated with the ring homomorphism f : A — B, there
is a well-defined spectral map f* : Spec B — Spec A of topological spaces, where for
Q € Spec B we define f*(Q) = f~1(Q) = P € Spec A.

Let A be a ring and let P € Spec(A). The residue field of A at P, denoted
k(P), is the field of fractions Q(A/P) of A/P. By permutability of localization and
residue class formation we have k(P) = Ap/PAp.

Given a ring homomorphism f : A — B and an ideal I of A, the ideal f(I)B
is called the extension of I to B with respect to f. For P € Spec A, the extension
ideal f(P)B is, in general, not a prime ideal of B. The fiber over P in Spec B is the
set of all @ € Spec B such that f*(Q) = P. Exercise 7 of Chapter 2 asserts that
the fiber over P is nonempty if and only if P is the contraction of the extended
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ideal f(P)B. In general, the fiber over P in Spec B is the spectrum of the ring
B ®a k(P) = S7Y(B/f(P)B), where S is the multiplicatively closed set A \ P.
Notice that a prime ideal @ of B contracts to P in A if and only if f(P) C @ and
QNS = . This describes exactly the prime ideals of S=*(B/f(P)B).

DEFINITION 3.20. Let f : A — B be a ring homomorphism and let P € Spec A.
The fiber over P with respect to the map f is said to be regular if the ring B® 4 k(P)
is a Noetherian regular ring, i.e., B® 4 k(P) is a Noetherian ring with the property
that its localization at every prime ideal is a regular local ring.

DEFINITION 3.21. Let f : A — B be a ring homomorphism and let P € Spec A.
The fiber over P with respect to the map f is said to be geometrically regular if
for every finite extension field F' of k(P) the ring B ® 4 F' is a Noetherian regular
ring. The map f : A — B is said to have geometrically reqular fibers if for each
P € Spec A the fiber over P is geometrically regular.

REMARK 3.22. Let f : A — B be a ring homomorphism with A and B Noether-
ian rings and let P € Spec A. To check that the fiber of f over P is geometrically
regular as in Definition 3.21, it suffices to show that B® 4 F' is a Noetherian regular
ring for every finite purely inseparable field extension F of k(P) [42, Théoréme
(22.5.8)].

DEFINITION 3.23. A homomorphism f : A — B of Noetherian rings is said to
be regular if it is flat with geometrically regular fibers. See Definition 2.20 for the
definition of flat.

ExAMPLE 3.24. Let z be an indeterminate over a field k of characteristic zero,
and let

A = k[l’(l’*1),12(9371)](£(z_1)7£2(£_1)) - k[l’](ﬁ) =: B.

Then (A,my4) and (B, mp) are one-dimensional local domains with the same field
of fractions k(x) and with msB = mp. Hence the inclusion map f : A < B has
geometrically regular fibers. Since A # B, the map f is not flat by Remark 2.21.8.
Hence f is not a regular morphism.

We present in Chapter 11 examples of maps of Noetherian rings that are regular,
and other examples of maps that are flat but fail to be regular.

The formal fibers of a Noetherian local ring as in Definition 3.25 play an im-
portant role in the concept of excellence of a Noetherian ring.

DEFINITION 3.25. Let (R,m) be a Noetherian local ring and let R be the m-
adic completion of R. The formal fibers of R are the fibers of the canonical inclusion
map R — R.

DEFINITION 3.26. A Noetherian ring A is called a G-ring if for each prime ideal
P of A the map of Ap to its PAp-adic completion is regular, or, equivalently, the
formal fibers of Ap are geometrically regular for each prime ideal P of A.

REMARK 3.27. In Definition 3.26 it suffices that for every maximal ideal m of
A, the map from A,, to its mA,,-adic completion is regular, by [89, Theorem 32.4]

DEFINITION 3.28. A Noetherian ring A is excellent® if

3For motivation and more information about excellent rings see Chapter 14.
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(i) A is universally catenary,
(ii) A is a G-ring, and
(iii) for every finitely generated A-algebra B, the set Reg(B) of primes P of
B for which Bp is a regular local ring is an open subset of Spec B.

REMARK 3.29. The class of excellent rings includes the ring of integers as well
as all fields and all complete Noetherian local rings [89, page 260]. All Dedekind
domains of characteristic zero are excellent [87, (34.B)]. The usefulness of the con-
cept of excellent rings is enhanced by the fact that the class of excellent rings is
stable under the ring-theoretic operations of localization and passage to a finitely
generated algebra [42, Chap. IV], [87, (33.G) and (34.A)]. An excellent ring is a
Nagata ring [87, Theorem 78, page 257].

We give some motivation and explanations for the definition of excellence in
Chapter 14.

REMARK 3.30. In Corollary 9.14 of Chapter 9, we prove that the 2-dimensional
Noetherian local ring B constructed in Example 9.11 has the property that the map
f:B— B has geometrically regular fibers. This ring B of Example 9.11 is also an
example of a catenary ring that is not universally catenary. Thus the property of
having geometrically regular formal fibers does not imply that a Noetherian local
ring is excellent.

Exercises

(1) (]29]) Let R be a commutative ring and let P be a prime ideal of the power
series ring R|[[x]]. Let P(0) denote the ideal in R of constant terms of elements
of P.
(i) Ifz ¢ P and P(0) is generated by n elements of R, prove that P is generated
by n elements of R|[[z]].
(ii) If x € P and P(0) is generated by n elements of R, prove that P is generated
by n + 1 elements of R[[z]].
(iii) If Ris a PID, prove that every prime ideal of R[[x]] of height one is principal.

(2) Let R be a DVR with maximal ideal yR and let S = R[[z]] be the formal power
series ring over R in the variable x. Let f € S. Recall that f is a unit in S if
and only if the constant term of f is a unit in R by Exercise 4 of Chapter 2.
(a) Show that S is a 2-dimensional RLR with maximal ideal (z,y)S.

(b) If ¢ is a factor of f and S/fS is a finite R-module, then S/¢S is a finite
R-module.
(¢) If n is a positive integer and f := z™ + y, then S/fS is a DVR that is a
finite R-module if and only if R = E, i.e., R is complete.
(d) If f is irreducible and fS # xS, then S/fS is a finite R-module implies
that R is complete.
(e) If R is complete, then S/fS is a finite R-module for each nonzero f in S.
Suggestion: For item (d) use that if R is not complete, then by Nakayama’s
lemma, the completion of R is not a finite R-module. For item (e) use Theo-
rem 3.8.
Let f be a monic polynomial in x with coefficients in R.
What are necessary and sufficient conditions in order that the residue class
ring S/fS is a finite R-module?



EXERCISES 27

(3) (Related to Dumitrescu’s article [27]) Let R be an integral domain and let

f € R][[z]] be a nonzero nonunit of the formal power series ring R[[z]]. Prove
that the principal ideal fR][[z]] is closed in the (x)-adic topology, that is,

FR[[x]] = My (f, 2™) R][]).

Suggestion: Reduce to the case where ¢ = f(0) is nonzero. Then f is a

unit in the formal power series ring R[1][[z]]. If g € Nmso(fs ™) R[], then
g = fh for some h € R[1][[z]], say h = > >0 ™, with hy, € R[1]. Let
m > 1. As g € (f,2™)R[[z]], g = fq+ a™r, for some ¢,r € R[[z]]. Thus

g=fh=fqg+a™r hence f(h—q) =x™r. As f(0) # 0, h—q = z™s, for some
s € R[L[[z]]. Hence ho,h1,..., hym—1 € R.

Let R be a commutative ring and let f = 3" . fna™ € R[[z]] be a power series
having the property that its leading form f, is a regular element of R, that is,
ordf =r,s0 fo =f1 == fr—1 =0, and f, is a regular element of R. As
in the previous exercise, prove that the principal ideal fR[[z]] is closed in the
(z)-adic topology.

(5) Let f: A< B be as in Example 3.24.

(i) Prove as asserted in the text that f has geometrically regular fibers but is
not flat.

(ii) Prove that the inclusion map of C := k[z(z — 1)](z(z—1)) < k[z]@) = B is
flat and has geometrically regular fibers. Deduce that the map C — B is
a regular map.

(6) Let ¢ : (R,m) — (5,n) be an injective local map of the Noetherian local ring

~—

(R,m) into the Noetherian local ring (S,n). Let R= Jim R/m™ denote the

~

m-adic completion of R and let S = lim S/n™ denote the n-adic completion

(_
n

of S. o
(i) Prove that there exists a map ¢ : R — S that extends the map ¢ : R — S.
(ii) Prove that (E is injective if and only if for each positive integer n there

exists a pos'lgive integer s, such that n** N R C m".
(iii) Prove that ¢ is injective if and only if for each positive integer n the ideal

m” is closed in the topology on R defined by the ideals {n™ N R},en, i.e.,

the topology on R that defines R as a subspace of S.
Suggestion: For each n € N, we have m™ C n” N R. Hence there exists
a map ¢, : R/m” — R/(n" N R) — S/n", for each n € N. The family
of maps {¢n, }nen determine a map ¢ : R — S. Since R/n™ is Artinian, the
descending chain of ideals {m"™ + (n® N R)};ecn stabilizes, and m™ is closed in
the subspace topology if and only if there exists a positive integer s,, such that
n°* N R C m". This holds for each n € N if and only if the m-adic topology
on R is the subspace topology from S.
Let (R,m), (S,n) and (7T, q) be Noetherian local rings. Assume there exist
injective local maps f : R — S and g: S — T, and let h = gf R — T be
the composite map. For f R — S and g : S~ Tandh: R — T as in the
previous exercise, prove that h= g f .
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(8) Let (R,m) and (S,n) be Noetherian local rings such that S dominates R and
the m-adic completion R of R dominates S.

(i) Prove that R is a subspace of S.

(ii) Prove that R is an algebraic retract of §, ie., R <+ S and there exists a
surjective map 7 : S — R such that 7 restricts to the identity map on the
subring Rof S.

(9) Let k be a field and let R be the localized polynomial ring k[x],4[,), and thus
R = k[[z]]. Let n > 2 be a positive integer. If char k = p > 0, assume that n is
not a multiple of p.

(i) Prove that there exists y € k[[z]] such that y" =1+ x.

(ii) For y asin (i), let S := R[yxz] — k[[z]]. Prove that S is a local ring integral
over R with maximal ideal (z,yz)S. By the previous exercise, B = k|[[z]]
is an algebraic retract of S.

(iii) Prove that the integral closure S of S is not local. Indeed, if the field
k contains a primitive n-th root of unity, then S has n distinct maximal
ideals. Deduce that R #* S , SO R is a nontrivial algebraic retract of S.

Suggestion: Use Remark 3.11 parts (3) and (6ii).



CHAPTER 4

First Examples of the Construction

The basic idea of the Inclusion Construction 5.3 defined in the next chapter
is: Start with a well understood Noetherian domain R, then take an ideal-adic
completion R* of R and intersect R* with an appropriate field L between R and
the total quotient ring of R*. Define A := L N R*. This is made more explicit in
Section 5.1 of Chapter 5.

In this chapter we illustrate the construction with several examples.

4.1. Elementary examples

We first consider examples where R is a polynomial ring over the field Q of
rational numbers. In the case of one variable the situation is well understood:

ExXAMPLE 4.1. Let y be a variable over Q, let R := Q[y], and let L be a
subfield of the field of fractions of Q[[y]] such that Q(y) C L. Then the intersection
domain A := LN Q[[y]] is a rank-one discrete valuation domain (DVR) with field
of fractions L (see Remark 2.1), maximal ideal yA and y-adic completion A* =
Q[[y]]. For example, if we work with our favorite transcendental function e¥ and
put L = Q(y, eY), then A is a DVR having residue field Q and field of fractions L
of transcendence degree 2 over Q.

The integral domain A of Example 4.1 is perhaps the simplest example of a
Noetherian local domain on an algebraic function field L/Q of two variables that is
not essentially finitely generated over its ground field Q, i.e., A is not the localization
of a finitely generated Q-algebra. However A does have a nice description as an
infinite nested union of localized polynomial rings in 2 variables over Q; see Example
6.6. Thus in a certain sense there is a good description of the elements of the
intersection domain A in this case.

The two-dimensional (two variable) case is more interesting. The following
theorem of Valabrega [128] is useful in considering this case.

THEOREM 4.2. (Valabrega) Let C be a DVR, let y be an indeterminate over
C, and let L be a subfield of Q(C[[y]]) such that Cly] C L. Then the integral
domain D = LNC|[y]] is a two-dimensional regular local domain having completion
D = C[[y]], where C is the completion of C.

Exercise 4 of this chapter outlines a proof for Theorem 4.2. Applying Val-
abrega’s Theorem 4.2, we see that the intersection domain is a two-dimensional
regular local domain with the “right” completion in the following two examples:

ExXAMPLE 4.3. Let z and y be indeterminates over Q and let C' be the DVR
Q(z,e”) NQ[[z]]. Then A; := Q(z,e”,y) N Cly]] = Clyl(z,y) is a two-dimensional
regular local domain with maximal ideal (z,y)A; and completion Q|[z, y]].

29
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Example 4.4 is mentioned in Chapter 1 and is generalized in Theorem 9.5; see
Remark 9.8.2.

ExAMPLE 4.4. Let z and y be indeterminates over Q and let C' be the DVR
Q(z,e”) N Q[z]] as in Example 4.3. Then Ay := Q(z,y,e*,e¥) N C[ly]] is a
two-dimensional regular local domain with maximal ideal (z,y)As and completion
Q[[z, y]]. See Theorem 4.12.

REMARKS 4.5. (1) There is a significant difference between the integral domains
A; of Example 4.3 and A, of Example 4.4. As is shown in Theorem 9.5, the
two-dimensional regular local domain A; of Example 4.3 is, in a natural way, a
nested union of three-dimensional regular local domains. It is possible therefore to
describe A; rather explicitly. On the other hand, the two-dimensional regular local

e —e¥

domain Ay of Example 4.4 contains, for example, the element ﬁ As discussed
in Example 7.3, the associated nested union domain B naturally associated with
Ay is a nested union of four-dimensional RLRs, is three-dimensional and is not
Noetherian. Notice that the two-dimensional regular local ring A; is a subring
of an algebraic function field in three variables over QQ, while A5 is a subring of
an algebraic function field in four variables over Q. Since the field Q(x,e",y) is
contained in the field Q(x,e*,y,e¥), the local ring A; is dominated by the local
ring As.

(2) It is shown in Theorem 19.20 and Corollary 19.23 of Chapter 19 that if
we go outside the range of Valabrega’s theorem, that is, if we take more general
subfields L of the field of fractions of Q[[x,y]] such that Q(x,y) C L, then the
intersection domain A = LNQ[[x, y]] can be, depending on L, a localized polynomial
ring in n > 3 variables over Q or even a localized polynomial ring in infinitely
many variables over Q. In particular, A = L N Q[[z,y]] need not be Noetherian.
Theorem 4.12 describes possibilities for the intersection domain A in this setting.

indexValabrega

4.2. Historical examples

There are classical examples, related to singularities of algebraic curves, of
one-dimensional Noetherian local domains (R, m) such that the m-adic completion
R is not an integral domain, that is, R is analytically reducible; see Section 2.2,
Remarks 3.11, and Theorem 3.12. We demonstrate this in Example 4.6.

EXAMPLE 4.6. Let X and Y be variables over Q and consider the localized
polynomial ring
S
(X2-Y2-Y3)S§

S:= Q[X,Y]xv)x,y] and the quotient ring R: =

Since the polynomial X2 — Y2 — Y3 is irreducible in the polynomial ring Q[X, Y],
the ring R is a one-dimensional Noetherian local domain. Let  and y denote the
images in R of X and Y, respectively. The principal ideal yR is primary for the
maximal ideal m = (z,y)R, and so the m-adic completion R is also the y-adic
completion of R. Thus

QX][[Y]]
(X2 -Y2((1+Y))

E:



4.2. HISTORICAL EXAMPLES 31

Since 1 + Y has a square root (1 + Y)Y? € Q[[Y]], we see that X2 — Y2(1 +Y)
factors in Q[X][[Y]] as

X2 -Y2(1+4Y) = (X -YA+VY?) (X +Y(Q+Y)V?).

Thus R is not an integral domain. Since the polynomial Z% — (1 + y) € R[Z] has

x/y as a root and z/y € R, the integral domain R is not normal; see Section 2.1.

The birational integral extension R := R[7] has two maximal ideals,

Y YR,
Y Yy

To see, for example, that m; = (‘;y )R, it suffices to show that m C (%)E

It is obvious that z —y € (%)E We also clearly have I2y§y2 € (%)E, and

m; = (m,%—l)ﬁ = ( )R and my := (mvi_‘_l)ﬁ = (

2?2 —y?2 = 33 Hence z—z =y € (%)E, and so my is principal and generated
by I—;y Similarly, the maximal ideal m, is principal and is generated by %
Thus R = R[%] is a PID, and hence is integrally closed. To better understand the
structure of R and R, it is instructive to extend the homomorphism
S
p: S — = R.

(X2-Y2-Y3)S8

Let X7 := X/Y and S’ := S[X;]. Then S’ is a regular integral domain and the
map ¢ can be extended to a map ¢ : §' — R[] such that ¢(X1) = 7. The kernel
of 1 is a prime ideal of S’ that contains X2 — Y2 — Y3, Since X = Y X, and Y2
is not in ker 1), we see that ker v = (X? — 1 —Y)S’. Thus

S’ x —
x-i-vs IR
Notice that X? — 1 — Y is contained in exactly two maximal ideals of S’, namely

n;: = (Xl - 1, Y)S/ and ng : = (X1 + ].7 Y)S,

The rings S := S}, and Sy := S, are two-dimensional RLRs that are local
quadratic transformations of S, and the map v localizes to define maps
S1 — S —

—————— = Rm d ¥p,: S9 > —————— = Rpn,.
(X2 -1-Y)5 voand Wn,: 52 2 TN 2

REMARK 4.7. Examples given by Akizuki [7] and Schmidt [117], provide one-
dimensional Noetherian local domains R such that the integrzﬂ closure R is not
finitely generated as an R-module; equivalently, the completion R of R has nonzero
nilpotents [96, (32.2) and Ex. 1, page 122] and [75, Corollary 5].

v 8 —

’(ﬂnll Sl —

If R is a normal one-dimensional Noetherian local domain, then R is a rank-one
discrete valuation domain (DVR) and it is well-known that the completion of R is
again a DVR. Thus R is analytically irreducible. Zariski showed that the normal
Noetherian local domains that occur in algebraic geometry are analytically normal;
see [139, pages 313-320] and Section 3.3. In particular, the normal local domains
occuring in algebraic geometry are analytically irreducible.

This motivated the question of whether there exists a normal Noetherian local
domain for which the completion is not a domain. Nagata produced such examples
in [95]. He also pinpointed sufficient conditions for a normal Noetherian local
domain to be analytically irreducible [96, (37.8)].
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In Example 4.8, we present a special case of a construction of Nagata [95],
[96, Example 7, pages 209-211] of a two-dimensional regular local domain A that
is not excellent and a two-dimensional normal Noetherian local domain D that is
analytically reducible. These concepts are defined in Section 3.3 and Section 3.1.
Nagata constructs A as a nested union of subrings. He proves that A is Noetherian
with completion A= Q[[z, y]].- Since the completion of a Noetherian local ring is a
faithfully flat extension, it follows by Remark 2.21.9 that A is also an intersection
as defined in Example 4.8.

ExAMPLE 4.8. (Nagata) [96, Example 7, pages 209-211] Let z and y be
algebraically independent over Q and let R be the localized polynomial ring R =
Q[z,Y](z,y)- Then the completion of R is R = Q[[z,y]]. Let € zQ[[z]] be an
element that is transcendental over Q(zx,y), e.g., 7 = ¢* — 1. Let p := y + 7 and
f:=p?=(y+7)% Now define

Al7]

A:= Qz,y, )0 Qllwyl] and D= rr—g7rs

where z is an indeterminate. It is clear that the intersection ring A is a Krull domain
having a unique maximal ideal. Nagata proves that f is a prime element of A and
that A is a two-dimensional regular local domain with completion A = Q[[z, y]J;
see Proposition 10.2. He also shows that D is a normal Noetherian local domain.
We return to this example in Section 10.1.

REMARKS 4.9. (1) The integral domain D in Example 4.8 is analytically re-
ducible. This is because the element f factors as a square in the completion A of

A. Thus
ﬁ o QH%, Y, Z]]
G-+ G+
which is not an integral domain.

(2) The two-dimensional regular local domain A of Example 4.8 is not a Nagata
ring and therefore is not excellent. (For the definition of a Nagata ring, see Defini-
tion 2.3.1, and for the definition of excellence, see Section 3.3, Definition 3.28.) To
see that A is not a Nagata ring, notice that A has a principal prime ideal gener-
ated by f that factors as a square in A= Q[[z, y]]; namely f is the square of the
prime element p of A. Therefore the one-dimensional local domain A/fA has the
property that its completion /T/ fﬁ has a nonzero nilpotent element. This implies
that the integral closure of the one-dimensional Noetherian domain A/fA is not
finitely generated over A/fA by Remark 3.11.6(i). Hence A is not a Nagata ring.
Moreover, the map A < A= Q[[z, y]] is not a regular morphism; see Section 3.3.

The existence of examples such as the normal Noetherian local domain D of
Example 4.8 naturally motivated the question: Is a Nagata domain necessarily
excellent? Rotthaus shows in [110] that the answer is “no” as described below.

In Example 4.10, we present a special case of the construction of Rotthaus. In
[110] the ring A is constructed as a direct limit. The fact that A is Noetherian
implies that A is also an intersection as defined in Example 4.10. To see this, we
use that A is Noetherian implies that its completion Aisa faithfully flat extension,
and then we apply Remark 2.21.8.

ExAMPLE 4.10. (Rotthaus) Let x,y, z be algebraically independent over Q and
let R be the localized polynomial ring R = Q[z,y, 2](44..)- Let 71 = > .2, ay' €
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Q[ly]] and 7 = >°2, biy* € Q[[y]] be power series such that y, 71, 7> are alge-

braically independent over Q, for example, 71 = €Y — 1 and 7o = e’ — 1. Let
u:=x+ 7 and v := z + 75. Define

A = Qz,y,z,uv) N (Qz, 2], [Y]])-

REMARK 4.11. The integral domain A of Example 4.10 is a Nagata domain
that is not excellent. Rotthaus shows in [110] that A is Noetherian and that the
completion A of A s Q[[z,y,2]], so A is a 3-dimensional regular local domain.
Moreover she shows the formal fibers of A are geometrically reduced, but are not
geometrically regular. Since u,v are part of a regular system of parameters of
A, it is clear that (u,v)A is a prime ideal of height two. It is shown in [110],
that (u,v)le\ﬂ A = wvA. Thus uvA is a prime ideal and A\(u’v)g/uvjl\(u’v)g is a
non-regular formal fiber of A. Therefore A is not excellent.

Since A contains a field of characteristic zero, to see that A is a Nagata domain
it suffices to show for each prime ideal P of A that the integral closure of A/P is
a finite A/P-module. Since the formal fibers of A are reduced, the integral closure
of A/P is a finite A/P-module; see Remark 3.11.5.

4.3. Tterative examples

We present a family of examples contained in k[[z,y]], where k is a field and
x and y are indeterminates. We show that for certain values of the parameters
that occur in the examples, one obtains an example of a 3-dimensional local Krull
domain (B,n) such that B is not Noetherian, n = (x,y)B is 2-generated and the
n-adic completion B of B is a two-dimensional regular local domain.

Let R be the localized polynomial ring R := k[z,y](y,,). If 0,7 € R= kl[z, y]]
are algebraically independent over R, then the polynomial ring R[t1,t2] in the two
variables t1,t2 over R, can be identified with a subring of R by means of an R-
algebra isomorphism mapping ¢t; — o and to — 7. The structure of the local
domain A = k(x,y,0,7) N R depends on the residual behavior of ¢ and 7 with
respect to prime ideals of R. Theorem 4.12 illustrates this in the special case
where o € k[[z]] and 7 € E[[y]]. A special case of this is given in Example 4.4.
Theorem 4.12 introduces a technique that is further developed in Chapters 5, 6, 7
and 8.

THEOREM 4.12. Let k be a field, let © and y be indeterminates over k, and let
o= a;z’ € k] and =Y by’ € k[[y]]
i=0 1=0

be formal power series that are algebraically independent over the fields k(x) and
k(y), respectively. Then A := k(x,y,0,7) N k[[x,y]] is a two-dimensional regular
local domain with mazimal ideal (z,y)A and completion A = k[[z,y]]. The inter-
section ring A has a subring B with the following properties:

e The local ring A birationally dominates the local ring B.

e The ring B is the directed union of a chain of four-dimensional reqular
local domains that are localized polynomial rings in four variables over k
and are birationally dominated by both A and B.

e The local ring B is a Krull domain with mazimal ideal n = (x,y)B.

o The dimension of B is either 2 or 3.
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e The local ring B is Hausdorff in the topology defined by the powers of n.
e The n-adic completion B of B is canonically isomorphic to k[[z,y]].

Moreover the following statements are equivalent:

(1) The ring B is Noetherian.

(2) The dimension of B is 2.

(3) The rings B and A are equal.

(4) Ewery finitely generated ideal of B is closed in the n-adic topology on B.
(5) Ewery principal ideal of B is closed in the n-adic topology on B.

Depending on the choice of o and 7, B may or may not be Noetherian. In particular
there exist certain values for o and T such that B # A and other values such that
B=A.

To establish the asserted properties of the ring A of Theorem 4.12, we use
the following consequence of the useful result of Valabrega stated as Theorem 4.2
above. Since the construction of A can be realized by a succession of two principal
ideal-adic completions, first using power series in x, then using power series in y,
we consider it an “iterative” example.

PROPOSITION 4.13. With the notation of Theorem 4.12, let C = k(x,0) Nk[[x]]
and let L be the field of fractions of Cly,7]. Then the ring A = LNC|[[y]] and A is
a two-dimensional regular local domain with maximal ideal (x,y)A and completion

~

A = k[[z,y]].
PROOF. The ring C is a rank-one discrete valuation domain with completion
k[[z]], and the field k(z,y,0,7) = L is an intermediate field between the fields of

fractions of the rings Cly] and C[[y]]. Hence, by Theorem 4.2, A = LN C[[y]] is a
regular local domain with completion k[[z, y]]. O

REMARK 4.14. In examining properties of subrings of the formal power se-
ries ring k[[x,y]] over the field k, we use that the subfields k((x)) and k((y)) of
the field Q(k[[z,y]]) are linearly disjoint over k as defined for example in [138,

page 109]. It follows that if a1,...,a, € k[[z]] are algebraically independent over
k(xz) and B, ..., Bm € k[[y]] are algebraically independent over k(y), then the ele-
ments oy, ..., &, B1,- .., Bm are algebraically independent over k(x,y).

We return to the proof of Theorem 4.12 in Chapter 7.

Exercises

(1) Prove that the intersection domain A of Example 4.1 is a DVR with field of
fractions L and (y)-adic completion A* = Q[[y]].
Comment. Exercise 2 of Chapter 2 implies that A is a DVR. With the addi-
tional hypothesis of Example 4.1, it is true that the (y)-adic completion of A
is Q[y]]-
(2) Let R be an integral domain with field of fractions K.
(i) Let F be a subfield of K and let S := F N R. For each principal ideal a.S
of S, prove that aS =aRNS.
(ii) Suppose that S is a subring of R with the same field of fractions K. Prove
that S =aRNS < S=R.
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(3) Let R be a local domain with maximal ideal m and field of fractions K. Let
F be a subfield of K and let S := F' N R. Prove that S is local with maximal
ideal m N S, and thus conclude that R dominates S. Give an example where
R is not Noetherian, but S is Noetherian.

Remark. It can happen that R is Noetherian while S is not Noetherian; see
Chapter 17.

(4) Assume the notation of Theorem 4.2. Thus y is an indeterminate over the
DVR C and D = C[[y]] N L, where L is a subfield of the field of fractions of
Clly]] with Cly] C L. Let x be a generator of the maximal ideal of C' and let
R := Clyl(z,y)cly- Observe that R is a two-dimensional RLR with maximal
ideal (x,y)R and that C[[y]] is a two-dimensional RLR with maximal ideal
(x,y)C[[y]] that dominates R. Let m := (z, y)C[[y]] N D.

(i) Using Exercise 2, prove that
R D Cllyll
C =2 — = — <
yR yD  yClly]]
(ii) Deduce that C 22 y%, and that m = (z,y)D.

(iii) Let k := % denote the residue field of C'. Prove that w% is a DVR and
that

= C

(iv) For each positive integer n, prove that

R D o _ Clyl

~

(@ y"R — (z,y)"D — (z,9)"Clyl]
Deduce that R = D = C[[y]], where C is the completion of C.

(v) Let P be a prime ideal of D such that ¢ P. Prove that there exists b € P
such that b(D/xD) = y"(D/xD) for some positive integer r, and deduce
that P C (b, z)D.

(vi) For a € P, observe that a = ¢1b + a1z, where ¢; and a7 are in D. Since

x € P, deduce that a; € P and hence a; = ¢ob + agx, where co and ay are
in D. Conclude that P C (b,2?)D. Continuing this process, deduce that

bD C P C ()(b,a")D.
n=1
(vii) Extending the ideals to C[[y]], observe that

o0

bClyll € PO € () (be™)Cllyll = bCIIyll,

n=1

where the last equality is because the ideal bC|[y]] is closed in the topology
defined by the ideals generated by the powers of z on the Noetherian local
ring C[y]]. Deduce that P = bD.

(viii) Conclude by Theorem 2.8 that D is Noetherian and hence a two-dimensional
regular local domain with completion D = C[[y]].
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(5)

4. FIRST EXAMPLES OF THE CONSTRUCTION

Let k be a field and let f € k[[z,y]] be a formal power series of order r > 2.
Let f = Y07 fa, where f, € k[z,y] is a homogeneous form of degree n. If
the leading form f, factors in k[z,y] as f, = « - 8, where a and /3 are coprime
homogeneous polynomials in k[x,y] of positive degree, prove that f factors in
E[[z,y]] as f = g - h, where g has leading form « and h has leading form f.

Suggestion. Let G = @,,~, Gy represent the polynomial ring k[z,y| as a
graded ring obtained by defining degxz = degy = 1. Notice that G, has
dimension n + 1 as a vector space over k. Let dega = a and deg 8 = b. Then
a + b = r and for each integer n > r 4+ 1, we have dim(a - Gp—y) =n —a+1
and dim(8 - G—p) = n — b+ 1. Since « and § are coprime, we have

(a : Gn—a) N (/8 : Gn—b) = frGnp.
Conclude that o - G,,_q + - G._p is a subspace of GG,, of dimension n + 1
and hence that G,, = a-Gp—q + B Gn_p. Let g, :== « and hy, := 3. Since
fr—i—l S Gr—i—l = «- Gr-l—l—a + ﬂ Gr—i—l—b = Ya 'Gb+1 + hb 'Ga+1; there exist
forms hpy1 € Gpy1 and gay1 € Ggyq such that frp1 = gq-hpy1+hp-ger1. Since
Gri2 = gaGpyo+ hy - Ggya, there exist forms hyyo € Gpyo and g2 € Gaia
such that fri2 — gat1 - Pot1 = ga - hor2 + hp - gat2. Proceeding by induction,
assume for a positive integer s that there exist forms g4, gat1,---,gat+s and
h, hpt1, - -« hpys such that the power series f—(ga++ -+ gats)(ho+- -+ hptrs)
has order greater than or equal to r + s + 1. Using that

Grist1 = Ga  Gorst1 + b Goysy,

deduce the existence of forms g ys+1 € Gat+s+1 and hpys+1 € Gpyst1 such that
the power series f — (go 4+ + Gats+1)(hp + -+ + hpyst1) has order greater
than or equal to r + s + 2.

Let k be a field of characteristic zero. Prove that both
zy+2> and  wyz+4at+yt4 2t

are irreducible in the formal power series ring k[[z,y, z]]. Thus there does not
appear to be any natural generalization to the case of three variables of the
result in the previous exercise.



CHAPTER 5

Describing the Basic Construction

We discuss a universal technique that yields the examples of the previous sec-
tion and also leads to more examples. For this we apply the Basic Construction
Equation 1.3 from Chapter 1. There are two versions of the construction that we
use. At first they appear to be quite different:

e The Inclusion Construction 5.3 defines an intersection A = A, := R*NL
included in R*, where R* is an ideal-adic completion of a Noetherian
integral domain R and L is the subfield of the total quotient ring of R* that
is generated over Q(R) by elements 74,...,7s of R* that are algebraically
independent over R.

e The Homomorphic Image Construction 5.4 is an intersection A = Ay,
of a homomorphic image of an ideal-adic completion R* of a Noetherian
integral domain R with the field of fractions of R.

The two versions are explained in more detail below. Construction 5.4 includes, up
to isomorphism, Construction 5.3 as a special case.

We begin with the setting for both constructions. This setting will also be used
in later chapters.

SETTING 5.1. Let R be a Noetherian integral domain with field of fractions
K := Q(R), let z € R be a nonzero nonunit, and let R* denote the (z)-adic
completion of R.

REMARK 5.2. Section 3.1 contains material on the (z)-adic completion R* of a
Noetherian integral domain R with respect to a nonzero nonunit z of R. Remark 3.2
of Chapter 2 implies that R* has the form

o _ Rl
(y — 2) R[]’
where y is an indeterminate over R. It is natural to ask for conditions in order that
R* is an integral domain, or equivalently, that (y — z)R][[y]] is a prime ideal. The
element y — z obviously generates a prime ideal of the polynomial ring R[y]. Our
assumption that z is a nonunit of R implies that (y — z) R[[y]] is a proper ideal. We
consider in Exercise 3 of this chapter examples where (y — z)R|[[y]] is prime and
examples where it is not prime.

5.1. Two construction methods and a picture

With R, z and R* as in Setting 5.1 we describe two methods for the con-
struction associated with R*. The Inclusion Construction Aj,. results in a domain
transcendental over R and contained in a power series extension of R, whereas the
Homomorphic Image Construction Ayep, results in a domain that is birational over
R and is contained in a homomorphic image of a power series extension of R.
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CONSTRUCTION 5.3. Inclusion Construction: Let 11,...,7s € zR" be alge-
braically independent elements over R such that K(7,...,7s) C Q(R*). We define
A to be the intersection domain A = Ay := K(71,...,7s) N R*, so that Aj,. is
contained in R* and is a transcendental extension of R.

CONSTRUCTION 5.4. Homomorphic Image Construction: Let I be an ideal of
R* having the property that P N R = (0) for each P € Spec R* that is associated
to I. Define A = Apom := KN (R*/I). Thus Apom is contained in a homomorphic
image of R* and is a birational extension of R.

NoOTE 5.5. The condition in (5.4), that P N R = (0) for every prime ideal P
of R* that is associated to I, implies that the field of fractions K of R embeds in
the total quotient ring Q(R*/I) of R*/I. To see this, observe that the canonical
map R — R*/I is an injection and that regular elements of R remain regular as
elements of R*/I. In this connection see Exercise 1.

PicTURE 5.6. The diagram below shows the relationships among these rings.

AN\

R*

NN

*

traan

(5.3) A:= LNR* (5.4) A:= KN (R*/I)

R Q(R*/I)

R*/I  K=Q(R)

| Anom = (R*/T) N K |

onal

REMARKS 5.7. (1) Chapters 4, 17 and 21 feature the Inclusion Construction 5.3
that realizes the intersection domain A = Aj,. := K(74,...,7s) N R*, while Chap-
ter 16 features the Homomorphic Image Construction 5.4. Construction 5.3 yields
the examples of Sections 4.1, 4.2 and 4.3; e.g., Nagata’s Example 4.8 fits the format
of Construction 5.3, since

A= Q(z,y,p*) N Qlz,y]] = Qa, y, p*) N Q[2][ly]]-

(2) Homomorphic Image Construction 5.4 includes Inclusion Construction 5.3
as a special case, up to isomorphism. To see this, let R, z, R* and 71,...,7s € zR*
be as in Construction 5.3. Let t1,...,ts be indeterminates over R, define S :=
R[t1,...,ts], let S* be the z-adic completion of S and let I denote the ideal (t; —
Ti,...,ts — 75)S*. Consider the following diagram, where Dy is the intersection
domain result of Construction 5.4, when R and R* there are replaced by S and
S*, and where A is the R-algebra isomorphism of S into R* that maps t; — 7; for
i=1,...,s. The map A naturally extends to a homomorphism of S* onto R* with

the kernel of this extension being the ideal I. Thus there is an induced isomorphism
of S*/I onto R* that we also label as A.
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S = R[th...,ts} —— Dyom = K(t1,...,t5)ﬂ(5*/1) E— S*/I

| | |

R—— R[n,...,7s] —— Apnc:=K(n,...,7s)NR* ——— R*.

Since A maps Dyom isomorphically onto Aj,g, we see that Construction 5.4 includes
as a special case Construction 5.3.

(3) Many of the classical examples of interesting Noetherian local domains can
be obtained with Construction 5.3 where R is a regular local domain. Construc-
tion 5.3, however, is not sufficient to obtain certain other types of rings such as
Ogoma’s celebrated example [102] of a normal non-catenary Noetherian local do-
main. Ogoma’s example can be realized, however, as an intersection with the homo-
morphic image of a completion as described in Construction 5.4. In Example 9.11
of Chapter 9, we construct a Noetherian local domain with geometrically regular
formal fibers that is not universally catenary; this requires the Homomorphic Image
Construction.

5.2. Universality

In this section we describe how the methods of Section 5.1 can be regarded as
universal for the construction of certain Noetherian local domains. Consider the
following general question.

QUESTION 5.8. Let k be a field and let L/k be a finitely generated field exten-
sion. What are the Noetherian local domains (A4, n) such that
(1) L is the field of fractions A, and
(2) k is a coefficient field for A?
Recall from Section 2.1, that & is a coefficient field of (A, n) if the composite map
k — A — A/n defines an isomorphism of k onto A/n.

In relation to Question 5.8, we observe in Theorem 5.9 the following general
facts.

THEOREM 5.9. Let (A,n) be a Noetherian local domain having a coefficient
field k. Then there exists a Noetherian local subring (R, m) of A such that:
1) The local ring R is essentially finitely generated over k.
2) If Q(A) = L is finitely generated over k, then R has field of fractions L.
3) The field k is a coefficient field for R.
4) The local ring A dominates R and mA = n.
5) The inclusion map ¢ : R — A extends to a surjective homomorphism
Q: R— A of the m-adic completion R of R onto the n-adic completion
A of A.
(6) For the ideal I := ker(p), of the completion R of R from item 5, we have:
(a) R/I = A, so ﬁ/] dominates A, and
(b) PN A = (0) for every P € Ass(R/I), and so the field of fractions
Q(A) of A embeds in the total ring of quotients Q(ﬁ/[) of R/1, and
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(c) A= Q(A)n (R/I).

PROOF. Since A is Noetherian, there exist elements tq,...,t, € n such that
(t1,...,tn)A = n. For item 2, we may assume that L = k(t1,...,t,), since every
element of Q(A) has the form a/b, where a, b € n. To see the existence of the integral
domain (R, m) and to establish item 1, we set T := k[t1,...,¢,] and p:==nnT.
Define R := T, and m := nNR. Then £k C R C A, mA = n, R is essentially
finitely generated over k and k is a coefficient field for R. Thus we have established
items 1- 4. Even without the assumption that Q(A) is finitely generated over k,
there is a relationship between R and A that is realized by passing to completions.
Let ¢ be the inclusion map R < A. The map ¢ extends to a map @ : R— /T, and
by Corollary 3.9.2, the map @ is surjective; thus item 5 holds. Let I := ker ¢. Then
E/ I = A\, for the first part of item 6. The remaining assertions in item 6 follow from
the fact that A is a Noetherian local domain and A E/ I. Applying Remarks 3.6,
we have R/ I is faithfully flat over A, and by Remark 2.21.6 the nonzero elements
of A are regular on R/I.

The following commutative diagram, where the vertical maps are injections,
displays the relationships among these rings:

R—2 A~ R/I —— Q(R/I)
(5.1) T T T
k—=— R —% 5 A:=Q(A)N(R/I) —— Q(A)
This completes the proof of Theorem 5.9. O

In relation to Question 5.8, we summarize as follows.

SUMMARY 5.10. Every Noetherian local domain (A, n) having a coefficient field
k, and having the property that the field of fractions L of A is finitely generated over
k is realizable as an intersection L N }A%/I , where I is an ideal in the completion R
of a Noetherian local domain R essentially finitely generated over k and Q(R) = L.

In connection with Summary 5.10, a result proved in [45, Corollary 2] implies
that a d-dimensional Noetherian local domain (R, m) that is essentially finitely
generated over a field k has the following property: every d-dimensional Noether-
ian local domain that is either normal or quasi-unmixed, and that birationally
dominates R is essentially finitely generated over k, and thus essentially finitely
generated over R. A Noetherian local domain (R, m) is said to be quasi-unmized
if its m-adic completion Ris equidimensional in the sense of Definition 3.14.5.

A modification of the question raised by Judy Sally from Chapter 1 is:

QUESTION 5.11. Let R be a Noetherian integral domain. What Noetherian
overrings of R exist inside the field of fractions of R?

In connection with Question 5.11, the Krull-Akizuki theorem (see Theorem 2.7)
implies that every birational overring of a one-dimensional Noetherian integral do-
main is Noetherian and of dimension at most one. On the other hand, every
Noetherian domain of dimension greater than one admits birational overrings that
are not Noetherian. Indeed, if R is an integral domain with dim R > 1, then by [96,
(11.9)] there exists a valuation ring V that is birational over R with dimV > 1.
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Since a Noetherian valuation ring has dimension at most one, if dim R > 1, then
there exist birational overrings of R that are not Noetherian.

REMARK 5.12. Summary 5.10 is a first start towards a classification of the
Noetherian local domains A with the stated properties. The drawback with (5.10),
however, is that it is not true for every triple R, L, T as in (5.10) that L N (R/I)
is Noetherian (see Examples 13.7 below). In order to have a more satisfying clas-
sification an important goal is to identify the ideals I of R and fields L such that
LN (]/%/I) is Noetherian.

If a Noetherian local domain R is essentially finitely generated over a field k,
then there often exist ideals I in the completion R of R such that the intersection
domain Q(R) N (R/I) is an interesting Noetherian local domain that birationally
dominates R. This technique may be used to describe the example given by Nagata
[95] or [96, Example 7, page 209], and other examples given in [13], [14], [70], [102],
[103], [110], [111], and [130].

In order to give a more precise criterion for the intersection domain A to be
Noetherian, we restrict Constructions 5.3 and 5.4 to a completion R* of R with
respect to a nonzero nonunit z of R. This sometimes permits an explicit description
of the intersection via the approximation methods of Chapter 6. In Chapter 8 we
give necessary and sufficient conditions for A to be computable as a nested union
of subrings of a specific form. We also prove that the Noetherian property for the
associated nested union is equivalent to flatness of a certain map.

Exercises

(1) Let A be an integral domain and let A < B be an injective map to an extension
ring B. For an ideal I of B, prove that the following are equivalent:
(i) The induced map A — B/I is injective, and each nonzero element of A is
regular on B/I.
(ii) The field of fractions Q(A) of A naturally embeds in the total quotient ring
Q(B/I) of B/I.
If A and B are Noetherian, prove that conditions (i) and (ii) are also equivalent
to the following condition:
(iii) For each prime ideal P of B that is associated to I we have PN A = (0).
(2) Let A := k[z] — k[z,y] =: B be a map of the polynomial ring k[z] into the
polynomial ring k[x,y] and let I = zyB. Prove that the induced map A — B/I
is injective, but the field of fractions Q(A) of A does not embed into the total
quotient ring Q(B/I) of B/I.
(3) Let z be a nonzero nonunit of a Noetherian integral domain R, let y be an

indeterminate, and let R* = % be the (z)-adic completion of R.

(i) If z = ab, where a,b € R are nonunits such that aR + bR = R, prove that
there exists a factorization

sy = (otay+ ) (brbyt) = (D) (3 b,
=0 =0

where the a;,b; € R, ag = a and by = b.
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(ii) If R is a principal ideal domain (PID), prove that R* is an integral domain
if and only if zR has prime radical.

(4) Let A be an integral domain and let A < B be an injective map to an extension
ring B. Let I be an ideal of B having the property that 7N A = (0) and every
nonzero element of A is a regular element on B/I. Let C := Q(A) N (B/I).

(i) Prove that C = {a/b|a,b€ A, b#0 andacI+bB }.

(ii) Assume that J C I is an ideal of B having the property that every nonzero
element of A is a regular element on B/J. Let D := Q(A) N (B/J). Prove
that D C C.

Suggestion: Item ii is immediate from item i. To see item i, observe that
bC =b(B/I)NQ(A), and a € bC <= a € b(B/I) <= a €I+ bB.



CHAPTER 6

Two Approximations and their Connection

Our goal in this chapter is to describe in detail the Inclusion Construction 5.3
and the Homomorphic Image Construction 5.4. The first difficulty we face is identi-
fying precisely what we have constructed—because, while the form of the example
as an intersection as given in Constructions 5.3 and 5.4 of Chapter 5 is wonderfully
concise, sometimes it is difficult to fathom.

We use the notation of Setting 5.1. The approximation methods in this chap-
ter describe a subring B inside the constructed intersection domain A of Con-
structions 5.3 and 5.4. This subring is useful for describing A. We discuss two
approximation methods corresponding to the two construction methods of Chap-
ter 5. In Chapter 7 we use the approximation from Section 6.1 to continue the
proof of Theorem 4.12 concerning the iterative examples of Section 4.3.

Associated to each of the Constructions 5.3 and 5.4, the computable subrings B
contained in the intersection domains A approximate A in each of the constructions.
In the case of Construction 5.3 we obtain an “approximation” domain B that
is a nested union of localizations of polynomial rings in s variables over R. In
the case of Construction 5.4, the “approximation” domain B is a nested union of
birational extensions of R that are essentially finitely generated R-algebras. In both
constructions B is a subring of the corresponding intersection domain A.

6.1. Approximations for the Inclusion Construction

In this section we give an explicit description of the approximation domain B of
the previous paragraph for Construction 5.3. We use the last parts, the endpieces,
of the power series 71, ..., 7s. First we describe the endpieces for a general element
~v of R*.

ENDPIECE NOTATION 6.1. Let R be a Noetherian integral domain and let z € R
be a nonzero nonunit. Let R* be the z-adic completion of R; see Remark 3.2. Each
~v € zR* has an expansion as a power series in z over R,

oo
v o= g ¢;z', where ¢; € R.!
i=1

1

For each nonnegative integer n we define the n'™® endpiece ~,, of v with respect

to this expansion:

(6.1.1) Vn = i ¢z

1=n—+1

1YWe are interested in the ring R[], where v is algebraically independent over R and nonzero
elements of R[y] are regular in R*. By modifying v by an element in R, we may assume vy € zR*.
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It follows that, for each n € N, we have the relation

(612) Yn = Cp+1Z + ZVnt1-

In Construction 5.3, the elements 71, ... 7, € zR* are algebraically independent
over the field of fractions Q(R) of R and have the property that every nonzero
element of the polynomial ring R[ry,...,7s] is a regular element of R*. Thus
Q(R[r1,...,7s]) is contained in the total quotient ring Q(R*). Hence it makes
sense to define the intersection domain A := R* N Q(R[rm,...,Ts]) inside Q(R*).
We set

Uy := R[r1,...,7s] € R*NQ(R[m,...,7s]) = A,
and Up is a polynomial ring in s variables over R. Each 7; € zR* has a representation
T = Z;‘;l 1727, where the r;; € R. For each positive integer n, we associate with
this representation of 7; the n*" endpiece,

0
(613) Tin — Z ’I“iij_n.
j=n+1

We define
(6.1.4) U, = R[Tin,...,Tsn] and B, := (1+2U,)"'U,

Then U, is a polynomial ring in s variables over R, and z is in every maximal
ideal of B,, so z € J(B,), the Jacobson radical of B,; see Section 2.1 Using
(6.1.2), we have for each positive integer n a birational inclusion of polynomial
rings U,, C Up4+1. We also have U, 41 C U, [1/2]. By Remark 3.6.1, the element z is
in J(R*). Hence the localization B,, of U, is also a subring of A and B,, C B, 1.
We define rings U and B associated to the construction:

[o ] o0 o0

(6.1.5) U= JU. = [JRImn,. .., 7n] and B = [J Bn.
n=1 n=1 n=1

Thus the ring U is a nested union of polynomial rings over R, and the ring B, the

Approximation domain for the construction, is a localization of U; we have

(6.1.6) B=(1+4+zU)"'U and B C A := R*NQ(R[r,...,7]).

REMARK 6.2. With the notation and setting of (6.1), the representation

o0
T; = E ’I"ijZ]
j=1

of 7; as a power series in z with coefficients in R is not unique. Indeed, since
z € R, it is always possible to modify finitely many of the coefficients r;; in this
representation. It follows that the endpiece 7;, is also not unique. However, as we
observe in Proposition 6.3 the rings U and U,, are uniquely determined by the 7;.

PROPOSITION 6.3. Assume the notation and setting of (6.1). Then the ring U
and the rings U, are independent of the representation of the T; as power series in
z with coefficients in R. Hence also the ring B and the rings B, are independent
of the representation of the T; as power series in z with coefficients in R.
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Proor. For 1 <i < s, assume that 7; and w; = 7; have representations
oo oo
T; = Zaijzj and w; = Zbijzj,
j=1 j=1

where each a;5,b;; € R. We define the nth—endpieces Tin and wjy, as in (6.1):

[e%s) 00
Tin — E aijz]ﬂl and Win = E bijzjin.

j=n+1 j=n+1
Then we have

(o] n
T = E amzj E az]zj + 2" = E b”z] = E bijz? + 2"win = w;.
i=1

=1
Therefore, for 1 < i < s and each positive 1nteger n,

n n n
n n j i 2 j=1(bij — aij) 2!
2" Ty — 2" Wiy, = E bijz’ — E ai;7’, andso Ty —win =

Z’I’L

Thus E] ((bij — a;;)z7 € R is divisible by 2" in R* . Since 2" R is closed in
the (z)-adic topology on R, we have z"R = RN z"R*. It follows that 2" divides
the sum Z?Zl(bij — a;j)#’ in R. Therefore 7;;, — w;, € R. Thus the rings U,
and U = UZO:I U, are independent of the representation of the 7;. Since B, =
(1 +zUn)_1Un and B = Uf;l B,,, the rings B,, and the ring B are also independent
of the representation of the 7;. ([

REMARK 6.4. Let R be a Noetherian integral domain, let z € R be a nonzero
nonunit, let R* denote the (z)-adic completion of R, and let 71,...,7s € zR* be
algebraically independent elements over R, as in the setting of Construction 5.3.

(1) Assume in addition that R is local with maximal ideal m. We observe in
this case that the ring B defined in Equation 6.1.5 is the directed union of the
localized polynomial rings C,, := (U,)p,, where P, := (m, 71, ..., Tsn)Upn and U,
is as defined in Equation 6.1.4. Tt is clear that C,, C Cy41, and P, N (14 2U,) =0
implies that B,, C C,,. We show that C}, C B, 41: Let § € C,, where a € U,, and
d e U, \ P,. Then d = dy + Zle Tinb;, where dg € R and each b; € U,. Notice
that dy ¢ m since d ¢ P,,, and so dy* € R. Thus

ddy' =14 7inbidy' € (14 2Ups1),
i=1

since each 7;, € 2Up 41 by (6.1.2). Hence § = %3 € B,11, and so

B=|]JB.={JCn
n=1 n=1

(2) In the special case where R = k[z], then R* = k[[z]] is the (z)-adic
completion of R and U,, = k[z,Tin,...,Tsn], as defined in Equation 6.1.4, using
Endpiece Notation 6.1. We have that B = |Jk[x,Tin,...,Tsn]p, Where P, :=
(T, Tin, - Tsn)K[T, Tin, - - -, Tsn] by a proof similar to that for item 1.

(3) Let R be the localized polynomial ring k[2, y1, ..., Yr](z,y,,....y,) Over a field &
with variables @, y1, ..., yr and let z = 2. Then R* = k[y1, ..., Yrl(y,,....y.) [2]] is the
(z)-adic completion of R. Define U/ = k[z,y1,...,Yr, Tin,- -, Tsn) and U' = U}
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using Endpiece Notation 6.1, and use U}, in place of U,, from Equation 6.1.4. Then
the ring B of Equation 6.1.5 satisfies B = |J C,,, where each C,, = (U},) p, and each
Pn = (xaylv ey Yry Tiny - - - 7Tsn)Uq/1~

It is important to identify when the approximation domain B equals the in-
tersection domain A of Construction 5.3. In Definition 6.5, we introduce the term
“limit-intersecting” for this situation. We use the same term for the Homomorphic
Images Construction 5.4 in Definition 6.12.

DEFINITION 6.5. Using the notation in (6.1.3) and (6.1.5), we say Construc-
tion 5.3 is limit-intersecting over R with respect to the 7; if B = A. In this case,
we refer to the sequence of elements 7, ...7; € zR* as limit-intersecting over R, or
briefly, as limit-intersecting for A.

Example 6.6 illustrates the limit-intersecting property. Notice that Example 4.1
is a special case of Example 6.6 .

EXAMPLE 6.6. Let R = k[z] where k is a field and z is an indeterminate. Let
o0 ) o0
T = Zrljxj, ,Ts 1= erjxj € xkl[z]]
j=1 j=1

be algebraically independent over k(z). By Remark 2.1, A := k(z, 11, ..., 7s) Nk[[z]]
is a DVR with (z)-adic completion A = A* = k[[z]]. The elements 71, ..., 7, are
limit-intersecting over R, that is, A = B, where B is as defined in (6.1.5). This
follows from Theorem 9.2. We give the following direct proof.

PRrOOF. Let Cy, = K[z, Tin, ..., Tsn|(z,71n,....7on)- By Remark 6.4, it suffices to
prove that A = Ule C,,. Notice that C,, is a RLR of dimension s + 1, and C,, C
Cr+1 € A with A birationally dominating C,,;1 and C,, 41 birationally dominating
C,. Since C,, is a regular local ring, the function that associates to each nonzero
f € C,, the nonnegative integer e := ordc, (f), where f is in the e-th power of
the maximal ideal of C),, but not in the (e + 1)-th power, defines a valuation; see
Section 2.1.

Let a € A. Using that A is birational over C,, and that C,, is a UFD, we can
write @ = f,,/gn, where f,, g, € C, are relatively prime. Notice that a € C,, if
and only if ordc, (gn) = 0. Let ord4 denote the order valuation associated to the
one-dimensional regular local ring A. Since a € A and since ord, is a valuation,
we have orda(a) = orda(f,) —orda(gn) > 0; see Remark 2.2. Since A dominates
Cy, we have orda(g,) > 0 and ord4(gn) = 0 if and only if orde, (¢9,) = 0. These
statements hold for each of the rings C,,.

To show that a € (J,-; C,, and hence that [J,-, C,, = A, it suffices to show
that orde,, (9m) = 0 for some positive integer m. If orda(g,) > 0, it suffices

to show that with the representation a = Z”—*i, where fn41,9n+1 € Chy1 are

relatively prime, then orda(gn+1) < orda(gn). By (6.1.1) we see that the maximal
ideal (z,T1n,...,Tsn)Cpn of Cy, is contained in xCp 1. Thus there exist elements
Jri1>9ny1 in Cpyq such that

n

! /
1 €z f
fn=af,, and g, =xg),,,. Hence a = Jorr o Tl ntl

/ !
In+1 gn xgnJrl gn+1
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Since C), 41 is a UFD and f,,4+1 and g1 are relatively prime in C), 11, we see that
Gry1 = bgn41 for some b € Cy4q. Since A dominates Cj,41 we have
ordag, = ordaz + ordag,,y = 1 + ordag,.; > 1 + orda gn41.

This completes the proof that 7,..., 7 are limit-intersecting over R. (]

Example 6.7 extends and generalizes Example 6.6 to a situation where R is a
polynomial ring in several variables over k[z].

EXAMPLE 6.7. Let m be a positive integer and let R := k[z,y1,...,ym] be a
polynomial ring in independent variables z,y1, ...,y over a field k. Let
o0 o0
T o= Zrljxj, ,Ts 1= erjxj € zk[[z]]
j=1 j=1

be algebraically independent over k(z). Then C := k(z,7,...,7s) N k[[z]] is a
DVR with (z)-adic completion C' = C* = k[[z]] by Remark 2.1. Let R* denote the
(x)-adic completion of R, and let

A = k(x, 7, Ts, Y1, Ym) N R

Notice that Cly1,...,yn] € A. The inclusion is proper since elements such as
1 — zy; are units of A, but are not units of the polynomial ring C[y1, ..., ym]. Let
Un := k[Z,Y1, -+, Ym;Tin, - - - Tsn), Where the 7, are the n'® endpieces of the 7;.

Theorem 9.2 implies that
A = B := B, where B, = (1+aU,) 'Uy.
n=1

Thus the elements 7, ..., 7 are limit-intersecting over R.

REMARK 6.8. The limit-intersecting property depends on the choice of the
elements 71,...,7s € zR*. For example, if R is the polynomial ring Q|z,y], then
R* = Q[y][[z]]. Let s =1, and let 7y =7 :=¢e* —1 € zR*. Then 7 is algebraically
independent over Q(z,y). Let Uy = R[r]. Example 6.7 shows that 7 is limit-
intersecting. On the other hand, the element yr is not limit-intersecting. For if
Uj := R[yr,], then Q(Up) = Q(U)) and the intersection domain

A = Q) N R* = Q(Uj) N R*

is the same for 7 and yr. However the approximation domain B’ associated to
Uj does not contain 7. Indeed, 7 ¢ R[y7]|[1/z]. Hence B’ is properly contained
in the approximation domain B associated to Uy. We have B’ C B = A and the
limit-intersecting property fails for the element y7.

6.2. Approximations for the Homomorphic Image Construction

Applying the notation from Setting 5.1 to the Homomorphic Image Construc-
tion 5.4, we again approach A using a sequence of “computable rings” over R, but
we use the fronts of the power series involved, rather than the ends. The com-
putable rings that are so obtained are not localizations of polynomial rings over R;
instead they are localizations of finitely generated birational extensions within the
field of fractions of R. Nevertheless, as we explain below, there is a sequence of
computable rings associated to the Homomorphic Image Construction 5.4.
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A goal of the computations here is to develop machinery for a proof that flatness
of a certain extension implies that the integral domain A of the Homomorphic Image
Construction 5.4 is Noetherian and is a localization of a subring of R[1/z]. This
goal is realized in Theorem 8.1 of Chapter 8. For Construction 5.4 one no longer
has an approximation of A by a nested union of polynomial rings over R. Indeed, in
Construction 5.4 the extension R C A is birational. However, there is an analogous
approximation.

FRONTPIECE NOTATION 6.9. Let R be a Noetherian integral domain with
field of fractions K := Q(R), let z € R be a nonzero nonunit, and let R* denote
the (z)-adic completion of R. Let I be an ideal of R* having the property that
PN R =(0) for each P € Spec R* that is associated to I. As in Construction 5.4,
define A = Apom := KN (R*/I).

Since I C R*, each v € I has an expansion as a power series in z over R,

(oo}
v o= Zaizi, where a; € R.
i=0

For each positive integer n we define the n*® frontpiece 7, of vy with respect to this

expansion:
" a2
T = Z ;n ’
§=0
Thus with I := (o4, ...,0)R*, then for each o; we have

o0
o; = g ai;2’,  where the a;; € R,
=0

and the n'® frontpiece oy, of o; is

n

- Qij 7
For the Homomorphic Image Construction 5.4, we obtain approximating rings
as follows: We define

(6.9.2) U, = R[o1n, ..., 01l and B,, := (1 + 2U,) " 'U,.

The rings U, and B,, are subrings of K. We observe in Proposition 6.11 that they
may also be considered to be subrings of R*/I. First we show in Proposition 6.10
that the approximating rings U,, and B,, are nested.

PRrROPOSITION 6.10. With the setting of Frontpiece Notation 6.9, for each inte-
ger n > 0 and for each integer i with 1 < i <t, we have

(1) Oin = —2Qint1 + 20; nt1-
(2) (z,04)R* = (2,ai0)R* and hence (z,I)R* = (z,a10, ..., a10)R*.
(3) (z,0,)R* = (z,2"0in)R* and hence (z,I)R* = (z,2"01n, ..., 2" 0w ) R*.

Thus R C Uy and we have U, C U,+1 and B,, C B, 11 for each positive integer n.

PRrROOF. For item 1, by Definition 6.9.1, we have ;11 := Z?:OI foj . Thus

n+1 : :
a3t a;j7’
204 n+1 = E pEs | = E o + 2;n41 = Oin + 205 ng1-
Jj=0 Jj=0

n
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For item 2, by definition

o) o0
. -
o; = E a;; 2’ :ai0—|—z( g ai; 2’ )
j=0 j=1

For item 3, observe that

E amzj—z Oin —|—z"+1 E a; zj n- 1

Jj=n+1
The asserted incluswns follow from this. O

PROPOSITION 6.11. Assume the setting of Frontpiece Notation 6.9 and let n be
a positive integer. As an element of the total quotient ring of R* /I the n* frontpiece
Oin is the negative of the n'™ endpiece of o; defined in Endpiece Notation 6.1, that
is, for o; == Zjio a;;27, where each a;; € R,

Oin = — i a” = Z aijzi ™" (mod 7).

j=n+1 j=n+1
It follows that 0y, € K N (R*/I), and so U, and B,, are subrings of R*/I.

PROOF. Let 7 denote the natural homomorphism from R* onto R*/I. Using
that the restriction of 7 to R is the identity map on R, we have

(oo}
0; =2"0im + Z aijz) = "0y =0 — Z ai;’
j=n+1 Jj=n+1
oo
= 7(z"0) = 7(0;) — 7( Z a;;27)
Jj=n-+1
= 2"0y, = —2"7( Z aijz];")
Jj=n+1

Therefore 2"y, € 2"m(R*) = 2" (R*/I). Since z is a regular element of R*/I, we
have oy, = —7'('(2] i1 Qig? 277", is an element of R*/I. O

DEFINITION 6.12. Assume the setting of Frontpiece Notation 6.9. We define
the nested union U, the Approzimation domain B and the Intersection domain A:

(6.12.1) U:= | Un, U B, =(1+2U,)"'U,,  A:=Kn(R/I).

By Remark 3.6.1, the element z is in the Jacobson radical of R*. Hence B C A.
Construction 5.4 is said to be limit-intersecting if B = A.

6.3. The Inclusion Construct is a Homomorphic Image Construct

Even though they appear different, Proposition 6.11 shows for each of the power
series in the ideal I that the approximation in Frontpiece Notation 6.9 is, modulo
the ideal I, the negative of the approximation in Endpiece Notation 6.1.

In view of Remark 5.7.2 of Chapter 5, Construction 5.4 includes Construc-
tion 5.3 as a special case. When an Inclusion Construction 5.3 is translated to
a Homomorphic Image Construction 5.4 under the correspondence described in
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(5.7.2), Proposition 6.14 shows that the approximating rings using frontpieces as
in (6.9) correspond to the approximating rings using endpieces as in (6.1).

We revise the notation slightly so that we can view the Inclusion Construction
as a Homomorphic Image Construction as in Remark 5.7.2:

REVISED NOTATION 6.13. Let R, z, R* and 7, ..., 7s be as in Construction 5.3.
Thus

oo
T = g rijz’  where r;; € R.
Jj=1

Let t1,...,ts be indeterminates over R, define S := Rlt1,...,ts], let S* be the
(z)-adic completion of S and let I denote the ideal (t; — 71,...,ts — 75)5*. Notice
that S*/I = R* implies that P NS = (0) for each prime ideal P € Ass(S*/I).
Thus we are in the setting of the Homomorphic Image Construction and can define
D = 9Q(R)(t1,...,ts) N (S*/I). Let 0; :=1t; — 7;, for each i with 1 <7 <.

As in Frontpiece Notation 6.9), define o, to be the n™® frontpiece for o; over S.
We consider Diagram 5.7.2.1, the same diagram as before, where ) is the R-algebra
isomomorphism that maps t; — 7 fori=1,...,s:

S:=R[t1,....ts] — D= Q(R)(tr,....ts) N (S*/]) —— S*/I

+| 2| 2|
R —— S":=R[n,...,7s) —— A:=09(R)(m,...,7s)NR* —— R*.
As before, A maps D isomorphically onto A via A(t;) = 7; for every i with 1 <4 <
s. Define V,,,C,,V, C using Frontpiece Notation 6.9 and Equation 6.12.1 over .S,

that is, with S and S* in place of R and R*. Define U,, B,,,U, B using Endpiece
Notation 6.1 and Equations 6.1.4 and Equation 6.1.5 over R. Then

Vi : = S[01ny -5 0sn] = R[t1, .., ts][01n, - - - Osnls

61) Vi=|JVo C={JC=0+21)"V
n=1 n=1

n=1 n=1 n=1

PrOPOSITION 6.14. With the setting of Revised Notation 6.13, the R-algebra
isomorphism X has the following properties:

AXD)=A, MNoin) =Tin, AXVn)=U,, ACp)=DB,, ANV)=U, XC)=B,

for alli with 1 <i<s and all n € N.
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Proor. We have elements r;; € R so that

o0 o0
o E j . E j—n
T, = TijZ], Tin = ’I’ijZJ
j=1 j=n+1
oo .\ o]
- B i b Zj:l Ti;%
g; -—ti_Ti—ti_E Tijz”, Oin =
z
j=1
" .
Ti — Zj:l Tij27
= Nowy) = ————
Zn
= Tin-
The remaining statements of Proposition 6.14 now follow. U

REMARK 6.15. With the setting of Revised Notation 6.13, since U, is a poly-
nomial ring over R in the variables 7q,, ... Ts,, Proposition 6.14 implies that V,, is
a polynomial ring over R in the variables o1, ...,0,. Thus

Vi :=8S[01ny -+, 0sn] = Rlt1,. -, ts][01ns -+ s 0sn] = R[O1n, -, Osnl-

6.4. Basic properties of the approximation domains

The following general lemma is used in Theorem 6.17 to establish more detailed
descriptions for our setting.

LEMMA 6.16. Let S be a subring of a ring T and let x € S be a regular element
of T such that (,—, 2"T = (0). The following conditions are equivalent.
(1) Q) xS =2T NS, and (ii) S/zS =T/2T.
(2) For each positive integer n we have:
2"S = 2"TnS, S/z"S = T/az"T and T = S+2"T.
(3) The rings S and T have the same (x)-adic completion.
(4) (i) S=S[1/z]NT, and (ii) T[1/x] = S[1/x] + T.

PROOF. To see that item 1 implies item 2, observe that
"TNS =z"TNxS =x(x"'TNS),

so the equality 2"~ 1S = 2"~ !T'N S implies the equality ™S = "1 N .S. Moreover
S/xS = T/zT implies T = S+a2T = S+ x2S +2T) = - =S+ z2"T, so
S/a™S = T/a"T for every n € N. Therefore (1) implies (2).

It is clear that item 2 is equivalent to item 3.

To see that item 2 implies (4i), let s/2™ € S[1/2]NT with s € S and n > 0.
Item 2 implies that s € 2T NS = 2™S and therefore s/z™ € S. To see (4ii), let
L € T[1/z] with t € T and n > 0. Item 2 implies that ¢t = s+ 2"t; for some s € S

xn

and t; € T. Therefore min = -2 4+ t;. Thus (2) implies (4).

It remains to show that item 4 implies item 1. To see that (4) implies (1i), let
t € T and s € S be such that 2t = s. Then t = s/xz € S[1/z]NT = S, by (4i).
Thus zt € 5. To see that (4) implies (1ii), let t € T. Then £ = = + ¢/, for some

xmn

neN,secSandt €T by (4ii). Thus t = i +t'z. Hence t —t'z = 55 €

an—1

S[1/z]NT = S, by (4ii). O

Theorem 6.17 relates to the analysis of the Homomorphic Image Construction.
This analysis is useful for the development of examples in later chapters.
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CONSTRUCTION PROPERTIES THEOREM 6.17. (Homomorphic Image Version)
Let R be a Noetherian integral domain with field of fractions K := Q(R), let z € R
be a nonzero nonunit, and let R* denote the (z)-adic completion of R. Let I be
an ideal of R* having the property that PN R = (0) for each P € Spec R* that is
associated to I. With the notation of Frontpiece Notation 6.9 and Definition 6.12,
we have for each positive integer n:

(1) The ideals of R containing z™ are in one-to-one inclusion preserving cor-
respondence with the ideals of R* containing z™. In particular, we have
(I,2)R* = (a9, - - -, G10, 2)R* and

(I,z)R* N R = (a10,-..,at0,2)R* N R = (a10,---,a0,2)R.

(2) The ideal (ayo, .-, a0, 2)R equals z(R*/I) N R under the identification of
R as a subring of R*/I, and the element z is in the Jacobson radical of
both R*/I and B.

(3) z"(R*/I)NA=z"A, 2"(R*/I)NU = z"U, 2"(R*/I)NB = z"B.

(4) U/2"U =B/2z"B=A/2"A=R*/(2"R* +1). The rings A, U and B all
have (z)-adic completion R*/I, that is, A* =U* = B* = R*/I.

(5) R[1/2] =UJ[1/z], U = R[1/z]nB = R[1/z]NnA = R[1/2]N(R*/I) and the
integral domains R, U, B and A all have the same field of fractions K.

PRrROOF. The first assertion of item 1 follows because R/z"R is canonically
isomorphic to R*/z™R*. The next assertion of (1) follows from part 2 of Proposi-
tion 6.10. If v = 2221 0:0: + 27 € (I,z)R* N R, where 7, 8; € R*, then write each
Bi = b; + z8,, where b; € R, 8} € R*. Thus vy — Zzzl a;ob; € zR* N R = zR, and so
v € (a0, - - -, a0, 2)R.

Since z(R*/I) = (z,I)R*/I, we have (a1g,...,atw,2)R C z(R*/I) N R. The
reverse inclusion in item 2 follows from (I, z)R* = (aqq, - - -, a0, 2) R*. For the last
part of item 2, we have that z € J(R*) and so 1 + az is outside every maximal
ideal of R* for every a € R*. Thus z € J(R*/I). By the definition of B in
Equation 6.12.1, z € J(B).

The first assertion of item 3 follows from the definition of A as (R*/I)NK. To
see that z(R*/I)NU C zU, let g € z(R*/I)NU. Then g € U,, for some n, implies

g =10+ go, where 79 € R, go € (01n,- - 0m)Un. AlSO 04y = —20; n41 + 204 41,
and so go € 2Upt1 C 2(R*/I). Now rg € (z,01,...,0¢)R* = (I,z)R*. Thus by
item 1, ro € (a10,.-.,a0,2)R. Also each a;0 = 0; — 2 Z]Oil a;;27~1 € zU because

a;0 = 2041 — 20441

Thus 79 € zU, as desired. This proves that z"(R*/I) N U = z"U. Since
B = (1+2zU)"'U, we also have 2" (R*/I)N B = 2"B.

Item 4 follows from item 3 and Lemma 6.16.

For (5): if g € U, then g € Uy, for some n. Clearly each o;, € R[1/z], and so
g € R[1/z]. To see that U = R[1/z] N B, apply Lemma 6.16 with S = U, B =T.
Similarly we see that U = R[1/z] N A, since

R[1/2] N A = R[1/z] N (QR) n (R*/I)) = R[1/2] n (R*/I).

It is clear that the integral domains R, U, B and A all have the same field of
fractions K. O

REMARK 6.18. We note the following implications from Theorem 6.17 .

(1) Ttem 5 of Theorem 6.17 implies that the definitions in (6.12.1) of B and
U are independent of
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(a) the choice of generators for I, and
(b) the representation of the generators of I as power series in z.
(2) Ttem 5 of Theorem 6.17 implies that the rings U = R[1/z] N (R*/I) and
B = (1+ 2U)7'U are uniquely determined by z and the ideal I of R*.
(3) Since z is in the Jacobson radical of B, item 4 of Theorem 6.17 implies
that if b € B is a unit of A, then b is already a unit of B.

(4) We have the following diagram displaying the relationships among the
rings. Recall that B = (1 + 2U)~!U.

O(R) —— Q) —— Q(B) Q(A) —S—  Q(R*/I)
| [ [ | I
R[1/z] ——— U[l/z] —=— B[l/2] —=— A[l/2] —=— (R*/I)[1/%]
| | | I I

R —S-sU=UU, —=» B —S=5» A —=5 RYL

We record in Construction Properties Theorem 6.19 (Inclusion Version) some
basic properties of the integral domains associated with Inclusion Construction 5.3
that follow from Construction Properties Theorem 6.17 (Homomorphic Image Ver-
sion), Remark 6.18, Proposition 6.3 and Proposition 6.14.

CONSTRUCTION PROPERTIES THEOREM 6.19. (Inclusion Version) Let R be a
Noetherian integral domain with field of fractions K := Q(R), let z € R be a nonzero
nonunit, and let R* denote the (z)-adic completion of R. Let = = {m1,...,7s} be
a set of elements of R* that are algebraically independent over K, so that R|7] is
a polynomial ring in s variables over R. Define A = Ay := K(z) N R*, as in
Inclusion Construction 5.3. Let Uy, B,,, B and U be defined as in Equations 6.1.4
and 6.1.5. Then:

(1) 2"R*NA=2"A, 2"R*NB=2"B and 2z"R*NU=2"U, for each
neN.

(2) R[z][1/2]) = U[l/z], U = Rz][l/z2]Nn B = R[z]l/z]N A, and
B[1/z] is a localization of R[r]. The integral domains R[r]),U, B and A
all have the same field of fractions, namely K (7).

(3) R/z2"R = U/2"U = B/z"B = A/z"A = R*/z"R*, for eachn € N.

(4) The (z)-adic completions of U, B and A are all equal to R*, that is, R* =
U* = B* = A*.

(5) The definitions in Equation 6.1.5 of B and U are independent of the rep-
resentations given in Notation 6.1 for the 7; as power series in R*.

(6) If (R,m) is local, then B is local and, in view of Remark 6.4.1, we have

o

B = (1+ ZU)ilU = U (Un)(m)7—17u~~;7—s7L)U7L'
n=1
Proposition 6.20 concerns the extension to R* of a prime ideal of either A or
B that does not contain z, and provides information about the maps from Spec R*
to Spec A and to Spec B. We use Proposition 6.20 in Chapters 7 and 17.
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PROPOSITION 6.20. With the notation of Construction Properties Theorem 6.19
we have:

(1) z is in the Jacobson radical of B, in the Jacobson radical of A, and in the
Jacobson radical of R*.
(2) If q is a prime ideal of R, then qU is a prime ideal of U, and either
qB = B or ¢B is a prime ideal of B.
(3) Let I be an ideal of B or of A and let t € N. If 2t € IR*, then 2t € I.
(4) Let P € Spec B or P € Spec A with z ¢ P. Then z is a nonzerodivisor on
R*/PR*. Thus z ¢ Q for each associated prime of the ideal PR*. Since
z is in the Jacobson radical of R*, it follows that PR* is contained in a
nonmazximal prime ideal of R*.
(5) If R is local, then R*, A and B are local. Let mp, mp+~,m4 and mp
denote the mazimal ideals of R, R*, A and B, respectively. In this case
e mp = mgB, my = mgA and each prime ideal P of B such that
ht(mp/P) =1 is contracted from R*.
o If an ideal I of B is such that IR* is primary for mp«, then I is
primary for mp.

PROOF. For item 1, since B,, = (1 + zUy)"'U,, it follows that 1 + zb is a
unit of B,, for each b € B,,. Therefore z is in the Jacobson radical of B,, for each
n and thus z is in the Jacobson radical of B. The statement for R* follows from
Remark 3.6.1.

For item 2, since each U, is a polynomial ring over R, qU,, is a prime ideal of
U, and thus qU = |J,~, qU, is a prime ideal of U. Since B is a localization of U,
qB is either B or a prime ideal of B.

To see item 3, let I be an ideal of B. The proof for A is identical. We observe
that there exist elements by, ..., b, € I such that IR* = (by,...,bs)R*. If 2t € IR*,
there exist a; € R* such that

2 = a1by + -+ agbs.

We have o; = a; + 2! T1)\; for each 4, where a; € B and \; € R*. Thus
21— 2( A + -+ b)) = aiby + - +ashb, € BNZ'B* = 2'B.

Therefore v := 1—z(by A1+ - -+bsAs) € B. Thus z(bi A1+ - -+bsAs) € BNzR* = 2B,
and so byA\1 + -+ + bs s € B. By item 1, the element z is in the Jacobson radical
of B. Hence 7 is invertible in B. Since vz! € (b, -+ ,bs)B, it follows that 2% € I.

For item 4, assume that P € Spec B. The proof for P € Spec A is identical.
We have that

p P _ P+:2B
zP PNzB 2B
By Construction Properties Theorem 6.19.3, B/zB is Noetherian. Hence the
B-module P/zP is finitely generated. Let g1,...,9¢+ € P be such that P =
(91,-.-,9:)B + zP. Then also PR* = (¢1,...,9:)R* + zR* = (g1,...,9:)R*, the
last equality by Nakayama’s Lemma.

Let fe R* be such that zfe PR*. we show that fe PR*.

Since fe R*, we have f:: Yoco ¢;2*, where each ¢; € R. For each m > 1, let
fm = >t ciz', the first m + 1 terms of this expansion of f. Then f, € RC B

PNzB=2zP andso
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and there exists an element ﬁl € R* so that.
f: fm + Zm+177;-

Since zfe PR*, we have R

z2f =aigy + -+ g,
where a; € R*. The a; have power series expansions in z over R, and thus there
exist elements a;,, € R such that a; — a;, € 2™ R*. Thus

2f = aimg1 + -+ + amge + 2" ha,

where Eg € R*, and

2fm = Q1mgr + -+ + Gemge + 2" s,

where 3 = hy — 2h; € R*. Since the g; are in B, we have 2y € MR N B =
2m+1 B, the last equality by Construction Properties Theorem 6.19.1. Therefore
hs € B. Rearranging the last set-off equation above, we obtain

2(fm — 2"h3) = aimgr + - + aymgr € P.

Since z ¢ P, we have f,, fzmﬁg € P. Tt follows that fe P+2mR* C PR*+2™R*,
for each m > 1. Hence we have that fe PR*, as desired.

For item 5, if R is local, then B islocal, Aislocal, mp = mgpB and my = mgA
since R/zR = B/zB = A/zA = R*/zR* and z is in the Jacobson radical of B and
of A. If z ¢ P, then item 4 implies that no power of z is in PR*. Hence PR* is
contained in a prime ideal @) of R* that does not meet the multiplicatively closed
set {2"}22,. Thus P CQ N B C mp. Since ht(mp/P) =1, we have P = Q N B,
so P is contracted from R*. If z € P, then B/zB = R*/zR* implies that PR* is a
prime ideal of R* and P = PR* N B.

For the second part of item 5, if IR* is m-primary then 2* € TR*. Thus 2t € T
by item 3. By Theorem 6.19.3, B/z'B = R*/2'R* and so I/z'B is primary for the
maximal ideal of B/a'B. Therefore I is primary for the maximal ideal of B. ]

In many of the examples constructed in this book, the ring R is a polynomial
ring (or a localized polynomial ring) in finitely many variables over a field; such
rings are UFDs. We observe in Theorem 6.21 that the constructed ring B is a UFD
if R is a UFD and z is a prime element.

THEOREM 6.21. With the notation of Construction Properties Theorem 6.19:

(1) If R is a UFD and z is a prime element of R, then zB is a prime ideal,
B[1/z] is a Noetherian UFD and B is a UFD.
(2) If in addition R is regular, then B[1/z] is a reqular Noetherian UFD.

PRrROOF. By Proposition 6.20.2, zB is a prime ideal. Since R is a Noetherian
UFD and R[r] is a polynomial ring in finitely many variables over R, it follows that
R[z] is a Noetherian UFD. By Theorem 6.19.2, the ring B[1/z] is a localization
of R[r] and thus is a Noetherian UFD; moreover B[l/z] is regular if R is. By
Theorem 6.19.4, The (z)-adic completion of B is R* . By Proposition 6.20.1, z is in
the Jacobson radical of R*. Since R* is Noetherian, it follows that (2, 2" R* = (0).
Thus (,—, 2" B = (0). It follows that B.p is a DVR [96, (31.5)].

By Fact 2.11, we have B = B[1/z] N B,g. Therefore B is a Krull domain.
Since B[1/z] is a UFD and B is a Krull domain, Theorem 2.10 implies that B is a
UFD. O
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Exercises

(1) Prove item 2 of Remark 6.4, that is, with R a polynomial ring k[z] over a
field k and R* = k[[z]] the (z)-adic completion of R, show that with the
notation of Construction 5.3 we have B = |JC,,, where C, = (U,)p, and
P, := (x,Tin,---,Tsn)Upn. Thus B is a DVR that is the directed union of a
birational family of localized polynomial rings in n + 1 indeterminates.

(2) Assume the setting of Frontpiece Notation 6.9 and Definition 6.12. If J is a
proper ideal of B, prove that JB* is a proper ideal of B*, where B* is the
(z)-adic completion of B.

(3) Assume the setting of Frontpiece Notation 6.9, and let W denote the set of

elements of R* that are regular on R*/I. Prove that the natural homomorphism
7 : R* — R*/I extends to a homomorphism 7 : W~1R* — W~1(R*/I).



CHAPTER 7

Revisiting the Iterative Examples

In this chapter we continue the proof of Theorem 4.12 stated in Chapter 4.
We give specific examples that illustrate possible outcomes of the construction in
Chapter 5.

7.1. Properties of the iterative examples

We begin by fixing notation. = We include several remarks concerning the
integral domains that are used in the proof of Theorem 4.12.

NOTATION AND REMARKS 7.1. Let k be a field, let x and y be indeterminates
over k, and let

o= a;z’ € kl[x]] and 7= by € k[[y]]
i=1 1=1
be formal power series that are algebraically independent over the fields k(x) and

k(y), respectively. Let R := k[z,y]( and let o,, 7, be the n*® endpieces of o, 7
defined as in (6.1). Define

29))

Cn = koo, C o= k(o) N K] = lm(Co) = | Ca s
D, = k[van}(y,Tn)v D= k(y,7) O k[[y]] = hﬂ(Dn) - U Dn;
10 ~

k[x7y70n77—n}7 U:hg'lUn: U Uy;
n=1

B, : k[xvyaanzTn}(z’y’gm-,—n) B := h_n>1(Bn) = U Bn7
n=1

A:=k(z,y,0,7) N K[z, y]].
(i) Since k[[z,y]] is the (z,y)-adic completion of the Noetherian ring R, Re-
mark 3.6.4 implies that k[[x,y]] is faithfully flat over R. By Remark 2.21.7
(;v,y)”k[[x,y]] NR = (z,y)"R
for each n € N. Equation 6.1.2 implies for each positive integer n the inclusions
Cn C Cn+1, D, C Dn+1, and B, C Bn+1.

Moreover, for each of these inclusions we have birational domination of the larger
local ring over the smaller, and the local rings C,, D,, B, are all dominated by
kllz,yl] = R.

57
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(ii) We observe that (z,y)B N B, = (z,y,0n,Tn)Bn, for each n € N: To see
this, let h € (z,y, 00, 7n)U,. Then Equation 6.1.2 implies that

Op = —Tap41 +TOpy1 and 7, = —ybut1 + YTnt1-

Hence h € (z,y)Upi1 NU, C (z,y)U NU,. Since (z,y,0n,Tn)Upn is a maximal
ideal of U,, contained in (z,y)U, a proper ideal of U, it follows that (z,y)U NU, =
(z,y,0n, Tn)Up. Thus also (z,y)B N B, = (x,y,0n,T,)B for each n € N.

(iii) We also observe that Un[xiy] = U[ﬁ] for each n € N: By Equation 6.1.2
we have 0y,41 € Up[1] C Un[%} and 7,41 € Un[i] C Un[%y] Hence Up41 C Un[x—ly}
for each n € N. Hence U C Un[ﬁ], and Un[é] = U[%]

(iv) By Remark 2.1, the rings C' and D are rank-one discrete valuation domains;
as in Example 6.6, they are the asserted directed unions. The rings B,, are four-
dimensional regular local domains that are localized polynomial rings over the field
k. Thus B is the directed union of a chain of four-dimensional regular local rings,
with each ring birational over the previous ring.

We prove in Theorem 7.2 other parts of Theorem 4.12.

THEOREM 7.2. Assume the setting of Notation 7.1. Then the ring A is a two-
dimensional regular local domain that birationally dominates the ring B; A has
mazimal ideal (x,y)A and completion A = k[[z,y]]. Moreover we have:

(1) The rings U and B are UFDs,

(2) B is a local Krull domain with maximal ideal n = (x,y)B,

(3) The dimension of B is either 2 or 3,

(4) B is Hausdorff in the topology defined by the powers of n,

(5) The n-adic completion B of B is canonically isomorphic to k[[z,y]], and
(6) The following statements are equivalent:

) B is a two-dimensional regular local domain.

) B is Noetherian.

) Every finitely generated ideal of B is closed in the n-adic topology on
B

(e) Ewvery principal ideal of B is closed in the n-adic topology on B.

PrROOF. The assertions about A follow from Proposition 4.13. Since Uy has
field of fractions k(z,y,0,7) = Q(A) and Uy C B C A, the extension B — A
is birational. Since B is the directed union of the four-dimensional regular local
domains B,, and (z,y)B N B, = (,y,0n,T)B for each n € N by (7.1.iv) and
(7.1.i), we see that B is local with maximal ideal n = (z,y)B. Since B and A are
both dominated by k[[z,y]], it follows that A dominates B.

We now prove that U and B are UFDs. Since U, is a polynomial ring over a
field and U, [-] = U[5;] by (7.1.iii), we have U[;.] is a UFD. For each n € N, the
principal ideals zU,, and yU,, are prime ideals in the polynomial ring U,,. Therefore
2U and yU are principal prime ideals of U. Moreover, U,y = B,p and U,y = Byp
are DVRs since each is the contraction to the field k(z,y, o, 7) of the (x)-adic or
the (y)-adic valuations of k[[z, y]]; see Remark 2.2.

Applying Fact 2.11 with S = U and ¢ = z, and then with S = U[%] and
¢ =1y, we obtain U = U,y NUyr N U[%y] It follows that U is a Krull domain; see
Definition 2.3.2 and the comments there. Hence, by Theorem 2.10, U is a UFD.
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Since B is a localization of U, the ring B is a UFD. This completes the proof of
items 1 and 2.

Since B is dominated by k[[x,y]], the intersection N ,n™ = (0), and so B
is Hausdorff in the topology defined by the powers of n, as in (3.1). Since n is
finitely generated, B is Noetherian [96, 31.7]. Therefore B is a two-dimensional
regular local domain with residue field k that canonically maps onto k[[x,y]]. This
canonical surjection must have kernel (0), and so we have B = k[[z,y]]. Notice that
B is a birational extension of the three-dimensional Noetherian domain Cfy, 7].
Theorem 2.9 implies that the dimension of B is at most 3. This completes the
proof of items 3, 4 and 5.

For item 6, we have A is a two-dimensional RLR by Proposition 4.13. Thus
(a) = (b). Clearly () = (c). Since B is local by item 2, and since the
completion of a Noetherian local ring is a faithfully flat extension by Remark 3.6.4,
we have (¢) = (d) by Remark 2.21.7. It is clear that (d) = (e). To complete
the proof of Theorem 7.2, it suffices to show that () = (a). Since A birationally
dominates B, we have B = A if and only if bAN B = bB for every element b € n; see
Exercise 2.ii of Chapter 4. The principal ideal bB is closed in the n-adic topology
on B if and only if bB = bB N B. Also B = A and bA = bA N A, for every b € B.
Thus (e) implies, for every b € B,

bB=bBNB=bANB=bANANB=0bANDB,
and so B = A. This completes the proof of Theorem 7.2. O

Depending on the choice of ¢ and 7, the ring B may fail to be Noetherian.
Example 7.3 shows that in the setting of Theorem 7.2 the ring B can be strictly
smaller than A := k(z,y,0,7) N k[[z,y]].

EXAMPLE 7.3. Using the setting of Notation 7.1, let 7 € k[[y]] be defined to be
o(y), that is, set b; := a; for every ¢ € N. We then have that 6 := ‘;—:; € A. Indeed,

o—T=a1(x—y)+ay(x? =y 4+ Fa, (" —y")+---,

o—T

and so 6 = = € El[z,y]] N k(x,y,0,7) = A. As a specific example, one may take
k:=Qand set 0 :=e®* —1 and 7 := e¥ — 1. The ring B is a localization of the ring

U:= UnEN k[zyyvgran]-

CLAIM 7.4. The element 0 is not in B.

PROOF. If 6 is an element of B, then
o—17 € (z—y)BNU = (z—y)U.

Let S := k[z,y,0,7] and let U, := k[z,y,0n,Ts] for each positive integer n. We
have
1
U - Un - S - xTr— )
U = [xy} C S( y)S
neN
where the last inclusion is because zy & (x — y)S. Thus € € B implies that

o—T€@=Y)Sa@ys NS = (x—y)S,

but this contradicts the fact that z, y, o, 7 are algebraically independent over k, and
thus S is a polynomial ring over k in z,y, o, T. ([l
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Therefore 2= ¢ B, and so B C A and (z —y)B C (x—y)AN B. Since an ideal

-y
of B is closed in the n-adic topology if and only if the ideal is contracted from B
and since B = A: the principal ideal (z —y)B is not closed in the n-adic topology on
B. Using Theorem 7.2, we conclude that B is a non-Noetherian three-dimensional
local Krull domain having a two-generated maximal ideal such that B birationally
dominates a four-dimensional regular local domain. We discuss this example in
more detail in Example 8.11 of Chapter 8.

On the other hand, for certain choices of o and 7, the ring B may be Noetherian.
To complete the proof of Theorem 4.12, we establish in Example 7.15 below with
k = Q that the elements ¢ := e* — 1 and 7 := e(¢’~Y — 1 give an example where
B = A. The property of o and 7 used in Example 7.15 to prove A = B involves
the height-one prime ideals @ of R= Q[[z, y]] such that @ N R # (0) and zy € Q.
We show for each such height-one prime ideal @ of R that the images of o and T
in ]’%/ Q are algebraically independent over R/(Q N R).

REMARK 7.5. In the setting of Notation 7.1, It seems natural to consider the
ring compositum of C' = k[[z]] and D = k[[y]]. We outline in Exercise 2 of this
chapter a proof due to Kunz that the subring C[D] of k[[z,y]] is not Noetherian.

7.2. Residual algebraic independence

Recall that an extension of Krull domains R — S satisfies the condition PDE
(“pas d’éclatement”, or in English “no blowing up”) provided that ht(Q N R) < 1
for each prime ideal of height one @ in S; see Definition 2.3. The iterative example
leads us to consider in this section a related property as in the following definition.

DEFINITION 7.6. Let R — S denote an extension of Krull domains.  An
element v € S is residually algebraically independent with respect to S over R if v is
algebraically independent over R and for every height-one prime ideal @) of S such
that QN R # 0, the image of v in S/Q is algebraically independent over R/(QNR).

REMARK 7.7. If (R,m) is a regular local domain, or more generally an ana-
lytically normal Noetherian local domain, it is natural to consider the extension of
Krull domains R < R and ask about the existence of an element v € R that is
residually algebraically independent with respect to R over R. If the dimension of
R is at least two and R has countable cardinality, for example, if R = Q[x,y](s.,),
then a cardinality argument implies the existence of an element v € R that is resid-
ually algebraically independent with respect to R over R; see Theorems 19.20 and
19.27.

We show in Proposition 19.15 and Theorem 19.27 of Chapter 19, that if v € m
is residually algebraically independent with respect to R over R, then the inter-
section ring R N Q(R[v]) is the localized polynomial ring R[V](m,)- Therefore this
intersection ring is Noetherian, but has dimension one more than the dimension of
R and hence is not a subspace of R.

The existence of an element that is almost residually algebraically independent
is important in completing the proof of the iterative example as we demonstrate in
Proposition 7.8 and Theorem 7.12. In the proof of these results we use Noetherian
Flatness Theorem 8.8 of Chapter 8. In the proof of Proposition 7.8 we show that our
setting here fits Construction 5.3 and the approximation procedure of Section 6.1,
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and so Theorem 8.8 implies that the intersection domain equals the approximation
domain and is Noetherian provided a certain extension is flat.

PROPOSITION 7.8. Let the notation be as in (7.1), and let T = C[y(z,y)cly])-

Thus T is a two-dimensional regular local domain with completion T = k[, y]] = R.
If for each height-one prime ideal Q of C[[y]] such that Q NT # (0) and zy & Q,
the image of T in C[[y]]/Q is algebraically independent over T/(Q N'T), then B is
Noetherian and B = A.

ProOF. Since B,, C T[7n](g,y,r,) C B for each positive integer n, we have B =
Un—1 T[] (z,y,m)- In order to show that B is Noetherian and B = A, it suffices by
the Noetherian Flatness Theorem 8.8 to show that the map ¢, : T[r] — C[[y]][1/y]
is flat; see Definition 2.20. By Remark 2.21.1, flatness is a local property. Thus
it suffices to show for each prime ideal @ of C[[y]] with y ¢ @Q that the induced
map ¢q : T[r]onri) — Clyllg is flat. If ht(Q N T[r]) < 1, then T[r]gnr is
either a field or a DVR, and ¢¢ is flat by (2.23.3) since C[[y]]¢ is torsionfree over
T[7]gnrir). Therefore it suffices to show that ht(Q N7T'[r]) < 1. This is clear for
Q@ = zC[[y]]. On the other hand, if xy ¢ @, then the image of 7 in C[[y]]/Q is
algebraically independent over T/(Q NT), and this implies that ht(Q N T[r]) < 1.
We conclude that B is Noetherian and that B = A. (|

REMARK 7.9. To establish the existence of examples to which Proposition 7.8
applies, we take k to be the field Q of rational numbers. Thus R := Q[z,y]() is
the localized polynomial ring, and the completion of R with respect to its maximal
ideal m := (z,y)R is R = Q|[=, y]], the formal power series ring in the variables =
and y. Let 0 :=¢” — 1 € Q[[z]], and C := Q[[z]] N Q(x,0). Thus C is an excellent
DVR with maximal ideal 2C, and T' := Cy|(y)cy)) is an excellent countable
two-dimensional regular local ring with maximal ideal (z,y)T and with (y)—adic
completion C[[y]]. The UFD C[[y]] has maximal ideal n = (z,y). Using that T is
countable, an elementary proof is given below in Theorem 7.10 that there exists
7 € C[[y]] such that for each height-one prime @ of C[[y]] with @ NT # (0) and
y & @, the image of 7 in C[[y]]/Q is transcendental over T/(Q N'T). If the element
7 can be found in Q[[y]], then by Proposition 7.8, for this choice of o € Q][[z]] and
T € Q[[y]] in Theorem 4.12, we have B is Noetherian and B = A.

THEOREM 7.10. Let C be an excellent countable rank-one DVR with mazimal
ideal xC' and let y be an indeterminate over C. Let T' = Cly](zy)cry- Then there
exists an element T € C[[y]] for which the image of T in Cl[y]]/Q is transcendental
over T/(QNT), for every height-one prime ideal Q of Clly]] such that QNT # (0)
and y ¢ Q. Moreover T is transcendental over T.

PrOOF. Since C' is a DVR, C is a UFD, and so are T' = Cly](z,)c[y and
C[ly]]- Hence every height-one prime ideal Q; of T is principal and is generated by
an irreducible polynomial of C[y], say fi(y). There are countably many of these
prime ideals.

Let U be the countable set of all height-one prime ideals of C[[y]] that are
generated by some irreducible factor in C[[y]] of some irreducible polynomial f(y)
of Cly] other than y; that is, yC[[y]] is not included in U. Let {P;}$2, be an
enumeration of the prime ideals of #. Let n := (z,y)C[[y]] denote the maximal
ideal of C[[y]].
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CLamM 7.11. For each i € N, there are uncountably many distinct cosets in
(PN NP N nyCllyl]) + Pi)/ P

PROOF. Since y ¢ P;, the image of y in the one-dimensional local domain
C[[y]]/P; generates an ideal primary for the maximal ideal. Thus C][y]]/P; is a
finite C[[y]]-module. Since C[[y]] is (y)-adically complete it follows that C[y]]/P;
is a (y)-adically complete local domain [89, Theorem 8.7]. Hence, if we let H C
Clly]] denote a complete set of distinct coset representatives of C[[y]]/P;, then H
is uncountable.

Let a; be an element of P, N---N P,_; N0 N yC[[y]] that is not in P;.
Then the set a;H = {a;[ | 5 € H} represents an uncountable set of distinct coset
representatives of C|[y]]/P;, since, if a;8 and a;v are in the same coset of P; and
B, € H, then

wp—-ayel = f-—yebh = =1,
Thus there are uncountably many distinct cosets of C[[y]]/P; of form a;8 + P,
where 3 ranges over H, as desired. O

We use that (P, N ---N P_; N o NyC[[y]]) + P;)/P; is uncountable for
each 7 to adjust the procedure of the proof of Lemma 19.18 as follows: Choose
fi € n2NyCJ[y]] so that the image of y — f1 in C[[y]]/P1 is not algebraic over
T/(P1NT); this is possible since the set of cosets is uncountable and so some cosets
are transcendental over the countable set T'/(PyNT). Then the element y— f1 ¢ P,
and f1 ¢ Pi, since the image of y is not transcendental over T'/(T' N P;). Choose
f2 € PLnn?®NyC[[y]] so that the image of y — f1 — f2 in C[[y]]/ P is not algebraic
over T/(P,NT). Note that fo € P, implies the image of y — fi — fo is the same as
the image of y — f1 in C[[y]]/P1 and so it is not algebraic over P;. Successively, by
induction, choose

fa €PN PN NPy N0 NyC[y]]

so that the image of y — f; — ... — f,, in C[[y]]/ P, is transcendental over each
T/(T N P;, for each 1 < n, for each positive integer n. Then we have a Cauchy
sequence {f; + -+ + £}, in T that converges to an element a € n%. Now

y_a:(y_fl_ _fn>+(fn+l+"')7

where the image of (y— f1— ... — fn) in C[[y]]/ P, is transcendental over T'/(P,NT)
and f; € yC[[y]] for all 1 <4 < n and (frr1 +...) € N, P, NyC[[y]]. Therefore
the image of y — a in C[[y]]/ P, is transcendental over T'/(P, NT), for every n € N
and we have y — a € yC|[[y]], as desired.

For the “Moreover” statement, suppose that 7 is a root of a polynomial f(z)
with coefficients in T'. For each prime ideal @ such that the image of 7 is transcen-
dental over T/(T N @), the coefficients of f(z) must all be in T'N Q. Since this is
true for infinitely many height-one primes 7'M @, and the intersection of infinitely
many height-one primes in a Noetherian domain is zero, f(z) is the 0 polynomial,
and so 7 is transcendental over 7. O

Theorem 7.12 yields explicit examples for which B is Noetherian and B = A
in Theorem 4.12.

THEOREM 7.12. There exist elements o € xQ|[z]] and T € yQ[[y]] such that the
following two conditions are satisfied:
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(i) o is algebraically independent over Q(x) and T is algebraically independent
over Q(y).
(11) trdeg@ Q(yv T, {%}HEN) >ri= trdeg@ Q(Jj, g, {%}HEN)

With o and 7 satisfying these two conditions, and with the notation of (7.1), let
C = k(z,0) Nk[[z]] and let T = C[y(z,y). For each height-one prime ideal Q of
Clly]] such that QNT # (0) and zy € Q, the image of T in C[[y]]/Q is algebraically
independent over T/(Q NT). By Proposition 7.8, for this choice of o and T in
Theorem 4.12, the ring B is Noetherian and B = A.

PRrROOF. To establish the existence of elements o and 7 satisfying properties
(i) and (ii) of Theorem 7.12, let 0 = e* — 1 € Q[[z]] and choose for 7 a hyper-
transcendental element in Q[[y]]. A power series 7 = >~ biy" € Q[[y]] is called
hypertranscendental over Q[y] if the set of partial derivatives {%}%N is infinite
and algebraically independent over Q(y). Two examples of hypertranscendental
elements are the Gamma function and the Riemann Zeta function. (The exponen-
tial function is, of course, far from being hypertranscendental.) Thus there exist
elements o, 7 that satisfy conditions (i) and (ii) of Theorem 7.12. Another way to
obtain such elements is to set 0 = e — 1 and 7 = (¢~ — 1. In this case, the
conditions of Theorem 7.12 follow from [10].

The ring T' = C[y](z,y) is an overring of R and a subring of R and T has

completion T' = R:

~

We display the relationships among these rings.

~

R =Q[[z,y]]

C :=Q(z,0) NQ[[z]]
=U Q[$, O—n}(x,on) R:= Q[xay](w,y)

The rings of the example

~ Let Pbea height-one prime ideal of 1?{, let bars (for example, ), denote images
in R = E/ﬁ and set P := PN R and P = PNT. Assume that P; # 0 and that

xy & P.
In the following commutative diagram, we identify Q[[z]] with Q[[Z]] and Q[[y]]

with Q[[g]], ete.
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Qllyl] —2> R=R/P &&— Q]

I

T=T/P

T

Qlyly) —2s B = R/P &—Qla] )

All maps in the diagram are injective and E is finite over both of the rings
Q[[z]] and Q[[y]]. Also R is algebraic over Q[Z]z), since trdeggp Q(R) = 1.

Let L denote the field of fractions of R. We may consider Q(y, 7, {%}%N)
and Q(z, o, {%}neN) as subﬁelds of L, where

"o
trdegQ( (Y, 7{ }neN) >tfdeg@(Q(xaU,{W}neN)-
Let d denote the partial derlvatlve map 67 on Q((x)). Since the extension L of

Q((x)) is finite and separable, d extends uniquely to a derivation d:L— L. Let
H denote the algebraic closure in L of the field Q(z, o, {%}%N). Let p(z,y) €

Q[[z, y]] be a prime element generating f Claim 7.13 asserts that the images of H
and R under d are inside H and (1/p’)]§, respectively, as shown in Picture 7.13.1.

L= Q(E)% L
~ d T
d 1 =
> R
@[[x,yl] @)
d:=2

\ w%}:l))amll

d
Q[Ivo—a ax" }n 1}_>Q[I g, {830" }n 1}

1
Q =——0Q
Picture 7.13.1 The image of subrings of L via the extension dofd:= %.
CLAIM 7.13. With the notation above:

(i) d(H) C R
(i) There exists a polynomial p(a: y) € Q[[z]][y] with pQ][x,y]] = P and p(g) = 0.
(i) d(5) # 0 and p (7)d(5) € R. where p/(y) = 25

(iv) For every element A € R, we have p'(3)d(\) € R and so (E C(1/y )E
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PRrROOF. For item i, since d maps Q(z, o, {%}%N) into itself, d(H) C H.

For item ii, since « and y are not contained in P, the element p(z,y) is regular
in y as a power series in Q[[z, y]] (in the sense of Zariski-Samuel [139, p.145]). Thus
by [139, Corollary 1, p.145] the element p(z,y) can be written as:

Play) = (@, y) (" + ba-1(2)y" ™ + ... +bo()),

where €(z, ) is a unit of Q[[z,y]] and each b;(z) € Q[[z]]. Hence P is also generated
by
pl,y) =py) =€ 'p = y" +epry" T+ -+,
where the ¢; € Q[[z]]. Since p(y) is the minimal polynomial of § over the field
Q((z)), we have 0 = p(§) := 4" + cn1y" L+ -+ + 17 + co.
For item iii, observe that
Py) =ny" "+ enoa(n = 1y 4 e
and p’(g) # 0 by minimality. Now

~ o~

0=d(p(7) = dF" + cnrd" '+ + 17+ co)
= ng" 1 d(g) + cn1(n—1)g"?d(G) + d(cn1)g" "+
+erd(g) + d(e1)g + d(eo)
=A@ g™+ eni(n— D" 2 4+ o)t

+ d(cn1)y" "+ -+ d(c1)y + d(co)

n—1
=d@) @' @)+ de)y'
=0
— A @) = (S de)g) ad  dG) = o= 3 d(e)
par P'(©) =

~ -~

In particular, p'(7)d(y) € R and d(g) # 0, as desired for item iii.
For item iv, observe that every element \ € E has the form:
A=¢e, 1)+ Fer(x)7 + eo(x), where e; € Q[[]].
Therefore:

n

1
dN) = d@)[(n - Den1(@)g" 2+ +er(@)] + Y dlei(x))g'.

%

I
=]

~

The sum expression on the right is in R and, as established above, p/(7)d(j) € E,
and so p'(7)d()\) € R. O

~

The next claim asserts an expression for d(7) in terms of the partial derivative
g—; of 7 with respect to .

CLAIM 7.14. d(7) = cf(y)g—;

PRrROOF. For every m € N, we have 7 = 31" ( by’ + y™ "' 7,,, where the b; € Q
and 7, € Q[[y]] is defined as in (6.1.1). Therefore
d(7) = d(g) - (Y ibig ™) + d@)(m + D)5 o + 5™ d ().

i=1
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Thus

m

P @AF) =p @A) > ibig ™ + 7@ @A) (m+ 1) + 50 (@)d(Fn))-
=1
Since 7 = "2 by’ with b; € Q, we have

Thus g—; =iyt e gmﬁ and hence

o~ o~ 0T =
p'(y)d(7) - p’(y)d(y)ET37 €y"(R)
for every m € N. Since p'(§) # 0 and Ris an integral domain, C/Z\(T) = j@)ﬁ_ O

<

Completion of proof of Theorem 7.12. Recall that R is algebraic over Q[z](z), and
so g is algebraic over Q[z](;). Also T := C[y](s,y), Where C' := Q(z,0) N Q[[z]].
Thus T C H, and so H is the algebraic closure of the field Q(T, {g%f}neN) in L.
Therefore 7 ¢ H if and only if 7 is transcendental over H. By hypothesis, the
transcendence degree of H/Q is r. Since d(H) C H, if 7 were in H, then % cH
for all n € N. This implies that the field Q(y, 7, {%}%N) is contained in H. This
contradicts our hypothesis that trdeggy Q(y, 7, {%}%N) > r. Therefore the image

of 7 in R/Q is algebraically independent over T/(Q NT) for each height-one prime
ideal @ of R such that @ NT # (0) and zy ¢ Q. This completes the proof of
Theorem 7.12. (]

Since the elements o = e* — 1 € Q[[]] and 7 = e(¢"~1) — 1 € Q[[y]] satisfy the
conditions of Theorem 7.12 by [10], we have:

EXAMPLE 7.15. For 0 = ¢* — 1 € Q[[z]] and 7 = e(¢*~D — 1 € Q[[y]] in
Theorem 4.12, the ring B is Noetherian and B = A.

Exercises

(1) Let  and y be indeterminates over a field k¥ and let R be the two-dimensional
RLR obtained by localizing the mixed power series-polynomial ring k[[x]][y] at
the maximal ideal (z,y)k[[z]][y].

(i) For each height-one prime ideal P of R different from xR, prove that R/P
is a one-dimensional complete local domain.

(i) For each nonzero prime ideal Q of R = k[[z,y]] prove that Q@ N R # (0).
Conclude that the generic formal fiber of R is zero-dimensional.

Suggestion. For part (ii), use Theorem 3.8. For more information about the
dimension of the formal fibers, see [88] and [113].

(2) (Kunz) Let L/k be a field extension with L having infinite transcendence degree
over k. Prove that the ring L ®; L is not Noetherian. Deduce that the ring
k[[z]] ® k[[z]], which has k((z)) ®% k((x)) as a localization is not Noetherian.

Suggestion. Let {z)}rca be a transcendence basis for L/k and consider the
subfield F' = k({zx}) of L. The ring L ®, L is faithfully flat over its subring
F® F, and if F'®; F is not Noetherian, then L ®j L is not Noetherian. Hence
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it suffices to show that F' ®; I is not Noetherian. The module of differentials
Q}, Ik is known to be infinite dimensional as a vector space over F' [78, 5.4],

and Q}:/k = /1%, where I is the kernel of the map F ®; F — F, defined by

sending a ® b — ab. Thus the ideal I of F' ®; F' is not finitely generated.






CHAPTER 8

Building Noetherian domains

In this chapter we establish that flatness of a certain map implies that the
integral domain obtained via Constructions 5.3 or 5.4 is Noetherian. We use this
result as formulated in Noetherian Flatness Theorem 8.8 (Inclusion Version) to
complete the proofs of Theorems 4.12 and 7.2 concerning the iterative examples.
More generally, we prove the following theorem.

THEOREM 8.1. Let R be a Noetherian integral domain with field of fractions K.
Let z be a nonzero nonunit of R and let R* denote the (2)-adic completion of R.
Let I be an ideal of R* having the property that pO R = (0) for each p € Ass(R*/I).
The inclusion map R — (R*/I)[1/z] is flat if and only if A:= K N (R*/I) is both
Noetherian and realizable as a localization of a subring of R[1/z].

In the statement of Theorem 8.1, the ring (R*/I)[1/z] is the localization of
R*/I at the multiplicative system generated by z, and the intersection K N (R*/I)
is taken inside the total quotient ring Q(R*/I) of R*/I. As discussed in Note 5.5,
the hypotheses of Theorem 8.1 imply that the field K embeds in Q(R*/I).

Theorem 8.1 is is stated in terms of Homomorphic Image Construction 5.4.
There are two Noetherian Flatness Theorems given in this chapter, one for each of
the Constructions 5.3 and 5.4. ! In Section 8.2, we state in Noetherian Flatness-
Theorem 8.8 the corresponding version of this result for Inclusion Construction 5.3.
Thus the intersection domain A constructed using the Inclusion Construction 5.3
is both Noetherian and computable as a localization of an infinite directed union
U = U2, U, of polynomial extension rings of R if and only if the map Uy — R*[1/%]
is flat. The polynomial rings U,, are defined in Section 6.1 of Chapter 6.

Theorem 8.1 is implied by Noetherian Flatness Theorem 8.3 (Homomorphic
Image Version) that is proved in Section 8.1. We make use of the approximation ring
B of A defined in Section 6.2. The ring B is an infinite nested union of “computable
rings” — while not localized polynomial rings over R, they are localizations of
finitely generated birational extensions of R. In Section 8.1 we also prove a crucial
lemma relating flatness and the Noetherian property.

8.1. Flatness and the Noetherian property

We use Lemma 8.2 in order to prove Noetherian Flatness Theorem 8.3 (Homo-
morphic Image Version). This lemma is crucial for our proof of Theorem 8.1. We
thank Roger Wiegand for observing Lemma 8.2 and its proof. For an introduction
to flatness see Section 2.3 of Chapter 2.

1When this duplication seems confusing we distinguish between the versions by labeling the
one for Construction 5.3 as the “Inclusion Version” or just inserting the word “inclusion”, and by
labeling the theorem for Construction 5.4 as the “Homomorphic Image Version” or just inserting
the word “image”.
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LEMMA 8.2. Let S be a subring of a ring T and let z € S be a reqular element
of T. Assume that the conditions of Lemma 6.16 are satisfied, that is zS = 2T NS
and S/zS =T/zT. Then

(1) T[1/z] is flat over S <= T is flat over S.
(2) If T is flat over S, then D = (1 + zS)™'T is faithfully flat over C =

(1+29)71S.

(3) If T is Noetherian and T is flat over S, then C = (1 + 28)71S is Noe-
therian.

(4) If T and S[1/z] are both Noetherian and T is flat over S, then S is Noe-
therian.

PRrROOF. For item 1, if T flat over S, then by transitivity of flatness, Re-
mark 2.21.13, the ring T'[1/z] is flat over S. For the converse, consider the exact
sequence (using (6.16.3))

0 S=8[1/:NT —* S[1/2]&T —2— T[1/2] = S[1/2] +T — 0,
where a(b) = (b, —b) for all b € S and B(c,d) = c+d for all ¢ € S[1/z], d € T.
Since the two end terms are flat S-modules, the middle term S[1/z] & T is also
S-flat. Therefore the direct summand 7T is S-flat.

For item 2, since S — T is flat, the embedding C' = (1 + 2S)71S — (1 +
28)7'T = D is flat. Since 2C is in the Jacobson radical of C' and C/2C = S/zS =
T/2zT = D/zD, each maximal ideal of C is contained in a maximal ideal of D,
and so D is faithfully flat over C. This establishes item 2. If also T" is Noetherian,
then D is Noetherian, and, since D is faithfully flat over C, it follows that C is
Noetherian by Remark 2.21.8, and thus item 3 holds.

For item 4, let J be an ideal of S. Since C is Noetherian by item 3 and S[1/z]
is Noetherian by hypothesis, there exists a finitely generated ideal Jy C J such that
JoS[1/z] = JS[1/z] and JoC = JC. To show Jy = J, it suffices to show for each
maximal ideal m of S that JySym = JSm. If 2 € m, then Sy, is a localization of
S[1/z], and so JoSm = JSm, while if z € m, then Sy, is a localization of C, and
so JCOSm = JoSm- Therefore J = Jy is finitely generated. It follows that S is
Noetherian. O

Noetherian Flatness Theorem 8.3 (Homomorphic Image Version) gives precise
conditions for the approximation ring B of Homomorphic Image Construction 5.4
to be Noetherian.

NOETHERIAN FLATNESS THEOREM 8.3. (Homomorphic Image Version) Let
R be a Noetherian integral domain with field of fractions K. Let z be a monzero
nonunit of R and let R* denote the (z)-adic completion of R. Let I be an ideal of
R* having the property that pN R = (0) for each p € Ass(R*/I). Asin (6.9.2), let
U := u2,U, B U, B, = (1+20)7'U, and A := Kn(R*/I).
The following statements are equivalent:

(1) The extension R — (R*/I)[1/z] is flat.

The ring B is Noetherian.

)
) The extension B — R*/I is faithfully flat.

) The ring A := K N (R*/I) is Noetherian and A = B.
)

)

The ring U is Noetherian
The ring A is both Noetherian and a localization of a subring of R[1/z].
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Proor. For (1) = (2), if R — (R*/I)[1/z] is flat, by factoring through
Ull/z] = R[1/z] — (R*/I)[1/z], we see that U — (R*/I)[1/z] and B — (R*/I)[1/%]
are flat. By Lemma 8.2.2, where we let S = U and T' = R*/I, the ring B is Noe-
therian.

For (2) = (3), B* = R*/I is flat over B, by Theorem 6.17.4 and Re-
mark 3.6.3. By Proposition 6.20.1, z € J(B), and so, using Remark 3.6.4, we have
B* = R*/I is faithfully flat over B.

For (3) = (4), again Theorem 6.17.4 yields B* = R*/I, and so B* is
faithfully flat over B. Then

B=9B)NR*=Q(A)NR*=K(r)NR*=A

by Remark 2.21.9 and Theorem 6.19.2. By Remark 2.21.8, A is Noetherian.
For (4) = (5), the composite embedding

U< B=A< B* = A* = R*/I

is flat because B is a localization of U and A is Noetherian; see Remark 3.6.3. By
Remark 3.6.4 again, A* is faithfully flat over A. Thus by Lemma 8.2, parts 1 and
3, where again we let S = U and T' = R*/I, we have S[1/z] = U[1/z] = R[1/7] is
Noetherian, and hence U is Noetherian by Lemma 8.2.4.

If U is Noetherian, then the localization B of U is Noetherian, and as above
B = A. Hence A is a localization of U, a subring of R[1/z]. Thus (5) = (6).

For (6) = (1): since A is a localization of a subring D of R[1/z], we have
A :=T71D, where T is a multiplicatively closed subset of D. Now

RCA=T"'DCTI'R[1/2] =T"'A[1/2] = A[1/2],

and so A[l/z] is a localization of R. Since A is Noetherian, A — A* = R*/I is
flat by Remark 3.6.2. Thus A[l/z] — (R*/I)[1/z] is flat. It follows that R —
(R*/I)[1/7] is flat. O

COROLLARY 8.4. Let R, I and z be as in Noetherian Flatness Theorem 8.3
(Homomorphic Image version). If diim(R*/I) =1, then p: R — W := (R*/I)[1/Z]
is flat and therefore the equivalent conditions of Theorem 8.3 all hold.

PrOOF. We have z is in the Jacobson radical of R*/I by Construction Proper-
ties Theorem 6.17.2. Thus dim(R*/I) = 1 implies that dim W = 0. The hypothesis
on the ideal T implies that every prime ideal P of W contracts to (0) in R. Hence

@Yp RPQR = R(o) =K < Wp.

Thus Wp is a K-module and so a vector space over K. By Remark 2.21.2, ¢p is
flat. Since flatness is a local property by Remark 2.211, the map ¢ is flat. O

REMARK 8.5. With R, I and z as in Noetherian Flatness Theorem 8.3:

(1) There are examples where A is Noetherian and yet B # A. Thus B in such
examples is non-Noetherian (see Theorem 7.2 and Example 8.11 below).

(2) There are examples where A = B is non-Noetherian (see Theorem 13.6
and Examples 13.7, as well as Remark 8.10 below).

(3) A necessary and sufficient condition that A = B is that A is a localization
of R[1/z]NA. Indeed, Theorem 6.17.5 implies that R[1/z]NA = U and, by
Definition 6.12.1, B = (1+ 2U)~'U. Therefore the condition is sufficient.
On the other hand, if A = I'"'U, where I' is a multiplicatively closed
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subset of U, then by Remark 6.18.3, each y € I' is a unit of B, and so
I'"'U C B and A = B.

(4) We discuss in Chapter 9 a family of examples where R < (R*/I)[1/z] is
flat.

Theorem 8.6 extends the range of applications of Noetherian Flatness Theo-
rem 8.3.

THEOREM 8.6. Let R be a Noetherian integral domain with field of fractions K.

Let z be a nonzero nonunit of R and let R* denote the (z)-adic completion of R.
Let I be an ideal of R* having the property that pNR = (0) for each p € Ass(R*/I).
Assume that I is generated by a reqular sequence of R*. If R — (R*/I)[1/z] is flat,
then for each n € N we have

(1) Ass(R*/I™) = Ass(R*/I),

(2) R canonically embeds in R*/I™, and

(3) R— (R*/I™)[1/z] is flat.

PrOOF. Let I = (01,...,0,)R*, where o1, ...,0, is a regular sequence in R*.
Then the sequence o1, ..., 0, is quasi-regular in the sense of [89, Theorem 16.2,
page 125]; that is, the associated graded ring of R* with respect to I, which is the
direct sum R*/I @ I/I*> @ ... , is a polynomial ring in 7 variables over R*/I. The
component I"/I"*! is a free (R*/I)-module generated by the monomials of total
degree n in these variables. It follows that I"/I"*! is a free (R*/I)-module for
each positive integer n.

Consider the exact sequence

(8.6.0) 0— I"/I" — R*/T" — R*/I™ — 0.
Proceeding by induction, assume Ass(R*/I™) = Ass(R*/I). Then
Ass(R*/T"MY) C Ass(I™/I™Y) U Ass(R*/I™).

Since I /1" is a free (R*/I)-module, it follows that Ass(R*/I"*) = Ass(R*/I).
Thus R canonically embeds in R*/I™ for each n € N.

That R — (R*/I™)[1/#] is flat for every n € N now follows by induction on n
and considering the exact sequence obtained by tensoring over R the short exact
sequence (8.6.0) with R[1/z]. O

EXAMPLE 8.7. Let R = k[z, y] be the polynomial ring in the variables x, y over
a field k£ and let R* = k[y][[z]] be the (z)-adic completion of R. Fix an element
7 € zk[[z]] such that x and 7 are algebraically independent over k, and define the
k[[z]]-algebra homomorphism ¢ : k[y][[z]] — k[[z]], by setting ¢(y) = 7. Then
ker(¢) = (y — 7)R* =: I. Notice that ¢(R) = klz,7] = R because z and 7 are
algebraically independent over k. Hence I N R = (0). Also I is a prime ideal
generated by a regular element of R*, and (I,2)R* = (y,z)R* is a maximal ideal
of R*. Corollary 8.4 and Theorem 8.6 imply that for each positive integer n, the
intersection ring A, := (R*/I™) N k(x,y) is a one-dimensional Noetherian local
domain having (x)-adic completion R*/I™. Since z generates an ideal primary for
the unique maximal ideal of R*/I™, the ring R*/I™ is also the completion of A,
with respect to the powers of the unique maximal ideal n,, of A,. The ring A; is
a DVR since R*/I is a DVR by Remark 2.1. For n > 1, the completion of A,, has
nonzero nilpotent elements and hence the integral closure of A, is not a finitely
generated A,-module, Remarks 3.11. The inclusion I™* C I™ and the fact that A,
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has completion R*/I™ imply that A,11 € A, for each n € N. Hence the rings A,
form a strictly descending chain

A1 D Ay D---D A, D

of one-dimensional local birational extensions of R = k[, y].

8.2. The Inclusion Version

As remarked in (5.7.2), Inclusion Construction 5.4 is a special case of Homo-
morphic Images Construction 5.4 . Thus we obtain the following result analogous
to Noetherian Flatness Theorem 8.3 (Homomorphic Image Version) for Inclusion
Constructions.

NOETHERIAN FLATNESS THEOREM 8.8. (Inclusion Version) Let R be a Noe-
therian integral domain with field of fractions K. Let z be a nonzero nonunit of R
and let R* denote the (z)-adic completion of R. Let 1,...,Ts € zR* be algebraically
independent elements over K such that the field K(7,...,7s) is a subring of the
total quotient ring of R*. As in Equations 6.1.4, 6.1.5 and 6.1.6 of Notation 6.1,
we define Up = R[Tin, -, Tsn)y,  Bn = (1+2U,)"tU,,

A= K(r,...,7)NR*, U := U2 ,U, and B := U2 ,B,=(1+zU0)"'U.
The following statements are equivalent:
(1) The extension Uy := R[m1,...7Ts] — R*[1/z] is flat.
) The ring B is Noetherian.
) The extension B — R* is faithfully flat.
) The ring A is Noetherian and A = B.
) The ring U is Noetherian
) The ring A is Noetherian and is a localization of a subring of Up[l/z].
) The ring A is Noetherian and is a localization of a subring of U[1/z].

PrOOF. For the proof of Theorem 8.8, use the identifications in (6.13) and
(6.14); then apply Theorem 8.3. O

REMARKS 8.9. (1) Theorem 8.8 completes the proofs of the iterative examples
Theorems 4.12 and 7.2; see Example 7.15.

(2) The original proof given for Theorem 8.8 in [55] is an adaptation of a
proof given by Heitmann in [70, page 126]. Heitmann considers the case where
there is one transcendental element 7 and defines the corresponding extension U to
be a simple PS-extension of R for z. Heitmann proves in this case that a certain
monomorphism condition on a sequence of maps is equivalent to U being Noetherian
[70, Theorem 1.4].

In Chapters 9, 10, 11, and 13, for an element z in the Jacobson radical of
R, we study the condition in Noetherian Flatness Theorem 8.8 that the embedding
Uy — R*[1/z] is flat. In some of these chapters we show that flatness of a polynomial
extension implies flatness of Uy — R*[1/z] and that sometimes non-flatness of this
polynomial extension implies non-flatness of Uy — R*[1/z].

REMARK 8.10. Examples where A = B is not Noetherian show that it is
possible for A to be a localization of U and yet for A, and therefore also U, to fail
to be Noetherian. Thus the equivalent conditions of Noetherian Flatness Theorem
8.8 are not implied by the property that A is a localization of U.
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ExaMPLE 8.11. Recall that in Example 7.3 we may take k = Q and 0 := e —1
and 7 := e — 1. We have 0 := 2=7 is in A := Q[[z,y]] N Q(=,y,0,7) and not in
B = U,en Q2. Y, 00, Tnl(2,y,00,7)» Where 0, and 7, are the endpieces defined in
(6.1.1). Then A is Noetherian and B C A. Set C := U,y Q[7, ¥, 0n](2,y,0,,)- Then
C = Qyl[l=]] N Q(z,y,0) is an excellent two-dimensional regular local domain;
see Theorem 9.2 and Corollary 9.7 of Chapter 9. Inside the (y)-adic completion of
C, we define U := |J,,cj C[7n] as in (6.1.5). The ring B is the localization of U at
the multiplicative system 1 4 yU, and the rings B and U are not Noetherian. It
follows that A is not a localization of U by Theorem 8.8.

ProOOF. By Claim 7.4, § ¢ B. If U were Noetherian, then B would be Noe-
therian. But the maximal ideal of B is (z,y)B, so if B were Noetherian, then it
would be a regular local domain with completion Q[[x, y]]. Since the completion of
a local Noetherian ring is a faithfully flat extension by Remark 3.6.3, and since the
field of fractions of B is Q(z,y, 0, T), then B would equal A by Remark 2.21.9.

That A is Noetherian follows from Valabrega’s Theorem 4.2. If A were a
localization of U, then A would be a localization of B. But each of A and B
has a unique maximal ideal and the maximal ideal of A contains the maximal ideal
of B. Therefore B C A implies that A is not a localization of B. O

The following diagram displays the situation concerning possible implications
among certain statements for Inclusion Construction 5.3 and the approximations
in Section 6.1:

’R* [1/a] is flat over Uy = R|[z] ‘ (=)

B P

7 ? A Noetherian ‘

2

REMARK 8.12. In connection with the flatness property, if Uy := R[r] <
R*[1/z] is flat, then for each P € Spec R*[1/z] one has that ht P > ht(P N Up).
We show in Chapter 11 that conversely this height inequality in certain contexts
implies flatness.

Exercise
(1) For the strictly descending chain of one-dimensional local domains
A D Ay D---D A, D

that are birational extensions of R = k[x,y] given in Example 8.7, describe the
integral domain D :=()7_; A

Suggestion: Since n, N R = (x,y)R, we have R, , r C A, for each n € N.
By Exercise 4 of Chapter 5, the ring A,, may be described as

Ap={a/b|labeR, b#0 anda € I" +bR" }.
Show that a € I" + bR* for all n € N if and only if a/b € R, -



CHAPTER 9

Examples where flatness holds

We continue the notation of the preceding chapters: R is a Noetherian integral
domain with field of fractions K, z is a nonzero nonunit of R, and R* is the (z)-adic
completion of R. We consider R* as a power series ring in z over R in the sense
of Remark 3.2. Assume that [ is an ideal of R* such that p N R = (0) for each
p € Ass(R*/I).

In Sections 9.1 and 9.2 we present several examples of the Homomorphic Image
Construction 5.4 where the flatness condition of the Noetherian Flatness Theorem
8.3 holds; that is, the map R — (R*/I)[1/z] is flat. We also describe several of
these examples using the Inclusion construction 5.3. The Inclusion Construction 5.3
is in certain ways more transparent.

In Section 9.3 we investigate special properties of the intersection domain
A= KN (R*/I) from the Homomorphic Image Construction 5.4, such as hav-
ing geometrically regular formal fibers. We present in Example 9.11 an example
of a Noetherian local domain that is not universally catenary, but has geometri-
cally regular formal fibers. The Homomorphic Image Construction 5.4 permits the
construction of such examples, whereas the Inclusion Construction 5.3 does not.

9.1. Polynomial rings over special DVRs

In view of Noetherian Flatness Theorem 8.3, it is natural to ask about the
existence of ideals I of the (z)-adic completion R* such that R — (R*/I)[1/z] is
flat. In the case where R is a polynomial ring over a field and R* is the completion
with respect to one of the variables, Polynomial Example Theorem 9.5 presents
explicit ideals I of R* such that R — (R*/I)[1/%] is flat. The intersection domains
A obtained with the Homomorphic Image Construction 5.4 using these ideals are
polynomial rings over special DVRs, and they are equal to their approximation
domains B.

First we prove Polynomial Example Theorem 9.2 for the Inclusion Construc-
tion 5.3; this version is useful for many of our examples and it is vital to the Insider
Construction in Chapters 10 and13. The proof is easier for this form. The isomor-
phisms obtained from Notation 6.13 and Proposition 6.14 yield the corresponding
result for the Homomorphic Image Construction 5.4. We give localized versions of
both Polynomial Example Theorems 9.5 and 9.2 in Localized Polynomial Example
Theorem 9.7.

We present the setting used for the versions of the first two Polynomial Ex-
ample Theorems together. For convenience we also include the definitions of the
intersection and approximation domains corresponding to the two constructions
from Sections 5.1, 6.1 and 6.2.

75



76 9. EXAMPLES WHERE FLATNESS HOLDS

SETTING AND NOTATION 9.1. Let « be an indeterminate over a field k. Let r be
a nonnegative integer and s a positive integer. Assume that 1,...,7s € zk[[z]] are
algebraically independent over k(x) and let yq,...,y, and t1,...,ts be additional
indeterminates. We define the following rings:

(9.1.a) R:=k[z,y1,...,¥r), R =E[y1,...,u])l[z]], V =k(z,71,...,75) NE[[z]].
Notice that R* is the (z)-adic completion of R and V is a DVR by Remark 2.1.
We use the base ring R to define as in Construction 5.3 and Section 6.1

(9~1incl) Aincl = k(l’, Yiy oo s Yry T1y e - Ts) N R*7 Bincl = (1 + innCl)_lUincly

where Uinel := U, ey B[Tin, - - - Tonl, €ach 7, is the n*" endpiece of 7; and each
Tin € R*, for 1 < i < s. By Construction Properties Theorem 6.19.4, the ring R*
is the (z)-adic completion of each of the rings Ainel, Bina and Uipncl.
Set S := kl[z,y1,...,Yr,t1,...,ts], let S* be the (z)-adic completion of S and
let o; :=t; — 7y, for each i. We define I := (t; —71,...,ts —75)S* = (01,...,05)5™.
With S as the base ring, we define as in Construction 5.4 and Section 6.2

(9~1hom)
Ahom = k(l’, Y, oo Yr, t17 e ats) N (S*/I)a Bhom = (]- + ‘TUhom)ithoma
where Unom := U, en S[01n; - -, Tsnl], €ach oy, is the n' frontpiece of o; and each

oin € Q(S)N(S*/I), for 1 <i <'s, by Proposition 6.11. By Construction Proper-
ties Theorem 6.17.4, the ring S*/I is the (z)-adic completion of each of the rings
Ahom, Bhom and Uhom-

Proposition 6.14 and Notation 6.13 imply the following isomorphisms
(glb) Uincl = Uhoma Aincl = Ahomv Bincl = Bhom R* = S*/I

In Polynomial Example Theorems 9.2, 9.5 and 9.7, the rings A and B are often
excellent; see Definition 3.28. This is not always true by Remark 9.4 below.

PorLyNoMmIAL EXAMPLE THEOREM 9.2. (Inclusion Version) Assume Setting
and Notation 9.1 with R, R*,V, Ainc and By as defined in Equations 9.5.a and 9.1,
Then:

(1) The canonical map o : R[ry,...7s] = R*[1/x] is flat.

(2) Binet = Ainet is Noetherian of dimension v+ 1 and is the localization
1+ 2Viyt,...,u) " WVys,...,y:] of the polynomial ring V{y1,...,y,]
over the DVR V. Thus Ainer is a reqular integral domain.

(3) Binel 18 a directed union of localizations of polynomial rings in v+ s + 1
variables over k.

(4) If k has characteristic zero, then the ring By = Ainel is excellent.

ProoOF. The map
klx, 1, ...7s] <= k[[z]][1/x]
is flat by Remark 2.21.4 since k[[z]][1/z] is a field. By Fact 2.22
klx,71,...7s] & kly1, .- -, yr] = EK[[2]][1/2] @k kly1, .- Yr)
is flat. We also have k[[z]][1/z] ® k[y1, - .-, yr] = K[[2]][y1, - - -, yr][1/x] and
kla, 1, ...7s) @k k[y1, -, yr] 2 K[z, y1, -,y (11, - TS
Hence the natural inclusion map

Kl i, &kl )[1/2]
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is flat. Also k[[z]][y1,--.,yr] < K[y1,-..,y][[x]] is flat since it is the map taking a
Noetherian ring to an ideal-adic completion; see Remark 3.6.2. Therefore

K)o, - vl [1/2] <% Kl w, -y [])[1/2]
is flat. It follows that the map

Elx,y1s- - yr][T1s - - Ts] % R*[1/x] = K[y, - - -, yr)[[2]][1/2]
is flat. Thus the Noetherian Flatness Theorem 8.8 implies items 1 - 3.

If k£ has characteristic zero, then V is excellent by Remark 3.29; hence item 4
follows from item 2 since excellence is preserved under localization of a finitely
generated algebra by Remark 3.29. For more details see [87, (34.B),(33.G) and
(34.a)], [42, Chap. IV]. O

We observe in Proposition 9.3 that over a perfect field k of characteristic p > 0
(so that k = k'/P) a one-dimensional form of the construction in Polynomial Exam-
ple Theorem 9.2 yields a DVR that is not a Nagata ring, defined in Definition 2.3.1,
and thus is not excellent; see Remark 3.29, [89, p. 264], [87, Theorem 78, Defini-
tion 34.8].

PROPOSITION 9.3. Let k be a perfect field of characteristic p > 0, let the element
7 of zk[[z]] be such that x and T are algebraically independent over k and set
V = k(z,7)Nk[[z]]. Then'V is a DVR for which the integral closure V of V in the
purely inseparable field extension k:(xl/p, Tl/p) s not a finitely generated V -module.
Hence V' is not a Nagata ring and so is not excellent.

PROOF. It is clear that V' is a DVR with maximal ideal V. Since x and 7
are algebraically independent over k, [k(z/?, 7V/P) : k(z,7)] = p>. Let W denote
the integral closure of V in the field extension k(z'/?,7) of degree p over k(z,T).
Notice that

W = k(P 7) 0 k[[zYP)] and V = k(zV?,7YP) N k[[z'/?]]

are both DVRs having residue field k& and maximal ideal generated by z'/?. Thus
V =W + 2PV, If V were a finitely generated W-module, then by Nakayama’s
Lemma it would follow that W = V. This is impossible because V is not birational
over W. It follows that V is not a finitely generated V-module, and hence V is not
a Nagata ring. O

REMARK 9.4. Assume the field k is perfect with characteristic p > 0. By
Proposition 9.3, the ring V' is not excellent. Since A = Vy|, ), the ring V is a
homomorphic image of A. Since excellence is preserved under homomorphic image,
the ring A is not excellent.

We now state and prove the homomorphic image version of the theorem.

PoryNoMIAL EXAMPLE THEOREM 9.5. (Homomorphic Image Version) — As-
sume Setting and Notation 9.1 with Apom and Bhom as in Equation 9.14,. Then

(1) The canonical map o : S — (S*/I)[1/x] is flat.

(2) Bhom = Anhom is Noetherian of dimension r+1 and is a localization of the
polynomial ring V{y1,...,y.| over the DVR V. Thus Apom is a reqular
integral domain.

(3) Bhrom is a directed union of localizations of polynomial rings in r + s+ 1
variables over k.
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(4) If k has characteristic zero, then Bhom = Apom is excellent.

PROOF. The ideal I := (t; — 71,...,ts — 75)S* is a prime ideal of S* and
S*/T = Ely1,...,yr)[[x]]. The fact that 7,...,7s are algebraically independent
over k(z) implies that I NS = (0).

We identify the Homomorphic Image Construction 5.4 for the ring S with
the Inclusion Construction 5.3 for the ring R as in the following diagram slightly
modified from Chapter 5, where X is the R-algebra isomomorphism that maps
ti—>T1ifori=1,...;s and K := Q(R).

(9.5.1)
S = Rlt1,...,ts] — Anom := K(t1,...,ts) N (S*/I) —— S*/I
! | A
R —— R[n,...,7s] —— Apma:=K(m,....,7s)NR* —— R*.

In view of the identifications displayed in this diagram, the items of the homo-
morphic image version of Polynomial Example Theorem 9.5 follow from the corre-
sponding items of the inclusion version, Polynomial Example Theorem 9.2. (I

REMARK 9.6. The identifications indicated in the proof of Theorem 9.5 yield
that a one-dimensional example over a perfect field & of characteristic p > 0 can
be constructed using the homomorphic image construction that corresponds to the
example described in Remark 9.4.

We give below a localized form of Polynomial Example Theorems 9.5 and 9.2.
Then the rings R, A, and B are local. The ring B is a localization of U = U,,
where each U,, = R[r;n|, and B is also a localization of U’ = U], where each
U, = k[y;, 7in]. This simpler second form U’ of U is used in Chapters 17 and 18.

LocaLizED POLYNOMIAL EXAMPLE THEOREM 9.7. If we adjust Setting and
Notation 9.1 so that the base rings are the regular local rings

R:= k[xay17"'7y7‘](w,y1,4..,y,,~) and S := k[xay17"'ayr‘yth"'ats](w,yl,.4.,y,,«,t1,...,t§)a

then the conclusions of Polynomial FExample Theorems 9.2 and 9.5 are still valid.
In particular:

(1) For Inclusion Construction 5.3, with the notation of Equation 9.1;p.,
Ainet = Biner = V[yh e >yr](x,y1 ..... yrl)s

is a Noetherian regular local ring, and the extension Rlt1,...,ts] = R*[1/x]
is flat. In addition,

Binet = JUn)m, = Umy = JU)) i, = ULy, where U=|JU,, U =|]JUy,
Un =k[Z, 91, Yrl @y [Tins 5 Tonls - My = (T, 915+ Y, Tins - - Tsn) Uny
Ul =k[Z, 91, Yrs Tin, -+, Ton)y 0 = (Y15« s Yry Tins - -+ Tsn) UL,

my =(z,y1,...,y-)U  and my = (z,y1,...,y.)U".

(2) For Homomorphic Image Construction 5.6, with the notation of Equa-
tion 9. 1hom;  Anom = VY1, ¥rl@yr,n]) = Bhom- The flatness state-
ment in Theorem 9.5.1 holds for the revised S and S*.
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(3) Aincl = Ahom-

PROOF. The proofs of Theorems 9.2 and 9.5 apply to the localized polynomial
rings. The statements about the rings U follow from Remark 6.4. Item 3 follows
from Diagram 9.5.1. (]

EXAMPLE 9.8. Let S be as in Localized Polynomial Example Theorem 9.7.
Then t; —74,...,ts — 75 is a regular sequence in S*. Let [ = (t1 —71,...,ts —75)S*
as in Localized Polynomial Example Theorem 9.7. Then Theorem 8.6 implies that
S — (S8*/I™)[1/z] is flat for each positive integer n. Using I™ in place of I,
Theorem 9.7.2 implies the existence for every r and n in N of a Noetherian local
domain A having dimension r + 1 such that the (z)-adic completion A* of A has
nilradical n with n"~1 # (0).

Here are some more specific examples to which Polynomial Example Theo-
rems 9.5, 9.2 and 9.7 apply. Example 9.9 shows that the dimension of U can be
greater than the dimension of Bypgpy,.

EXAMPLES 9.9. Assume the setting and notation of ( 9.1).
(1) Let S := k[z,t1,...,ts], that is, there are no y variables and let S* denote
the (x)-adic completion of S. Then I = (t; — 7,...,ts — 75) and, by Theorem 9.5,

(S*/I) N Q(S) = Ahom = Bhom
is the DVR obtained by localizing U at the prime ideal xU. In this example

S[1/x] = U[l/z] has dimension s + 1 and so dimU = s + 1, while dim(S*/I) =
dim Ahom = dim Bhom =1.

(2) Essentially the same example as in item 1 can be obtained by using Theo-
rem 9.2 as follows. Let R = k[x], then R* = k[[z]] and

Aincl = k(x, Tly--- aTs) N ,ZCH.Z‘]] and Aincl == Bincl;

by Theorem 9.2. In this case Uy, is a directed union of polynomial rings over k,
o0
Uina = U k}[l‘] [Tlna ce aTSTL])
n=1

where the 7;,, are the n*" endpieces of the 7; as in Section 6.1. By Proposition 6.11,
the endpieces are related to the frontpieces of the homomorphic image construction.
(3) Applying Localized Polynomial Example Theorem 9.7, one can modify
Example 9.9.1 by taking S to be the (s + 1)-dimensional regular local domain
E[ty,... ,ts, ], t,,2)- In this case S, = U, has dimension s, while we still have
S*/I = E[[z]]. Thus dimU = s + 1 and dim(S*/I) = 1 = dim Apom = dim Bhom.

One can also obtain a local version using the inclusion construction with R =
k[z] () and applying Theorem 9.2. We again have R* = k[[x]].

With S as in either (9.9.1) or (9.9.3), the domains B,, constructed from S as in
Section 6.2 of Chapter 6 are (s + 1)-dimensional regular local domains dominated
by k[[x]] and having k as a coefficient field. In either case, since (S*/I), is a field,
the extension S < (S*/I), is flat. Thus by Theorem 8.3 the family {B, }nen is
a directed union of (s 4+ 1)-dimensional regular local domains whose union B is
Noetherian, and is, in fact a DVR.

(4) In the notation of (9.1) with the adjustment of Localized Polynomial Exam-
ple Theorem 9.7, let r = 1 and y; = y. Thus S = k[z,y,t1,...,ts](zy.t1,...t.)- Then
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S*/I = kly]l[z]]. By Theorem 9.7.2, the extension S < (S*/I)[1/z] is flat. Let
V = k[[z]]Nk(z,71,...,7s). Then V is a DVR and (S*/1) N Q(S) = V[y(z,y) is a
2-dimensional regular local domain that is the directed union of (s+ 2)-dimensional
regular local domains.

9.2. Transfer to the intersection of two ideals

We use the homomorphic image construction and assume the notation of the
Noetherian Flatness Theorem 8.3. In Theorem 9.10 we show that in certain cir-
cumstances the flatness, Noetherian and computability properties associated with
ideals I; and Iy of R* as described in Theorem 8.3 transfer to their intersection
I N I5.1 We use Theorem 9.10 in Section 9.3 to show in Theorem 9.13 that the
property of regularity of the generic formal fibers also transfers in certain cases to
the intersection domain associated with the ideal 11 N Is.

THEOREM 9.10. Let R be a Noetherian integral domain with field of fractions
K, let z be a nonzero nonunit of R, and let R* denote the (z)-adic completion of
R. Let I1 and Is be ideals of R* such that
(i) 2™ € I + I for some positive integer n,
(ii) pN R = (0), for each p € Ass(R*/I1), and each p € Ass(R*/I1), and
(i) R — (R*/I;)[1/7] is flat for each i.
We set A; := KN (R*/1;) and set A:= KN (R*/(I1 NI3)). Then:
(1) The ideal I := I, NIy satisfies the conditions of Noetherian Flatness The-
orem 8.3 and the map R — (R*/I))[1/z] is flat. The (z)-adic completion
A* of A is R*/I, and the (z)-adic completion A} of A; is R*/I;, for
i=1,2.
(2) The ring A*[1/z] = (A7)[1/z] & (A%)[1/z]. If Q € Spec(A*) and z ¢ Q,
then (A*)q is a localization of either A} or Aj.
(3) Wehave A C A1NAsy, and (A1)[1/2]N(A2)[1/z] C Ap for each P € Spec A
with z ¢ P. Thus we have A[1/z] = (A1)[1/z] N (A3)[1/z].

Proor. By Theorem 8.3, the (z)-adic completion A} of A; is R*/I;. Since
Ass(R*/(I; N 1)) C Ass(R*/I;) U Ass(R*/I3), the condition on assassinators of
Theorem 8.3 holds for the ideal I; N Is. The natural R-algebra homomorphism
7 : R* — (R*/I) ® (R*/I5) has kernel I N Iy. Further, the localization of 7
at z is onto because (I + I2)R*[1/z] = R*[1/z]. Thus (R*/(I; N I3))[1/z] =
(R*/11)[1/z] @ (R*/12)[1/z] = (A})[1/z] ® (A%)[1/%] is flat over R. Therefore A is
Noetherian and A* = R*/I is the (z)-adic completion of A.

If Q € Spec(A*) and z ¢ Q, then Ay is a localization of

AT[1/z] = (AD[1/z] @ (A3)[1/z].

Every prime ideal of (A7)[1/z] & (A%)[1/z] has the form either (Q1)Aj[1/z] @
(A3)[1/2] or (A})[1/z] ® Q245[1/z], where Q; € Spec(Aj). It follows that Ay
is a localization of either A} or A3.

Since R*/I; is a homomorphic image of R*/(Iy N I3), the intersection ring
A C A, fori=1,2. Let P € Spec A with z ¢ P. Since A* = R*/I is faithfully flat
over A, there exists P* € Spec(A*) with P* N A = P. Then z ¢ P* implies A%.
is either (A7)ps or (A3)p;, where P € Spec(A]). By symmetry, we may assume

1A generalization of Theorem 9.10 is given in Theorem 16.9.
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Ap. = (A})py. Let PL = P N Ay, Since Ap — Ap. and (A1)p, — (A})p; are
faithfully flat, we have

Ap=Ap. NK = (A])p; N K = (A1)p, 2 (A1)[1/2].

It follows that (A;1)[1/2z] N (A2)[1/z] C Ap. Thus we have
(A1)[1/z] N (A2)[1/z] C ﬂ{Ap | P€SpecAand z ¢ P} = A[l/z].
Since A[1/z] C (A;)[1/z], for i = 1,2, we have A[1/z] = (A1)[1/2z] N (A2)[1/z]. O

The ring B of Example 9.11 is a two-dimensional Noetherian local domain that
birationally dominates a three-dimensional regular local domain and is such that
B is not universally catenary. The completion of B has two minimal primes one
of dimension one and one of dimension two and this implies B is not universally
catenary by Theorem 3.15. It follows that B is not a homomorphic image of a
regular local ring because every homomorphic image of a regular local ring, or even
of a Cohen-Macaulay local ring, is universally catenary by Remark 3.17. We present
in Chapter 16 other examples of Noetherian local domains of various dimensions
that are not universally catenary and that have properties similar to those of the
Noetherian local domain B of Example 9.11.

EXAMPLE 9.11. Let k be a field of characteristic zero? and let x,%,z be in-
determinates over k. Let R = k[x,y, 2](5,,2), let K denote the field of fractions
of R, and let 71, 79,73 € xk[[z]] be algebraically independent over k(z,y,z). Let
R* denote the (z)-adic completion of R. We take the ideal I to be the intersec-
tion of the two prime ideals @ := (z — 71,y — 72)R*, which has height 2, and
P := (z — m3) R*, which has height 1. Then R*/P and R*/(Q) are examples of the
form considered in Examples 9.9. Thus (R*/P)[1/z] and (R*/Q)[1/z] are both flat
over R. Here R*/P = k[y](,[[z]]; the ring V := k[[z]] N k(z,73) is a DVR, and
Ay = (R*/P)N K = V[y|(s,) is a two-dimensional regular local domain that is a
directed union of three-dimensional RLRs, while Ay := (R*/Q) N K is a DVR.

Since 71,73 € zk[[z]], the ideal (z — 71,z — 73) R* has radical (x,z)R*. Hence
the ideal P + @ is primary for the maximal ideal (z,y,2z)R*, so, in particular, P
is not contained in ). Therefore the representation I = P N @ is irredundant and
Ass(R*/I) = {P,Q}. Since PNR = QNR = (0), the ring R injects into R*/I. Let
A:=Kn(R*/I).

By (9.10.1), the inclusion R < (R*/I)[1/z] is flat. By Theorem 8.3, the ring
A is Noetherian and is a localization of a subring of R[1/z]. The map A < A of
A into its completion factors through the map A — A* = R*/I. Since R*/I has
minimal primes P/I and Q/I with dim R*/P = 2 and dim R*/Q = 1, and since A
is faithfully flat over A* = R*/I, the ring A is not equidimensional. It follows that
A is not universally catenary by Theorem 3.15.

9.3. Regular maps and geometrically regular formal fibers
We show in Corollary 9.14 that the ring A = B of Example 9.11 has geometri-
cally regular formal fibers.®> Another example of a Noetherian local domain that is
2The characteristic zero assumption implies that the intersection rings A; and Az as con-

structed below are excellent; see (9.5.4).
3A generalization of Corollary 9.14 is given in Corollary 16.19
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not universally catenary but has geometrically regular formal fibers is given in [42,
(18.7.7), page 144] using a gluing construction; also see [41, (1.1)].

ProPOSITION 9.12. Let R,z, R*, A, B and I be as in Theorem 8.3. Assume
that for each P € Spec(R*/I) with z ¢ P, the map ¢p : Rpar —> (R*/I)p is
reqular. Then A = B and moreover:

(1) A is Noetherian and the map A — A* = R*/I is regular.
(2) If R is semilocal with geometrically regular formal fibers and z is in the
Jacobson radical of R, then A has geometrically reqular formal fibers.

PROOF. Since flatness is a local property by (2.21.1), and regularity of a map
includes flatness, the map ¢, : R — (R*/I)[1/z] is flat. By Theorem 8.3, the
intersection ring A is Noetherian with (z)-adic completion A* = R*/I. Hence
A — A* is flat.

Let @ € Spec(A), let k(Q) denote the field of fractions of A/Q and let Qp =
QNR.

Case 1: z € Q. Then R/Qo = A/Q = A*/QA* and the ring Ay 4. /QAG 4 =
A* ®4 k(Q) = Ag/QAg is trivially geometrically regular over k(Q).

Case 2: z ¢ Q. Let k(Q) C L be a finite algebraic field extension. We show
the ring A*®4 L is regular. Let W € Spec(A*®4 L) and let W' = PN(A*®4k(Q)).
The prime W’ corresponds to a prime ideal P € Spec(A*) with PN A = Q. By
assumption the map

Rq, — (R*/I)p = A}
is regular. Since z ¢ @ it follows that Rg, = Ugnu = Ag and that k(Qo) = k(Q).
Thus the ring A} ®4,, L is regular. Therefore (A* ® 4 L)w, which is a localization
of this ring, is regular.

For item 2, since R has geometrically regular formal fibers, so has R* by [112].
Hence the map 6 : A* = R*/I — A = (ﬁﬁ) is regular. By [87, Thm. 32.1 (i)]
and item 1, it follows that A has geometrically regular formal fibers, that is, the
map A — Ais regular. O

THEOREM 9.13. Let R be a Noetherian integral domain with field of fractions
K. Let z be a nonzero nonunit of R and let R* denote the (z)-adic completion of R.
Assume that Iy and Iz are ideals of R*, such that every prime ideal P € Ass(R*/I;)
satisfies PN R = (0), fori =1 and i = 2. Also assume

(1) R is semilocal with geometrically regular formal fibers and z is in the
Jacobson radical of R.
(2) (R*/11)[1/z] and (R*/13)[1/z] are flat R-modules and the ideal Iy + I of
R* contains some power of z.
(3) Fori=1,2, A; := KN (R*/I;) has geometrically reqular formal fibers.
Then A= KN (R*/(I1 N I3)) = B has geometrically reqular formal fibers.

PrROOF. Let I = I N Is. Since R has geometrically regular formal fibers,
by Proposition 9.12.2, it suffices to show for W € Spec(R*/I) with z ¢ W that
Ry, — (R*/I)w is regular, where Wy := W N R. As in Theorem 9.10, we
have (R*/I)[1/z] = (R*/I1)[1/z] ® (R*/I)[1/z]. It follows that (R*/I)w is a
localization of either R*/I; or R*/I,. Suppose (R*/I)w = (R*/I1)w,, where
Wy € Spec(R*/I1). Then Rw, = (A1)w,na, and (A1)w,na, — (R*/I)w, is
regular. A similar argument holds if (R*/I)w is a localization of R*/I5. Thus, in
either case, Ry, — (R*/I)w is regular. O
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COROLLARY 9.14. The ring A = B of Example 9.11 has geometrically regular
formal fibers, that is, the map ¢ : A — A is regular.

PROOF. By the definition of R and the observations given in (9.11), the hy-
potheses of (9.13) are satisfied. O

Exercises

(1) Describe Example 9.9.4 in terms of the Inclusion Construction. In particular,
determine the appropriate base ring R for this construction.

(2) For the rings A and A* of Example 9.11, prove that A* is universally catenary.






CHAPTER 10

Introduction to the insider construction

We describe in this chapter and in Chapter 13 a version of Inclusion Con-
struction 5.3 that we call the Insider Construction. We present in this chapter
several examples using this Insider Construction including two classical examples.
The Insider Construction simplifies the creation of examples. Moreover the Insider
Construction makes it easier than with the Construction 5.3 to determine whether
a given example is or is not Noetherian. The Insider Construction is described in
more generality and with more details in Chapter 13.

For the examples considered in this chapter, we begin with a base ring that is
a localized polynomial ring in two or three variables over a field. We construct two
“insider” integral domains inside an “outside” ring A°"', where A°" is constructed
from Localized Polynomial Example Theorem 9.7 with the Inclusion Construc-
tion 5.3. By Localized Polynomial Example Theorem 9.7, the intersection domain
A°" is equal to an approximation integral domain B°“* that is the nested union
of localized polynomial rings from Section 6.1. The two insider integral domains
contained in A°" are: A an intersection of a field with a power series ring as
in Construction 5.3, and B, a nested union of localized polynomial rings that
“approximates” A" as in Section 6.1.

As we describe in Proposition 10.6, the condition that the insider approxima-
tion domain B is Noetherian is related to flatness of a map of polynomial rings
corresponding to the extension B™ — B°" Flatness of this map implies that
the insider approximation domain B" is Noetherian, that the insider intersection
domain A™ equals B and that A™ is Noetherian. We apply this observation in
Proposition 10.2 and Example 10.7 to conclude that certain constructed rings are
Noetherian. We use Theorem 13.6 from Chapter 13 to show that other constructed
rings are not Noetherian.

We present more details concerning flatness of polynomial extensions in Chap-
ter 11.

10.1. The Nagata example

In Proposition 10.2 we adapt the example of Nagata given as Example 4.8 in
Chapter 4, to fit the Insider Construction.

SETTING 10.1. Let k be a field, let « and y be indeterminates over k, and set
R:= k[z,y](zy) and R : = klylylz]]-
The power series ring R* is the xR-adic completion of R. Let 7 € zk[[z]] be a tran-
scendental element over k(x). Since R* is an integral domain, every nonzero element
of the polynomial ring R[7] is a regular element of R*. Thus the field k(z,y,7) is
a subfield of Q(R*). We define the intersection domain A, corresponding to 7 by
A; = k(z,y,7) N R*.

85
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Let f be a polynomial in R[7] that is algebraically independent over Q(R), for
example, f = (y + 7)%. We set Ay := Q(R[f]) N R* to be the intersection domain
corresponding to f. Since R[f] C R[7], we have k(z,y, f) = Q(R[f]) C Q(R*). In
the language of the introduction to this chapter, A, is the “outsider” intersection
domain A°"* and Ay, which is contained in A, is the “insider” intersection domain
AIHS.

Recall from Section 6.1 and Remark 6.4 that there are natural “approximating”
outsider and insider domains associated to A, and Ay, namely,

(10.1.0) B, : = U klz,y, Tal(@y,7) and By:= U K[z, Y, fol@y,rn)s
neN neN

where the 7, are the n'® endpieces of 7 and the f, are the n'" endpieces of f.
The rings B, and By are nested unions of localized polynomial rings over k in 3
variables. (These approximating domains are the C,, of Remark 6.4.)

By Localized Polynomial Example Theorem 9.7.1, the extension T := R|[7] i)
R*[1/x] is flat, where ¢ is the inclusion map, and the ring A, is Noetherian and
is equal to the “computable” nested union B,. Let S := R[f] C R[7] and let ¢ be

the embedding ¢ : S := R[f] <> T = R[r]. Put a := 1o : S — R*[1/z]. Then we
have the following commutative diagram:

(10.5.1) =g w]

R C S:=Rlf] So—tT::R[a,T]

In Proposition 10.2, we present a different proof of the result of Nagata de-
scribed in Example 4.8.

PROPOSITION 10.2. With the notation of Setting 10.1, let f := (y + 7). In
the Nagata Exzample 4.8, the ring Ay = By is Noetherian with completion k[[z, y]].
Therefore Ay is a two-dimensional regular local domain.

PROOF. Since T' = RJ[r] is a free S-module with free basis (1,y + 7), the map

S & T is flat, by Remark 2.21.2. As mentioned above, the map T 2 g [1/z]

is flat. Therefore as displayed in Diagram 10.1.1, the map S <> R*[1/z] is flat;
see Remark 2.2113. By Noetherian Flatness Theorem 8.8 and Remark 6.4, By is
Noetherian and

By = Ay. O

REMARK 10.3. In the example of Nagata it is required that the field k£ have
characteristic different from 2. This assumption is not necessary for showing that
the domain A of Proposition 10.2 is a two-dimensional regular local domain.

10.2. Other examples inside the polynomial example

To describe other examples, we modify Setting 10.1 as follows.
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SETTING 10.4. Let k be a field, let z,y, z be indeterminates over k, and set
R:= k[xay7z}(a:7y7z) and R : = k[y7z](y,z)[[z“

The power series ring R* is the xR-adic completion of R. Let o and 7 in zk[[z]]
be algebraically independent over k(x) such that every nonzero elements of the
polynomial ring R[o, 7] is regular in R*. We define the intersection domains A,
and A, . corresponding to 7 and o, 7 as follows:

A'r = k(mvyv Z,T) N R* and AJ,T = k(l’,y, %, 0, T) N R*

In the following examples we define f to be an element of R[o, 7] that is alge-
braically independent over Q(R). The intersection domain corresponding to f is
Ay = Q(R[f]) N R*. In the language of the beginning of this chapter, A; or A, ; is
the “outsider” intersection domain A°"*, and Ay, which is contained in A, or 4, .,
is the “insider” intersection domain A",

As in Setting 10.1 for the Nagata Example, there are natural “approximating”
domains associated to A, A, and Ay, respectively, namely, B, B, and By,
respectively. The rings B;, B, . and By are nested unions of localized polynomial
rings over k in 4 or 5 variables.

REMARK 10.5. With Setting 10.4, let T := R[o, 7] and let S := R[f], where f
is a polynomial in R[c, 7] that is algebraically independent over Q(R). Notice that
the inclusion map ¢ : T < R*[1/xz] is flat. Let ¢ : S < T denote the inclusion map
from S to T. Then we have the following commutative diagram with additional
maps shown:

Rfa

(10.1.1) /"’[y T(1/2]
/

R S:=R[f]——F— T = RI[7]

N

We note the following:

(1) Lemma 11.20 implies the map ¢ is flat if and only if the nonconstant
coefficients of f as a polynomial in R[o, 7] generate the unit ideal of R.

(2) If ¢ is flat then « is the composition of two flat homomorphisms and so
« is also flat, by Remark 2.2113.

(3) To conclude that « is flat, it suffices to show that ¢, : S — T'[1/z] is flat,
since the inclusion map T'[1/z] — R*[1/xz] is flat.

(4) Theorem 13.6.1 implies that ¢, : S — T[1/x] is flat if and only if the
nonconstant coefficients of f generate the unit ideal of R[1/z].

Proposition 10.6 is a preliminary result regarding flatness; there is a more
extensive discussion in Chapter 13:

PrOPOSITION 10.6. With the notation of Remark 10.5, let p, : S < T[1/x]
denote the composition of ¢ : S — T with the localization map from T to T[1/xz].
If pp : S — T[1/x] is flat, then the approzimating domain By from Section 6.1 is
Noetherian and is equal to the intersection domain Ay.

ProoF. In Diagram‘10.5.1, the map v is flat. Thus the map ¢’ : T[1/z] <
R*[1/z] is flat. If ¢, : S < T[1/z] is flat, then o = ¢’ 0 p, in Diagram 10.5.1
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is the composition of two flat maps. By Remark 2.21.13, « is flat, and hence by
Noetherian Flatness Theorem 8.8, the approximating domain By from Section 6.1
is Noetherian and is equal to the intersection domain Ay. ([l

We use Proposition 10.6 to show the Noetherian property for the following
example of Rotthaus [110], Example 4.10 of Chapters 4.

EXAMPLE 10.7. (Rotthaus) With the Setting 10.4, let f := (y + o)(z + 7)
and consider the insider domain Ay, contained in the outsider domain C A, ;.
The nonconstant coefficients of f = yz + 0z + 7y + o7 as a polynomial in R[o, 7]
are {1,z,y} . They do generate the unit ideal of R[1/x], and so, since we assume
Remark 10.5.4 for now, we have ¢, is flat. Thus, by Proposition 10.6, the associated
nested union domain By is Noetherian and is equal to Ay.

ExaMPLES 10.8. (1) With the Setting 10.4, let f := yo + z7. We show in
Examples 13.7 that the map R[f] < R|o, 7][1/z] is not flat and that Ay = By, i.e.,
A is “limit-intersecting” as in Definition 6.5, but is not Noetherian. Thus we have
a situation where the intersection domain equals the approximation domain, but is
not Noetherian.

(2) The following is a related simpler example: again with the notation of
Setting 10.4, let f := y7 + 272 € R[7] C A,. Then the constructed approximation
domain Bj is not Noetherian by Theorem 13.6. Moreover, B; is equal to the
intersection domain Ay := R* Nk(z,y, 2, f) by Corollary 13.4.

In dimension two (the two variable case), an immediate consequence of Val-
abrega’s Theorem 4.2 is the following.

THEOREM 10.9. (Valabrega) Let x and y be indeterminates over a field k and
let R = klz,yl(z,y). Then R = k[[x,y]] is the completion of R. If L is a field
between the fraction field of R and the fraction field of k[y] [[z]], then A= LN R is

o~

a two-dimensional reqular local domain with completion R.

Example 10.8 shows that the dimension three analog to Valabrega’s result fails.
With R = k[z,y,2](z,y,-) the field L = k(z,y, 2, f) is between k(z,y,2) and the

fraction field of k[y, 2] [[z]], but LN R = L N R* is not Noetherian.

ExAMPLE 10.10. The following example is given in Section 22.4. With the
notation of Setting 10.4, let f = (y + 0)? and g = (y + o)(z + 7). It is shown in
Chapter 22 that the intersection domain A := R*Nk(x,y, z, f, g) properly contains
its associated approximation domain B and that both A and B are non-Noetherian.



CHAPTER 11

The flat locus of a polynomial ring extension

Let R be a Noetherian ring, let n be positive integer and let z1,...,z, be
indeterminates over R. In this chapter we examine the flat locus of a polynomial
ring extension ¢ of the form

(11.01) S == R[f1,....fm] = Rle1,...,2n] = T,

where the f; are polynomials in RJz1,...,2,] that are algebraically independent
over R.} We are motivated to examine the flat locus of the extension ¢ by the
flatness condition of Proposition 10.6 in the Insider Construction of Chapter 10.

We discuss in Section 11.1 a general result on flatness. Then in Section 11.2
we consider the Jacobian ideal of the map ¢ : S < T of (11.01) and describe the
nonsmooth and nonflat loci of this map. In Section 11.3 we discuss applications
to polynomial extensions. Related results are given in the papers of Picavet [105]
and Wang [129].

11.1. Flatness criteria

Recall that a Noetherian local ring (R, m) of dimension d is Cohen-Macaulay
if there exist elements x1,...,x4 in m that form a regular sequence in the sense
that x; is a regular element of R, and for ¢ with 2 < i < d, the image of x; in
R/(x1,...,z;—1)R is regular; see [89, pages 123,134, 136].

The following definition is useful in connection with what is called the “local
flatness criterion” [89, page 173].

DEFINITION 11.1. Let I be an ideal of a ring A.

(1) An A-module N is separated for the I-adic topology if (), I"N = (0).
(2) An A-module M is said to be I-adically ideal-separated if a @ M is sepa-
rated for the I-adic topology for every finitely generated ideal a of A.

REMARK 11.2. In Theorem 11.3, we use the following result on flatness. Let
I be an ideal of a Noetherian ring A and let M be an [-adically ideal-separated
A-module. By [89, part (1) <= (3) of Theorem 22.3], we have M is A-flat <
the following two conditions hold: (a) I®4 M = IM, and (b) M/IM is (A/I)-flat.

Theorem 11.3 is a general result on flatness involving the Cohen-Macaulay
property and a trio of Noetherian local rings.

THEOREM 11.3. Let (R,m), (S,n) and (T,¢) be Noetherian local rings, and
assume there exist local maps:

R—S—T,

n general for a commutative ring 7" and a subring R, we say that elements fi,..., fm € T
are algebraically independent over R if, for indeterminates t1,...,tm, over R, the only polynomial
G(t1,...,tm) € R[t1,...,tm] with G(f1,..., fm) = 0 is the zero polynomial.

89



90 11. THE FLAT LOCUS OF A POLYNOMIAL RING EXTENSION

such that

(i) R — T is flat and T/mT is Cohen-Macaulay.
(ii) R — S is flat and S/mS is a regular local ring.
Then the following statements are equivalent:
(1) S =T is flat.
(2) For each prime ideal w of T, we have ht(w) > ht(w N S).

(3) For each prime ideal w of T such that w is minimal over nT, we have
ht(w) > ht(n).

PRrROOF. The implications (2) = (3) is obvious and the implication (1) = (2)
is clear by Remark 2.21.10. To prove (3) = (1), we apply Remark 11.2 with A = S,
I =mS and M =T. Thus it suffices to show:

(a) mS®sT =mT.
(b) The map S/mS — T/mT is faithfully flat.
Proof of (a): Since R < S is flat, we have mS = mR ®p S. Therefore
mSesT2(mRrS)RsT2merT = mT,
where the last isomorphism follows because the map R — T is flat.

Proof of (b): By assumption, T/mT is Cohen-Macaulay and S/mS is regular. Thus
in view of [89, Theorem 23.1], it suffices to show:

dim(T/mT) = dim(S/mS) + dim(T"/nT).
Let w be a prime ideal of T such that n7" C w and w is minimal over nT'. Since
NS =mn, also wNS = n and, by [89, Theorem 15.1], ht(w) < ht(n). By
assumption ht(w) > ht(n) and therefore ht(w) = ht(n). This equality holds for

every minimal prime divisor w of n7T" and therefore ht(n) = ht(nT). Since n is
generated up to radical by ht(n) elements, we have

dim(7T/nT) = dim(7T) — ht(nT)
= dim(7T) — ht(w)
= dim(7T") — ht(n)

Since T and S are flat over R, we have ht(mT') = ht(mS) = ht(m) [89, Theorem
15.1]. Therefore

dim7T/nT = dim(T) — ht(n)
= dim(7T) — ht(mT) — (ht(n) — ht(mS))
= dim(7/mT) — dim(S/mS)).
Therefore S/mS — T/mT is faithfully flat. By Remark 11.2, S — T is faithfully
flat. This completes the proof of Theorem 11.3. O

In Theorem 11.4 we present a result closely related to Theorem 11.3 with a
Cohen-Macaulay hypothesis on all the fibers of R — T and a regularity hypothesis
on all the fibers of R — S. For more information about the fibers of a map, see
Discussion 3.19 and Definition 3.20.

THEOREM 11.4. Let (R,m),(S,n) and (T,¢) be Noetherian local rings, and
assume there exist local maps:

R— S —T,
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such that

(i) R— T is flat with Cohen-Macaulay fibers,
(i) R — S is flat with regular fibers.

Then the following statements are equivalent:

(1) S — T is flat with Cohen-Macaulay fibers.

(2) S — T is flat.

(3) For each prime ideal w of T', we have ht(w) > ht(w N S).

(4) For each prime ideal w of T such that w is minimal over nT, we have
ht(w) > hit(n).

PRrROOF. The implications (1) = (2) and (3) = (4) are obvious and the
implication (2) = (3) is clear by Remark 2.21.10. By Theorem 11.3, item 4
implies that S — T is flat.

To show Cohen-Macaulay fibers for S — T, it suffices to show for each @ €
SpecT with P := Q NS that Ty/PTg is Cohen-Macaulay. Let Q N R = ¢. By
passing to R/q C S/qS C T/qT, we may assume Q N R = (0). Let ht P = n.
Since R — Sp has regular fibers and P N R = (0), the ideal PSp is generated
by n elements. Moreover, faithful flatness of the map Sp — T implies that the
ideal PTg has height n by Remark 2.21.10. Since T is Cohen-Macaulay, a set of
n generators of PSp forms a regular sequence in Tg. Hence Ty/PTq is Cohen-
Macaulay [89, Theorems 17.4 and 17.3]. O

Since flatness is a local property by Remark 2.21.4, the following two corollaries
are immediate from Theorem 11.4; see also [105, Théoreme 3.15].

COROLLARY 11.5. Let T be a Noetherian ring and let R C S be Noetherian
subrings of T. Assume that R — T is flat with Cohen-Macaulay fibers and that
R — S is flat with regular fibers. Then S — T is flat if and only if, for each prime
ideal P of T, we have ht(P) > ht(P N S).

As a special case of Corollary 11.5, we have:

COROLLARY 11.6. Let R be a Noetherian ring and let z1, ..., z, be indetermi-
nates over R. Assume that f1,..., fm € R[z1,...,2,] are algebraically independent
over R Then

(1) ¢:S:=R[f1,.-,fm] = T := Rlz1,..., 2] is flat if and only if, for each
prime ideal P of T, we have ht(P) > ht(P N S).

(2) For Q € SpecT, g : S — Tg is flat if and only if for each prime ideal
P CQ of T, we have ht(P) > ht(P N S).

PROOF. Since S and T are polynomial rings over R, the maps R — S and R —
T are flat with regular fibers. Hence both assertions follow from Corollary 11.5. [

11.2. The Jacobian ideal and the smooth and flat loci
We use the following definitions as in Swan [125].

DEFINITION 11.7. Let R be a ring. An R-algebra A is said to be quasi-smooth
over R if for every R-algebra B and ideal N of B with N2 = 0, every R-algebra
homomorphism g : A — B/N lifts to an R-algebra homomorphims f : A — B.
Thus in the commutative diagram below where the maps from R — A and R — B
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are the canonical ring homomorphisms that define A and B as R-algebras and the
map B — B/N is the canonical quotient ring map

R—— A

I
B —— B/N

if A is quasi-smooth over R, then there exists an R-algebra homomorphism f :
A — B that preserves commutativity of the diagram. If A is finitely presented and
quasi-smooth over R, then A is said to be smooth over R. If A is essentially finitely
presented and quasi-smooth over R, then A is said to be essentially smooth over R.

Let ¢ : S < T be as in (11.01).

DEFINITIONS AND REMARKS 11.8. (1) The Jacobian ideal J of the extension
S < T is the ideal of T generated by the m x m minors of the m x n matrix J
defined as follows: 5
g (2

0z; > 1<i<m, 1<j<n .
(2) For the extension ¢ : S — T, the nonflat locus of ¢ is the set F, where

F :={Q € Spec(T) | the map g : S — T is not flat }.
We also define the set Fiuin and the ideal F' of T as follows:
Fmin := { minimal elements of 7} and F := ﬂ{Q | Q € F}.

By [89, Theorem 24.3], the set F is closed in the Zariski topology on SpecT.

Hence
F = V(F) = {PeSpecT | FCP}.

Thus the set Fiin is a finite set and is equal to the set Min(F') of minimal primes
of the ideal F' of T

Since a flat homomorphism satisfies the going-down theorem by Remark 3.6.9,
Corollary 11.6 implies that

(i) Fmin € {Q € SpecT | ht Q < ht(Q N S)}, and

(i) If @ € Fin, then every prime ideal P C @ satisfies ht P > ht(P N S).

EXAMPLE AND REMARKS 11.9. (1) Let k be a field, let « and y be indetermi-
nates over k and set f =z, g = (x — 1)y. Then k[f, g] & k[x,y] is not flat.

PRrROOF. For the prime ideal P := (x—1) € Spec(k[z, y]), we see that ht(P) = 1,
but ht(P N k[f, g]) = 2; thus the extension is not flat by Corollary 11.6. O

(2) The Jacobian ideal J of f and g in (1) is given by:

of o
J_(det<§; gg))_(det<; 0 ))_(x_l)k[x,y}.

ox dy z—1
(3) In the example of item 1, the nonflat locus is equal to the set of prime ideals
Q of k[z,y] that contain the Jacobian ideal (x — 1)k[x,y], thus J = F'.

(4) One can also describe the example of item 1 by taking the base ring R to be
the polynomial ring k[z] rather than the field k. Then both T'= R[y] and S = R[g]
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are polynomial rings in one variable over R with g = (z — 1)y. The Jacobian ideal

J is the ideal of T' generated by g—z =1z — 1, so is the same as in item 1.

REMARK 11.10. A homomorphism f : R — A of Noetherian rings is said to be
regular, see Definition 3.23, if f is flat and has geometrically regular fibers. In the
case where A is a finitely generated R-algebra, the map f is regular if and only if
it is smooth as can be seen by taking A = A in [125, Corollary 1.2].

We record in Theorem 11.11 observations about smoothness and flatness that
follow from well-known properties of the Jacobian.

THEOREM 11.11. Let R be a Noetherian ring, let z1,...,z, be indeterminates
over R, and let f1,...,fm € R|z1,...,2s] be algebraically independent over R.
Consider the embedding ¢ : S := R[f1,..., fm] = T := R[z1,...,2,]. Let J denote
the Jacobian ideal of ¢, and let F' and Fin be as in (11.8). Then

(1) @ € SpecT does not contain J <= ¢q : S — Tq is essentially smooth.
Thus J defines the nonsmooth locus of .

(2) If Q € SpecT does not contain J, then g : S — Tq is flat. Thus J C F.

(3) Foin C{Q € SpecT | J C Q and ht(Q N S) > ht Q}.

(4) Frnin C{Q € SpecT | JC Q, htQ < dim S and ht(Q N S) > htQ}.

(5) @ is flat <= for every Q € Spec(T) such that J C Q and ht(Q) < dim S,
we have ht(Q N S) < ht(Q).

(6) If ht J > dim S, then ¢ is flat.

PROOF. For item 1, we show that our definition of the Jacobian ideal J given
in (11.8) agrees with the description of the smooth locus of an extension given in
Elkik [30] and Swan [125, Section 4].

To see this, let ug, ..., u, be indeterminates over R[z1,...,z2,]| and identify
. Rluy, ..., um][z1,- -, 2n]
Rl|z,...,z2 with
[ n] ({Uz - fi}i:l ..... m)
Since u1, ..., u,, are algebraically independent, the ideal J generated by the minors

of J is the Jacobian ideal of the extension ¢ by means of this identification. We
make this more explicit as follows.

Let B := Rlu1,...,Um,21,.--,2n) and I = ({fi — u; }iz1
following commutative diagram

m)B. Consider the

,,,,,

SZ:R[fl,...,fm] — 1= R[zl,...,zn]

i y

S1:=Rlug, ..., Uy —— T, :=B/I
Define as in Elkik[30] and Swan [125, Section 4]:

H = Hrp, g, = the radical of XA(g1,...,9s)[(91,---,9s) :B 1],

where the sum is taken over all s with 0 < s < m, for all choices of s polynomials
g, ...,9s from I = ({fi—ui,..., fm—umn})B, where A := A(g1,...,gs) is the ideal
of T'= T generated by the s x s-minors of (gg’f ), and A =T if s =0.
J
To establish (11.11.1), we show that H = rad(J). Since u; is a constant with

respect to z;, we have (W) = (ng) Thus J C H.
J J
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9g;

For g1,...,gs € I, the s X s-minors of (az
J

) are contained in the s x s-minors

of (%) Thus it suffices to consider s polynomials g1, ..., gs from the set {f; —

Ulyeooy fn — Um . Now f1 —up,..., fm — Uy is a regular sequence in B. Thus
for s < m, [(91,---,9s) :B I] = (91,--.,9s)B. Thus the m x m-minors of (gf)
J

generate H up to radical, and so H = rad(J).

Hence by [30] or [125, Theorem 4.1], Ty is essentially smooth over S if and
only if () does not contain J.

Item 2 follows from item 1 because essentially smooth maps are flat. In view
of Corollary 11.6 and (11.8.2), item 3 follows from item 2.

If ht @ > dim S, then ht(Q N S) < dim S < ht Q. Hence the set {Q € SpecT :
J C Qand ht(QNS) > htQ} is equal to the set {Q € SpecT : J C Q, htQ <
dim S and ht(Q N'S) > ht @}. Thus item 3 is equivalent to item 4.

The ( = ) direction of item 5 is clear [89, Theorem 9.5]. For the ( <)
direction of item 5 and for item 6, it suffices to show F,i, is empty, and this holds
by item 4. O

REMARKS 11.12. (1) For ¢ as in Theorem 11.11, it would be interesting to
identify the set Fiin = Min(F'). In particular we are interested in conditions for
J = F and/or conditions for J C F. Example 11.9 is an example where J = F,
whereas Examples 11.15 contains several examples where J C F.

(2) If R is a Noetherian integral domain, then the zero ideal is not in Fyi, and so
F +#{0}.

(3) In view of Theorem 11.11.3, we can describe Fi,i, precisely as

Fmin = {Q € SpecT | J C Q,ht(QNS) >htQ and VP C Q,ht(PN.S) < ht(P)}.

(4) Ttem 3 of Theorem 11.11 implies that for each prime ideal @ of Fy,i, there exist
prime ideals P, and P of S with P; C P, such that @ is minimal over both P,T
and PT.

Corollary 11.13 is immediate from Theorem 11.11.

COROLLARY 11.13. Let k be a field, let z1, ..., z, be indeterminates over k and
let f,g € k[z1,...,2n] be algebraically independent over k. Consider the embedding
w: S =k[f,g] =T :=klz1,...,2,]. Assume that the associated Jacobian ideal J
is nonzero.”> Then

(1) Fomin C {minimal primes Q of J with ht(QNS) >htQ =1 }.
(2) ¢ is flat <= for every height-one prime ideal Q) € SpecT such that
J C Q we have ht(Q N S) < 1.

(3) Ifht J > 2, then ¢ is flat.

REMARK 11.14. In the case where k is algebraically closed, another argument
can be used for Corollary 11.13.3: Each height-one prime ideal Q € SpecT has
the form @ = hT for some polynomial h € T. If ¢ is not flat, then there exists
a prime ideal @ of T of height one, such that ht(Q N.S) = 2. Then @ N S has
the form (f —a,g — b)S, where a,b € k. Thus f —a = fih and g — b = g1h
for some polynomials fi,g1 € T. Now the Jacobian ideal J of f, g is the same as
the Jacobian ideal of f — a,g — b, and an easy computation shows that J C hT.
Therefore ht J < 1.

2This is automatic if the field k has characteristic zero.
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ExXAMPLES 11.15. Let k be a field of characteristic different from 2 and let
x,1, z be indeterminates over k.

(1) With f = z and g = xy? — y, consider S := k[f, g] ST = klx,y]. Then
J = (2zy—1)T. Since ht((2zy—1)TNS) = 1, ¢ is flat by Corollary 11.13.2. But ¢ is
not smooth, since J defines the nonsmooth locus and J # T'; see Theorem 11.11.1.
Here we have J C FF =1T.

(2) With f = 2 and g = yz, consider S := k[f, g] ST = klx,y,z]. Then
J = (y,2)T. Since ht J > 2, ¢ is flat by Corollary 11.13.3. Again ¢ is not smooth
since J #T.

(3) The examples given in items 1 and 2 may also be described by taking
R = k[z]. In item 1, we then have S := R[xy? — y] < R[y] =: T. The Jacobian
J = (2zy — 1)T is the same but is computed now as just a derivative. In item 2,
we have S := R[yz] < Ry, 2] =: T. The Jacobian J = (y, )T is now computed by

taking the partial derivatives %y;) and %.

(4) Let R = k[z] and S = R[zyz] — Rly,z] =: T. Then J = (zz,zy)T. Thus J
has two minimal primes 2T and (y, z)T. Notice that 2T NS = (z,zyz)S is a prime
ideal of S of height two, while (y, 2)T N S has height one. Therefore J C F = «T.

(5) Let R = k[z] and S = R[zy + 2] < R[y, 2] =: T. Then J = 2T.

(6) Let R = k[z] and S = R[zy + 2?] = Rly,2] =: T. Then J = (y,2)T. Hence
S — T is flat but not regular.

(7) Let R = k[z] and S = R[zy + z] — R[y,z] =: T. Then J = T. Hence
S — T is a regular map.

COROLLARY 11.16. With the notation of Theorem 11.11, we have

(1) If Q € Funin, then Q is a nonmazimal prime of T.

(2) Fnin €{Q € SpecT : J C Q, dim(T/Q) > 1 and ht(Q NS) > ht Q}.

(3) ¢ is flat < ht(QNS) < ht(Q) for every nonmazimal @ € Spec(T)
with J C Q.

(4) Ifdm R =d and ht J > d + m, then ¢ is flat.

PrROOF. For item 1, suppose @ € Fuin is a maximal ideal of T. Then ht @ <
ht(Q N S) by Theorem 11.11.3. By localizing at R\ (RNQ), we may assume that R
is local with maximal ideal @ N R := m. Since @ is maximal, T'/Q is a field finitely
generated over R/m. By the Hilbert Nullstellensatz [89, Theorem 5.3], T/Q is
algebraic over R/m and ht @ = ht(m) +n. It follows that QNS = P is maximal in
S and ht P = ht(m) 4+ m. The algebraic independence hypothesis for the f; implies
that m < n, and therefore that ht P < ht Q). This contradiction proves item 1.
Item 2 follows from Theorem 11.11.3 and item 1.

Item 3 follows from Theorem 11.11.5 and item 1, and item 4 follows from
Theorem 11.11.6. (]

As an immediate corollary to Theorem 11.11 and Corollary 11.16, we have:

COROLLARY 11.17. Let R be a Noetherian ring, let z1,...,z, be indetermi-
nates over R and let f1,..., fm € Rlz1,..., 2] be algebraically independent over
R. Consider the embedding ¢ : S := R[f1,..., fm] = T := R[z1,..., 2], let J be
the Jacobian ideal of ¢ and let F' be the (reduced) ideal that describes the nonflat
locus of ¢ as in (11.8.2). Then J C F and either F = T, that is, ¢ is flat, or
dim(T/Q) > 1, for each Q € Spec(T) that is minimal over F.
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11.3. Applications to polynomial extensions

Proposition 11.18 considers behavior of the extension ¢ : .S < T with respect
to prime ideals of R.

ProproOSITION 11.18. Let R be a commutative ring, let z1,. .., z, be indetermi-
nates over R, and let f1,..., fm € Rlz1,...,2n] be algebraically independent over
R. Consider the embedding ¢ : S := R[f1,..., fm] = T := Rlz1,..., 2]

(1) Ifp € Spec R and ppr : S — Tpr is flat, then pS = pT'NS and the images
fi ofthe f; inT/pT = (R/p)[z1,- - -, 2n] are algebraically independent over
R/p.

(2) If/go is flat, then for each p € Spec(R) we have pS = pTNS and the images
fi of the f; inT/pT = (R/p)[z1,- - -, 2n] are algebraically independent over
R/p.

PROOF. Item 2 follows from item 1, so it suffices to prove item 1. Assume
that Tpr is flat over S. Then pT # T and it follows from [89, Theorem 9.5] that
pT' NS = pS. If the f; were algebraically dependent over R/p, then there exist
indeterminates ¢y, ..., t,;, and a polynomial G € R[t,...,tm,] \ PR[t1,...,tm] such
that G(f1,..., fm) € pT. This implies G(f1,...,fm) € PT NS. But fi,..., fm
are algebraically independent over R and G(t1,...,tn) € PR[t1,...,ty] implies
G(f1,---, fm) € PS =pT NS, a contradiction. O

PROPOSITION 11.19. Let R be a Noetherian integral domain containing a field
of characteristic zero. Let z1, ..., z, be indeterminates over R and let f1,..., fm €
R[z1,. .., zn] be algebraically independent over R. Consider the embedding ¢ : S :=
R(f1,... s fm] = T := R|z1,...,2n]. Let J be the associated Jacobian ideal and let
F be the reduced ideal of T defining the nonflat locus of o . Then

(1) If p € Spec R and J C pT, then wpr : S — Tpr is not flat. Thus we also
have F C pT.

(2) If the embedding ¢ : S < T is flat, then for every p € Spec(R) we have
J g pT.

PROOF. Item 2 follows from item 1, so it suffices to prove item 1. Let p €
Spec R with J C pT, and suppose ppr is flat. Let f; denote the image of f; in
T/pT. Consider

%:S:=(R/P)f1,-sfm] =T :=(R/P)[21,---,2n)

By Proposition 11.18, fi,..., f,, are algebraically independent over R := R/p.
Since the Jacobian ideal commutes with homomorphic images, the Jacobian ideal
of % is zero. Thus for each @ € SpecT the map Yo - S — Tg is not smooth. But
taking @ = (0) gives Tg is a field separable over the field of fractions of S and
hence g is a smooth map. This contradiction completes the proof. ([

Theorem 11.20 follows from [105, Proposition 2.1] in the case of one indeter-
minate z, so in the case where T' = R][z].

THEOREM 11.20. Let R be a Noetherian integral domain, let z1, ..., 2z, be in-
determinates over R, and let T = R|z1,...2n]. Suppose f € T \ R. Then the
following are equivalent:

(1) R[f] = T is flat.
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(2) For each prime ideal q of R, we have ¢T N R[f] = qR]f].

(3) For each maximal ideal q of R, we have ¢T N R[f] = qR|f].
(4) The nonconstant coefficients of f generate the unit ideal of R.
(5) R[f] = T is faithfully flat.

PRrROOF. Since f € T\ R and R is an integral domain, the ring R[f] is a
polynomial ring in the indeterminate f over R. Thus the map R — R[f] is flat
with regular fibers. Hence Corollary 11.6 implies that R[f] < T is flat <=
for each Q € SpecT we have ht Q > ht(Q N R[f]. Let ¢ :== @ N R. We have
ht ¢ = ht ¢R[f] = ht¢T. Thus R[f] < T is flat implies for each ¢ € Spec R that
qT N R[f] = qR[f]. Moreover, if P := @Q N R[f] properly contains qR[f], then
ht P = 1 + ht ¢, while if Q) properly contains ¢7', then ht Q@ > 1 + ht q. Therefore
(1) < (2) follows from Corollary 11.6. It is obvious that (2) = (3).

(3) = (4): Let a € R be the constant term of f. If the nonconstant
coefficients of f are contained in a maximal ideal ¢ of R, then f —a € ¢T N R[f].
Since R is an integral domain, the element f — a is transcendental over R and
f —a & qR[f] since R[f]/qR[f] is isomorphic to the polynomial ring (R/q)[z].
Therefore ¢T N R[f] # qR[f] if the nonconstant coefficients of f are in q.

(4) = (2): Let q € Spec R and consider the map
(11.1)

R[f] ®r R/q = R[f]/qR[f] —2— T ®r R/q=T/qT = (R/q)[z1,...,2n].

Since the nonconstant coefficients of f generated the unit ideal of R, the image
of fin (R/q)[z1,-..,2s) has positive degree. This implies that ¢ is injective and
qT' N R[f] = qR[f].

This completes a proof that items (1), (2), (3) and (4) are equivalent. To show
that these equivalent statements imply (5), it suffices to show for P € Spec(R][f])
that PT # T. Let ¢ = PN R, and let x(q) denote the field of fractions of R/q. Let
f denote the image of f in R[f]/qR[f]. Then R[f]/qR[f] = (R/q)[f], a polynomial
ring in one variable over R/q. Tensoring the map ¢ of equation 11.1 with x(q) gives
an embedding of the polynomial ring (q)[f] into #(q)[21, .-, 2n). The image of P
in k(q)[f] is either zero or a maximal ideal of x(q)[f]. In either case, its extension
to k(q)[z1,-- ., 2zn] is a proper ideal. Therefore PT # T. It is obvious that (5) =
(1), so this completes the proof of Theorem 11.20. O

REMARK 11.21. A different proof that (4) = (1) in Theorem 11.20 is as
follows: Let v be another indeterminate and consider the commutative diagram

R[] —— T[] = R|z1, ..., 2n, V]
R[.ﬂ ? Rlz1,...,2n,9]

(v—F(z1,..20)) "

where 7 maps v — f and 7’ is the canonical quotient homomorphism. By [87,
Corollary 2, p. 152] or [89, Theorem 22.6 and its Corollary, p. 177], ¢ is flat if the
coefficients of f — v generate the unit ideal of R[v]. Moreover, the coefficients of
f —v as a polynomial in z1, ..., z, with coefficients in R[v] generate the unit ideal
of R[v] if and only if the nonconstant coefficients of f generate the unit ideal of R.
For if a € R is the constant term of f and a4, ..., a, are the nonconstant coefficients
of f, then (ai,...,a,)R = R clearly implies that (a —v,as,...,a,)R[v] = R[v]. On
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the other hand, if (a — v,ay,...,a,)R[v] = R[v], then setting v = a implies that
(a1,...,a,)R = R.

We observe in Proposition 11.22 that one direction of Theorem 11.20 holds
for more than one polynomial: see also [105, Theorem 3.8] for a related result
concerning flatness.

PROPOSITION 11.22. Let z1,...,z, be indeterminates over an integral domain
R. Let f1,..., fm be polynomials in R[z1,...,2,] := T that are algebraically inde-
pendent over Q(R). If the inclusion map ¢ : S := R[f1,... fm| — T is flat, then
the nonconstant coefficients of each of the f; generate the unit ideal of R.

PROOF. The algebraic independence of the f; implies that the inclusion map
R[f;] < R[f1,...,fm] is flat, for each ¢ with 1 < ¢ < m. If § — T is flat,
then so is the composition R[f;] — S — T, and the statement follows from
Theorem 11.20 O

Exercises

(1) Let k be an algebraically closed field of characteristic zero and let 7' denote
the polynomial ring k[z]. Let f € T be a polynomial of degree d > 2 and let
S = k[f].

(i) Prove that the map S < T is free and hence flat.

(ii) Prove that the prime ideals @ € SpecT for which S — Ty is not a
regular map are precisely the primes @) such that the derivative % €Q.

(iii) Deduce that S < T is not smooth.

(2) With S = k[z,29y?> —y] — T = k[z,y] and J = (22y — 1)T as in Exam-

ples 11.15.1, prove that ht(J N .S) = 1.
Suggestion. Show that J NS N k[z] = (0) and use that, for A an integral
domain, prime ideals of the polynomial ring A[y] that intersect A in (0) are in
one-to-one correspondence with prime ideals of K[y], where K = (A\ {0})~1A4
is the field of fractions of A.

(3) Let z1,...,2, be indeterminates over a ring R, and let T = R|[z,...2,]. Fix
an element f € T\ R. Modify the proof of (3) implies (4) of Theorem 11.20 to
prove that ¢TNR[f] = qR[f] for each maximal ideal g of R implies that the non-
constant coefficients of f generate the unit ideal of R without the assumption
that the ring R is an integral domain.

Suggestion. Assume that the nonconstant coefficients of f are contained in a
maximal ideal ¢ of R. Observe that one may assume that f as a polynomial
in R[z1,..., 2] has zero as its constant term and that the ring R is local with
maximal ideal q. Let M be a monomial in the support of f of minimal total
degree and let b € R denote the coefficient of M for f. Then b is nonzero, but
f € qR[f] implies that b € ¢b and this implies, by Nakayama’s lemma, that
b=0.

(4) Let k be a field and let T' = k[[u, v, w, z]] be the formal power series ring over
k in the variables u, v, w, z. Define a k-algebra homomorphism ¢ of T" into the
formal power series ring k[[z, y]] by defining

p(u) = 2%, o) = 2%y, ) = 2y, @(z) = y'



EXERCISES 99

Let P = ker(y) and let I = (v3 — u?w, w® — 2%v)T. Notice that I C P, and
that the ring ¢(T) = k[[z*, 23y, 23, v*]] is not Cohen-Macaulay. Let S = T/I,
and let R = k[[u, z]] C T.
(a) Prove that PN R = (0).
(b) Prove that the ring S is Cohen-Macaulay and a finite free R-module.
(¢) Prove that PS is a minimal prime of S and S/PS is not flat over R.
Suggestion. To see that S is module finite over R, observe that
S T

(u,2)S  (u, 2,03 — wlw, w3 — 220)T’
and the ideal (u, z,v3 — u?w, w? — 22v)T is primary for the maximal ideal of T
Hence by Theorem 3.8, S is a finite R-module.

Let k be a field and let A = k[x, zy] C k[z,y] = B, where z and y are indeter-

minates. Let R = k[z] + (1 — 2y)B.

(a) Prove that R is a proper subring of B that contains A.

(b) Prove that B is a flat R-module.

(¢) Prove that B is contained in a finitely generated R-module.

(d) Prove that R is not a Noetherian ring.

(e) Provethat P = (1—zy)B is a prime ideal of both R and B with R/P = k[z]
and B/P = R[z,1/x].

(f) Prove that the map Spec B — Spec R is one-to-one but not onto.

Question. What prime ideals of R are not finitely generated?







CHAPTER 12

Height-one primes and limit-intersecting elements

Let z be a nonzero nonunit of a normal Noetherian integral domain R and let
R* denote the (z)-adic completion of R. As in Construction 5.3, we consider in this
chapter the structure of a subring A of R* of the form A := Q(R)(r1,Ts,...7s) N R,
where 7y, 79,...,7s € zR* are algebraically independent elements over R and every
nonzero element of R[ry,To,...,7s] is regular on R*.

If the intersection ring A can be expressed as a directed union B of localized
polynomial extension rings of R as in Section 6.1, then the computation of A is
easier. Recall that 71,7s,...,7s are called limit-intersecting for A if the ring A is
such a directed union; see Definitions 6.5 and 6.12. In Weak Flatness Theorem 12.6
(Inclusion Version) we give criteria for 71,79, ..., 7s to be limit-intersecting for A.
We present a version of this result for Homomorphic Image Construction 5.4 in
Weak Flatness Theorem 12.7 (Homomorphic Image Version).

We use Weak Flatness Theorem 12.6 to establish in Examples 13.7 a family of
examples where the approximating ring B is equal to the intersection ring A and is
not Noetherian. In Chapter 21 we consider stronger forms of the limit-intersecting
condition that are useful for constructing examples. In Chapter 13 we consider
conditions for A to be excellent.

12.1. The limit-intersecting condition

In this section we prove two versions of the Weak Flatness Theorem that de-
scribe conditions in order that the intersection domain A be equal to the approxi-
mation domain B, that is the construction is limit-intersecting. For this purpose,
we consider the following properties of an extension of commutative rings:

DEFINITIONS 12.1. Let S — T be an extension of commutative rings.

(1) We say that the extension S < T is weakly flat, or that T is weakly flat
over S, if every height-one prime ideal P of S with PT # T satisfies
PTNS=P.

(2) We say that the extension S < T is height-one preserving, or that T is
a height-one preserving extension of S, if for every height-one prime ideal
P of S with PT # T there exists a height-one prime ideal @ of T with
PT C Q.

(3) For d € N, we say that ¢ : S — T satisfies LF if, for each P € SpecT
with ht P < d, the composite map S — T — Tp is flat.

REMARK 12.2. Let ¢ : S < T be an extension of commutative rings, and let
P € SpecT. With Q := PN S, the composite map S — T — Tp factors through
Sq, and the map S — Tp is flat if and only if the map Sg — Tp is faithfully flat.

101
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PROPOSITION 12.3. Let S < T be an extension of commutative rings where S
is a Krull domain.

(1) If every nonzero element of S is reqular on T and each height-one prime
ideal of S is contracted from T, then S =T N Q(S5).

(2) If S < T is a birational extension and each height-one prime of S is
contracted from T, then S =T.

(3) If T is a Krull domain and T N Q(S) = S, then each height-one prime of
S is the contraction of a height-one prime of T', and the extension S — T
is height-one preserving and weakly flat.

PROOF. Item 1 follows from item 2. For item 2, recall from Definition 2.3.2
that S = N{Sp |p is a height-one prime ideal of S}. We show that T C Sp, for
each height-one prime ideal of S. Since p is contracted from 7', there exists a prime
ideal q of T" such that g N S = p; see Exercise 9 of Chapter 2. Then S, C Tq and
Tq birationally dominates Sp. Since Sp is a DVR, we have S, = Ty. Therefore
T C Sp, for each p. It follows that T'=S.

For item 3, since T is a Krull domain, Definition 2.3.2 implies that

T= ﬂ{Tq | q is a height-one prime ideal of T'}.
Hence
S=TnNnQ(S) = ﬂ{T‘l N Q(S5) ] q is a height-one prime ideal of T'}.

Since each Ty is a DVR, Remark 2.1 implies that Tq N Q(S) is either the field Q(S)
or a DVR birational over S. By the discussion in Definition 2.3.2, for each height-
one prime p of S, the localization Sy, is a DVR of the form T4 N Q(S). It follows
that each height-one prime ideal p of S is contracted from a height-one prime ideal
q of T, and that T is height-one preserving and weakly flat over S. ([

Corollary 12.4 demonstrates the relevance of the weakly flat property for an
extension of a Krull domain.

COROLLARY 12.4. Let S < T be an extension of commutative rings where S is
a Krull domain such that every nonzero element of S is reqular on T and PT # T
for every height-one prime ideal P of S.
(i) If S — T is weakly flat, then S = Q(S)NT.
(ii) If T is Krull, then T is weakly flat over S < S = Q(S)NT. Moreover,
in this setting, these equivalent conditions imply that S — T is height-one
Preserving.

PROOF. For item i, each height-one prime ideal of S is contracted from T'.
Thus by Proposition 12.3.1, S = Q(S)NT.
For item ii, we apply Proposition 12.3.3. (|

REMARKS 12.5. Let S < T be an extension of Krull domains.

(a) If S < T is flat, then S < T is height-one preserving, weakly flat and
satisfies PDE. See Definition 2.3.3 and [11, Chapitre 7, Proposition 15,
page 19].

(b) Let U be a multiplicative system in S consisting of units of T". Tt follows
that S — U~1S is flat and every height-one prime ideal of U~1S is the
extension of a height-one prime ideal of S. This implies:
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(i) S < T is height-one preserving <= U~'S < T is height-one
preserving.
(ii) S < T is weakly flat < U~1S < T is weakly flat.
(iii) S < T satisfies PDE <= U~1S < T satisfies PDE.

(c) If each height-one prime of S is the radical of a principal ideal, in partic-
ular, if S is a UFD, then the extension S < T is height-one preserving.
To see this, let P be a height-one prime of S and suppose that P is the
radical of the principal ideal S. Then PT # T if and only if 2T is a
proper principal ideal of T" and every proper principal ideal in a Krull
domain is contained in a height-one prime. Hence if PT # T, then PT is
contained in a height-one prime of 7.

With these results and remarks in hand, we return to the investigation of
the structure of the intersection domain A mentioned in the introduction to this
chapter: When does A equal the approximation domain B? We first consider the
intersection domain A of Inclusion Construction 5.3 and the approximation ring B
of Section 6.1. We show in Weak Flatness Theorem 12.6 that, if the base ring R of
the construction is a normal Noetherian domain and the extension

R[ry,...,7s] = R*[1/Z]

is weakly flat, then the intersection domain A is equal to the approximation domain
B; that is, 7q,...,7s are limit-intersecting in the sense of Definition 6.5.

WEAK FLATNESS THEOREM 12.6. (Inclusion Version) Let R be a normal Noe-
therian integral domain and let z € R be a nonzero nonunit. Let R* denote the
(2)-adic completion of R and let 11,...,7s € R* be algebraically independent over
R. Assume that every nonzero element of the polynomial ring R[ry, ..., Ts] is regu-
lar on R*. Let A = Q(R)(r1,...,7s) N R* and let B be the approximation domain
defined in Section 6.1. Consider the following statements:

(1) A = B; that is, 11,...,7s are limil-intersecting in the sense of Defini-
tion 6.5.

(2) The eatension R[T1,...,Ts] = R*[1/z] is weakly flat.

(3) The extension B — R*[1/z] is weakly flat.

(4) The extension B — R* is weakly flat.

(a) Items 2, 3, and 4 are equivalent.
(b) Item 2 = item 1.
(¢) If R* is normal, then the four items are equivalent.

PrOOF. For (a), we show item 4 = item 3 = item 2 = item 4. To see
that item 4 — item 3, we have
w.f. _, flat

B < R* — R*[1/z].
Thus, for a height-one prime ideal P of B with PR*[1/z] # R*[1/z], we have
PR* # R* and z ¢ P, and so PR*[1/2]N B = PR* N B = P, where the last
equality uses B V<V—f> R*. Thus item 3 holds.

Item 3 = item 2: We have B ¥ R* [1/z] implies B[1/z] v R [1/z], by Re-
marks 12.5.b. By Construction Properties Theorem 6.19.2, B[1/z] is a localization

of R[m,...,7s]. Thus, by Remark 12.5.b, we have R[r,. .., 5] piS R*[1/z].
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To see that item 2 = item 4, let P € Spec B have height one and suppose
PR* # R*. If z € P, then, by Construction Properties Theorem 6.19.3, we have
P/zB = PR*/zR*, and so PR* N B = P in this case. Thus we assume z ¢ P; then
PB[1/z]NnB = P.

By assumption, R[ry,...,7s] — R*[1/z] is weakly flat. Since B[1/z] is a lo-
calization of R[7i,...,7s] and of B, Remark 12.5.b implies that B[1/z] — R*[1/Z]
is weakly flat. Since PR*[1/z] # R*[1/z], we have PR*[1/z] N B[1/z] = PBJ[1/z].
Thus PR*N B = P and so B — R is weakly flat, as desired.

We show item 2 = item 1: Since B is a Krull domain and the extension
B — A is birational, by Proposition 12.3.2, it suffices to show that every height-one
prime ideal p of B is contracted from A. As in the proof of item 2 — item 4,
Construction Properties Theorem 6.19.3 implies that each height-one prime of B
containing zB is contracted from A.

Let p be a height-one prime of B that does not contain zB. Consider the prime
ideal q = R[ry,...,Ts]Np. Since B[1/z] is a localization of the ring R[ry, ..., Ts], we
see that Bp = R[r1,...,7s]q and so g has height one in R[m, ..., 7s]. The weakly
flat hypothesis implies gR* N R[ry,...,7s] = q. Hence there exists a prime ideal
w of R* with w N R[r1,...,7s] = q. This implies that w N B = p and thus also
(wn A) N B = p. Hence every height-one prime ideal of B is the contraction of a
prime ideal of A. Thus A = B as desired.

To prove (c), we assume R* is a normal Noetherian domain. Thus R* is a
Krull domain; see Definition 2.3.2. We prove item 1 = item 4: Since B = A =
Q(B) N R*, Proposition 12.3 implies the extension B < R* is weakly flat. O

In Theorem 12.7, we present a version of Weak Flatness Theorem 12.6 that
applies to Homomorphic Image Construction 5.4.

WEAK FLATNESS THEOREM 12.7. (Homomorphic Image Version) Let R be a
normal Noetherian integral domain and let z € R be a nonzero nonunit. Let R*
denote the (z)-adic completion of R and let I be an ideal of R* having the property
that PN R = (0) for each associated prime ideal P of I. Let the rings A and B be
as defined in Section 6.12. Assume that B is a Krull domain. Then

(1) If the extension R — (R*/I)[1/z] is weakly flat, then A = B, that is, the
construction is limit-intersecting as in Definition 6.12.

(2) If R*/I is a normal integral domain, then the following statements are
equivalent:
(a) A= B.
(b) R (R*/I)[1/z] is weakly flat.
(¢) The extension B — (R*/I)[1/z] is weakly flat.
(d) The extension B — R*/I is weakly flat.

PrOOF. Theorem 6.17.3 implies that each height-one prime of B containing
zB is contracted from R*/I. Since B[1/z] is a localization of R[1/z] = U[1/z] by
Theorem 6.17, and R — (R*/I)[1/z] is weakly flat, it follows that B — (R*/I)[1/Z]
is weakly flat. Therefore B «— R*/I is weakly flat, and by Proposition 12.3.1, we
have B = (R*/I)N Q(B) = A. This proves item 1.

For item 2, since R*/I is a normal integral domain, A = (R*/I) N Q(R) is a
Krull domain. As noted in the proof of item 1, Theorem 6.17 implies that each
height-one prime of B containing zB is contracted from R*/I and B[l/z] is a
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localization of R[1/z] = U[1/z]. Tt follows that (b), (¢) and (d) are equivalent. By
Proposition 12.3.3, (a) = (d), and by Proposition 12.3.1, (d) = (a). O

12.2. Height-one primes in extensions of integral domains

We observe in Proposition 12.8 that a weakly flat extension of Krull domains
is height-one preserving.

PrOPOSITION 12.8. If ¢ : S — T is a weakly flat extension of Krull domains,

then ¢ is height-one preserving. Moreover, for every height-one prime ideal P of S
with PT # T there is a height-one prime ideal Q of T with QNS = P.

ProOOF. Let P € SpecS with ht P = 1 be such that PT # T. Since T is
weakly flat over S, we have PT NS = P. Then S\ P is a multiplicatively closed
subset of T and PT N (S\ P) = 0. Let Q' be an ideal of T' that contains PT and
is maximal with respect to Q' N (S \ P) = 0. Then Q' is a prime ideal of T and
Q' NS = P. Let a be a nonzero element of P and let @ C @’ be a minimal prime
divisor of aT'. Since T is a Krull domain, ) has height one. We have a € Q N S.
Hence (0) #Q NS C P. Since ht P =1, we have QN S = P. O

The height-one preserving condition does not imply weakly flat as we demon-
strate in Example 12.9.

EXAMPLE 12.9. Let x and y be variables over a field k, let R = k[[x]][y](2,y)
and let C' = k[[z,y]]. There exists an element 7 € n = (x, y)C that is algebraically
independent over Q(R). For any such element 7, let S = R[T](m ). Since R is a
UFD, the ring S is also a UFD and the local inclusion map ¢ : § < C'is height-one
preserving. There exists a height-one prime ideal P of S such that PN R = 0.
Since the map S — C is a local map, we have PC # C. Because ¢ is height-
one preserving, there exists a height-one prime ideal @) of C' such that PC C Q.
Since C' is the m-adic completion R of R and the generic formal fiber of R is zero-
dimensional, dim(C' ® g Q(R)) = 0. Hence QN R # 0. We have P C @ N S and
PN R=(0). It follows that P is strictly smaller than @ NS, so @ NS has height
greater than one. Therefore the extension ¢ : S < C is not weakly flat.

Proposition 12.10 describes weakly flat and PDE extensions. We define PDE
in Definition 2.3.3. For extensions of Krull domains we show in Proposition 12.11
below that PDE is equivalent to LF;, which is defined in Definition 12.1.3.

PROPOSITION 12.10. Let ¢ : S < T be an extension of Krull domains.

(1) ¢ is weakly flat <= for every height-one prime ideal P € Spec S such
that PT # T there is a height-one prime ideal QQ € SpecT with P C QNS
such that the induced map on the localizations

©YQ - SQQS — TQ
18 faithfully flat.

(2) ¢ satisfies PDE <= for every height-one prime ideal ) € SpecT, the

iduced map on the localizations
vqQ : Sens — Tq
is faithfully flat.
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PROOF. We use in both (1) and (2) that for each height-one prime P € Spec S
the induced map pp : Sp — (S\ P)~1T is flat since a domain extension of a DVR
is always flat by Remark 2.23.3; and @p is faithfully flat <= P does not extend
to the whole ring in (S\ P)~!T, a property that is equivalent to the existence of a
prime in T lying over P in S.

For the proof of (1), to see ( <= ), we use that ¢¢ a faithfully flat map implies
g satisfies the going-down property; see Remark 2.21.10. Hence QNS is of height
one, so P = @ NS, and thus PT NS = P. For ( = ), suppose P € SpecS
has height one and ¢ is weakly flat. Then Proposition 12.8 implies the existence
of @ € SpecT of height one such that @ NS = P. Since T is a localization of
(S\ P)~'T, we see that ¢ is faithfully flat.

For the proof of (2), ( = ) is clear by the remark in the first sentence of
the proof, and ( <= ) follows from the fact that a faithfully flat map satisfies the
going-down property. O

Proposition 12.11 is an immediate consequence of Proposition 12.10:

PrOPOSITION 12.11. Let ¢ : S — T be an extension of Krull domains. Then
@ satisfies PDE if and only if ¢ satisfies LF;.

We show in Proposition 12.12 that an extension of Krull domains satisfying
both the LF; condition and the height-one preserving condition is weakly flat.
Example 12.13 shows that LF; alone does not imply weakly flat.

PROPOSITION 12.12. Let S — T be an extension of Krull domains that is
height-one preserving and satisfies PDE. Then T is weakly flat over S. That is, if
S — T is height-one preserving and satisfies LFy, then T is weakly flat over S.

PROOF. Let P € SpecS be such that ht(P) = 1 and PT # T. Since S — T
is height-one preserving, PT is contained in a prime ideal @ of T of height one.
The PDE hypothesis on S < T implies that @ NS has height one. It follows that
QNS =P, and so PT'NT = P; that is, the extension is weakly flat. The last
statement holds by Proposition 12.11. O

Without the assumption that the extension S < T is height-one preserving,
it can happen that the extension satisfies PDE and yet is not weakly flat as we
demonstrate in Example 12.13. Since PDE and height-one preserving imply weakly
flat, this example also shows that PDE does not imply height-one preserving.

ExaMPLE 12.13. Let X,Y, Z, W be indeterminates over a field k. Let
k[X,Y,Z, W] x

—_— d T = S[-].

xy —zw) ]

Since ©/z = w/y, T = kly, z,2/z] is a polynomial ring in three variable over the
field k and the height-one prime ideal P := (y, z)S extends in T to a prime ideal of
height two. Another way to describe this example is to let r, s, t be indeterminates
over the field k, and let S = k[r, s, rt, st] < k[r,s,t] = T. Then S — T satisfies
PDE since T is an intersection of localizations of S, but P = (r, s)S is a height-one
prime of S such that PT is a height-two prime of T. Thus S — T is not weakly
flat.

S = klz,y, z,w] =

REMARKS 12.14. (1) By Proposition 12.8, an injective map of Krull domains
that is weakly flat is also height-one preserving. Thus the equivalent conditions of
Theorem 12.6 imply that B < R* is height-one preserving.
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(2) If the ring B in Theorem 12.6 is Noetherian, then, by Noetherian Flatness
Theorem 8.8, A = B and the equivalent conclusions of Theorem 12.6 hold, since
flatness implies weak flatness.

(3) Theorem 13.6 of Chapter 13 yields examples where the constructed rings
A and B are equal, but are not Noetherian. The limit-intersecting property holds
for these examples. These examples are described in Examples 13.7.

(4) As we note in Remark 19.37, Examples 19.34 and 19.36 give extensions of
Krull domains that are weakly flat but do not satisfy PDE.

QUESTION 12.15. Let (C,n) be a complete Noetherian local domain that dom-
inates a quasilocal Krull domain (D, m). Assume that the inclusion map D — C
is height-one preserving, and that 7 € n is algebraically independent over D. Does
it follow that the local inclusion map ¢ : S := D[] <+ C is height-one
preserving?

DiscussioN 12.16. If D has torsion divisor class group, then S also has torsion

divisor class group and by item ¢ of Remark 12.5, the extension S < C is height-
one preserving, and so the answer to Question 12.15 is affirmative in this case. To
consider the general case, let P be a height-one prime ideal of S that is not assumed
to be the radical of a principal ideal. One may then consider the following cases:
Case (i): If ht(P N D) = 1, then P = (PN D)S. Since D < C is height-one
preserving, (P N D)C C @Q, for some height-one prime ideal @ of C. Then PC =
(PN D)SC C Q as desired.
Case (ii): Suppose PN D = (0). Let U denote the multiplicative set of nonzero
elements of D. Let ¢ be an indeterminate over D and let Sy = D[t](m +). Consider
the following commutative diagram where the map from S; to S is the D-algebra
isomorphism taking ¢ to 7 and A is the extension mapping C[[t]] onto C.

U7151 ;) Uﬁlc[t](n)t)

‘| ‘|

D —5— 8 = D[t)my —— Clmy —— O[]

1 |

D é S:D[T](mﬂ—) L) C.

Under the above isomorphism of S with S, the prime ideal P corresponds to
a height-one prime ideal P; of S; such that Py N D = (0). Since U~'S; is a
localization of a polynomial ring in one variable over a field, the extended ideal
P,U~'S; is a principal prime ideal. Therefore P, is contained in a proper principal
ideal of U™ C[t](n,q)-

However, in the above diagram it can happen that the inclusion map

U_lsl — U_IC[t](nﬁt)
may fail to be faithfully flat. As an example to illustrate this, let
D :=klz,y=¢€" — 1](55731) — Kk[[z]] = C

and let P = (2t — y)D[t]. Then P extends to the whole ring in U~ 'C[t](n¢) since
t— ¥ is a unit of U C[t] (1)
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Exercises

Let T = k[z,y, z] be a polynomial ring in the 3 variables z,y, z over a field k,

and consider the subring S = k[xy, zz,yz] of T.

(1)
(2)

Prove that the field extension Q(T')/Q(S) is algebraic with [Q(T) : Q(S)] = 2.
Deduce that zy, zz, yz are algebraically independent over k, so S is a polyno-
mial ring in 3 variables over k.

Prove that the extension S < T is height-one preserving, but is not weakly
flat.

Prove that T'N Q(S) = S[z2,y?,2?%] is a Krull domain that properly contains
S.

Prove that the map S — T[%W} is flat.

Prove that S[;-] = T[] (Notice that S[ ] is not a localization of S since
xyz is not in Q(S5).)

Give a direct proof using primary decomposition in the case where T is also a
Krull domain of the assertion in Corollary 12.4 that S = Q(S)NT implies T is

weakly flat over S.

Suggestion Let p be a height-one prime ideal of S and let 0 # a € p. Since T
is a Krull comain, the principal ideal a7 has an irredundant primary decom-
position
al'=Q:1N---NQs,

where each @); primary for a height-one prime ideal P; of T'?

(b) Show that aS = Q(S) NaT.

(c) Show that after relabeling there exists an integer t € {1,...,s} such
that the ideal Q1 N ... N Q¢ N .S is the P-primary component of a.S. Conclude
that P; NS = P, for some 1.



CHAPTER 13

Insider Construction details,

In this chapter we continue the development of the Insider Construction begun
in Chapter 10. In Section 13.1 we expand the notation for the Insider Construction
to the case where the base ring R is a Noetherian domain that is not necessarily a
polynomial ring over a field. As before we first construct an “outside” Noetherian
domain A°" using Inclusion Construction 5.3. We require that this intersection
domain A°" is equal to its corresponding approximation integral domain B°ut
that is the nested union of localized polynomial rings from Section 6.1. Then we
construct inside A°"* = B°" two “insider” integral domains: A™$19¢ an intersection
of a field with a power series ring as in Construction 5.3, and Bi"$19¢_ a nested union
of localized polynomial rings that “approximates” A4 a5 in Section 6.1. We show
that B"side is Noetherian and equal to A™si4¢ if a certain map of polynomial rings
over R is flat.

In Section 13.1, we describe background and notation for the construction.
Theorem 13.3 in Section 13.2 gives necessary and sufficient conditions for the in-
tegral domains constructed with the Insider Construction to be Noetherian and
equal. In Section 13.3, we use the analysis of flatness for polynomial extensions
from Chapter 11 to obtain a general flatness criterion for the Insider Construction.
This yields examples where the constructed domains A and B are equal and are
not Noetherian.

In Section 13.4 we discuss the preservation of excellence for the insider con-
struction. We give in Theorem 13.10 necessary and sufficient conditions for the
Insider Construction to be excellent.

In Chapter 15, we use the Insider Construction to establish the existence for
each integer d > 3 and each integer h with 2 < h < d — 1 of a d-dimensional
regular local domain (A, n) having a prime ideal P of height h with the property
that the extension PA is not integrally closed. In Chapter 17, we use the Insider
Construction to obtain, for each positive integer n, an explicit example of a 3-
dimensional non-Noetherian local unique factorization domain B such that the
maximal ideal of B is 2-generated, B has precisely n prime ideals of height two,
and each prime ideal of B of height two is not finitely generated.

13.1. Describing the construction

We use the following setting and details for the Insider Construction in this
chapter. This setting includes Noetherian domains that are not necessarily local
and thus generalizes Settings 10.1 and 10.4.

109
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INSIDER CONSTRUCTION 13.1. (Generalized version) Let R be a Noetherian
integral domain. Let z be a nonzero nonunit of R and let R* be the (z)-adic comple-
tion of R. The intersection domain of Construction 5.3 and the corresponding ap-
proximation domain of Section 6.1 are inside R*. Assume that 7y,...,7, € zR* are
algebraically independent over R and are such that nonzero elements of R[ry, ..., 7]
are regular on R*. Let T abbreviate the list 71,...,7,. We define the intersection
domain corresponding to T to be the ring A, := K(m,...,7,) N R*. The Noe-
therian Example Theorem 8.8 implies that A, is simultaneously Noetherian and
computable as a nested union B; of certain associated localized polynomial rings

over R using 7 if and only if the extension T := R[] := R[1,...,Ty] Y R [1/z] is
flat. Moreover, if this flatness condition holds, then A; is a localization of a subring
of T[1/z] and A,[1/7] is a localization of T

We assume that ¢ : T — R*[1/z] is flat, so that the intersection domain A,
is Noetherian and computable, and we take the outside domain to be A°' :=
A; = B; so that Bevt = A°" Then we construct new “insider” examples inside

A°ut = A; as follows: We choose elements fi,..., f,, of T := R[z], considered as
polynomials in the 7; with coefficients in R and abbreviated by f. Assume that
fi,--., fm are algebraically independent over K; thus m < n. As above we define

Ay = K(f1,...,fm) N R* to be the intersection domain corresponding to f. We
let B¢ be the approzimation domain corresponding to f that approximates Ay,
obtained using the f; as in Section 6.1. Sometimes we refer to B¢ as the nested
union domain corresponding to Ay. We define A™side := A and B»side .= By

Recall that the nested union domains B; and By are localizations of R[r] and
R[f] respectively by Construction Properties Theorem 6.19.2. Clearly B t € B; are
local domains with B, dominating Bj.

Set S := R[f] := R[f1,..., fm], let ¢ be the embedding

(13.1.1) ©:S:= R[f] 5T := Rl

and let ¢ be the inclusion map: R[r] < R*[1/z]. Put a := Yo : S — R*[1/z].
Then we have

R*[1/2]

(13.1.2) *=vg wl

R C S:=R[f] —— T := R[7]

We show in Proposition 10.6 of Chapter 10 for the special case where R is a lo-
calized polynomial ring over a field in two or three variables that, if ¢, : S < T[1/Z]
is flat, then A is Noetherian and is equal to the corresponding approximating do-
main By. In Section 13.2 we make a more thorough analysis of conditions for A;
to be Noetherian and equal to By. In Section 13.3, we present examples where
Bf = Ay is not Noetherian. B

REMARK 13.2. If R is a Noetherian local domain, then R* is local and hence
the intersection domains A; and Ay are also local with Ay possibly non-Noetherian.
By Remark 6.4.1 the approximating domain By is also local.
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13.2. The flat locus of the Insider Construction

We assume the notation of Insider Construction 13.1 for this discussion and
refer the reader to Section 6.1 for details concerning the approximation domains
B; and Bj corresponding to the intersection domains A; and Ay, respectively, of
(13.1).

Theorem 8.8 is the basis for our construction of examples.

In the notation of Diagram 13.1.2, let

(13.3.0) F:=n{P € Spec(T)|¢p : S — Tp is not flat }.

Thus, as in (11.8.2), the ideal F defines the nonflat locus of the map ¢ : S — T.
For Q* € Spec(R*[1/z]), we consider flatness of the localization @g«n7 of the
map ¢ in Equation 13.1.1:

(13.3.1) wgnT 1S — To*nr

Theorem 13.3 enables us to recover information about the flatness of « in
Diagram 13.1.2 from the map ¢ : S — T.

THEOREM 13.3. Let R be Noetherian domain, let z be a nonzero nonunit of R
and let R* be the z-adic completion of R. With the notation of Diagram 15.1.2 and
Equations 13.3.0 and 13.3.1, we have

(1) For Q* € Spec(R*[1/z]), the map ag+ : S — (R*[1/2])g~ is flat if and
only if the map @g+~nr in (18.8.1) is flat.

(2) The following are equivalent:
(i) The ring A is Noetherian and A = B.
(ii) The ring B is Noetherian.
(iii) For every mazimal Q* € Spec(R*[1/z]), the map pg-nr in (13.3.1)

1s flat.

(iv) FR*[1/z] = R*[1/z].

(3) The map ¢, : S — T[1/z] is flat if and only if FT[1/z] = T[1/z]. More-
over, either of these equivalent conditions implies B is Noetherian and
B = A. It then follows that A[l/z] is a localization of S.

(4) If z is in the Jacobson radical of R and the conditions of item 2 or item
8 hold, then dim R = dim A = dim R*.

PrOOF. For item 1, we have ag- = ¥+ 0 pg+nr : S = Tornr — (R*[1/2])0-.
Since the map - is faithfully flat, the composition ag-« is flat if and only if Yg«n7
is flat [87, page 27].

For item 2, the equivalence of (i) and (ii) is part of Theorem 8.8. The equiv-
alence of (ii) and (iii) follows from item 1 and Theorem 8.8. For the equivalence
of (ili) and (iv), we use FR* # R* <= F C Q*NT, for some Q* maximal in
Spec(R*)[1/z]) <= the map in (13.3.1) fails to be flat.

The first statement of item 3 follows from the definition of F' and the fact that
the nonflat locus of ¢ : S — T is closed. Theorem 8.8 implies the final statement
of item 3.

Item 4 follows by Remark 3.6.4. (]
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13.3. The nonflat locus of the Insider Construction
To examine the map o : S — R*[1/z] in more detail, we consider the following:

PRrROPOSITION 13.4. Let R be a normal Noetherian domain. With the notation
of (13.1) and (13.3.0),
(1) ht(FR*[1/z]) > 1 <= ¢ : S — R*[1/z] satisfies LF}.
(2) Assume that R* is a normal domain and that each height-one prime of R
18 the radical of a principal ideal. Then the equivalent conditions of item 1
imply that B = A.

PrRoOOF. Item 1 follows from the definition of LF;.

For item 2, assume R* is a normal domain and each height-one prime of R is the
radical of a principal ideal. Then the extension R — R* is height-one preserving
by Remark 12.5.c. By Proposition 12.12 the extension is weakly flat. Theorem 12.6
implies that B = A. (]

QUESTION 13.5. Does item 2 of Proposition 13.4 hold without the condition
that every height-one prime ideal is the radical of a principal ideal?

THEOREM 13.6. Let R be a Noetherian domain, let z be a nonzero nonunit of
R and let R* be the z-adic completion of R. With the notation of (13.1), if m =1,
that is, there is only one polynomial f1 = f, S := R[f] and T := R[r, ..., Ts], then

(1) The map S — T[1/z] is flat <= the nonconstant coefficients of f as a
polynomial in R[Ty,...,T,] with coefficients in R generate the unit ideal
in R[1/z],

(2) Either of the equivalent conditions in item 1 implies the insider approxi-
mation domain By is Noetherian and is equal to the insider intersection
domain Ay.

(3) By is Noetherian and By = Ay <= for every prime ideal Q* in R* with
z & Q*, the nonconstant coefficients of f generate the unit ideal in R,
where q := Q* N R.

(4) If the nonconstant coefficients of f generate an ideal L of R*[1/z] of height
d, then the map S — R*[1/z] satisfies LFq4_1, but not LFy, as defined in
Definition 12.1.3.

PRrROOF. Item 1 follows from Theorem 11.20 for the ring R[1/z] with z; = 7.

By Theorems 8.8 and 13.3, the first condition in item 1 implies item (2).

For item 3, suppose the nonconstant coefficients of f generate the unit ideal of
R,. Then by Theorem 11.20, Ry[f] < Rq[71,..., 7] is flat. Since Ry[r,..., 7] —
R, is flat, the map Ry[f] < Rf). is also flat. For the other direction, we may
assume that f has constant term zero. Suppose there exists Q* € Spec R* with
z & Q" such that the coefficients of f are in Ry, where ¢ = Q*NR. Then f € qRy,.
and qRy). # Rp).. If R[f] — Rf). is flat, then we have qR7). N R[f] = qR[f]. This
implies f € qR][f], a contradiction.

For item 4, if Q* € Spec(R*[1/z]), then the map S — (R*[1/z])g- is not flat
if and only if L C Q*. By hypothesis there exists a prime ideal @Q* of height d
containing L, but no such prime ideal of height less than d. ([l

We return to Example 10.8 and establish a more general result.
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ExampLES 13.7. Let d € N be greater than or equal to 2, and let z,y1,...,yq
be indeterminates over a field k. Let R be either
(1) The polynomial ring R := k[z,y1, ..., yq] with (x)-adic completion R* =
k[yla s 7yd][[$“7 or
(2) The localized polynomial ring R := k[z,y1, ..., Ydl(z,y,,...ys) With (z)-adic
completion R*.
Let f :=y111 + -+ 4+ yq7q, where 71,...,74 € xR* are algebraically independent
over R. Let S := R[f] and let T := R[r,...,7q4]. We regard f as a polynomial in
T1,...,Tq over R. By Theorem 13.6.4, the map ¢, : S < T[1/x] satisfies LF4_1,
but fails to satisfy LF4 because the ideal L = (yi,...,yq)R[1/x] of nonconstant
coefficients of f has height d. Since d > 2, the map ¢, : S < T'[1/x] satisfies LF;.
Moreover, S is a UFD and hence, by Proposition 13.4, we have Ay = By, that is,
the element f is “limit-intersecting”. However, since ¢, does not satisfy LFy, the
map ¢, is not flat and thus Ay is not Noetherian.

13.4. Preserving excellence with the Insider Construction

We assume the following setting in this section.

SETTING 13.8. Let (R, m) be an excellent normal local domain with field of
fractions K. Let z be a nonzero element of m and let R* denote the (z)-adic
completion of R. Assume that the s elements 7q,...,7s € zR* are such that

R[r,...,7s) — R*[1/Z]
is flat. Thus we have
B:= @R[Tln, e Ten (i ren) = A= K(711,..., ) N R™.

Let t1,...,ts,v be variables over R, let t denote the s-tuple (t1,...,ts), and let
f@) := f(t1,...,ts) be a nonzero polynomial in (m,t)R[t]. Also let = denote the
s-tuple (71,...,7s), let p := f(z) denote f(ri,...,7s), let S = (R[t,v]/(f(t) —
V) (m,t,0) and E = (R[f(t)])(m,f))- We have the following commutative diagram
of R-algebra injections:

(13.8.1)
R[] (m,0) — s 8= (Rt 0]/ (F(D) = 0))mt0)
E = Rlf O sy —— Bft] .1
R{p)(m,p) = BRI (D)) —— By := R[7](m,1) —— Ry

where p; and vy are the R-algebra isomorphisms defined by uq(v) = f(t), re-
spectively v (t;) = t; and v1(v) = f(t), and g and v take t — 7 . We use the
identifications established by the p; and v; throughout the following and we identify
the three maps ¢. With the same assumptions as above we put

pni=(F() = a2l Y ag2)) /="
j=1 j=1
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and let

(1382)  C:=lmRlpa)mp,) = |J Blonlmp,) and D= K(p)NR".

n=1

Note that C[1/z] is a localization of E.
Now define J to be the ideal of S such that

JS, = ﬂ{P € Spec(S2)| (S2)p is not flat over the ring R[p](m,p)};
By [89, (24.3)] J describes the nonflat locus of S, over the ring R[p](m,,), that is,
{P € Spec(S.)| P D J} = {P € Spec(S.) | (S-)p is not flat over R[p](m,p)}-
Since S, is an integral domain, the ideal J # 0.

With the notation of (13.8), we examine conditions under which B is excellent
implies C is excellent.

NOTATION 13.9. Assume the setting of (13.8). Also assume that B is excellent.
Consider the local injective morphism

¢
R[p](m,p) > §i= R[Tlv oo 77—5}(m,7-1,...,7'5)~

Let ¢. : R[p|(m,) — S- denote the composition of ¢ followed by the canonical
map of S to S,. Let H be the ideal of S such that HS, describes the nonregular
locus of the map ¢,, that is,

HS, = ﬂ{P € Spec(S2)|(dy)p : (R[plm,p))gz1(py — (S2)p is not regular }.
If P € Spec(S,) and HS, C P then (¢,)p is not a regular map by [42, IV, 6.8.7,
page 153]. For an explicit description of the ideal H, see Theorem 11.11.

THEOREM 13.10. Assume the setting and notation of (13.8) and (15.9). The
following are equivalent:

(a) The ring C is excellent.
(b) HR: = R.
(¢) ¢, is a regular morphism.

PRrOOF. That conditions (b) and (c) are equivalent is clear from the definition
of a regular morphism.
(a)==(b) We have embeddings:
1—\ ~

c—-*.B R* R.

Since C, B and R* are all excellent with the same completion R, [89, Theorem 32.1]
implies ® is regular. Let @) € Spec(R*) with z ¢ Q. After localization the map

N4

D
Crwon)-1(@Q) —— Bu-1(q)

remains regular. Since z ¢ @) the map ®¢ can be identified with

é
R[U}(woqb)*l(Q) —Q> R[tl, I ,ts, ’U]/(f@) — U))w—l(Q) = Sw—l(Q)
showing that ¢¢ is regular. Hence H Z ¥~1(Q). It follows that HR: = R}.
(b)=(a) By Theorem 13.3 the ring C is Noetherian with z-adic completion
R*. Th/e\refore the completion of C' with respect to the powers of its maximal
ideal is R. Therefore C is formally equidimensional. Hence by [89, Theorem 31.6,
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page 251], C' is universally catenary. To show C' is excellent, it remains to show
that C is a G-ring. Consider the morphisms

C —25 B and ¢ % R

In view of [89, Theorem 32.2] it suffices to show that ® is a regular morphism. Let
P € Spec(C). If z € P then R* N Q(C) = C implies zR* N Q(C) = zC'. Therefore
C/zC = R*/zR* = R/zR. Since R is excellent, the ring R®c k(P) is geometrically
regular over k(P) = (C/PC)p. If z ¢ P we show that for every finite field extension
L of k(P) the ring B ®¢ L is regular. Let W be a prime ideal in B ®¢ L which
contracts to a prime ideal W in B. Then W lies over P in C. Let ) € Spec(R*)
be a prime ideal with ¥~1(Q) = W. Since @~ 1(W) = (¥ 0 ®)~}(Q) = P, we know
that z ¢ @ and thus H ¢ @ implying that H € W. Therefore the map

é
R[U](wo¢)*1(Q) —>Q R[tl, o ts, ’U]/(f(t) — U))w’l(Q)
is regular. Since z ¢ @@ we have the following identifications:

Rl pos)—1 (@) —2 Rlts, ... ta, 0]/ (F(E) = 1)) p-1()

Cp &) BW

which imply that ®¢ is regular. Hence the ring By ®c¢,, L is regular. But (B®c L)y
is a localization of By ®¢, L. Therefore B @ L is regular. Thus & is a regular
morphism and C' is excellent. (I

REMARK 13.11. (1) For the example of Nagata described in Example 4.8 and
in Proposition 10.2, the map from R[p](m,,) — S, may be identified as the inclusion
map

B = Ky, (t 4 9) i) — Ky, ey [L/a] = Se.
Let Q = (y,t)S; and let P =QNE = (y, (t +y)?)E. Then PS, is Q-primary and
properly contained in (). Therefore the map ¢, is not regular.

(2) For the example of Rotthaus described in Example 4.10, the map from
R[p](m,p) — Sy may be identified as the inclusion map

b,
k[l’, y7 2, (tl + .T)(tg + Z)]n —y> k[(E, y7 Z, tl» tQ]x,y,z,tl,tg [1/y] = Sy7

where n = (z,y, z, (t1 + z)(t2 + 2)k[z,y, 2, (t1 + x)(t2 + 2)]. Let
E = k'[.’IJ, Y, z, (tl + aj)(t2 + Z)](z,y,z,(t1+x)(t2+z)

and let P be defined as P := (z, z, (t1+x)(t2+2))E. Then S, /PS, = k(y)[t1,t2]/(t1t2)
is a nonregular ring, so ¢, is not a regular map.






CHAPTER 14

Excellent rings: motivation and explanation

The goal of this chapter is to motivate and explain the concept of excellence.
We describe the desirable attributes of an excellent ring and discuss why they are
useful. In considering this, we are led to a discussion of the singular locus and the
Jacobian criterion. For a Noetherian local ring (R, m) with m-adic completion R
the fibers of the map R — R play an important role. We also consider Henselian
rings and the Henselization of a Noetherian local ring.

14.1. Basic properties and background

In the 1950s, M. Nagata constructed an example in characteristic p > 0 of
a normal Noetherian local domain (R, m) such that the m-adic completion R is
not reduced [96, Example 6, p.208], [94]. He constructed another example of a
normal Noetherian local domain (R, m) that contains a field of characteristic zero
and has the property that R is not an integral domain [96, Example 7, p.209]; see
Example 4.8, Remarks 4.9 and Section 10.1 for information about this example.
The existence of these examples motivated the search for appropriate conditions to
impose on a Noetherian local ring R that will ensure that R does not exhibit the
bad behavior of these examples. We consider the following questions:

QUESTIONS 14.1.

(1) What properties should a “nice” Noetherian ring have?

(2) What properties on a Noetherian local ring ensure good behavior with
respect to completion?

(3) What properties on a Noetherian ring ensure “nice” properties of finitely
generated algebras over the given ring?

In the 1960s, A. Grothendieck systematically investigated Noetherian rings that
are exceptionally well behaved. He called these rings “excellent”. The intent of his
definition of excellent rings is that these rings should have the same nice properties
as the rings in classical algebraic geometry. The rings in classical algebraic geometry
are the affine rings

A:k[‘rlv"'vmn]/-L

where k is a field and [ is a radical ideal of the polynomial ring S,, := k[x1, ..., 2]
That is,

I=VI={feb,| ftelfor some positive integer t}.

There are three fundamental properties of affine rings that are relevant for the
definition of excellent rings. The first two are straightforward:

IMuch of the material in this chapter comes from the article [115].
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Property 1: Every algebra of finite type over an affine ring is again an affine
ring.
Property 2: Every affine ring is universally catenary.

We recall for Property 3 the following definition.
DEFINITION 14.2. Let A be a Noetherian ring. The singular locus of A is:
Sing(A) = {P € Spec(A) | Ap is not a regular local ring}.

Let k£ be an algebraically closed field. An affine algebraic variety V is a subset
of affine n-space k™ for some positive integer n such that V is the zero set of an
ideal I of the polynomial ring S,, = k[x1,...,,]:

V=21 ={ack™| f(a) = 0, forall fel}.
It is clear that V = Z(v/T). We define the singular locus of V to be Sing(S,/vT).

It is a basic fact of algebraic geometry that the singular locus of an affine alge-
braic variety is again an affine algebraic variety [44, Theorem 5.3] This motivates
Property 3:

Property 3: For every affine ring A over an arbitrary field k, the singular
locus Sing(A) is closed in the Zariski topology of Spec(A), that is, there is an ideal
J C A such that Sing(A) = V(J).

Property 3 is the key to the definition of excellent rings. Let A = S/I, where
S = k[z1,...,x,] is a polynomial ring over a perfect field k. Let P be a prime ideal
of S with I C P, let p = P/I, and let r be the height of Ip in Sp. Assume that
I=1(f1,...,fs)S. Then the Jacobian criterion!/for reqularity asserts that

A, is regular over k <— rank(9f;/0z;)mod(P) = r.
(14.2.0) <= P 2 the ideal generated by the
r x r minors of (0f;/0x;).

The statement that A, is regular over k£ means that the map ¢ : & — A, is a
regular map in the sense of Definition 3.23; that is, ¢ is flat and has geometrically
regular fibers. Equivalently, v is flat and, for each prime ideal P of A and each
finite algebraic field extension L of k, the ring Ap ®j L is a regular local ring. Since
k is a field, Ap is a free k-module and so the extension v is flat by Remark 2.21.2.
If k£ is a perfect field, every algebraic extension is separable algebraic; this implies
that Ap®y L is a regular local ring when Ap is. Thus, in the case that & is a perfect
field, the map k — A, is regular if and only if A, is a regular local ring. For a
proof of the Jacobian criterion for regularity see [89, Theorem 30.3 and Remark 2,
p. 235].

If k is not a perfect field the Jacobian criterion 14.2.0 as stated above does
not imply an equivalence of the condition that A, is a regular local ring with the
conditions on the righthand side. Instead, in the case where k is a non-perfect field,
the condition on the righthand side of Criterion 14.2.0 is equivalent to the statement
that A, is smooth? over k, a condition that is stronger than the statement that A,
is a regular local ring[89, Theorem 30.3].

Example 14.3 is an example of a local ring over a non-perfect field k that is a
regular local ring, but is not smooth over k.

2For the definition of smoothness see Definition 11.7.



14.1. BASIC PROPERTIES AND BACKGROUND 119

EXAMPLE 14.3. Let k be a field of characteristic p > 0 such that k is not perfect,
that is, kP is properly contained in k. Let a € k\ kP and let f = 2P — a. Then
L = k[z]/(f) is a proper purely inseparable extension field of k. Since 9f/dz = 0,
the Jacobian criterion for smoothness shows that L fails to be smooth over k.
However, L is a field and thus a regular local ring. There exists a kP-derivation
D : k[z] — k[z] with D(f) # 0. This reflects the basic idea of Nagata’s Jacobian
criterion for regularity [89, Theorem 30.10].

If k is a field of characteristic p > 0, the main idea of Nagata’s Jacobian criterion
for regularity is to include the kP"-derivations of k for all n € N in addition to the
partial derivatives df;/0z; .

A first approach towards enlarging the class of affine rings might be to consider
those rings that admit “Jacobian criteria”, but this class is rather small. The fol-
lowing example from [115, p. 319] illustrates an example of an excellent Noetherian
local ring that fails to satisfy Jacobian criteria:

EXAMPLE 14.4. Let 0 = el ~1) € Q[z]. Notice that ¢ and do/dz are al-
gebriacally independent over Q(x). As in Example 4.1, consider the intersection
domain

A = Q(z,0) NQ[[x]].

By Remark 2.1, A is a DVR with maximal ideal A and field of fractions Q(z, o).
We have Qz];y € A C Q[[z]]. If d : A — Q[[z]] is a derivation, then d(c) =
d(x)do /0z. Since o and Jo/Jx are algebraically independent over Q(x) it follows
that d(o) ¢ A whenever d(z) # 0. Hence there is only the trivial derivation from A
into itself. Since every DVR containing a field of characteristic 0 is excellent [42,
Chap IV], [110], the ring A is excellent.

There is, however, an important class of Noetherian local rings that admit Ja-
cobian and regularity criteria, namely, the class of complete Noetherian local rings.
These criteria were established by Nagata and Grothendieck and are similar to the
above mentioned criterion. The main objective of the theory of excellent rings is to
exploit Jacobian criteria on the completion A of an excellent local ring A in order
to describe certain properties of A, even though the ring A itself may fail to admit
Jacobian criteria. This theory requires considerable theoretical background. For
example, Grothendieck’s theory of formal smoothness and regularity was developed
to work out the connection between a local ring A and its completion A.

In the following discussion we sketch the main ideas in the definition of excellent
rings.

DiscussioN 14.5. Let (A, m) be a Noetherian local ring. By Cohen’s structure
theorems the m-adic completion A of Ais the homomorphic image of a formal power
series ring over a ring K, where K is either a field or a complete discrete valuation
ring, that is, A K|[[z1,...,2,]]/I; see Remarks 3.11.3. The singular locus Singg
of A is closed by the Jacobian criterion on complete Noetherian local rings [89,
Corollary to Theorem 30.10]. One way to guarantee closure of the singular locus
of A is to require that the singular loci of A and A be generated by an ideal J of
A and the extension JA of J to A\, that is, to require:

(14.5.a) Sing(4) = V(J) and Sing(A) = V(JA), for some ideal J of A.
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We show in Proposition 14.6 below that Condition 14.5.a is equivalent to Condi-
tion 14.5.b.

(14.5.b) for all Q € Spec(A), Agna is regular <= EQ is regular.

We first make some observations about Condition 14.5.b. The backward direction
“ «< 7 of Condition 14.5.b is always satisfied: By Remark 3.6.2, A is flat over A
for every Noetherian local ring A. Thus the induced morphism Agna — EQ is
faithfully flat. Since flatness descends regularity [89, Theorem 23.7(i)], if A\Q is
regular, then Agna is regular.

The forward direction “ = ” of Condition 14.5.b requires an additional assump-
tion about the map f: A — A. If we assume that the fiber of fover P=QnNAis
regular as in Definition 3.20, it follows that the ring A\Q/PA\Q is regular. By [89,
Theorem 23.7(ii)], the ring A\Q is regular, if Ap and /TQ/PA\Q are both regular.

PROPOSITION 14.6. Let (A, m) be a Noetherian local ring and let A be its m-
adic completion. Condition 14.5.a is equivalent to Condition 14.5.b.

PrOOF. It is clear that Condition 14.5.a implies Condition 14.5.b. Assume
Condition 14.5.b and let I be the radical ideal of A such that Sing(A) = V().
Then I = (-, Q;, where the Q; are prime ideals of A. Let P, =Q; N A for each i
and let INA = J. Then J = (., P,. We observe that Sing(A) = V(J). Since EQI.
is not regular, Condition 14.5.b implies that Ap, is not regular. Let P € Spec A.
If J C P, then P; C P for some i, and P; C P implies that Ap, is a localization of
Ap. Therefore Ap is not regular.

Assume that J € P. There exists @ € Specjl\ such that Q N A = P, and it is
clear that I € Q. Hence EQ is regular, and thus by Condition 14.5.b the ring Ap
is regular. Therefore Sing A = V(J).

It remains to observe that \/ﬁ = I. Clearly \/ﬁ ClI. Let Qe Specg with
JA C Q. Then J C QN A := P and Ap is not regular. By Condition 14.5.b, the
ring A\Q is not regular, so I C Q. ([l

As in Chapter 3, if A is a ring and p € Spec(A), then k(p) denotes the field
of fractions Q(A/p) of A/p. By permutability of localization and residue class
formation k(p) = A,/pA,.

Let (A,m) be a Noetherian local ring and let A be its m-adic completion.
Recall from Definition 3.25 that the formal fibers of A are the rings ARy k(p) =
(A\ p)~Y(A/pA) where p € Spec(A).

As we observe in the paragraph above Proposition 14.6, Condition 14.5.b holds
for a local ring A if the formal fibers of A are regular. In this case by Proposition 14.6
the singular locus of A is closed. Thus we have:

COROLLARY 14.7. Let A be a Noetherian local ring such that the formal fibers
of A are reqular. Then the singular locus Sing A is closed.

In order to obtain that every algebra essentially of finite type over A also has
the property that its singular locus is closed, the stronger condition that the formal
fibers of A are geometrically regular as in Definition 3.21 is needed.

REMARK 14.8. Let (A, m) be a Noetherian local ring and let f : A — B be

a map to a Noetherian A-algebra. For P € Spec 4, let C = (A\ P)~Y(B/f(P)B
denote the fiber over P in B.
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In Definition 3.21, a prime ideal P in A is said to be geometrically regular if
for every finite extension field F' of k(P) the condition for the fiber over P to be
regular, given in Definition 3.20, holds true for every finite purely inseparable field
extension k C L. That is, suppose that B ®; L is regular for every finite purely
inseparable field extension & C L. Then the ring B ® L is regular for every finite
field extension k C L.

14.2. Excellent rings

In the case of a Noetherian local ring, Grothendieck defined excellence as fol-
lows:

DEFINITION 14.9. Let A be a Noetherian local ring. Then A is ezcellent if
(a) The formal fibers of A are geometrically regular, that is, for all P € Spec(A),
the ring A® 4 L is regular for all finite purely inseparable field extensions k(P) C L.

(b) A is universally catenary.

Notice that Condition (iii) of Definition 3.28 about closedness of the singular
locus of finitely generated A-algebras is not included in Definition 14.9. For the
case of the local ring A, this follows from Corollary 14.7.

If A is an excellent local ring then its completion A inherits many properties
from A. In particular, we have :

THEOREM 14.10. [42, Section on excellence] Let (A,m) be an excellent local
ring, Q € Spec(A), and P = QN A its contraction to A. Then the ring Ap is reqular
(normal, reduced, Cohen-Macaulay, Gorenstein, respectively) if and only if the ring
EQ is regular (normal, reduced, Cohen-Macaulay, Gorenstein, respectively).

COROLLARY 14.11. If (A,m) is an excellent local ring then Sing(A) is closed
in Spec(A).

If A is not a local ring the formal fibers of A are the formal fibers of the local
rings A,,, where m is a maximal ideal of A. We say that A has geometrically regular
formal fibers if the local rings A,, for all maximal ideals m C A have geometrically
regular formal fibers. If A is a semilocal ring with geometrically regular formal
fibers then Sing(A) is again closed in Spec(A). If A is a non-semilocal ring with
geometrically regular formal fibers then it is possible that Sing(A) is no longer
closed in Spec(A), as in an example by Nishimura, [98]. Therefore the definition
of a general (non semilocal) excellent ring requires an additional condition that
guarantees that the singular locus of A and of all algebras of finite type over A
are closed in their respective spectra. A definition of execllence equivalent to that
given in Definition 3.28 is the following:

DEFINITION 14.12. A Noetherian ring A is excellent, if

(1) The formal fibers of A are geometrically regular.

(2) For every finitely generated A-algebra B the singular locus Sing(B) of B
is closed in Spec(B).

(3) A is univerally catenary.

In working with excellent rings it is often helpful to make use of the notion of
a regular morphism. Recall that in Definition 3.23 a homomorphism f: A — B



122 14. EXCELLENT RINGS: MOTIVATION AND EXPLANATION

of Noetherian rings is defined to be regular if f is flat and if for every prime ideal
P € Spec(A) the ring B ® 4 k(P) is geometrically regular over k(P).

Following Matsumura, in Definition 3.26 we have defined a Noetherian ring A
to be a G-ring if the natural map Ap — ;l\p is regular for all P € Spec A. If this
condition is satisfied for all maximal ideals of A, then it also holds for all prime
ideals of A.

Let A be a Noetherian ring and assume that f : A — B defines B as an
A-algebra of finite type. Assume that g : B — C' is a map of Noetherian rings.
By Matsumura [89, Theorem 32.1] the composition gf : A — C is regular if g is
regular. Since B is an A-algebra of finite type, the following theorem applies:

THEOREM 14.13.  [125, Corollary 1.2] Let f : A — B be a morphism of
Noetherian rings with B of finite type over A. Then the following are equivalent:

(1) f is regular.
(2) f is smooth, i.e, B is a smooth A-algebra.

Since B is of finite type over A, the non-smooth locus of B over A, that is, the
set

T = {P € Spec(B) | Bp is not smooth over A},

is closed in Spec(B). Thus there is an ideal J C B with T'= V(J). By Elkik [30],
the ideal J can be computed by using the Jacobian matrix of B over A. For the

above situation A % B % C, one can then conclude that gf is a regular morphism
if and only if JC' = C.

14.3. Henselian rings

Let (R,m) be a local ring and let k¥ = R/m denote the residue field of R.
Recall that R is Henselian if the following condition known as “Hensel’s Lemma”
holds for R:

For every monic polynomial f(x) € A[x] such that the image

f(x) € Alz] = Alz]/m[z] = k[z] can be expressed as f(z) =

[]

() -

a B(x),
(14.3.0) for some relatively prime monic polynomials a(x) and 3(z) € ,

there exist monic polynomials g(x) and h(x) € Afz] with

f(x) = g(x) - h(z),a(z) = g(z) and B(z) = h(x).

Hensel’s Lemma holds for every complete local ring [89, Theorem 8.3]. In par-
ticular the ring of p-adic integers satisfies Hensel’s Lemma. The Henselian property
was first observed in algebraic number theory around 1910 for the ring of p-adic
integers. Many popular Noetherian local rings fail to be Henselian; see for example
Exercise 14.1. N

Since a Noetherian local ring (R, m) is a subring of its m-adic completion R,
every Noetherian local ring is dominated by a Noetherian Henselian ring. The
Henselization R" is the smallest Henselian subring of R that dominates R; see
Definition 2.3.4a.

In this section we describe an approach to the construction of the Henselization
of R developed in [108] and discussed in [115] that is different from that used in
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[96] and discussed in Definition 2.3.4. The approach in [108] uses the concept of
an etale morphism as in Definitions 14.14.

DEFINITIONS 14.14. Let (R, m) be a local ring.

(1) Let ¢ : (R,m) — (A,n) be a local homomorphism with A essentially
finite over R; that is A is a localization of an R-algebra that is a finitely
generated R-module. Then A is étale over R if the following condition
holds: for every R-algebra B and ideal N of B with N2 = 0, every
R-algebra homomorphism ¢g : A — B/N has a unique lifting to an R-
algebra homomorphims f : A — B. Thus A is étale over R if for every
commutative diagram of the form below, where the maps from R — A
and R — B are the canonical ring homomorphisms that define A and B
as R-algebras and the map B — B/N is the canonical quotient ring map

R—— A

| d

B —— BJ/N,
there exists a unique R-algebra homomorphism f : A — B that preserves
commutativity of the diagram.

(2) A local ring (A, n) is an etale neighborhood of R if A is ¢tale over R and
R/m = A/n; that is, there is no residue field extension.

REMARKS 14.15. Let (R, m) be a Noetherian local ring.

(1) The Henselization R" of R is usually much smaller than the m-adic com-
pletion R of R. The Henselization R" is an algebraic extension of R,
whereas R is often of infinite (uncountable) transcendence degree over R.

(2) If R is an excellent normal local domain, then R" is the algebraic closure

of R in ﬁ; that is, every element in R \ R" is transcendental over R, see,
for example, [96, (44.1)].

Exercises

(1) Let « be an indeterminate over a field k& and let R denote the localized poly-
nomial ring k[z](zx[»])- Show that R is not Henselian.
Suggestion. Consider the polynomial f(y) = vy* +y + x € R[y].






CHAPTER 15

Integral closure under extension to the completion

This chapter is related to the general question: “What properties of ideals of a
Noetherian local ring A with maximal ideal n are preserved under extension to the
n-adic completion A?” We consider in this chapter the integral closure property
(see Definition 15.1.4).

Using the insider construction described in Chapter 13, we present in this
chapter an example of a 3-dimensional regular local domain (A4, n) having a height-
two prime ideal P with the property that the extension PA of P to the n-adic
completion A of A is not integrally closed. The ring A in the example is a 3-
dimensional regular local domain that is a nested union of 5-dimensional regular
local domains.

More generally, we use this same technique to establish the existence for each
integer d > 3 and each integer h with 2 < h < d — 1 of a d-dimensional regular
local domain (A,n) having a prime ideal P of height h with the property that
the extension PA is not integrally closed, where A is the n-adic completion of A.
A regular local domain having a prime ideal with this property is necessarily not
excellent, see item 7 of Remark 15.6.

We discuss in Section 15.1 conditions in order that integrally closed ideals of a
ring R extend to integrally closed ideals of R/, where R’ is an R-algebra. In par-
ticular, we consider under what conditions integrally closed ideals of a Noetherian
local ring A extend to integrally closed ideals of the completion A of A.

15.1. Integral closure under ring extension

For properties of integral closure of ideals, rings and modules we refer to [126].
In particular, we use the following definition.

DEFINITIONS 15.1. Let I be an ideal of a ring R.

(1) An element r € R is integral over I if there exists a positive integer n and
a monic polynomial f(z) = 2"+ ., a;z" " such that f(r) = 0 and such
that a; € I* for each i with 1 <3 < n.

(2) If J is an ideal contained in I and JI"~! = I™ for some positive integer
n, then J is said to be a reduction of I.

(3) The integral closure I of I is the set of elements of R integral over I.

(4) If I =1, then I is said to be integrally closed.

(5) The ideal I is said to be normal if I™ is integrally closed for every n > 1.

REMARKS 15.2. We record the following facts about an ideal I of a ring R.
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(1) An element r € R is integral over I if and only if I is a reduction of
the ideal L = (I,7)R. To see this equivalence, observe that for a monic
polynomial f(z) as in Definition 15.1.1, we have

f(r)=0 < r" = —Zair"_i eIl —= "=1L"""
i=1

(2) Tt is well known that T is an integrally closed ideal [126, Corollary 1.3.1].

(3) Anideal is integrally closed if and only if it is not a reduction of a properly
bigger ideal.

(4) A prime ideal is always integrally closed. More generally, a radical ideal
is always integrally closed.

(5) Let a,b be elements in a Noetherian ring R and let I := (a?,b?)R. The
element ab is integral over I. If a,b form a regular sequence, then ab & I
and the ideal I is not integrally closed. More generally, if h > 2 and
ai,...,ap form a regular sequence in R and [ := (a}f7 .. ,aZ)R, then I is
not integrally closed.

Our work in this chapter is motivated by the following questions:

QUESTIONS 15.3.

(1) Craig Huneke: “Does there exist an analytically unramified Noetherian lo-
cal ring (A, n) that has an integrally closed ideal I for which the extension
IA to the n-adic completion A is not integrally closed?”

(2) Sam Huckaba: “If there is such an example, can the ideal of the example
be chosen to be a normal ideal?” See Definition 15.1.6.

Related to Question 15.3.1, we construct in Example 15.7 a 3-dimensional reg-
ular local domain A having a height-two prime ideal I = P = (f, g)A such that
I4 is not integrally closed. Thus the answer to Question 15.3.1 is “yes”. This
example also shows that the answer to Question 15.3.2 is again “yes”. Since f,g
form a regular sequence and A is Cohen-Macaulay, the powers P™ of P have no
embedded associated primes and therefore are P-primary [87, (16.F), p. 112], [89,
Ex. 17.4, p. 139]. Since the powers of the maximal ideal of a regular local domain
are integrally closed, the powers of P are integrally closed. Thus the Rees alge-
bra A[Pt] = A[ft,gt] is a normal domain while the Rees algebra A[ft, gt] is not
integrally closed.

REMARKS 15.4. Without the assumption that A is analytically unramified,
there exist examples even in dimension one where an integrally closed ideal of a
Noetherian local domain A fails to extend to an integrally closed ideal in A If Ais
reduced but analytically ramified, then the zero ideal of A is integrally closed, but
its extension to A is not integrally closed.

As we remark in Chapter 1, examples exhibiting this behavior have been known
for a long time. An example in characteristic zero of a one-dimensional Noetherian
local domain that is analytically ramified is given by Akizuki in his 1935 paper [7].
An example in positive characteristic is given by F.K. Schmidt [117, pp. 445-447].
Another example due to Nagata is given in [96, Example 3, pp. 205-207]. (See also
[96, (32.2), p. 114], and Remarks 4.9.2.)
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Let R be a commutative ring and let R’ be an R-algebra. In Remark 15.6 we
list cases where extensions to R’ of integrally closed ideals of R are again integrally
closed. In this connection we use the following definition.

DEFINITION 15.5. The R-algebra R’ is said to be quasi-normal if R’ is flat over
R and the following condition (Ng g/) holds: If C is any R-algebra and D is a
C-algebra in which C' is integrally closed, then also C' @z R’ is integrally closed in
D®grR.

REMARKS 15.6. Let R be a commutative ring and let R’ be an R-algebra.

(1) By [81, Lemma 2.4], if R’ satisfies (Ng r/) and I is an integrally closed
ideal of R, then IR’ is integrally closed in R’.

(2) Assume that R and R’ are Noetherian rings and that R’ is a flat R-
algebra. Let I be an integrally closed ideal of R. The flatness of R’ over
R implies every P’ € Ass(R'/IR’) contracts in R to some P € Ass(R/I)
[89, Theorem 23.2]. Since a regular map is quasi-normal, if the map
R — R/, is regular for each P’ € Ass(R'/IR’), then IR’ is integrally
closed.

(3) Principal ideals of an integrally closed domain are integrally closed.

(4) In general, integral closedness of ideals is a local condition. If R’ is an R-
algebra that is locally normal in the sense that for every prime ideal P’ of
R’, the local ring R/, is an integrally closed domain, then the extension
to R’ of every principal ideal of R is integrally closed by item 3. In
particular, if (A,n) is an analytically normal Noetherian local domain,
then every principal ideal of A extends to an integrally closed ideal of A.

(5) Let (4,n) be a Noetherian local ring and let A be the n-adic completion
of A. Since A/q = E/ qA\ for every n-primary ideal q of A, the n-primary
ideals of A are in one-to-one inclusion preserving correspondence with the
n-primary ideals of A. Tt follows that an n-primary ideal I of A is a
reduction of a properly larger ideal of A if and only if I A is a reduction
of a properly larger ideal of A. Therefore an n-primary ideal I of A is
integrally closed if and only if T Ais integrally closed.

(6) If R is an integrally closed domain, then for every ideal I and element z of
R we have I = xI. If (A, n) is analytically normal and also a UFD, then
every height-one prime ideal of A extends to an integrally closed ideal
of A. In particular if A is a regular local domain, then PA is integrally
closed for every height-one prime P of A. If (A, n) is a 2-dimensional local
UFD, then every nonprincipal integrally closed ideal of A has the form x1,
where [ is an n-primary integrally closed ideal and z € A. In particular,
this is the case if (A, n) is a 2-dimensional regular local domain. In view
of item 5, it follows that every integrally closed ideal of A extends to an
integrally closed ideal of A in the case where A is a 2-dimensional regular
local domain.

(7) If (A,n) is an excellent local ring, then the map A < A is quasi-normal
by [42, (7.4.6) and (6.14.5)], and in this case every integrally closed ideal
of A extends to an integrally closed ideal of A.
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(8) Let (A,n) be a Noetherian local domain and let A" denote the Henseliza-
tion of A. Every integrally closed ideal of A extends to an integrally closed
ideal of A". This follows because A" is a filtered direct limit of étale A-
algebras [81, (iii), (i), (vii) and (ix), pp. 800- 801]. Since the map from
A to its completion A factors through A", every integrally closed ideal of
A extends to an integrally closed ideal of A if and only every integrally
closed ideal of A" extends to an integrally closed ideal of A.

15.2. Extension to the completion

We use results from Chapters 8, 9 and 13 In the construction of the following
example.

CONSTRUCTION OF EXAMPLE 15.7. Let k be a field of characteristic zero and
let 2,y and z be indeterminates over k. Let R := k[z,y, 2](4,y,.) and let R* be the
(z)-adic completion of R. Thus R* = k[y, 2]y,)[[z]], the formal power series ring
in z over the 2-dimensional regular local ring ky, 2]y, ).

Let @ and 8 be elements of xk[[z]] that are algebraically independent over k(x).
Set

f = (yfa)za g = (275)27 and A = k(x,y,Z,f,g) N R*
Let T := R]o, 8] and S := R[f, g]. Notice that S and T are both polynomial

rings in 2 variables over R and that S is a subring of 7". Indeed, with v :=y — «
and v := z — 3, we have T = R[u,v] and S = R[u?,v?]. Let

A" = R* N k(z,y,z a,B).

By Localized Polynomial Example Theorem 9.7, the map 7' — R*[1/x] is flat
and A°" is a 3-dimensional regular local domain that is a directed union of 5-
dimensional regular local domains. By Construction Properties Theorem 6.19.4,
the rings A°"* and A have (z)-adic completion R*.

By Theorem 13.3, the ring A is Noetherian and equal to its approximation
domain B provided that the map S — T'[1/x] is flat. In our situation, the ring T'
is a free S-module with {1, y —a, z— 8, (y — a)(z — B)} as a free module basis.
Therefore the map S < T'[1/x] is flat. The following commutative diagram where
all the labeled maps are the natural inclusions displays this situation:

B=A=R'NQ(S) —— A =R*NQ(T) —2— R* = A*
(15.1) 54 54 uﬂ

In order to better understand the structure of A, we recall some of the details
of the approximation domain B associated to A.

APPROXIMATION TECHNIQUE 15.8. With k,z,y, 2, f, g, R and R* as in Con-
struction 15.7, we have

oo oo
f:y2+ijacj7 g:zz—l—chxj,
Jj=1 Jj=1
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where b; € k[y] and ¢; € k[z]. The r*® endpieces for f and g are the sequences
{124, {9-}22, of elements in R* defined for each r > 1 by:

o~ bl = c;jz’
[ T
j=r+1 Jj=r+1
Then f = y%2+ by +zf1 = y? + b1 + 22by + 22 fo = ... and similar equations hold

for g. Thus we have:

(15.8.0) f=v?+abi+a’bo+... 2t +atf; g=v +zci+alea+.. . ate+atyy,

for each t > 1.

For each integer r > 1, the ring B, = (U,)m,, where U, is the polynomial
ring k[z,y, 2, fr, g-] and m, is the maximal ideal (x,y, z, fr, g»)U,. We define the
approximation domain B := J | B,.

THEOREM 15.9. Let A be the ring constructed in (15.7) and let P = (f, g)A,
where f and g are as in (15.7). Then

(1) The ring A = B is a 3-dimensional regular local domain that has (vA)-
adic completion A* = R* = kly, 2](y,»)[[z]]. Moreover A is a nested union
of five-dimensional reqular local domains.

(2) The ideal P is a height-two prime ideal of A.

(3) The ideal PA* is not integrally closed in A*.

(4) The completion A of A is R = k[[x,y, 2]] and PA is not integrally closed.

PrOOF. As we remark in Construction 15.7, the zA-adic completion of A is
R*, A is Noetherian and A = B is a nested union of five-dimensional regular local
domains. Thus item 1 follows from Theorem 13.3, parts 3 and 4.

For item 2, it suffices to observe that P has height two and that, for each
positive integer r, P, := (f, g)U, is a prime ideal of U,. We have f = 3% +xb, +zfi
and g = 22+xcy+xgp. It is clear that (f, g)k[x, v, 2, £, g] is a height-two prime ideal.
Since Uy = kx,y, z, f1, g1] is a polynomial ring over k in the variables z,y, z, f1, g1,
we see that

PlUl[]./.T] = (I’bl + l’fl +y2,$01 +$g1 + Zz)Ul[l/’I]

is a height-two prime ideal of Uj[1/z]. Indeed, setting f = g = 0 is equivalent
to setting f1 = —b; — y*/x and g1 = —c; — 2%/x. Therefore the residue class ring
(Uy/Py)[1/x] is isomorphic to the integral domain k[x,y, z][1/z]. Since U; is Cohen-
Macaulay and f, g form a regular sequence, and since (z, f, g)U; = (z,y?, 2?)U; is
an ideal of height three, we see that x is in no associated prime of (f, g)U; (see, for
example [89, Theorem 17.6]). Therefore P; = (f,g)U; is a height-two prime ideal,
and so the same holds for P; B;.

For r > 1, by Equation 15.8.0, there exist elements w, € k[z,y] and v, € k[z, 2]
such that f = 2" f. +u,x+y? and ¢ = 2" ¢, + v,z + 2. An argument similar to that
given above shows that P. = (f, g)U, is a height-two prime ideal of U,. Therefore
(f,9)B is a height-two prime of B = A.

For items 3 and 4, R* = B* = A* by Construction 15.7 and it follows that A=
k[[z,y, z]]. To see that PA* = (f,g)A* and PA = (f, g)A are not integrally closed,
observe that & := (y — a)(z — f3) is integral over PA* and PA since £2 = fg € P2,
On the other hand, ¥y — o and z — 8 are nonassociate prime elements in the local
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unique factorization domains A* and A. An easy computation shows that & ¢ PA.
Since PA* C PA, this completes the proof. O

In Example 15.10, we observe that this same technique may be used to construct
a d-dimensional regular local domain (A4, n) having a prime ideal P of height h with

the property that the extension PA is not integrally closed for each integer d > 3
and each integer h with 2 < h <d -1

ExXAMPLE 15.10. Let k be a field of characteristic zero and for an integer n > 2
let x,y1,...,y, be indeterminates over k. Let R denote the d := n + 1 dimensional
regular local ring obtained by localizing the polynomial ring k[z,y1, ..., yn] at the
maximal ideal generated by (z,y1,...,yn). Let h be an integer with 2 < h < n
and let 71,..., 7, € xk[[z]] be algebraically independent over k(z). For each ¢ with
1 <i < h, define f; = (y; — )", and set u; = y; — 7;. Consider the rings

S = R[fi,...,fn] and T := R[n,...,7n] = Rlu1,...,up].

Notice that S and T are polynomial rings in h variables over R and that T is a
finite free integral extension of S. Let R* denote the (z)-adic completion of R, and
define

A= R* N Q) and A°™ := R* n Q7).

The following commutative diagram where the labeled maps are the natural
inclusions displays this situation:

B=A=R"NQ(S) —2— A" =R*NQ(T) —2— R*= A*

(15.2) 51T 52T wT

S=R[fi,....fn] —— T=R[n,....,7] =—— T

Since the map S < T is flat, Theorem 13.3 implies that A is a d-dimensional
regular local ring and is equal to its approximation domain B. Let P := (f1,..., fn)A.
An argument similar to that given in Theorem 15.9 shows that P is a prime ideal of
A of height h. We have y;—7; € A*. Let £ = H?=1(yi*7'z‘)~ Then " = f--- fj, € P"
implies ¢ is integral over PA*. Since y; —71,...,yn — T is a regular sequence in A*,
we see that & ¢ PA*. Therefore the extended ideals PA* and PA are not integrally
closed

15.3. Comments and Questions

In connection with Theorem 15.9 it is natural to ask the following question.

QUESTION 15.11. For P and A as in Theorem 15.9, is P the only prime of A
that does not extend to an integrally closed ideal of A7

COMMENTS 15.12. In relation to Example 15.7 and to Question 15.11, con-
sider the following commutative diagram, where the labeled maps are the natural
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inclusions:
B=A=R*"NQ(S) —*— A% = R*NQ(T) —2— R* = A*

(15.3) (sj 54 ‘J

S=R[f9) —— T=Rf —— T

Let v = 5 - 71. Referring to the diagram above, we observe the following;:

(1) Theorem 13.3 implies that A[1/z] is a localization of S. Furthermore, by
Polynomial Example Theorem 9.5 of Chapter 9, A° is excellent. Notice,
however, that A is not excellent since there exists a prime ideal P of A
such that PA is not integrally closed. The excellence of A°"* implies that
if Q" € Spec A* and x ¢ Q*, then the map g« : T — Ap. is regular [42,
(7.8.3v)].

(2) Let Q* € Spec A* be such that z ¢ Q* and let ' = Q* NT. By [89,
Theorem 32.1] and Item 1 above, if g : S — Ty is regular, then vg- :
A — Apy. is regular.

(3) Let I be an ideal of A. Since A" and A* are excellent and both have
completion 121\, Remark 15.6.3 shows that the ideals TA’, IA* and I A are
either all integrally closed or all fail to be integrally closed.

(4) The Jacobian ideal of ¢ : S := k[z,y, 2, f,g9] — T := k[z,y, z,a, (] is the
ideal of T' generated by the determinant of the matrix

af  9g

oo da
j'(@f ag)'

o8 9B

Since the characteristic of the field & is zero, this ideal is (y — a)(z — §)T.

In Proposition 15.13, we relate the behavior of integrally closed ideals in the
extension ¢ : S — T to the behavior of integrally closed ideals in the extension
v A— A*.

PRrOPOSITION 15.13. With the setting of Theorem 15.9 and Comment 15.12.2,
let I be an integrally closed ideal of A such that x & Q for each Q € Ass(A/I). Let
J=1INS. If JT is integrally closed (resp. a radical ideal) then IA* is integrally
closed (resp. a radical ideal).

PROOF. Since the map A — A* is flat, x is not in any associated prime of
ITA*. Therefore IA* is contracted from A*[1/x] and it suffices to show IA*[1/x] is
integrally closed (resp. a radical ideal). Our hypothesis implies I = T A[1/z] N A.
By Comment 15.12.1, A[1/z] is a localization of S. Thus every ideal of A[l/z] is
the extension of its contraction to S. It follows that TA[l1/z] = JA[1/z]. Thus
TA*[1/x] = JA*[1/x].

Also by Comment 15.12.1, the map T' — A*[1/x] is regular. If JT is integrally
closed, then Remark 15.6.7 implies that JA*[1/z] is integrally closed. If JT is a
radical ideal, then the regularity of the map T'— A*[1/x] implies the JA*[1/x] is
a radical ideal. g

ProrosiTION 15.14. With the setting of Theorem 15.9 and Comment 15.12,
let Q € Spec A be such that QA (or equivalently QA* ) is not integrally closed. Then

(1) @ has height two and x € Q.
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(2) There exists a minimal prime Q* of QA* such that with ' = Q* NT, the
map pq S — Ty is not reqular.

(3) Q contains f = (y—a)? or g= (2 — B)2.

(4) Q contains no element that is a regular parameter of A.

PRrROOF. By Remark 15.6.6, the height of @ is two. Since A*/xA* = A/zA =
R/xR, we see that « ¢ Q. This proves item 1.

By Remark 15.6.7, there exists a minimal prime @* of QA* such that yo- :
A — Af. is not regular. Thus item 2 follows from Comment 15.12.2.

For item 3, let @* and ¢ be as in item 2. Since g+ is not regular it is not
essentially smooth [42, 6.8.1]. By [61, (2.7)], (y—a)(z—8) € ¢. Hence f = (y—a)?
or g = (z—f)?is in g’ and thus in Q. This proves item 3.

Suppose w € @ is a regular parameter for A. Then A/wA and A*/wA* are
two-dimensional regular local domains. By Remark 15.6.6, QA* /wA* is integrally
closed, but this implies that QA* is integrally closed, which contradicts our hy-
pothesis that QA* is not integrally closed. This proves item 4. O

QUESTION 15.15. In the setting of Theorem 15.9 and Comment 15.12, let @) €
Spec A with ¢ @ and let q = @ N S. If QA* is integrally closed, does it follow
that T is integrally closed?

QUESTION 15.16. In the setting of Theorem 15.9 and Comment 15.12; if a
prime ideal @ of A contains f or g, but not both, and does not contain a regular
parameter of A, does it follow that QA™* is integrally closed 7

In Example 15.7, the three-dimensional regular local domain A contains height-
one prime ideals P such that A/PA is not reduced. This motivates us to ask:

QUESTION 15.17. Let (A,n) be a three-dimensional regular local domain and
let A denote the n-adic completion of A. If for each height-one prime P of A, the
extension PA is a radical ideal, i.e., the ring A\/ PA is reduced, does it follow that
PA is integrally closed for each P € Spec A7

REMARK 15.18. A problem analogous to that considered here in the sense that
it also deals with the behavior of ideals under extension to completion is addressed
by Loepp and Rotthaus in [83]. They construct nonexcellent Noetherian local
domains to demonstrate that tight closure need not commute with completion.



CHAPTER 16

Catenary local rings with geometrically normal
formal fibers

In this chapter we consider the catenary property in a Noetherian local ring
(R, m) having geometrically normal formal fibers.! We prove that the Henselization
R! of R is universally catenary, and relate the catenary and universally catenary
properties of R to the fibers of the map R < R"; see definitions below. Henseliza-
tion is discussed in Definition 2.3.4a. We present for each integer n > 2 an example
of a catenary Noetherian local integral domain of dimension n that has geometri-
cally regular formal fibers and is not universally catenary.

16.1. History, terminology and summary

Recall that a ring R is catenary if, for every pair of comparable prime ideals
P C Q of R, every saturated chain of prime ideals from P to @) has the same length,
see Definitions 3.14.3. The ring R is universally catenary if every finitely generated
R-algebra is catenary.

Krull proves in [77] that every integral domain that is finitely generated as
an extension ring of a field is catenary. Cohen proves in [21] that every complete
Noetherian local ring is catenary. These results motivated the question of whether
every Noetherian ring (or equivalently every Noetherian local integral domain) is
catenary. Using power series rings, Nagata answers this question by giving an
example of a family of non-catenary Noetherian local domains in [93]; see also [96,
Example 2, pages 203-205]. Each domain in this family is not integrally closed and
has the property that its integral closure is catenary.

These examples of Nagata motivated the question of whether the integral clo-
sure of a Noetherian local domain is catenary. Work on this question continued
for over 20 years with Ratliff being a leading researcher in this area, [106], [107].
In 1980, T. Ogoma resolved this question by establishing the existence of a 3-
dimensional Henselian Nagata local domain that is integrally closed but not cate-
nary [102]; the Henselian property is defined in Definition 2.3.4. Heitmann in [73]
gives a simplified presentation of Ogoma’s example.

Heitmann in [71] obtains the following notable characterization of the complete
Noetherian local rings that are the completion of a UFD. He proves that every
complete Noetherian local ring (R, m) that has depth at least two 2 and has the
property that no element in the prime subring of R is a zero-divisor on R is the

!The material in this chapter comes from a paper we wrote that is included in a volume
dedicated to Shreeram S. Abhyankar in celebration of his seventieth birthday. In his mathematical
work Ram has opened up many avenues. In this chapter we are pursuing one of these related to
power series and completions.

2See Definition 16.16.

133
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completion of a Noetherian local UFD. Heitmann uses this result to establish the
existence of a 3-dimensional Noetherian local UFD that is not universally catenary.

We recall that a Noetherian local ring (R, m) with m-adic completion R has
geometrically normal (respectively geometrically regular) formal fibers if for each
prime P of R and for each finite algebraic extension k' of the field k(P) := Rp/PRp,
the ring R ®p k(P) ®p(p) k' is normal (respectively regular), see Definition 3.21.

In this chapter we investigate the catenary property in Noetherian local rings
having geometrically normal formal fibers. In Example 16.11 we apply a technique
developed in previous chapters to construct, for each integer n > 2, an example
of a catenary Noetherian local integral domain of dimension n with geometrically
regular formal fibers that is not universally catenary.

Let (R,m) be a Noetherian local ring. We denote the Henselization of R by
RP. Recall that (R, m) is formally equidimensional, or in other terminology quasi-
unmized, provided all the minimal primes of the m-adic completion R have the
same dimension. A theorem of Ratliff relating the universal catenary property to
properties of the completion, Theorem 3.16 of Chapter 3, is crucial for our work.

In Section 16.2 we present results concerning conditions for a Noetherian local
ring (R, m) to be universally catenary. The theorem of Ratliff mentioned above
leads to our observation in Proposition 16.1 that a Henselian Noetherian local ring
having geometrically normal formal fibers is universally catenary.

Assume that (R, m) is a Noetherian local integral domain having geometrically
normal formal fibers. Corollary 16.4 implies that the Henselization R" of R is
universally catenary; moreover, if the integral closure R of R is local, then R is
universally catenary. Theorem 16.6 asserts that R is universally catenary if and
only if the set I'g is empty, where

'z := {P € Spec(R")| dim(R"/P) < dim(R/P N R))}.

We also prove that the subset I'r of Spec R is stable under generalization in the
sense that if Q € I'g and P € Spec R" is such that P C @, then P € I's. Thus I'g
satisfies a strong “going down” property.

In Theorem 16.7 we prove for R as above that R is catenary but is not uni-
versally catenary if and only if the set I'p is nonempty and each prime ideal P in
I'r has dimension one. It follows in this case that I'g is a finite subset of the
minimal primes of R". Thus, as we observe in Corollary 16.8, if R is catenary but
not universally catenary, this is signaled by the existence of dimension one minimal
primes of the m-adic completion Rof R. If R is catenary, each minimal prime of
R having dimension different from the dimension of R must have dimension one.

In Section 16.3 we present examples to illustrate the results of Section 16.2. We
apply a construction involving power series, homomorphic images and intersections
developed in previous chapters, see Chapter 8.

The construction begins with a Noetherian integral domain that may be taken
to be a polynomial ring in several indeterminates over a field. In Theorem 16.9 we
extend this construction by proving that in certain circumstances it is possible to
transfer the flatness, Noetherian and computability properties of integral domains
associated with ideals Iy,...,I, of R to the integral domain associated with their
intersection I = I, N---N1,.



16.2. GEOMETRICALLY NORMAL FORMAL FIBERS 135

We apply these concepts in Examples 16.10 - 16.12 to obtain Noetherian local
domains that are not universally catenary. In Remark 16.13, we specifiy precisely
which of these rings are catenary. These domains illustrate the results of Section
16.2, because in Section 16.6 we prove that they have geometrically regular formal
fibers.

We thank M. Brodmann and R. Sharp for raising a question on catenary/universally
catenary rings that motivated our work in this chapter.

16.2. Geometrically normal formal fibers

Throughout this section (R,m) is a Noetherian local ring. We use Theo-
rem 3.16, the result of Ratliff mentioned above, that relates the universally catenary
property to properties of the completion in order to prove:

PROPOSITION 16.1. Let (R,m) be a Henselian Noetherian local ring having
geometrically mormal formal fibers.

(1) For each prime ideal P of R, the extension PR to the m-adic completion
of R is also a prime ideal.
(2) The ring R is universally catenary.

PRrROOF. ITtem 2 follows from item 1 and Theorem 3.16. In order to prove item 1,
observe that the completion of R/P is R/PR, and R/P is a Noetherian Henselian
local integral domain having geometrically normal formal fibers. Hence, by passing
from R to R/P, to prove item 1, it suffices to prove that if R is a Henselian
Noetherian local integral domain having geometrically normal formal fibers, then
the completion R of Ris an integral domain.

Since R has normal formal fibers, the completion R of R is reduced. Hence
the integral closure R of R is a finitely generated R-module [96, (32.2)]. Moreover,
since R is Henselian, R is local [96, (43.12)].

The completion R of R is R ®p R [96, (17.8)]. Since the formal fibers of R
are geometrically normal, the formal fibers of R are also geometrically normal. It

follows that R is normal [89, Corollary, page 184], and hence an integral domain

because R is local. Since R is a flat R-module, Risa subring of R. Therefore Ris
an integral domain. ([l

REMARK 16.2. Let (R, m) be a Noetherian local domain. An interesting result
proved by Nagata [96, (43.20)] establishes the existence of a one-to-one correspon-
dence between the minimal primes of the Henselization R" of R and the maximal
ideals of the integral closure R of R. Moreover, if a maximal ideal m of R corre-
sponds to a minimal prime ¢ of R", then the integral closure of the Henselian local
domain R"/q is the Henselization of Rg [96, Ex. 2, page 188], [92]. Therefore
ht(m) = dim(R"/q).

REMARK 16.3. Let (R, m) be a Noetherian local ring, let R denote the m-adic
completion of R, and let R" denote the Henselization of R. It is well known that the
canonical map R < R" is a regular map with zero-dimensional fibers, and that R
is also the completion of R" with respect to its unique maximal ideal m"” = mR".
The following statements are equivalent:

(1) The map R < R has (geometrically) normal fibers.
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(2) The map R" < R has (geometrically) normal fibers.

Let P be a prime ideal of R and let U = R\ P. Then PR" = P, N ---N Py,
where the P; are the minimal prime ideals of PR". Then PR = (ﬂ?zlPi)R Since
Ris faithfully flat over R", finite intersections distribute over this extension, and
PR = ﬂ?zl(RR). Let § = U~Y(R/PR) denote the fiber over P in R and let
¢; = P;S. The ideals q1,...,q, of S intersect in (0) and are pairwise comaximal
because for i # j, (P;+P;)NU # (. Therefore S = [];_,(S/¢;). Since a Noetherian
ring is normal if and only if it is a finite product of normal Noetherian domains,
the fiber over P in R is normal if and only if the the fiber over each of the P; in R
is normal.

COROLLARY 16.4. Let R be a Noetherian local domain having geometrically
normal formal fibers. Then

(1) The Henselization R’LofR 1s universally catenary.
(2) If the integral closure R of R is again local, then R is universally catenary.

In particular, if R is a normal Noetherian local domain having geometrically normal
formal fibers, then R is universally catenary.

PROOF. For item 1, the Henselization R" of R is a Noetherian local ring hav-
ing geometrically normal formal fibers, and so Proposition 16.1 implies that R"
is universally catenary. For item 2, if the integral closure of R is local, then, by
Remark 16.2, the Henselization R" has a unique minimal prime. Since R" is uni-
versally catenary, the completion R is equidimensional, and hence R is universally
catenary. O

Theorem 16.5 relates the catenary property of R to the height of maximal ideals
in the integral closure of R.

THEOREM 16.5. Let (R,m) be a Noetherian local domain of dimension d and
let R denote the integral closure of R. If R contains a mazimal ideal M with
ht(m) = r ¢ {1,d}, then there exists a saturated chain of prime ideals in R of
length < r. Hence in this case R is not catenary.

PROOF. Since R has only finitely many maximal ideals [96, (33.10)], there
exists b € m such that b is in no other maximal ideal of R. Let R’ = R[b] and
let m’ = m N R’. Notice that m is the unique prime ideal of R that contains m’.
By the Going-up Theorem[89, (9.3)], htm’ = r. Since R’ is a finitely generated
R-module and is birational over R, there exists a nonzero element a € m such that
aR' C R. It follows that R[1/a] = R'[1/a]. The maximal ideals of R[1/a] have
the form PR[1/a], where P € Spec R is maximal with respect to not containing a.
For P € Spec R such that PR[1/a] is maximal in R[1/a], there are no prime ideals
strictly between P and m by Theorem 2.6. If ht P = h, then there exists in R a
saturated chain of prime ideals through P of length i 4+ 1. Thus to show R is not
catenary, it suffices to establish the existence of a maximal ideal of R[1/a] having
height different from d — 1. Since R[1/a] = R'[1/a], the maximal ideals of R[1/a]
correspond to the prime ideals P’ in R’ maximal with respect to not containing a.
Since ht m’ > 1, there exists ¢ € m’ such that ¢ is not in any minimal prime of aR’
nor in any maximal ideal of R’ other than m’. Hence there exist prime ideals of
R’ containing ¢ and not containing a. Let P’ € Spec(R’) be maximal with respect
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toce P anda & P'. Then PP Ccm/,soht P’ <r—1<d-—1. It follows that
there exists a saturated chain of prime ideals of R of length < r, and hence R is
not catenary. ([l

THEOREM 16.6. Let (R,m) be a Noetherian local integral domain having geo-
metrically normal formal fibers and let R" denote the Henselization of R. Consider
the set

'z := {P € Spec(R")| dim(R"/P) < dim(R/(P N R))}.
The following statements then hold.

(1) For p € Spec(R), the ring R/p is not universally catenary if and only if
there exists P € I'g such that p= PN R.

(2) The set g is empty if and only if R is universally catenary.

(3) If p C q are prime ideals in R and if there exists Q € T with QN R = q,
then there also exists P € I'r with PN R = p.

(4) If Q € T'g, then each prime ideal P of R" such that P C Q is also in T'r,
that is, the subset I'r of Spec R" is stable under generalization.

Proor. The map. of R/p to its m-adic completion R/pR factors through
R"/pR". Since R — R has geometrically normal fibers, so does the map R" — R.
Proposition 16.1 implies that each prime ideal P of Rh extends to a prime ideal
PR. Therefore, by Theorem 3.16, the ring R/p is universally catenary if and only
if R"/pR" is equidimensional if and only if there does not exist P € I'p with
PN R = p. This proves items 1 and (2). To prove item 3, observe that if R/p is
universally catenary, then R/q is also universally catenary [89, Theorem 31.6].

It remains to prove item 4. Let P € Spec R" be such that P ¢ Q, and let
ht(Q/P) = n. Since the fibers of the map R — R" are zero-dimensional, the
contraction to R of an ascending chain of primes

P:Pogplgg_Pn:Q

of R" is a strictly ascending chain of primes from p := PN R to q := QN R. Hence
ht(q/p) > n. Since R" is catenary, we have

dim(R"/P) = n+dim(R"/Q) < n+dim(R/q) < dim(R/p),
where the strict inequality is because @) € I'r. Therefore P € T'g. ]

THEOREM 16.7. Let (R,m) be a Noetherian local integral domain having geo-
metrically normal formal fibers and let I'r be defined as in Theorem 16.6. The ring
R is catenary but not universally catenary if and only if

(i) the set T'r is nonempty, and

(ii) dim R"/P =1, for each prime ideal P € I'g.
If these conditions holds, then each P € T'g is a minimal prime of R", and I'g is
a finite nonempty open subset of Spec R".

PrOOF. Assume that R is catenary but not universally catenary. By Theo-
rem 16.6, the set I'z is nonempty and there exist minimal primes P of R" such
that dim(R"/P) < dim(R"). By Remark 16.2, if a maximal ideal m of R corre-
sponds to a minimal prime P of R", then ht(m) = dim(R"/P). Since R is catenary,
Theorem 16.5 implies that the height of each maximal ideal of the integral closure
R of R is either one or dim(R). Therefore dim(R"/P) = 1 for each minimal prime
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P of R" for which dim(R"/P) # dim(R"). Ttem 4 of Theorem 16.6 implies each
P € 'y is a minimal prime of R" and dim R"/P = 1.

For the converse, assume that I'p is nonempty and each prime P € I'p has
dimension one. Then R is not universally catenary by item 2 of Theorem 16.6 and
by item 4 of Theorem 16.6, each prime ideal in ' is a minimal prime of R" and
therefore lies over (0) in R. To show R is catenary, it suffices to show for each
nonzero nonmaximal prime ideal p of R that ht(p) + dim(R/p) = dim(R) [89,
Theorem 31.4]. Let P € Spec(R") be a minimal prime of pR". Since R" is flat
over R with zero-dimensional fibers, ht(p) = ht(P). Let @ be a minimal prime
of R" with Q C P. Then Q ¢ I'g. For by assumption every prime of I'r has
dimension one, so if () were in I'g, then Q = P. But PN R = p, which is nonzero,
and Q@ N R = (0). Therefore Q ¢ I'r and hence dim(R"/Q) = dim(R"). Since
RM is catenary, it follows that ht(P) + dim(R"/P) = dim(R"). Since P ¢ T'r, we
have dim(R/p) = dim(R"/P). Therefore ht(p) + dim(R/p) = dim(R) and R is
catenary. [l

COROLLARY 16.8. If R has geometrically normal formal fibers and is catenary
but not universally catenary, then there exist in the m-adic completion R of R
minimal prime ideals g such that dim(R/q) = 1.

PrOOF. By Theorem 16.7, each prime ideal @) € I'p has dimension one and
is a minimal prime of R". Moreover, QR := ¢ is a minimal prime of R. Since
dim(R"/Q) = 1, we have dim(R/q) = 1. O

16.3. A method for constructing examples

In Theorem 16.9 we show in certain circumstances that the flatness, Noether-
ian and computability properties associated with ideals Iy, ..., I, of the (z)-adic
completion R* of R as described in Theorem 8.3 transfer to the integral domain
associated with their intersection. In Section 16.6, we show that the property of
regularity of formal fibers also transfers in certain cases to the integral domain as-
sociated with their intersection. Theorem 16.9 is a generalization of Theorem 9.10.

THEOREM 16.9. Assume that R is a Noetherian integral domain with field of
fractions K, z € R is a nonzero nonunit, R* is the (z)-adic completion of R, and
I,..., I, are ideals of R* such that, for each i € {1,...,n}, each associated prime
of R*/I; intersects R in (0). Also assume the map R — (R*/I;)[1/z] is flat for
each i and that the localizations at z of the I; are pairwise comazximal; that is, for
ali#j, (I +1;)R*[1/z] = R*[1/z]. Let I =1L N---NI,, A:= KN (R*/I) and,
forie{1,2,...n}, let A; := KN (R*/I;). Then

(1) Each associated prime of R*/I intersects R in (0).

(2) The map R — (R*/I))[1/z] is flat, so the ring A is Noetherian and is
equal to its associated approzimation ring B. The (z)-adic completion
A* of A is R*/I, and the (z)-adic completion Af of A; is R*/I;, for
ie{l,...,n}.

(3) The ring A*[1/z] = (A7)[1/2] ® --- @ (A})[1/z]. If Q € Spec(A*) and
z & Q, then (A*)q is a localization of precisely one of the AY.

(4) We have AC A1N---NA, and N_,(A;)[1/z] C Ap for each P € Spec A
with z ¢ P. Thus we have A[l/z] = NI, (A4;)[1/z].
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PRrROOF. By Theorem 8.3, the (z)-adic completion Af of A; is R*/I;. Since
Ass(R*/I) C U, Ass(R*/I;), the condition on assassinators of Theorem 8.3 holds
for the ideal I. The natural R-algebra homomorphism 7 : R* — @', (R*/I;) has
kernel I. Further, the localization of m at z is onto because (I; + I;)R*[1/z] =
R([1/2] for all i # j. Thus (R*/D)[1/] = @, (R /1)[1/2] = @], (4)[1/2] is
flat over R. Therefore A is Noetherian and is equal to its associated approximation
ring B, and A* = R*/I is the (z)-adic completion of A.

If Q € Spec(A*) and z ¢ Q, then Ay is a localization of

At/ = (AD[L/Z] @ - @ (A7)[1/2].
Every prime ideal of @, (A¥)[1/z] has the form (Q;)Af[1/z] ® @j#(A;f)[l/z],
where Q; € Spec(A;) for aunique i € {1,...,n}. It follows that A7, is a localization
of A} for precisely this :.

Since R*/I; is a homomorphic image of R*/I, the intersection ring A C A; for
each i. Let P € Spec A with z ¢ P. Since A* = R*/I is faithfully flat over A, there
exists P* € Spec(A*) with P*NA = P. Then z ¢ P* implies Ap. = (A)ps, where
P} € Spec(A}) for some i € {1,...,n}. Let P, = PN A;. Since Ap — A}. and
(Ai)p, = (A})py are faithfully flat, we have

Ap = A}Kp* NK = (A:)p;* NK = (Az)pl D) (AZ)[l/Z]
It follows that (;_;(A4;)[1/2] € Ap. Thus we have

Q(Ai)u/z} C (Y{Ap | PeSpecAand z ¢ P} = A[l/2].

Since A[1/z] C (A;)[1/z], for each i, we have A[1/z] = ([, (4;)[1/z]. O

K2

16.4. Examples that are not universally catenary

Example 9.11 is an example of a two-dimensional Noetherian local domain A
having geometrically regular formal fibers such that the completion A of A has two
minimal primes one of dimension one and one of dimension two. Thus A is not
universally catenary. We generalize this example in the following.

We construct in Example 16.10 a two-dimensional Noetherian local domain
having geometrically normal formal fibers such that the completion has any desired
finite number of minimal primes of dimensions one and two.

EXAMPLE 16.10. Let 7 and s be positive integers and let R be the localized
polynomial ring in three variables R := k[z,y, 2](5,y,.), Where k is a field of char-
acteristic zero and the field of fractions of R is K := k(z,y, z). Then the (z)-adic
completion of R is R* := k[y, 2]y, [[]]. Let 71,..., 7,51, B2,...,Bs, v € zk[[x]] be
algebraically independent power series over k(z). Define

Qi = (z—m;,y—y)R", for i€ {l,...,r} and P; := (2—f;)R", for je{l,...,s}.

We apply Theorem 16.9 with I; = @; for 1 <¢ <r, and I,; = P; for 1 <j <s.
Then the I; satisfy the comaximality condition at the localization at x. Let I :=
Iin---NI.sand let A:= KN (R*/I). For J an ideal of R* containing I, let .J
denote the image of J in R*/I. Then, for each i with 1 < i < r, dim((R*/I)/Q;) =
dim(R*/Q;) = 1 and, for each j with 1 < j < s, dim((R*/I)/P;) = 2. Thus A*
contains r minimal primes of dimension one and s minimal primes of dimension two.
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Since A* modulo each of its minimal primes is a regular local ring, the completion
A of A also has precisely r» minimal primes of dimension one and s minimal primes
of dimension two.

The integral domain A birationally dominates R and is birationally dominated
by each of the A;. Corollary 16.19 implies that A has geometrically regular formal
fibers. Since dim(A) = 2, A is catenary.

We show in Example 16.11 that for every integer n > 2 there is a Noetherian
local domain (A, m) of dimension n that has geometrically regular formal fibers
and is catenary but not universally catenary.

EXAMPLE 16.11. Let R = k[z,y1,- ., ¥n](z,4.,....yn) D€ a localized polynomial
ring of dimension n + 1 where k is a field of characteristic zero. Let o,7,...,7, €
xk[[z]] be n + 1 algebraically independent elements over k(x) and consider in R* =
Elyi, - Ynlyr,....yn) [[2]] the ideals

L= —0o)R* and ILb=(y1—71,...,yn — Tn)R"

Then the ring
A= k(xayla s 7yn) N (R*/(Il OIQ))

is the desired example. The completion A of A has two minimal primes [ 1;1 having
dimension n and IQA\ having dimension one. By Corollary 16.19, A has geomet-
rically regular formal fibers. Therefore the Henselization A" has precisely two
minimal prime ideals P, ) which may be labeled so that PA= Ilg and Qﬁ = IQA\.
Thus dim(A"/P) = n and dim(A4"/Q) = 1. By Theorem 16.7, A is catenary but
not universally catenary.

In Example 16.12 we construct for each positive integer ¢ and specified non-
negative integers nq,...,n; with ny > 1, a t-dimensional Noetherian local domain
A that has geometrically regular formal fibers and birationally dominates a ¢ + 1-
dimensional regular local domain such that the completion Aof A has, for each r
with 1 < r < ¢, exactly n, minimal primes p,; of dimension ¢ + 1 — 7. Moreover,
each E/ pr; is a regular local ring of dimension ¢t +1 —r. If n; > 0 for some ¢ # 1,
then A is not universally catenary and is not a homomorphic image of a regular
local domain. It follows from Remark 16.2 that the derived normal ring A of A has
exactly n, maximal ideals of height ¢ + 1 — r for each r with 1 <r <.

EXAMPLE 16.12. Let ¢ be a positive integer and let n,. be a nonnegative integer
for each » with 1 < r < ¢. Assume that n; > 1. We construct a t-dimensional
Noetherian local domain A that has geometrically regular formal fibers such that
A has exactly n, minimal primes of dimension ¢ + 1 — r for each r. Let x,y; ...,y
be indeterminates over a field k of characteristic zero.

Let R = k[z,y1,. -, ¥el@yr,...pe)s let R = k[y1, ...,y [[2]](2,y1,...y,) denote
the (x)-adic completion of R and let K denote the field of fractions of R. For every
r,j,i € Nsuch that 1 <r <¢,1<j<n, and 1 <17 <r, choose elements {7,;;} of
xk[[z]] so that the set | J{7,;;} is algebraically independent over k(x).

For each r,j with 1 < r <t and 1 < j < n,, define the prime ideal P,; :=
(Y1 —Trj1s- - - Yr — Trjr) Of height 7 in R*. Notice that R*/P,; is a regular local ring
of dimension ¢+ 1 —r. Theorem 9.5 implies that the extension R — (R*/P,;)[1/x]
is flat, and that the intersection domain A,; := K N(R*/P,;) is a regular local ring
of dimension t + 1 — r that has (z)-adic completion R*/P,;.
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Let I := () P,; be the intersection of all the prime ideals P,;. Since the 7,; €
xk[[z]] are algebraically independent over k(z), the sum of any two of these ideals
P,; and P, where we may assume r < m, has radical (z,y1,...,ym)R*, and
thus (P; + Pp;)R*[1/x] = R*[1/z]. It follows that the representation of I as the
intersection of the P,; is irredundant and Ass(R*/I) = {P,;|1 <r <t,1 <j <
n,}. Since each P.; N R = (0), we have R — R*/I, and the intersection domain
A:= KN (R*/I) is well defined.

By Theorem 16.9, the map R — (R*/I)[1/z] is flat, A is Noetherian and A is a
localization of a subring of R[1/xz]. Since R*/P,; is a regular local ring of dimension
t+1—r, the minimal primes of A all have the form Prj i= PTjﬁ and each E/ij is
a regular local ring of dimension ¢ + 1 — r. The ring A birationally dominates the
(t 4+ 1)-dimensional regular local domain R and all the stated properties hold once
we prove Corollary 16.19.

REMARK 16.13. By Theorem 16.7, the ring A constructed in Example 16.12
is catenary if and only if each minimal prime of A has dimension either one or .
By taking n, = 0 for r ¢ {1,¢} in Example 16.12, we obtain additional examples
of catenary Noetherian local domains A of dimension ¢ having geometrically reg-
ular formal fibers for which the completion A has precisely n; minimal primes of
dimension one and n; minimal primes of dimension ¢; thus A is not universally
catenary.

REMARK 16.14. Let (A,n) be a Noetherian local domain constructed as in
Example 16.12 and let A" denote the Henselization of A. Since each minimal
prime of A is the extension of a minimal prime of A" and also the extension of a
minimal prime of A*, the minimal primes of A" and A* are in a natural one-to-one
correspondence. Let P be the minimal prime of A" corresponding to a minimal
prime p of A*. Since the minimal primes of A* extend to pairwise comaximal prime
ideals of A*[1/x], for each prime ideal @ D P of A" with x ¢ @, the prime ideal
P is the unique minimal prime of A" contained in Q. Let q := Q@ N A. We have
htq = ht Q, and either dim(A4/q) > dim(A"/Q) or else every saturated chain of
prime ideals of A containing q has length less than dim A.

In this connection, we ask:

QUESTION 16.15. Let (A,n) be a Noetherian local domain constructed as in
Example 16.12. If A is not catenary, what can be said about the cardinality of the
set

'y = {P € Spec(A")| dim(A"/P) < dim(A/(P N A))}?

Is the set I' 4 ever infinite?

16.5. The depth of the constructed rings

We thank Lucho Avramov for suggesting we consider the depth of the rings
constructed in Example 16.12, where depth is defined as follows.

DEFINITION 16.16. Let I be an ideal in a Noetherian ring R and let M be a
finitely generated R-module such that IM # M. Elements x1,...,zq in I are said
to form a regular sequence on M, or an M-sequence, if x1 is not a zerodivisor on M
and for ¢ with 2 <14 < d, the element z; is not a zerodivisor on M/(z1,...,z;—1)M.
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It is known that maximal M-sequences of elements of I exist and all maximal M-
sequences of elements of I have the same length, see [89, Theorem 16.7] or [74,
Theorem 121]. This integer is called the grade of I on M and denoted G(I,M).
If R is a Noetherian local ring with maximal ideal m, and M is a nonzero finitely
generated R-module, then the grade of m on M is also called the depth of M. In
particular the depth of R is G(m, R).

REMARK 16.17. The catenary rings that arise from the construction in Example
16.12 all have depth one. However, Example 16.12 can be used to construct, for
each integer t > 3 and integer d with 2 < d <t — 1, an example of a non-catenary
Noetherian local domain A of dimension ¢ and depth d having geometrically regular
formal fibers. The (z)-adic completion A* of A has precisely two minimal primes,
one of dimension ¢ and one of dimension d. To establish the existence of such an
example, with notation as in Example 16.12, we set m =t —d + 1 and take n,, =0
for r € {1,m} and ny = n,, = 1. Let

Py =Py = (y1 — 1) R and Py, := Pt = (Y1 — Tt -+ 5 Y — Tinam) R
Consider A* = R*/(Py N P,,) and the short exact sequence

0— A — R — 4
PiNP, P NP, P

Since P; is principal and not contained in P,,, we have Py N P,, = PP, and
P, /(PINP,,) = R*/P,,. It follows that depth A* = depth(R*/P,,) = d; [74, page
103, ex 14] or [16, Prop. 1.2.9, page 11]. Since the local ring A and its (z)-adic
completion have the same completion A with respect to their maximal ideals, we
have depth A = depth A = depth A* [89, Theorem 17.5]. By Remark 16.2, the
derived normal ring A of A has precisely two maximal ideals one of height ¢ and
one of height d.

— 0.

16.6. Regular maps and geometrically regular formal fibers

We show in Corollary 16.19 that each of the rings A constructed in Examples
16.10, 16.11 and 16.12 has geometrically regular formal fibers.

THEOREM 16.18. Assume that R, K, z and R* are as in Noetherian Flatness
Theorem 8.3. For a positive integer n, let I, ..., I, be ideals of R* such that each
associated prime of R*/I; intersects R in (0), fori=1,...,n. Let [ := I1N---N1,.
Assume that

(1) R is semilocal with geometrically regular formal fibers and z is in the
Jacobson radical of R.
(2) Each (R*/I;)[1/%] is a flat R-module and, for each i # j, the ideals
I;(R*)[1/2] and I;R*[1/z] are comazimal in (R*)[1/z].
(3) Fori=1,...,n, A; := KN(R*/I;) has geometrically reqular formal fibers.
Then A := K N (R*/I) is equal to its approzimation domain B, and has geometri-
cally reqular formal fibers.

PROOF. Since R has geometrically regular formal fibers, by (9.12.2), it suffices
to show for W € Spec(R*/I) with z ¢ W that Ry, — (R*/I)w is regular, where
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Wo := W N R. As in Theorem 16.9, we have
(B*/D[1/z] = (R/L)[1/z] &---& (R"/1n)[1/z].
It follows that (R*/I)w is a localization of R*/I; for some i € {1,...,n}. If
(R*/Iw = (R*/I;)w,, where W; € Spec(R*/I;), then Rw, = (A;)w,na, and
(A)wina;, — (R*/I;)w, is regular. Thus Ry, — (R*/I)w is regular. O
COROLLARY 16.19. The rings A of Examples 16.10, 16.11 and 16.12 have
geometrically reqular formal fibers, that is, the map ¢ : A — A is reqular.

PROOF. By the definition of R and the observations given in (9.12), the hy-
potheses of (16.18) are satisfied. O

Exercises
(1) Let (R,m) be a catenary Noetherian local domain having geometrically normal
formal fibers. If R is not universally catenary, prove that R has depth one.

Suggestion: Use Theorem 16.7 and [16, Prop. 1.2.13].

(2) Let R be an integral domain with field of fractions K and let R’ be a subring
of K that contains R. If P € Spec R is such that R’ C Rp, prove that there
exists a unique prime ideal P’ € Spec R’ such that PN R = P.






CHAPTER 17

Non-Noetherian insider examples of dimension 3,

In this chapter we use Insider Construction 13.1 of Section 13.1 to construct
examples where the insider approximation domain B is local and non-Noetherian,
but is very close to being Noetherian. The localizations of B at all nonmaximal
prime ideals are Noetherian, and most prime ideals of B are finitely generated.
Sometimes just one prime ideal is not finitely generated.

In Section 17.1 we describe, for each positive integer m, a three-dimensional
local unique factorization domain B such that the maximal ideal of B is two-
generated, B has precisely m prime ideals of height two, each prime ideal of B of
height two is not finitely generated and all the other prime ideals of B are finitely
generated. We give more details about a specific case where there is precisely
one nonfinitely generated prime ideal. Section 17.2 contains the verification of the
properties of the three-dimensional examples. A similar example is given by John
David in [26]. In Chapter 18 we present a generalization to dimension four.

17.1. A family of examples in dimension 3

In this section we construct examples as described in Examples 17.1. In Dis-
cussion 17.5 we give more details for a special case of the example with exactly one
nonfinitely generated prime ideal. We display the prime spectrum for this special
case in Diagram 17.3.2.

ExaAMPLES 17.1. For each positive integer m, we construct an example of a
non-Noetherian local integral domain (B, n) such that:
1) dim B = 3.
2) The ring B is a UFD that is not catenary, as defined in (3.14.3).
3) The maximal ideal n of B is generated by two elements.
4) The n-adic completion of B is a two-dimensional regular local domain.
5) For every non-maximal prime ideal P of B, the ring Bp is Noetherian.
6) The ring B has precisely m prime ideals of height two.
7) Every prime ideal of B of height two is not finitely generated; all other

prime ideals of B are finitely generated.

To establish the existence of the examples in Examples 17.1, we use the fol-
lowing notation: Let k be a field, let x and y be indeterminates over k, and
set

Ri= ko,ylpy, K = k(,y) and R*: = klyly[l]).
The power series ring R* is the xR-adic completion of R. Let 7 € zk[[z]] be
transcendental over k(x). For each integer ¢ with 1 <4 < m, let p; € R\ zR be such
that py R*,...,pm,R* are m prime ideals. For example, if each p; € R\ (x,9)?R,
then each p;R* is prime in R*. In particular one could take p; = y — x*. Let

145
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p:i=p1--pm. Weset f:= pr and consider the injective R-algebra homomorphism
S := R[f] — R[r] =: T. In this construction the polynomial rings S and T" have
the same field of fractions K(f) = K (7). Hence the intersection domain

(17.1.0) A= A; R* N K(f) = R* n K(1):= A,.

. By Valabrega’s Theorem 4.2, A is a two-dimensional regular local domain with
maximal ideal (z,y)A and the (z,y)A-adic completion of A is k[[x, y]].

Let 7:=ciz + coz? + -+ + ¢z’ + - - - € zk[[z]], where the ¢; € k and define for
each n € Ny the “n'!" endpiece” 7, of T by

T3 gt

xn

o0
(17.1.a) Tn 1= Z cr' ™" =
i=n-+1

As in Equation 6.1.2 we have the following relation between the n'" and (n + 1)t
endpieces 7, and T,41:

(17.1.b) Tn = Cnt1% + TTpt1.

Define f,, := p7y, set U, = k[z,y][fn] = K[z, v, fx], a three-dimensional polynomial
ring over R, and set B, = (Un)(z,y,t.) = K[2,Y, fnl(z,y,f.), & three-dimensional
localized polynomial ring. Similarly set U,,, = k[z,y, 7], a three-dimensional poly-
nomial ring containing U,,, and B, = k[, y, Tn](z,y,r,), & localized polynomial ring
containing U, and B,. Let U, B,U, and B, be the nested union approximation
domains defined as follows:

o0 o0 (e ] o0
U:=|JUs C U = |JUmn; B = |JB. € Br = |JBm C A
n=0 n=0 n=0 n=0

REMARK 17.2. By Construction Properties Theorem 6.19.2, with adjustments
using Remark 6.4, parts 3 and 4, we have
(17.2.0)
Ull/z] = Up[L/a] = k[z,y, fl[1/z]; Ur[1/x] = Uroll/a] = klz,y, 7][1/z],
B[1/x] is a localization of S = R[f] and B[1/z] is a localization of B,,. Similarly,
B;[1/x] is a localization of T' = R]r].

We establish in Theorem 17.9 of Section 17.2 that the rings B of Examples 17.1
have properties 1 through 7 and also some additonal properties.

Assuming properties 1 through 7 of Examples 17.1, we describe the ring B of
Examples 17.1 in the case where m = 1 and p = p; = y as follows:

EXAMPLE 17.3. Let the notation be as in Examples 17.1. Thus

R = k[xvy}(w,y)a =y, fo=ymm, Bn= R[yTn](x,y,yTn)a B = U B;,.
n=0

As we show in Section 17.2, the ideal @ := (y, {y7,}52 ) B is the unique prime ideal
of B of height 2. Moreover, @ is not finitely generated and is the only prime ideal of
B that is not finitely generated. We also have Q = yANB, and QNB,, = (y, y7,) By
for each n > 0.

To identify the ring B up to isomorphism, we include the following details: By
Equation 17.1.b, we have 7, = ¢p 412 + 75 41. Thus we have

(17.3.1) fn = xfnr1 + yrepyr-
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The family of equations (17.3.1) uniquely determines B as a nested union of the
three-dimensional RLRs B, = k[, y, ful(z,y.f.)-
We recall the following terminology of [139, page 325].

DEFINITION 17.4. If a ring C' is a subring of a ring D, a prime ideal P of C' is
lostin D it PDNC # P.

DiscussioN 17.5. Assuming properties 1 through 7 of Examples 17.1, if ¢ is a
height-one prime of B, then B/q is Noetherian if and only if ¢ is not contained in
Q. This is clear since g is principal, () is the unique prime of B that is not finitely
generated, and, by Cohen’s Theorem 2.8, a ring is Noetherian if each prime ideal
of the ring is finitely generated.

The height-one primes ¢ of B may be separated into several types as follows:
Type I. The primes ¢ € @ have the property that B/q is a one-dimensional
Noetherian local domain. These primes are contracted from A, i.e., they are not
lost in A. To see this, consider ¢ = gB where ¢ € Q). Then gA is contained in
a height one prime P of A. Hence g € (PN B)\ @, and so PN B # Q. Since
mpA = my, we have PN B # mpg. Therefore P N B is a height-one prime
containing ¢, so ¢ = PN B and B, = Ap.

There are infinitely many primes ¢ of type I, because every element of mpg \ Q

is contained in a prime ¢ of type I. Thus mp C Q U | J{q of Type I}. Since mp
is not the union of finitely many strictly smaller prime ideals, there are infinitely
many primes g of Type 1.
Type I*. Among the primes of Type I, we label the prime ideal zB as Type I*.
The prime ideal B is special since it is the unique height-one prime ¢ of B for
which R*/qR* is not complete. If ¢ is a height-one prime of B such that = ¢ qR*,
then x ¢ ¢ by Proposition 6.20.3. Thus R*/qR* is complete with respect to the
powers of the nonzero principal ideal generated by the image of x mod ¢R*. Notice
that R*/xR* = [yl

If ¢ is a height-one prime of B not of Type I, then B = B/q has precisely three
prime ideals. These prime ideals form a chain: (0) C Q C (z,y)B = mpg.

Type II. We define the primes of Type II to be the primes ¢ C @ such that ¢ has
height one and is contracted from a prime p of A = k(z,y, f) N R*, i.e., ¢ is not lost
in A. For example, the prime y(y + 7)B is of Type II by Lemma 17.13. For ¢ of
this type, B/q is dominated by the one-dimensional Noetherian local domain A/p.
Thus B/q is a non-Noetherian generalized local ring in the sense of Cohen; that
is, B/q has a unique maximal ideal n that is finitely generated and N2, n’ = (0),
[21].

For q of Type 11, the maximal ideal of B/q is not principal. This follows because
a generalized local domain having a principal maximal ideal is a DVR [96, (31.5)].

There are infinitely many height-one primes of Type I, for example, y(y+xi7) B
for each t € N by Lemma 17.12. For ¢ of Type II, the DVR B, is birationally
dominated by A,. Hence B, = A, and the ideal \/gA = pNyA.

That each element y(y + x'7) is irreducible and thus generates a height-one
prime ideal, is done in greater generality in Lemma 17.12.

Type III. The primes of Type III are the primes ¢ C @ such that ¢ has height
one and is not contracted from A, i.e., ¢ is lost in A. For example, the prime yB
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and the prime (y + 2ty7)B for t € N are of Type III by Lemma 17.13. Since the
elements y and y + z'yr are in mp and are not in m% and since B is a UFD,
these elements are necessarily prime. There are infinitely many such prime ideals
by Lemma 17.12. For q of Type III, we have \/gA = yA.

If g = yB or ¢ = (y+'y7)B, then the image mz of mp in B/q is principal. It
follows that the intersection of the powers of mp is /g and B/q is not a generalized
local ring. To see that ﬂfj_l # (0), we argue as follows: If P is a principal prime
ideal of a ring and P’ is a prime ideal properly contained in P, then P’ is contained
in the intersection of the powers of P; see [74, page 7, ex. 5].

The picture of Spec(B) is shown below.

N\

L

Diagram 17.3.2
In Remarks 17.6 we examine the height-one primes of B from a different per-
spective.

REMARKS 17.6. (1) Assume the notation of Example 17.3. If w is a nonzero
prime element of B such that w ¢ @, then wA is a prime ideal in A and is the
unique prime ideal of A lying over wB. To see this, observe that w ¢ yA since
w ¢ Q = yAN B. Tt follows that y ¢ p, for every prime ideal p € Spec A that
is a minimal prime of wA. Thus p N B # . Since we assume the properties of
Examples 17.1 hold, p N B has height one. Therefore pN B = wB. Hence the DVR
B,,p is birationally dominated by A,, and thus B,,p = A,. This implies that p
is the unique prime of A lying over wB. We also have wB,p = pA,. Since A
is a UFD and p is the unique minimal prime of wA, it follows that wA = p. In
particular, ¢ is not lost in A; see Definition 17.4.

If ¢ is a height-one prime ideal of B that is contained in @, then yA is a minimal
prime of ¢A, and ¢ is of Type II or IIT depending on whether or not gA has other
minimal prime divisors.

To see this, observe that if yA is the only prime divisor of ¢A, then gA has
radical yA and yA N B = @ implies that @ is the radical of ¢A N B. Thus g is lost
in A and q is of Type III.

On the other hand, if there is a minimal prime ideal p € Spec A of ¢A that is
different from yA, then y is not in p N B and hence pN B # Q. Since @ is the only
prime ideal of B of height two, it follows that p N B is a height-one prime and thus
pN B =gq. Thus ¢ is not lost in A and ¢ is of Type II.

We observe that for every Type II prime ¢ there are exactly two minimal
primes of ¢gA; one of these is yA and the other is a height-one prime p of A such
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that p N B = ¢. For every height-one prime ideal p of A such that pN B = ¢, we
have B, is a DVR that is birationally dominated by A, and hence B, = A,. The
uniqueness of B, implies that there is precisely one such prime ideal p of A.

An example of a height-one prime ideal ¢ of Type Il is q := (y? + y7)B. The
prime ideal g4 = (y* + y7)A has the two minimal primes yA and (y + 7)A.

(2) The ring B/yB is a rank 2 valuation domain. This can be seen directly or
else one may apply [68, Prop. 3.5(iv)]; see Exercise 17.3. For other prime elements
g of B with g € @, it need not be true that B/gB is a valuation domain. If g is
a prime element contained in m%, then the maximal ideal of B/gB is 2-generated
but not principal and thus B/gB cannot be a valuation domain. For a specific
example over the field Q, let g = 22 + y27.

17.2. Verification of the three-dimensional examples

In Theorem 17.9 we record and establish the properties asserted in Exam-
ples 17.1 and other properties of the ring B. We make some preliminary remarks:

REMARKS 17.7. (1) Assume that R is a Noetherian local domain with maximal
ideal m, let z € R be a nonzero nonunit, let R* denote the z-adic completion of
R, and let 7, ...,7s € zR* be algebraically independent elements over R, as in the
setting of Construction 5.3. Then, by Remark 6.4.1, B as defined in Equation 6.1.5
is the same as the ring B defined as a directed union of the localized polynomial
rings B, := Up,, where P, := (m, Ty, ..., Ts )Urr, with notation as in Section 6.1.

(2) The notation of Examples 17.1 fits that of Construction 5.3 and the mod-
ification given in Remarks 6.4.3 of the procedures in Section 6.1, where R is the
localized polynomial ring k[, y](,,,) over a field k, R* = k[y](,)[[z]] is the (z)-adic
completion of R and f € xR* is transcendental over K. Thus, by Remark 6.4.3, the
ring B = |J By, where B, = (U,)p,, U, = k[z,y, fr] and P. = (z,y, fr)Uy, is the
same ring B as the ring B described in Equation 6.1.6. A similar remark applies
to B, with appropriate modifications to B, ,, U;, and P, ,. The corresponding
rings called B, B, etc. in Example 18.1 of Chapter 18 also satisfy the relations
from Section 6.1. Furthermore B; is the same ring B as in the setting in Localized
Polynomial Example Theorem 9.7 where r =1 = s.

(3) Thus the results of Noetherian Flatness Theorem 8.8, Construction Prop-
erties Theorem 6.19, Proposition 6.20 and Theorem 6.21 hold for the rings B and
B, of Examples 17.1 and for the rings of Example 18.1 in Chapter 18. Also Lo-
calized Polynomial Example Theorem 9.7holds for B,. With the rings U, and U
defined as non-localized polynomial rings as in Examples 17.1 and Example 18.1
in Chapter 18, we have the relations Up[l/z] = U,[1/z] = U[1l/z]. We might not,
however, have all of the same conclusions for U = |J U, as for the domains called
U or U, in those results.

In order to examine more closely the prime ideal structure of the ring B of
Examples 17.1, we establish in Proposition 17.8 some properties of its overring A
and of the map Spec A — Spec B.

ProOPOSITION 17.8. With the notation of Examples 17.1, we have
(1) A= B; and A[l/z] is a localization of R[T].
(2) For P € Spec A with x ¢ P, the following are equivalent:

(a) Ap = BpaB (b)TEBPmB (C)p¢P
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PRrOOF. By Localized Polynomial Example Theorem 9.7 withr = 1,y = y1,s =
1, and 7 = 711, as discussed in Remarks 17.7.3, we have A = B, and is Noetherian.
By Remark 17.2, the ring A[1/x] is a localization of R[r]. Thus item 1 holds.

For item 2, since 7 € A, (a) = (b) is clear. For (b) = (c) we show that
p€ P = 7 ¢ Bpnp. By Remark 17.2, B[1/z] is a localization of R[f]. Since
x ¢ P, the ring Bpnp is a localization of R[f], and thus Bpnp = R[f]png[s. The
assumption that p € P implies that some p; € P, and so R[f]pnprjs) is contained in
V' := R[f]p,r[s), @ DVR. Since R[f] is a polynomial ring over R, f is a unit in V.
Hence 7 = f/p ¢ V and thus 7 ¢ R[f]pnrjs. This shows that (b) = (c).

For (¢) = (a), notice that f = pr implies that R[f][1/xp] = R[7][1/zp].
By item 1, A[1/z] is a localization of R[7][1/z] and so A[l/zp] is a localization of
R[7][1/xp] = R[f][1/xp]. Thus A[1/xp] is a localization of R[f]. By Remark 17.2,
B[1/z] is a localization of R[f]. Since ap ¢ P and = ¢ PN B, we have that Ap and
Bpnp are both localizations of R[f]. Thus we have

Ap = R[flpapnriy = RIfl(PrB)Bpasnrlf] = BPns-

This completes the proof of Proposition 17.8. O
THEOREM 17.9. As in the notation of Examples 17.1, let R : = k[x,Y](2,y),
where k is a field, and x and y are indeterminates. Set R* = K[y, |[z]], let

T € zk[[z]] be transcendental over k(x), and, for each integer i with 1 < i <m, let
pi € R\ xR be such that p1R*,... , p,R* are m prime ideals. Let p := p1-- pm
and set f := pr. With the approzimation domain B and the intersection domain
A defined as in Examples 17.1, A := Ay = A,. Set Q; := p;R* N B, for each i
with 1 <1 < m.Then:

(1) The ring B is a three-dimensional non-Noetherian local UFD with max-
imal ideal n = (x,y)B, and the n-adic completion of B is the two-
dimensional regular local ring k[[x, y]].

(2) The rings B[1/x] and Bp, for each nonmazimal prime ideal P of B, are
reqular Noetherian UFDs, and the ring B/xzB is a DVR.

(3) The ring A is a two-dimensional regular local domain with mazimal ideal
my = (x,y)A, and A = B,. The ring A is excellent if the field k has
characteristic zero. If k is a perfect field of characteristic p, then A is not
excellent

(4) The ideal m 4 is the only prime ideal of A lying over n.

(5) The ideals Q; are the only height-two prime ideals of B.

(6) The ideals Q; are not finitely generated and they are the only nonfinitely
generated prime ideals of B.

(7) The ring B has saturated chains of prime ideals from (0) to n of length
two and of length three, and hence is not catenary.

PrOOF. For item 1, since B is a directed union of three-dimensional regular lo-
cal domains, dim B < 3. By Proposition 6.20, B is local with maximal ideal (z,y)B,
xB and p; B are prime ideals, and, by Construction Properties Theorem 6.19.4, the
(x)-adic completion of B is equal to R*, the (x)-adic completion of R. Thus the n-
adic completion of B is k[[z,y]]. Since each Q; = ;= Qin, where Q;y, = p; R* N B,
we see that each Q; is a prime ideal of B with p;,f € Q; and x ¢ Q;. Since
piB =JpiBn, we have f ¢ p; B. Thus

(0) CpiB C Qi C (z,y)B.
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This chain of prime ideals of length at least three yields that dim B = 3 and that
the height of each @; is 2.

The prime ideal p; R*[1/x] has height one, whereas p;R*[1/x] N S = (pi, f)S
has height two. Since flat extensions satisfy the going-down property, by Re-
mark 2.21.10, the map S = R[f] — R*[1/z] is not flat. Therefore Noetherian
FlatnessTheorem 8.8 implies that the ring B is not Noetherian. By Theorem 6.21,
B is a UFD, and so item 1 holds.

For item 2, by Construction Properties Theorem 6.19.3, B/xB = R/xR, and
so B/xB is a DVR. By Theorem 6.21, B[1/z] is a regular Noetherian UFD. If
x € P and P is nonmaximal, then, again by Theorem 6.19.3, P = =B and so Bp
is a DVR and a regular Noetherian UFD. If z ¢ P, the ring Bp is a localization of
BJ[1/z] and so is a regular Noetherian UFD. Thus item 2 holds.

The statements in item 3 that A is a two-dimensional regular local domain
with maximal ideal m4 = (z,y)A and A = B, follow from Localized Polynomial
Example Theorem 9.7. If the field £ has characteristic zero, then A is also excellent
by Theorem 9.2 (if the non-localized ring is excellent, so is the localization).

If the field k is perfect with characteristic p > 0, then the ring A is not excellent
by Remark‘9.4. This completes the proof of item 3.

By Theorem 6.19.3, A/xA = R/xR, and so m4 = (z,y)A is the unique prime
ideal of A lying over n = (z,y)B. Thus item 4 holds and for item 5 we see that x
is not in any height-two prime ideal of B.

To complete the proof of item 5, it remains to consider P € Spec B with x ¢ P
and ht P > 1. By Proposition 6.20.3, we have 2" ¢ PR* for each n € N. Thus
ht(PR*) < 1. Since A — R* is faithfully flat, ht(PA) < 1. Let P’ be a height-one
prime ideal of A containing PA. Since dimB = 3, ht P > 1 and x ¢ P’ N B, it
follows that P = P’ N B. If p ¢ P, then Proposition 17.8 implies that Ap = Bp.
Since P’ is a height-one prime ideal of A, it follows that P is a height-one prime
ideal of B in case x ¢ P and p ¢ P.

Now suppose that p; € P for some ¢. Then p;R* is a height-one prime ideal
contained in PR* and so p;R* = PR*. Hence P is squeezed between p; B and
Q; = piR* N B # (z,y)B. Since dim B = 3, either P has height one or P = Q; for
some ¢. This completes the proof of item 5.

For item 6, we show that each @); is not finitely generated by showing that
fn+1 € (pi, fn)B for each n > 0. By Equation 17.3.1, we have f,, = zf,+1 + pxcn41.
Assume that f,11 € (ps, fn)B. Then

(P, fn)B = (i T fri1 + pxCry1)B = froi1 = api + b(x frp1 + prenir),

for some a,b € B. Thus f,11(1 — ab) € p;B. Since 1 — xb is a unit of B, it
follows that f,4+1 € p;B, and thus f,1+1 € p; B4y, for some r > 1. The relations
ft = xfiy1 + pregs, for each t € N, imply that

2 2 —1
o1 =@ fngo +prenio = 2% fogz + prcpgs + prepro = =27 foyr + 00,

where a € R. Thus 2" 'f,. € (p, fuy1)Bnir. Since fni1 € piBni,, we have
a1 fnir € piBpyr. This implies f,,1, € p;Bpyr, a contradiction because the ideal
(pi, fn+r)Bntr has height two. We conclude that Q); is not finitely generated.

Since B is a UFD, the height-one primes of B are principal and since the
maximal ideal of B is two-generated, every nonfinitely generated prime ideal of B
has height two and thus is in the set {Q1,...,®@m}. This completes the proof of
item 6.
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For item 7, the chain (0) C B C (x,y)B = mp is saturated and has length
two, while the chain (0) C p1B C Q1 C mp is saturated and has length three. O

REMARK 17.10. With the notation of Examples 17.1 and Theorem 17.9, we
obtain the following additional details about the prime ideals of B.

(1) If P € Spec B, P # (0) and P # mp, then ht(PR*) = 1 and ht(PA) = 1.
Thus every nonmaximal prime ideal of B is contained in a nonmaximal
prime ideal of A.

(2) If P € Spec B is such that PN R = (0), then ht(P) < 1 and P is principal.

(3) If PeSpecB,ht P=1and PNR #0, then P=(PNR)B.

(4) Let p; be one of the prime factors of p. Then p; B is prime in B. Moreover
the ideals p;B and Q; := p;AN B = (p;, f1, f2,...)B are the only non-
maximal prime ideals of B that contain p;. Thus they are the only prime
ideals of B that lie over p;R in R.

(5) The constructed ring B has Noetherian spectrum.

PROOF. For the proof of item 1, if P = Q; for some i, then PR* C p; R* and
ht PR* = 1. If P is not one of the @;, then P is a principal height-one prime
and ht PR* = 1 by Theorem 17.9 parts 5 and 1. Since A is Noetherian and local,
R* is faithfully flat over A and hence ht PA = 1. The proof that ht(PR*) < 1 is
contained in the proof of item 5 of Theorem 17.9.

For item 2, ht P < 1 because the field of fractions K (f) of B has transcendence
degree one over the field of fractions K of R; see Cohen’s Theorem 2.9. Since B is
a UFD, P is principal.

For item 3, if x € P, then P = 2B and the statement is clear. Assume x ¢ P.
By Remark 17.2, B[1/z] is a localization of B,,, and so ht(P N B,,) = 1 for all
integers n > 0. Thus (PN R)B,, = PN B, for each n, and so P = (PN R)B.

For item 4, p; B is prime by Proposition 6.20.2. By Theorem 17.9, dim B = 3
and the @; are the only height-two primes of B. Since the ideal p; R 4+ p; R is mp-
primary for ¢ # j, it follows that p; B + p;B is n-primary, and hence p; B and Q;
are the only nonmaximal prime ideals of B that contain p;.

Item 5 follows from Theorem 17.9, since the prime spectrum is Noetherian if
it satisfies the ascending chain condition and if, for each finite set in the spectrum,
there are only finitely many points minimal with respect to containing all of them.
Thus the proof is complete. (I

REMARK 17.11. Rotthaus and Sega prove that the approximation domains
B in the setting of Theorems 17.9 and 18.5 are coherent and regular; they show
that every finitely generated submodule of a free module over B has a finite free
resolution [116]. For the ring B = |J;-; B,, of these constructions, it is stated in
[116] that B,[1/x] = B,yr[l/x] = B[1/z] and that By, is generated over B, by a
single element for all positive integers n and k. This is not correct for the local rings
B,,. However, if instead of asserting these statements for the localized polynomial
rings B,, and their union B of the construction, one makes the statements for the
underlying polynomial rings U,, and their union U defined in Equation 6.1.5, or
those defined in Examples 17.1, then one does have that U,[1/z] = Up4i[l/z] =
Ull/z] and that U,y is generated over U, by a single element for all positive
integers n and k; see Remark 17.2.
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We use the following lemma.

LEMMA 17.12. Let the notation be as in Examples 17.1 and Theorem 17.9.

(1) For every element c € mpg \ xR and every t € N, the element ¢+ ztf is a
prime element of the UFD B.

(2) For every fized element c € mpg\zR, the set {c+z'f}ien consists of infin-
itely many nonassociate prime elements of B, and so there exist infinitely
many distinct height-one primes of B of the form (c+ xtf)B.

PRrROOF. For the first item, since f = pr, Equation 17.3.1 implies that

fr = PCr1T + xfrJrl

for each » > 0. In By = k[z,¥, f](z,y.), the polynomial ¢ 4+ z'f is linear in the
variable f = fo and the coefficient z! of f is relatively prime to the constant term c.
Thus c+2' f is irreducible in By. Since f = fo = pera+x fiin By = k[x,y, fil(z,y,f,)»
the polynomial ¢ + ztf = ¢ + afpciz + ¥+ f1 is linear in the variable f; and the
coefficient z'*! of f; is relatively prime to the constant term c¢. Thus ¢ + z'f is
irreducible in B;. To see that this pattern continues, observe that in By, we have

f :pclx+xfl = pC1$+p02$2+$2f2 =

c+a'f = c+para 4 peat T + a2y,

a linear polynomial in the variable fo. Thus ¢ + a?f is irreducible in By and a
similar argument shows that ¢+ ! f is irreducible in B, for each positive integer r.
Therefore for each ¢t € N, the element ¢ + z!f is prime in B.

For item 2, we prove that (c+ ! f)B # (c+2™ f)B, for positive integers t > m.
Assume that q := (c+ 2! f)B = (c+ 2™ f)B is a height-one prime ideal of B. Then

(x' —2™)f = 2"z - 1)f € q.

t—m

Since ¢ ¢ B we have q # xB. Thus 2™ ¢ q. Since B is local, z —11is a unit
of B. It follows that f € q and thus (c, f)B C q. By Remark 17.2, B[1/z] is a
localization of R[f] = S, and = ¢ q implies that Bq = Sqns. This is a contradiction
since the ideal (¢, f)S has height two.

We conclude that there exist infinitely many distinct height-one primes of the
form (c+ ztf)B. O

Lemma 17.13 is useful for giving a more precise description of Spec B for B as
in Examples 17.1. For each nonempty finite subset H of {Q1,...,Qm}, we show
there exist infinitely many height-one prime ideals contained in each @; € H, but
not contained in Q; if Q; ¢ H. Recall that “lost” is defined in Definition 17.4.

LEMMA 17.13. With the notation of Example 17.1 and Theorem 17.9, let G be
a nonempty subset of {1,...,m}, let H={Q; | i € G}, and let pc = [[{p: | i € G}.
Then we have, for each t € N:
(1) (pg + x'f)B is a prime ideal of B that is lost in A.
(2) (pi+2'f)B is a prime ideal of B that is not lost in A; see Definition 17.4.

The sets {(pg + ' f)B}ien and {(p% + x' f)B}ien are both infinite. Moreover, the
prime ideals in both item 1 and item 2 are contained in each Q; such that Q; € H,
but are not contained in Q; if Q; ¢ H.
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PRrOOF. For item 1, we have

(17.13.1)  (pg +2'f)AN B = pa(1 + 2'r H pj)ANB =pcANB = ﬂ Q;.
i¢G i€eq@

Thus each prime ideal of B of the form (pg + z'f)B is lost in A and R*. By
the second item of Lemma 17.12, there exist infinitely many height-one primes
(pg + ztf)B of B that are lost in A and R*.

For item 2, we have

(p +2'f)ANB = (pg + 'pa([[ pi)7)AN B

(17.13.2) s
=pa(pc + zt(H pj)T)ANB CpgANB = n Q;.
Jj¢G e

The strict inclusion is because pg + xt(ngGpj)T € my. This implies that prime
ideals of B of form (p% + ' f)B are not lost. By Lemma 17.12 there are infinitely
many distinct prime ideals of that form.

The “moreover” statement for the prime ideals in item 1 follows from Equa-
tion 17.13.1. Equation 17.13.2 implies that the prime ideals in item 2 are contained
in each Q; € H. For j ¢ G, if p% + z'f € Q;, then p; + z'f € Q; implies that
p% — p; € Q; by subtraction. Since p; € @, this would imply that p% € Qj, a
contradiction. This completes the proof of Lemma 17.13. O

REMARK 17.14. With the notation of Examples 17.1, consider the birational
inclusion B < A and the faithfully flat map A < R*. The following statements
hold concerning the inclusion maps R < B < A < R*, and the associated maps
in the opposite direction of their spectra: (See Discussion 3.19 for information
concerning the spectral maps.)

(1) The map Spec R* — Spec A is surjective, since every prime ideal of A is
contracted from a prime ideal of R*, while the maps Spec R* — Spec B
and Spec A — Spec B are not surjective. All the induced maps to Spec R
are surjective since the map Spec R* — Spec R is surjecive.

(2) By Lemma 17.13, each of the prime ideals @); of B contains infinitely many
height-one primes of B that are the contraction of prime ideals of A and
infinitely many that are not.

An ideal contained in a finite union of prime ideals is contained in one
of the prime ideals; see [9, Prop. 1.11, page 8] or [89, Ex. 1.6, page 6].
Thus there are infinitely many non-associate prime elements of the UFD
B that are not contained in the union [J], Q;. We observe that for each
prime element ¢ of B with ¢ ¢ |J/~, Q; the ideal ¢A is contained in a
height-one prime q of A and qN B is properly contained in mp since my4
is the unique prime ideal of A lying over mp. Hence q N B = ¢B. Thus
each ¢B is contracted from A and R*.

In the four-dimensional example B of Theorem 18.5, each height-one
prime of B is contracted from R*, but there are infinitely many height-
two primes of B that are lost in R*, in the sense of Definition 17.4; see
Section 18.2.
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(3) Among the prime ideals of the domain B of Examples 17.1 that are not
contracted from A are the p;B. Since p;A N B = @Q; properly contains
pi B, the prime ideal p; B is lost in A.

(4) Since x and y generate the maximal ideals of B and A, and since B is
integrally closed, a version of Zariski’s Main Theorem [104], [31], implies
that A is not essentially finitely generated as a B-algebra. (“Essentially
finitely generated” is defined in Section 2.1.)

Using the information above, we display below a picture of Spec(B) in the case
m = 2.

Q2

o5 & [NOT Lost

el e

Diagram 17.14.0
Comments on Diagram 17.14.0. Here we have @1 = pyR* N B and Q5 =
p2R* N B, and each box represents an infinite set of height-one prime ideals. We
label a box “NL” for “not lost” and “L” for “lost”. An argument similar to that
given for the Type I primes in Example 17.3 shows that the height-one primes ¢
such that ¢ ¢ Q1 U Q2 are not lost. That the other boxes are infinite follows from
Lemma 17.13.

Exercises
(1) Let R = k[z,y](z,) be the localized polynomial ring in the variables x,y over
a field k. Consider the local quadratic transformation S := R[2], u)g(u of the
2-dimensional RLR R. Using the terminology of Definition 17.4
(a) Prove that there are infinitely many height-one primes of R that are lost
in S.
(b) Prove that there are infinitely many height-one primes of R that are not
lost in S.
(c) Describe precisely the height-one primes of R that are lost in S, and the
prime ideals of R that are not lost in S.

(2) Prove the assertion in Remark 17.14 that each of the prime ideals @; of B
contains infinitely many height-one primes of B that are the contraction of
prime ideals of A and infinitely many that are not, i.e., there exist infinitely
many height-one primes of B contained in @); that are lost in A and infinitely
many that are not lost in A.

Suggestion: A solution for this exercise can be patterned along the lines of
the arguments given in Example 17.3. Since A[l/z] is a localization of the
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polynomial ring R[7], for every nonzero element ¢ € (x,y)R, the ideal (7 —¢)A
is a height-one prime in A, and a7 — ac is a nonzero element in each of the
prime ideals @; of B. Since p;A is the only prime ideal of A lying over Q; in
B, the ideal (7 — ¢)AN B is a height-one prime of B. Also consider elements of
the form p; + 2" f € B.

In connection with Remarks 17.6.2, let (R, m) be a local domain with principal

maximal ideal m = aR.

(a) Prove that ()_, m™ = P, where P is a prime ideal properly contained in
m.

(b) Prove that every prime ideal of R properly contained in m is contained in
P.

(¢) Prove that R/P is a DVR.

(d) Prove that P = PRp.

(e) Prove that R is a valuation domain if and only if Rp is a valuation domain

[68, Prop. 3.5(iv)].

(f) Construct an example of a local domain (R, m) with principal maximal

ideal m such that R is not a valuation domain.

Suggestion: To construct an example for part f, let =,y be indeterminates
over a field k, let U = k(x)[y], let W be the DVR Uy, and let P := yW denote
the maximal ideal of W. Then W = k(x) 4+ P. Let R = k(2] (;2k[,2)) + P. This
is an example of a “D 4+ M” construction, as outlined in Remark 18.13.



CHAPTER 18

Non-Noetherian insider examples of dimension 4

In this chapter we extend the methods of Chapter 17 to construct a four-
dimensional local domain that is not Noetherian, but is very close to being Noe-
therian. We use Insider Construction 13.1 of Section 13.1. This four-dimensional
non-catenary non-Noetherian local unique factorization domain has exactly one
prime ideal @ of height three; the ideal @ is not finitely generated.

Section 18.1 contains a description of the example. In Section 18.2 we verify
that the example has the stated properties.

18.1. A 4-dimensional prime spectrum

In Example 18.1, we present a four-dimensional example analogous to Exam-
ple 17.3.

ExaMPLE 18.1. Let k be a field, let x, y and z be indeterminates over k. Set
R:= k[z,y,2](2,y,2) and R* : = K[y, 2]y, [[2]],

and let mp and mpg+ denote the maximal ideals of R and R*, respectively. The
power series ring R* is the xR-adic completion of R. Consider 7 and o in zk[[z]]

oo oo
T = E cpx”™ and o = E dpx"™,
n=1 n=1

where the ¢, and d,, are in k and 7 and o are algebraically independent over k(z).
Define
[ =yr+z0 and A = Aj=R"Nk(z,y,2,f),
that is, A is the intersection domain associated with f. For each integer n > 0, let
T, and o, be the n'" endpieces of 7 and ¢ as in Equation 17.1.a. Then the nP
endpiece of f is f, = y7, + z0,,. As in Equation 17.1.b, we have
Tn = XTp41 + ZCpp1 and o, = TOp41 + 2dpta,

where ¢, 41 and d, 11 are in the field k. Therefore
(18.1.1) fn = ymn + 20, = YXTp41 FYTCht1 + 2TOp41 + 2Ty

o = Tfpr1 +yxcni1 + zxdpya.

The approximation domains U, B, U and B for A are as follows:

For n > 0> Un = k[wyy,Z,fn] Bn = k[m7y7zvfn](m,y,z,fn)
18.1.2 o o
( ) U:= (JU, and B = By = B
n=0 n=0

Thus B is the directed union of 4-dimensional localized polynomial rings. It follows
that dim B < 4.
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The rings A and B are constructed inside the intersection domain A, , :=
R*Nk(z,y,z,7,0). By Localized Polynomial Example Theorem 9.7, the domain
A, - is Noetherian and equals the approximation domain B, , associated to 7,0
and is a three-dimensional RLR that is a directed union of 5-dimensional RLRs and
the extension T := R|[r, 0] — R*[1/z] is flat.

Before we list and establish the other properties of Example 18.1 in Theo-
rem 18.5, we prove the following proposition concerning the Jacobian ideal and
flatness in Example 18.1. The Jacobian ideal is defined and discussed in Definition
and Remarks 11.8.1.

ProroSITION 18.2. With the notation of Example 18.1, we have

(1) For the extension ¢ : S = R[f] — T = R[r, 0], the Jacobian ideal J is the
ideal (y,z)T. Thus the nonflat locus F' of ¢ contains J.

(2) For every P € Spec(R*[1/x]), the ideal (y,z)R*[1/x] ¢ P <= the map
Bpap — (R*[1/z])p is flat. Thus the ideal Fy := (y,z)R*[1/x] defines
the nonflat locus of the map B — R*[1/z].

(3) For every height-one prime ideal p of R*, we have ht(pN B) < 1.

(4) For every prime element w of B, wR* N B = wB.

PRrROOF. For item 1, the Jacobian ideal is the ideal of T generated by the 1 x 1
minors of the matrix (y z) by (11.8.1), and so J = (y, 2)T. By Theorem 11.11.2,
(y,2)T C F.

For item 2, the two statements are equivalent by the definition of nonflat locus
in Definition and Remarks 11.8.2. To compute the nonflat locus of B < R*[1/z],
we use that T := R[r,0] — R*[1/z] is flat as noted in Example 18.1. Let P €
Spec(R*[1/z]) and let @ := PNT. The map B — R*[1/z]p is flat <= the
composition

klz,y, z, f] = kl[z,y,2,7,0] = R*[1/z]p is flat <
S :=k[x,y, z, f] & To = klz,y,z,7,0]¢g is flat.

By item 1, the Jacobian ideal of ¢ is the ideal J = (y,2)T. Since (y,2)T NS =
(y, 2, f)S has height 3, ¢q is not flat for every @ € Spec(T') such that (y,z)T C Q.
Thus the nonflat locus of B < R*[1/xz] is defined by Fy = (y,z)R*[1/z] as stated
in item 2.

Item 3 is clear if p = zR*. Let p be a height-one prime of R* other than xR*.
Since p does not contain (y, z) R*, the map Bpnp — (R*)p is faithfully flat. Thus
ht(p N B) < 1. This establishes item 3.

Item 4 is clear if wB = xB. Assume that wB # zB and let p be a height-one
prime ideal of R* that contains wR*. Then pR*[1/x] N R* = p, and by item 3,
p N B has height at most one. We have pN B 2 wR* N B O wB. Thus item 4
follows. d

Next we prove a proposition about homomorphic images of the constructed ring
B. This result enables us in Corollary 18.4 to relate the ring B of Example 18.1 to
the ring B of Example 17.3.

PRrROPOSITION 18.3. Assume the notation of Example 18.1, and let w be a prime
element of R = k[x,y, 2] (5,y,.) with wR # xR. Let ™ : R* — R*/wR* be the natural
homomorphism, and let — denote image in R*/wR*. Let B’ be the approzimation
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domain formed by considering R and the endpieces f,, of f, defined analogously to
Equation 17.1.a. That is, B’ is defined by setting

o0 o0
U, = klz9l[f.), B, = (U, U = |JU), and B = |J By,
n=1 n=1

where n’, is the maximal ideal of U!, that contains f, and the image of mp. Then
B' =B.

PRrROOF. By Proposition 6.20.2, wB is a prime ideal of B. By Proposition 18.2.4,

wR* N B =wB. Hence B = B/(wR* N B) = B/wB. We have

R/zR = B/xB = R*/xR*,

and the ring R* is the (Z)-adic completion of R. Since the ideal (y, z) R has height
2 and the kernel of 7 has height 1, at least one of ¥ and Z is nonzero. Since T
and o are algebraically independent over k(x,y, z), the element f =5 -7+ % -7
of the integral domain B is transcendental over R. Similarly the endpieces f,, are
transcendental over R. The fact that R* may fail to be an integral domain does
not affect the algebraic independence of these elements that are inside the integral
domain B.

By Construction Properties Theorem 6.19.2, with adjustments using Remark 6.4,
parts 3 and 4, we have Up[l/z] = U,[1/x] = U[1/z], and thus wU NU,, = wU,, for
each n € N. Since B,, is a localization of U,,, we also have wB N B,, = wB,,. Since
wR* N B = whB, it follows that wR* N B,, = wB,,. Thus we have

R C B, = B,/wB, € B = B/wB C R* = R*/wR*.
We conclude that B = J;2, B,. Since B, = B,, we have B’ = B. O

COROLLARY 18.4. The homomorphic image B/zB of the ring B of Ezam-
ple 18.1 is isomorphic to the three-dimensional ring B of Example 17.5.

PRrROOF. Assume the notation of Example 18.1 and Proposition 18.3 and let w =
z. We show that the ring B/zB = C, where C' is the ring called B in Example 17.3.
By Proposition18.3, we have B’ = B/zB, where B’ is the approximation domain
over R = R/zR using the element f, transcendental over R. Let Rc denote the
base ring k[z,y] (., for C in Example 17.3, and let ¢ : R — R denote the k-
isomorphism defined by T — x and 4 — y. Then, as in the proof of Proposition 18.3,
R* is the (Z)-adic completion of R. Thus 1)y extends to an isomorphism v : R* —
(Rc)* that agrees with ¥y on R and such that ¢(7) = 7. Furthermore ¥(f) =
V(g -T+Z-7) = yr, which is the transcendental element f used in the construction
of C. Thus 1+ is an isomorphism from B = B/zB to C, the ring constructed in
Example 17.3. (]

18.2. Verification of the example
We record in Theorem 18.5 properties of the ring B and its prime spectrum.

THEOREM 18.5. As in Example 18.1, R := k[x,y, 2](4,y,») with k a field, x, y
and z indeterminates, and R* = k[y, 2], »)[[z]], the xR-adic completion of R. Let
T and o € zk[[z]] be algebraically independent over k(x).  Set f :=y1 + zo,

A= R*Nk(z,y,2, f), and B := Uy_o Bn = Up—o k1@, ¥, 2, fnl(z,y,2.1,) as in (18.1.2).
Let Q := (y,2z)R* N B. Then
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(1) The rings A and B are equal.

(2) The ring B is a four-dimensional non-Noetherian local UFD with mazimal
ideal mp = (z,y,2)B, and the mp-adic completion of B is the three-
dimensional RLR k[[x,y, 2]].

(3) The ring B[1/x] is a Noetherian regqular UFD, the ring B/xB is a two-
dimensional RLR, and, for every monmazimal prime ideal P of B, the
ring Bp is an RLR.

(4) The ideal Q is the unique prime ideal of B of height 3.

(5) The ideal Q equals \J,— o Qn where Qp := (y, z, fn)Bn, Q is a nonfinitely
generated prime ideal, and QBg = (y, z, f)Bg.

(6) There exist infinitely many height-two prime ideals of B not contained in
Q@ and each of these prime ideals is contracted from R*.

(7) For certain height-one primes p contained in Q, there exist infinitely
many height-two primes between p and Q that are contracted from R*,
and infinitely many that are not contracted from R*. Hence the map
Spec R* — Spec B is not surjective.

(8) Every saturated chain of prime ideals of B has length either 3 or 4, and
there exist saturated chains of prime ideals of lengths both 3 and 4. Thus
B is not catenary.

(9) Each height-one prime ideal of B is the contraction of a height-one prime
ideal of R*.

(10) B has Noetherian spectrum.

We prove Theorem 18.5 below. First, assuming Theorem 18.5, we display a
picture of Spec(B) and make comments about the diagram.

Q= (yv 2 {fz})B

(r,y—962z)B € ’ht. 2, contr. R* ‘ (y,2)B € ’ ht. 2, Not contr. R*

T~

(0)
Diagram 18.5.0
Comments on Diagram 18.5.0. A line going from a box at one level to a
box at a higher level indicates that every prime ideal in the lower level box is
contained in at least one prime ideal in the higher level box. Thus as indicated in
the diagram, every height-one prime gB of B is contained in a height-two prime
of B that contains x and so is not contained in ). This is obvious if ¢B = B
and can be seen by considering minimal primes of (g, z)B otherwise. Thus B has
no maximal saturated chain of length 2. We have not drawn any lines from the
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lower level righthand box to higher boxes that are contained in ) because we are
uncertain about what inclusion relations exist for these primes. We discuss this
situation in Remarks 18.12.

PROOF. (of Theorem 18.5.) By Proposition 18.2.1, (y,2)T C F where F is
the nonflat locus F' of the extension S < T. Hence ht(FR*[1/x]) > 1. Since R|[7]
is a UFD, Proposition 13.4 implies equality of the approximation and intersection
domains B and A corresponding to the element f of R*. This completes item 1.

For item 2, since B is a directed union of four-dimensional RLRs, we have
dim B < 4. By Corollary 18.4 and Theorem 17.9, dim(B/zB) = 3. Thus dim B > 4,
and so dim B = 4. By Proposition 6.20.5, the ring B is local with maximal ideal
mp = (2,y, 2)B. By Krull’s Altitude Theorem 2.6, B is not Noetherian. The ring
B is a UFD by Theorem 6.21.  Since the (z)-adic completion of B is R*, the
mp-adic completion of B is k[[z,y, z]].

For item 3, by Theorem 6.21, the ring B[1/z] is a Noetherian regular UFD. By
Construction Properties Theorem 6.19.3, we have R/xR = B/xB. Thus B/xzB is
a two-dimensional RLR.

For the last part of item 3, if x ¢ P, then Bp is a localization of B[1/z], which
is Noetherian and regular, and so Bp is a regular local ring. In particular, this
proves that Bg is a regular local ring. If x € P and ht P = 1, then P = (x) and
B,p is a DVR. If z € P and ht(P) = 2, the ideal P is finitely generated since
B/zB is an RLR. Since B is a UFD from item 2, it follows that Bp is a local UFD
of dimension 2 with finitely generated maximal ideal. Thus Bp is Noetherian by
Cohen’s Theorem 2.8. This, combined with B/xB a regular local ring, implies that
Bp is a regular local ring. Since ht P < 2 for every nonmaximal prime ideal P of
R with z € P, this completes the proof of item 3.

For item 4, since (y, z)R* is a prime ideal of R*, the ideal @ = (y,z)R* N B is
prime. By Proposition 6.20.2, the ideals yB and (y, z)B are prime. Counsider the
chain of prime ideals

(0) cyB C(y,2)B C Q C mp.

The list y, z, f, x shows that each of the inclusions is strict; for example, we have
fe@\ (y,z)B since f ¢ (y,z)B,, for every n € N. By item 2 we have htmp = 4.
Thus ht = 3. This also implies that (y, 2)B is a height-two prime ideal of B.

For the uniqueness in item 4, let P be a nonmaximal prime ideal of B. We
first consider the case that ¢ P. Then, by Proposition 6.20.3, 2" ¢ PR* for
each positive integer n. Hence PR*[1/x] # R*[1/xz]. Let P, be a prime ideal
of R*[1/z] such that P C P;. If both y and z are in Py, then (y,z)R*[1/x] C
Py. Since (y,z)R*[1/x] is maximal, we have (y,z)R*[1/x] = P;. Therefore, P C
(y,z)R*[1/xz] N B = @, and so either ht(P) <2 or P = Q.

Next suppose that z ¢ P and y or z is not in P;. Then the map ¢ : B —
R*[1/xz]p, is flat by Proposition 18.2.2. Since dim R*[1/xz] = 2 we have ht(P;) < 2.
Flatness of ¢ implies ht(P; N B) < 2, by Remark 2.21flgd. Hence ht P < 2.

To complete the proof of item 4, we consider the case that x € P. We have
ht P < 3, since dim B = 4 and P is not maximal. If ht P > 3, there exists a chain
of primes of the form
(18.5.1) (0)C P, C P CPC (x,y,2)B.

= = =
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By Construction Properties Theorem 6.19.3, B/xB = R/xzR; thus dim(B/xB) = 2.
If © € P, then ht P, > 2 implies that (0) C B € P, C P C (x,y,2)B, a
contradiction to dim(B/zB) = 2. Thus « ¢ P». Since x € P and P is nonmaximal,
we have that y or z is not in P. Hence y or z is not in Ps.

By Theorem 6.19.3, P corresponds to a nonmaximal prime ideal P’ of R*
containing PR*. Let Pj be a prime ideal of R* inside P’ that is minimal over P, R*.
If both y and z are in Py, then, (z,y, z)R* C P’, a contradiction to P’ nonmaximal.
By Proposition 6.20.4, Pj does not contain . Thus Py C P’ C (z,y,2)R*. Also
P} = Py N R*, where Py is a prime ideal of R*[1/x], and one of y and z is not an
element of Py'.

Since the Jacobian ideal of ¢ : S — T'[1/x] is (y, 2)T[1/x], Proposition 18.2.2
implies the map 1 : B — R*[1/z]py is flat. This implies ht(Py') > ht(Py' N B) >
ht P, > 2; that is, ht(Py) > 2. Also Py intersects R* in Pj, and so ht Py > 2.
Thus in R* we have a chain of primes P} C P’ C (z,y, 2)R*, where ht P} > 2, a
contradiction, since R*, a localization of k[y, z][[x]], has dimension 3. This proves
item 4.

For item 5, let Q' = |U,—, @n, where each Q,, = (y, z, fn)B,. Each @, is a
prime ideal of height 3 in the 4-dimensional RLR B,,. Therefore Q' is a prime ideal
of B of height < 3 that is contained in (. The ideal (y,z)B is a prime ideal of
height 2 strictly contained in @ by the proof of item 3. Hence ht(Q’) = 3 and we
have Q' = Q.

To show the ideal @ is not finitely generated, we show for each positive integer
n that f,+1 & (y,2, fn)B. By Equation 18.1.1, f,, = xfn+1 + yzcnt1 + zxdnyq.
If foy1 € (y,2, fn)B, then fny1 = ay + bz + c(xfny1 + yxeng1 + z2dyy1), where
a,b,c € B. This implies f,4+1(1 — cx) is in the ideal (y, z) B. By Proposition 6.20,
x € J(B), and so 1 — ¢z is a unit of B. This implies fn4+1 € (y,2)B N Byy1.

For each positive integer j, we show that (y,z)B N B; = (y,2)B;. It is clear
that (y,2)B; C (y,2)B N B;j. To show the reverse inclusion, it suffices to show for
each integer j > 0 that (y, 2)Bj11 N B; C (y,2)B;. We have B;[fj11] C (Bj)y,2)B,
since fj41 = % + ycjp1 + zdj4 by (18.1.1). The center of the 2-dimensional
RLR (Bj)(y,)B, on Bj[fj11] is the prime ideal (y, z)B;[f;+1]. This prime ideal
is contained in the maximal ideal (z,y,z, fj+1)B;[fj+1]; it follows that B,y C
(Bj)(y,z)Bj and so (ya Z)Bj+1 NB; < (y,Z)Bj.

Thus (y,2)B N Bpy1 = (y,2)Bny1, and frni1 € (y,2)Bpt1. Since the ring
Bry1 = kl2,y, 2, far1](z.y,2, fusr)s Where z,y, 2z and f,, 41 are algebraically indepen-
dent variables over k, this is a contradiction. We conclude that @) is not finitely
generated.

We show above for item 3 that Bg is a three-dimensional regular local ring.
Since Q = (y, 2, f, f1, f2,...)B and, since z is a unit of By, it follows from Re-
mark 17.2 that QBg = (y, z, f)Bg. This establishes item 5.

For item 6, since © ¢ @ and B/xB = R/xR is a Noetherian ring of dimension
two, there are infinitely many height-two primes of B containing xB; see Exer-
cise 5 of Chapter 2. This proves there are infinitely many height-two primes of
B not contained in Q. If P is a height-two prime of B not contained in (), then
ht(mp/P) = 1, by item 4 above, and so, by Proposition 6.20.5, P is contracted
from R*. This completes the proof of item 6.

For item 7 we show that p = 2B has the stated properties. By Corollary 18.4,
the ring B/zB is isomorphic to the ring called B in Example 17.3. For convenience



18.2. VERIFICATION OF THE EXAMPLE 163

we relabel the ring of Example 17.3 as B’. By Theorem 17.9, B’ has exactly one
non-finitely generated prime ideal, which we label @', and ht Q' = 2. It follows
that Q/zB = @’. By Discussion 17.5, there are infinitely many height-one primes
contained in Q' of Type II (that is, primes that are contracted from R*/zR*) and
infinitely many height-one primes contained in Q" of Type III (that is, primes that
are not contracted from R*/zR*). The preimages in R* of these primes are height-
two primes of B that are contained in @) and contain zB. It follows that there are
infinitely many contracted from R* and there are infinitely many not contracted
from R*, as desired for item 7.
For item 8, we have a saturated chain of prime ideals

(0) ¢ B C (z,y)B C (z,9,2)B = mp

of length 3 since B/xB = R/xR by Theorem 6.19.3. We have a saturated chain of
prime ideals

(0) C yB C (y,2)B C Q@ C mp
of length 4 from the proof of item 4. Hence B is not catenary. By item 2, dim B = 4,
and so there is no saturated chain of prime ideals of B of length greater than 4.
By Comments 18.5.0, there is no saturated chain of prime ideals of B of length less
than 3.

For item 9, since R* is a Krull domain and B = A = Q(B) N R*, it follows
that B is a Krull domain and each height-one prime of B is the contraction of a
height-one prime of R*. Item 10 follows since B/xB and B[1/z] are Noetherian
[47]. |

REMARKS 18.6. Let the notation be as in Theorem 18.5.

(1) It follows from Theorem 18.5 that the localization B[1/x] has a unique
maximal ideal QB[1l/z] = (y, 2z, f)B[1/x] of height three and has infinitely many
maximal ideals of height two. We observe that B[1/x] has no maximal ideal of
height one. To show this last statement it suffices to show for each irreducible
element p of B with pB # zB there exists P € Spec B with pB C P and = ¢ P.
Assume there does not exist such a prime ideal P. Consider the ideal (p,z)B.
This ideal has height two and has only finitely many minimal primes since B/xB is
Noetherian. Let g be an element of mp not contained in any of the minimal primes
of (p,z)B. Every prime ideal of B that contains (g,p)B also contains « and hence
has height greater than two. Since z ¢ @, it follows that (g,p)B is mp-primary,
and hence that (g,p)R* is mg--primary. Since R* is Noetherian and ht mp- = 3,
this contradicts Krull’s Altitude Theorem 2.6.

(2) Every ideal I of B such that IR* is mp«-primary is mp-primary by Propo-
sition 6.20.5.

(3) Define

B, B

(. 2)B. and C := W AB

We have C = |J;—,C,, by item 1. We show that C is a rank 2 valuation domain
with principal maximal ideal generated by the image of x. For each positive integer
n, let g, € C, denote the image in C),, of the element f,, € B, and let z denote
the image of . Then C, = k[z,gn](z,,) is a 2-dimensional RLR. By (18.1.1),
fn = xfns1 + x(cpy + dnz). Tt follows that g, = xgn41 for each n € N. Thus C
is an infinite directed union of quadratric transformations of 2-dimensional regular
local rings. Thus C is a valuation domain of dimension at most 2 by [2]. By

C, =
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items 2 and 4 of Theorem 18.5, dim C' > 2, and therefore C' is a valuation domain
of rank 2. The maximal ideal of C' is zC.

By Corollary 18.4, B/zB = D, where D is the ring B of Example 17.3. By an
argument similar to that of Proposition 18.3 and by Corollary 18.4, we see that the
above ring C' is isomorphic to D/yD.

QUESTION 18.7. For the ring B constructed as in Example 18.1, we ask: Is @
the only prime ideal of B that is not finitely generated?

Theorem 18.5 implies that the only possible nonfinitely generated prime ideals
of B other than ) have height two. We do not know whether every height-two prime
ideal of B is finitely generated. We show in Corollary 18.10 and Theorem 18.11
that certain of the height-two primes of B are finitely generated.

We recall Lemma 8.2, which was the key to the proof of Theorem 8.3. For
convenience we repeat two parts of the lemma that are useful in this chapter:

LEMMA 18.8. Let S be a subring of a ring T and let b € S be a reqular element
of both S and T. Assume that bS =bT' NS and S/bS = T/bT. Then
(1) T[1/b] is flat over S <= T is flat over S.
(2) If T and S[1/b] are both Noetherian and T is flat over S, then S is Noe-
therian

The following theorem shows that the nonflat locus of the map ¢ : B — R*[1/q]
yields flatness for certain homomorphic images of B, if R, a, R* and B are as in the
general construction outlined in Inclusion Construction 5.3.

THEOREM 18.9. Let R be a Noetherian integral domain with field of fractions

K := Q(R), let a € R be a nonzero nonunit, and let R* denote the (a)-adic comple-
tion of R. Let s be a positive integer and let T = {71,...,7s} be a set of elements of
R* that are algebraically independent over K, so that R[T] is a polynomial ring in s
variables over R. Define A = Ane := K(7) N R*, as in Inclusion Construction 5.3.
Let U,, B,, B and U be defined as in Equations 6.1.4 and 6.1.5. Assume that F is
an ideal of R*[1/a] that defines the nonflat locus of the map ¢ : B — R*[1/a]. Let
I be an ideal in B such that IR* N B =1 and a is reqular on R*/IR*.

(1) If IR*[1/a] + F = R*[1/a], then ¢ ®p (B/I) is flat.

(2) If R*[1/a]/IR*[1/a] is flat over B/I, then R*/IR* is flat over B/I.

(3) If p®p (B/I) is flat, then B/I is Noetherian.

ProOOF. For item 1, ¢p is flat for each P € Spec R*[1/a] with I C P by
hypothesis. Hence for each such P we have ¢p ®p (B/I) is flat. Since flatness is a
local property, it follows that ¢ ® g (B/I) is flat.

For items 2 and 3, apply Lemma 18.8 with S = B/I and T = R*/IR*; the
element b of Lemma 18.8 is the image in B/IB of the element a from the setting
of Theorem 8.8. Since TR* N B = I, the ring B/I embeds into R*/IR*, and since
B/aB = R*/aR*, the ideal a(R*/IR*)N (B/I) = a(B/I). Thus item 2 and item 3
of Theorem 18.9 follow from item 1 and item 2, respectively, of Lemma 18.8. [

COROLLARY 18.10. Assume the notation of Example 18.1. Let w be a prime
element of B. Then B/wB is Noetherian if and only if w ¢ Q. Thus every every
nonfinitely generated ideal of B is contained in Q.
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PRrOOF. If w € @, then B/wB is not Noetherian since @ is not finitely gener-
ated. Assume w ¢ Q. Since B/xB is known to be Noetherian, we may assume that
wB # xB. By Proposition 18.2.1, QR*[1/x] = (y,z)R*[1/z] defines the nonflat
locus of ¢ : B — R*[1/x]. Since wR*[1/z]+ (y, z) R*[1/z] = R*[1/x], Theorem 18.9
with I = wB and a = x implies that B/wB is Noetherian.

For the second statement, we use that every nonfinitely generated ideal is con-
tained in an ideal maximal with respect to not being finitely generated and the
latter ideal is prime. Thus it suffices to show every prime ideal P not contained
in @ is finitely generated. If P Z @, then, since B is a UFD, there exists a prime
element w € P\ Q. By the first statement, B/wDB is Noetherian, and so P is finitely
generated. O

THEOREM 18.11. Assume the notation of Example 18.1. Thus
R = k[xayaz](:c,y,z) and R* = k[yaz}(y,z)[[x]]a

where k is a field, and x, y and z are indeterminates over k. Also 7 and o are
elements of xk[[z]] that are algebraically independent over k(z), and f = y7 + zo.
Thus the approximation domain B formed by the procedure outlined above is a non-
Noetherian four-dimensional UFD with exactly one height-three prime ideal Q and
Q is not finitely generated. We have:

R= k[xuyvz}(-%yvz) g R[f] g B g R* N k(fﬂ,y,Z,f) g R* = k[yvz](y,z)[[x]]

Let w be a prime element of R with w € (y, z)k[z,y, z]. If w is linear in either y
or z, then Q/wB is the unique nonfinitely generated prime ideal of B/wB. Thus
Q is the unique nonfinitely generated prime ideal of B that contains w.

PROOF. Let ~ denote image under the canonical map = : R* — R*/wR*. We
may assume that w is linear in z, that the coefficient of z is 1 and therefore that
w = z—yg(z,y), where g(z,y) € k[r,y]. Thus R = k[, Y(a,y)- By Proposition 18.3,
B is the approximation domain over R with respect to the transcendental element

f=9-T+z-0=9-T+7y g(x,y) 7.
The setting of Theorem 6.21 applies with B replaced by B, the underlying ring R
replaced by R, and z = Z. Thus the ring B is a UFD, and so every height-one
prime ideal of B is principal. Since w € @ and @ is not finitely generated, it follows
that ht(Q) = 2 and that @ is the unique nonfinitely generated prime ideal of B.
Hence the theorem holds. (]

REMARKS 18.12. It follows from Proposition 6.20.5 that every height two prime
of B that is not contained in @ is contracted from a prime ideal of R*. As we state
in item 7 of Theorem 18.5, there are infinitely many height-two prime ideals of
B that are contained in @ and are contracted from R* and there are infinitely
many height-two prime ideals of B that are contained in @) and are not contracted
from R*. In particular infinitely many of each type exist between zB and @) by
Corollary 18.4, and similarly infinitely many of each type exist between yB and Q.

Since By is a three-dimensional regular local ring, for each height-one prime p
of B with p C @, the set

S, = {PeSpecB|pCPCQand htP=2}



166 18. 4-DIMENSIONAL NON-NOETHERIAN INSIDER EXAMPLES

is infinite. The infinite set S, is the disjoint union of the sets S, and Sp,,, where the
elements of S, are contracted from R* and the elements of S, are not contracted
from R*.

We do not know whether there exists a height-one prime p contained in @
having the property that one of the sets Sp. or Sy, is empty. Furthermore if one of
these sets is empty, which one is empty? If there are some such height-one primes p
with one of the sets Sp. or Sy, empty, which height-one primes are they? It would
be interesting to know the answers to these questions.

REMARK 18.13. A natural question related to Example 18.1 is to ask how it
compares to a ring constructed using the three-dimensional ring of Example 17.3
and applying the popular “D + M” technique of multiplicative ideal theory; see
for example the work of Gilmer in [36, p. 95], [37] or the paper of Brewer and
Rutter [12]. The “D 4+ M” construction involves an integral domain D and a
prime ideal M of an extension domain E of D such that D N M = (0). Then
D+M={a+b|ae D, b e M}. Moreover, for a,a’ € D and b,b’ € M, if
a+b=ad +V, then a =d and b ="¥. Since D embeds in E/M, the ring D + M
may be regarded as a pullback as in the paper of Gabelli and Houston [38] or the
book of Leuschke and R. Wiegand [80, p. 42].

In Example 18.14, we consider a “D + M” construction that contrasts nicely
with Example 18.1.

EXAMPLE 18.14. Let (B,mp) be the ring of Example 17.3. Thus k is a coef-
ficient field of B and B = k + mp. Assume the field £ is the field of fractions of a
DVR V, and let ¢t be a generator of the maximal ideal of V. Define

C =V +mp ={a+blacV,becmg}
The integral domain C' has the following properties:

(1) The maximal ideal mp of B is also a prime ideal of C, and C'/mp = V.

(2) C has a unique maximal ideal m¢; moreover, me = ¢C.

(3) mp =y, t"C, and B = Cy,, = C[1/t].

(4) Each P € Spec C with P # m¢ is contained in mp; thus P € Spec B.

(5) dim C =4 and C has a unique prime ideal of height h, for h = 2,3 or 4.

(6) mc is the only nonzero prime ideal of C' that is finitely generated. In-
deed, every nonzero proper ideal of B is an ideal of C' that is not finitely
generated.

Thus C is a non-Noetherian non-catenary four-dimensional local domain.

PROOF. Since C' is a subring of B, mp NV = (0) and Vmp = mp, item 1
holds. We have C/(tV + mp) = V/tV. Thus tV + mp is a maximal ideal of C.
Let b € mp. Since 1+ b is a unit of the local ring B, we have

1
m =1- m and m € mp.
Hence 1+bis a unit of C. Let a+b € C\ (tV+mp), where a € V\tV and b € mp.
Then a is a unit of V and thus a unit of C. Moreover, a=*(a +b) = 1 + a~'b and
a~'b € mp. Therefore a + b is a unit of C. We conclude that me =tV + mp is
the unique maximal ideal of C'. Since ¢ is a unit of B, we have mp = tmp. Hence
mg =tV + mp = tC. This proves item 2.
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For item 3, since t is a unit of B, we have mg = t"mp C t"C for all n € N.
Thus mp C (o, t"C. Ifa+be (2, t"C with a € V and b € mp, then

n=1 n=1
b e ﬁtnc — a € (ﬁt"C)ﬁV = ﬁt”V = (0).
n=1 n=1 n=1

Hence mp = ﬂzozl t"C. Again using tmp = mpg, we obtain
Cl1/t] = V[1/t] + mp = k + mp = B.

Since t ¢ mp, we have B = C[1/t] C Cny C Bmy = B. This proves item 3.

For P as in item 4, we have P C tC. Since P is a prime ideal of C| it follows
that P = t" P for each n € N. By item 3, P C mp, and it follows that P € Spec B.
Item 5 now follows from item 4 and the structure of Spec B.

For item 6, let J be a nonzero proper ideal of B. Since t is a unit of B, we have
J = tJ. This implies by Nakayama’s Lemma that J as an ideal of C' is not finitely
generated; see [12, Lemma 1]. Thus item 6 follows from item 4.

By item 6, C' is non-Noetherian. Since (0) C B C mp C tC is a saturated
chain of prime ideals of C of length 3, and (0) C yB C @ C mp C tC is a saturated
chain of prime ideals of C' of length 4, the ring C' is not catenary. (]

REMARK 18.15. An integral domain R is said to be a finite conductor domain
if for elements a,b in the field of fractions of R the R-module aR N bR is finitely
generated. This concept is considered in the paper of McAdam [90].

A ring R is said to be coherent if every finitely generated ideal of R is finitely
presented. By a theorem of Chase [19, Theorem 2.2], this condition is equivalent
to each of the following:

(1) For each finitely generated ideal I and element a of R, the ideal (I :g a) =
{b€ R | ba € I} is finitely generated.

(2) For each a € R the ideal (0:z a) = {b € R | ba = 0} is finitely generated,
and the intersection of two finitely generated ideals of R is again finitely
generated.

Thus a coherent integral domain is a finite conductor domain. Examples of finite
conductor domains that are not coherent are given by Glaz in [40, Example 4.4]
and by Olberding and Saydam in [101, Proposition 3.7].

As noted in Remark 17.11, the rings of Examples 17.3 and 18.1 are coherent.
On the other hand, by a result of Brewer and Rutter [12, Prop. 2], the ring of
Example 18.14 is not a finite conductor domain and thus is not coherent.

Exercises

(1) Let K denote the field of fractions of the integral domain B of Example 17.3,
let ¢ be an indeterminate over K and let V' denote the DVR K[t]). Let M
denote the maximal ideal of V. Thus V = K 4+ M. Define C := B + M. Show
that the integral domain C has the following properties:
(a) mpC is the unique maximal ideal of C, and is generated by two elements.
(b) For every nonzero element ¢ € mp, we have M C aC.
(¢) M is the unique prime ideal of C of height one; moreover M is not finitely

generated as an ideal of C.

(d) dimC =4 and C has a unique prime ideal of height h, for h = 1,3 or 4.
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(e) For each P € SpecC' with ht P > 2, the ring Cp is not Noetherian.
(f) C has precisely two prime ideals that are not finitely generated.
(g) C is non-catenary.

Let C = V + mp be as in Example 18.14. Assume that V has a coefficient
field L, and that L is the field of fractions of a DVR V;. Define Cy := V; +tC.
Let s be a generator of V3. Show that the integral domain C; has the following
properties:

(a) The maximal ideal m¢ of C' is also a prime ideal of C1, and Cy/m¢ = V;.
) The principal ideal sC; is the unique maximal ideal of Cf.

(¢) meg =2, s"Cy, and C = C1[1/s].

) Each P € SpecCy with P # sC is contained in m¢; thus P € SpecC.
( ) dim Cl = 3.
(f)
g)

C1 has a unique prime ideal of height h for h = 2, 3,4, or 5.

The maximal ideal of C; is the only nonzero prime ideal of Cy that is
finitely generated. Indeed, every nonzero proper ideal of C' is an ideal of
C1 that is not finitely generated.

(h) C is non-catenary.

(b

¥
¢

(

Comment: For item h, exhibit two saturated chains of prime ideals from (0)
to sCy of different lengths.



CHAPTER 19

Idealwise algebraic independence I,

Let (R,m) be an excellent normal local domain with field of fractions K and
completion (E, m). We consider three concepts of independence over R for elements
Ti,...,Tn € m that are algebraically independent over K. The first of these,
idealwise independence, is that K(11,...,7,) N R equals the localized polynomial
ring R[T1,...,Tal(m,m,...,r,)- 1f R is countable with dim(R) > 1, we show the
existence of an infinite sequence of elements 71,7,... of m such that ,...,7,
are idealwise independent over R for each positive integer n. This implies that
the subfield K(71,7,...) of Q(R) has the property that the intersection domain
A= K(r,72,...)N R is a localized polynomial ring in infinitely many variables
over R. In particular, this intersection domain A is not Noetherian. These topics
are continued in Chapter 20.

19.1. Idealwise independence, weakly flat and PDE extensions

We use the following setting throughout this chapter and Chapter 20.

SETTING AND NOTATION 19.1. Let (R, m) be an excellent normal local domain
with field of fractions K and completion (R m). Let t1,...,%,,... be indetermi-
nates over R, and assume that 71,72,...,7,,... € m are algebraically independent
over K. For each integer n > 0 and oo, we consider the following localized polyno-
mial rings:

Sn = R[th o 7tn](m,t1,..4,tn)a

R, = R[Tla cee 7Tn](m,71,...,-r,,b)a
SOO = R[tl, . ,tn, .. .](m)tl’”')tn“”) and
ROO = R[Tl, ey Ty .- '](m,‘rl,...,rn,...)-

For n = 0, we define Ry = R = Sy. Of course, S, is R-isomorphic to R,, and
Seo is R-isomorphic to R, with respect to the R-algebra homomorphism taking
t; — 7; for each ¢. When working with a particular n or co, we sometimes define S
to be R, or Ry. .

The completion S, of S,, is R[[t1,. . .,t,]], and we have the following commu-
tative diagram:

c
S =Rt ol oty > Sn = R[[t1, .. 1]

-| S

R é S = Rn = R[7'17 e ,Tn](m,'rl,..‘,Tn) E E

Here the first vertical isomorphism is the R-algebra map taking ¢t; — 7;, the restric-
tion of the R-algebra surjection A : é\n — R where

169
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—

p = ker(A) = (tl — Tly.-- 7tn — Tn)S’n
Note that p N S,, = (0).

The central definition of this chapter is the following:

DEFINITION 19.2. Let (R,m) and 71, ...,7, € m be as in Setting 19.1. We say
that 71,...,7, are idealwise independent over R if

E N K(Tl,...,Tn) = Rn.

Similarly, an infinite sequence {7;}3°, of algebraically independent elements of m
is idealwise independent over R if RN K ({1;}32;) = Reo.

REMARKS 19.3. Assume Setting and Notation 19.1.

(1) A subset of an idealwise independent set {71, ..., 7,} over R is also idealwise
independent over R. For example, to see that 71,..., 7, are idealwise independent
over R for m < n, let K denote the field of fractions of R and observe that

RNK(ti,....,7m) =RNK(r, ..., 7)) NK(T1,...,Tm)

:R[Tla cee 7Tn](m,7-1,...,7-n) N K(Tl, B Tm) - R[Tla cee 7Tm}(m,7-1,...,7'm)'

(2) Idealwise independence is a strong property of the elements 7y,..., 7, and
of the embedding map ¢ : R, — R. Tt is often difficult to compute RN L for an
intermediate field L between the field K and the field of fractions of R. In order
for RN L to be the localized polynomial ring R,,, there can be no new quotients in
R other than those in ©(Ry); that is, if f/g € R and f,g € Ry, then f/g € Ry.
This does not happen, for example, if one of the 7; is in the completion of R with
respect to a principal ideal; in particular, if dim(R) = 1, then there do not exist
idealwise independent elements over R.

The following example, considered in Chapter 4, illustrates Remark 19.3.2.
This is Example 4.4; other details are given in Remarks 4.5.

EXAMPLE 19.4. Let R = Q[z,9](z,), the localized ring of polynomials in two
variables over the rational numbers. The elements 1 = e — 1,75 = e¥ — 1, and
e*—e¥=11 — T of R = Q|[[z, y]] belong to completions of R with respect to principal
ideals (and so are not idealwise independent). If S = Ry = Q[z,y, 71, 72| (2,y,r,72)
and L is the field of fractions of S, then the elements (e* — 1)/x, (e¥ — 1)/y, and
(e* — e¥)/(x — y) are certainly in L N R but not in S. Theorem 4.2 implies that
LN R is a two-dimensional regular local ring with completion R.

Recall the concepts PDE, weakly flat and height-one preserving from Defini-
tions 2.3.3 in Chapter 2 and 12.1 in Chapter 12. We state the definitions again here
for Krull domains.

DEFINITIONS 19.5. Let S < T be an extension of Krull domains.

e T is a PDE extension of S if for every height-one prime ideal @ in T, the
height of @ NS is at most one.

e T is a height-one preserving extension of S if for every height-one prime
ideal P of S with PT # T there exists a height-one prime ideal @ of T
with PT C Q.
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o T is weakly flat over S if every height-one prime ideal P of S with PT # T
satisfies PT'N S = P.

We summarize the results of this chapter.

SUMMARY 19.6. Let (R, m) be an excellent normal local domain of dimension
d with field of fractions K and completion (R, ). In Section 19.1 we consider
idealwise independent elements as defined in Definition 19.2. We show in Theo-
rem 19.11 that 7q,...,7, € m are idealwise independent over R if and only if the
extension R[ry,...,T,] < R is weakly flat in the sense of Definition 19.5. If R has
the additional property that every height-one prime of R is the radical of a prin-
cipal ideal, we show in Section 19.1 that a sufficient condition for 7,...,7, to be
idealwise independent over R is that the extension R[ry,...,7,] < R satisfies PDE
(“pas d’éclatement”, or in English “no blowing up”), defined in Definitions 19.5. At
the end of Section 19.1 we display in a schematic diagram the relationships among
these concepts and some others, for extensions of Krull domains.

In Sections 19.2 and 19.3 we present two methods for obtaining idealwise inde-
pendent elements over a countable ring R. The method in Section 19.2 is to find
elements 71,...,7, € mso that (1) 7q,..., 7, are algebraically independent over R,
and (2) for every prime ideal P of S = R[r1,...,Tu](m,m,...,r,) With dim(S/P) =n,
the ideal PR is m-primary. In this case, we say that 71,...,7, are primarily in-
dependent over R. If R is countable and dim(R) > 2, we show in Theorem 19.28
the existence over R of idealwise independent elements that fail to be primarily
independent.

The main theorem of this chapter is Theorem 19.20: For every countable ex-
cellent normal local domain R of dimension at least two, there exists an infinite
sequence Ti,To,... of elements of m that are primarily independent over R. It
follows that A = K (1, 72,...)N R is an infinite-dimensional non-Noetherian local
domain. Thus, for the example R = k[z,y](,,) with & a countable field, there

.....

exists for every positive integer n and n = oo, an extension A, = L, N R of R such
that dim(A,) = dim(R) + n. In particular, the canonical surjection A, — R has a
nonzero kernel.

In Section 19.3 we define 7 € m to be residually algebraically independent over
R if 7 is algebraically independent over R and, for each height-one prime ideal P
of R such that PN R # 0, the image of 7 in }AE/ P is algebraically independent over
R/(P N R). We extend the concept of residual algebraic independence to a finite
or infinite number of elements 71,...,7,,... € m and observe the equivalence of
residual algebraic independence to the extension R[rq,...,7,] < R satisfying PDE.

We show that primary independence implies residual algebraic independence
and that primary independence implies idealwise independence. If every height-
one prime of R is the radical of a principal ideal, we show that residual algebraic
independence implies idealwise independence

For R of dimension two, we show that primary independence is equivalent to
residual algebraic independence. Hence residual algebraic independence implies
idealwise independence if dim R = 2. As remarked above, if R has dimension
greater than two, then primary independence is stronger than residual algebraic
independence. We show in Theorems 19.33 and 19.35 the existence of idealwise
independent elements that fail to be residually algebraically independent.
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The following diagram summarizes some relationships among the independence
concepts for one element 7 of m, over a local normal excellent domain (R, m). In
the diagram we use “ind.” and “resid.” to abbreviate “independent” and “residually
algebraic”.

R Henselian

VAVAY

T primarily ind.

7 resid. ind.

7 idealwise ind.*

* In order to conclude that the idealwise independent set contains the residually
algebraically independent set for dim R > 2, we assume that every height-one prime
of R is the radical of a principal ideal.

In Section 20.4 we include a diagram that displays many more relationships
among the independence concepts and other related properties.

In the remainder of this section we discuss some properties of extensions of
Krull domains related to idealwise independence. A diagram near the end of this
section displays the relationships among these properties.

REMARK 19.7. Let S — T be an extension of Krull domains. If S is a UFD,
or more generally, if every height-one prime ideal of S is the radical of a principal
ideal, then T is a height-one preserving extension of S. This is clear from the fact
that every minimal prime of a principal ideal in a Krull domain is of height one.

REMARK 19.8. Let (R,m) and 7,...,7, € m be as in Setting 19.1. Also
assume that each height-one prime of R is the radical of a principal ideal. Since
this property is preserved in a polynomial ring extension, Remark 19.7 implies that
the embedding R

p: R, = R[Tl, ey Tn](m,n,...,rn) — R
is a height-one preserving extension.

Corollary 19.9 is immediate from Remark 19.8 and Proposition 12.12.
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COROLLARY 19.9. Let (R,m) and 7, ..
sume that each height-one prime of R is the radical of a principal ideal.

S=R[t1,....,Tol(m,r,...7n) If S = R satisfies PDE, then R is weakly flat over S.
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., Tn € M be as in Setting 19.1. As-

Let

Let S < T be an extension of Krull domains, and let F' be the field of fractions
of S. Throughout the diagram “@Q” denotes a prime ideal @ € Spec(T) with
ht(Q) = 1, and “P” denotes P € Spec(S) with ht(P) = 1. The following diagram
illustrates the relationships among the terms in Definitions 19.5 using the results
(12.12), (12.4), (12.5), and (12.8):

S — T ht-1 pres.,
and PDE (19.5)

N

4

]S«—>TPDE

(19.5)

(19.5)

N

N

4

’VQ,ht(QﬁS)gl‘

12.12)

(12.5.b)

W

S — T ht-1 pres., PDE,
(19.5) and PT # T,VP

(12.12)

W

S T wf (19.5)
and PT # T,VP

1S =T wi (19.5)]

(12.8)

S < T ht-1 pres. (19.5) ‘

(12.5.a)

]VP,3Q|QmszP\

N

4

— W [PT#T = PTNS=P]

(12.8)

N

4

]PT;AT — 3Q

@mszp\

N

4

(19.5) ’pT +T — 3Q|PT C Q‘

The relationships among properties of an extension S < T of Krull domains

REMARK 19.10. Let S be a Krull domain, and let S < T be an extension
of commutative rings such that every nonzero element of S is regular on 7. In
Corollary 12.4 the condition that PT # T for every height-one prime ideal P of S
relates weak flatness to S = Q(S) NT. This condition holds if S and T are local
Krull domains with 7" dominating S, and so it holds for R,, — R asin Setting 19.1.

Summarizing from Corollaries 19.9 and 12.4, we have the following implications
among the concepts of weakly flat, PDE and idealwise independence in Setting 19.1:
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THEOREM 19.11. Let (R, m) be an excellent normal local domain with m-adic

completion (fi, m) and let 1, ...,7, € m be algebraically independent elements over
R. Then:
(1) 71,...,7 are idealwise independent over R <= R[m,...,Tn] < R is
weakly flat.
(2) If R[t1,...,Tn] <= R satisfies PDE and each height-one prime of R is the
radical of a principal ideal, then R[ry,..., ] < R is weakly flat.
In view of Remark 12.5.b, these assertions also hold with R[ry,...,T,] replaced by
its localization R[T1, ..., Tn](mry,...m0)-

In order to demonstrate idealwise independence we develop in the next two
sections the concepts of primary independence and residual algebraic independence.
Primary independence implies idealwise independence. If we assume that every
height-one prime ideal of the base ring R is the radical of a principal ideal, then
residual algebraic independence implies idealwise independence.

19.2. Primarily independent elements

In this section we introduce primary independence, a concept we show in Propo-
sition 19.15 implies idealwise independence. We construct in Theorem 19.20 infin-
itely many primarily independent elements over any countable excellent normal
local domain of dimension at least two.

DEFINITION 19.12. Let (R, m) be an excellent normal local domain. We say
that elements 71,...,7, € m that are algebraically independent over R are primar-
ily independent over R, if for every prime ideal P of S = R[Ti,...,Tu](m,r,....rn)
such that dim(S/P) < n, the ideal PRis m-primary. A countably infinite sequence
{7:}32, of elements of m is primarily independent over R if 11, ..., T, are primarily
independent over R for each n.

REMARKS 19.13. (1) Referring to the diagram in Setting 19.1, primary inde-
pendence of 71, ..., 7, as defined in (19.12) is equivalent to the statement that for
every prime ideal P of S with dim(S/P) < n, the ideal A~!(PR) = PS,+ ker(\)
is primary for the maximal ideal of g;

(2) A subset of a primarily independent set is again primarily independent. For
example, if 71,..., 7, are primarily independent over R, to see that 7y,...,7,_1 are
primarily independent, let P be a prime ideal of R,,_; with dim(R,_1/P) <n—1.
Then PR, is a prime ideal of R,, with dim(R,,/PR,) < n, and so PR is primary
for the maximal ideal of R.

LEMMA 19.14. Let (R, m) be an excellent normal local domain of dimension at
least 2, let n be a positive integer, and let S = Ry, = R[T1,. .., Tul(m,r.,...,rn), Where
Ty, ..., Tn are primarily independent over R. Let P be a prime ideal of S such that
dim(S/P) > n+ 1. Then

(1) the ideal PR is not m-primary, and
(2) PRNS=P.

Proor. For item 1, if dim(S/P) > n + 1 and if PR is primary for m, then
the diagram in Setting 19.1 shows that A™'(PR) = PS,,+ ker()) is primary for
the maximal ideal of S. Hence the maximal ideal of S/PS is the radical of an
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n-generated ideal. We also have g'\n/Pg’\ = (S//?) is the completion of S/P, and
dim(S/P) > n + 1 implies that dim(S/P) > n + 1. This is a contradiction by
Theorem 2.6.

For item 2, if dim(S/P) = n + 1, and P C (PRN S), then dim(ﬁ) <n

Thus PR = (PI/% N S)I/% is primary for m, a contradiction to item 1. Therefore

PRN S = P for each P such that dim(S/P) =n+1.
Assume that dim(S/P) > n+ 1 and let

= {Q €SpecS | P C Q and dim(S/Q) = n+1}.
Proposition 3.18 implies that P = ﬂQeA Q. Since for each prime ideal Q@ € A, we
have Q}AE NS = Q, it follows that

PCPRNS=([)QRnNScC () Q=P -
QeA QeA
PROPOSITION 19.15. Let (R, m) be an excellent normal local domain of dimen-
sion at least 2.
(1) Let n be a positive integer, and let S = R[T1,...,Tnl(m,m,...,7,), Where
Ty, ..., Tn are primarily independent over R. Then S = LN ﬁ, where L
is the field of fractions of S. Thus T1,...,T, are idealwise independent
elements of R over R.
(2) If {1:}32 is a countably infinite sequence of primarily independent ele-
ments of m over R, then {1;}32, are idealwise independent over R.

PROOF. Item 2 is a consequence of item 1. Thus it suffices to prove item 1. Let
P be a height-one prime of S. Since S is catenary and dim R > 2, dim(S/P) > n+1.
Lemma 19.14.2 implies that PRNS = P. Therefore R is weakly flat over S. Hence

by Theorem 19.11.1, we have S = LN R. (]
PROPOSITION 19.16. Let (R,m) and 71,...,7, € m be as in Setting 19.1. Let
R, = R[n,... ,Tn](mm,_“’m) >~ S, = R[ty,... atn](m,tl,...,tn)y where t1,...,t, are

indeterminates over R. Then the following are equivalent:

(1) For each prime ideal P of S, such that dim(S,/P) > n and each prime
ideal P of 3‘; minimal over Pg\n, the images of t1 — T1,...,ty — Tn in
S’\n/ﬁ generate an ideal of height n in S’;/ﬁ

(2) For each prime ideal P of S,, with dim(S,,/P) > n and each nonnegative
integer © < n, the element t; — 7; is outside every prime ideal @ of §n
minimal over (Pyty — 71, ..., t;—1 — Ti— 1)§

(3) For each prime ideal P of S’n such that dim(S,,/P) = n, the images of
tL— Ty eeyln — Tn @0 S /PS generate an ideal primary for the maximal
ideal of Sn/PSn.

(4) The elements T,...,T, are primarily independent over R

PROOF. It is clear that item 1 and item 2 are equivalent, that item 1 and item 2
imply item 3 and that item 3 is equivalent to item 4. It remains to observe that
item 3 implies item 1. For this, let P be a prime ideal of S,, such that dim(S,,/P) =
n + h, where h > 0. There exist s1,...,8, € S, so that if I = (P, s1,...,58,)Sn,
then for each minimal prime @ of I we have dim(S,,/Q) = n. Item 3 implies
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that the images of t1 —7y,...,t, — 7, in S”;/Qg; generate an ideal primary for the
maximal ideal of §n/Q§\n It follows that the images of t; —71,...,t,— T, in g;/[é;
generate an ideal primary for the maximal ideal of S, /1 3;7 and therefore that the
images of s1,...,8n,t1 — T1,...,tp — Ty I S'\n/Pg'; are a system of parameters for
the (n + h)-dimensional local ring S”;/Pg'\n Let P be a minimal prime of PS,,.
Then dim(g\n/ﬁ) = n + h, and the images of s1,...,8p,t1 — T1,...,tn — Ty in the
complete local domain 3’; / Parea system of parameters. It follows that the images
of ty — 11,...,t, — T, in g’;/ﬁ generate an ideal of height n in g;/ﬁ Therefore
item 1 holds. O

COROLLARY 19.17. With the notation of Setting 19.1 and Proposition 19.16,
assume that 11, ..., T, are primarily independent over R.
(1) Let I be an ideal of Sy, such that dim(S/I) = n. It follows that the ideal
Ity =71yt — Tn)§; is primary to the maximal ideal of Sy,.
(2) Let P € Spec(Sy) be a prime ideal with diim(S,,/P) > n. Then the ideal
W= (Pti—71,....,tn — )9, has ht(W) = ht(P)+n and WN S, = P.

PROOF. Part 1 is an immediate corollary of Proposition 19.16.3, and it follows

o~

from (19.16.1) that ht(W) = ht(P) + n. Let A, be the restriction to S,, of the
canonical homomorphism \ : é; — R from (19.1) so that A, : S, = S R,. Then
dim(R,,/An(P)) > n, and so by (19.14.2), \,(P)RN R,, = A\,,(P). Now

W NS, =A" 0 (P)R) N A (Ra) = A\ On(PYRNR,) = A (A(P)) =P, O

To establish the existence of primarily independent elements, we use the fol-
lowing prime avoidance lemma over a complete local ring (see [17, Lemma 3],[133,
Lemma 10]). We also use this result in two constructions given in Section 19.3.

LEMMA 19.18. Let (T,n) be a complete local ring of dimension at least 2, and
let t € n —n?  Assume that I is an ideal of T containing t, and that U is a
countable set of prime ideals of T each of which fails to contain I. Then there
exists an element a € I Nn? such thatt —a & | J{Q : Q € U}.

PRrROOF. Let {P;}?2, be an enumeration of the prime ideals of &. We may
assume that there are no containment relations among the primes of &4. Choose
fi € n?NIsothat t—f; € Pi. Then choose fo € PLNn3NI so that t — f1 — fo & P».
Note that fo € P implies t — f; — fo ¢ P;. Successively, by induction, choose

fnePNPN---NP,_yNn"tNTI

so that t — fi — ... — f, & U;_, P; for each positive integer n. Then we have a
Cauchy sequence {f; +---+ f,}5°, in T that converges to an element a € n?. Now
t—a:(t—fl— _fn)+(fn+1+)7
where (t — f1 — ... — fn) & Pn,(fn+1+...) € Pp. Therefore t — a ¢ P,, for all n,
andsot—ae€l. (]

REMARK 19.19. Let A — B be an extension of Krull domains. If « is a
nonzero nonunit of B such that a ¢ @ for each height-one prime @ of B such that
QN A # (0), then BN A = (0). In particular, such an element « is algebraically
independent over A.
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THEOREM 19.20. Let (R,m) be a countable excellent normal local domain of
dimension at least 2, and let (R, m) be the completion of R. Then:

(1) There exists T € m that is primarily independent over R.

(2) If T1,...,Tn—1 € M are primarily independent over R, then there exists
T, € M such that 11,...,Th_1,Tn are primarily independent over R.

(3) There exists an infinite sequence T1,...,Tn,... € M of elements that are
primarily independent over R.

PROOF. Item 2 implies item 1 and item 3. To prove item 2, let ¢1,...,t, be
indeterminates over R, and let the notation be as in Setting 19.1. Thus we have
Sp_1 = R,,_1, under the R-algebra isomorphism taking ¢; — 7;. Let n denote the
maximal ideal of S’; We show the existence of a € n? such that, if A denotes
the E—algebra surjection g’\n — R with kernel (t1 — 71y oyt — Te1,tn — a)g'\n,
then 7,...,7,_1 together with the image 7,, of ¢,, under the map A are primarily
independent over R.

Since Sy, is countable and Noetherian we can enumerate as {P;}52, the prime

—

ideals of S,, such that dim(S,,/P;) > n. Let I= (t1 — 71y ey tne1 — Te1)Sn—1,
and let U be the set of all prime ideals of S, = R|[[t1, ..., t,])] minimal over ideals
of the form (P}, f)g’; for some P;; then U is countable and n ¢ U since (P}, IA)S‘; is
generated by n — 1 elements over Pjg'; and dim(é\n/PjS'\n) > n. By Lemma 19.18
with the ideal I of that lemma taken to be n n, there exists an element a € n? so
that ¢, —a is not in Q, for every prime 1dea1 Q €. U. Let 7, € R denote the i image
of t, under the R-algebra surjection A : S, — R with kernel (I tn )Sn The
kernel of M is also generated by (I Jtn — Tn)Sn. Therefore the setting will be as in
the diagram of Setting 19.1 after we establish Claim 19.21.

Cramt 19.21. (1,¢, — 74)S, N S, = (0).

PROOF. (of Claim 19.21) Since 71, ..., 7,_1 are algebraically independent over
R, we have INS,, 1 = (0). Let R}, = Ry 1[tn](max(Rn_1).t,))- Consider the diagram:
Sn - Sn—l[tn](max(sn,l),t”) L) g; = Sn—l[[tn”

IR

I g
Rl = R ltal st ) —=— Rllta]) = (Gt /Dltal)
where \; : S, — S, /(IS ) 2 R is the canonical projection.

~

For Q) a prlme ideal of Sn, we have Q € U < Q) = P, where P is a
prime ideal of R[[t,]] = ( n,l/I)[[ n]] minimal over A;( ])fz[[tn]] for some prime
ideal P; of S, such that dim(S,/P;) < n. Since t, — a is outside every @ €U,
tn — A1(a) = A1 (tn, — a) is outside every prime ideal P of R[[t,]], such that P is
minimal over Al(Pj)}AE[[tn]]. Since S, is catenary and dim(S,) = n + dim(R), a
prime ideal P; of S,, is such that dim(S,,/P;) > n <= ht(P;) < dim(R). Suppose
P is a height-one prime ideal of ]/%[[tn]] such that PN R/, = P # (0). Then Pisa
minimal prime ideal of Pﬁ[[tn]] But also P = A\1(Q), where Q is a height one prime
of S, and dim(S,/Q) =n + dim(R) — 1 > n. Therefore @ € {P }321. Hence by
choice of a, we have t,,— A1 (a) ¢ P. By Remark 19.19, (t,—; (a))R[[t ]])QR;L = (0).
Hence (I tn Tn)S NS, = (0). O
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Cramm 19.22. Let P be a prime ideal of S, such that dim(S,,/P) = n. Then
the ideal (P, I,t, — Tn)Sy, is D-primary.

PRrOOF. (of Claim 19.22) Let @ = PN S,,—;. Either QS,, = P, or QS,, € P. If

@S, = P, then dlm( n—1/Q) = n—1 and the primary independence of 71, . .+ s Tn1
implies that (Q 1 ) n_1 1S prlmary for the maximal ideal of S/n\l Therefore
(@, Ity — n)Sn = (P, Ity — n)Sn is n-primary in this case. On the other
hand, if QSn C P, then dim(S,-1/Q) = n. Let Q' be a minimal prime of

(@, I) n—1. By Proposition 19.16, dim(S n,l/@’) =1, and hence dim(@/@\’g\n) =
2. The prlmary independence of 7'1,. .Tn_1 implies that Q' N S,_1 = Q. There-

fore Q’ n— 1[[ ]] NS, = QS, P, so P is not contained in @’g\n Therefore
dim( n/(P, 1) n)) = 1 and our ch01ce of a implies that (P,I,¢, — 7,)S, is n-
primary. O

This completes the proof of Theorem 19.20. O

COROLLARY 19.23. Let (R,m) be a countable excellent normal local domain
of dimension at least 2, and let K denote the field of fractions of R. Then there
€xist Ty, ..., Tn,... € M such that A= K(71,72,...)N R is an infinite-dimensional
non-Noetherian local domain. In particular, for k a countable field, the localized
polynomial ring R = k[x,y](5,,) has such extensions inside R = k[[z,]).

ProOOF. By Theorem 19.20.3, there exist 71,..., Ty, ... € m that are primarily
independent over R. It follows that A = K (71,7, ...)NR is an infinite-dimensional
local domain. In particular, A is not Noetherian. (I

19.3. Residually algebraically independent elements

We introduce in this section a third concept, that of residual algebraic inde-
pendence. Residual algebraic independence is weaker than primary independence.
In Theorem 19.28 we show that over every countable normal excellent local domain
(R, m) of dimension at least three there exists an element residually algebraically
independent over R that is not primarily independent over R. In Theorems 19.33
and 19.35 we show the existence of idealwise independent elements that fail to be
residually algebraically independent.

DEFINITION 19.24. Let (]%, m) be a complete normal Noetherian local domain
and let A be a Krull subdomain of R such that A — R satisfies PDE.

(1) An element 7 € m is residually algebraically independent with respect to
R over A if 7 is algebraically independent over A and for each height-one
prime P of R such that PN A # (0), the image of 7 in ]?i/ﬁ is algebraically
independent over the integral domain A/(P N A).

(2) Elements 71, ...7, € m are said to be residually algebraically independent
over A if for each 0 < ¢ < n, 7,41 is residually algebraically independent
over A[my,..., 7).

(3) An infinite sequence {7;}2; of elements of m is residually algebraically
independent over A, if 7y,...7, are residually algebraically independent
over A for each positive integer n.
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Proposition 19.25 relates residual algebraic independence for 7 over A to the
PDE property of Definition 19.5 for A[r] — R. By Proposition 12.11, for an
extension of Krull domains, the PDE property is equivalent to the LF; property of
Definition 12.1.3.

PROPOSITION 19.25. Let (R,m) and 7 € m be as in Setting 19.1. Let A be
a Krull subdomain of R such that A — R satisfies PDE. Then 7 is residually
algebraically independent with respect to R over A <= A|r] — R satisfies PDE.

PROOF. Assume A[r] < R does not t satisfy PDE. Then there exists a prime
ideal P of R of height one such that ht(P N A[r]) > 2. Now ht(P N A) = 1, since
PDE holds for A < R. Thus, with p = PN A, we have pA[r] C P N A[r]; that is,
there exists f(7) € (PN A[r])\ pA[r], or equivalently there is a nonzero polynomial
f(z) € (A/p)[ ] so that f(7) =0 in A[r]/(PNA[r ]) where 7 denotes the image of
7in R/P. This means that 7 is algebraic over A/(PNA). Hence 7 is not residually
algebraically independent with respect to R over A.

For the converse, assume that A[7] < R satisfies PDE and let P be a height-one
prime of R such that PNA = p # 0. Since A[r] < R satisfies PDE, PNA[7] = pA[r]
and A[7]/(pA[r]) canonically embeds in R/P. Hence the image of 7 in A[r]/pA|7]
is algebraically independent over A/p. It follows that 7 is residually algebraically
independent with respect to R over A. (I

THEOREM 19.26. Let (R,m) be an excellent normal local domain with com-
pletion (ﬁ, m) and let 71,...,7, € m be algebraically independent over R. The
following statements are  equivalent:

(1) The elements T1,...,T, are residually algebraically independent with re-
spect to R over R.
(2) For each integer i with 1 < i < n, zf]3 18 a height-one prime ideal of}AE
such that PO R[ry, ..., 7i_1] #0, then ht(P N\ R[4, ..., 7)) = 1.
(3) Rlr1,..., 7] > R satzsﬁes PDE.
If each height-one prime of R is the radical of a principal ideal, then these equivalent
conditions imply the map R[T1,...,Tn] < R is weakly flat.

PRrROOF. The equivalence of the three items follows from Proposition 19.25.
The last sentence follows from Theorem 19.11) d

THEOREM 19.27. Let (R,m) and {7;}72, C m be as in Setting 19.1, where
dim(R) > 2 and m is either a positive integer or m = 0o.

(1) If {m:}™, is primarily independent over R, then {1;}™, is residually al-
gebraically independent over R.

(2) If dim(R) = 2, then {7} is primarily independent over R if and only
if it is residually algebmzcally independent over R.

(3) If each height-one prime of R is the radical of a principal ideal and {7;},
is residually algebraically independent over R, then {1;}!, is idealwise
independent over R.

PRrOOF. To prove item 1, it suffices by Theorem 19.26 to show that for each
positive integer n < m, if m,..., 7, are primarily independent over R, then the
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extension R[ry,...,T,] < R satisfies PDE. Let S = Ry, ., Tnl(m,m,...,7,) and let
the notation be as in the diagram of Setting 19.1.

Let P be a height-one prime ideal of R with p = PNR # (0). Consider
the ideal T := (Pyt1 — 71y ey ly — Tn)gn Using the diagram of Setting 19.1, we
see that )\(W) — pR C P. By Corollary 19.17.2, ht(W) = ht(p) + n. However,
W C (Pt — 11, tn — 1) = A"1(P) and thus

1+n <ht(p) +n =ht(W) <ht(A\""(P)) <ht(P) +n=1+n.

Therefore ht(p) = 1.

In view of item 1, to prove item 2, we assume that dim R = 2 and n < m is
a positive integer such that 7, ..., 7, are residually algebraically independent over
R. Let S = R[71,...,Tn](m,m,...,rn)- By Theorem 19.26, S — R satisfies PDE. Let
P be a prime ideal of S such that dim(S/P) < n. Since dim(S) =n+ 2 and S is
catenary, it follows that ht(P) > 2. To show 7i,..., 7, are primarily independent
over R, it suffices to show that PR is primary for the maximal ideal of R. Since
dim(ﬁ) = 2, this is equivalent to showing P is not contained in a height-one prime
of ﬁ, and this last statement holds since S < R satisfies PDE.

The proof of item 3 follows from Theorems 19.26 and 19.11. O

THEOREM 19.28. Let (R,m) be a countable excellent normal local domain of
dimension d and let (ﬁ, m) be the completion of R. If d > 3, then there exists an
element 7 € m that is residually algebraically independent over R, but not primarily
independent over R.

PROOF. We use techniques similar to those in the proof of Theorem 19.20. Let
t be an indeterminate over R and set S1 = R[t](m,. Thus S = R[[t]]. Let ny

denote the maximal ideal of g; We have the top line
S1 = Rltms — S1= R[]
of a diagram as in Setting 19.1 for n = 1. We seek an appropriate mapping
A 3'\1 — R
Then we use the element 7 := A(¢) € m to complete the diagram of Setting 19.1. Let

@B be a prime ideal of 3} of height d that contains ¢ and is such that Qg := @\0 NSy
also has height d. Let

— {Q € SpecS; | htQ < d, ht(QNS) =htQ and Q # Qo }.
Slnce Sy is countable the set U is countable. We apply Lemma 19.18 with T' =
S1,n =n; and I = Qo, to obtain an element a € Qo N n12 so that t —a € Qo
but ¢ — a is not in any prime ideal in U. Since a € 0y, we have R[[t]] = R[[t — a]].
Define A to be the natural surjection

NS — Si/(t—a)S; = R
We have 7 = A(t) = A(a).

Since A restricted to Sy is an isomorphism from S; onto S := R[7]m.r), the
prime ideal A\(Qo) in S = R[T](m,r) is of height d. Thus dim(S/A(Qo)) = 1. Slnce

~

the diagram of Setting 19.1 is commutative, we have A(Qg)R C AQ 0). Since
(t—7)51 = (t —a)S1 C Qo, the prime ideal A(Qo) is of height d — 1. Therefore
A(Qo)R is not m-primary. Hence 7 is not primarily independent.
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To prove that 7 is residually algebraically independent over R, by Theorem 19.26,
it suffices to show the extension

~

S = R[T](mﬂ-) — R
satisfies PDE.

If Pisa height-one prime ideal of Rwith PNR # 0, then the height of PNR
is 1, and so the height of PN S is at most 2. Let 62\2 = )\_1(13) in 3; Then
ht(@) = 2—since it is generated by the inverse images of the generators of P and
ker(\) = (t — a)S;.

Suppose that the height of PN S =2 Then under the R-isomorphism of Sy
to S taking ¢ to T, Pns corresponds to a height-two prime P of S;. Since g’; is
flat over Sy, the height of @\2 N Sy is at most two. We have P C @\2 N Sy. Hence
P= @\2 N .S1. The following diagram illustrates this situation:

P=Q:n 81t 2) —=— Q2=A"'(P) «2— (P,(t—a))S; (ht 2)

| |
Pnsmt2) —— P (bt 1in R).
Since ht @\2 =2<d=ht @, we have é\g € U. However, t—a € (3/2\27 a contradiction.
We conclude that ht(PN.S) = 1. Thus 7 is residually algebraically independent

over R. 0

ExAMPLE 19.29. The following construction, similar to that in Theorem 19.28,
shows that condition 2 in Definition 19.24 is stronger than

(2') For each height-one prime ideal P of R with PN R # 0, the images of
Tiye..,Tp in E/ P are algebraically independent over R/ (13 NR).

CONSTRUCTION 19.30. Let (R, m) be a countable excellent local unique factor-
ization domain (UFD) of dimension two and let (R, m) be the completion of R, for

example R = Q[z,y] (s, and R = Q[[z,y]]. As in Theorem 19.20, construct 7, € m
primarily independent over R (or equivalently residually algebraically independent
in this context). Let t1,t be variables over R and let Sy := R[t1,t2](mt, t,). Con-

sider the ideal I := (t1,ta,t1 — 71)3*; and define
U= {@ € Spec(@) | I g— Q\ ) ht(@) = ht(@ﬂ SZ) and Q\m SQ = (Patl - 7-1)7
for some P € Spec Sy with ht(P) < 2}.

Thus P # (t1,t2)S2. Let n denote the maximal ideal of g; By Lemma 19.18,
there exists a € 02 N I so that to —a ¢ |J{Q : Q € U }. We have Sy = R[[t1,t2]] =

~

RI[[t1 — 71,t2 — a]]. Let X denote the canonical R-algebra surjection
A: Sy — g;/(151 —7'1,152—&)3; =R,
and 72 = A(t2). Notice that ker(A) has height two.

CramM 19.31. The element 5 is not residually algebraically independent over
R[m1]; thus 71,72 do not satisfy item 2 of Definition 19.24.

ProoF. (of Claim 19.31) Let W be a prime ideal of S5 that is minimal over
I. Then ht W < 3. Also we have to € [ and a € I, and soto —a € I C W.
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Thus ker(\) € W. Let P = A(W) € R. Thus ht P < 1. In fact ht P = 1,
since 0 #£ 71 = A(t1) € P. Since 7 is residually algebraically independent over
R, the extension R[r| — R satisfies PDE by Proposition 19.25. Therefore ht(P N
R[n]) < 1. But 7, € PN R[], and so ht(P N R[ry]) = 1 and PN R = (0). Also
T = Mta) € P thus T, Ty € PﬂR[Tl,Tg] and so h‘c(]3 N R[ry,72]) > 2. Thus
the extension R[1y, 72| — R does not satisfy PDE. By Proposition 19.25, 75 is not
residually algebraically independent over R[r]. O

CrLAM 19.32. For each height-one prime ideal p of R with PN R # 0, the
images of T and 5 in R/ P are algebraically independent over R/(PNR). That is,
71, T2 satisfy item 2" above.

Proor. (of Claim 19.32) Suppose Pis a height-one prlme ideal of R with
PNR# (0) and let Q = A='(P). Then ht(Q) = 3 and ht(P N R) = 1. Set Ry :=
R[71](m,n) and Ry := R[r1,T2](m,r ). By Proposition 19.25 and the residual
algebraic independence of 71 over R, we have ht(PNR;) = 1, and so ht(PNRy) < 2.
If ht(]gﬁ R5) = 1, we are done by Proposition 19.25. Suppose ht(ﬁ NRy) = 2. The
following diagram illustrates this situation:

~

QNS _c, QN S, £, @:A‘l(P) &, S,

| SN

~ ~

PNR —S— PNR, —=— PNRy —=— p — S, R
Thus @ﬂSg = P is a prime ideal of height 2, and ht(@ﬂSl) =1. Also P # (t1,t2)52
because (t1,t2)S2 N R = (0). But this means that Q € U since @ is minimal over

(P,t; — 71)S2 where P is a prime of Sy with dim(S3/P) = 2 and P # (t1,t2)Ss.
This contradicts the choice of @ and establishes that item 2’ holds. O

We present in Theorem 19.33 a method to obtain an idealwise independent
element that fails to be residually algebraically independent.

THEOREM 19.33. Let (R, m) be a countable excellent local UFD of dimension at
least two. Assume there exists a height- one prime P ofR such that P is contamed
in at least two distinct height-one primes P and Q ofR Also assume that P is not
the radical of a principal ideal in R. Then there exists 7 € mR that is idealwise
independent but not residually algebraically independent over R.

PROOF. Let t be an indeterminate over R and set S; = R[t](m,:) so that :5'\1 =

R[[t]]. Let 17 denote the maximal ideal of 5. By Lemma 19.18 with I = (P, #)S;
and

U={pe Spec(é}) |p # I, ht(p) <2, and p minimal over p N S1},

there exists a € (P, t)g'\lﬂﬁf, such that t —a ¢ U{p p e L[} but t —a € (P, t)é\l
That is, if t — a € p, for some prime ideal p # (P t)51 of 51 with ht(p) < 2,
then ht(p) > ht(p N Sl) Let A be the surjection S; — R with kernel (t — a)Sl
By construction, (¢t — a)51 N S1 = (0). Therefore the restriction of A to S; maps
Sy isomorphically onto S = R[T](m ), Where A(t) = 7 € mR is algebraically
independent over R.
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That 7 is not residually algebraically independent over R follows because the
prime ideal A\((P,t)S1) = (P,7)S has height two and is the contraction to S of
the prime ideal A(P,#)S;) = P of R. Since (t — 7)S1 = (t — a)S; C (P, )84,
(P, t)a) has height one and equals P. Therefore T is not residually algebraically
independent over R.

Our choice of ¢t — a insures that each height-one prime q other than P of R has
the property that ht(qN.S) < 1. We show that 7 is idealwise independent over R
by showing each height-one prime of S is the contraction of a height-one prime of
R. Let @ : 81 — S denote the restriction of A\. For q a height-one prime of S, let
q1 := ¢ 1(q) denote the corresponding height-one prime of S;. Then (qi,t — a)é}
is an ideal of height two. Let w; be a height-two prime of Sy containing (qq,t —a).
If g1 is not contained in (]3, t)S‘I, then by the choice of t — a, wi NS has height at
most one. Therefore wi NS; = q;. Let w = A\(w;). Then w is a height-one prime
ofﬁandwﬂS:q.

Therefore each height-one prime q of S such that q; := ¢~1(q) is not contained
in (]3,15)33 is the contraction of a height-one prime of R. Since )\((Ig,t)gz) ns =
(P,7)S, it remains to consider height-one primes q of S such that q C (P, 7)S. By
hypothesis we have PS = @ﬂS Let q be a height-one prime of S such that q # PS
and q C (P, 7)S. Since R is a UFD, S is a UFD and q = fS for an element f € q.
Slnce P is not the radical of a principal ideal, there exists a height-one prime q # p
of R such that f €q. Since ht(qN S) < 1, we have gN S = S = q. Therefore 7
is idealwise independent over R. ([

ExAMPLE 19.34. An example of a countable excellent local UFD having a
height-one prime P satisfying the conditions in Theorem 19.33is R = k[x, ¥, 2](2,y,2),
where k is the algebraic closure of the field Q and 22 = 23 4+ y7. That R is a UFD
is shown in [118, page 32]. Since z — xy is an irreducible element of R, the ideal
P = (z — zy)R is a height-one prime of R. It is observed in [46, pages 300-301]
that in the completion R of R there exist distinct height-one primes P and @ lying
over P. Moreover, the blowup of P has a unique exceptional prime divisor and this
exceptional prime divisor is not the unique exceptional prime divisor on the blowup
of an m-primary ideal. Therefore P is not the radical of a principal ideal of R.

In Theorem 19.35 we present an alternative method to obtain idealwise inde-
pendent elements that are not residually algebraically independent.

THEOREM 19.35. Let (R,m) be a countable excellent local UFD of dimension
at least two. Assume there exists a height-one prime Py of R such that Py 1is
contained in at least two distinct height-one primes P and Q of R. Also assume
that the Henselization (R", m") of R is a UFD. Then there exists T € mR that is
idealwise independent but not residually algebraically independent over R.

PROOF. Since R is excellent P = PﬁRh and @Q = QﬂRh are distinct he1ght—
one primes of R" with PR = P and QR Q Let z € R" be such that 2R" =
Theorem 19.20 implies there exists y € mR that is primarily independent and hence
residually algebraically independent over R".

We show that 7 = xy is idealwise independent but not residually algebraically
independent over R. Since x is nonzero and algebraic over R, xy is algebraically
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independent over R. Let S = R[2Y](m,zy)- Then S is a UFD and PNS=zRNS D
(Py, xy)S has height at least two in S. Therefore by Theorem 19.26, zy is not
residually algebraically independent over R.

Since y is idealwise independent over R", every height-one prime of the polyno-
mial ring R"[y] contained in the maximal ideal n = (m”",y) R"[y] is the contraction
of a height-one prime of R. To show xy is idealwise independent over R, it suffices
to show every prime element w € (m,zy)R[zy] is such that wR|[xy] is the con-
traction of a height-one prime of R"[y] contained in n. If w & (P, zy)R"[zy], then
the constant term of w as a polynomial in R*[zy] is in m" \ P. Thus w € n and
w ¢ xRMy]. Since R"[zy|[1/z] = R"[y][1/2] and zR"[y] N R"[zy] = (z,zy)R"[xy],
it follows that there is a prime factor u of w in R"[zy] such that u € n\ zR"[y].
Then uR"[y] is a height-one prime of R"[y] and uR"[z] N R"[zy] = uR"[zy]. Since
RMxy] is faithfully flat over R[zy], it follows that uR"[y] N R[zy] = wR|[zy].

We have QR"[zy] = QR"[y] N R"[xy] and QR"[xy] N R[zy] = PyR[xy]. Thus it
remains to show, for a prime element w € (m, zy) R[xy] such that w € (P, xy) R"[zy]
and wR[ry] # PyR[zy], that wR[xy] is the contraction of a height-one prime of R"
contained in n. Since (P,zy)R"xy] N R[zy] = (Py, zy)R[zy], it follows that w is
a nonconstant polynomial in R[zy] and the constant term wgy of w is in Fy. In
the polynomial ring R"[y] we have w = x™v, where v ¢ zR"[y]. If vg denotes the
constant term of v as a polynomial in R"[y], then z"vy = wy € Py C R implies
2™y € Q C R". Since x € R" \ Q, we must have vy € Q and hence v € n. Also
v ¢ xR"[y] implies there is a height-one prime ideal v of R"[y] withv € vand z ¢ v.
Then, since R"[y], is a localization of R"[zy], v N R"[xy] is a height-one prime of
RMzy) that is contained in (m", zy) R"[xy]. Tt follows that v N R[zy] = wR"[zy],
which completes the proof of Theorem 19.35. O

Example 4.6 is a specific example with the hypothesis of Theorem 19.35. In
more generality, we have:

EXAMPLE 19.36. Let R = Fk[s,t]s+) be a localized polynomial ring in two
variables s and t over a countable field & where k£ has characteristic not equal to
2. Let Py = (s> —t> —t>)R. Then P, is a height-one prime of R and POITB =
(s2 — t2 — t3)k[[s, t]] is the product of two distinct height-one primes of R.

REMARK 19.37. Let (R, m) be excellent normal local domain and let (R,m)
be its completion. Assume that 7 € m is algebraically independent over R. By
Theorem 19.11, the extension R[r] < R is weakly flat if and only if 7 is idealwise
independent over R. By Theorem 19.26, this extension satisfies PDE (or equiva-
lently LF;) if and only if 7 is residually independent over R. Thus Examples 19.34
and 19.36 give extensions of Krull domains R[r] — }AB, that are weakly flat, but
do not satisfy PDE. In fact, in these examples the ring R[7] is a 3-dimensional
excellent UFD.

Exercises

(1) As in Remark 19.19, let A < B be an extension of Krull domains, and let «
be a nonzero nonunit of B such that « ¢ @ for each height-one prime @ of B
such that Q N A # (0).
(a) Prove that aB N A = (0) as asserted in Remark 19.19.
(b) Prove that « is algebraically independent over A.
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2) Let R = ks, t](s+ and the field k be as in Example 19.36.
(s:t)
(a) Prove as asserted in Example 19.36 that (s> — t? — ¢3)R is a prime ideal.
(b) Prove that s> —t2—t? factors in the power series ring k[[s, t]] as the product
of two nonassociate prime elements.






CHAPTER 20

Idealwise algebraic independence 11

We relate the three concepts of independence from Chapter 19 to flatness con-
ditions of extensions of Krull domains, establish implications among them, and
draw some conclusions concerning their equivalence in special situations. We also
investigate their stability under change of base ring.

We use Setting 19.1, from Chapter 19, for this chapter. Thus (R,m) is an
excellent normal local domain with field of fractions K and completion (1/%, m), and
t1,...,t, are indeterminates over R. The elements 71, ..., 7, € m are algebraically
independent over R, and we have embeddings:

o =
R — S =R, = R[Tl, .. "Tn](m,‘rl,-..,Tn) — R

Using this setting and other terminology of Chapter 19, we summarize the results

of this chapter.

SUMMARY 20.1. In Section 20.1 we describe the three concepts of idealwise in-
dependence, residual algebraic independence, and primary independence defined in
Definitions 19.2,19.24 and 19.12 of Chapter 19 in terms of certain flatness conditions
on the embedding

0 RITL . Tal(myr,m) = R,

where (R, m) is an excellent normal local ring and (R, m) is the m-adic completion
of R. In Section 20.2 we investigate the stability of these independence concepts
under base change, composition and polynomial extension. We prove in Corol-
lary 20.19 the existence of uncountable excellent normal local domains R such that
R contains infinite sets of primarily independent elements.

We show in Section 20.3 that both residual algebraic independence and primary
independence hold for elements over the original ring R exactly when they hold over
the Henselization R" of R (20.21). Also idealwise independence descends from the
Henselization to the ring R.

A large diagram in Section 20.4 displays the relationships among the indepen-
dence concepts and many other related properties.

20.1. Primary independence and flatness

In this section we describe the concept of primary independence in terms of
flatness of certain localizations of the canonical embedding of Setting 19.1

2 R, = R[Tlv cee aTn](m,n,...,‘rn) — E

We establish in Chapter 19 flatness conditions for ¢ that are equivalent to idealwise
independence and residual algebraic independence. We summarize these conditions
in Remark 20.2.

187
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REMARK 20.2. Let (R,m) and 7y,...,7, € m be as in Setting 19.1, and let
¢: Ry =R[r1,...,Tnl(m,m.,...,r,) = R denote the canonical embedding. Then:
(1) 7,..., T, are idealwise independent over R if and only if the map R,, < R

is weakly flat; see Definitions 19.2 and 19.5 and Theorem 19.11..

(2) The elements 71,...,7, are residually algebraically independent over R
= ¢: Ry = Rlr,.. ., Tolmm,rn) — R satisfies LFy; see Defini-
tion 12.1.3, Proposition 12.11 and Theorem 19.26.

(3) If each height-one prime of R is the radical of a principal ideal and

the elements 7y,...,7, are residually algebraically independent over R,
then the elements 7, ..., 7, are idealwise independent over R. See Theo-
rem 19.27.3.

These items follow from Theorem 19.11, Proposition 12.11 and Theorem 19.26.

To describe primary independence in terms of flatness of certain localizations
of the embedding ¢ : R,, — R, we use the following lemma.

LEMMA 20.3. Let d € N and n € Ny, and let (S,m) — (T,n) be a local
embedding of catenary Noetherian local domains with dimT = d and dim .S = d+n.
Assume the extension S — T satisfies the following property for every P € Spec S':

(20.3.0) htP >d = PT is n-primary.
Then, for every @ € SpecT with ht Q < d — 1, we have ht(Q NS) < ht Q.

PRrROOF. If @ € SpecT is such that ht(Q N S) > d, then, by Property 20.3.0,
(Q N S)T is n-primary, and so @ = n and ht Q = d. Thus, for every @ € SpecT
with ht Q@ < d — 1, we have ht(Q NS) < d — 1. In particular, if ht Q = d — 1, then
ht(QNS) < ht Q.

We proceed by induction on s > 1: Assume s > 2 and ht(P N S) < ht P, for
every P € SpecT withd > ht P >d—s+ 1. Let Q € SpecT with ht Q = d — s.
Suppose ht(Q NS) > d — s+ 1; choose b € m \ @ and let @ € SpecT be minimal
over (b,Q)T. Since T is catenary and Noetherian, we have ht Q1 = d — s + 1. By
the inductive hypothesis, ht(Q1NS) < d—s+1. Since b € Q1 NS, the ideal @1 NS
properly contains Q NS. But this implies

d—s+1 >ht(Q:NS) > ht(QNS) >d—s+1,
a contradiction. Thus ht(QNS) < ht @, for every Q € SpecT withht Q@ < d—1. O

We use the LF; notation of Definition 12.1.3 and Remark 12.2 in the following
theorem.

THEOREM 20.4. Let (R,m) be an excellent normal local domain, and let the
elements Ty,...,7, € M be as in Setting 19.1. Assume that dim R = d. Then the
elements 11, ..., T, are primarily independent over R if and only if

(2 Rn = R[Tl, v 77_n}(m,7-1,...,7'n) — E
satisfies LFy_q.

PrOOF. To prove the = direction: Since R, is a localized polynomial ring
over R, the map R — R, has regular fibers. Since R is excellent, the map R — R
has regular, hence Cohen-Macaulay, fibers. Consider the sequence

R — R, 2 R.
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To show ¢ satisfies LF;_1, we show that 5 is flat for every @ € Specﬁ with

htQ < d— 1. For this, by (2) = (1) of Theorem 11.3, it suffices to show
ht(@ NRy < ht@ for every @ € Specﬁ with ht@ < d — 1. This holds by
Lemma 20.3, since primary independence implies Property 20.3.0.

For <= | let P € Spec R,, be a prime ideal with dim(R,/P) < n. Suppose
that PR is not ﬁl—primz}fy and let @ )} PR be a minimal prime of PR. Then

~

ht(@Q) <d—1. Set @ = QN R, then LF,_; implies that the map
(p@ : (Rn)Q — R@

is faithfully flat. Hence by going-down (Remark 2.21.10), ht Q < d—1. But P C Q
and R, is catenary, sod —1 > ht @ > ht P > d, a contradiction. We conclude that
Ty,...,Tn are primarily independent. (I

REMARK 20.5. Theorem 20.4 yields a different proof of statements (1) and (3)
of Theorem 19.27, that primarily independent elements are residually algebraically
independent and that in dimension two, the two concepts are equivalent. Con-
sidering again our basic setting from (19.1) , with d = dim(R), Theorem 20.4
equates the LF;_; condition on the extension R, = R[T1,...,Tn](m,r,....rn) — ﬁ,
to the primary independence of the 7;. Also Proposition 12.11 and Theorem 19.26
yield that residual algebraic independence of the 7; is equivalent to the extension
Ry = R[T1,. -, Tultmyry,er) — R satisfying LF;. Clearly LF; = LF;_1, for
i>1, and if d = dim(R) = 2, then LF;_; = LF;.

REMARK 20.6. In Setting 19.1, if 71, ...,7, are primarily independent over R
and dim(R) = d, then ¢ : R, — R satisfies LF4_1, but not LFg4, that is, ¢ fails
to be faithfully flat; for faithful flatness would imply going-down and hence that
dim(R,) < d = dim(R).

ExampLE 20.7. By a modification of Example 12.13, it is possible to obtain,
for each integer d > 2, an injective local map ¢ : (A,m) — (B,n) of normal
Noetherian local domains with B essentially of finite type over A, ¢(m)B = n,
and dim(B) = d such that ¢ satisfies LFy_1, but fails to be faithfully flat over
A. Let k be a field and let z1,...,z4,y be indeterminates over k. Let A be

the localization of k[xi,...,2q,21y,...,2qy] at the maximal ideal generated by
(x1,...,24,21Y,-..,2qy), and let B be the localization of A[y] at the prime ideal
(z1,...,24)Aly]. Then A is an d + 1-dimensional normal Noetherian local domain

and B is an d-dimensional regular local domain birationally dominating A. For
any nonmaximal prime @) of B we have By = Agna. Hence ¢ : A — B satisfies
LFy_4, but ¢ is not faithfully flat since dim(B) < dim(A).

The local injective map ¢ : (A,m) — (B,n) of Example 20.7 is not height-
one preserving. Remark 19.8 shows that if each height-one prime ideal of R is the
radical of a principal ideal then the maps studied in this chapter are height-one
preserving. We have the following question:

QUESTION 20.8. Let ¢ : (A,m) — (B, n) be a local injective map of normal
Noetherian local integral domains. Assume that B is essentially of finite type over
A with dim B = d > 2. If ¢ is both LF4_; and height-one preserving, does it follow
that ¢ is faithfully flat?
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20.2. Composition, base change and polynomial extensions

In this section we investigate idealwise independence, residual algebraic inde-
pendence, and primary independence under polynomial ring extensions and local-
izations of these polynomial extensions.

We start with a more general situation. Let

=

A ——— B
be a commutative diagram of commutative rings and injective maps. Proposi-
tion 20.9 implies that many of the properties of injective maps that we consider are
stable under composition:

PrOPOSITION 20.9. Let ¢ : A — B and ¢ : B — C be injective maps of
commutative rings, and let s € N.

(1) If ¢ and ¢ satisfy LFs, then 1o satisfies LF.

(2) If C is Noetherian, ¥ is faithfully flat and the composite map Yy satisfies
LF, then ¢ satisfies LFs.

(3) Assume that A, B and C' are Krull domains, and that QC # C, for each
height-one prime Q of B. If ¢ and i are height-one preserving (respec-
tiely weakly flat), then v is height-one preserving (respectively weakly
flat).

PROOF. The first item follows because a flat map satisfies going-down, see
Remark 2.21.10. For item , since C' is Noetherian and ¢ is faithfully flat, B is
Noetherian; see Remark 2.21.8. Let @ € Spec(B) with ht(Q) = d < k. We show
g : Agna — By is faithfully flat. By localization of B and C at B\ @), we may
assume that B is local with maximal ideal Q). Since C is faithfully flat over B,
QC # C. Let Q' € Spec(C) be a minimal prime of QC. Since C' is Noetherian and
B is local with maximal ideal @, we have ht(Q’) < d and @' N B = Q. Since the
composite map Y satisfies LF}, the composite map

AQ/ﬂA = AQ(‘]A &) BQ = BQIQB L CQ/
is faithfully flat. This and the faithful flatness of ©g/ : Bg:ng — C¢+ implies that
@q is faithfully flat [87, (4.B) page 27].

For item 3, let P be a height-one prime of A such that PC # C. Then PB # B
so if ¢ and 9 are height-one preserving then there exists a height-one prime @ of
B such that PB C Q. By assumption, QC # C (and v is height-one preserving),
so there exists a height-one prime Q' of C such that QC' C Q’. Hence PC C Q'.

If ¢ and v are weakly flat, then by Proposition 12.8 there exists a height-one
prime @ of B such that @ N A = P. Again by assumption, QC # C, thus weakly
flatness of ¢ implies QC' N B = Q. Now

PCPCNACQCNA=QCNBNA=QNA=P.
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REMARKS 20.10. If in Proposition 20.9.3 the Krull domains B and C' are local,
but not necessarily Noetherian and 1) is a local map, then clearly QC # C for each
height-one prime Q of B.

If a map A of Krull domains is faithfully flat, then A is height-one preserving,
weakly flat and satisfies condition LF}, for every integer k € N. Thusif ¢: A — B
and ¥ : B — (' are injective maps of Krull domains, such that one of ¢ or 1
is faithfully flat and the other is weakly flat (respectively height-one preserving or
satisfies LF}), then the composition ©¥¢ is again weakly flat (respectively height-
one preserving or satisfies LF})). Moreover, if the map 1 is faithfully flat, we also
obtain the following converse to Proposition 20.9.3:

ProprosITION 20.11. Let ¢ : A — B and ¥ : B — C be injective maps of
Krull domains. Assume that ¢ is faithfully flat. If ¥ is height-one preserving
(respectively weakly flat), then ¢ is height-one preserving (respectively weakly flat).

PROOF. Let P be a height-one prime ideal of A such that PB # B. Since v
is faithfully flat, PC' # C; so if ¥y is height-one preserving, then there exists a
height-one prime ideal Q' of C containing PC. Now @ = Q' N B has height one by
going-down for flat extensions, and PB C Q'NB = Q, so ¢ is height-one preserving.
The proof of the weakly flat statement is similar, using Proposition 12.8. O

Next we consider a commutative square of commutative rings and injective
maps:

A’LB’

4]

A—*+ B
PROPOSITION 20.12. In the diagram above, assume that i and v are faithfully
flat, and let k € N. Then:

(1) (Ascent) Assume that B' = B4 A’, or that B is a localization of BRI A’.
Let v denote the canonical map associated with this tensor product. If
¢ : A — B satisfies LFy, then ¢’ : A’ — B’ satisfies LF},.

(2) (Descent) If B’ is Noetherian and ¢’ : A’ — B’ satisfies LF}, then
¢ : A — B satisfies LF},.

(3) (Descent) Assume that the rings A, A', B and B’ are Krull domains. If
¢+ A — B’ is height-one preserving (respectively weakly flat), then
¢ : A — B is height-one preserving (respectively weakly flat).

PROOF. For (1), assume that ¢ satisfies LFy and let Q' € Spec(B’) with
ht(Q') < k. Put Q@ = (v)"1(Q), P' = (¢)71(Q"), and P = p~'(P') = ¢~ }(Q) and
consider the commutative diagrams:

’

A 2B A =2 By,
S R
A -2 B Ap —2 By

The flatness of v implies that ht(Q) < k and so by assumption, ¢g is faithfully
flat. The ring By, is a localization of By ®4, Ap, and Bg is faithfully flat over
Ap implies By, is faithfully flat over A%,
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For (2), by Proposition 20.9.1, ¢’'u = v satisfies LFy,. Now by Proposition 20.9
.2, v satisfies LF},.

Item 3 follows immediately from the assumption that g and v are faithfully flat
maps and hence going-down holds [87, Theorem 4, page 33]. (I

Next we examine the situation for polynomial extensions.

PROPOSITION 20.13. Let (R,m) and {m;}™, C m be as in Setting 19.1, where
m s either an integer or m = co, and the dimension of R is at least 2. Let z be an
indeterminate over R. Then:
(1) {m}™, is residually algebraically independent over R <= {m}, is
residually algebraically independent over R[z](m,.).
(2) If{m:}i2, is idealwise independent over R[z|(m, ), then {T;}i", is idealwise
independent over R.

PROOF. Letn € Nbe an integer with n < m. Set R,, = R[T1,. .., Tl (m,m,...,rn)-

Let ¢ : R, — R and i R, — Ry[z] be the inclusion maps. We have the
following commutative diagram:

Rul2)(max(ro)z) —— R = Rl —— R = B[[2]]

d 4
R, — R
The ring R’ is a localization of the tensor product R® g, R, [z] and Proposition 20.12
applies. Thus, for (1), ¢ satisfies LF} if and only if ¢ satisfies LF;. Since the
inclusion map 1 of R' = R[z]m,-) to its completion R[[z]] is faithfully flat, we
obtain equivalences:
o satisfies LF} <= ' satisfies LF; <= 1y’ satisfies LF.
(2) If the 7; are idealwise independence over R[z](m,.), the map v’ is weakly
flat. Thus ¢’ is weakly flat and the statement follows by Proposition 20.9 . (]

We also obtain:

PROPOSITION 20.14. Let A — B be an extension of Krull domains such that
for each height-one prime P € Spec(A) we have PB # B, and let Z be a (possibly
uncountable) set of indeterminates over A. Then A < B is weakly flat if and only
if A[Z] — BI[Z] is weakly flat.

PRrROOF. Let F' denote the field of fractions of A. By Corollary 12.4, the ex-
tension A — B is weakly flat if and only if N B = A. Thus the assertion follows
from FNB=A < F(Z)NB[Z] = A[Z]. O

It would be interesting to know whether the converse of Proposition 20.13.2 is
true. In this connection we have:

REMARKS 20.15. Let ¢ : A — B be a weakly flat map of Krull domains, and
let P be a height-one prime in A.
(1) Let @ be a minimal prime of the extended ideal PB. If the map ¢q :
A — Bg is weakly flat, then ht = 1. To see this, observe that QBg is
the unique minimal prime of PBg, so QBg is the radical of PBg. If ¢q
is weakly flat, then PBg N A = P and hence QBg N A = P. It follows
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that Ap — Bg. Since Ap is a DVR and its maximal ideal PAp extends
to an ideal primary for the maximal ideal QBg of the Krull domain Bg,
we must have that Bg is a DVR and hence ht @ = 1.

(2) Thus if there exists a weakly flat map of Krull domains ¢ : A — B and a
minimal prime @ of PB such that ht > 1, then the map ¢ : A — Bqg
fails to be weakly flat,

(3) If P is the radical of a principal ideal, then each minimal prime of PB
has height one.

QUESTION 20.16. Let ¢ : A — B be a weakly flat map of Krull domains,
and let P be a height-one prime in A, as in Remarks 20.15. Is it possible that the
extended ideal PB has a minimal prime @) with ht Q > 1?7

REMARK 20.17. Primary independence never lifts to polynomial rings. To
see that 7 € m fails to be primarily independent over R[z](m, ), observe that
MR[2](m,2) is a dimension-one prime ideal that extends to m[[z]], which also has
dimension one and is not (m, z)-primary in R[[z]]. Alternatively, in the language
of locally flat maps, if the elements {;}; C m are primarily independent over R,
then Proposition 20.9 implies that the map

90/ . Rn[z](max(Rn),z) — E[[ZH

satisfies condition LF;_1, where d = dim(R). For {7;}/, to be primarily indepen-
dent over R[z](m,.), however, the map ¢’ has to satisfy LFy, since dimR[2](m, ) =
d+1. Using Proposition 20.9 again this forces ¢ : R,, — Rto satisfy condition LFy
and thus ¢ is flat, which can happen only if n = 0. This is an interesting phenome-
non; the construction of primarily independent elements involves all parameters of
the ring R.

In the remainder of this section we consider localizations of polynomial ex-
tensions so that the dimension does not increase. Theorem 20.18 gives a method
to obtain residually algebraically independent and primarily independent elements
over an uncountable excellent local domain. In Theorem 20.18 we make use of the
fact that if A is a Noetherian ring and Z is a set of indeterminates over A, then
the ring A(Z) obtained by localizing the polynomial ring A[Z] at the multiplicative
system of polynomials whose coefficients generate the unit ideal of A is again a
Noetherian ring [38, Theorem 6.

THEOREM 20.18. Let (R,m) and {7;}"; C m be as in Setting 19.1, where m
is either an integer or m = oo, and dim(R) = d > 2. Let Z be a set (possibly
uncountable) of indeterminates over R and let R(Z) = R[Z)(mRz))- Then:

(1) {m}™, is primarily independent over R <= {7}, is primarily inde-
pendent over R(Z).

(2) {m}™, is residually algebraically independent over R <= {7}/, is
residually algebraically independent over R(Z).

(3) If {m:}™, is idealwise independent over R(Z), then {r;}, is idealwise
independent over R.

PRrOOF. Let n € N be an integer with n < m, put R, = R[71,..., Tn](m,m,....7)

and let n denote the maximal ideal of R,. Let ¢ : R, — R and w: Ry —
R, (Z) = Ru[Z]ar,|z) be the inclusion maps. We have the following commutative
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diagram:

R.(2) — = R
w

A @

(2)
R, ——— R
The ring R(Z) is a localization of the tensor product R ®g, Ry[Z] and Proposi-
tion 20.12 applies. Thus, for item 1, ¢ satisfies LFy 1 if and only if ¢’ satisfies
LF,_4. Similarly, for item 2, ¢ satisfies LF} if and only if ¢ satisfies LF}.

Since the inclusion map % taking E(Z ) to its completion is faithfully flat, we
obtain equivalences:

o satisfies LF}, <= ¢’ satisfies LF, <= ¢’ satisfies LFj.

Since primary independence is equivalent to LFy_; by Theorem 20.4 and resid-
ual algebraic independence is equivalent to LF} by Proposition 12.11, statements
1 and 2 follow.

For item 3, if the 7; are idealwise independence over R(Z), the morphism ¢’ is
weakly flat. Thus ¢’ is weakly flat. The statement follows by Proposition 20.9. [

COROLLARY 20.19. Let k be a countable field, let Z be an uncountable set
of indeterminates over k and let x,y be additional indeterminates. Then R :=
k(Z)[x,y](x,y) is an uncountable excellent normal local domain of dimension two,
and, for m a positive integer or m = oo, there exist m primarily independent ele-
ments (and hence also residually algebraically and idealwise independent elements)
over R.

PRrROOF. Apply Proposition 19.15 and Theorems 19.20, 19.27 and 20.18. (I

20.3. Passing to the Henselization

In this section we investigate idealwise independence, residual algebraic inde-
pendence, and primary independence as we pass from R to the Henselization R" of
R. In particular, we show in Proposition 20.24 that for a single element 7 € mR
the notions of idealwise independence and residual algebraic independence coincide
if R = R". This implies that for every excellent normal local Henselian domain of
dimension 2 all three concepts coincide for an element 7 € m; that is, 7 is idealwise
independent <= 7 is residually algebraically independent <= 7 is primarily
independent.

We use the commutative square of Propostion 20.12 and obtain the following
result for Henselizations:

PROPOSITION 20.20. Let ¢ : (A,m) < (B,n) be an injective local map of
normal Noetherian local domains, and let " : A" — B" denote the induced map
of the Henselizations. Then:

(1) For each k with 1 < k < dim(B), ¢ satisfies LF}, <= " satisfies
LE). Thus ¢ satisfies PDE <= " satisfies PDE.

(2) (Descent) If " is height-one preserving (respectively weakly flat), then ¢
is height-one preserving (respectively weakly flat).

Using shorthand and diagrams, we show Proposition 20.20 schematically:
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= i |¢is PDE <~ |¢"is PDE
< |¢"ht-1pres | ; |pwf — |t wi

PROOF. (of Proposition 20.20) Consider the commutative diagram:

h
A £, Bh

1
A —“*5 B
where p and v are the faithfully flat canonical injections [96, (43.8), page 182]. Since
¢ is injective and A is normal, " is injective by [96, (43.5)]. By Proposition 19.25,
Proposition 12.11 and Proposition 19.26), we need only show “=" in (1).
Let Q' € Spec(B") with ht(Q") < k. Put Q = Q' N B, P' = Q' N A", and
P =P N A. We consider the localized diagram:

h

Yy
h Q h
AP/ —_— BQ/

,LLP/T I/Q/T

APLBQ

The faithful flatness of v implies ht(Q) < k.
In order to show that go}é, : Ab, — Bg/ is faithfully flat, we apply Re-

mark 11.2.2 with M = Bf, and I = PBY,,.
First note that P’ is a minimal prime divisor of PA" and that (A"/PA")p, =
(A" /P")p is a field [96, (43.20)]. Thus

o (A" PAM) p — (B"/PB")
is faithfully flat and it remains to show that
PA%Y @1, Bl = PBy.

This can be seen as follows:

PAL, ®ar, Bg/ > (P®a, AL) ®an, Bg, by flatness of
~ P®a, B
= (P®a, Bg) ®p, B
= PBq ®g, Bg/ by flatness of g
= PBg, by flatness of w.

O

COROLLARY 20.21. Let (R,m) and {7}, be as in Setting 19.1, where m is
either a positive integer or m = oo and dim(R) = d > 2. Then:
(1) {m}™, is primarily independent over R~ <— {7}, is primarily
independent over R".
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(2) {m}™, is residually algebraically independent over R~ <— {7},
is residually algebraically independent over R".

(3) (Descent) If {r;}™, is idealwise independent over R" then {7;}™ is ide-
alwise independent over R.

PRroOOF. For (1) and (2) it suffices to show the equivalence for every positive
integer n < m. By [96, (43.5)]. the local rings R,, = R[71,...,Tu](m,m,...,r,) and

R, = R" [11, ... ,Tn](m7717.._,7n) have the same Henselization Rffb. Also R, C R,. By
Theorem 20.4 and Proposition 20.20 we have:

T1,...,Tn are primarily (respectively residually algebraically)

independent over R =

R, — R satisfies LF,_; (respectively LF}) <—

R" — R = R" satisfies LF;_, (respectively LF}) <
R, — R satisfies LF,_; (respectively LFYy).

The third statement on idealwise independence follows from Theorem 20.12.3
by considering

R, —*— R

d H

R, —% - R.
(I
REMARK 20.22. The examples given in Theorems 19.33 and 19.35 show the
converse to part (3) of (20.21) fails: weak flatness need not lift to the Henselization.
With the notation of Proposition 20.20, if ¢ is weakly flat, then for every P €
Spec(A) of height one with PB # B there exists by Proposition 12.8, @ € Spec(B)
of height one such that P = Q N A. In the Henselization A" of A, the ideal PA" is
a finite intersection of height-one prime ideals P! of A" [96, (43.20)]. Only one of

the P/ is contained in Q. Thus as in Theorems 19.33 and 19.35, one of the minimal
prime divisors P/ may fail the condition for weak flatness.

Let R be an excellent normal local domain with Henselization R" and let K,
and K" denote the fields of fractions of R and R" respectively. Let L be an
intermediate field with K C L C K”. It is shown in [114] that the intersection
ring T = LN R is an excellent normal local domain with Henselization T" =
R, Henselian excellent normal local domains are algebraically closed in their
completion; see Remark 14.15.2. Thus we have:

COROLLARY 20.23. Let (R,m) and {7;} be as in Setting 19.1, where m de-
notes a positive integer or m = co. Let T be a Noetherian local domain dominating
R and algebraic over R and dominated by R with R=T. Then:

(1) {m}™, is primarily independent over R~ <— {7}, is primarily
independent over T.

(2) {m}™, is residually algebraically independent over R~ <— {7},
is residually algebraically independent over T'.

(3) If {m}™, is idealwise independent over T, then {m;}7 is idealwise inde-
pendent over R.
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PrOOF. By [114], R and T have a common Henselization, and the statements
follow from Corollary 20.21. (]

We have seen in Theorem 19.27 that, if R has the property that every height-one
prime ideal is the radical of a principal ideal and 7 € m is residually algebraically
independent over R, then 7 is idealwise independent over R. In Proposition 20.24
we describe a situation in which idealwise independence implies residual algebraic
independence.

PROPOSITION 20.24. Let (R,m) and 7 € m be as in Setting 19.1. Suppose R
has the property that, for each P € Spec(R) with ht(P) = 1, the ideal PR is prime.

(1) If 7 is idealwise independent over R, then T is residually algebraically
independent over R.

(2) If R has the additional property that every height-one prime ideal is the
radical of a principal ideal, then 7 is idealwise independent over R <= T
is residually algebraically independent over R.

PROOF. For item 1, let P € Spec(R) be such that ht(P) = 1 and P N R # 0.
Then ht(PN R) = 1 and (PN R)R[7] is a prime ideal of R[7] of height 1. Idealwise
independence of 7 implies that (P N R)R[r] = (PN R)R N R[r]. Since (PN R)R is
nonzero and prime, we have P = (PN R)R and PN R[] = (PN R)R[r]. Therefore
ht(P N R[r]) = 1 and Theorem 19.26 implies that 7 is residually algebraically
independent over R.

Item 1 implies item 2 by Theorem 19.27.3. O

REMARK 20.25. If R is Henselian, or if R/P is Henselian for each height-one
prime P of R, then R has the property that, for each P € Spec(R) with ht(P) =1,
the ideal PR is prime, as in the hypothesis of Proposition 20.24. To see this, let P
be a height-one prime of R such that R/P is Henselian. Then the integral closure
of the domain R/P in its field of fractions is again local, in fact an excellent normal
local domain and so analytically normal. This implies that the extended ideal PR
is prime, because of the behavior of completions of finite integral extensions [96,
(17.7), (17.8)]. There is an example in [6] of a normal Noetherian local domain R
that is not Henselian but, for each prime ideal P of R of height-one, the domain
R/P is Henselian.

It is unclear whether Proposition 20.24 extends to more than one algebraically
independent element 7 € m, because even if R is Henselian, the localized polynomial
ring R[T](m,r) fails to be Henselian.

COROLLARY 20.26. Let R be an excellent Henselian normal local domain of
dimension 2, and assume the notation of Setting 19.1. Then:

(1) 7 is residually algebraically independent over R <= 71 is primarily
independent over R.

(2) FEither of these equivalent conditions implies T is idealwise independent
over R.

(3) If R has the additional property that every height-one prime ideal is the
radical of a principal ideal, then the three conditions are equivalent.

PrOOF. This follows from Theorem 19.27, Proposition 19.15.1 and Proposi-
tion 20.24. a
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20.4. Summary diagram for the independence concepts

With the notation of Setting 19.1 for R,m, R,,, 71 ..., Ty, let d = dim(R), L the
field of fractions of R, p € Spec(R,,) such that dim(R,,/p) < d—1, P € Spec(R,,)
with ht(P) = 1, Pe Spec(ﬁ) with ht(ﬁ) = 1, R" = the Henselization of R in R,
T a local Noetherian domain dominating and algebraic over R and dominated by
R with R = f, z an indeterminate over the field of fractions of R and Z a possibly
uncountable set of set of indeterminates over the field of fractions of R. Then we
have the implications shown below. We use the abbreviations “prim. ind.”, “res.
ind.” and “idw. ind” for “primarily independent”, “residually independent” and

“idealwise independent”.

NotE 20.27. R, — R is always height-one preserving by Proposition 19.8.

Ry = RLF;1(1213) 2042 [ prim. ind. /R (19.12) k@287 prim. ind. /R(Z) (19.12)]

(19.12) 1 1

(12.13) Vp,p]% is m-primary (M,’ 7; prim. ind./T (19.12) ‘

(19.27.1)l l

R, < RLF(12.13) (&,’n res. ind. /R(19.24)iﬂ4n res. ind. /R(Z)(19.24) ‘
(12.11) ¢ (19.26) $ T

R, = RPDE (19.5) | 0929 Iht(PNR,) < 1,YPVi| (022 [ res ind. /T (19.24)]
(19.5) 1 (19.26) J 1

ht(P N R,) < 1,VP (ﬂ,’n res. ind. /R(lQ.Q4)¢M%’i res. ind. /R[z] (19.24) ‘
(19.9) = | (19.27.2)«, (19.27.2)x),

Ry = R wi. (19.5)| 091D I idw. ind. /R(19.2) Lﬂpn idw. ind. /R[z](m’z)(19.24)‘
195) ¢ (192) 1

PRNR, = PYP ) (2018:9) | 7; idw. ind. /R(Z) (19.24)

* We assume that every height-one prime ideal of R is a principal ideal in order
to have these arrows.




CHAPTER 21

Rings between excellent normal local domains and
their completions 1

In this chapter we continue the investigation of Chapters 4 through 13. We ad-
just the focus to include as base rings certain Krull domains that are not necessarily
Noetherian. We take our working setting here to be Krull domains because in the
setting of Krull domains it is possible to iterate the construction. The intersection
of a normal Noetherian domain with a subfield of its field of fractions is always a
Krull domain, but may fail to be Noetherian. As in Chapters 4 to 13 we consider
completions with respect to a principal ideal.

For an excellent normal local domain (R, m), the construction in Chapters 19
and 20 uses the entire m-adic completion rather than a completion with respect to a
principal ideal. With (S, n) a localized polynomial ring in several variables over R,
Chapters 19 and 20 contain non-trivial examples of ideals a of the n-adic completion
S of S such that the constructed ring D := Q(S) N (5/a) of Homomorphic Image
Construction 5.6 results in the ring D = Q(S) N S/a = S. Chapters 19 and 20
also contain examples of subfields L of the field of fractions of R such that the ring
D := LN R of Inclusion Construction 5.3 is a localized polynomial ring over R in
finitely many or infinitely many variables. In particular, this gives examples where
the intersection ring is a non-Noetherian Krull domain.

We use the completion with respect to a principal ideal again in this chapter
because in most examples of new Noetherian domains produced using Homomor-
phic Image Construction 5.6, that is, D = Q(S)N(S/a), the ideal a of S is extended
from a completion of R with respect to a principal ideal. Furthermore the comple-
tion with respect to a larger ideal can be obtained by appropriately iterating the
procedure with the completion with respect to a principal ideal.

Let z be a nonzero nonunit of a Noetherian integral domain R and let R* denote
the (z)-adic completion of R. Let 71, ..., 7 be elements of zR* that are algebraically
independent over R. Assume that every nonzero element of the polynomial ring
R[ry,...,7s] is a regular element of R*. In Definition 6.5, we define 71,...,7s to be
limit-intersecting over R if the intersection domain A is equal to the approximation
domain B as defined in Section 6.1.

We also investigate here two stronger forms of the limit-intersecting condition,
given in Definitions 21.9; these are useful for constructing examples and for deter-
mining if A is Noetherian or excellent. We give criteria for 7, 72,...,7s to have
these properties. These properties are analogs to types of “idealwise independence”
over R defined in Chapter 19. These modified independence conditions enable us
to produce concrete examples illustrating the concepts.

199
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Many concepts from our earlier chapters are useful in this study, including
several flatness conditions for extensions of Krull domains. For convenience, we
recall some definitions that are relevant for this chapter:

DEFINITIONS 21.1. Let S < T be an extension of Krull domains.

e T is a PDFE extension of S if for every height-one prime ideal @ in T, the
height of @ NS is at most one.

e T is a height-one preserving extension of S if for every height-one prime
ideal P of S with PT # T there exists a height-one prime ideal Q) of T
with PT C Q.

e T is weakly flat over S if every height-one prime ideal P of S with PT # T
satisfies PT'NS = P.

e Let » € N be an integer with 1 < r < d = dim(7") where d is an integer
or d = oco. Then ¢ is called locally flat in height r, abbreviated LF., if,
for every prime ideal @ of T" with ht(Q) < r, the induced map on the
localizations ¢q : Sgns — Tg is faithfully flat.

We recall the following proposition, a restatement of Corollary 12.4 of Chap-
ter 12.

PROPOSITION 21.2. Let ¢ : S — T be an extension of Krull domains and let
F' denote the field of fractions of S.

(1) Assume that PT # T for every height-one prime ideal P of S. Then
S — T is weakly flat <—= S=FNT.

(2) If S — T is weakly flat, then o is height-one preserving and, moreover, for
every height-one prime ideal P of S with PT # T, there is a height-one
prime ideal Q of T with QNS = P.

REMARK 21.3. By Proposition 21.2 weakly flat extensions are height-one pre-
serving. Example 12.9 of Chapter 12 shows that the height-one preserving condition
does not imply weakly flat.

21.1. Intersections and directed unions

In general the intersection of a normal Noetherian domain with a subfield of
its field of fractions is a Krull domain, but need not be Noetherian. The Krull
domain B in the motivating example of Section 4.3 and Chapter 7 (in the case
where B # A) illustrates that a directed union of normal Noetherian domains may
be a non-Noetherian Krull domain. Thus, in order to apply an iterative procedure
in Section 21.2, we consider a local Krull domain (7, n) that is not assumed to be
Noetherian, but is assumed to have a Noetherian completion. To distinguish from
the earlier Noetherian hypothesis on R, we let T' denote the base domain.

SETTING AND NOTATION 21.4. Let (T,n) be a local Krull domain with field
of fractions F. Awe there exists a nonzero element y € n such that the y-
adic completion (T, (y)) := (T*,n*) of T is an analytically normal Noetherian
local domain. It then follows that the n-adic completion T of T is also a normal
Noetherian local domain, since the n-adic completion of T' is the same as the n*-
adic completion of T™. Since T™ is Noetherian, if F* denotes the field of fractions
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of T*, then T = T N F*. Therefore FNT* = FNT. Let d denote the dimension
of the Noetherian domain 7™. It follows that d is also the dimension of T.1

(1) Assume that T = FNT* = FNT, or equivalently by (21.2.1), that 7* and
T are weakly flat over T'.

(2) Let T[1/y] denote the localization of T' at the powers of y, and similarly,
let T*[1/y] denote the localization of T* at the powers of 3. The domains 7'[1/y]
and T*[1/y] have dimension d — 1.

(3) Let 71,...,7s € n* be algebraically independent over F.

(4) For each ¢ with 1 < ¢ < s, we have an expansion 7; := E;";lcijyj where
Cij € T.

(5) For each n € N and each i with 1 <4 < s, we define the n*'-endpiece of 7;
with respect to y as in Notation 6.1, so that

. Y00 j—n _
Tin = 2j=n+10ij?f , Tin = YTin+1 T Cint1Y-

(6) For each n € N, we define B, := T(T1n, .., Tsn|(m,r1n,...,ron)- 10 view of (5),
we have B,, C B, 11 and B,,y; dominates B,, for each n. We define

B:=lim B, = |J B, and A:=F(r,...,7)NnT.
neN n=1
Thus B and A are local domains. We show that B and A are local Krull domains
and that A birationally dominates B in Theorem 21.8. We are especially interested
in conditions which imply that B = A.
(7) Let A* denote the y-adic completion of A and let B* denote the y-adic
completion of B.

REMARK 21.5. The iterative example of Section 4.3 and Chapter 7 as given in
Theorem 7.2 with T := B # A (from the notation of (7.1) and Example 7.3 con-
tinued in Example 8.11) shows that T' — T™[1/y] can satisfy the other conditions
of (21.4) but not satisfy the assumption (21.4.1); that is, such an extension is not
in general weakly flat.

We show that the definitions of B and B,, are independent of the representations
for 7y,...,7s as power series in y with coefficients in T'; the proof is analogous to
that of Proposition 6.3.

PROPOSITION 21.6. The definitions of B and B, are independent of represen-
tations for 11, ...,Ts as power series in y with coefficients in T .

PRrooOF. For 1 <i < s, assume that 7; and w; = 7; have representations
oo oo
=) agzy and  w;=Y by,
=1 =1
where each a;5,b;; € T. We define the nth—endpieces Tin and wj, as in Section 6.1:

oo oo

j—n j—n

Tin= Y aiy’ and  wip = Y byy "
Jj=n+1 j=n+1

T is Noetherian, then d is also the dimension of T'. However, if T' is not Noetherian, then
the dimension of T' may be greater than d. This is illustrated by taking T to be the ring B of
Example 7.3.
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Then we have
T = 252 1a”y = X" a4y’ Yy T = ¥2 1b”y =37 1b”y + Y win = wj.
Therefore, for 1 < ¢ < s and each positive integer n,
E?:l(bij - aij)yj
o .
Since %%_; (bij — a;;)y’ € T is divisible by y™ in T* and T' = F N T*, it follows that

y" divides E}’:l(bij — aij)yj in T. Therefore 7, — w;, € T. It follows that B,, and
B = U2, B,, are independent of the representation of the ;. O

n
Y Tin — y Win = E] 1bljy E 1aljy 5 and SO Ty — Wip =

THEOREM 21.7. Assume the setting and notation of (21.4). Then the interme-
diate rings B,,, B and A have the following properties:

(1) yA=yT*N A and yB = yAN B = yT* N B. More generally, for every
t €N, we have y'A = y'T* N A and y'B = y’!AN B = y'T* N B.

(2) T/y'T = B/y'B = A/y*A =T*/y'T*, for each positive integer t.

(3) Every ideal of T, B or A that contains y is finitely generated by elements
of T. In particular, the maximal ideal n of T is finitely generated, and
the maximal ideals of B and A are nB and nA.

(4) For everyn € N: yBN By, = (Y, Tin, - -+, Tsn)Bn, an ideal of B,, of height
s+ 1.

(5) If P € Spec(A) is minimal over yA, @ = PN B and W = PNT, then
Tw C Bg = Ap, and all three localizations are DVRs.

(6) For everyn € N, B[1/y] is a localization of By, i.e., for each n € N, there
exists a multiplicatively closed subset S, of B,, such that B[1/y] = S, 'B,,.

(7) B=B[l/y]N Bg, N---N By,., where qi,...,q, are the prime ideals of B
minimal over yB.

PRrROOF. Let K := F(rq,...7s), the field of fractions of A and B. Then A =
T*N K implies yA CyT*NA. Let ge yT*NACyT*NK. Theng/y e T*NK =
A = g € yA. Since B = J.2 | B,, we have yB = |J;—, yB,,. It is clear that
yB C yAN B C yT* N B. We next show yI* N B = yB. Let g € yT* N B.
Then there is an n € N with ¢ € B, and, multiplying ¢ by a unit of B, if
necessary, we may assume that g € T[Tln, - ,Tsn]. Write g = r¢ + go where gg €
(Tins -« Tsn) T [Tin, - -, Tsn) and ro € T. Substituting 7, = yTjn+1 + cjny € yIT*
from (21.4.5) yields that go € yT™* and so rp € yT*NT = yT. Since by (21.4.5),
(Tinys -+ Tsn)Bn C yBpt1, it follows that g € yB. Now yB = yT™* N B implies
y?B = y(yT* N B) = 4*T* NyB = y?T* N B. Similarly y'B = y'T* N B for every
teN.

Since y'T*NT = y'T, T/y!'T = T*/y'T*, and T/(y'T) — B/(y'B) —
A/(y*A) — T*/y'T* | the assertions in item 2 follow.

Since T is Noetherian, item 3 follows from item 2.

For item 4, let f € yB N B,,. After multiplication by a unit of B,, we may

assume that f € T[ry,,...,Tsn), and hence f is of the form
f=3 apmiy .7
(1)eNs

with a¢;)y € T. Since 7, € yB, we see that ag) € yBNT C yT* NT, and we
can write a(gy = yb for some element b € T*. This implies that be FNT* = T;
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the last equality uses (21.4.1). Therefore ay € yT and f € (y,Tin,- - Ton)Bn-
Furthermore if g € (y, T1n, - - -, Tsn) Bn, then 7, CyB N B, so g € yBN B,,.

For item 5, since T and hence A is Krull, P has height one and Ap is a DVR.
Also Ap has the same fraction field as Bg. By (2), W is a minimal prime of yT'.
Since T is a Krull domain, Ty is a DVR and the maximal ideal of Ty is generated
by u € T'. Thus by item 2 the maximal ideal of B is generated by u and so By is
a DVR dominated by Ap. Therefore they must be the same DVR.

Item 6 follows from (21.4.5).

For item 7, suppose 8 € B[1/y]| N Bq, N--- N Bg,. Now Bq, N---N Bg, =
(B\ (U q;))"'B. There exist t € N,a,b,c € B with ¢ ¢ q; U---U q, such that
B =a/y' =b/c. We may assume that either ¢t = 0 (and we are done) or that ¢t > 0
and a ¢ yB. Since yB = yA N B, it follows that qi,...,q, are the contractions

to B of the minimal primes pi,...,p, of yA in A. Since A is a Krull domain,
A=AlJyyNnAp, N---NAp,. Thus f € A, and a = y'8 € yANB = yB, a
contradiction. Thus ¢ =0 and f =a € B. (]

THEOREM 21.8. With the setting and notation of (21.4), the intermediate rings
A and B have the following properties:

(1) A and B are local Krull domains.
(2) B C A, with A dominating B.
(3) A*=B*=T".

(4) If B is Noetherian, then B = A.

Moreover, if T is a unique factorization domain (UFD) and y is a prime element
of T, then B is a UFD.

PrOOF. As noted in the proof of Theorem 21.7, A is a Krull domain. By
(21.7.6), B[1/y] is a localization of By. Since By is a Krull domain, it follows that
B[1/y] is a Krull domain. By (21.7.7), B is the intersection of B[1/y] and the
DVR’s By, , ..., Bg,. Therefore B is a Krull domain. Items 2 and 3 are immediate
from Theorem 21.7. If B is Noetherian, then B* is faithfully flat over B, and hence
B = F(r,...,7s) N B* = A. For the last statement, if T is a UFD, so is the
localized polynomial ring By. By (21.7.6), B[1/y] = Sy 'Bo[l/y], which implies
that B[1/y] is also a UFD. By (21.7.2), y is a prime element of B; hence it follows
from Theorem 2.10 that B is a UFD. O

21.2. Limit-intersecting elements

Let (R, m) be an excellent normal local domain and let R be the m-adic com-
pletion of R. We are interested in the structure of L N 1:2, for intermediate fields L
between the fields of fractions of R and R. This structure is difficult to determine
in general. We show in Theorem 21.14 that each of the limit-intersecting properties
of Definitions 21.9 implies L N R is a directed union of localized polynomial ring
extensions of R. These limit-intersecting properties are related to the idealwise
independence concepts defined in Chapter 19 and to the LF,; properties defined in
Definitions 21.1.

DEFINITIONS 21.9. Let (T,n) be a local Krull domain, let 0 # y € n be
such that the y-adic completion (T, (y)) := (T™*,n*) of T is an analytically normal
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Noetherian local domain of dimension d. Assume that 7% and 7' are weakly flat
over T. Let 7y,...,7s € n* be algebraically independent over T" as in Setting 21.4.

(1) The elements 74, ..., 7y are said to be limit-intersecting in y over T pro-
vided the approximation domain B and the intersection domain A defined
in Notation 21.4.6 are equal.

(2) The elements 7 ..., 7, are said to be residually limit-intersecting in y over
T provided the inclusion map

Bo:=T[r,...,Tslm...0y — T*[1/y] is LFy (21.9.2).

(3) The elements 71 ..., 7, are said to be primarily limit-intersecting in y over
T provided the inclusion map

By :=TI[m,... 77—3}(11)71 """" ) — T [1/y] s flat. (21.9.3).

Since T*[1/y] and T[1/y] have dimension d — 1, the condition LF,_; is equivalent
to primarily limit-intersecting, that is, to the flatness of the map By — T*[1/y].

REMARKS 21.10. We show in Theorem 21.14 that the elements 7,--- , 7, are
limit-intersecting in the sense of Definition 21.9.1 if and only if the inclusion map

By :=T[r1,...,Ts)mm,...7,) — T*[1/y] is weakly flat (21.10.0).

Here are some other remarks concerning Definitions 21.9.

(1) The terms “residually” and “primarily” come from Chapter 19. We justify
this terminology in Proposition 21.16) and Theorem 22.3. It is clear that primar-
ily limit-intersecting implies residually limt-intersecting. By Theorem 19.8 if T is
an excellent normal local domain, then the extension By < T is height-one pre-
serving. By Proposition 12.12 an extension of Krull domains that is height-one
preserving and satisfies PDE is weakly flat.

(2) Since T[1/y] is faithfully flat over T*[1/y], the statements obtained by
replacing T*[1/y] by T [1/y] give equivalent definitions to those of Definitions 21.9;
see Propositions 20.9 and 20.11 of Chapter 20).

(3) We remark that

B — T*[1/y] is weakly flat <= B — T is weakly flat .

To see this, observe that by Theorem 21.7.2, every height-one prime of B containing
y is the contraction of a height-one prime of 7. If p is a height-one prime of B
with y € p, then pT* N B = p if and only if pT*[1/y] N B = p.

(4) The ring B[1/y] is a localization Sy ' By of B by Theorem 21.7.6. Since S
consists of units of 7%[1/y], Remark 12.5.b implies the extension By < T*[1/y] is
weakly flat if and only if the canonical map

Sy "By = B[1/y] — T*[1/y]

is weakly flat. In view of Proposition 21.11 below, we have 7, ..., 75 are residually
(resp. primarily) limit-intersecting in y over T if and only if the canonical map

Sy By = B[1/y] — T*[1/y]

is LFy (resp. LFy_1 or equivalently flat).
(5) If d = 2, then obviously LFy = LF,_;. Hence in this case primarily limit-
intersecting is equivalent to residually limit-intersecting.
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(6) Since T'— B, is faithfully flat for every n, it follows [11, Chap.1, Sec.2.3,
Prop.2, p.14] that T — B is always faithfully flat. Thus if residually limit-
intersecting elements exist over T, then T — T*[1/y] must be LF;. If primarily
limit-intersecting elements exist over T', then T — T™*[1/y] must be flat.

(7) The examples of Remarks 12.9 and 21.5 show that in some situations T*
contains no limit-intersecting elements. Indeed, if T' is complete with respect to
some nonzero ideal I, and y is outside every minimal prime over I, then every
element 7 = > a;y* of T* that is transcendental over 7T fails to be limit-intersecting
in y. To see this, choose an element x € I, x outside every minimal prime ideal of
yT; define o := Y a;z* € T. Then 7 — 0 € (x —y)T* N T[r]. Thus a minimal prime
over x —y in T* intersects T'[7] in an ideal of height greater than one, because it
contains x —y and 7 — 0.

PROPOSITION 21.11. Assume the notation and setting of (21.4) and let k be a
positive integer with 1 < k < d— 1. Then the following are equivalent:

(1) The canonical injection ¢ : By := T[T1,...,Ts|(m,r,....r.) — T*[1/y] is
LEy. ~

(1) The canonical injection @1 : By := T[11,..., Ts|(m,m,...7.) — T[1/y] is
LF,.

(2) The canonical injection @' : Uy :=Try,...,Ts] — ’1;*[1/y] is LFy,.
(2") The canonical injection @} : Uy := Ty, ..., 7] — T[1/y] is LFy.

(3) The canonical injection 0 : By := R[Tin, ..., Ten)(m,rin,..ren) — L7 [1/Y]
18 LF‘].C .

(3") The canonical injection 61 : By, := R[Tin, ..., Tsn|(m,rin,iren) — L[1/Y]
is LF},.

(4) The canonical injection v : B — T*[1/y] is LFy.
(4") The canonical injection ¢ : B — T[1/y] is LFy.
Moreover, these statements are also all equivalent to LFy of the corresponding

canonical injections obtained by replacing By, Uy and B by By[1/y], Ug[l/y] and
B[1/y).

Proor. We have:

loc.

Us By —%— T*[1/y] —L— T[1/y).

The injection ¢} : Uy —> T[1/y] factors as ¢’ : Uy — T*[1/y] followed by the
faithfully flat injection T*[1/y] —s T[1/y]. Therefore ¢’ is LF}, if and only if ¢} is
LF},. The injection ¢’ factors through the localization Uy — By and so ¢ is LF}
if and only if ¢’ is LFj.

Now set U, := T[r1pn,...,Tsn] for each n > 1 and U := UZOZO U,. For each
positive integer i, 7, = y"min + >y ay’. Thus U, C Up[l/y], and Up[l/y] =
JUn[1/y] = U[1/y]. Moreover, for each n, B, is a localization of U,,, and hence B
is a localization of U.

We have:

B[l/y| — T*[1/y] is LF}, <= Ul[l/y] — T*[1/y] is LF},
— Up[l/y] — T*[1/y] is LF, < By[l/y] — T*[1/y] is LF}
< Byll/y] — T*[1/y] is LF.
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Thus
Y:B—T"[1/y]lis LF, < U — T"[1/y] is LF},
— ¢ Uy — T*[1/y]is LFy < 0:B,, — T*[1/y] is LF},
< ¢:By— T"[1/y]is LFy.
U

REMARKS 21.12. (1) If (T,n) is a one-dimensional local Krull domain, then
T is a rank-one discrete valuation domain (DVR). Hence T* is also a DVR and
T*[1/y] is flat over Uy = T'[ry,...,7s). Therefore, in this situation, 71,..., 7, are
primarily limit-intersecting in y over T if and only if 7,...,7s are algebraically
independent over T.

(2) Let 71, ...,7s € k[[y]] be transcendental over k(y), where k is a field. Then
Ti,...,Ts are primarily limit-intersecting in y over k[y](, by (1) above. If z1,..., 2y,
are additional indeterminates over k(y), then by Polynomial Example Theorem 9.2
and Noetherian Flatness Theorem 8.8, the elements 74,...,7s are primarily limit-
intersecting in y over k[x1, ..., Zm, Yl(z1,....om,y)-

(3) Assume the notation of Setting 21.4, and also assume that B is Noetherian.
We show that 74,...,7s are primarily limit-intersecting in y over T'. Since T* is
the (y)-adic completion of B and B is Noetherian, it follows that T* is flat over
B. Hence T*[1/y] is also flat over B, and it follows from Proposition 21.11 that
Ti,...,Ts are primarily limit-intersecting in y over T.

(4) By the equivalence of (1) and (2) of Proposition 21.11, we see that 71, ..., 7y
are primarily limit-intersecting in y over T if and only if the endpiece power series
Tins- - -, Tsn are primarily limit-intersecting in y over 7.

THEOREM 21.13. Assume the notation of Setting 21.4. Thus (T,n) is a lo-
cal Krull domain with field of fractions F, and y € n is such that the (y)-adic
completion (T*,n*) of T is an analytically normal Noetherian local domain and
T =T*"NF. For elements 11,...,Ts € n* that are algebraically independent over
T, the following are equivalent:

(1) The extension T[ry,...,7s] = T*[1/y] is flat.

(2) The elements T1,...,Ts are primarily limit-intersecting in y over T.
(3) The intermediate rings A and B are equal and are Noetherian.

(4) The constructed ring B is Noetherian.

Moreover, if these equivalent conditions hold, then the Krull domain T is Noether-
wan.

PRrROOF. By Theorem 21.7, we have T/y'T = B/y'B = A/y'A = T* /y'T*, for
each positive integer ¢t. By Definition 21.9.3, the elements 7 ..., 7s are primarily
limit-intersecting in y over T if and only if the inclusion map

BO = T[Tla cee 77—8}(1177'1,..477'5) — T [1/y]

is flat. Thus item 1 is equivalent to item 2. By Theorem 21.7.6, B[1/y] is a
localization of By. Hence flatness of the map By < T*[1/y| implies flatness of the
map B < T*[1/y]. Applying Lemma 8.2 to the extension B — T*, we conclude
that flatness of the map B — T*[1/y] implies that T* is flat over B and B is
Noetherian. Therefore item 1 implies item 4. On the other hand, if B is Noetherian,
then T is faithfully flat over B since T* is the (y)-adic completion of B. Therefore
B = A and B — T*[1/y] is flat. Thus item 4 is equivalent to item 3 and implies
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item 1. If these equivalent conditions hold, then T' — T*[1/y] is flat, and Lemma 8.2
implies that T"— T™ is flat and T  is Noetherian. (I

THEOREM 21.14. Assume the notation of Setting 21.4. Thus (T,n) is a lo-
cal Krull domain with field of fractions F, and y € n is such that the (y)-adic
completion (T*,n*) of T is an analytically normal Noetherian local domain and
T =T*NF. For elements 11,...,7s € n* that are algebraically independent over
T, the following are equivalent:

(1) The elements 11,...,7s are limit-intersecting in y over T, that is, the
intermediate Tings A and B are equal.

(2) By — T*[1/y] is weakly flat.

(3) B— T*[1/y] is weakly flat.

(4) B — T* is weakly flat.

PRrOOF. (2)=(1): Since A and B are Krull domains with the same field of
fractions and B C A it is enough to show that every height-one prime ideal p of
B is the contraction of a (height-one) prime ideal of A. By Theorem 21.7.3, each
height-one prime of B containing yB is the contraction of a height-one prime of A.

Let p be a height-one prime of B which does not contain yB. Consider
the prime ideal q = T'[r1,...,7s] N p. Since B[l/y] is a localization of the ring
T[r,...,Ts], we see that B, = T'[r1,. .., Ts]q and so q has height one in T[7y, ..., 7).
The weakly flat hypothesis implies g7* N T[r1,...,7s] = q, and there is a height-
one prime ideal w of T* with w N T'[ry,...,7s] = q. This implies that wN B = p
and thus also (w N A) N B = p. Hence every height-one prime ideal of B is the
contraction of a prime ideal of A. Since A is birational over B, this prime ideal of
A can be chosen to have height one.

(3) <= (4): This is shown in Remark 21.10.3.

(1)=(4): If B= A= FNT*, then by Proposition 21.2 every height-one prime
ideal of B is the contraction of a height-one prime ideal of 7.

(4)=(2): If B — T* is weakly flat so is the localization B[1/y] — T™*[1/y].
Since B[1/y] = Sy ' By, for a suitable multiplicative subset Sy C By, the embedding
By, — T*[1/y] is weakly flat. Now (2) holds by Remark 21.10.4. O

REMARKS 21.15. (1) If an injective map of Krull domains is weakly flat, then
it is height-one preserving by Proposition 21.2.2. Thus any of the equivalent con-
ditions of Theorem 21.14 imply that B — T™ is height-one preserving.

(2) In Theorem 21.14 if B is Noetherian, then by Theorem 21.8.4, A = B and
so all the conclusions of Theorem 21.14 hold.

(3) Example 13.7 yields the existence of a three-dimensional regular local do-
main R = k[z,y, 2](z,y,»), over an arbitrary field k, and an element f = y71 + 275 in
the (z)-adic completion of R such that f is residually limit-intersecting in x over
R, but fails to be primarily limit-intersecting in x over R. In particular, the rings
A and B constructed using f are equal, yet A and B are not Noetherian. Here
the elements 71 and 7o are chosen to be elements of xk[[z]] that are algebraically
independent over k(x).

Proposition 21.16 gives criteria for elements to be residually limit-intersecting
similar to those in Chapter 19 for elements to be residually algebraically indepen-
dent. The corresponding result for primarily limit-intersecting is given in Theo-
rem 22.3.
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PROPOSITION 21.16. With the setting and notation of (21.4) and s = 1, the
following are equivalent:

(1) The element T = 71 is residually limit-intersecting in y over T.

(2) If P is a height-one prime ideal of T such that y ¢ P and PNT #0, then
ht(ﬁﬂT[ ](n 7-)) 1.

(3) For every height-one pmme ideal P of T such that y ¢ P and for ev-
ery minimal prime divisor P of PT in T the image T of T in T/P 18
algebraically independent over T/ P.

(4) B— T*[1/y] is LFy.

ProOOF. For (1)= (2), suppose (2) fails; that is, there exists a prime ideal
P of T of height one such that y ¢ P, PNT # 0, but ht(P N T[r]) > 2. Let
@ = ﬁf[l/y] Then @Q := @ N T[] (n,r) has height greater than or equal to 2. But
by the definition of residually limit-intersecting in (21.9.2), the injective morphism
T[r]nr — T[1/y] is LF; and so by Definition 21.1), (T[r](n,r)) — (m])@
is faithfully flat, a contradiction to ht(Q) > ht(P) = ht(Q).

For (2)= (1), the argument of (1) = (2) can be reversed since (T'[7|(n, 7))o —
(f[l/y])@ is faithfully flat.

For (3)= (2), again suppose (2) fails; that is, there exists a prime ideal PofT
of height one such that y ¢ | P, PNT #0, but ht(PﬂT[ ]) > 2. Now ht(PNT) =1,
since LF holds for T < T. Thus, with P = P 0T, we have PT[r] < P N T|r];
that is, there exists f(7) € (P N T[r]) — PT[r], or equivalently there is a nonzero
polynomial f(z) € (T/(P N T))[z] so that f(7) = 0 in T[r]/(P N T[r]), where 7
denotes the image of 7 in f/ P. This means that 7 is algebraic over the field of
fractions of T/(ﬁ N T) a contradiction to (3).

For (2)= (3), let P be a height-one prime of R such that PNT = P # 0. Since
wt(PNT[r]) =1, PN T[r] = PT|7] and T[r]/(PT[r]) canonically embeds in T'/P.
Thus the image of 7 in T[r]/PT|[r] is algebraically independent over T'/P.

For (1) <= (4), we see by (21.11) that (1) is equivalent to the embedding
¥ B — T*[1/y] being LF3. U

REMARK 21.17. Assume the notation of Setting 21.4. If T' has the property
that every height-one prime of T is the radical of a principal ideal, and 7 is resid-
ually limit-intersecting in y over T', then the extension B < T*[1/y] is height-one
preserving by Remark 12.5,c, and hence weakly flat by Propositions 21.16, 12.11
and 12.12. Thus with these assumptions, if 7 is residually limit-intersecting, then
7 is limit-intersecting.

We have the following transitive property of limit-intersecting elements.

PROPOSITION 21.18. Assume the setting and notation of (21.4). Also assume
that s > 1 and for all j € {1,...s}, set A(j) == F(m,...,7;) NT. Then the
following statements are equivalent:

(1) 7,...,7s are limit-intersecting, respectively, residually limit-intersecting,
respectively, primarily limit-intersecting in y over T

(2) Vj €{1,...,s}, the elements T, ...,7; are limit-intersecting, respectively,
residually limit-intersecting, respectively, primarily limit-intersecting in y
over T' and the elements Tjy1,...,7Ts are limit-intersecting, respectively,
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residually limit-intersecting, respectively, primarily limit-intersecting in y
over A(j).

(3) There exists a j € {1,...,s}, such that the elements T,...,; are limit-
intersecting, respectively, residually limit-intersecting, respectively, pri-
marily limit-intersecting in y over T and the elements Tji11,...,7, are
limit-intersecting, respectively, residually limit-intersecting, respectively,
primarily limit-intersecting in y over A(j).

PRrROOF. Set B(j) := Un_1 T[Tin, - - > Tin)(n,rin,....r;n)- That (2) implies (3) is

n=1
clear.
For (3) = (1), items (21.14) and (21.10.1) imply that A(j) = B(j) under
each of the conditions on 7,...,7;. The definitions of 7;11,...,7, being limit-

intersecting, respectively, residually limit-intersecting, respectively, primarily limit-
intersecting in y over A(j) together with (21.10.4) imply the equivalence of the
stated flatness properties for each of the maps

o1 AT, - Tl o) — AQG) [1/y] =T [1/y]
(A1, Ty — TH[1/y]
@3 (B()[mjt1, - 7sl()[L/y] — T*[1/y]
(T sl () [1/Y] — T*[1/y]
@5 T[T, s sy, me) — T*[1/y].
Thus
W B — T*[1/y]is LFy <= U — T*[1/y] is LF,
— ¢ Uy — T*[1/y] is LFy
< 0:B, — T"[1/y]is LF},
< ¢:By— T"[1/y]is LFy.

The respective flatness properties for 5 are equivalent to the conditions that

Ty,...,Ts be limit-intersecting, respectively, residually limit-intersecting, respec-
tively, primarily limit-intersecting in y over 7. Thus (3) = (1).
For (1) = (2), we go backwards: The statement of (1) for 7, ..., 7s is equiv-

alent to the respective flatness property for 5. This is equivalent to ¢4 and thus
¢3 having the respective flatness property. By (21.10.4), B(j)[7j41,...,Ts](—) —
T*[1/y] has the appropriate flatness property. Also B(j) — B(j)[Tj+1,---,Ts|(—)
is flat, and so B(j) — T*[1/y] has the appropriate flatness property. Thus
Ti,...,T; are limit-intersecting, respectively, residually limit-intersecting, respec-
tively, primarily limit-intersecting in y over T. Therefore A(j) = B(j), and so
A(j) — T™[1/y] has the appropriate flatness property. It follows that 7j41,...,7s
are limit-intersecting, respectively, residually limit-intersecting, respectively, pri-
marily limit-intersecting in y over A(j). O

21.3. A specific example where B = A is non-Noetherian

Theorem 13.6 and Examples 13.7 yield examples where the constructed domains
A and B are equal and are not Noetherian. We present in Theorem 21.19 a specific
example of an excellent regular local domain (R, m) of dimension three with m =
(z,y,z)R and R = Q[[z,y, z]] such that there exists an element 7 € yR*, where
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R* is the (y)-adic completion of R, with 7 limit-intersecting and residually limit-
intersecting, but not primarily limit-intersecting in y over R. In this example we
have B = A and B is non-Noetherian.

THEOREM 21.19. There exist an excellent regular local three-dimensional do-
main (R,m) contained in Q[[x,y,z]], a power series ring in the indeterminates
x,y, z over Q, the rational numbers, with m = (x,y, 2)R, and an element T in the
(y)-adic completion R* of R such that

(21.19.1) 7 is residually limit-intersecting in y over R.
(21.19.2) 7 is not primarily limit-intersecting in y over R.
(21.19.3) 7 is limit-intersecting in y over R.

In particular, the rings A and B constructed using T and Notation 21.4.6 are equal,
yet A and B fail to be Noetherian.

PRrROOF. We use the following elements of Q[[x,y, #]J:

vi=e" —1€zQ[z]], &:=e" —1€2Q[]],
o=+ 20 € Q] [[z]] and T:=eY -1 € yQ[ly]].

For each n, we define the endpieces v, d,, 0, and 7, as in (6.1), considering =, J, &
as series in x and 7 as a series in y. Thus, for example,

oo

0 n
Y= Z ai:z:i; Vn = Z aﬂ:i*"7 and ="y, + Z a;zt = 7.

i=1 1=n-+1 =1

(Here a; := 1/il. ) The §,, 0, satisfy similar relations. Therefore for each positive
integer n,

(1) Q[z,Yn4150n+1)(2,7ni1.6,.1) birationally dominates Q[x, Y, 6n(z,y,,6,)5
(2) Q[z,Yn,0n](z,4n,6,) birationally dominates Q[x,~,d](5,~,5), and
(3) Qlz,2,0n41](2,2,0,,,) birationally dominates Q[z, 2, 0] (z,2,0,)- 0

For our proof of Theorem 21.19 we first establish that certain subrings of
Q[[z,y, z]] can be expressed as directed unions:

CrLAM 21.20. For V := Q(z,7,6) N Q[[z]] and D := Q(z,z,0) N Q[z]¢[[]],
the equalities (*1)-(*5) of the diagram below hold. Furthermore the ring V2], ) is
excellent and the canonical local embedding ) : D — V'[2](, ) is a direct limit of the

maps wn : Q[ﬂf, Zaan](x,z,on) — Q[1'7 25 Tns 5n](;c,z,’yn,,6n)a where ¢(0n) =Yn + 20y,
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Ql[z, y, 2]

Q[ ] A:=Q(x,y,2,0,7) N D[[y]]

B := UD[y, Tn} (z,y,2,mn)

V(2](z,2)
(*2) = Q(z, 2,7,9) N Q[[z, 2]
(*3) = UQ[Z, 2, Vn; Onl (2,2,v0.6,)

V[y](wty) R:= D[y]

(z,y,2)

(*5) = U@[l‘, Y, 2, O'n](w,y,z,an)

S = Qlz,2,7,0)(z,2,7.9)

D :=Q(x,z,0) NQ[2](x)[[x]]
*4) = U@[l‘, Z,C"n](z,z,an)

V= Q(z,7,6) NQ[[z]]
(x1) = UQ[x, Y, On](z

F[U}(az,zp)

Q[x77a5](z,v,5) /

F = Q[Ia Z](:mz)

The rings of the example

PRrROOF. (of Claim 21.20 ) The Noetherian Flatness Theorem 8.8 implies that
the elements  and ¢ are primarily limit-intersecting in = over Q[x](,) and thus we

have (*1):
V= Q(x,7,6) N Qlla]] = im(Q[x, Yn, 6n] (@70.5,)) = ([ Qs Vs 0 (2 70.,)-
Since V' is a DVR of characteristic zero, V' is excellent and (*2) holds:
V[z}(x,z) = Q(Za z,7, 5) n Q[[Z, l‘“
Also V[2](5,.y is excellent since it is a localization of a finitely generated extension
of V. Item (*3) is clear from (*1), and so V[z](,.) is a directed union of the

four-dimensional regular local domains given.
To establish (*4), observe that for each positive integer n, the map

Q[I, 2 Un](w,z,on) — Q[:L’, Zy Yns 5n} (z,2,Yn,0n)
is faithfully flat. Thus the induced map on the direct limits:
¢n : hﬂ@[xa 2 Un](w,z,an) — hﬂ@[xa Z5 Yns 5”](%2,%“5")
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is also faithfully flat. Since V = hg@[z Yrs Onl(z,ym .60, it follows that V[z], ) =
hﬂ@[m 2, Yy Onl(2,2,7n,6,,) 18 faithfully flat over the limit li I%mQ[x 2,0n](z,2,0,)- SiNCE
V(2(a, 2) is Noetherian, we conclude that 1i lgl Q[z, 2,04 (2,2,0,) is Noetherian. There-
fore 9 is a direct limit of ¢, and

= 11_1’1>1@[£L', Z,Un](;c,z,on) = UQ[xa Z,Un](;c,z,on)~

Now item (*5) follows:

R:= D[y](x, Y, Z) = %Q[xa Y, z, Un](x,y,z,on) = U Q[‘Ta Y, z, Un](x,y,z,on)~
|

Cram 21.21. The ring D = Q(x,z,0) N Q[2],)[[z]] s excellent and R :=
DI[yl(z,y,2) is a three-dimensional excellent regular local domain with mazximal ideal
m = (z,y,2)R and m-adic completion R = Q[[z,y, ]].

PROOF. (of Claim 21.21) By Theorem 4.2 of Valabrega, the ring

D :=Q(z,2,0) NQ[z](z)[[x]

is a two-dimensional regular local domain and the completion D of D with respect
to the powers of its maximal ideal is canonically isomorphic to Q[[z, 2]].

We observe that with an appropriate change of notation, Theorem 13.10 applies
to prove Claim 21.21.

Let F' = Q[z, 2](z,») and let F* denote the (x)-adic completion of F'. Consider
the local injective map

[
F[O—](I,z,a) e F[’Y? 6](w,z,'y,5) =5

Let ¢y : F[0](3,2,0) — Sz denote the composition of ¢ followed by the canonical
map of S to S,. We have the setting of (13.8) and (13.10) where F' plays the role
of R and V[z](,,.) plays the role of B.

By Theorem 13.10, to show D is excellent, it suffices to show that ¢, is a
regular morphism. The map ¢, may be identified as the inclusion map

P
Q[Z, z, tl + ZtQ}(Z,Z,tlJthg) — Q[Z7 z, tla tQ](Z,r,thb) [l/l‘]

[ g
¢»’L‘
Q[vaU,’Y + Zé](z,z,'y+z5) —_— Q[z7x7’776](z,x,’y,5) []-/id
where p and v are the isomorphisms mapping t1 — « and t2 — J. Since Q[z, z, t1,t2] =
Q[z, z, t1 + 2t2][t2] is isomorphic to a polynomial ring in one variable over its subring

Q[z,z,t1 + zta], ¢, is a regular morphism, so by Theorem 13.10, D is excellent.
This completes the proof of Claim 21.21. O

CLAIM 21.22. The element T := e¥ — 1 is in the (y)-adic completion R* of
R = D[yl(a,y,2), but 7 is not primarily limit-intersecting in y over R and the ring
B (constructed using T ) is not Noetherian.

PROOF. (of Claim 21.22) Consider the height-two prime ideal P:=(z,y—z)R
of R. Now y & P S0 PRy is a height-two prime ideal of R Moreover, the ideal
Q= Pn R[7](m,r) contains the element o — 7. Thus ht(Q) = 3 and the canonical

map R[T](m,-) — Ry is not flat. The Noetherian Flatness Theorem 8.8 implies
that 7 is not primarily limit-intersecting in y over R, and B is not Noetherian. [
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For the completion of the proof of Theorem 21.19, it remains to show that 7 is
residually limit-intersecting in y over R. We first establish the following claim.

CLAIM 21.23. Let P be a height-one prime ideal ofR Q[lz, y, 2]], and suppose
Pﬂ(@[[m y]] # (0). Then the prime ideal Py := PR is extended from Q[z,y] C R.

PrOOF. We may assume Py is distinct from (0), 2R and yﬁ since these are
obv10usly extended. Since R is faithfully flat over R, PO has height one. Similarly
P o= Pn VY, 2](z,y,-) has height at most one since R is also the completion of
Vly, ](Ly72)' We also have Py N R = Py, so P is nonzero and hence has height one.
Since, for every n € N, 0, € Q[z,v, z,0][1/z], the ring R[1/z] is a localization of
Q[z,y, z,0][1/z]. Thus P NQ[z,y, 2, 0] has height one and contains an element. f
which generates Py. Similarly, for every n € N, «,, and §,, are in Q|[z, y, 2,7, 6][1/z],
which implies the ring V'[y, 2](4,y,-)[1/2] is a localization of Q[x, y, 2,7, ][1/3:] Thus
ﬁﬁ@[m, Y, 2,7, 0] has height one and contains a a generator g for P,. Let h € Ql[z, y]]
be a generator of PN Q[[z,y]]. Then hR = P. The following diagram illustrates
this situation:

~

P cQllz,y,z]]

P :=Pn Vy, 2]

©,y,2)

he PriQ[xz,y 96130&33,%27%5]

PNQlx,y,Vnl fePNQlz,y,z0]

PNQlz,y]

Picture for proof of (21.23)
Subclaim 1: g € PN Qlz,y,7, 9.

PROOF. (of Subclaim 1) : Write ¢ = go + g12 + - -+ + g.2", where the g; €
Q[z,y,7,0]. Since g € ]3, we have g = ﬁ(x,y)qﬁ(z,y,z), for some ¢(x,y,z) €
Q[[z,y, 2]]. Since g is irreducible and Py # 2V'[y, 2](4,y,), We have gg # (0).

Setting z = 0, we have gy = g(0) = h(z,y)d(z,4,0) € Q[[x,y]]. Thus go €
iz@[[x,y]] NQ[z,y,7, 8] # (0). Therefore gQlx,y,~,9, z] = goQ[z, y, 7, ] is extended
from Q|z,y,v,d] and g = gy € Q[z,y,7, 9], O

Subclaim 2: If we express f as f = fo+f12+- -+ f-2", where the f; € Q[z,y,~, ],
then fO S @[xvya’y]
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PROOF. (of Subclaim 2) Since f is an element of Q[z,y, 0, 2], we can write f
as a polynomial

f= Zaijziaj = Zaijzi('y + 26)7, where a;; € Q[z, y].
Setting z = 0, we have fo = f(0) = > ao;(7)? € Q[z,y,~]. O

PRrOOF. Completion of proof of Claim 21.23. Since f € PN Qlz,y, 2,7, 9], we
have f = dg, for some d € Q[z,y,7,0d,2]. Regarding d as a polynomial in z with
coefficients in Q[z, y,v, d] and setting z = 0, gives fo = f(0) = d(0)g € Q[z,y,~, I].
Thus fy is a multiple of g. Hence g € Q[x,y,~], by Subclaim 2.

Now again using that f = dg and setting z = 1, we have d(1)g = f(1) €
Q[z,y,v + 6]. This says that f(1) is a multiple of the polynomial g € Q[z,y,~].
Since v and ¢ are algebraically independent over Q[z, y|, this implies f(1) has degree
0 in v+ § and g has degree 0 in . Therefore g € Q[z,y], d € Q, 0 # f € Q|x, ],
and Py = fR is extended from Q[z,y]. |

It follows that 7 is residually limit-intersecting provided we show the following:

ACLAIM 21.24. Suppose Pisa hez'ght-orie prime ideal of R with y ¢ P and
ht(PN R) = 1. Then the image T of T in R/P is algebraically independent over
R/(PNR).

PROOF. (of Claim 21.24) Let P, := PNR and let 7 : Q[[z,y, z]] — Q[[z, v, 2]]/P;
we use ~ to denote the image under w. If P = xR, then we have the commutative
diagram:

R/Py  —— (R/R)[7] — Qllx,y,z2]l/P

1 1 y

Q[yvz](y,Z) — Q[y,Z}(y’z)[T] I @H%Zﬂ .
Since 7 is transcendental over Qly, z], the result follows in this case. O

For the other height-one primes P of ]/%, we distinguish two cases:
case 1: PNQ[z,y]] = (0).
Let Py := V[y, 2](g,y,) N P. We have the following commutative diagram of local
injective morphisms:

R/PO —_— V[y7 Z](I,.%Z)/Pl —_— Q[[x,y, Z]]/ﬁ

| I

Viley ——— Qllzyll,
where V[y, 2](2,y,.)/ P is algebraic over V[y](,,,). Since 7 € Q[[z,y]] is transcenden-
tal over V[y](z.,), its image 7 in Q[[z, y, 2]}/ P is transcendental over V|y, 2)(zy,2)/ P1
and thus is transcendental over R/P,.
case 2: PN Q|[z,y]] # (0).
In this case, by Claim 21.23, the height-one prime Py := PN R is extended from a
prime ideal in Q[z, y]. Let p be a prime element of Q[z, y] such that (p) = ]30@[30, yl.
We have the inclusions:

G:= Q[x7y](ac,y)/(p) — R/PO — E/ﬁ )
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where R/Py = lig@[x,y,z,an](w)y)zmb)/(p) has transcendence degree < 1 over
G[Z](z,5,7)- It suffices to show that & and 7 are algebraically independent over the
field of fractions Q(z, 7, z) of G[z].

Let G be the integral closure of G in its field of fractions and let H := Gy
be a localization of G at a maximal ideal n such that the completion H of H is
dominated by the integral closure (R/P)’ of R/P.

Now H|[z] has transcendence degree at least one over Q[z]. Also since P N
Q[z,y] # 0, the transcendence degree of Q[Z, 7] and so of H is at most one over Q.
Thus H|[z] has transcendence degree exactly one over Q(z). There exists an element
t € H that is transcendental over Q[z] and is such that ¢ generates the maximal
ideal of the DVR H. Then H is algebraic over Q[t] and H may be regarded as
a subring of C[[t]], where C is the complex numbers. In order to show that &
and T are algebraically independent over G[z], it suffices to show that ¢ and 7 are
algebraically independent over H[Z] and thus it suffices to show that these elements
are algebraically independent over Q(¢,z). Thus it suffices to show that & and 7
are algebraically independent over C(t, z).

We have the setup shown in the following diagram:

Since 7,72 and § are in H, these elements are algebraic over Q(t). Therefore if
7,72, 7 are linearly independent over Q, then the exponential functions €7, e®", ¢¥
are algebraically independent over Q(¢) and hence & and 7 are algebraically inde-
pendent over G(2).

We observe that if Z, 22,9 € tH are linearly dependent over Q, then there exist
a,b,c € Q such that

Ip=azx+bx®>+cy in Q[z,y

where | € Q[z,y]. Since (p) # (x), we have ¢ # 0. Hence we may assume ¢ = 1 and
Ip =y —ax — bx? with a,b € Q. Since y — ax — bx? is irreducible in Q[z, y], we may
assume | = 1. Also a and b cannot both be 0 since y ¢ P. Thus if z,22,y € tH are
linearly dependent over @, then we may assume

p=1vy—ax—bz®> for some a,b e Q not both 0.
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It remains to show that & and 7 are algebraically independent over G(Z) pro-
vided that p = y — az — bz?, that is

7 =aZ +bz%, for a,b e Q, not both 0.

Suppose h € G[Z][u,v], where u,v are indeterminates and that h(a,7) = 0. This
implies

h(e® + ze” e‘“”biQ) =0.
We have ¢ = (¢%)® and e?® are algebraic over G(Z,e%,e® ) since a and b are
rational. By substituting Z = 0 we obtain an equation over G:

h(€i76ai’+bi’2) -0

which implies that b = 0 since  and Z? are linearly independent over Q. Now the
only case to consider is the case where p = y + ax. The equation we obtain then is:

h(e® + e ") =0
which implies that h must be the zero polynomial, since %’ is transcendental over
the algebraic closure of the field of fractions of G|z, e*]. This completes the proof
of Claim 21.24. Thus 7 is residually limit-intersecting over R.

Since R is a UFD, the element 7 is limit-intersecting over R by Remark 21.17.
This completes the proof of Theorem 21.19. O

REMARK 21.25. With notation as in Theorem 21.19, let u, v be indeterminates
over Q[[z,y,z]]. Then the height-one prime ideal Q@ = (u — 7) in Q[[z, v, z,u]] is
in the generic formal fiber of the excellent regular local ring R[u](y,y. - ) and the
intersection domain

K(u)nQlz,y,zu/Q= K(r)N R,
where K is the fraction field oAf R, fails to be Noetherian. In a similar fashion
this intersection ring K(7) N R may be identified with the following ring: Let

U= (u — 7,9 — o) be the height-two prime ideal in Q[[z,y, z, u, v]] which is in the
generic formal fiber of the polynomial ring Q[z,y, 2, u, V] (3,4, u,0)- Then we have:

Qz,y,2,u,v) N ((Q[[z,y, 2, u,0]])/U) = K(T) N R,
and as shown in Theorem 21.19, this ring is not Noetherian. We do not know an
example of a height-one prime ideal W in the generic formal fiber of a polynomial
ring T for which the intersection ring A = Q(T) N (T'/ /V[7) fails to be Noetherian.
In Chapter intsec we present an example of such an intersection ring A whose
completion is not equal to ﬁ however in this example the ring A is still Noetherian.

21.4. Several additional examples

Let R = Q[z, y](4,y), the localized polynomial ring in two variables 2 and y over
the field Q of rational numbers. Then R = Q[[x, y]], the formal power series ring
in z and y, is the m = (z,y)R-adic completion of R. In Chapter 19, an element
TEMmM= (x,y)f% is defined to be residually algebraically independent over R if
7 is algebraically independent over R and for each height-one prime P of R such
that P N R # (0), the image of 7 in E/ P is algebraically independent over the
fraction field of R/(}A)ﬂ R). It is shown in Theorem 19.27 of Chapter 19, that if 7 is
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residually algebraically independent over R and L is the field of fractions of R[7],
then L N R is the localized polynomial ring R[T](m,r)-

In this section we present several examples of residually algebraically indepen-
dent elements.

EXAMPLE 21.26. For S := Q[z,¥, 2](5,y,), the construction of Theorem 7.12

yields an example of a height-one prime ideal Pof§ = Q[[z,y, 2]] in the generic
formal fiber of S such that
o(S)N(S/P) = 5.

PROOF. Let P := (z — ) C Q[[z,, 2]], where 7 is as in Theorem 7.12. Then
Q(z,y,2) N (S/P) can be identified with the intersection Q(z,y,7) N Q[[z,y]] of
(6.1). Therefore

Q(m,y,z) N (S/P) =5= Q[xayaz](x,y,z)-
(]

With S = Q[z, ¥, 2](s,y,-), every prime ideal of S = Q[[z, y, z]] that is maximal
in the generic formal fiber of S has height 2. Thus the prime ideal P is not maximal
in the generic formal fiber of S = Q[z,y, 2](z.y,2)-

REMARK 21.27. Let (R, m) be a localized polynomial ring over a field and let
R denote the m-adic completion of R. It is observed in [49, Theorem 2.5] that there
exists a one-to-one correspondence between prime ideals p of R that are maximal
in the generic formal fiber of R and DVRs C' such that C birationally dominates
R and C/mC is a finitely generated R-module. Example 21.26 demonstrates that
this strong connection between the maximal ideals of the generic formal fiber of a
localized polynomial ring R and certain birational extensions of R does not extend
to prime ideals nonmaximal in the generic formal fiber R.

EXAMPLE 21.28. Again let S = Q[z,y, 2](z,y,). With a slight modification of
Example 21.26, we exhibit a prime ideal P in the generic formal fiber of S which
does correspond to a nontrivial birational extension; that is, the intersection ring

A:=0Q(S)NS/P
is essentially finitely generated over S.

PROOF. Let 7 be the element from Theorem 7.12. Let P = (z — a1) C
Q[[z,y,z]]. Since 7 is transcendental over Q(zx,y,z), the prime ideal P is in
the generic formal fiber of S. The ring S can be identified with a subring of
S/P =~ Q[[z, y]] by considering S = Q[z,y, TT](z,y,0r)- By reasoning similar to that
of Example 21.26,

Q(S) N Q[[xvy]] = Q(1'7y, T) N Q[[mvyﬂ = Q[x7y77_](1»y77')'

The ring Q[x, ¥y, 7](z,y,-) is then the essentially finitely generated birational exten-
sion of S defined as S[z/x](z .- /2)- O

EXAMPLE 21.29. Let 0 € zQ[[z]] and p € yQ|[y]] be as in Theorem 7.12. If
D :=Q(x,0)NQ[[z]] = U,~; Qz,0n](z,0,) and T := Dl[y] (s ), so T is regular local

with completion T = Q[[z,y]], then the element p is primarily limit-intersecting in
y over T'.
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PrOOF. We show that the map ¢, : T[p] — Q[[z,y]][1/y] is LFy; that is,
the induced map ¢ : Tp] g, — Qllz,yl]p is flat for every height-one prime

ideal P of Q[[z,y]] with y ¢ P. It is equivalent to show for every height-one
prime P of Q[[z, y]] that P N T[p] has height < 1. If P = (x), the statement is
immediate, since p is algebraically independent over Q(y). Next we consider the
case PN Qlz,y,0] = (0). Since Q(z,y,0) = Q(x,y,0y,) for every positive integer
n, Pn Q[z,y,0] = (0) if and only if PN Qlz,y,0,] = (0). Moreover, if this is true,
then since the fraction field of T[p] has transcendence degree one over Q(z,y, o),
then ﬁﬂT[p] has height < 1. The remaining case is where P := ﬁﬂQ[:m y, o] # (0)
and zy ¢ P. By Proposition 6.3, p is transcendental over T = T/(ﬁ NT), and this
is equivalent to ht(P N T[r]) = 1. O

Still referring to p, o, 0, as in Theorem 7.12 and Example 21.29, and using that
o is primarily limit-intersecting in y over 7', we have:

A= Q(T)(p) N Q[[l‘,y]] = hﬂT[pn](x,y,pn) = liﬂ@[l‘7y70n7pn}(ir,y’anspn)

where the endpieces p, are defined as in Section 6.1; viz., p := > > by’ and

Pn = Den 41 b;y"~™. The philosophy here is that sufficient “independence” of
the algebraically independent elements o and p allows us to explicitly describe the
intersection ring A.

The previous examples have been over localized polynomial rings, where we are
free to exchange variables. The next example shows, over a different regular local
domain, that an element in the completion with respect to one regular parameter
x may be residually limit-intersecting with respect to x whereas the corresponding
element in the completion with respect to another regular parameter y may be
transcendental but fail to be residually limit-intersecting.

EXAMPLE 21.30. There exists a regular local ring R with R = Q[[z,y]] such
that 0 = e® — 1 is residually limit-intersecting in = over R, whereas v = e¥ — 1 fails
to be limit-intersecting in y over R.

PRrOOF. Let {w;};er be a transcendence basis of Q[[z]] over Q(x) such that:

{emn tnen € {witier-

Let D be the discrete valuation ring:

D = Q(x, {witicrwizer) N Q[[]].
Obviously, Q[[z]] has transcendence degree 1 over D. The set {e*} is a transcen-
dence basis of Q[[z]] over D. Let R = D[y](y,)-

By Remark 21.12.1, the element 0 = e* — 1 is primarily limit-intersecting and
hence residually limit-intersecting in x over D. Moreover, by Remark 21.12.2, ¢ is
also primarily and hence residually limit-intersecting over R := D[y],,,). However,
the element v = e¥ — 1 is not residually limit-intersecting in y over R. To see
this, consider the height-one prime ideal P := (y — 2?)Ql[[x,y]]. The prime ideal
W := PN R[7](3,,-) contains the element v — ¢® —1=¢Y —e® . Therefore W has
height greater than one and ~ is not residually limit-intersecting in y over R. [J

Note that the intersection ring Q(R)(7) N Q[[z,y]] is a regular local ring with
completion Q[[z,y]] by Theorem 4.2, a theorem of Valabrega.



CHAPTER 22

Rings between excellent normal local domains and
their completions II

Let (R,m) be an excellent normal local domain. Let y be a nonzero element
in m and let R* denote the (y)-adic completion of R. In this chapter we consider
certain extension domains A inside R* arising from Inclusion Construction 5.3 and
Homomorphic Image Construction 5.4. We use test criteria given in Theorem 11.3,
Theorem 11.4 and Corollary 11.5, involving the heights of certain prime ideals to
determine flatness for the map ¢ defined in Equation 22.1.0. These characteriza-
tions of flatness involve the condition that certain fibers are Cohen-Macaulay and
other fibers are regular.

We give in Theorem 22.12 and Remarks 22.14 necessary and sufficient condi-
tions for an element 7 € yR* to be primarily limit-intersecting in y over R; see
Remark 22.2. If R is countable, we prove in Theorem 22.19 the existence of an in-
finite sequence of elements of yR* that are primarily limit-intersecting in y over R.
Using this result we establish the existence of a normal Noetherian local domain
B such that: B dominates R; B has (y)-adic completion R*; and B contains a
height-one prime ideal p such that R* /pR* is not reduced. Thus B is not a Nagata
domain and hence is not excellent; see Remark 3.29.

In Section 22.3 we observe that every Noetherian local ring containing an ex-
cellent local subring R and having the same completion as R has Cohen-Macaulay
formal fibers. This applies to examples obtained by Inclusion Construction 5.3; see
Corollary 22.23. It does not apply to examples obtained by Homomorphic Image
Construction 5.4. In Remark 22.25, we discuss connections with a famous example
of Ogoma.

We present in Section 22.4 integral domains B and A arising from Inclusion
Construction 5.3 and C' arising from Homomorphic Image Construction 5.4. In
Theorems 22.27 and 22.28 we show that A and B are non-Noetherian and B C A.
We establish in Theorem 22.30 that the domain C' is a two-dimensional Noetherian
local domain, C' is a homomorphic image of B and C' has the property that its
generic formal fiber is not Cohen-Macaulay.

22.1. Primarily limit-intersecting extensions and flatness

In this section, we consider properties of Inclusion Construction 5.3 under the
assumptions of Setting 22.1.

SETTING 22.1. Let (R,m) be an excellent normal local domain and let y be
a nonzero element in m. Let (R*,m*) be the (y)-adic completion of R and let
(R,m) be the m-adic completion of R. Thus R* and R are normal Noetherian
local domains and R is the m*-adic completion of R*. Let 7y,...,7s be elements
of yR* that are algebraically independent over R, and set Uy = S := R[r,...,Ts].

219
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The field of fractions L of S is a subfield of the field of fractions Q(R*) of R*.
Define A := L N R*.

REMARK 22.2. The Noetherian Flatness Theorem 8.8 implies that A = LN R*
is both Noetherian and a localization of a subring of S[1/y] if and only if the
extension ¢ is flat, where

(22.1.0) p: S — R[1/y]

By Definition 21.9.3, the elements 7, ...,7s are primarily limit-intersecting in y
over R if and only if ¢ is flat.

THEOREM 22.3. Assume notation as in Setting 22.1. That is, (R, m) is an
excellent normal local domain, y is a nonzero element in m, (R*, m*) is the (y)-adic
completion of R, and the elements T1,...,7s € yR* are algebraically independent
over R. Then the following statements are equivalent:

(1) S:=R[r,...,7s) — R*[1/y] is flat. Equivalently, 11,...,7s are primarily
limit-intersecting in y over R*.
(2) For P a prime ideal of S and Q* a prime ideal of R* minimal over PR*,
if y ¢ Q*, then ht(Q*) = ht(P).
(3) If Q* is a prime ideal of R* with y ¢ Q*, then ht(Q*) > ht(Q* N S).
Moreover, if any of (1)-(3) hold, then S — R*[1/y| has Cohen-Macaulay fibers.

PrOOF. By Remark 22.2; we have the equivalence in item 1.

(1) = (2): Let P be a prime ideal of S and let Q* be a prime ideal of R* that
is minimal over PR* and is such that y ¢ @*. The assumption of item 1 implies
flatness of the map:

Y+ SQ*QS — R*Q*.
By Remark 2.21.10, we have Q* NS = P, and by [89, Theorem 15.1], ht @* = ht P.

(2) = (3): Let Q* be a prime ideal of R* with y ¢ Q*. Set @ := Q* NS and let
w* be a prime ideal of R* that is minimal over Q R* and is contained in Q*. Then
ht(Q) = ht(w*) by (2) since y ¢ w* and therefore ht(Q*) > ht(Q).

(3) = (1): Let Q* be a prime ideal of R* with y ¢ Q*. Then for every
prime ideal w* of R* contained in Q*, we also have y ¢ w*, and by (3), ht(w*) >
ht(w* N S). Therefore, by Theorem 11.4, g« : Sg-ns — R is flat with Cohen-
Macaulay fibers. O

With notation as in Setting 22.1, the map R* — R is flat. Hence the corre-

sponding statements in Theorem 22.3 with R* replaced by R also hold. We record
this as

COROLLARY 22.4. Assume notation as in Setting 22.1. Then the following
statements are equivalent:
(1) S:=Rlm,..., 7] = R[1/y] is flat.
(2) For P a prime ideal of S and Q a prime ideal of R minimal over PR, if
y ¢ Q, then ht(Q) = ht(P).
(3) If Q is a prime ideal of R with y ¢ Q, then ht(Q) > ht(Q N S).
Moreover, if any of (1)-(8) hold, then S — ﬁ[l/y] has Cohen-Macaulay fibers.

As another corollary to Theorem 22.3, we have the following result:
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COROLLARY 22.5. With the notation of Theorem 22.3, assume that R[1/y] is
flat over S. Let P € Spec S with ht(P) > dim(R). Then

(1) For every @ € Specﬁ minimal over PR we have Yy € @
(2) Some power of y is in PR.

ProOF. Clearly items 1 and 2 are equivalent. To prove these hold, suppose
that y ¢ Q. By Theorem 22.3.2, ht(P) = ht(Q). Since dim(R) = dim(R), we have
ht(@) > dim(ﬁ). But then ht(@) = dim(}/%) and @ is the maximal ideal of R. This
contradicts the assumption that y ¢ @ We conclude that y € @ O

Theorem 22.3, together with results from Chapter 8, gives the following corol-
lary.

COROLLARY 22.6. Assume notation as in Setting 22.1, and consider the fol-
lowing conditions:

(1) A is Noetherian and is a localization of a subring of S[1/y].
(2) S — R*[1/y] is flat.
(3) S — R*[1/y] is flat with Cohen-Macaulay fibers.
(4) For every Q* € Spec(R*) with y ¢ Q*, we have ht(Q*) > ht(Q* N S).
(5) A is Noetherian.
(6) A— R* is flat.
(7) A= R*[1/y] is flat.
(8) A<= R*[1/y] is flat with Cohen-Macaulay fibers.
Conditions (1)-(4) are equivalent, conditions (5)-(8) are equivalent and (1)-(4) im-

ply (5)-(8).

PROOF. Item 1 is equivalent to item 2 by Noetherian Flatness Theorem 8.3,
item 2 is equivalent to item 3 and item 7 is equivalent to item 8 by Theorem 11.4,
and item 2 is equivalent to item 4 by Theorem 22.3.

It is obvious that item 1 implies item 5. By Construction Properties Theo-
rem 6.19.4, the ring R* is the y-adic completion of A, and so item 5 is equivalent
to item 6. By Lemma 8.2).1, item 6 is equivalent to item 7. ([l

REMARKS 22.7. (i) With the notation of Corollary 22.6, if dim A = 2, it follows
that condition (7) of Corollary 22.6 holds. Since R* is normal, so is A. Thus if
Q* € Spec R* with y & Q*, then Ag-n4 is either a DVR or a field. The map
A— Rg). factors as A— Agrna — Rg.. Since R{)- is a torsionfree and hence flat
Aq+na-module, it follows that A — Rp,. is flat. Therefore A — R*[1/y] is flat and
A is Noetherian.

(ii) There exist examples where dim A = 2 and conditions (5)-(8) of Corollary 22.6
hold, but yet conditions (1)-(4) fail to hold; see Theorem 4.12.

QUESTION 22.8. With the notation of Corollary 22.6, suppose for every prime
ideal @* of R* with y ¢ Q* that ht(Q*) > ht(Q* N A). Does it follow that R* is
flat over A or, equivalently, that A is Noetherian?

Theorem 22.3 also extends to give equivalences for the locally flat in height k
property; see Definitions 21.1.

THEOREM 22.9. Assume notation as in Setting 22.1. That is, (R,m) is an
excellent normal local domain, y is a nonzero element in m, (R*, m™*) is the (y)-adic
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completion of R, and the elements 11,...,7s € yR* are algebraically independent
over R. Then the following statements are equivalent:
(1) S:=R[n,..., 7] = R[1/y] is LF;.
(2) If P is a prime ideal ofS and Q is a prime ideal ofR minimal over PR
and if, moreover, y ¢ Q and ht(Q) <k, then ht(Q) = ht(P).
(3) If @ is a prime ideal of R with y ¢ @ and ht(@) < k, then ht(@) >
ht(Q N S).

PRrROOF. (1) = (2): Let P be a prime ideal of S and let Q be a prime ideal of
R that is minimal over PR with y ¢ Q and ht(Q) < k. The assumption of item 1
implies flatness for the map:

QDQ : SQOS — R@,
and we continue as in Theorem 22.3.

(2) = (3): Let Q be a prime ideal of R with y ¢ Q and ht(Q) < k. Set
Q Q NS and let W be a prime ideal of R which i is minimal over QR and so that
W C Q. Then ht(Q) ht(W) by item 2 since y ¢ W and therefore ht(Q) > ht(Q).

(3) = (1): Let Q be a prime ideal of R with y ¢ Q and ht(Q) < k. Then for
every prime ideal W contained in Q, we also have y ¢ W and ht(W) > hic\(W ns),

by item 3. To complete the proof it suffices to show that ©5 SQms — R@ is flat,
and this is a consequence of Theorem 11.4. O

22.2. Existence of primarily limit-intersecting extensions

In this section, we establish the existence of primary limit-intersecting elements
over countable excellent normal local domains. To do this, we use the following
prime avoidance lemma that is analogous to Lemma 19.18, but avoids the hypothesis
of Lemma 19.18 that T is complete in its n-adic topology. See the articles [17],
[133] and the book [80, Lemma 14.2] for other prime avoidance results involving
countably infinitely many prime ideals.

LEMMA 22.10. Let (T,n) be a Noetherian local domain that is complete in the
(y)-adic topology, where y is a nonzero element of n. Let U be a countable set of
prime ideals of T such that y & P for each P € U, and fiz an arbitrary element
t € n\n%. Then there exists an element a € y*T such thatt—a ¢ J{P: P € U}.

PrOOF. We may assume there are no inclusion relations among the P € U. We
enumerate the prime ideals in U as {P;}$2,. We choose by € T so that t —boy & Py
as follows: (i) if t € Py, let by = 1. Since y & P;, we have t —y? & Py. (i) if t € Py,
let by be a nonzero element of P,. Then t — byy? & P,. Assume by induction that
we have found by, ...,b, in T such that

t—cy? = t—boy’ — - —byy" & PLU---UP,_.
We choose b, 1 € T so that t —cy? — b, 19" & Ui, P as follows: (i) if ¢t — cy? €
P,, let by, € (1—[?:—11 P) \ P,. (ii) if t — cy?® € Py, let b,,1 be any nonzero
element in H;L=1 P;. Hence in either case there exists b,11 € T so that
t—boy? — - — byt €PLU---UP,.
Since T is complete in the (y)-adic topology, the Cauchy sequence

{boy® + -+ by 102
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has a limit @ € n%. Since T is Noetherian and local, every ideal of T is closed in
the (y)-adic topology. Hence, for each integer n > 2, we have

b=a = (t=boy? = = buy") = sy +o0),

where t —boy? —- - —bpy" € P,_1 and (bn+1y”+1 +---) € P,_1. We conclude that
t—a g U;)il PZ U

We use the following setting to describe necessary and sufficient conditions for
an element to be primarily limit-intersecting.

SETTING 22.11. Let (R, m) be a d-dimensional excellent normal local domain
with d > 2, let y be a nonzero element of m and let R* denote the (y)-adic
completion of R. Let t be a variable over R, let S := R[t|(m ), and let S* denote
the I-adic completion of S, where I := (y,%)S. Then S* = R*[[t]] is a (d + 1)-
dimensional normal Noetherian local domain with maximal ideal n* := (m,t)S*.
For each element a € y2S*, we have S* = R*[[t]] = R*[[t — a]]. Let \, : S* — R*
denote the canonical homomorphism S* — S*/(t—a)S* = R*, and let 7, = A\ (t) =
Aa(a). Consider the set

U = {P* e SpecS* | ht(P*NS) =ht P*, and y ¢ P* }.

Since S — S* is flat and thus satisfies the going-down property, the set ¢/ can also
be described as the set of all P* € Spec S* such that y ¢ P* and P* is minimal
over PS* for some P € Spec S, see [89, Theorem 15.1]

THEOREM 22.12. With the notation of Setting 22.11, the element 1, is primar-
ily limit-intersecting in y over R if and only if t —a ¢ J{P* | P* € U}.

PrOOF. Consider the commutative diagram:

S=Rifjmy —— 5 =Rt —— S1/y]

.| .|

R —=— Ry = Rl7a)(myr) —— R* —= 5 R*[1/y).

Diagram 22.12.0

The map Ag denotes the restriction of A\, to S.

Assume that 7, is primarily limit-intersecting in y over R. Then 7, is alge-
braically independent over R and Ay is an isomorphism. If ¢t — a € P* for some
P* € U, we prove that ¢ : Ry — R*[1/y] is not flat. Let Q* := A\,(P*). We have
ht @* = ht P* — 1, and y ¢ P* implies y ¢ Q*. Let P:= P*NS and Q := Q* N R;.
Commutativity of Diagram 22.12.0 and g an isomorphism imply that ht P = ht Q.
Since P* € U, we have ht P = ht P*. Tt follows that ht @ > ht @*. This implies
that ¢ : Ry — R*[1/y] is not flat.

For the converse, assume that t —a ¢ |J{P* | P* € U}. Since a € y>S* and S*
is complete in the (y,t)-adic topology, we have S* = R*[[t]] = R*[[t — a]]. Thus

p = ker(Ay) = (t—7)5" = (t—a)S*

is a height-one prime ideal of S*. Since y € R and pN R = (0), we have y ¢ p.
Since t — a is outside every element of I, we have p ¢ U. Since p does not fit
the condition of U, we have ht(pN.S) # htp = 1, and so, by the faithful flatness of
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S <— S5* pNS =(0). Therefore the map Ao : S — R; has trivial kernel, and so Ao
is an isomorphism. Thus 7, is algebraically independent over R.

Since R is excellent and R; is a localized polynomial ring over R, the hypotheses
of Corollary 11.5 are satisfied. It follows that the element 7, is primarily limit-
intersecting in y over R provided that ht(Qf N R;) < ht Q7 for every prime ideal
Q7 € Spec(R*[1/y]), or, equivalently, if for every @* € Spec R* with y ¢ Q*, we
have ht(Q*NR;) < ht Q*. Thus, to complete the proof of Theorem 22.12; it suffices
to prove Claim 22.13. ]

CLAIM 22.13. For every prime ideal Q* € Spec R* with y ¢ Q*, we have
ht(Q* N Ry) < ht Q™.

PROOF. (of Claim 22.13) Since dim R* = d and y ¢ Q*, we have ht Q* = r <
d — 1. Since the map R < R* is flat, we have ht(Q* N R) < ht Q* = r. Suppose
that @ := @* N Ry has height at least r + 1 in Spec R;. Since R; is a localized
polynomial ring in one variable over R and ht(Q N R) < r, we have ht(Q) = r + 1.
Let P:=)\;"(Q) € SpecS. Then ht P =r 4+ 1 and y ¢ P.

Let P* := A\;1(Q*). Since the prime ideals of S* that contain ¢t — a and have
height 7 + 1 are in one-to-one correspondence with the prime ideals of R* of height
r, we have ht P* = r + 1. By the commutativity of the diagram, we also have
y ¢ P*and P C P*NS, and so

r+1=htP <ht(P*NS)<htP*=r+1,

where the last inequality holds because the map S «— S* is flat. It follows that
P =P*NS, and so P* € U. This contradicts the fact that t — a ¢ Py for each
Pf € U. Thus we have ht(Q* N Ry) < r = ht Q*, as asserted in Claim 22.13. This
completes the proof of Theorem 22.12. (I

Theorem 22.12 yields a necessary and sufficient condition for an element of R*
that is algebraically independent over R to be primarily limit-intersecting in y over
R.

REMARKS 22.14. Assume notation as in Setting 22.11.

(1) For each a € y2S* as in Setting 22.11, we have (t — a)S* = (t — 7,)5*.
Hence t —a ¢ | J{P* | P* cU} <= t—1,¢J{P* | P* eU}.
(2) If a € R*, then the commutativity of Diagram 22.12.0 implies that 7, = a.
(3) For 7 € R*, we have 7 = ag + a1y + 7', where ag and a; are in R and
' € y?R*.
(a) The rings R[r] and R[r'] are equal. Hence 7 is primarily limit-
intersecting in y over R if and only if 7/ is primarily limit-intersecting
in y over R.
(b) Assume 7 € R* is algebraically independent over R. Then 7 is pri-
marily limit-intersecting in y over R if and only if t—7" ¢ |J{P* | P* €
Ui.
Item 3b follows from Theorem 22.12 by setting a = 7’ and applying item 3a
and item 2.

We use Theorem 22.12 and Lemma 22.10 to prove Theorem 22.15.
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THEOREM 22.15. Let (R, m) be a countable excellent normal local domain with
dimension d > 2, and let y be a nonzero element in m. Let R* denote the (y)-
adic completion of R. Then there exists an element T € yR* that is primarily
limit-intersecting in y over R.

PROOF. As in Setting 22.11, let
U := {P*€SpecS™ | t(P*NS)=htP*, andy ¢ P* }.

Since the ring S is countable and Noetherian, the set I/ is countable. Lemma 19.18
implies that there exists an element a € y2S* such that t — a ¢ [J{P* | P* € U}.
By Theorem 22.12, the element 7, is primarily limit-intersecting in y over R. [

To establish the existence of more than one primarily limit-intersecting element
we use the following setting.

SETTING 22.16. Let (R, m) be a d-dimensional excellent normal local domain,
let y be a nonzero element of m and let R* denote the (y)-adic completion of R.
Let t1,...,t,41 be indeterminates over R, and let S,, and S, 11 denote the localized
polynomial rings

Sn = Rlt1,.. tol(mit,..tn) and  Snp1 = Rlt1, ... togi]imty,.tni)-

Let S* denote the I,-adic completion of S,,, where I, := (y,t1,...,t,)S,. Then
S¥ = R*[[t1,...,tn]] is a (d + n)-dimensional normal Noetherian local domain with
maximal ideal n* = (m,¢y,...,t,)S}. Assume that 7y,...,7, € yR* are primarily
limit-intersecting in y over R, and define A : S — R* to be the R* algebra
homomorphism such that A(t;) = 7, for 1 <i <mn.

Since S¥ = R*[[t1 — T1,-..,tn — Tn]], we have p,, :=ker A = (t1 — 71,...,tp —
Tn)S%. Consider the commutative diagram:

S = Rlt1, - bl mtrot) ——— S5 = R¥[[t1, ..., tn]] —— S:[1/y]
el y
R —5— Ry =R, Toltmmm) —s R* — 2 R¥[1/y).
Let Sy, | denote the I,,41-adic completion of Sy, 41, where Iy, 11 := (y,t1,...,tpny1)Snt1-
For each element a € yS}: ,, we have Sk, = Sk[[tni1]] = Si[[tns1 — a]]. Let

Mg 0 S — R* denote the composition

* * SZ n _ * A *
e = Silltan]] el — 5p — R,

and let 7, := Ay(tpy1) = Aa(a). We have ker Ay = (Pp,tny1 — a)S;, ;. Consider
the commutative diagram

< <

Sn, Sy :L-‘rl S;;+1[1/y]
N
R—S=> R, 2R =4 R R*[1/y).

Diagram 22.16.0
Let
S = {PeSpecSyy1 | t P<d and y ¢ P},
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and define
U = {P" €SpecS; ;| P"NS,41 =P €S and P* is minimal over ((P,py)S; 1}
Notice that y ¢ P* for each P* € U, since y € R implies \,(y) = .

THEOREM 22.17. With the notation of Setting 22.16, the elements Ty, ...,Tn, Ta
are primarily limit-intersecting in y over R if and only if t,41 —a ¢ J{P* | P* €
ut.

PROOF. Assume that 7,...,7,, 7, are primarily limit-intersecting in y over R.
Then 7y,...,7,,7, are algebraically independent over R. Consider the following
commutative diagram:

c
Sne1 = R[t1,. . toiilmtr,tnsy) — Snyr = R [t1, .+, tag1]]

| .

R i} Rn+1 = R[Tl, ey Ta](m,‘rl,...ﬂ'a) R*.

Diagram 22.17.0

The map A; is the restriction of A, to S,,+1, and is an isomorphism since

Ti,...,Tn,Tq are algebraically independent over R.
If t,,11 —a € P* for some P* € U, we prove that ¢ : R, 11 — R*[1/y] is not flat,
a contradiction to our assumption that 71, ..., 7,, 7, are primarily limit-intersecting.

Since P* € U, we have p,, C P*. Then t,11 —a € P* implies ker A\, C P*. Let
Ao(P*) := Q*. Then \;1(Q*) = P* and ht P* = n+ 1 + ht Q*. Since P* € U,
we have y ¢ P*. The commutativity of Diagram 22.17.0 implies that y ¢ Q*.
Let P:= P*NS,41 and let Q := Q* N R,,+1. Commutativity of Diagram 22.17.0
and \¢ an isomorphism imply that ht P = ht (). Since P* is a minimal prime of
(P,pn)S; 41 and py, is n-generated and S}, ; is Noetherian and catenary, we have

n

ht P* < ht P +n. Hence ht P > ht P* — n. Thus
ht@Q = htP > htP*—n = htQ"+n+1—-—n = htQ* + 1.

The fact that ht Q > ht @* implies that the map R,,+1 — R*[1/y] is not flat.

For the converse, assume that t,11 —a ¢ [J{P* | P* € U}. Since A\, : S}, | —
R* is an extension of A : S} — R* as in Diagram 22.16.0, we have ker A,NS,, = (0).
Let p := (""" —a)Si, = (t"™ — 7,)S%,,. Then y ¢ p, since y € R and
pNR=(0).

We prove that pN.S,+1 = (0). If pNSy+1 # (0), then pN.Sy,41 is a height-one
prime ideal of S, 1, by the faithful flatness of S;; | over S,;;. Thus it suffices to
show that q ¢ p, for each height-one prime q of S,41.

Let q € SpecS,+1 with htq = 1. If y € q, then q is not contained in p
because y ¢ p. In case y ¢ q, we suppose that q C p and we choose a prime ideal
P* € Spec Sy, such that P* is minimal over (p,pn)S; ;. Then P* has height
n + 1, since ht(p,S;;, 1) = n, Sny1 N (PrS;41) = (0) and Sj;,; is catenary. Thus
P* is minimal over (q,p,)S; 1, and so P* is an element of /. By Lemma 19.18,
the1 —a ¢ P*, a contradiction. It follows that q ¢ p in this case also. Therefore
pPNSnt+1 = (0). Thus ker Ay = (0), and so Ay in Diagram 22.17.0 is an isomorphism.
Therefore 7, is algebraically independent over Rj.

Since R is excellent and R, 1 is a localized polynomial ring in n + 1 variables
over R, the hypotheses of Corollary 11.5 are satisfied. It follows that the elements
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Ti,...,Tn,Tq are primarily limit-intersecting in y over R if for every @Q* € Spec R*
with y ¢ Q*, we have ht(Q* N R,,+1) < htQ*. Thus, to complete the proof of
Theorem 22.17, it suffices to prove Claim 22.18. (]

Cramm 22.18. Let Q* € Spec R* with y ¢ Q* and ht Q* = r. Then
ht(Q* N Rpt1) < 1

PRrROOF. (of Claim 22.18) Let Q1 := Q*NR,4+1 and let Q¢ := Q*NR,,. Suppose
ht @, > r. Notice that r < d, since d = dim R* and y ¢ Q*.
Since 7, ..., 7, are primarily limit-intersecting in y over R, the extension

R, = R[T1, cee 77—n](m,7'1,...,7'n) — R*[l/y]

from Diagram 22.16.0 is flat. Thus ht Q¢ < r and ht Qg < ht L* for every prime
ideal L* of R* with QoR* C L* C @Q*. Since R, 41 is a localized polynomial ring
in the indeterminate 7, over R,, we have that ht )1 < ht Q¢ +1 = r + 1. Thus
ht Q1 =7+ 1 and ht Q¢ = r. It follows that Q* is a minimal prime of Qo R*.

Let h(1,) be a polynomial in

(Q" N Ry7a]) \ (Q° N Ry) Ry

It follows that @Q*NR,,4+1 := @1 is a minimal prime of the ideal (Q*NR,,, h(7,)) Rnt1-
With notation from Diagram 22.16.0, define

Py = X\ H(Qo) and Pf = A"HQ").

Since \g is an isomorphism, Py is a prime ideal of S,, with ht Py = r. Moreover, we
have the following;:
(1) P§ NS, = Py (by commutativity in Diagram 22.16.0),
(2) y ¢ By (by item 1),
(3) P is aminimal prime of (Py, pr)S; (since S¥/p, = R* in Diagram 22.16.0,
and Q* is a minimal prime of Qo R*)
(4) ht Pf = n+r (by the correspondence between prime ideals of S} contain-
ing p,, and prime ideals of R*).

Consider the commutative diagram below with the left and right ends identified:

Sty Sz S —— Sy —— Si,
Aal )\l Ao,%l Al,%l )\al
R* R* R, — Ry, —— R,

Diagram 22.18.0
where A\, \g and A; are as in Diagrams 22.16.0 and 22.17.0, and so )\, restricted to
S¥is \. Let h(tpy1) = A (h(7.)) and set
Py = A\ YQ1) € Spec(S,i1), and P* = \;}(Q*) e St

Then P; is a minimal prime of (Po, h(tn+1))Sn+1, since 1 is a minimal prime
of (Qo,(74))Rn+1. Since @ C Q*, we have h(t,4+1) € P* and P, S; , C P*
because g (h(tn+1)) = A (h(tnt1)) = h(7e) € Q1 and Ao (P1) = M (P1) = Q1. By
the correspondence between prime ideals of S} | containing ker(\) = p,41 and
prime ideals of R*, we see

htP* =htQ* +n+1=r+n+1.
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Since A\, (FPy) € Q*, we have Py C P*, but h(t,41) ¢ Py implies h(t,41) € P3Sy1-
Therefore
(Popu)Sin € St © (s hltas1))Sign € P*.

By items 3 and 4 above, ht P} = n + r and Fj is a minimal prime of (P, py)Sy.
Since ht P* = n+r+1, it follows that P* is a minimal prime of (P, h(tn41), Pn) Sy 1-
Since (Po, h(tn+1),Pn)Sni1 € (P1,Pn)S;1 C P*, we have P* is a minimal prime
of (P1,pn)S; ;1. But then, by the definition of U, t,,41 — a ¢ P*, a contradiction.
This contradiction implies that ht Q1 = r. This completes the proof of Claim 22.18
and thus also the proof of Theorem 22.17. O

We use Theorem 22.15, Theorem 22.17 and Lemma 22.10 to prove in Theo-
rem 22.19 the existence over a countable excellent normal local domain of dimension
at least two of an infinite sequence of primarily limit-intersecting elements.

THEOREM 22.19. Let R be a countable excellent normal local domain with di-
mension d > 2, let y be a nonzero element in the maximal ideal m of R, and let
R* be the (y)-adic completion of R. Let n be a positive integer. Then

(1) If the elements T1,...,7, € yR* are primarily limit-intersecting in y over
R, then there ezists an element 7,41 € yR* such that 11,...,Th41 are
primarily limit-intersecting in y over R.

(2) There exists an infinite sequence T1,...,Tn,... € yR* of elements that are
primarily limit-intersecting in y over R.

PRrROOF. Since item 1 implies item 2, it suffices to prove item 1. Theorem 22.15
implies the existence of an element 7, € yR* that is primarily limit-intersecting in
y over R. As in Setting 22.16, let

U = {P" €SpecS; ;| P"NSy41 =P €S and P* is minimal over ((P,py)S; 1}

Since the ring S, 11 is countable and Noetherian, the set I is countable. Lemma 19.18
implies that there exists an element a € y2S}_ | such that

tnyr —a ¢ | J{P* | P*eu}.

By Theorem 22.17, the elements 7, ..., 7,, 7, are primarily limit-intersecting in y
over R. (]

Using Theorem 22.15, we establish in Theorem 22.20, for every countable ex-
cellent normal local domain of dimension d > 2, the existence of a primarily limit-
intersecting element 1 € yR* such that the constructed Noetherian domain

B = A = R'NQ(R)
is not a Nagata domain and hence is not excellent.

THEOREM 22.20. Let R be a countable excellent normal local domain of dimen-
sion d > 2, let y be a nonzero element in the mazximal ideal m of R, and let R* be
the (y)-adic completion of R. There exists an element 1) € yR* such that

(1) n is primarily limit-intersecting in y over R.

(2) The associated intersection domain A := R* N Q(R[n]) is equal to its
approximation domain B.

(3) The ring A has a height-one prime ideal p such that R*/pR* is not re-
duced.
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Thus the integral domain A = B associated to n is a normal Noetherian local
domain that is not a Nagata domain and hence is not excellent.

PROOF. Since dim R > 2, there exists + € m such that ht(z,y)R = 2. By
Theorem 22.15, there exists 7 € yR* such that 7 is primarily limit-intersecting in
y over R. Hence the extension R[] — R*[1/y] is flat. Let n € N with n > 2, and
let  := (x + 7)™. Since 7 is algebraically independent over R, the element 7 is also
algebraically independent over R. Moreover, the polynomial ring R[7] is a free R[n]-
module with 1,7,...,7""! as a free module basis. Hence the map R[n] — R*[1/y]
is flat. It follows that 7 is primarily limit-intersecting in y over R. Therefore the
intersection domain A := R* N Q(R[n]) is equal to its associated approximation
domain B and is a normal Noetherian domain with (y)-adic completion R*. Since
7 is a prime element of the polynomial ring R[n] and B[1/y] is a localization of
RIn], it follows that nB := p is a height-one prime ideal of B. Since 7 € R*, and
n = (z + 7)", the ring R*/pR* contains nonzero nilpotent elements. This implies
that the normal Noetherian domain B is not a Nagata ring. O

Let d be an integer with d > 2. In Examples 13.7 we give extensions that satisfy
LF4_1 but do not satisfy LF4; see Definition 21.1. These extensions are weakly flat
but are not flat. In Theorem 22.21, we present a more general construction of
examples with these properties.

THEOREM 22.21. Let (R,m) be a countable excellent normal local domain.
Assume that dim R = d + 1 > 3, that (z1,...,z4,y)R is an m-primary ideal, and
that R* is the (y)-adic completion of R. Then there exists f € yR* such that f is
algebraically independent over R and the map ¢ : R[f] — R*[1/y] is weakly flat but
not flat. Indeed, ¢ satisfies LFq_1, but fails to satisfy LFy. Thus the intersection
domain A := Q(R[f]) N R* is equal to its approrimation domain B, but A is not
Noetherian.

PrROOF. By Theorem 22.19, there exist elements 7y,...,74 € yR* that are
primarily limit-intersecting in y over R. Let
f = xm +- -+ 2974
Using that 71, ..., 74 are algebraically independent over R, we regard f as a polyno-

mial in the polynomial ring T := R[71, ..., 74]. Let S := R[f]. For Q € Spec R*[1/y]
and P := Q NT, consider the composition g

S — Tp — R*[l/y}Q

Since 71, ..., T4 are primarily limit-intersecting in y over R, the map T < R*[1/y]
is flat. Thus the map ¢¢ is flat if and only if the map S — Tp is flat. Let
p:=PNR.

Assume that P is a minimal prime of (x1,...,24)7. Then p is a minimal
prime of (z1,...,24)R. Since T is a polynomial ring over R, we have P = pT and
ht(p) = d = ht P. Notice that (p, f)S = PN S and ht(p, f)S = d + 1. Since a flat
extension satisfies the going-down property, the map S — Tp is not flat. Hence
¢ does not satisfy LF.

Assume that ht P < d — 1. Then (z1,...,24)7T is not contained in P. Hence
(z1,...,24)R is not contained in p. Consider the sequence

S = R[f] © Rplf] % Rplr,....m) < Tp,
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where the first and last injections are localizations. Since the nonconstant coeffi-
cients of f generate the unit ideal of Ry, the map 1 is flat; see Theorem 11.20.
Thus ¢ satisfies LF4_1.

We conclude that the intersection domain A = R* N Q(R][f]) is equal to its
approximation domain B and is not Noetherian. (Il

22.3. Cohen-Macaulay formal fibers and Ogoma’s example

In Corollary 22.23 we observe that if R is excellent, then every Noetherian
example A obtained via Inclusion Construction 5.3 has Cohen-Macaulay formal
fibers. We observe in Remark 22.25 that this implies the non-Noetherian property
of a certain integral domain B that has Ogoma’s example as a homomorphic image.

The following is an analogue of [89, Theorem 32.1(ii)]. The distinction is that
we are considering regular fibers rather than geometrically regular fibers.

PROPOSITION 22.22. Suppose R, S, and T are Noetherian commutative rings
and suppose we have maps R — S and S — T and the composite map R — T.
Assume

(i) R — T is flat with regular fibers,
(ii) S = T is faithfully flat.
Then R — S is flat with reqular fibers.

As an immediate consequence of Theorem 11.4 and Proposition 22.22, we have
the following implication concerning Cohen-Macaulay formal fibers.

COROLLARY 22.23. FEwvery Noetherian local ring B containing an excellent local
subring R and having the same completion as R has Cohen-Macaulay formal fibers.
Thus the ring A of Setting 22.1 has Cohen-Macaulay formal fibers whenever A is
Noetherian.

REMARK 22.24. (Cohen-Macaulay formal fibers) Corollary 22.23 implies that
every Noetherian local ring B that has as its completion B the formal power se-
ries ring k[[z1,...,24]] and that contains the polynomial ring k[xi,...,z4] has
Cohen-Macaulay formal fibers. In connection with Cohen-Macaulay formal fibers,
Luchezar Avramov pointed out to us that every homomorphic image of a regular
local ring has formal fibers that are complete intersections and therefore Cohen-
Macaulay [42, (3.6.4), page 118]. Also every homomorphic image of a Cohen-
Macaulay local ring has formal fibers that are Cohen-Macaulay [89, page 181]. It
is interesting that while regular local rings need not have regular formal fibers, they
must have Cohen-Macaulay formal fibers.

REMARK 22.25. (Ogoma’s example) Corollary 22.23 sheds light on Ogoma’s
famous example [102] of a Nagata local domain of dimension three whose generic
formal fiber is not equidimensional.

Ogoma’s construction begins with a countable field k of infinite but countable
transcendence degree over the field Q of rational numbers. Let z, y, z, w be variables
over k, and let R = k[z,y, 2,w](s,y,2,u) be the localized polynomial ring. By a
clever enumeration of the prime elements in R, Ogoma constructs three power
series g, h,l € R= k[[x,y, z,w]] that satisfy the following conditions:

(a) g,h, ! are algebraically independent over k(z,y, z,w) = Q(R).
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(b) g, h, € are part of a regular system of parameters for R= klx,y, z, w]].

(c) If P = (g,h,f)R, then PN R = (0), i.e., P is in the generic formal fiber
of R.

(d) If I = (gh, g[)ﬁ’, and C = Q(R)N (ﬁ/[), then C is a Nagata local domain®
with completion C' = E/I

(e) It is then obvious that the completion C = R/I of C has a minimal
prime gR/I of dimension 3 and a minimal prime (h,¢)R/I of dimension
2. Thus C fails to be formally equidimensional. Therefore C' is not uni-
versally catenary [89, Theorem 31.7] and provides a counterexample to
the catenary chain condition.

Since C' is not universally catenary, C' is not a homomorphic image of a regular
local ring. There exists a local integral domain B that dominates R, has completion
R = k[[z,y, z,w]], and contains an ideal J such that C' = B/.J. If B were Noe-
therian, then B would be a regular local ring and C' = B/J would be universally
catenary. Thus B is necessarily non-Noetherian.

Theorem 11.4 provides a different way to deduce that the ring B is non-
Noetherian. To see this, we consider more details about the construction of B.
The ring B is defined as a nested union of rings:

Let A\ = gh and Ay = g¢ and define:

B= U R[Aln’ )\2”](55797271117)\171,/\2”) - k[[m,y,z,w]]

n=1

where the \;, are endpieces of the \;. The construction is done in such a way
that the A’s are in every completion of R with respect to a nonzero principal ideal.
By the construction of the power series g, h, ¢, for every nonzero element f € R
the ring B/fB is essentially of finite type over the field k. This implies that the
maximal ideal of B is generated by x,y, z, w and that the completion with respect
to the maximal ideal of B is the formal power series ring R = kllz,y, z,w]]. Let
K = k(z,y,z,w), then K ®p B is a localization of the polynomial ring in two
variables K[A1, Ao]. Recall that I = (A, \2)R and P = (g, h,)R. Let J = IN B.
Since PN R = (0) we see that J = PN B is a prime ideal such that J(K ®g B) is
a localization of the prime ideal (A1, A3) K[A1, A2]. Thus

J(K®rR) = (M, )(K ®g R)

and P is in the formal fiber of B/J. Since (R/I) 5 is not Cohen-Macaulay, Corol-
lary 22.23 implies that B is not Noetherian.

There is another intermediate ring between R and its completion k[[z,y, z, w]]
that carries information about C. This is the intersection ring:

A= ki(x, Y, z,w, A1, >‘2) N k[[x,y, va”

It is shown in [49, Claim 4.3] that the maximal ideal of A is generated by z,y, z, w,
and is shown in [49, Claim 4.4] that A is non-Noetherian.

1Ogoma [102, page 158] actually constructs C as a directed union of birational extensions
of R. He proves that C is Noetherian and that C = R/I. It follows that C = Q(R) N (R/I).
Heitmann observes in [73] that C is already normal.
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22.4. Examples not having Cohen-Macaulay fibers

In this section we adapt the two forms of the basic construction technique to
obtain three rings A, B and C' that we describe in detail. The setting is somewhat
similar to that of Ogoma’s example. It is simpler in the sense that it is fairly
easy to see that the ring C' that corresponds to the ring C' in Ogoma’s example is
Noetherian. Also C' is a birational extension of a polynomial ring in 3 variables
over a field. On the other hand this setting seems more complicated, since for A
and B (which are the two obvious choices of intermediate rings) the ring B maps
surjectively onto C, while A does not.

SETTING AND NOTATION 22.26. Let k be a field, and «,y, z variables over k.
Let 71, 72 € zk[[z]] be formal power series in 2 which are algebraically independent
over k(z). Suppose that

oo
T = Z ainx”, with a;, € k, fori=1,2.
n=1

The intersection ring V := k(z, 11, 72) N k[[z]] is a discrete valuation domain which
is a nested union of localized polynomial rings in 3 variables over k:
VvV =U,_, klz, T, Ton)(@,71p,720)> WHETE T1p, To,, are the endpieces:

o0
Tin = Zaijxj_"+1, foralln e N andi=1,2.
Jj=n

We now define a 3-dimensional regular local ring D such that: (i) D is a local-

ization of a nested union of polynomial rings in 5 variables, (ii) D has maximal

ideal (x,y, z)D and completion R= E[[z,y, 2]], and (iii) D dominates the localized

polynomial ring R := k[2, ¥y, 2](z,y,2):
oo

(22.41.1) D :=Vly,2l(ay,2) = Uwy.z)pnu, where U := U klx,y, 2, Tin, T2n)-
n=1

Moreover, D = k(x,y,z,71,72) N R (see Polynomial Example Theorem 9.2).

We consider the following elements of R:

si=y+7, t:=z4+m, p=s’=@w+n)? and o:=st=(y+71)(z+7).

The elements s and ¢ are algebraically independent over k(z,y, z) as are also the
elements p and o. The endpieces of p and o are given as

1 n .
o= eyt )~ (Y ae)?)
j=1
1 n ) n )
- _ ] e
on = ((y+71)(z +72) (y—l—;ahx )(Z‘i‘;a?ﬂj )-

The ideal I := (p, O’)ﬁ has height 1 and is the product of two prime ideals I = P Py
where P; := sR and P, = (s,t)ﬁ. Observe that P; and P, are the associated
prime ideals of I, and that P, and P» are in the generic formal fiber of R.

We now define rings A and C' as follows:

(22.4.1.2) A= Q(R)(p,0) Nkl[z,y,2l],  C:=Q(R)N (k[[z,y,z]]/1).
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In analogy with the rings D and U of (22.4.1.1), we have rings BC D and W C U
defined as follows:

(22.4.1.3)
B = Rlpn: 0nlwy.zpn0) = Wiaw.zypow, where W= | Klz,y, 2, pn, o).
ne1 n=1

It is clear that A, B and C are local domains and B C A with A birationally
dominating B. Moreover (z,y, z)B is the maximal ideal of B.

We show in Theorems 22.27 and 22.28 that A and B are non-Noetherian and
that B C A.AIn Theorem 22.30, we show that C is a Noetherian local domain with
completion C' = R/I such that C has a non-Cohen-Macaulay formal fiber.

THEOREM 22.27. With the notation of (22.26), the local integral domains B C
A both have completion R with respect to the powers of their maximal ideals. Also:
(1) We have PLNB =P, N B,
(2) B is a UFD,
(3) ht(Pr N B) > ht(Py) =1,
(4) B fails to have Cohen-Macaulay formal fibers, and
(5) B is non-Noetherian.
Proor. It follows from Construction Properties Theorem 6.19 that R is the
completion of both A and B.
For item 1, it suffices to show P,NW = P,NW. It is clear that P,NW C P,NW.
Let v € P, N W. Then there is an integer n € N such that z™v € k[z,y, z, p, o].
Thus
" = Zbijpiaj, where b;; € k[z,y, 2], foralli,jeN.

Since Py N k[x,y, 2] = (0) and since p,o0 € Py we have that bgy = 0. This implies
that v € P;. Thus item 1 holds.

For item 2, since B/xB = R/x R, the ideal B = q is a principal prime ideal in
B. Since B is dominated by R, we have N2 ,q" = (0). Hence Bq is a DVR. More-
over, by construction, B, is a localization of (By),, where By := R[p,0](4,y.2 p.0),
and (By)y is a UFD. Therefore B = B, N Bq is a UFD by Theorem 2.10.

For item 3, we have B, is a localization of the ring (By), and the ideal J =
(p,0)By is a prime ideal of height 2. Let Q@ = Py N B; then z ¢ Q and Bg = (By) ..
Therefore ht @@ = 2. Since P, = sR has height one, this proves item 3.

Item 3 implies item 5, since ht(P; N B) > ht P; implies that B — R fails to
satisfy the going down property, so R is not flat over B and B is not Noetherian.

For item 4, as we saw above, Qk|[[z,y, 2]]p, = (p,0)p, = Ip,. Thus Rp,/IRp,
is a formal fiber of B. Since k[[z,y, z]]/I = k[[z, s,t]]/(s?, st), we see that P,/I =
(s,t)R/(s2, st)R is an embedded associated prime of the ring kl[x,y,z]]/I. Hence
(k[[x,y, 2]]/I)p, is not Cohen-Macaulay and the embedding B — k[[z,y, z]] fails
to have Cohen-Macaulay formal fibers. This also implies that B is non-Noetherian
by Corollary 22.6. O

THEOREM 22.28. With the notation of Setting 22.26 we have:
(1) A is a local Krull domain with mazimal ideal (z,y, z)A and completion R,
(2) ANAC PNA, so BCA,
(3) A is non-Noetherian.
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PROOF. For item 1, it follows from Construction Properties Theorem 6.19 that
(z,y,2)A is the maximal ideal of A. By definition, A is the intersection of a field
with the Krull domain ﬁ; thus A is a Krull domain.

For item 2, let Q; := P; N A, for i = 1,2. Observe that

’/p = (z+7m)* =t € (Q\ B) \ Q.

For item 3, assume A is Noetherian. Then A is a regular local ring and the
embedding A —s R = k[[z,y, 2]] is flat. In particular, A is a UFD and the ideal
P:=sRNA= P N A is a prime ideal of height one in A. Thus P is principal.
We have that p = s € P and 02 = p(0?/p), therefore st = 0 € P. Let v be a
generator of P. Then v = sa where a is a unit in D C k[[z,y, z]]. We write:

(22.28.1) v=sa=h(p,0)/g9(p,0), where h(p,o), g(p,0) € Kkl[z,y,z][p,0].

Now a € D = U(w,y,z)DﬁUa S0 a = 91/923 where 91,92 € k[xayaszlnaTQnL for
some n € N, and g, as a power series in k[[x,y, z]] has nonzero constant term.
There exists m € N such that 2™g; := f; and z™gs := fy are in the poly-
nomial ring klx,y, z,71,72] = k[z,y, 2][s,t]. We regard f2(s,t) as a polynomial
in s and ¢ with coefficients in k[z,y,z]. We have fak[[z,y,z]] = a™k[z,y,2]] =
x™k[[z, s,t]]. Therefore fo & (s,t)k[[x,s,t]]. It follows that the constant term of
fa(s,t) € k[x,y, 2][s, t] is a nonzero element of k[x,y, z]. Since we have

" g1 _ ﬁ
gy fo

(22.28.2) 4=

and a is a unit of D, the constant term of f1(s,t) € k[z, v, #|[s, t] is also nonzero.
Equations 22.28.1 and 22.28.2 together yield

(22.28.3) sfi(s,t)h(s?, st) = fa(s,t)g(s?, st).

The term of lowest total degree in s and ¢ on the left hand side of Equation 22.28.3
has odd degree, while the term of lowest total degree in s and ¢ on the right hand side
has even degree, a contradiction. Therefore the assumption that A is Noetherian
leads to a contradiction. We conclude that A is not Noetherian. (]

REMARKS 22.29. (i) Although A is not Noetherian, the proof of Theorem 22.28
does not rule out the possibility that A is a UFD. The proof does show that if A
is a UFD, then ht(P; N A) > ht(P;). It would be interesting to know whether
the non-flat map A — A = R has the property that ht(@ NA) < ht(@), for each
@ € Spec R. Tt would also be interesting to know the dimension of A.

(ii) We observe the close connection of the integral domains A C D of Setting 22.26.
The extension of fields Q(A) C Q(D) has degree two and A = Q(A) N D, yet A is
non-Noetherian, while D is Noetherian.

THEOREM 22.30. With the notation of (22.26), C is a two-dimensional Noe-

therian local domain having completion ﬁ/[ and the generic formal fiber of C is
not Cohen-Macaulay.

PRrooOF. It follows from Construction Properties Theorem 6.17, that the com-
pletion of C' is R/I. Hence if C is Noetherian, then dim(C) = dim(R/I) = 2. To
show that C' is Noetherian, by the Noetherian Flatness Theorem 8.3, it suffices to



22.4. EXAMPLES NOT HAVING COHEN-MACAULAY FIBERS 235

show that the canonical map ¢ is flat, where:
R =k, y, 2](a.y,-) —(R/D[1/a] = (K[[z,y, 2]/ D)[1/2]
= (k[[z, 5,8]]/(s?, st)k[[x, s, 8]])[1/z].
Thus it suffices to show for every prime ideal @ of R with = ¢ @ that the map
(oK R — é@/[ﬁ@ = (E/I)@
is flat. ‘We may assume I = PP, C @
If Q =P, = (s,t)R, then g is flat since P, N R = (0).
If @ % Py, then Pgﬁ@ = ﬁ@, because ht P, = 2. Hence H/%@ = Plﬁé = sﬁé.
Thus we need to show
(o R— R@/SR@ = (R/SR)@

is flat. To see that 5 is flat, we observe that, since R C D@mD C }AEQ and sRNR =

(0), the map ¢g factors through a homomorphic image of D = VY, 2](z,y,2)- That
is, ©5 is the composition of the following maps:

Y5 ~ o~
R —— (D/sD)pn5 —— (R/sR)5.
Since D is Noetherian, the map 1/)@ is faithfully flat. Thus it remains to show that
~ is flat. Since z ¢ Q, the ring (D/sD) png is a localization of (D/sD)[1/z]. Thus
it is a localization of the polynomial ring:

k[l’, Y, 2,71, 72]/8k[‘r3 Y, 2,71, TQ] = k[(E, Y, 2,8, t]/Sk[xa Y,2,8, t]?

which is clearly flat over R. Thus C is Noetherian.

Now P,/I = p is an embedded associated prime of (0) of C' so Cp is not
Cohen-Macaulay. Since p N C' = (0) the generic formal fiber of C is not Cohen-
Macaulay. d

ProrosiTION 22.31. The canonical map B —> }A%/I factors through C. We
have B/Q = C, where @ = INB = sRN B. On the other hand, the canonical map
A — R/I fails to factor through C.

ProOOF. We have canonical maps B — ﬁ/[ and C — E/I We define a map
¢ : B — C such that the following diagram commutes:

B—— R

(22.4.6.1) % l
¢ —— R/IL

We write C' as a nested union as is done in Chapter 8 (8.3):

C= U Rlpn, 0nl(a.y,2.m.00)

n=1

where p,,, 7, are the n'* frontpieces of p and o:

~ 1 i . ~ 1 i 4 i .
pnzxfn(y-FZaljx])z and Un:I—n(y+Za1jx3)(Z+Za2j$])-
j=1 j=1 j=1
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Then

B =

(@

(oo}
Rpn; 0nl(2,5,2,0m,0m) and C= U R[pn, Ol (2, 2.6m,0m)-
n=1

n=1

It is clear that for each n € N there is a surjection

R[p'ru O—n](w,y,z,pn,an) — R[p;H Ofn](f,y,Z,P},,Ufn)
which maps p, — p, and o, — 7, and which extends to a surjective homomor-
phism ¢ on the directed unions such that diagram (22.4.6.1) commutes. This shows
that C' = B/Q is a homomorphic image of B.
In order to see the canonical map ¢ : A — E/ I fails to factor through C, we
note that I N D = (p,0)D and so ¢ factors through D:

A -2 D/(p,0)D —2— R/I
where ¢ is injective. The map « sends the element 02/p = t2 to the residue class
of t2 = (z + 7)? in D/(p,o)D. This element is algebraically independent over R,

which shows that the ring A/ker(vy) is transcendental over R. Since C'is a birational
extension of R, the map A — R/T fails to factor through C. O

Exercise

(1) Let (R, m) be a Noetherian local ring, let y be an element in m and let R* be
the (y)-adic completion of R. Let S be the localized polynomial ring R[t](m+)
and let S* denote the I-adic completion completion of S, where I = (y,t)S.
Let a be an element in the ideal yR*.

(a) Prove that R* is complete in the (a)-adic topology on R*, and that S* is
complete in the (¢ — a)-adic topology on S*.

(b) Prove that S* is the formal power series ring R*[[t]].

(¢) Prove that R*[[t]] = R*[[t — a]]. Thus S* is the formal power series ring in
t —a over R*, as is used in the proof of Theorem 22.12.

Comment: Item a is a special case of Exercise 2 of [89, p. 63].

Suggestion: For item c, prove that every element of S* has a unique expression
as a power series in t over R* and also a unique expression as a power series in
t —a over R*.



CHAPTER 23

Approximating discrete valuation rings by regular
local rings

Let k& be a field of characteristic zero and let (V,n) be a discrete rank-one
valuation domain (DVR) containing k& and having residue field V/n = k. If the
field of fractions L of V has finite transcendence degree s over k, we prove that
for every positive integer d < s, the ring V' can be realized as a directed union of
regular local rings each of which is a k-subalgebras of V' of dimension d. We use a
technique inspired by Nagata [95] and examined in Chapters 4, 5, 6, 7, 8 for the
construction of Noetherian domains.

23.1. Local quadratic transforms and local uniformization

The concepts of local quadratic transformations and local uniformization are
relevant for our work in this chapter.

DEFINITIONS 23.1. Let (R, m) be a Noetherian local domain and let (V,n) be
a valuation domain that birationally dominates R.

(1) The first local quadratic transform of (R, m) along (V,n) is the ring
Ry = Rlm/a)m,,

where a € m is such that mV = aV and m; := nN R[m/a]. The ring R;
is also called the dilatation of R by the ideal m along V [96, page 141].

(2) More generally, if I C m is a nonzero ideal of R, the dilatation of R by
I along V is the ring R[I/a]m,, where a € I is such that IV = aV and
m; = nN R[I/a]; moreover, Ry is uniquely determined by R, V and the
ideal I [96, page 141].

(3) For each positive integer i, the (i + 1)%* local quadratic transform R;iq
of R along V is defined inductively: R;i1 is the first local quadratic
transform of R; along V.

REMARKS 23.2. Let (R, m) be a regular local ring and let (V,n) be a valuation
domain that birationally dominates R.
(1) It is well known that the local quadratic transform R; of R along V is
again a regular local ring [96, 38.1]; moreover, R; is uniquely determined
by R and V [96, page 141].
(2) With the notation of Definition 23.1.3, we have the following relationship
among iterated local quadratic transforms:

Ri+j = (Rl)J for all i,j Z 0.

Associated with the set {R;};en of local quadratic transformations of R
along V, it is natural to consider the subring R, := Ufil R; of V.
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(3) If (R, m) is a regular local ring of dimension 2 and V' is a valuation domain
that birationally dominates R, a classical result of Zariski and Abhyankar
is that Roo = Uy~ Ry =V [2, Lemma 12].

(4) In the case where R is a regular local ring of dimension d > 3, for certain
valuation rings V' that birationally dominate R, the union J;-; R, of the
local quadratic transforms of R along V is strictly smaller than V' [121,
4.13]. In many cases Shannon proves in [121, (4.5), page 308] that V is
a directed union of iterated monoidal transforms of R, where a monoidal
transform of R is a dilatation of R by a prime ideal P for which the
residue class ring R/P is regular.

(5) Assume that R C .S C V', where S is regular local ring birationally domi-
nating R and V is a valuation domain birationally dominating S. Using
monoidal transforms, Cutkosky has shown in [24] and [25] that there ex-
ists an iterated local monoidal transform T' of S along V such that T is
an iterated local monoidal transform of R .

In the case where V is a DVR that birationally dominates a regular local ring,
the following useful result is proved by Zariski [137, pages 27-28] and Abhyankar
[2, page 336]. In this connection, for a related result, see Example 6.6.

PROPOSITION 23.3. Let (V,n) be a DVR that birationally dominates a regular
local ring (R, m), and let R, be the n'" local quadratic transform of R along V.
Then Roo = U, — R, = V. In the case where V is essentially finitely generated
over R, we have R, =V for some positive integer n, and thus R, = R, for all
1> 0.

PROOF. A nonzero element n of V' has the form n = b/c, where b,c € R. If
(b,c)V =V, then b/c € V implies ¢V = V. Since V dominates R, it follows that
¢cR = R, so b/c € R in this case. If n = b/c, with b,c € R and (b,¢)V = n",
we prove by induction on n that n € R,. We have already done the case where
n = 0. Assume for every regular local domain (S, p) birationally dominated by V,
and every nonzero element 3/y € V with 3,y € S, (8,7)V =n’ and 0 < j < n we
have /v € S;, where S; is the j-th iterated local quadratic transform of S along
V. Suppose 3,7 € S, 8/vy € V with (8,7)V =n". Let S; = S[p/alp,, where a € p
is such that pV = aV and p; := nN S[p/al; that is, Sy is the first local quadratic
transform of S along V. Then £ := 8/a and v, := v/a are in S;. Thus a € n
implies (B1,71)V = n? where 0 < j < n, so by induction

B/y=B1/mn € (S1); = Sj+1 C Sn.
This completes the proof of Proposition 23.3. O

DEFINITION 23.4. Let (R, m) be a Noetherian local domain that is essentially
finitely generated over a field k and let (V, n) be a valuation domain that birationally
dominates R. In algebraic terms local uniformization of R along V asserts the
existence of a regular local domain extension S of R such that S is essentially
finitely generated over R and S is dominated by V.

If R is a regular local ring and P is a prime ideal of R, embedded local uni-
formization of R along V asserts the existence of a regular local domain extension
S of R such that S is essentially finitely generated over R and is dominated by V/,
and has the property that there exists a prime ideal @ of S with @ N R = P such
that the residue class ring S/Q is a regular local ring.
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DiscussioN 23.5. The classical approach for obtaining embedded local uni-
formization, introduced by Zariski in the 1940’s [136], uses local quadratic trans-
forms of R along V. Let (R,m) be a s-dimensional regular local ring. If (V,n)
is a DVR that birationally dominates R and has the property that V/n is alge-
braic over R/m, then the classical method of taking local quadratic transforms of
R along V gives by Proposition 23.3 a representation for V as a directed union
R = UneN R,, =V, where each R, is an iterated local quadratic transforms of R.
The dimension formula [89, page 119] implies that dim R,, = dim R = s for each n.
Thus the DVR V has been represented as a directed union of s-dimensional RLRs.
We prove in Theorem 23.6 that certain rank-one discrete valuation rings (DVRs)
can be represented as a directed union of regular local domains of dimension d for
every positive integer d less than or equal to s = dim R.

23.2. Expressing a DVR as a directed union of regular local rings

We prove the following theorem:

THEOREM 23.6. Let k be a field of characteristic zero and let (V,n) be a DVR
containing k with V/n = k. Assume that the field of fractions L of V has finite
transcendence degree s over k. Then for every integer d with 1 < d < s, there exists
a nested family {C’T(la) :n € Nya € T'} of d-dimensional regular local k-subalgebras
of V' such that V is the directed union of the C’;f‘) and V' dominates each Cﬁa).

Moreover, if the field L is finitely generated over k, then V' is a countable union
U~ Cn, where, for each n € N,

2) C,, has field of fractions L,
3) Cpny1 dominates C,, and
4) V dominates C,,.

We have the following corollary to Theorem 23.6.

COROLLARY 23.7. Let k be a field of characteristic zero and let (R,m) be a
local domain essentially of finite type over k with coefficient field k = R/m and
field of fractions L. Let (V,n) be a DVR birationally dominating R with V/n = k.
For every integer d with 1 < d < s, s = trdeg, (L), there exists a sequence of d-
dimensional regular local k-subalgebras Cy, of V' such that V. = UL C,, and for
eachn € N, C,11 dominates C,, and V' dominates C,,. Moreover C,, dominates R
for all sufficiently large n.

DiscussioN 23.8. (1) If L/k is finitely generated of transcendence degree s,
then the fact that V is a directed union of s-dimensional regular local rings follows
from classical theorems of Zariski. The local uniformization theorem of Zariski
[136] implies the existence of a regular local domain (R, m) containing the field k&
such that V birationally dominates R. Since k is a coefficient field for V, we have

e k—V — V/n2=k; thus k is relatively algebraically closed in L.
e R/m =k (because V dominates R).
e Every iterated local quadratic transform of R along V has dimension s.

Now by Proposition 23.3, V is a directed union of s-dimensional RLRs.

(2) If d = 1, the main theorem is trivially true by taking each C,, = V. Thus if
L/k is finitely generated of transcendence degree s = 2, then the theorem is saying
nothing new.
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(3) If s > 2, then the classical local uniformization theorem says nothing about
expressing V' as a directed union of d-dimensional RLRs, where 2 < d < s —1. If
(S,p) is a Noetherian local domain containing &k and birationally dominated by V'
with dim(S) = d < s, then S does not satisfy the dimension formula. It follows
that .S is not essentially finitely generated over k [89, page 119].

We use the following remark and notation in the proof of Theorem 23.6.

REMARK 23.9. With the notation of Theorem 23.6, let y € n be such that
yV =n. Then the n-adic completion V of V is k[[y]], and we have

kYl €V CE[[y]].

Then V = L N k[[y]], for example since V' — k[[y]] is flat. Since the transcendence
degree of L over k(y) is s—1, there are s—1 elements o1, ...,05_q,T1,---,Td—1 € yV
such that L is algebraic over F := k(y,01,...,05—d, Tty Td—1)-

NotaTION 23.10. Continuing with the terminology of (23.9), we set
K :=k(y,01,...,0s—q) and R:=VNK.
Then R is a DVR and the (y)-adic completion of R is R* = k[[y]]. We also have
Bo = R[11,...,Ta—1](y,m,...,ra_,) 15 & d-dimensional regular local ring and Vj := VN
F is a DVR that birationally dominates By and has y-adic completion Vy = k[[y]].

The following diagram displays these domains:

C C
k = =

F — S5 L:=Q(V)

] | o] o] ol

k —S 3 R=VANK —S 3 By — = Vo:=VNF —S& VvV

Let R* denote the (y)-adic completion of R. Then 7q,...,7, € yR* are
regular elements of R* that are algebraically independent over K. As in Nota-
tion 6.1 we represent each of the 7; by a power series expansion in y; we use
these representations to obtain for each positive integer n the n'"-endpieces 7,
and corresponding n'"-localized polynomial ring B,. For 1 < i < s, and 7; :=

Z;; rijyj, where the r;; € R, we set, for each n € N,

00
o P et o
Tin = § Tijy ) B, = R[Tlm cee aTsn](m,nm...,nn)

(23.10.1) =

B::UBn:lian and A:=K(r,...,7s) N R".
n=0

Recall that A birationally dominates B. Also by Proposition 6.3, the definition of
B,, is independent of the representations of the ;.

Since Vo = F N k[[y]], each 73, € Vo and By, = R[Tins -+ Td—1n)(y,rin,rac1on)
is, for each n € N the first quadratic transform of B,,_; along Vj.

In the proof of Theorem 23.6, we make use of Theorem 8.3 of Chapter 8. We
also use Theorem 23.11 in the proof of Theorem 23.6:

THEOREM 23.11. With the notation of (23.10), for each positive integer n, let
B! denote the Henselization of B,,. Then |J5—, Bt =V = V"



23.2. EXPRESSING A DVR AS A DIRECTED UNION OF REGULAR LOCAL RINGS 241

PROOF. Since Rj is a field, it is flat as an R[ry,...,7q—1]-module. By Theo-

rem 8.3, Vo = |J,—, Bn. An alternate way to justify this description of Vj is to use
Proposition 23.3, where the ring R is By, and V is Vy, and each R, = B,,. We have

Vo >V — K[y,

where Vy and V are DVRs of characteristic zero having completion k[[y]]. Since
Vo and V are excellent, their Henselizations V' and V" are the set of elements of
k[[y]] algebraic over Vj or V [96, (44.3)]. Thus VJ' = V" and V is a directed union
of étale extensions of V), see Definition 14.14.

The ring C := |J B! is Henselian and contains Vp, so Vi* = V* C C. Moreover,
the inclusion map V — C = |J B" extends to amap V" % C = |J B". On the other
hand, the maps B,, — V extend to maps: B! — V" yielding a map p: C — V"
with op = 1¢ , and po = 1yn. Thus (oo, Bl = V. O

Proof of Theorem 23.6 if the field L is finitely generated over k.

PRrROOF. Since L is algebraic over F, it follows that L is finite algebraic over
F. Since | J;2, B! = V", we have |J77, Q(B!) = Q(V") and L C Q(V"). Since
L/F is finite algebraic, L C Q(B") for all sufficiently large n. By relabeling, we
may assume L C Q(BP) for all n. Let C, := B! N L. Since B, is a regular local
ring, C,, is a regular local ring with C* = B!, [114, (1.3)].

We observe that for every n, C,11 dominates C,, and V' dominates C,,. Also
U,—, Cn, = V. Indeed, since By, 1 dominates B,,, we have BZ_H dominates B" and
hence Cy, 11 = BZ_H N L dominates C,, = BZQL. Since C,, = BZOL CVhtnL =V,
it follows that V dominates C,, and Vy C U;’il C, C V. Since V birationally
dominates | .-, C,,, it suffices to show that |J—, C,, is a DVR.

But by the same argument as before, | Jo, C = (., C,)" = V". This shows
that |J;—, C,, is a DVR, and therefore | .-, C, = V. Thus in the case where L/k
is finitely generated we have completed the proof of Theorem 23.6 including the
“moreover” statement. (]

REMARK 23.12. An alternate approach to the definition of C,, is as follows.
Since V is a directed union of étale extensions of V and Q(V') = L is finite algebraic
over Q(Vp) = F, V is étale over V and therefore V. = Vy[0] = Vo[X]/(f(X)),
where f(X) is a monic polynomial such that f(6) = 0 and f’(6) is a unit of V.
Let Bj, denote the integral closure of B, in L and let C), = (B),)mnp:). Since
Use 1 B, = Vo, it follows that U ,C,, = V. Moreover, for all sufficiently large n,
f(X) € B,[X] and f/(0) is a unit of C,,. Therefore C,, is a regular local ring for
all sufficiently large n [96, (38.6)]. As we note in (23.13) below, this allows us to
deduce a version of Theorem 23.6 also in the case where k£ has characteristic p > 0
provided the field F' can be chosen so that L/F is separable.

Proof of Theorem 23.11 if the field L is not finitely generated over k.

PRrROOF. If L is not finitely generated over k, we choose a nested family of fields
L., with o € T', such that
(1) F C Ly, for all «.
(2) L, is finite algebraic over F.
(3) UaGI‘La =1L.
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The rings V,, = Lo NV are DVRs with UyerV, = V and V! = V" since Vy C V,,
for each o € T'.

As above, U B! = V' U, Q(B) = Q(V*) and L C Q(V"). Thus we see
that for each o € T', there is an n,, € N such that L, C Q(BZ) for all n > n,.

Put C’y(ba) = Lo N B! for each n > n,. Then V, = UnZn. C’y(f‘) and V,, bira-

tionally dominates '), Hence

- (@)
v ael—‘,_'rzZna U Cn ’
This completes the proof of Theorem 23.6. O

REMARK 23.13. If the characteristic of k is p > 0 then the Henselization V{* of
Vo = F N k[[y]] may not equal the Henselization V" of V' = L N k[[y]], because the
algebraic field extension L/F may not be separable. But in the case where L/F is
separable algebraic, the fact that the DVRs V' and V|, have the same completion
implies that V is a directed union of étale extensions of Vj (see, for example, [4,
Theorem 2.7]). Therefore in the case where L/F is separable algebraic, V is a
directed union of regular local rings of dimension d.

Thus for a local domain (R, m) essentially of finite type over a field k of char-
acteristic p > 0, a result analogous to Corollary 1.3 is true provided there exists
a subfield F' of L such that F' is purely transcendental over k, L/F is separable
algebraic, and F' contains a generator for the maximal ideal of V.

In characteristic p > 0, with V excellent and the extension separable, the ring
Vo need not be excellent (see for example Proposition 9.3 or [49, (3.3) and (3.4)]).

23.3. More general valuation rings as directed unions of RLRs

A useful method for constructing rank-one valuation rings is to make use of
generalized power series rings as in [139, page 101].

DEFINITION 23.14. Let k be a field and let eg < e; < --- be real numbers such
that lim,,_, o, e, = co. For a variable ¢t and elements a; € k, consider the generalized
power Series erpansion

2(t) == aot® + a1t + -+ apt + -

The generalized power series ring k{t} is the set of all generalized power series
expansions z(t) with the usual addition and multiplication.

REMARKS 23.15. With the notation of Definition 23.14, we have:

(1) The generalized power series ring k{t} is a field.

(2) The field k{t} admits a valuation v of rank one defined by setting v(z(t))
to be the order of the generalized power series z(t). Thus v(z(t)) = eg if
ag is a nonzero element of k.

(3) The valuation ring V' of v is the set of generalized power series of non-
negative order together with zero. The value group of v is the additive
group of real numbers.

(4) If 24,...,z, are variables over k, then every k-algebra isomorphism of
the polynomial ring k[x1, ..., z,] into k{t} determines a valuation ring of
rank one on the field k(z1,...,x,). Moreover, every such valuation ring

has residue field k.
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(5) Thus if z1(t), ..., 2-(t) € k{t} are algebraically independent over k, then
the k-algebra isomorphism defined by mapping z; — z;(t) determines a
valuation on the field k(x1,...,x,) of rank one. MacLane and Schilling
prove in [84] a result that implies for a field k of characteristic zero the
existence of a vaulation on k(z1,...,x,) of rank one with any preassigned
value group of rational rank less than r. In particular, if r > 2, then every
additive subgroup of the group of rational numbers is the value group of
a suitable valuation on the field of rational functions in r variables over k.

(6) As a specific example, let k be a field of characteristic zero and consider
the k-algebra isomorphism of the polynomial ring k[z, y] into k{t} defined
by mappping x — ¢ and y — Y o, tT e where e; = 1/i for each
positive integer i. The result of MacLane and Schilling [84] mentioned
above implies that the value group of the valuation ring V' defined by this
embedding is the group of all rational numbers.

Exercises
(1) Let (R,m) be a two-dimensional regular local ring with m = (z,y)R and let
a € R\ m. Define:
Y Y

§= R[] = R[] no= (@) -a)s and R =S = (B[]),

Thus R; is a first local quadratic transform of R. Prove that there exists a
maximal ideal n’ of the ring S' := R[%] such that Ry = S}, and describe
generators for n’.

Suggestion: Notice that £ is a unit of R;.

(2) Let (R,m) be a two-dimensional regular local ring with m = (z, y)R. Define:
x m x x
S R[y] R[y}, n : (y,y)S and Ry := (9), (R[y])n,
and define P = (22 — y®)R.
(a) Prove that R/P is a one-dimensional local domain that is not regular.
(b) Prove that there exists a prime ideal @ of R; such that Q " R = P and
R;1/Q is a DVR and hence is regular.

Comment: This is an example of embedded local uniformization.






CHAPTER 24

Generic fiber rings of mixed polynomial-power
series rings

Let K be a field, let m and n be positive integers, and let X = {x1,...,2,}
and Y = {y1,...,ym} be sets of independent variables over K. We define the rings
A, B and C as follows:

A= K[X](x). Be= KX V]ixy, and = K[V]o) [X]).

That is, A is the usual localized polynomial ring in the variables of X. The rings
B and C are “mixed polynomial-power series rings”, formed from K using X, the
power series variables, and Y, the polynomial variables, in two different ways: For
the ring B we take polynomials in Y with coefficients in the power series ring K[[X]]
and for C' we take power series in the X variables over the localized polynomial
ring K[Y](y]. We have the following local embeddings.

A= K[X]x) = A:=K[X], A~ B=C=K[X,Y]] and
B := K[[X]] [Y]xy) = C = K[Y][[X]] = B = C = K[[X]] [[Y]].

There is a canonical inclusion map B < C, and the ring C has infinite transcen-
dence degree over B, even if m =n = 1. In Chapter 25 we consider this embedding
further and we analyze the associated spectral map.

In this chapter we prove every prime ideal P in K[[X]] that is maximal with
respect to PN A = (0) has ht P = n — 1. For every prime ideal P of K[[X]][[Y]]
such that P is maximal with respect to either PN B = (0) or PN C = (0), we
prove ht(P) = n +m — 2. In addition we prove each prime ideal P of K[[X,Y]]
that is maximal with respect to P N K[[X]] = (0) has ht P = m or n +m — 2; see
Theorem 24.1.

24.1. Background

Let (R, m) be a Noetherian local integral domain and let R denote the m-adic
completion of R. The generic formal fiber ring of R is the localization (R (0))~ 'R
of R. The formal fibers of R are the fibers of the map SpecR — SpecR For a
prime ideal P of R, the formal fiber over P is Spec((Rp/PRp)®pg R). The formal
fibers encode important information about the structure of R. For example, the
Noetherian local ring R is excellent provided it is universally catenary and has
geometrically regular formal fibers [42, (7.8.3), page 214], see Definition 14.9.

Let R — S be an injective homomorphism of commutative rings. If R is
an integral domain, the generic fiber ring of the map R — S is the localization
(R\ (0))71S of S. In this chapter we consider generic fiber rings for extensions of
the rings A, B and C' defined above.

245
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Matsumura proves in [88] that the generic formal fiber ring of A has dimension
n—1=dim A — 1, and the generic formal fiber rings of B and C have dimension
n+m—2=dimB — 2 =dimC — 2. However he does not address the question of
whether all ideals maximal in the generic formal fiber rings for A, B and C have the
same height. If the field K is countable, it follows from [49, Prop. 4.10, page 36]
that all ideals maximal in the generic formal fiber ring of A have the same height.

In answer to a question raised by Matsumura in [88], Rotthaus in [113] estab-
lishes the following result. Let n be a positive integer. Then there exist excellent
regular local rings R such that dim R = n and such that the generic formal fiber
ring of R has dimension ¢, where the value of ¢ may be taken to be any integer
between 0 and dim R — 1. Tt is also shown in [113, Corollary 3.2] that there exists
an excellent regular local domain having the property that its generic formal fiber
ring contains maximal ideals of different heights.

Let T be a complete Noetherian local ring and let C be a finite set of incom-
parable prime ideals of 7. Charters and Loepp in [18] (see also [82, Theorem
17]) determine necessary and sufficient conditions for T to be the completion of a
Noetherian local domain 7" such that the generic formal fiber of 7" has as maximal
elements precisely the prime ideals in C. If T is of characteristic zero, Charters
and Loepp give necessary and sufficient conditions to obtain such a domain 7" that
is excellent. The finite set C may be chosen to contain prime ideals of different
heights. This provides many examples where the generic formal fiber ring contains
maximal ideals of different heights.

The main results of this chapter may be summarized as follows.

MAXIMAL GENERIC FIBERS THEOREM 24.1. Let K be a field, let m and n
be positive integers, and let X = {x1,...,2,} and Y = {y1,...,ym} be sets of
independent variables over K. Then, for each of the rings A == K[X]x), B :=
K[ X]][Y](x,y) and C := K[Y]y)[[X]], every prime ideal mazimal in the generic
formal fiber ring has the same fized height; more precisely:

(1) If P is a prime ideal of A mazimal with respect to PN A = (0), then
ht(P) =n—1.

(2) If P is a prime ideal of B mazimal with respect to PN B = (0), then
ht(P) =n+m—2.

(3) If P is a prime ideal of C mazimal with respect to PN C = (0), then
ht(P) =n+m—2.

(4) In addition, there are at most two possible values for the height of a maz-
imal ideal of the generic fiber ring (A\\ (0))_16 of the inclusion map
A C.

(a) If n > 2 and P is a prime ideal of C mazimal with respect to
PN A=(0), then either ht P =n+m — 2 or ht P = m.

(b) If n =1, then all ideals mazimal in the generic fiber ring
(K\ (0)~1C have height m.

We were motivated to consider generic fiber rings for the embeddings displayed
above because of questions related to Chapters 25 and 26 and ultimately because
of the following question posed by Melvin Hochster and Yongwei Yao.
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QUESTION 24.2. Let R be a complete local domain. Can one describe or some-
how classify the local maps of R to a complete local domain S such that U~1S is
a field, where U = R\ (0), i.e., such that the generic fiber of R < S is trivial?

REMARK 24.3. By Cohen’s structure theorems [21], [96, (31.6)], a complete
local domain R is a finite integral extension of a complete regular local domain Ry.
If R has the same characteristic as its residue field, then Ry is a formal power series
ring over a field; see Remarks 3.11. The generic fiber R < S is trivial if and only
if the generic fiber of Ry < S is trivial.

A local ring R is called “equicharacteristic”, if the ring and its residue field
have the same characteristic; see Definition 3.10.1. If the equicharacteristic lo-
cal ring has characteristic zero, then we say R is “equicharacteristic zero” or ”of
equal characteristic zero”. Such a ring contains the field of rational numbers; see
Exercise 24.1.

Thus, as Hochster and Yao remark, there is a natural way to construct such
extensions in the case where the local ring R has characteristic zero and contains
the rational numbers; consider

(24.2.0) R=Kl[z1,..xzp]] = T = L[[x1, ey, Tny Y1, oo, Y]] = T/P =S,

where K is a subfield of L, the z;,y; are formal indeterminates, and P is a prime
ideal of T' maximal with respect to being disjoint from the image of R\ {0}. Such
prime ideals P correspond to the maximal ideals of the generic fiber (R \ (0))~'T.
The composite extension T' — S satisfies the condition of Question 24.2.

In Theorem 24.22, we answer Question 24.2 in the special case where the ex-
tension arises from the embedding in Sequence 24.2.0 with the field L = K. We
prove in this case that the dimension of the extension ring S must be either 2 or n.

We introduce the following terminology for the condition of Question 24.2 with
a more general setting:

DEFINITION 24.4. For R and S integral domains with R a subring of S we say
that S is a trivial generic fiber extension of R, or a TGF extension of R, if every
nonzero prime ideal of S has nonzero intersection with R. If R R , then ¢ is
also called a trivial generic fiber extension or TGF extension.

As in Remark 24.3, every extension R < T from an integral domain R to a
commutative ring 7T yields a TGF extension by considering a composition

(24.4.0) R < T — T/P=S5,

where P € SpecT is maximal with respect to P N R = (0). Thus the generic fiber
ring and so also Theorem 24.1 give information regarding TGF extensions in the
case where the smaller ring is a mixed mixed polynomial-power series ring.

In addition, Theorem 24.1 is useful in the study of Sequence 24.2.0, because
the map in Sequence 24.2.0 factors through:

R=Klz1,...,zn]] = Kl[z1,.. s 2] [Y1,- s Ym] = T = L[[z1, ..., Tn, Y1, - -, Yn]]-

The second extension of this sequence is TGF if n = m = 1 and K = L; see
Exercise 2 of this chapter. We study TGF extensions in Chapters 25 and 26.
Section 24.2 contains implications of Weierstrass’ Preparation Theorem to the
prime ideals of power series rings. We first prove a technical proposition regarding a
change of variables that provides a “nice” generating set for a given prime ideal P of
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a power series ring; then in Theorem 24.9 we prove that, in certain circumstances, a
larger prime ideal can be found with the same contraction as P to a certain subring.
In Sections 24.3 and 24.4, we prove parts 2 and 3 of Theorem 24.1 stated above.
In Section 24.5 we use a result of Valabrega, Theorem 4.2, for the two-dimensional
case. We then apply this result in Section 24.6 to prove part 1 of Theorem 24.1,
and in Section 24.7 we prove part 4.

24.2. Variations on a theme of Weierstrass

We apply the Weierstrass Preparation Theorem [139, Theorem 5, page 139,
and Corollary 1, page 145] to examine the structure of a given prime ideal P in the
power series ring A = K[[X]], where X = {a1,...,2,} is a set of n variables over
the field K. Here A = K[X](x) is the localized polynomial ring in these variables.
Our procedure is to make a change of variables that yields a regular sequence in P
of a nice form.

We recall the statement of the Weierstrass Preparation Theorem.

THEOREM 24.5. (Weierstrass) Let (R, m) be a complete local ring, let f € R[[x]]
be a formal power series and let f denote the image of f in (R/m)[[x]]. Assume
that f # 0 and that ord f = s > 0. There exists a unique ordered pair (u, F) such
that w is a unit in R[[z]] and F' € R[z] is a distinguished monic polynomial of degree
s such that f = uF. Here F = 2° + as_12°"' + - + ag € R[z] is distinguished
ifa; em for 0 <i<s—1.

COROLLARY 24.6. The ideal fR[[z]] is extended from R[z] and R[[z]]/(f) is a
free R-module of rank s. Every g € R[[z]] is of the form g = qf +r, where q € R][x]]
and r € Rx] is a polynomial with degr < s — 1.

NOTATION 24.7. By a change of variables, we mean a finite sequence of ‘poly-
nomial’ change of variables of the type described below, where X = {z1,...,2,} is
a set of n variables over the field K. For example, with e;, f; € N, consider

1 X F it = 21, T > T + T2 = 29, el
€n—
Tp_1 > Tp—1 +2x,° b= 2p—1, Tp = Ty = Zn,
followed by:
le—>21:t1, ZQP—>22+212:t2, ey

fn-1

Zn—1t> zZp_1+ 2] =1p_1, Tp > zp + 217 =ty

Thus a change of variables defines an automorphism of A that restricts to an auto-
morphism of A.

We also consider a change of variables for subrings of A and A. For example, if
Ay = Klza, ..., 2p] C Aand S = K[[za, ..., x]] € A, then by a change of variables
inside A1 and S, we mean a finite sequence of automorphisms of A and A of the
type described above on xo, ..., z, that leave the variable x; fixed. In this case we

obtain an automorphism of A that restricts to an automorphism on each of S, A
and A;.
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PROPOSITION 24.8. Let A := K[[X]] = K[[z1,...,2,]] and let P € Spec A
with 1 € P and ht P = r, where 1 < r < n — 1. There exists a change of
variables 1 — z1 := x1 (x1 is fized), xo — 22, ..., Ty > 2z, and a reqular sequence
fis..., fr € P so that, upon setting Z1 = {z1,...,2n—r}, Z2 = {Zn—rt1s---s2n}
and Z = Z1 U Zs, we have

f1 € K[[Z1]] [#n—r+1s- - - » Zn—1] [2n) is monic as a polynomial in z,
fo € K[[Z1]] [Zn—rt1s- -+ » Zn—2]) [Zn—1] is monic as a polynomial in z,_1, etc
fr € K[[Z1]] [2n-r+1] is monic as a polynomial in zp_,11.

In addition:

(1) P is a minimal prime of the ideal (f1,..., fr)g

(2) The (Z2)-adic completion of K[[Z1]] [Z2](z) is identical to the (f1,..., fr)-
adic completion and both equal A = K[[X]] = K[[Z]].

(3) If Py := PN K[[Z1]] [Z2](z), then PLA = P, that is, P is extended from
K[[Z1]] 2] z)-

(4) The ring extension:

K([[Z1]] = K[[Z1]] [Z2)(z)/P1 = K[[Z]]/ P

is finite (and integral).

PROOF. Since A is a unique factorization domain, there exists a nonzero prime
element f in P. The power series f is therefore not a multiple of z1, and so f must
contain a monomial term x% ... x% with a nonzero coefficient in K. This nonzero
coefficient in K may be assumed to be 1. There exists an automorphism o : A A
defined by the change of variables:

T T To >ty 1= xo+x2 .. Tpoq o1 = Tpor it Ty > Ty,
with es,...,en—1 € N chosen suitably so that f written as a power series in the
variables x1,t2,...,t,—1, %, contains a term a,x;", where s, is a positive integer,

and a, € K is nonzero. We assume that the integer s, is minimal among all
integers i such that a term axz} occurs in f with a nonzero coefficient a € K; we
further assume that the coefficient a,, = 1. By Weierstrass we have that:

f=me,

where m € K[[z1,t2,...,tn—1]] [£y] is & monic polynomial in z,, of degree s, and

€ is a unit in A. Since f € P is a prime element, m € P is also a prime element.
Using Weierstrass again, every element g € P can be written as:

g=mh+gq,

where h € K[[z1,ta,. .. tn_1,2,]] = A and q € K[[z1,t2,...,tn_1]] [xn] is a poly-
nomial in z,, of degree less than s,. Note that

Kl[z1,ta, s tnal] <= K[z, b2, ]l 0]/ (m)

is an integral (finite) extension. Thus the ring K[[z1,t2,...,tn—1]] [zn]/(m) is
complete. Moreover, the two ideals (z1,t2,...,th—1,m) = (z1,t2,...,tn_1,25")
and (x1,t2,...,tn—1,2,) of By := Kl[x1,t2,...,tn_1]] [z,] have the same radical.
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Therefore A is the (m)-adic and the (z,,)-adic completion of By and P is extended
from By.

This implies the statement for r = 1, with f; = m, z, = x,, 21 = X1, 22 =
to, covy Zn—1 =tn_1, Z1 = {x1,t2,...,th_1} and Zy = {z,} = {z,}. In particular,
when r = 1, P is minimal over m& so P = mA.

For r > 1 we continue by induction on r. Let Py := PN K[[z1,t2,...,tn-1]].
Since m ¢ K|[[z1,ta,...,tn—1]] and P is extended from By := K[[z1,t2, ..., tn_1]] [Zn],
then PN By has height r and ht Py = r — 1. Since x; ¢ P, we have 21 ¢ Py, and by
the induction hypothesis there is a change of variables to +— zo,...,t,_1 — 2p_1 Of
K([[z1,t2,...,th—1]] and elements fs,..., f, € Py so that:

f2 € Kl[z1, 22 2n—r]] [Bn—rt1s -+, Zn—2] [20—1] is monic in 2z,
fa€ Kl[x1,22. . 2n—r]] [Zn—rt1s- -+ s Zn—3) [Zn—2] is monic in z,_», etc
fr € Kl[x1,22, .« Zn—r]] [2Zn—rt1] is monic in zp_,41,

and fo,..., f, satisfy the assertions of Proposition 24.8 for F.

It follows that m, fa,..., f, is a regular sequence of length r and that P is a
minimal prime of the ideal (m, fo,..., f.)A. Set z, = x,. We now prove that m
may be replaced by a polynomial f1 € K[[z1,22,. .., 2n—r]] [Zn—r+1,---,2n]. Write

Sn
m = Z @iZn,
i=0
where the a; € K|[[x1,22,...,2,—1]]. For each i < s,, apply Weierstrass to a; and
f2 in order to obtain:
a; = fahi + qi,
where h; is a power series in K[[x1, 29, ...,2,-1]] and ¢; € K[[z1, 22, .-, Zn—2]] [2n-1]

is a polynomial in z,_1. With ¢,, =1 = a,,, we define

Sn

mi = qizy,-
=0

Now (mq, fa,..., fT)A\ =(m, fa,..., fr)/T and we may replace m by m; which is a
polynomial in z,_1 and z,. To continue, for each i < s,,, write:

q; = Zbijthl with bij € K[[(El,ZQ, .. .,Zn,QH.
ik

For each b;;, we apply Weierstrass to b;; and f3 to obtain:

bij = fahij + qij,

where ¢;; € K{[z1, 22, ..., 2n—3]] [#n—2]. Set
mo = Z qnglflz; € K[[I'h 22y ey Zn—SH [Zn—Qa Zn—1, Z’n]
4,J

with ¢s,0 = 1. It follows that (ma, fo,.. .,fr)jzl\ = (m, fo, .. ,fr)g Continuing
this process by applying Weierstrass to the coefficients of 2% _,z/ | z¢ and f4, we

establish the existence of a polynomial f1 € K[[Z1]] [2n—r+1,- .-, 2n] that is monic
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in z, so that (f1, fo,..., fr)ﬁ =(m, fa,..., f,»)g Therefore P is a minimal prime

~

of (f1,...,fr)A.

The extension

K([z\]] — K[[Z1]] [Z:]/(f1,- - fr)

is integral and finite. Thus the ring K[[Z1]] [Z2]/(f1,.-., fr) is complete. This im-
plies A = K[[x1, 20, ..., 2,]] is the (f1,..., f»)-adic (and the (Z5)-adic) completion
of K[[Z1]][Z2](z) and that P is extended from K[[Z,]] [Z2](z). This completes the
proof of Proposition 24.8. O

The following theorem is the technical heart of this section.

THEOREM 24.9. Let K be a field and let y and X = {x1,...,x,} be variables

over K. Assume that V is a discrete valuation domain with completion V = K [[y]]
and that K[y] CV C K]|[y]]. Also assume that the field K((y)) = K|[[y]] [1/y] has
uncountable transcendence degree over the quotient field Q(V) of V. Set Ry :=

V[[X]] and R = Ry = K[[y, X]]. Let P € Spec R be such that:

(i) PC(X)R (soy ¢ P), and
(ii): dim(R/P) > 2.

Then there is a prime ideal () € Spec R such that
(1) PCQC XR,
(2) dim(R/Q) =2, and
(3) PNRy=QNR,.

In particular, PN K[[X]] = Q@ N K[[X]].
PRrROOF. Assume that P has height r. Since dim(R/P) > 2, we have 0 < r <

n — 1. If r > 0, then there exist a transformation x; — z1,...,2, — 2, and
elements f1,..., fr € P, by Proposition 24.8, so that the variable y is fixed, and

fi € K[y, z1,- -, Zn—r]] [Zn—r+1,- - ., Zn] 1S monic in z,,
fo € K[y, 21, 2Zn—r]] [Zn—r+1, - - -, Zn—1] 1S monic in z,_; etc,
fr € K[[y, 21, 2n—r]] [Zn—r+1] 1s monic in 2,41,

and the assertions of Proposition 24.8 are satisfied. In particular, P is a minimal

prime of (f1,...,fr)R. Let Z1 = {z1,...,2n—r} and Zy = {Zn—ry1,-- -, Zn-1,2n}

By Proposition 24.8, if D := K|y, Z1]] [Z2](z) and P, := PN D, then PR = P.
The following diagram shows these rings and ideals.
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k= Ky, X]] = Klly, 21, Z]]

D = K[ly, Z1]] [ Z2]) 2

P=PR

P=PnND

Note that f1,..., fr € P1. Let g1,...,9s € P1 be other generators such that

Pl = (fla"'vfrvglv"'vgs)D' Then P = PlR: (fla"'vfraglv"'vgs)R' For each
(i) :== (i1,...,in) € N" and j, k with 1 < j <r, 1 <k < s, let a; ), by, ;) denote
the coefficients in K[[y]] of the f;, gk, so that

fi= Y aeatdr, ge= Y buwat...zir € K[yl [12])-
(i)eN (i)ENn

Define

A= J 1@ b} € Kllyll,  forr>0
' 0, for r = 0.

A key observation here is that in either case the set A is countable.

To continue the proof, we consider S := Q(V(A)) N K|[[y]], a discrete valuation
domain, and its field of quotients L := Q(V(A)). Since A is a countable set, the
field K((y)) is (still) of uncountable transcendence degree over L. Let 7o, ..., Vn_r
be elements of K[[y]] that are algebraically independent over L. We define
T:=L(vay .y Yn—r) NK|[[Y]] and E := Q(T) = L(v2, - -, Yn—r)-

The diagram below shows the prime ideals P and P; and the containments
among the relevant rings.
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R = K[y, Z]]
P={fio})R

D= Klly, 21|} [Za)zy  QE[]) = K[ly]] [1/y] = K((y))

1SS ({fj’gk})D /

T := L(’YQ; e a’Yn—r) N K[[y]]

L:=Q(S) =Q(V(4A))

e

5= Q(V(A)) N K[ly]]

o(V)
1%
Kly]

Let Py := PN S[[Z1]][Z2](z). Since fi,..., fr,91,...,9s € S[[Z1]][Z2](z), we
have P,R = P. Since P C (z1,...,2,)R = (Z)R, there is a prime ideal P in L[[Z]]
that is minimal over P,L[[Z]]. Since L[[Z]] is flat over S[[Z]], PN S[[Z]] = P,S[[Z]].
Note that L[[X]] = L[[Z]] is the (f1,..., fr)-adic (and the (Z3)-adic) completion of
L[[Z1])[Z5](z)- In particular,

Lz [2a)/(frs -5 £r) = L2V [ 201/ (o0 Fr)

and this also holds with the field L replaced by its extension field E.

Since L[[Z]]/P is a homomorphic image of L{[Z]]/(f1,..., f), it follows that
L[[Z]]/ P is integral (and finite) over L[[Z1]]. This yields the commutative diagram:
E([Z1)|—E[[Z:]) [[Z.])/ PE([2]]

(24.9.0) 1 1
L[z —  L[[Z])[[2))/P

with injective integral (finite) horizontal maps. Recall that E is the subfield of
K((y)) obtained by adjoining 7, ..., Vn—, to the field L. Thus the vertical maps
in Diagram 24.9.0 are r.
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Let q = (22 — 7221, - - - s Zn—r — Yn—r21) E[[Z1]] € Spec(E[[Z1]]) and let W be a
minimal prime of the ideal (P, q)E[[Z]]. Since
Jiooo s frize =221, Zner — Y2t

is a regular sequence in 7'[[Z]] the prime ideal W := WNT[[Z]] has height n—1. Let

Q be a minimal prime of WK ((y))[[Z]] and let Q := QN R. Then W = QN T[[Z]],
P C @ C ZR = XR, and pictorially we have:

R = K]ly, Z]]

P—GU%HRQQCR\\\\\\///////

D = K|y, Z1]| [Z3])(z)
P ={fj,9e})D C D

Py = ({fj,9r}) C S[[Z1]] [Z2](2)

Notice that q is a prime ideal of height n — r — 1. Also, since K((y))[[Z]] is
flat over K[y, Z]] = R, we have ht Q = n — 1 and dim(R/Q) = 2. We clearly have
P, CWnN S[[Zl]] [ZQ](Z)

CLAaM 24.10. q N L{[[Z1]] = (0).

To show this we argue as in [88]: Suppose that
h=Y Hp € qnLiz,..., 20,
meN
where H,, € L[z1,...,2n—r] is a homogeneous polynomial of degree m:
Ho= Y ot 20
[(1)]=m

where (i) := (i1,...,in—r) € N*77 |(4)] := 41 + -+ + 4, and ¢y € L. Consider
the E-algebra homomorphism 7 : E[[Z1]] — FJ[z1]] defined by 7(z1) = 2z; and
m(z;) = viz1 for 2 <i <n —r. Then ker 7 = q, and for each m € N:

m(H,,) = 7( Z c(i)zil e sz’_’[) = Z C(i)’}/éz . ’yfl"_’fz{"
[(&)|=m [(&)|=m

a(h) =Y 7 Hn) =Y D> @y

meN meN [(i)|=m

and
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Since h € q, w(h) = 0. Since 7(h) is a power series in E[[z1]], each of its coefficients
is zero, that is, for each m € N,

Z @ -y = 0.
[(&)]=m
Since the v; are algebraically independent over L, each c(;y = 0. Therefore h = 0,
and so qN L[[Z;1]] = (0). This proves Claim 24.10.
Using the commutativity of Diagram 24.9.0 and that the horizonal maps of this
diagram are integral extensions, we deduce that (WNE][[Z1]]) = q, and qNL[[Z1]] =

(0) implies WﬂL[[Zl]] = (0). We conclude that QNS[[Z]] = PNS][[Z]] and therefore
QNRy=PnNRy. O

We record the following corollary.

COROLLARY 24.11. Let K be a field and let R = K[|y, X]], where X = {x1,..., 2}
and y are independent variables over K. Assume P € Spec R is such that:
(i): PC (z1,...,2n)R and
(i): dim(R/P) > 2.
Then there is a prime ideal QQ € Spec R so that
(1) PCcQC(x1,...,2n)R,
(2) dim(R/Q) =2, and
(3) PN Kyl [[X]] = QN Kyl [X]).
In particular, PN K|[x1,...,2,]] = QN K[[x1,...,2,]].

ProoF. With notation as in Theorem 24.9, let V' = K{y],). O

24.3. Weierstrass implications for the ring B = K[[X]] [Y]x,v)

Asbefore K denotes a field, n and m are positive integers, and X = {z1,...,2,}
and Y = {y1,...,ym} denote sets of variables over K. Let B := K[[X]][Y]xy) =

Kz, ...,z Y1, - s YUml(@1,os2mp1sesym) - Lhe completion of B is B= K[[X,Y]].

THEOREM 24.12. With the notation as above, every ideal Q of B = K[[X,Y]]
mazimal with the property that Q@ N B = (0) is a prime ideal of height n +m — 2.

PRrROOF. Suppose first that @ is such an ideal. Then clearly @ is prime. Mat-
sumura shows in [88, Theorem 3] that the dimension of the generic formal fiber of
B is at most n +m — 2. Therefore ht Q <n +m — 2.

Now suppose P € Spec§ is an arbitrary prime ideal of height r < n +m — 2
with P N B = (0). We construct a prime Q € Spec B with P € Q, QN B = (0),
and ht Q = n+ m — 2. This will show that all prime ideals maximal in the generic
fiber have height n 4+ m — 2.

For the construction of @@ we consider first the case where P ¢ X B. Then
there exists a prime element f € P that contains a term 6 := yi' ---yim  where
the i;’s are nonnegative integers and at least one of the i; is positive. Notice that
m > 2 for otherwise with y = y; we have f € P contains a term y°. By Weierstrass
it follows that f = ge, where g € K[[X]] [y] is a nonzero monic polynomial in y and
¢ is a unit of B. But g € P and g € B implies PN B # (0), a contradiction to our
assumption that P N B = (0).
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For convenience we now assume that the last exponent i,, appearing in 6 above
is positive. We apply a change of variables: y,, — t,, : =y, and, for 1 < £ < m, let
Yo — tp == yy + t,,*, where the e, are chosen so that f, expressed in the variables
t1,...,tm, contains a term t¢ , for some positive integer g. This change of variables
induces an automorphism of B. By Weierstrass f = gi1h, where h is a unit in B
and g1 € K[[X,t1,...,tm—1]] [tm] is monic in ¢,,. Set P, = PNK[[X,t1,...,tm-1]].
If P, C XK[[X,t1,...,tm-1]], we stop the procedure and take s = m — 1 in what
follows. If P, € XK[[X,t1,...,tm—1]], then there exists a prime element f e P
that contains a term 17! - - -¢,,_17m-1, where the j;’s are nonnegative integers and
at least one of the ji is positive. We then repeat the procedure using the prime
ideal P;. That is, we replace t1,...t,_1 with a change of variables so that a prime
element of P; contains a term monic in some one of the new variables. After
a suitable finite iteration of changes of variables, we obtain an automorphism of
B that restricts to an automorphism of B and maps y1,...,Ym > Z1,---,Zm-
Moreover, there exist a positive integer s < m — 1 and elements ¢1,...9m_s € P
such that

g1 € K[[X,z1,. ., 2m-1]] [2m] is monic in z,
92 € K[[X, 21, .., z2m—2]] [zm-1] is monic in z,,_1, etc
Im—s € K[[X, z1,. .., 2s]] [2s+1] is monic in zs1,
and such that, for R := K[[X, z1,...,2s]] and Ps := PN R,, we have P; C X R;.
As in the proof of Proposition 24.8, we replace the regular sequence g1, . .. .gm—s
by a regular sequence fi,..., f;,—s so that:
f1 € Rs[zs41, -+ 2m) is monic in z,,
f2 € Rs[zs41, -+ s Zm—1] is monic in z,,_1, etc
fm—s € Rs[zs+1] is monic in 244 1.

~

and (g1,----Gm-s)B=(f1,--+, fm—s)B.

Let G := K[[X, 2z1,...,2s]] [#s41s - - - 2m] = Rs[Zs+1,---,2m]. By Proposition
24.8, P is extended from G. Let q := PN G and extend fi,..., fi,_s to a gen-
erating system of q, say, q = (f1,..., fm—s,P1,...,ht)G. For integers k, ¢ with
1 <k<m-sand 1 < /¢ < t, express the f; and hy in G as power series in
B = K[[z1]][[22, - - - » 2m]] [X]] with coefficients in K [[z]]:

where ay() (), beiiyy € Kllz1ll, (1) = (i2,...,im) and (§) = (j1,...,7n). The set
A = {ap)(5), bei) ()} 1s countable. We define V' := K (21, A) N K[[z]]. Then V is

a discrete valuation domain with completion K[[z1]] and K((z1)) has uncountable
transcendence degree over Q(V). Let Vi := V[[X,22,...,25]] C Rs. Notice that

R, = f/; the completion of Vi. Also fi1,..., fm—s € Vs[zs41,---,2m] € G and
(f1,--+, fm—s)GN Rs = (0). Furthermore the extension

Vi i =VI[[X, 22,...,25]] = Vilzss1s-- s 2m)/(f1y -y fnes)
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is finite. Set Py:= PN V. Then Py C XR, NV, = X V.
Consider the commutative diagram:

Ry = K[[X, 21,..., 2] —Rs[[zsx1, - -, 2m)]/(f1, - - -, frn—s)
(24.1) ! !
Ve =VI[X, 22, ..., 2s]] — Vislzsa1, - 2m]/ (f1s -« oy frnes) -

The horizontal maps are injective and finite and the vertical maps are completions.

The prime ideal @ := PRs[[zs41,---»2m]]/(f1s-- -, fm—s) lies over Py in Ry.
By assumption Py C (X)R, and by Theorem 24.9 there is a prime ideal @, of Ry
such that P; C Qs C (X)Rs, QsNVy = P;NV, = Py, and dim(R,/Qs) = 2.
There is a prime ideal Q in Rg[[zsi1,- -+, 2ml]/(fi,- -, fm—s) lying over Qs with
q C Q by the “going-up theorem” [89, Theorem 9.4]. Let @ be the preimage in
B=K|[X,z,...,2%n]] of Q. We show the rings and ideals of Theorem 24.12 below.

B=K[X,Y]] = K[[X, 21, .., 2m]] = Rs[[2s51, - - - 2m]]

(4,Q)B<CQ
P¢ XB

G := Rglzs41,s- -+ Zm]
q=PNnG
q= ({flah]})G

fi ¢ Ry = K[[X,z1,...,25]]
PS ng CRS
P,:= PN R, C XR,

Vy = V[[X, 22, ..., 2] V = K[[z]]
Py =PnNV;

V= K(z1,A) N K[[z]]

Then @ has height n +s — 2+ m — s = n + m — 2. Moreover, it follows from
Diagram 24.1 that @ and P have the same contraction to Vi[zst1,...,2m]. This
implies that @ N B = (0) and completes the proof in the case where P € X B.

In the case where P C Xé, let hy,...,h € B be a finite set of generators of
P, and as above, let by;);) € K[[21]] be the coefficients of the h,’s. Consider the

countable set A = {by(;)(;)} and the valuation domain V' := K(z1,A) N K[[z]]. Set

Py:= PNV][[X, z2,...,2m]]. By Theorem 24.9, there exists a prime ideal @ of B=
K[[X,z1,...,2m]] of height n+m —2 such that P C @ and QNV[[X, z2,..., zm]] =
PNVIX,za,...,2m]] = Po. Therefore @ N B = (0). This completes the proof of
Theorem 24.12. ]
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24.4. Weierstrass implications for the ring C = K[Y]y,[[X]]

Asbefore K denotes a field, n and m are positive integers, and X = {z1,...,2,}
and Y = {y1,...,ym} denote sets of variables over K. Consider the ring C =
Ky, Yml oy [T15 - s T0]] = K[Y]y)[[X]]. Then the completion of C' is

C = K[[Y. X]].

THEOREM 24.13. With notation as above, let @ € Speca be maximal with the
property that QN C = (0). ThenhtQ =n+m — 2.

PROOF. Let B = K[[X]][Y](x.y) C C. If P € SpecC = Spec B and PN C =
(0), then PN B = (0), and so ht P < n + m — 2 by Theorem 24.12. Consider a
nonzero prime P € Spec C with PNC = (0)andhtP=r<n+m—-2. If PC xC
then Theorem 24.9 implies the existence of ) € Spec C with ht @ = n+m—2 such
that P C @ and @ N C = (0).

Assume that P is not contained in XC and consider the ideal J := (P, X )6
Since C' is complete in the X C-adic topology, [112, Lemma 2] implies that if .J
is primary for the maximal ideal of C , then P is extended from C. Since we are
assuming P N C = (0), J is not primary for the maximal ideal of C and we have
htJ =n+s <n+m, where 0 < s < m. Let W € Specé be a minimal prime
of J such that ht W = n +s. Let Wy = W N K[[Y]]. Then W = (Wp, X)C and
Wy is a prime ideal of K[[Y]] with ht Wy = s. By Proposition 24.8 applied to
K[[Y]] and the prime ideal Wy € Spec K[[Y]], there exists a change of variables

Y — Z with y1 — 21,...,Ym > 2z and elements f1,..., fs € Wy so that with
Zy ={z1,...,2Zm—s}, we have

f1 € K[[Z1]] [zm—s+1s - - - » Zm)] is monic in z,,

f2o € K[[Z1]] [zm—s+1s -« - s Zm—1] is monic in z,,_1, etc

fs € K[[Z1]] [zm—s+1] is monic in 2, _s11.

Now z1,...,2m—s, f1,..-, fs is a regular sequence in K[[Z]] = K[[Y]]. Let T =
{tm—s+1,---,tm} be a set of additional variables and consider the map:

v : K[[Z1,T]] — Kllz1,-- -, 2m]]

defined by z; — z; for all 1 <i <m — s and t,,_;41 — f; forall 1 <i < s. The
embedding ¢ is finite (and free) and so is the extension to power series rings in X:

p: K12, T [[X] — K[z, -, 2] [X]] = C.

The contraction p~1 (W) € Spec K[[Zy,T, X]] of the prime ideal W of C has height
n+ s, since ht W = n + s. Moreover p~1(W) contains (T, X)K|[[Z1,T, X]], a prime
ideal of height n + s. Therefore p~*(W) = (T, X)K|[[Z1,T, X]]. By construction,
P C W which yields that p~Y(P) C (T, X)K[[Z1, T, X]].

To complete the proof we construct a suitable base ring related to C'. Consider
the expressions for the f;’s as power series in zg, . .., 2, with coefficients in K[[z]]:

_ 12 7
fi= E ()25 - 2
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where (i) := (i2,...,%m), 1 < j < 5,054 € K[[z1]]. Also consider a finite generating
system g1,. .., gq for P and expressions for the gy, where 1 < k < g, as power series
in z9,...,2m,21,...,2, with coefficients in K[[z1]]:

) G b 2
gr = Zbk(i)(f)zf 2y J,‘ll B

where (i) := (i2,...,%m), (£) := (f1,...,0n), and byye) € K[[z1]]. We take the
subset A = {a;(), br(iye)} of K[[21]] and consider the discrete valuation domain:
V= K(z1,A) N K[[z]].

Since V is countably generated over K (z1), the field K ((z1)) has uncountable tran-
scendence degree over Q(V) = K(z1,A). Moreover, by construction the ideal P is
extended from V[[za,..., zm]] [[X]]. Consider the embedding:

Y Vze, . o zmes, T)] — V][22, -, 2m]],
which is the restriction of ¢ above, so that z; — z; for all 2 < i < m — s and

tm—i+1 — fi for all ¢ with 1 <14 < s.
Let o be the extension of ¢ to the power series rings:

o:Vl[za, -, 2m-s, T [[X]] — V][22, -, 2m]] [[X]]
with o(z;) = z; for all i with 1 <7 <n.
Notice that p defined above is the completion & of the map o, that is, the
extension of o to the completions. Consider the commutative diagram:  4.1.0

K[[Zy, TN [[X]] 0 K[1Z)(1X) = C
(24.4.1.0) T T
Vilza oy 2mes, TNIX]] —"— V[za, ..., 2] [X]]

where o = p is a finite map.

Recall that p~ Y (W) = (T, X)K[[Z1,T, X]], and so p~1(P) C (T, X)K|[[Z1,T, X]]
by Diagram 24.4.1.0. By Theorem 24.9, there exists a prime ideal @y of the ring
K[[Z1,T, X]] such that p~1(P) C Qo, ht Qo = n +m — 2, and

Qo N V[[z2,- s 2mes, TI[[X]] = p~ (P) N V][22 - ., 2mes, T]) [[X]].

By the “going-up theorem” [89, Theorem 9.4] , there is a prime ideal @ € Spec C
that lies over Qg and contains P. Moreover, @ also has height n + m — 2. The
commutativity of Diagram 24.4.1.0 implies that

P :=PnV|[z.. ., 2m—s, TN [X]] C Q1:=QNV|[[22,...,2m—s, T [[X]]-
Consider the finite homomorphism:

A Vlz2, o zmes)] [Tz D)X — Viz2s -+ 2m—s]] [Zm—st1s - -+ Zm] () [ X]]
(determined by t; — f; for 1 <i < m) and the commutative diagram:

Vilea, - zm= (TN IX]] —— Vilza, - zm] [[X]]

I I

Vilza, s 2me sl [Tz (XN —2 Vilzzs - Zmeal] Bmest1s - o> 2mly [[X]].
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Since QN V|[z2, .., 2m—s, T [[X]] = PN V][22, ..., 2m—s, T]] [[X]] and since A
is a finite map we conclude that
Ql N V[[227 ey mesH [meerh ceey Zm}(Z)[[X]]
= P1 N V[[ZQ, ey Zm]] [Zm_s+1, ey Zm](Z)HX]]

Since C C V[z2,.. ., 2m—s]] [2m—st1,- -+, Zm](2)[[X]], We obtain that @ N C =
PN C = (0). This completes the proof of Theorem 24.13. O

REMARK 24.14. With B and C as in Sections 24.3 and 24.4, we have
B = K[[X]| Y]y = K] [X)] =€ and B = K[[X,Y]] = C.

Thus for P € Spec K[[X,Y]], if PNC = (0), then PN B = (0). By Theorems 24.12
and 24.13, each prime of K[[X,Y]] maximal in the generic formal fiber of B or C
has height n +m — 2. Therefore each P € Spec K[[X, Y]] maximal with respect to
PN C = (0) is also maximal with respect to P N B = (0). However, if n +m > 3,
the generic fiber of B < C' is nonzero (see Propositions 25.24 and 25.25 of Chapter
25), and so there exist primes of K[[X,Y]] maximal in the generic formal fiber of
B that are not in the generic formal fiber of C.

24.5. Subrings of the power series ring K[|z, t]]

In this section we establish properties of certain subrings of the power series
ring K[[z,t]] that will be useful in considering the generic formal fiber of localized
polynomial rings over the field K.

NOTATION 24.15. Let K be a field and let z and t be independent variables
over K. Consider countably many power series:

a;(z) = Z a;;7’ € K[[z]]
j=0

with coefficients a;;, € K. Let s be a positive integer and let wy,...,ws € K[[z,1]]
be power series in z and ¢, say:

w; = Zﬁijtj, where  ;;(z) = Zbijkzk € K[[z]] and b, € K,
3=0 k=0

for each ¢ with 1 <4 < s. Consider the subfield K (z, {a;}, {fi;}) of K((z)) and the
discrete rank-one valuation domain

V= K(z,{a;},{Bi;}) N K[[2]].

The completion of V is V = KJ[[z]]. Assume that wy,...,w, are algebraically
independent over Q(V)(¢) and that the elements w,y1,...,ws are algebraic over
the field Q(V)(¢,{wi}i_;). Notice that the set {a;} U {f;;} is countable, and that
also the set of coefficients of the a; and ;5

A= {ai;} U {biji}

is a countable subset of the field K. Let Ky denote the prime subfield of K and
let F' denote the algebraic closure in K of the field Ky(A). The field F is count-
able and the power series «;(z) and B;;(z) are in F[[z]]. Consider the subfield
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F(z,{a;},{Bij}) of F((z)) and the discrete rank-one valuation domain
Vo := F(z,{ai}, {Bi}) N F[2]]-

The completion of Vp is Vo = F[[z]]. Since Q(Vo)(t) € Q(V)(t), the elements
w1, ...,w, are algebraically independent over the field Q(Vp)(¢).

Consider the subfield Ey := Q(Vo)(t, w1, ... ,w,) of Q(Vp[[t]]) and the subfield
E = 9(V)(t,wr,...,wr) of Q(V[[t]]). A result of Valabrega, Theorem 4.2, implies
that the integral domains:

are two-dimensional regular local rings with completions Dy = F|[[z,]] and D =
K|[z,1]], respectively. Moreover, Q(Dg) = Ej is a countable field.

PROPOSITION 24.16. Let Do be as defined in (24.15). Then there exists a
power series v € zF|[[z]] such that the prime ideal (t — v)F[[z,t]] N Dy = (0), i.e.,
(t — v)F[[2,t]] is in the generic formal fiber of Dy.

PRrROOF. Since Dy is countable there are only countably many prime ideals in
Dy and since Dy is Noetherian there are only countably many prime ideals in 130 =
F[[z,t]] that lie over a nonzero prime of Dy. There are uncountably many primes
in F[[z,t]], which are generated by elements of the form ¢t — o for some o € 2F[[z]].
Thus there must exist an element v € zF|[[z]] with (t —v)F|[[z,t]] N Do = (0). O

For w; = w;(t) = Y272 Bijt’ as in (24.15) and ~ an element of 2K [[2]], let wi(7)
denote the following power series in K{[z]]:

wi(7y) = Zﬁiﬂj € K[[z]].

§=0
PROPOSITION 24.17. Let D be as defined in (24.5.1.1). For an element v €
zK|[z]] the following conditions are equivalent:
(): (t =7 K[z ] N D = (0).
(ii): The elementsvy,w1(7Y), .. .,wr(y) are algebraically independent over Q(V').

PrROOF. (i) = (ii): Assume by way of contradiction that the set {~y,w1(7y),...,wq(7)}
is algebraically dependent over Q(V) and let d;) € V' be finitely many elements
such that

> dgwr (N we ()b =0

*)
is a nontrivial equation of algebraic dependence for v, w1 (), ...,w(7y), where each
(k) = (k1 ..., kr, krt1) is an (r 4+ 1)-tuple of nonnegative integers. It follows that

D dgywtt . whrthett € (£ =) K[[z,4]] N D = (0).
(k)

Since wy, ... ,w, are algebraically independent over Q(V')(t), we have d) = 0 for
all (k), a contradiction. This completes the proof that (i) = (i).
(i) = (i): If (¢t —v)K][[z,t]] N D # (0), then there exists a nonzero element

T= Zd(k)wfl Cowkrtheet e (= ) K[z, 8] NVt wi, - wr).
(k)
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But this implies that
T(7) = > duywr (D - wp () =0,
(k)

Since v,w1(7),...,w,-(7) are algebraically independent over Q(V), it follows that
all the coefficients d(yy = 0, a contradiction to the assumption that 7 is nonzero. [

Let v € zF[[#]] be as in Proposition 24.16 with (¢t —+)F[[z,t]]N Dy = (0). Then:

PROPOSITION 24.18. With notation as above, we also have (t—)K]|[z,t]|ND =
(0), that is, (t —v)K|[[z,t]] is in the generic formal fiber of D.

PROOF. Let {t;}:er be a transcendence basis of K over F' and let L := F({t; }ic1)-
Then K is algebraic over L. Let {a;},{8;;} C F[[2]] be as in (5.1) and define

Vi = L(z,{a;},{Bi;}) N L[[z]] and D; = Q(Vi)(t,w1,...,w,) N L{z1].

Then V; is a discrete rank-one valuation domain with completion L[[z]] and D,
is a two-dimensional regular local domain with completion D; = L[[z,]]. Note
that Q(V) and Q(D) are algebraic over Q(V;) and Q(Dq), respectively. Since
(t —v)K[[z,t]] N L[[2,t]] = (t — v)L[[#,t]], it suffices to prove that (t —v)L[[z,t]] N
D, = (0). By Proposition 24.17, it suffices to show that v,w;i(7),...,w,(7) are
algebraically independent over Q(V;). The commutative diagram

Fll]] L{[=]]

I I

transcendence basis {t;
(V) 1 o)

implies that the set {vy,w1(7),...,wr(y)} U {t;} is algebraically independent over
Q(Vp). Therefore {v,w1(y),...,w-(y)} is algebraically independent over Q(V7).
This completes the proof of Proposition 24.18. O

{t; }algebraically ind.

REMARK 24.19. We remark that with w,41, .. .,ws algebraic over Q(V) (w1, ...,w;)
as in (5.1), if we define

D := Q(V)(t,w1,...,ws) N V][],

then again by Valabrega’s Theorem 4.2, D is a_two-dimensional regular local
domain with completion K{[z,t]]. Moreover, Q(D) is algebraic over Q(D) and
(t —v)K[[z,t]] " D = (0) implies that (¢t —v)K][[z,t]] N D = (0).

24.6. Weierstrass implications for the localized polynomial ring A

Let n be a positive integer, let X = {z1,...,z,} be a set of n variables over
a field K, and let A := K(z1,...,2Zn](2,,..2,) = K[X](x) denote the localized

polynomial ring in these n variables over K. Then the completion of A is A=
K[[X]).
THEOREM 24.20. For the localized polynomial ring A = K[X]x) defined above,

if Q is an ideal of/T mazimal with respect to @ N A = (0), then Q is a prime ideal
of height n — 1.
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PRrROOF. Again it is clear that @ as described in the statement is a prime ideal.
Also the assertion holds for n = 1. Thus we assume n > 2. By Proposition 24.18,
there exists a nonzero prime p in K{[z1, x2]] such that p N K[z1, 22](4, 4,) = (0).
It follows that pAN A = (0). Thus the generic formal fiber of A is nonzero.

Let P € Spec A be a nonzero prime ideal with PNA = (0) and ht P = r < n—1.
We construct @ € Spec A of height n — 1 with P € Q and Q N A = (0). By

Proposition 24.8, there exists a change of variables 1 +— 21,...,2, — 2z, and
polynomials
fireKlz1,- oy zn—r]] [Bn—rt1,- - -+ Zn] monic in z,
fo€ K[[z1, -, 2Zn—r|] [Zn—rt1s - -+ s Zn—1] monic in z,_1, etc
fr€ K[[z1, -, 2Zn—r]] [Zn—r+1] monic in 2,11,
so that P is a minimal prime of (fy,..., fr)zzl\ and P is extended from
R:=Kllz1,- s 2n—r)] [Zn-rt1,- -, Zn]-

Let Py := PN R and extend f1,..., f, to a system of generators of Py, say:
PO = (fla"'»fragla"'ags)R'

Using an argument similar to that in the proof of Theorem 24.9, write
fj = Z aj,(i)zéz zfl" and gr = Z bk,(i)Z? ) ~~ZZL",
(i)eNn—1 (e
where a; (;), by, (i) € K[[21]]. Let
Vo := K (21, a5 3y, bi,3y) N K[[21]].

Then V, is a discrete rank-one valuation domain with completion K[[z1]], and
K((#1)) has uncountable transcendence degree over the field of fractions Q(Vj)
of Vo. Let 73,...,%—r € K][z1]] be algebraically independent over Q(V;) and
define

q:= (23 — V322,24 — V4R2, -y Bn—1 T 7n7TZ2)K[[z1; ceey znfr]]-
We see that g N Vp[[za, ..., zn—r]] = (0) by an argument similar to that in [88] and

in Claim 24.10. Let Ry := Vp[[22,. - Zn—r]] [Zn—rt1s-- -, 2n), let Pp := PN Ry and
consider the commutative diagram:

Klz1,.. ., 2n—r]]— R/ Py

T T

%[[Zg, ey Z7l_r]]4)R1/P1
The horizontal maps are injective finite integral extensions. Let W be a minimal
prime of (q, P)A. Then ht W =n — 2 and q N Vp[[22,. - ., zn_r]] = (0) implies that
W N Ry = P;. We have found a prime ideal W &€ Spec;f such that ht W =n — 2,
WNA=(0)and P CW. Since fi,...,fr € W and since A = K[[z1,.. ., 2,]] is the
(f1,-.., fr)-adic completion of K[[z1, ..., 2n—r]] [Zn—r+1, - - -, 2n], the prime ideal W
is extended from K[[z1,..., 2n—r]] [Zn—r+1,s- - 2n].
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We claim that W is actually extended from K[[z1, 22]] [23, ..., 2n]. To see this
let g e WNK|[[21,-.-, 2n—r|] [Zn—r+t1; - - -, 2n) and write:
g = Z a(z)zzzn:rrii ce Z;iLTL € K[[Zlv ceey ZTL—T]] [ZH—T-Fla ceey Zn]v
(4)
where the sum is over all (i) = (in—r,...,i,) and a) € K[[z1,...,2,—,]]. For all

a(;y by Weierstrass we can write
Ay = (anr - 'anrzZ)h(i) + q(i),
where h(;y € K[[z1,...2,—,]] and gy € K[[21,. .., 2n—r-1]]. If n—7r > 3, we write

qu) = (Zn—r—1— '7n77’71232)h/(i) + Q&')’

where h;) € Kf[z1,...2n—p—1]] and ¢(;) € K[[z1,...,2n—r—2]]. In this way we
replace a generating set for W in K[[z1,..., 2n—r]] [Zn—r+t1,- .-, 2n] Dy & generating
set for W in K[[z1, 22]] [23, - - -, 2n)-
In particular, we can replace the elements f1,..., f. by elements:

hi € K[[z1, 22]] [23, - - - » Zn] monic in z,

he € K[[z1, 22]] [#35 - - - » Zn—1] monic in z,_1, etc

hy € K[[z1,22)] [23 -+ Zn—r+1] monic in 2z, 41
and set hyy1 = 23—7329,..., hpn_9 = Zp_r—Yn—r22, and then extend to a generating
set hi,...,hpys—o for

Wo=Wn K[[Zl, 22]] [23, ey Zn]
such that Wy A = W. Consider the coefficients in K|[[z1]] of the hy:

hj = Z cj(i)zéz . Zib"
(@)

with ¢;;) € K[[z1]]. The set {c;(;)} is countable. Define
V= Q(o)({cj}) N Kl[z]]

Then V is a rank-one discrete valuation domain that is countably generated over

K[z1](.,) and W is extended from V[[z2]] [23,. .., zn].
We may also write each h; as a polynomial in zs,..., 2, with coefficients in
Vllz]]:

h = Zw(i)z?’ o

with w(;y € V[[22]] € K][21, 22]]. By Valabrega’s Theorem 4.2, the integral domain
D= Q(V)(22, {wiy }) N K[[z1, 22]]

is a two-dimensional regular local domain with completion D = K[z, 2]]. Let
Wy := W N Dlzs,...,z,]. Then Wlﬁ = W. We have shown in Section 24.5 that
there exists a prime element ¢ € K|[[21, 22]] with ¢K[[z1,22]] N D = (0). Consider
the finite extension

D — D[23,...,zn]/W1.
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Let Q € Specﬁ be a minimal prime of (g, W)E Since ht W =n —2 and ¢ € W,
ht @ =n — 1. Moreover, P C W implies P C Q. We claim that

QN Dlzs,...,zn] = Wi and therefore QN A= (0).

To see this consider the commutative diagram:
Kl[z1,20)]]— Kl[z1,.--,2a)]/W

T T

D — D[Zg,...,Z7J/W1,

which has injective finite horizontal maps. Since ¢K[[z1,22]] N D = (0), it follows
that Q@ N Dzs, ..., z,] = Wi. This completes the proof of Theorem 24.20. O

24.7. Generic fibers of power series ring extensions

In this section we apply the Weierstrass machinery from Section 24.2 to the
generic fiber rings of power series extensions.

THEOREM 24.21. Let n > 2 be an integer and let y,x1,...,T, be variables
over the field K. Let X = {x1,...,z,}. Consider the formal power series ring
R, = K[[X]] and the extension Ri — Ri[[y]] = R. Let U = Ry \ (0). For
P € Spec R such that PNU = () we have:

(1) If P € XR, then dim R/P = n and P is mazimal in the generic fiber
U 'R.

(2) If P C XR, then there exists Q € Spec R such that P C @, dim R/Q = 2
and Q is mazimal in the generic fiber U ' R.

If n > 2 for each prime ideal Q maximal in the generic fiber U"'R, we have

n and Ry — R/Q is finite, or

dim R/Q = {2 and Q@ C XR.

PRrROOF. Let P € Spec R be such that PNU = () or equivalently PN Ry = (0).
Then Ry embeds in R/P. If dim(R/P) < 1, then the maximal ideal of Ry generates
an ideal primary for the maximal ideal of R/P. By Theorem 3.8, R/P is finite over
Ry, and so dim Ry = dim(R/P), a contradiction. Thus dim(R/P) > 2.

If P Z X R, then there exists a prime element f € P that contains a term y* for
some positive integer s. By Weierstrass, it follows that f = ge, where g € K[[X]] [y]
is a nonzero monic polynomial in y and € is a unit of R. We have fR=gR C P is
a prime ideal and R; — R/gR is a finite integral extension. Since P N Ry = (0),
we must have gR = P.

If PC XR and dim(R/P) > 2, then Theorem 24.9 implies there exists Q €
Spec R such that dim(R/Q) =2, PC Q C XRand PN Ry = (0) = QN Ry, and
so P is not maximal in the generic fiber. Thus @ € Spec R maximal in the generic
fiber of R; — R implies that the dimension of dim(R/Q) is 2, or equivalently that
ht@Q=n—1. ([l

THEOREM 24.22. Let n and m be positive integers, and let X = {x1,..., 2}
andY = {y1,...,ym} be sets of independent variables over the field K. Consider
the formal power series rings Ry = K|[[X]] and R = K|[[X,Y]] and the extension
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Ry — Ry[[Y]] = R. Let U = Ry \ (0). Let Q € Spec R be mazimal with respect to
QNU=0. Ifn=1, thendim R/Q =1 and Ry — R/Q is finite.
If n > 2, there are two possibilities
(1) Ry — R/Q is finite, in which case dim R/Q = dim Ry = n, or
(2) dimR/Q = 2.

PrROOF. First assume n =1, and let x = x1. Since @ is maximal with respect
to QNU = (), for each P € Spec R with @ C P we have P NU is nonempty and
therefore x € P. Tt follows that dim R/Q = 1, for otherwise,

Q:ﬂ{P\PGSpeCRaHngP},

which implies € Q. By Theorem 3.8, R; — R/(Q is finite.

It remains to consider the case where n > 2. We proceed by induction on
m. Theorem 24.21 yields the assertion for m = 1. Suppose @ € Spec R is max-
imal with respect to Q N U = (). As in the proof of Theorem 24.21, we have
dimR/Q > 2. If @ € (X,y1,...,Ym—1)R, then by Theorem 24.9 with Ry =
KYml )1 X, 91, -, ym—1]], there exists Q" € Spec R with Q C @', dim R/Q" = 2,
and QN Ry = Q' N Ry. Since Ry C Ry, we have Q' NU = (). Since @ is maximal
with respect to Q NU = @, we have Q = @', and so dim R/Q = 2.

Otherwise, if Q@ € (X, y1,...,Ym—1)R, then there exists a prime element f € Q
that contains a term y;, for some positive integer s. Let Ro = K[[X, y1,...,Ym-1]]-
By Weierstrass, it follows that f = ge, where g € Rs[y,,] is a nonzero monic
polynomial in y,, and € is a unit of R. We have fR = gR C @ is a prime ideal and
Ry < R/gR is a finite integral extension. Thus Ry/(QNR2) — R/Q is an integral
extension. It follows that @ N Ry is maximal in Ry with respect to being disjoint
from U. By induction dim Rz /(Q N R2) is either n or 2. Since R/Q is integral over
R>/(Q N Ry), dim R/Q is either n or 2. O

REMARK 24.23. In the notation of Theorem 24.1, Theorem 24.22 proves the
second part of the theorem, since dimR = n+ m. Thus if n = 1, ht Q = m. If
n > 2, the two cases are (i) ht Q =m and (ii) t Q = n+m — 2, as in (a) and (b)
of Theorem 24.1, part 4.

Using the TGF terminology of Definition 24.4, we have the following corollary
to Theorem 24.22.

COROLLARY 24.24. With the notation of Theorem 24.22, assume P € Spec R
is such that Ry — R/P =: S is a TGF extension. Then dimS = dim Ry = n or
dim S = 2.

Exercises

(1) Prove that a local ring that has residue field of characteristic zero contains the
field of rational numbers.

(2) Let z and y be indeterminates over a field k. Let R = k[[z]][y] and let 7 € k[[y]]
be such that y and 7 are algebraically independent over k. Then we have the
embedding R = k[[z]][y] < k[[x,y]]. For P := (z — 7)k|[[z, y]], prove that
(a) PNklz,y] = (0), but
(b) PN R # (0).

Suggestion: For item b, apply Theorem 3.8.



CHAPTER 25

Mixed polynomial-power series rings and relations
among their spectra

We are interested in the following sequence of two-dimensional nested mixed
polynomial-power series rings:

(25.0.1)  A:=Kle,y] = B = Myl [a] = C = kla] [l]] — E := Kl 1/a] [[y],

where k is a field and « and y are indeterminates over k. ! That is, A is the usual
polynomial ring in the two variables x and y over k, the ring B is all polynomials in
the variable « with coefficients in the power series ring k[[y]], the ring C is all power
series in the variable y over the polynomial ring k[z], and E is power series in the
variable y over the polynomial ring k[z,1/z]. In Sequence 25.0.1 all the maps are
flat; see Propositions 2.21.4 and 3.6.2. We also consider Sequence 25.0.2 consisting
of embeddings between the rings C' and E of Sequence 25.0.1:

(25.0.2) C — Dy :=klz][[y/z]] = -+ <= Dy = klz][[y/a"]] = -+ — E.

With regard to Sequence 25.0.2, for n a positive integer, the map C' — D,, is not
flat, since ht(xD, N C) = 2 but ht(xD,,) = 1; see Proposition 2.21.10. The map
D,, — F is a localization followed by an ideal-adic completion of a Noetherian
ring and therefore is flat. We discuss the spectra of the rings in Sequences 25.0.1
and 25.0.1, and we consider the maps induced on the spectra by the inclusion maps
on the rings. For example, we determine whether there exist nonzero primes of one
of the larger rings that intersect a smaller ring in zero.

25.1. Two motivations

We were led to consider these rings by questions that came up in two contexts.
The first motivation is a question about formal schemes that is discussed in
the introduction to the paper [8] by Alonzo-Tarrio, Jeremias-Lopez and Lipman:

QUESTION 25.1. If a map between Noetherian formal schemes can be factored
as a closed immersion followed by an open immersion, can this map also be factored
as an open immersion followed by a closed immersion? 2

Brian Conrad observed that an example to show the answer to Question 25.1 is
“No” can be constructed for every triple (R, x, p) that satisfies the following three
conditions; see [8]:

IThe material in this chapter is adapted from our article [65] dedicated to Robert Gilmer,
an outstanding algebraist, scholar and teacher.
2See Scheme Terminology 25.3 for a brief explanation of this terminology.

267



268 25. POLYNOMIAL-POWER SERIES RINGS

(25.1.1) R is an ideal-adic domain, that is, R is a Noetherian domain that is
separated and complete with respect to the powers of a proper ideal I.
(25.1.2) xis a nonzero element of R such that the completion of R[1/x] with respect
to the powers of IR[1/x], denoted S := Ry, is an integral domain.
(25.1.3) p is a nonzero prime ideal of S that intersects R in (0).

The following example of such a triple (R, x,p) is described in [8]:
EXAMPLE 25.2. Let w,z,y, z be indeterminates over a field k. Let
R:=k[w,z,2][[y]] and S :=kw,z,1/z,z][[y]].

Notice that R is complete with respect to yR and .S is complete with respect to y.S.
An indirect proof that there exist nonzero primes p of S for which pN R = (0) is
given in [8], using a result of [48, Theorem 1.12, p. 364]. A direct proof is given in
[65, Proposition 4.9]. In Proposition 25.30 below we give a direct proof of a more
general result due to Dumitrescu [27, Corollary 4].

In Scheme Terminology 25.3 we explain some of the terminology of formal
schemes necessary for understanding Question 25.1; more details may be found in
[43]. In Remark 25.4 we explain why a triple satisfying (25.1.1) to (25.1.3) yields
examples that answer Question 25.1.

SCHEME TERMINOLOGY 25.3. Let R be a Noetherian integral domain and let
K be its field of fractions. Let X denote the topological space Spec R with the
Zariski topology defined in Section 2.1. We form a sheaf, denoted O, on X by
associating, to each open set U of X, the ring

O(U) = n sza
zeU

where p,, is the prime associated to the point z € U; see [120, p. 235 and Theorem
1, p. 238]. For each pair U C V of open subsets of X, there exists a natural
inclusion map pY; : O(V) < O(U). The “ringed space” (X, O) is identified with
Spec R and is called an affine scheme; see [120, p. 242-3], [43, Definition 1.10.1.2,
p. 402]. Assume that R = R* is complete with respect to the I-adic topology,
where I is a nonzero proper ideal of R (see Definition 3.1). Then the ringed space
(X, 0) is denoted Spf (R) and is called the formal spectrum of R. Tt is also called a
Noetherian formal adic affine scheme; see [43, 1.10.1.7, p. 403]. An immersion is
a morphism f:Y — X of schemes that factors as an isomorphism to a subscheme
Z of X followed by a canonical injection Z — X; see [43, (1.4.2.1)].

REMARK 25.4. Assume, in addition to R being a Noetherian integral domain
complete with respect to the I-adic topology, that x is a nonzero element of R, that
S is the completion of R[1/z] with respect to the powers of IR[1/z], and that p is
a prime ideal of S such that the triple (R, z, p) satisfies the three conditions 25.1.1
to 25.1.3.

The composition of the maps R — S — S/p determines a map on formal
spectra Spf (S/p) — Spf (S) — Spf (R) that is a closed immersion followed by
an open immersion. This is because a surjection such as S — S/p of adic rings
gives rise to a closed immersion Spf (S/p) — Spf (S) while a localization, such as
that of R with respect to the powers of z, followed by the completion of R[1/x]
with respect to the powers of IR[1/x] to obtain S gives rise to an open immersion
Spf (S) — Spf (R) [43, 1.10.14.4].
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The map Spf (S/p) — Spf (R) cannot be factored as an open immersion fol-
lowed by a closed one. This is because a closed immersion into Spf (R) corre-
sponds to a surjective map of adic rings R — R/J, where J is an ideal of R
[43, page 441]. Thus if the map Spf (S/p) — Spf (R) factored as an open im-
mersion followed by a closed one, we would have R-algebra homomorphisms from
R — R/J — S/p, where Spf (S/p) — Spf (R/J) is an open immersion. Since
pN R = (0), we must have J = (0). This implies Spf (S/p) — Spf (R) is an
open immersion, that is, the composite map Spf (S/p) — Spf (S) — Spf (R), is
an open immersion. But also Spf (S) — Spf (R) is an open immersion. It follows
that Spf (S/p) — Spf (S) is both open and closed. Since S is an integral domain
this implies Spf (S/p) = Spf (S). Since p is nonzero, this is a contradiction. Thus
Example 25.2 shows that the answer to Question 25.1 is “No”.

The second motivation for the material in this chapter comes from Ques-
tion 24.2 of Melvin Hochster and Yongwei Yao “Can one describe or somehow
classify the local maps R < S of complete local domains R and S such that every
nonzero prime ideal of S has nonzero intersection with R?” The following example
is a local map of the type described in the Hochster-Yao question.

ExXAMPLE 25.5. Let z and y be indeterminates over a field k£ and consider the
extension R := k[[z,y]] — S = k[[z]] [[y/z]].

To see this extension is TGF—the “trivial generic fiber” condition of Defini-
tion 24.4, it suffices to show PN R # (0) for each P € Spec S with ht P = 1. This is
clear if € P, while if « ¢ P, then k[[z]] N P = (0), and so k[[z]] = R/(PNR) —
S/P and S/ P is finite over k[[z]]. Therefore dim R/(PNR) = 1, and so PNR # (0).

Definition 24.4 is related to Question 25.1. If a ring R and a nonzero element
x of R satisfies conditions 25.1.1 and 25.1.2, then condition 25.1.3 simply says that
the extension R — Ry, is not TGF.

In some correspondence to Lipman regarding Question 25.1, Conrad asked: “Is
there a nonzero prime ideal of E := k[z,1/x][[y]] that intersects C = k[z][[y]] in
zero?” If there were such a prime ideal p, then the triple (C,z,p) would satisfy
conditions 25.1.1 to 25.1.3. This would yield a two-dimensional example to show
the answer to Question 25.1 is “No”. Thus one can ask:

QUESTION 25.6. Let z and y be indeterminates over a field k. Is the extension
C = kfa] [ly]] = E := kfa, 1/x] [ly]] TGF?

We show in Proposition 25.12.2 below that the answer to Question 25.6 is “Yes”;
thus the triple (C,z, p) does not satisfy condition 25.1.3, although it does satisfy
conditions 25.1.1 and 25.1.2. This is part of our analysis of the prime spectra of A,
B, C, D,, and F, and the maps induced on these spectra by the inclusion maps on
the rings.

REMARKS 25.7. (1) The extension k[[z, y]] < k[[z,y/x]] is, up to isomorphism,
the same as the extension k[[x, zy]] — k[[z,y]].

(2) We show in Chapter 26 that the extension R := k[z,y,zz]] — S =
E[[z,y,2]] is not TGF. We also give more information about TGF extensions of
local rings there.

(3) Takehiko Yasuda gives additional information on the TGF property in
[135]. In particular, he shows that

Clz, yll[2]] = Cla, 2™, y]l[2]]
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is not TGF, where C is the field of complex numbers [135, Theorem 2.7].

25.2. Trivial generic fiber (TGF) extensions and prime spectra

We record in Proposition 25.8 several basic facts about TGF extensions. We
omit the proofs since they are straightforward.

PROPOSITION 25.8. Let R < S and S — T be injective maps where R, S and
T are integral domains.

(1) If R— S and S — T are TGF extensions, then so is the composite map
R — T. Equivalently if the composite map R — T is not TGF, then at
least one of the extensions R — S or S — T is not TGF.

(2) If R— T is TGF, then S — T is TGF.

(3) If the map SpecT — Spec S is surjective and R — T is TGF, then R — S
is TGF.

We use the following remark about prime ideals in a formal power series ring.

REMARKS 25.9. Let R be a commutative ring and let R[[y]] denote the formal
power series ring in the variable y over R. Then

(1) Each maximal ideal of R[[y]] is of the form (m,y)R][[y]] where m is a
maximal ideal of R. Thus y is in every maximal ideal of R[[y]].

(2) If R is Noetherian with dim R[[y]] = n and x1,...,2,, are independent
indeterminates over R|[[y]], then y is in every height n + m maximal ideal
of the polynomial ring R[[y]] [x1, ..., Zm]-

PRrROOF. Item 1 follows from [96, Theorem 15.1]. For item 2, let m be a
maximal ideal of R[[y]][z1, ..., %] with ht(m) = n + m. By [74, Theorem 39],
ht(mN R[[y]]) = n ; thus mN R[[y]] is maximal in R[[y]], and so, by item 1, y € m.

]

ProprosITION 25.10. Let n be a positive integer, let R be an n-dimensional
Noetherian domain, let y be an indeterminate over R, and let  be a prime ideal of
height n in the power series ring R[[y]]. If y € q, then q is contained in a unique
mazimal ideal of R[[y]].

PROOF. The assertion is clear if q is maximal. Otherwise S := R[[y]]/q has
dimension one. Moreover, S is complete with respect to the yS-adic topology [89,
Theorem 8.7] and every maximal ideal of S is a minimal prime of the principal ideal
yS. Hence S is a complete semilocal ring. Since S is also an integral domain, it
must be local by [89, Theorem 8.15]. Therefore q is contained in a unique maximal
ideal of R[[y]]. O

In Section 25.3 we use the following corollary to Proposition 25.10.

COROLLARY 25.11. Let R be a one-dimensional Noetherian domain and let q
be a height-one prime ideal of the power series ring R[[y]]. If a # yR[[y]], then q
is contained in a unique maximal ideal of R[[y]].

PROPOSITION 25.12. Consider the nested mixed polynomial-power series rings:
A= klz,y] = B:=Fk[[y][z] — C = k[z][[y]]
= Dy == k[z] [[y/2]] = Dy == k[z] [[y/2*]] — -
< Dy = klz] [[y/2"]] < -+ = E = k[z,1/2][[y]],
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where k is a field and © and y are indeterminates over k. Then
(1) If Se{B,C,Dy,Dy,--- ,Dy, -+ ,E}, then A — S is not TGF.
(2) If {R,S} Cc {B,C,D1,Ds,--- ,D,,--- ,E} are such that R C S, then
R — S is TGF.
(3) Each of the proper associated maps on spectra fails to be surjective.

Proor. For item 1, let o(y) € yk[[y]] be such that o(y) and y are algebraically
independent over k. Then (z — o(y))S N A = (0), and so A — S is not TGF.

For item 2, observe that every maximal ideal of C', D,, or F is of height two
with residue field finite algebraic over k. To show R — S is TGF, it suffices to
show g N R # (0) for each height-one prime ideal q of S. This is clear if y € q. If
y & q, then k[[y]] Nq = (0), and so k[[y]] — R/(qN R) — S/q are injections. By
Corollary 25.11, S/q is a one-dimensional local domain. Since the residue field of
S/q is finite algebraic over k, it follows that S/q is finite over k[[y]]. Therefore S/q
is integral over R/(qN R). Hence dim(R/(qN R) =1 and so gN R # (0).

For item 3, observe that xzD,, is a prime ideal of D,, and x is a unit of E. Thus
Spec E — Spec D,, is not surjective. Now, considering C' = Dy and n > 0, we
have D, N D,,_1 = (z,y/x"~*)D,,_1. Therefore xD,,_ is not in the image of the
map Spec D,, — Spec D,,_1. The map from Spec C — Spec B is not onto, because
(14 zy) is a prime ideal of B, but 1+ zy is a unit in C. Similarly Spec B — Spec A
is not onto, because (1 + y) is a prime ideal of A, but 1 + y is a unit in B. This
completes the proof. (I

QUESTION AND REMARKS 25.13. Which of the Spec maps of Proposition 25.12
are one-to-one and which are finite-to-one?

(1) For S € {B,C,D1,Dq,--- ,Dy,---,E}, the generic fiber ring of the map
A — S has infinitely many prime ideals and has dimension one. Every
height-two maximal ideal of S contracts in A to a maximal ideal. Every
maximal ideal of S containing y has height two. Also ySN A = yA and
the map SpecS/yS — Spec A/yA is one-to-one.

(2) Suppose R — S is as in Proposition 25.12.2. Each height-two prime of
S contracts in R to a height-two maximal ideal of R. Each height-one
prime of R is the contraction of at most finitely many prime ideals of .S
and all of these prime ideals have height one. If R — S is flat, which is
true if S € {B,C, E}, then “going-down” holds for R < S, and so, for P
a height-one prime of S, we have ht(P N R) < 1.

(3) As mentioned in [69, Remark 1.5], C//P is Henselian for every nonzero
prime ideal P of C' other than yC.

25.3. Spectra for two-dimensional mixed polynomial-power series rings

Let x and y be indeterminates over a field k. We consider the prime spectra,
as partially ordered sets, of the mixed polynomial-power series rings A, B, C,
Dy,Ds,---,D,, - and F as given in Sequences 25.0.1 and 25.0.2 at the beginning
of this chapter.

Even for k a countable field there are at least two non-order-isomorphic partially
ordered sets that can be the prime spectrum of the polynomial ring A := k[x, y].
Let Q be the field of rational numbers, let F' be a field contained in the algebraic
closure of a finite field and let Z denote the ring of integers. Then, by [131] and
[132], Spec Q[z, y] 2 Spec F[z,y] = Spec Z[y].
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The prime spectra of the rings B, C, Dy,--- , D,,-- -, and E of Sequences 25.0.1
and 25.0.2 are simpler since they involve power series in y. Remark 25.9.2 implies
that y is in every maximal ideal of height two of each of these rings.

The partially ordered set Spec B = Spec(k[[y]] [z]) is similar to a prime ideal
space studied by Heinzer and S. Wiegand in the countable case in [69] and then
generalized by Shah to other cardinalities in [122]. The ring k[[y]] is uncountable,
even if k is countable. It follows that Spec B is also uncountable. The partially
ordered set Spec B can be described uniquely up to isomorphism by the axioms
of [122] (similar to the CHP axioms of [69]), since k[[y]] is Henselian and has
cardinality at least equal to ¢, the cardinality of the real numbers R.

Theorem 25.14 characterizes U := Spec B, for the ring B of Sequence 25.01, as a
Henselian affine partially ordered set (where the “<” relation is “set containment”).

THEOREM 25.14.  [69, Theorem 2.7] [122, Theorem 2.4] Let B = k[[y]] []
be as in Sequence 25.0.1, where k is a field, the cardinality of the set of mazximal
ideals of klx] is a and the cardinality of k[[y]] is 8. Then the partially ordered
set U := Spec B under containment is called Henselian affine of type (8, ) and is
characterized as a partially ordered set by the following azioms:

(1) |U| =B

2) U has a unique minimal element.

) dim(U) = 2 and |{ height-two elements of U }| = a.

) There exists a unique special height-one element u € U such that u is less

than every height-two element of U.

(5) Ewery nonspecial height-one element of U is less than at most one height-
two element.

(6) FEvery height-two element t € U is greater than exactly 8 height-one ele-
ments such that t is the unique height-two element above each. Ift1,to € U
are distinct height-two elements, then the special element from (4) is the
unique height-one element less than both.

(7) There are exactly B height-one elements that are mazimal.

REMARK 25.15. (1) The axioms of Theorem 25.14 are redundant. We feel this
redundancy helps in understanding the relationships among the prime ideals.

(2) The theorem applies to the spectrum of B by defining the unique minimal
element to be the ideal (0) of B and the special height-one element to be the prime
ideal yB. Every height-two maximal ideal m of B has nonzero intersection with
k[[y]]. Thus m/yB is principal and so m = (y, f(z)), for some monic irreducible
polynomial f(z) of k[z]. Consider {f(x) + ay|a € k[[y]]}. This set has cardinality
B and each f(z) + ay is contained in a nonempty finite set of height-one primes
contained in m. If p is a height-one prime contained in m with p # yB, then
p Nk[[y]] = (0), and so pk((y))[z] is generated by a monic polynomial in k((y))[z].
But for a,b € k[[y]] with a # b, we have (f(x)+ ay, f(z) +by)k((y))[z] = k((y))[z].
Therefore no height-one prime contained in m contains both f(x)+ay and f(z)+by.
Since B is Noetherian and |B| = ( is an infinite cardinal, we conclude that the
cardinality of the set of height-one prime ideals contained in m is 8. Examples of

3Kearnes and Oman observe in [76] that some cardinality arguments are incomplete in the
paper [122]. R. Wiegand and S. Wiegand show that Shah’s results are correct in [134]. In
Remarks 25.15.2 we give proofs of some items of Theorem 25.14.
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height-one maximals are (1 4+ zy f(z,y) ), for various f(x,y) € k[[y]] [x]. The set of
height-one maximal ideals of B also has cardinality 3.

(3) We observe that a = |k|-Rg and 3 = |k|™ in Theorem 25.14, where X = |N|.
The proof of this is Exercise 25.1.

(4) The axioms given in Theorem 25.14 characterize Spec B in the sense that
every two partially ordered sets satisfying these axioms are order-isomorphic.

The picture of Spec B is shown below:

. (#{ bullets} = «)
2
6] @ [8] [4]

(0)
Spec k[[y]] [«]
In the diagram, f is the cardinality of k[[y]], and « is the cardinality of the
set of maximal ideals of k[z] (and also the cardinality of the set of maximal ideals

of k[[y]] [z] ); the boxed 8 means there are cardinality § height-one primes in that
position with respect to the partial ordering.

Next we consider Spec R[[y]], for R a Noetherian one-dimensional domain.
Then Spec R|[[y]] has the following picture by Theorem 25.18 below:

(#{ bullets} = «)

Spec(R[[y]])

Here « is the cardinality of the set of maximal ideals of R (and also the cardinal-
ity of the set of maximal ideals of R[[y]] by Remark 25.9.1) and § is the cardinality
(uncountable) of R[[y]]; the boxed 8 (one for each maximal ideal of R) means that
there are exactly 8 prime ideals in that position.
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We give the following lemma and add some more arguments in order to justify
the cardinalities that occur in the spectra of power series rings more precisely.

LEMMA 25.16. [134, Lemma 4.2] Let T' be a Noetherian domain, y an inde-
terminate and I a proper ideal of T. Let § = |T| and v = |T/I|. Then § < %,
and |T[y]]| = 6% = y%.

PRrROOF. The first equality holds by Exercise 25.1. Since v < 8, we have 680 >
A0, For the reverse inequality, the Krull Intersection Theorem [89, Theorem 8.10
(ii)] implies that (7),,~, I™ = 0. Therefore there is a monomorphism

(25.1) R [ r/T".

n>1

Now R/I™ has a finite filtration with factors I"~1/I" for each r with 1 < r < n.
Since I"~1/I" is a finitely generated (R/I)-module, [I"~1/I"| < ~%o. Therefore
|R/I"| < (y8)" = 4% for each n. Thus (25.1) implies § < (yR0)R0 = (88) = %o,
Finally, 6% < (R0)®0 = X0 and so §%0 = Mo, O

REMARKS 25.17. Let Ry denote the cardinality of the set of natural numbers.
Suppose that T' is a commutative ring of cardinality J, that m is a maximal ideal
of T and that ~ is the cardinality of T/m. Then

(1) The cardinality of T'[[y]] is 6%, by Lemma 25.16 and Exercise 25.1. If T is
Noetherian, then T'[[y]] is Noetherian, and so every prime ideal of T'[[y]] is finitely
generated. Since the cardinality of the finite subsets of T[[y]] is ™°, it follows that
T[[y]] has at most 6™ prime ideals.

(2) If T is Noetherian, then there are at least 4™ distinct height-one prime
ideals (other than (y)T[[y]]) of T[[y]] contained in (m,y)T[[y]]. To see this, choose
a set C = {¢;|i € I} of elements of T so that {¢; + m|i € I} gives the distinct
coset representatives for T'/m. Thus there are v elements of C, and for ¢;,¢; € C
with ¢; # ¢;, we have ¢; — ¢; ¢ m. Now also let ¢ € m, a # 0. Consider the set

G={a+) dyy"|d, € C¥neN}.
neN

Each of the elements of G is in (m,y)T[[y]] \ yT'[[y]] and hence is contained in a
height-one prime contained in (m, y)T'[[y]] distinct from yT'[[y]].

Moreover, |G| = |C|* = 4®0. Let P be a height-one prime ideal of T'[[y]]
contained in (m,y)T[[y]] but such that y ¢ P. If two distinct elements of G, say
f=a+>  cndny™ and g = a+ ), yeny™, with the dy,, e, € C, are both in P,
then so is their difference; that is

f—9= Zdnyn_ Zenyn = Z(dn _en)yn €P.
neN neN neN

Now let ¢ be the smallest power of y so that d; # e;. Then (f —g)/y* € P, since P
is prime and y ¢ P, but the constant term, d; — e; ¢ m, which contradicts the fact
that P C (m,y)T[[y]]- Thus there must be at least |C|*0 = 4™ distinct height-one
primes contained in (m, y)7T[[y]].

(3) If T is Noetherian, then there are exactly 40 = §%° distinct height-one
prime ideals (other than yT[[y]]) of T[[y]] contained in (m,y)T[[y]]. This follows
from (1) and (2) and Lemma 25.16.
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THEOREM 25.18. Let R be a one-dimensional Noetherian domain with cardi-
nality &, let B = 6% and let o be the cardinality of the set of mazimal ideals of R,
where o may be finite. Let U = Spec R[[y]], where y is an indeterminate over R.
Then U as a partially ordered set (where the “<” relation is “set containment”)
satisfies the following axioms:

(1) U] =
(2) U has a unique minimal element, namely (0).

(3) dim(U) = 2 and |{ height-two elements of U }| = av.

(4) There exists a unique special height-one element uw € U (namely u = (y))
such that u is less than every height-two element of U.

(5) Every nonspecial height-one element of U is less than exactly one height-
two element.

(6) Every height-two element t € U is greater than exactly B height-one el-
ements that are less than only t. If t1,to € U are distinct height-two
elements, then the special element from (4) is the unique height-one ele-
ment less than both.

(7) There are no height-one mazimal elements in U. Every maximal element
has height two.

The set U is characterized as a partially ordered set by the axioms 1-7. FEvery
partially ordered set satisfying the axioms 1-7 is isomorphic to every other such
partially ordered set.

PRrROOF. Item 1 follows from Remarks 25.17.1 and 25.17.3. Item 2 and the
first part of item 3 are clear. The second part of item 3 follows immediately from
Remark 25.9.1.

For items 4 and 5, suppose that P is a height-one prime of R|[[y]]. If P = yR|[[y]],
then P is contained in each maximal ideal of R[[y]] by Remark 25.9.1, and so y R|[[y]]
is the special element. If y ¢ P, then, by Corollary 25.11, P is contained in a unique
maximal ideal of R][[y]].

For item 6, use Remarks 25.17.2 and 25.17.3.

All partially ordered sets satisfying the axioms of Theorem 25.14 are order-
isomorphic, and the partially ordered set U of the present theorem satisfies the same
axioms as in Theorem 25.14 except axiom (7) that involves height-one maximals.
Since U has no height-one maximals, an order-isomorphism between two partially
ordered sets as in Theorem 25.18 can be deduced by adding on height-one maximals
and then deleting them. O

COROLLARY 25.19. In the terminology of Sequences 25.0.1 and 25.0.2 of the
introduction, we have Spec C' = Spec D,, = Spec E, but Spec B 2 Spec C'.

PRrROOF. Therings C, D,,, and E are all formal power series rings in one variable
over a one-dimensional Noetherian domain R, where R is either k[z] or k[z,1/z].
Thus the domain R satisfies the hypotheses of Theorem 25.18. Also the number of
maximal ideals is the same for C, D,,, and E, because in each case, it is the same

as the number of maximal ideals of R which is |k[z]| = |k| - No.
Thus in the picture of R[[y]] shown above, for R][[y]] = C, D,, or E, we have
a = |k| - Ry and 3 = |R[[y]]] = |R|*°, and so the spectra are isomorphic. The

spectrum of B is not isomorphic to that of C, however, because B contains height-
one maximal ideals, such as that generated by 1+ xy, whereas C' has no height-one
maximal ideals. ([l
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REMARK 25.20. As mentioned at the beginning of this section, it is shown in
[131] and [132] that SpecQ[z,y] 2 Spec F[z,y] = SpecZ[y|, where F' is a field
contained in the algebraic closure of a finite field. Corollary 25.21 shows that the

~

spectra of power series extensions in y behave differently in that SpecZ[[y]] =
Spec Q[z] [[y]] = Spec F[z] [y]].

COROLLARY 25.21. IfZ is the ring of integers, Q is the rational numbers, F is
a field contained in the algebraic closure of a finite field, and R is the real numbers,
then

Spec Z{[y]] = Spec Q[z] [[y]] = Spec F[z] [[y]] # SpecR[z] [[y]].

PRrROOF. The rings Z,Q[z] and F[z] are all countable with countably infinitely
many maximal ideals. Thus if R = Z, Q[z] or F[z], then R satisfies the hypotheses
of Theorem 25.18 with the cardinality conditions of parts (b) and (c). On the
other hand, R[x] has uncountably many maximal ideals; thus R[z] [[y]] also has
uncountably many maximal ideals. O

25.4. Higher dimensional mixed polynomial-power series rings

In analogy to Sequence 25.0.1, we display several embeddings involving three
variables.

(25.4.0.1)
Kl y,2) < k{[21] 2, y) & kla] [ [y) & kle,y) (2] < ke (ly, 21,
k2 [, ] < Ky, 21) [2] < Fa) [ly, 21) < Kl v, 2],

where k is a field and z, y and z are indeterminates over k.

REMARKS 25.22. (1) By Proposition 25.12.2 every nonzero prime ideal
of C' = k[z][[y]] has nonzero intersection with B = k[[y]] [z]. In three or
more variables, however, the analogous statements fail. We show below
that the maps «, 3,7, 6, €, (,n in Sequence 25.4.0.1 fail to be TGF. Thus,
by Proposition 25.8.2, no proper inclusion in Sequence 25.4.0.1 is TGF.
The dimensions of the generic fiber rings of the maps in the diagram are
either one or two.

(2) For those rings in Sequence 25.4.0.1 of form R = S[[z]] (ending in a power
series variable) where S is a ring, such as R = k[, y][[#]], we have some
information concerning the prime spectra. By Proposition 25.10 every
height-two prime ideal not containing z is contained in a unique maximal
ideal. By [96, Theorem 15.1] the maximal ideals of S[[z]] are of the form
(m, 2)S[[2]], where m is a maximal ideal of S, and thus the maximal
ideals of S[[z]] are in one-to-one correspondence with the maximal ideals
of S. As in section 25.3, using Remarks 25.9, we see that maximal ideals
of Speck[[z]] [z, y] can have height two or three, that (z) is contained in
every height-three prime ideal, and that every height-two prime ideal not
containing (z) is contained in a unique maximal ideal.

(3) It follows by arguments analogous to that in Proposition 25.12.1, that a,
d, € are not TGF. For «, let o(z) € zk[[z]] be transcendental over k(z);
then (z — o)k[[2]] [z, y] N k[z,y, 2] = (0). For § and e: let o(y) € k[[y]] be
transcendental over k(y); then (z — o)k[z] [[z,y]] N k[x] [[2]] [y] = (0), and
(2 — o)klly, 2] [+] N K{[=]] 2. ] = (0).
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(4) By the main theorem of Chapter 24, n is not TGF and the dimension of
the generic fiber ring of 7 is one.

In order to show in Proposition 25.24 below that the map S is not TGF, we
first observe:

PROPOSITION 25.23. The element o = Y o2 (z2)™ € k[z] [[2]] is transcenden-
tal over k[[2]] [z].

ProoF. Consider an expression

Z = G,g(je + a(g_laffl + -4+ a0+ ag,

where the a; € k[[z]] [z] and a; # 0. Let m be an integer greater than ¢+ 1 and
greater than deg,, a; for each i such that 0 <4 < ¢ and a; # 0. Regard each a;o’ as
a power series in  with coefficients in k[[z]].

For each i with 0 < ¢ < ¢, we have i(m!) < (m + 1)l. It follows that the
coefficient of (™" in ¢ is nonzero, and the coefficient of 7 in ¢? is zero for every j
withi(m!) < j < (m+1)!. Thusifa; # 0 and j = i(m!)+deg, a;, then the coeflicient
of 27 in a;0" is nonzero, while for j such that i(m!) + deg, a; < j < (m + 1)!, the
coefficient of 7 in a;0? is zero. By our choice of m, for each i such that 0 < i < /¢
and a; # 0, we have

(m 4+ 1) > £(m!) + deg,, ag > i(m!) +m! > i(m!) + deg, a;.

Thus in Z, regarded as a power series in x with coefficients in k[[z]], the coefficient
of 27 is nonzero for j = ¢(m!) + deg, a;. Therefore Z # 0. We conclude that o is
transcendental over k[[z]] [z]. O

PROPOSITION 25.24. In Sequence 25.4.0.1, k[[z]] [z, ] A k[z] [[2]] [y] is not a
TGF-extension.

ProOOF. Fix an element o € k[x][[2]] that is transcendental over k[[z]] [z]. We
define 7 : k[x] [[2]] [y] = k[z] [[2]] to be the identity map on k[z][[z]] and 7(y) =
Let g = kerm. Then y — oz € q. If h € qN (k[[2]] [z, y]), then

s t
h = ZZ(Z aijzzj)xiyj7 for some s,t € N and a;5¢ € k, and so
j=014i=0 €N
s t s t
0=mn(h)= Z Z(Z aijfzz)xi (Jz)j = Z Z(Z aijeZeJrj)xicrj.

j=0i=0 ¢eN j=0i=0 ¢eN

Since o is transcendental over k[[z]] [z], we have that x and o are algebraically
independent over k((z)). Thus each of the a;;; = 0. Therefore qN(k[[2]][z,y]) = (0),
and so the embedding f is not TGF. (]

PROPOSITION 25.25. In Sequence 25.4.0.1, the extensions

Klly, 2] [2] <> kla] [y 2] and ko] 2] [y] > kle, y] [12]
are not TGF.
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PROOF. For (, let t = zy and let o € k[[t]] be algebraically independent over

k(t). Define 7 : k[z] [[y, z]] — k[x] [[y]] as follows. For
f= Z Z fmn ymzn € k[ ] [[ Z]]’
=0 m+n=¢

where fin(x) € k[x], define

Z Y Fun(@)y™(oy)" € klz] [y]].

£=0 m+n=~{
In particular, 7(z) = oy. Let p := kerw. Then z — oy € p, and so p # (0). Let
h € pNEk[y,z]][z]. We show h = 0. Now h is a polynomial with coeflicients in
klly, 2], and we define g € [y, 2]] [t], by, if ai(y, 2) € K[y, 2]] and

”

h:= Zai(y, 2)x’, then set g := y"h = i(i Z bimny™ 2" )t

=0 i=0 £=0 m+n=~

The coefficients of g are in k[[y, z]], since y"z* = y"~t*. Thus
T

0= ZZ D bimny™(0)" ZZ > bimno™y)

i=0 £=0 m-+n=~ i=0 £=0 m-+n=~

=2_( 2 Q_bumt)o

=0 m+n=~L =0

Now ¢ and y are analytically independent over k, and so the coefficient of each y*
(in E[[t]) is O; since o and ¢ are algebraically independent over k, the coefficient of
each o™ is 0. It follows that each b;,,, = 0, that g = 0 and hence that A = 0. Thus
the extension ( is not TGF.

To see that v is not TGF, we switch variables in the proof for (, so that
t = yz. Again choose o € k[[t]] to be algebraically independent over k(t). Define
¥ k[z,y) [[2]] = kly][[2]] by ¥(x) = o0z and ¢ is the identity on k[y][[2]]. Then
¥ can be extended to 7 : k[y][[z,z]] — kly][[z]], which is similar to the 7 in
the proof above. As above, set p := kerm; then p N k[[z,z]][y] = (0). Thus
p Nk[z][[2]] [y] = (0) and ~ is not TGF. O

PROPOSITION 25.26. Let D be an integral domain and let x and t be indeter-
minates over D. Then o = Y oo t" € Dl[z,t]] is algebraically independent over
DIz, zt]].

PROOF. Let ¢ be a positive integer and consider an expression
o0

v =0t 4 4 0t + - 4 10, where v; = Z fij(@)(xt)’ € D[z, xt]],
§=0

that is, each f;;(z) € D[[z]] and 1 < i < ¢. Assume that v, # 0. Let ay be
the smallest j such that fy;(x) # 0, and let my be the order of fy,,(x), that is,
fea,(z) = 2™ go(z), where g;(0) # 0. Let n be a positive integer such that

n > 2+ max{l, my,as}.

Since ¢ < n, for each ¢ with 1 <14 < /¢, we have
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(25.2) ol — Uil(t) + Citi(n!) + t(n+1)!Ti(t),

where ¢; is a nonzero element of D, 0;1(t) is a polynomial in D[t] of degree at most
(i —1)n!+ (n—1)! and 7;(t) € D[[t]]. We use the following two claims to complete
the proof. O

CLAIM 25.27. The coefficient of t“") ¢ in oty = UZ(Z;”;W feoi(z)(zt)) as a
power series in D[[z]] has order mg + ag, and hence, in particular, is nonzero.
PROOF. By the choice of n, (n+ 1)! > £(n!) + ay. Hence by the expression for

ot given in Equation 25.2, we see that all of the terms in oy, of the form bt‘(")+ac,
for some b € D[[z]], appear in the product

L(n))+ap

(Ugl(t —|—CﬁfZ n') Z fg]

Jj=a¢
One of the terms of the form bt!(")*+a¢ in this product is
et ™) fuo, (@) (1) = (cam™H o () HODT = (cpa gy (0) 4 YD,

Since ¢,g¢(0) is a nonzero element of k, cpz™ " g,(z) € k[[z]] has order my+a,. The
other terms in the product o’y, that have the form bt‘(")+e for some b € D[[z]],
are in the product

L(n!)+a, L(n))+a, .
Ca®)( Y. fu@(@t)y)= Y fol@) @ty on(t).
Jj=ae Jj=ae

Since deg, o¢1 < (¢ — 1)n! + (n — 1)! and since, for each j with fy;(x) # 0, we have
deg, foj(x)(xt)? = j, we see that each term in fr;(xt)7041(t) has degree in t less
than or equal to j + (¢ — 1)n! + (n — 1)!. Thus each nonzero term in this product
of the form bt!(")+e has

jln)+a—C—-1)0)—n-—1!'=a+ (n-1l(n-1)>ms+ ay,

by choice of n. Moreover, for j such that fe;(z) # 0, the order in x of fo;(z)(xt)?
is bigger than or equal to j. This completes the proof of Claim 25.27. O

CLAIM 25.28. Fori < {, the coefficient of t“")+a¢ in i~ as a power series in
Dl[z]] is either zero or has order greater than my + ay.

PROOF. As in the proof of Claim 25.27, all of the terms in o’v; of the form
bt‘(m+ae for some b € D[[x]], appear in the product

£(n!)+ae £(n)+ag
(i + et ™) Y- fy@)@y) = 3 fil@)(at) (on + et ™).
j=0 =0

Since deg, (01 + ¢;t'™)) = i(n!), each term in f;;(x)(wt)’ (01 + ¢;t*(™)) has degree
in ¢ at most j 4+ i(n!). Thus each term in this product of the form bt‘(")+e:  for
some nonzero b € D[[z]], has

Jg >l 4+ ap—i(n!) >nl+ap > me + ap.

Thus ord, b > j > my + ag. This completes the proof of Claim 25.28. Hence
v & D[z, zz]]. This completes the proof of Proposition 25.26. O
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QUESTION AND REMARKS 25.29. (1) As we show in Proposition 25.12,
the embeddings from Equation 1 involving two mixed polynomial-power
series rings of dimension two over a field k with inverted elements are TGF.
In the article [65] we ask whether this is true in the three-dimensional case.
For example, is the embedding 6 below TGF?

ke, y) (2] 2 ko, y, 1/a] [[2]]

Yasuda shows the answer for this example is “No” in [135]. Dumitrescu
establishes the answer is “No” in more generality; see Theorem 25.30.

(2) For the four-dimensional case, as observed in the discussion of Ques-
tion 25.1, it follows from [48, Theorem 1.12, p. 364] that the extension
klx,y,u] [[2]] — klz,y,u,1/x][[2]] is not TGF. Theorem 25.30 yields a
direct proof of this fact.

We close this chapter with a result of Dumitresco that shows many extensions
involving only one power series variable are not TGF.

THEOREM 25.30.  [27, Corollary 4] Let D be an integral domain and let x,y, z
be indeterminates over D. For every subring B of D|[x,y]] that contains D[z, y],
the extension B[[z]] — B[1/z][[2]] is not TGF.

PROOF. Let ¢t = z/x. Proposition 25.26 implies there exists o € D[[t]], such as
o =" t" that is algebraically independent over D[z, z]].
Let u be another variable and consider the D-algebra homomorphism

v Dla,y,ul] [1] (2] = Dlfe, ] (1] (]

defined by mapping

o0 oo
Zai(a:,ym, 1/2)2" — Zai(x,ou,u, 1/2)2",
i=0 i=0

where a;(x,y,u,1/x) € D[[z,y,u]][1/z]. Let p = kerm. Then y —ou € p. We show
that p N D[z, y,u, z]] = (0), and so also p N D[z, y, u] [[z]] = (0). Let

o0

f= Z( Z dijuiyj) € Dl[z,y,u, 2],

£=0 itj=¢

where d;; € D][z,?]]. If f € p, then

0=m(f)= fj( > diyutolul) = i( > dijol)u.
=0 it+j=¢ =0 it+j=¢

This is a power series in u, and so, for each /, Zi-ﬁ-j:( d;jo? = 0. Since o is
algebraically independent over D[z, z]], each d;; = 0. Thus f = 0. This completes

the proof of Theorem 25.30. ([

Exercises

(1) Let k be a field and let Xy = |N|. Prove that a = |k| - Ry and 8 = k™ in
Theorem 25.14.
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Suggestion: Notice that every polynomial of the form x — a, for a € k, gen-
erates a maximal ideal of k[z] and also that |k[z]| = |k| - Ro, since k[z] can be
considered as an infinite union of polynomials of each finite degree.

(2) Let y denote an indeterminate over the ring of integers Z, and let A = Z[[y]].

(a) Prove that every maximal ideal of A has height two.

(b) Describe and make a diagram of the partially ordered set Spec A.

(c) Let B = A[TJlrz] Describe the partially ordered set Spec B. Prove that
B has maximal ideals of height one, and deduce that Spec B is not order-
isomorphic to Spec A.

(d) Let C = A[%]. Describe the partially ordered set Spec C'. Prove that C' has
a nonmaximal prime ideal of height one that is an intersection of maximal

ideals. Prove that Spec C is not isomorphic to either Spec A or Spec B.






CHAPTER 26

Extensions of local domains with trivial generic
fiber

We consider injective local maps from a local domain R to a local domain S
such that the generic fiber of the inclusion map R < S is trivial, that is PN R # (0)
for every nonzero prime ideal P of S. 1 We recall that S is said to be a trivial
generic fiber extension of R, or more briefly, a TGF' extension, if each nonzero ideal
of S has a nonzero intersection with R, or equivalently, if each nonzero element of
S has a nonzero multiple in R. We present in this chapter examples of injective
local maps involving power series that are or fail to be TGF-extensions.

Let R < S be an injective map of integral domains. Since ideals of S maximal
with respect to not meeting the multiplicative system of nonzero elements of R are
prime ideals, S is a TGF extension of R if and only if PN R # (0) for each nonzero
prime ideal P of S. Another condition equivalent to S is a TGF extension of R is
that U~1S is a field, where U = R\ (0).

Our work in this chapter is motivated by Question 24.2 asked by Melvin
Hochster and Yongwei Yao. In this connection we use the following definition.

DEFINITION 26.1. Let (R,m) — (S,n) be an injective local homomorphism
of complete local domains; thus n N R = m. We say that S is a TGF-complete
extension of R if S is a TGF extension of R.

By Remark 24.3, in the equicharacteristic zero case such extensions arise as a
composition

(26.1.0) R=K[[z1,..xzp])] = T = L[[x1, eey Tny Y1, ooy Y]] = T/P =S,

where K is a subfield of L, the x;,y; are formal indeterminates, and P is a prime
ideal of T' maximal with respect to being disjoint from the image of R\ {0}.

We discuss several topics and questions related to Question 24.2. Previous work
related to this question concerning homomorphisms of formal power series rings
appears in articles of Matsumura, Rotthaus, Abhyankar, Moh. [113],[3] [9], among
others.  In particular, if R and S contain a field and are both complete regular
local rings of dimension two, then the map from R to S factors as a composition of
maps R; := k[[z,zy]] — S := k[[z,y]], where z and y are variables over a field k,
see [9, Section 3.

26.1. General remarks about TGF extensions

IThe material in this chapter is adapted from our paper [66] dedicated to Phil Griffith in
honor of his contributions to commutative algebra.

283
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We consider in Proposition 26.2 relatively easy TGF-complete extensions where
the base ring has dimension one.

PROPOSITION 26.2. Let (R,m) be a complete one-dimensional local domain.
Assume that (S,n) is a TGF-complete extension of R. Then
(1) dim(S) =1 and mS is n-primary.
(2) If [S/n: R/m] < oo, then S is a finite integral extension of R.
Thus, if R — S is a TGF-extension with finite residue extension and dim S >
2, then dim R > 2.

ProOF. By Krull’s Principal Ideal Theorem 2.6, n is the union of the height-
one primes of S. If dim$S > 1, then S has infinitely many height-one primes.
Each nonzero element of n is contained in only finitely many of these height-one
primes. If dim S > 1, then the intersection of the height-one primes of S is zero.
Since dim R = 1, every nonzero prime of S contains m. Thus dimS = 1 and
mS is n-primary. Moreover, if [S/n : R/m] < oo, then S is finite over R by
Theorem 3.8. 0

REMARKS 26.3. (1) Notice that there exist TGF-complete extensions of R that
have an arbitrarily large extension of residue field. For example, if k is a subfield
of a field F' and z is an indeterminate over F, then R := k[[z]] C S := F[[z]] is a
TGF-complete extension.

(2) Let (R,m) — (T, q) be an injective local homomorphism of complete local
domains. For P € SpecT, S :=T/P is a TGF-complete extension of R if and only
if P is an ideal of T' maximal with respect to the property that P N R = (0).

REMARKS 26.4. Let X = {z1...,2,}, Y ={y1...,ymtand Z ={z1...,2,.} be
algebraically independent finite sets of indeterminates over a field k, where n > 2,
m,r > 1. Set R := k[[X]] and let P be a prime ideal of k[[X,Y, Z]] that is maximal
with respect to PN R = (0). Then we have the inclusions:

R:=k[[X]] <5 S := k[X,Y]]/(PNK[X,Y]]) < T := k[[X,Y, Z]] ) P.

By Remark 26.3.2, 7 - ¢ is a TGF extension. By Proposition 25.8.3, S < T is
TGF.

(1) If the map SpecT — SpecS is surjective, then ¢ : R — S is TGF by
Proposition 25.8.2.

(2) If R < T is finite, then R < S is also finite, and so 0 : R — S is TGF.

(3) If R — T is not finite, then dim 7T = 2 by Theorem 24.22.

(4) If PNK[[X,Y]] =0, then S = R[[Y]] and R — S is not TGF. (We show
in Example 26.16 that this can occur.)

REMARKS AND QUESTION 26.5. (1) With notation as in Remarks 26.4 and
with Y = {y}, a singleton set, it is always true that ht(P N R[[y]]) < n — 1. (See
Theorem 24.21.) Moreover, if ht(P N R[[y]]) = n — 1, then R < S is TGF. Thus if
n =2 and PN R[[y]] #0, then R — S is TGF.

(2) With notation as in (1) and n = 3, it can happen that P N k[[X, y]] # (0)
and R — R[[y]]/(P N R[[y]]) is not a TGF extension. To construct an example of
such a prime ideal P, we proceed as follows: Since dimk[[X,y]]=4, there exists a
prime ideal @ of k[[X, y]] with ht Q = 2 and Q N k[[X]] = (0), see Theorem 24.21.
Let p C @ be a prime ideal with htp = 1. Since p C @ and @ N k[[X]] = (0),
the extension k[[X]] < k[[X,y]]/p is not a TGF extension. In particular, it is not
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finite. Let P € Speck[[X,y, Z]] be maximal with respect to P Nk[[X,y]] = p. By
Corollary 26.10 below, dim k[[X,y, Z]]/P = 2. Hence P is maximal in the generic
fiber over k[[X]].

(3) If (R,m) — (S, n) is a TGF-complete extension with S/n finite algebraic
over R/m, can the transcendence degree of S over R be finite but nonzero?

(4) If (R,m) < (S,n) is a TGF-complete extension as in (3) with R equichar-
acteristic and dim R > 2, then by Corollary 26.9 below it follows that either S is a
finite integral extension of R or dim S = 2.

PROPOSITION 26.6. Let A — B be a TGF extension, where B is a Noetherian
integral domain. For each @ € Spec B, we have ht Q@ < ht(Q N A). In particular,
dim A > dim B.

PROOF. If ht @ = 1, it is clear that ht Q < ht(Q N A) since @ N A # (0). Let
ht @ = n > 2, and assume by induction that ht Q' < ht(Q'NA) for each Q" € Spec B
with ht Q' < n — 1. Since B is Noetherian,

0)=({Q'Q cQ and ht@Q =n-1}.

Hence there exists @' C Q with t@Q" =n—1and @ NA C QN A. We have
n—1<ht(Q' NA) <ht(QNA),soht(QNA) > n. O

26.2. TGF-complete extensions with finite residue field extension

SETTING 26.7. Let n > 2 be an integer, let X = {z,...,z,} be a set of
independent variables over the field k& and let R = k[[X]] be the formal power series
ring in n variables over the field k.

THEOREM 26.8. Let R = k[[X]] be as in Setting 26.7. Assume that R — S
is a TGF-complete extension, where (S,n) is a complete Noetherian local domain
and S/n is finite algebraic over k. Then either dim S = n and S is a finite integral
extension of R or dim S = 2.

PrROOF. It is clear that if S is a finite integral extension of R, then dim .S = n.
Assume S is not a finite integral extension of R. Let by,...,b,, € n be such that
n=(by,...,by)S, and let Y = {y1,...,ym} be a set of independent variables over
R. Since S is complete the R-algebra homomorphism ¢ : T := R[[Y]] — S such
that p(y;) = b; for each ¢ with 1 <14 < m is well defined. Let @ = ker p. We have

R—T/Q < S.

By Theorem 3.8 S is a finite module over T'/Q. Hence dim S = dim(7/Q) and the
map Spec .S — SpecT/Q is surjective, so by Proposition 25.8(3) R — T'/Q is TGF.
By Corollary 24.24, dim(T/Q) = 2, so dim S = 2. O

COROLLARY 26.9. Let (A,m) and (S,n) be complete equicharacteristic local
domains with dim A = n > 2 and suppose that A — S is a local injective homo-
morphism and that the residue field S/n is finite algebraic over the residue field
A/m:=k. If A— S is a TGF-complete extension, then either dim S = n and S
is a finite integral extension of A or dim S = 2.
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PROOF. By [89, Theorem 29.4(3)], A is a finite integral extension of R = k[[X]],
where X is as in Setting 26.7. We have R — A < S. By Proposition 25.8(1), R < S
is TGF. By Theorem 26.8, either dim S = n and S is a finite integral extension of
AordimS =2. O

For example, if R = k[[x1,...,24]] and S = E[[y1, y2, y3]], then every k-algebra
embedding R < S fails to be TGF.

COROLLARY 26.10. Let R = k[[X]] be as in Setting 26.7. LetY = {y1,...,Ym}
be a set of m independent variables over R and let S = R[[Y]]. If P € SpecR is
such that dim R/P > 2 and @ € Spec S is mazimal with respect to QN R = P, then
either

(i) dim S/Q =2, or
(ii) R/P — S/Q is a finite integral extension (and so dim R/P = dim S/Q).

PROOF. Let A:= R/P — S/Q =: B, and apply Corollary 26.9. O

GENERAL EXAMPLE 26.11. It is known that, for each positive integer n, the
power series ring R = k[[z1,...,x,]] in n variables over a field k can be embedded
into a power series ring in two variables over k. The construction is based on the
fact that the power series ring k[[z]] in the single variable z contains an infinite
set of algebraically independent elements over k. Let {f;}52, C E[[z]] with f1 # 0
and {f;}32, algebraically independent over k(f1). Let (S := k[[z,w]],n := (z,w))
be the formal power series ring in the two variables z,w. Fir a positive integer n

and consider the subring R, := k[[fiw,..., fow]] of S with mazimal ideal m,, =
(frw,..., faw). Let xq,..., 2, be new indeterminates over k and define a k-algebra
homomorphism ¢ : k[[x1,...,z,]] = Ry by setting o(x;) = fiw fori=1,... n.

CLAIM 26.12. (see [139, pp. 219-220]) ¢ is an isomorphism.

PROOF. Suppose g =Y.~ _, gm, where gy, is a form of degree m in k[z1, ..., z,).
Then
('0(9): Z(P(gm) and So(gm):gm(flw77fnw):wmgm(f177fn)a
m=0

where g (f1,..., fn) € E[[2]]. If p(g) = 0, then g (f1,...,fn) = 0 for each m.

Thus '
Ozgm(f177fn): Z ail,‘..,in {1 ylznv
i1+ Fin=m
where the a;,....;, € k and the ¢; are nonnegative integers. Our hypothesis on the
f; implies that each of the a;, ... ;, =0, and so g,, = 0 for each m. O

ProOPOSITION 26.13. With notation as in Example 26.11, for each integer n >
2, the extension (R,,m;) < (S,n) is nonfinite TGF-complete with trivial residue
extension. Moreover ht(P N R,) > n — 1, for each nonzero prime P € Spec S.

PrROOF. We have k& = R,,/m, = S/n, so the residue field of S is a trivial
extension of that of R,. Since m, .S is not n-primary, S is not finite over R,,. If
PNR,, = m,, then ht(PNR,) =n > n—1. Since dim S = 2, if m,, is not contained
in P, then ht P = 1, S/P is a one-dimensional local domain, and m,(S/P) is
primary for the maximal ideal n/P of S/P. It follows that R, /(PNR,) < S/P is
a finite integral extension by Theorem 3.8. Therefore dim R,,/(P N R,) = 1. Since
R, is catenary and dim R,, = n, ht(PN R,) =n — 1. O
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COROLLARY 26.14. Let X and R = k[[X]] be as in Setting 26.7. Then there
exists an infinite properly ascending chain of two-dimensional TGF-complete ex-
tensions R =: Sy < S1 < Sy < -+ such that each S; has the same residue field
as R and S;11 is a nonfinite TGF-complete extension of S; for each 1.

Proor. Example 26.11 and Proposition 26.13 imply that R can be identified
with a proper subring of the power series ring in two variables so that k[[y, y2]] is a
TGF-complete extension of R and the extension is not finite. Now Example 26.11
and Proposition 26.13 can be applied again, to k[[y1,yz]], and so on. O

EXAMPLE 26.15. A particular case of Example 26.11.

For R := k[[z,y]], the extension ring S := k[[x, y/x]] has infinite transcendence
over R (see [124]). The method used in [124] to prove that S has infinite transcen-
dence degree over R is by constructing power series in y/x with ‘special large gaps’.
Since k[[x]] is contained in R, it follows that S is a TGF-complete extension of R.
To show this, it suffices to show PNR # (0) for each P € Spec S with ht P = 1. This
is clear if x € P, while if z € P, then k[[z]]NP = (0), so k[[z]] = R/(PNR) — S/P
and S/P is finite over k[[z]]. Therefore dim R/(PNR) =1, so PN R # (0).

Notice that the extension k[[x, y]] < k[[z,y/x]] is, up to isomorphism, the same
as the extension k[[z, zy]] — k[[z,y]].

In Example 26.16 we show the situation of Remark 26.4.4 does occur.

EXAMPLE 26.16. Let k, X = {z1,22}, Y = {y}, Z = {z} and R = k[[x1, z2]]
be as in Remarks 26.4. Let fi, fo € k[[z]] be algebraically independent over k. Let
P denote the ideal of k[[z1, 22, vy, 2]] generated by (z1 — f1y, 22 — foy), Then P is
the kernel of the k-algebra homomorphism 6 : k[[x1, z2,y, 2]] — k[[y, 2]] obtained
by defining 0(z1) = fiy, 0(x2) = foy, 0(y) = y and 6(z) = z. In the notation of
Remark 26.4,

T = kl[z1, 22,9, 2]/ P = k[ly, z]].

Let ¢ := 0|r and 7 := 0|g(p,). The proof of Claim 26.12 shows that ¢ and 7 are
embeddings. Hence P N R][y]] = (0). By Proposition 26.13, ¢ and 7 are TGF. We

have
o R{[yl] 7 Rlly, 2]
R—S=—""==R[jy]] — klly, ],
Py — A TR 2 Ky ]
where 0 : R < S is the inclusion map. Also 70 = ¢ is TGF as in Remark 26.4.4.

Since ySN R = (0), 0 : R S is not TGF.

IR

QUESTIONS 26.17. (1) If ¢ : R — S is a TGF-complete nonfinite extension
with finite residue field extension, is it always true that ¢ can be extended to a
TGF-complete nonfinite extension R[[y]] — S7

(2) Suppose that R < S is a TGF-complete extension and y is an indetermi-
nate over S. It is natural to ask: Does R[[y]] — S[[y]] have the TGF property?
Computing with elements, one may ask if for s € S\ R, does y + s have a multiple
in R[[y]]? There is at € S with ts € R, but is there a t' € S with both 't and
t'ts € R?

(3) A related question is whether the given R < S is extendable to an injective
local homomorphism ¢ : R[[y]] < S. For example, with & a field, k[[21]][y](z, ) <
Kly)[l21])(o1 ) i TGE. Can we extend to k{[e Jll[el)irrea) = Hl[w1]] o)
say by xo — >~ (yx)", which is still local injective?
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We show in Proposition 26.18 that the answer to (26.17.2) is ‘no’ if the answer
to (26.17.3) is “yes”, that is, the given R < S is extendable to an injective local
homomorphism R][[y]] < S. In Example 26.19 we present an example where this
occurs.

PROPOSITION 26.18. Let R < S be a TGF-complete extension and let y be an
indeterminate over S. If R — S is extendable to an injective local homomorphism

¢ : R[[y]] = S, then R[[y]] — S[[y]] is not TGF.

PROOF. Let a := ¢(y) and consider the ideal Q = (y — a)S[[y]]. The canonical
map S[y]] = S[[y]]/@ = S extends ¢. Thus Q@ N R[[y]] = (0) and R[[y]] — S][y]] is
not TGF. g

EXAMPLE 26.19. Let R := R, = k[[fiw,..., fow]] — S = k[[z,w]] be as
in Example 26.11 with n > 2. Define the extension ¢ : R[[y]] — S by setting
o(y) = frrr1w € S. By Proposition 26.13, ¢ : R[[y]] — S is TGF-complete. Thus
by Proposition 26.18, R[[y]] — S][y]] is not TGF.

REMARK AND QUESTIONS 26.20. Let (R,m) — (S,n) be a TGF-complete
extension. Assume that [S/n : R/m] < oo and that S is not finite over R. By
Theorem 3.8, mS is not n-primary. Thus dim .S > ht(mS). Therefore dim S > 1,
so by Proposition 26.2, dim R > 1.

(1) If (R, m) is equicharacteristic, then by Corollary 26.9, dim S = 2. Is it
true in general that dim S = 27
(2) Is it possible to have dim S — ht(mS) > 17

EXAMPLES 26.21. (1) Let R := k[[z,zy, 2]] — S := k[[z,y, z]]. We show
this is not a TGF extension. By (26.15), ¢ : k[[z, zy]] — k[[z, y]] is TGF-
complete. By Proposition 26.18, it suffices to extend ¢ to an injective local
homomorphism of k[[x, zy, z]] to k[[z, y]]. Let f € k[[z]] be such that x and
f are algebraically independent over k, so (1,z, f) is not a solution to any
nonzero homogeneous form over k. As in (26.8) and (26.11), the extension
of ¢ obtained by mapping z — fy is an injective local homomorphism.

(2) The extension R = k[[z, zy, zz]] — S = k[[z,y, £]] is not a TGF-complete
extension, since R = k[[z,zy, xz]] — k[[z,zy,z]] — S = k[[z,y,2]] is a
composition of two extensions that are not TGF by part (1). Now apply
Proposition 25.8.

26.3. The case of transcendental residue extension

In this section we address but do not fully resolve the following question.

QUESTION 26.22. If (S,n) is a TGF-complete extension of (R,m) and if S/n
is transcendental over R/m does it follow that dim .S < 17

In Proposition 26.23 we prove every complete local domain of positive dimen-
sion has a one-dimensional TGF-complete extension.
PROPOSITION 26.23. Let (R, m) be a local domain of positive dimension.

(1) There exists a one-dimensional complete local domain (S,n) that is a TGF
extension of R.
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(2) If R is complete, there exists a one-dimensional TGF-complete extension

of R.

ProoF. By Chevalley’s Theorem 2.19 there exists a discrete rank-one valuation
domain (S, n) that dominates R. The n-adic completion S of § is a one-dimensional
local ring that dominates R and each minimal prime p; of S intersects S in Z€ro,
s0 S /Pi is a one-dimensional complete local domain that dominates R. Moreover,
if (S,n) is a one-dimensional local domain that dominates a local domain (R, m)
of positive dimension, then it is obvious that S is a TGF extension of R, so if R
and S are also complete, then S is a TGF-complete extension of R. (|

SETTING 26.24. Let n > 2 be an integer, let X = {x1,...,2,} be a set of
independent variables over the field k& and let R = k[[X]] be the formal power series
ring in n variables over the field k. Let z,w,t,v be independent variables over R.

PROPOSITION 26.25. Let notation be as in Setting 26.24.
(1) There exists a TGF embedding 0 : k[[z, w]] — k(t)[[v] defined by 6(z) = tv
and O(w) = v.
(2) Moreover, the composition 1 = 0 o ¢ of 6 with ¢ : R — k[[z,w]] given in
General Example 26.11 is also TGF.

PROOF. Suppose f € kerf. Write f = >  f,(z,w), where f, is a homoge-
neous form of degree n with coefficients in k. We have

0=0(f) = faltv,v) =Y 0" falt,1).
n=0 n=0

This implies f,(t,1) = 0 for each n. Since t is algebraically independent over k, we
have f,(z,w) = 0 for each n. Thus f = 0 and 6 is an embedding. Since 6 is a local
homomorphism and dim k(¢)[[v]] = 1, it is clear that 6 is TGF.

For the second part, we use Proposition 25.8 together with the observation in
General Example 26.11 that ¢ is a TGF embedding. O

As a consequence of Proposition 26.25, we prove:

COROLLARY 26.26. Let R = E[[X]] be as above and let A = k(t)[[X]]. There
exists a prime ideal P € Spec A in the generic fiber over R with ht P =n —1. In
particular, the inclusion map R = k[[X]] — A = k(t)[[X]] is not TGF.

PRrROOF. Define ¢ : R — k[[z,w]] := S, by

ple1) =z, p(xg) = ha(w)z, ..., @(2a) = hn(w)z,

where ho(w), ..., hy(w) € k[[w]] are algebraically independent over k. Also define
0:5 — k(t)[[v]] := B by 0(z) = tv and 6(w) = v. Consider the following diagram

R=K[X] —S— A= k(@®)[[X]]
g !l
S = Kllz,wl] —— B =k(0)[[o]]
where U : A — B is the identity map on k(¢) and is defined by
U(zy) =tv, W(xg)=hao(v)tv, ..., Y(x,)=h,(v)tv.
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Notice that ¥|g = ¢ = fop. Therefore the diagram is commutative. Let P = ker U.
Since W is surjective, ht P = n — 1. Commutativity of the diagram implies that
PN R=(0). O

DiscuUsSION 26.27. Let us describe generators for the prime ideal P = ker ¥
given in Corollary 26.26. Under the map ¥, xy ~ tv, and so %+ — v. Since also
xg > ha(V)tv, ..., z, — hy(v)tv, we see that

T X X
(ch - hg(%)xl, r3 — hg(Tl)l‘l, ey Ly — hn(%)xl)A g P

(that is, W(xg — ho(x1/t)x1) = he(v)tv — ha(v)tv = 0 etc.) Since the ideal on the
left-hand-side is a prime ideal of height n — 1, the inclusion is an equality. Thus
we have generators for the prime ideal P = ker ¥ resulting from the definitions of
o and 6 given in the corollary.

On the other hand, in Corollary 26.26 if we change the definition of § and we
define 0’ : k[[z, w]] — k(¢)[[v]] by 6'(2) = v and #'(w) = tv (but we keep ¢ as above),
then ¢’ defined by ¢'|r = €' - ¢ maps x1 — v, 3 — ho(tv)v, ..., , — h,(tv)v.
In this case

(xo — ha(tz1)x1, w3 — ha(tx1)T1, ..., 2n — hy(trr)z1)A C ker ¥/ = P’
Again the ideal on the left-hand-side is a prime ideal of height n — 1, so we have
equality. This yields a different prime ideal P’.

In this case one can also see directly for

Pl = (CL’Q — hQ(tl'l)xl, I3 — hg(tl’l)xl, N o hn(txl)xl)A
that P"N R = (0). We have ¥ : A — A/P’ = k(t)[[v]]. Suppose f € RNP'. We

write f = Y,2, fe(x1,...,2y), where f; € k[z1,...,2,] is a homogeneous form of
degree £. We have

0="0(f) = folw, ha(tv)v,... . hn(tv)v) = > v fo(1, ha(tv), ..., hn(tv)).
=0

=0
This implies f;(1, ha(tv),...,h,(tv)) = 0 for each ¢. Since hg,...,h, are alge-
braically independent over k, each of the homogeneous forms fy(x1,...,2,) = 0.
Hence f = 0.

QUESTION 26.28. With notation as in Corollary 26.26, does every prime ideal
of the ring A maximal in the generic fiber over R have height n — 17

THEOREM 26.29. Let (A, m) — (B,n) be an extension of two-dimensional reg-
ular local domains. Assume that B dominates A and that B/n as a field extension
of A/m is not algebraic. Then A — B is not TGF.

PROOF. Since dim A = dim B, the assumption that B/n is transcendental over
A/m implies that B is not algebraic over A by Theorem 2.9. If mB is n-primary,
then B is faithfully flat over A [89, Theorem 23.1], and [48, Theorem 1.12] implies
that A < B is not TGF in this case.

If mB is principal, then mB = xB for some « € m since B is local. It follows
that m/z C B. Localizing Alm/z] at the prime ideal n N Alm/z] gives a local
quadratic transform (A;,m;) of A. If dimA; = 1, then A; — B is not TGF
because only finitely many prime ideals of B can contract to the maximal ideal
of A;. Hence A < B is not TGF if dimA; = 1. If dim A; = 2, then (A;,my)
is a 2-dimensional regular local domain dominated by (B,n) and the field 4; /m;
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is finite algebraic over A/m, and so B/n is transcendental over A;/m;. Thus we
can repeat the above analysis: If my B is n-primary, then as above A < B is not
TGF. If my B is principal, we obtain a local quadratic transform (Ag, ms) of A;. If
this process does not end after finitely many steps, we have a union V = U2, 4,
of an infinite sequence A,, of quadratic transforms of a 2-dimensional regular local
domains. Then V is a valuation domain of rank at most 2 contained in B, and
so at most finitely many of the height-one primes of B have a nonzero intersection
with V. Therefore V < B is not TGF and hence also A — B is not TGF.

Thus by possibly replacing A by an iterated local quadratic transform A,, of
A, we may assume that mB is neither n-primary nor principal. Let m = (z,y)A.
There exist f,g,h € B such that © = gf,y = hf and g, h is a regular sequence in
B. Hence (g, h)B is n-primary. Let f = f{*--- f¢r, where f1B,... f, B are distinct
height-one prime ideals and the e; are positive integers. Then f1B,..., f.B are
precisely the height-one primes of B that contain m.

Let t € B be such that the image to ¢ in B/n is transcendental over A/m.
Modifying t if necessary by an element of n we may assume that ¢ is transcendental
over A. We have n N Aft] = m[t]. Let A(t) = Alt|mp. Notice that A(t) is a
2-dimensional regular local domain with maximal ideal mA(¢) that is dominated
by (B,n). We have

A — At] — A(t) — B.
Let P = (zt—y)A(t). Then PNA = (0). We have PB = (gft—hf)B = f(gt—h)B.
Also gt — h is a nonunit of B. Let @ be a minimal prime of (gt — h)B. Then
Q¢&{fiB,..., f-B}. Hence mA(t) Q. Therefore Q N A(t) has height one. Since
P C (gt —h)B C @, we have QN A(t) = P. Thus @ N A = (0). This completes the
proof. O

We have the following immediate corollary to Theorem 26.29.
COROLLARY 26.30. Let x,y, z,w,t be indeterminates over the field k and let
¢ R = klla,yl] = S == k(®)[[2,w]
be an injective local k-algebra homomorphism. Then p(R) < S is not TGF.

In relation to Question 26.22, Example 26.31 is a TGF extension A <— B that
is not complete for which the residue field of B is transcendental over that of A
and dim B = 2.

EXAMPLE 26.31. Let A = k[z,y, 2, w](4,y,2w), Where k is a field and zw =
yz. Thus A is a 3-dimensional normal local domain with maximal ideal m :=
(x,y,2z,w)A and residue field A/m = k. Notice that C := Aly/x] = kly/z =
w/z,x,z] is a polynomial ring in 3 variables over k. Thus B := Cla,z) is a 2-
dimensional regular local domain with maximal ideal n = (z,z)B. Notice that
(B, n) birationally dominates (A, m). Hence (A, m) — (B,n) is a TGF extension.
Also B = k(y/z)[z, 2] (z,2), s0 k(y/z) is a coefficient field for B. The image ¢ of y/x
in B/n is transcendental over k and B/n = k(t). The completion of A is the normal
local domain A = E[[z,y, z,w]], where zw = yz. By a form of Zariski’s subspace
theorem [3, (10.6)], A is dominated by B = k(t)[[z, z]]. Thus we have ¢ : A < B,
where p(z) = x,0(2) = 2z, 0(y/z) =t = p(w/z) and so also ¢(y) = tz, p(w) = tz,
p(zw) = ztz = p(yz).
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In Example 26.31, A< Bisnot a TGF-complete extension. Equivalently, the
inclusion map
R :=k[[z, z, te, tz]] < k(t)[[z,2]] := S

is not a TGF-extension.



CHAPTER 27

Multi-ideal-adic Completions of Noetherian Rings

In this chapter we consider a variation of the usual I-adic completion of a
Noetherian ring R. ! Instead of successive powers of a fixed ideal I, we use a multi-
adic filtration formed from a more general descending sequence {I,,}72 , of ideals.
We develop the mechanics of a multi-adic completion R* of R. With additional
hypotheses on the ideals of the filtration, we show that R* is Noetherian. In the
case where R is local, we prove that R* is excellent, or Henselian or universally
catenary if R has the stated property.

27.1. Ideal filtrations and completions

Let R be a commutative ring with identity. A filtration on R is a decreasing
sequence {I,}5°, of ideals of R. Associated to a filtration there is a well-defined
completion R* = @1 R/I,, and a canonical homomorphism ¢ : R — R* [100,

n
Chapter 9]. If (N~ , I, = (0), then ¢ is injective and R may be regarded as a
subring of R* [100, page 401]. In the terminology of Northcott, a filtration {I,,}22,
is said to be multiplicative if Iy = R and I,1,,, C L,1m, for all m > 0, n > 0 [100,
page 408]. A well-known example of a multiplicative filtration on R is the I-adic
filtration {I"}5%, where I is a fixed ideal of R.

In this chapter we consider filtrations of ideals of R that are not multiplicative,
and examine the completions associated to these filtrations. We assume the ring
R is Noetherian. Instead of successive powers of a fixed ideal I, we use a filtration
formed from a more general descending sequence {I,,}52, of ideals. We require that,
for each n > 0, the n'" ideal I, is contained in the n*® power of the Jacobson radical
of R, and that I,,;, C I¥ for all k,n > 0. We call the associated completion a multi-
adic completion, and denote it by R*. The basics of the multi-adic construction
and the relationship between this completion and certain ideal-adic completions are
considered in Section 27.2. In Section 27.3, we prove, for {I,,} as described above,
that R* is Noetherian. Let (R,m) be a Noetherian local ring. If R is excellent,
Henselian or universally catenary, we prove in Section 27.4 that R* has the same
property.

The process of passing to completion gives an analytic flavor to algebra. Often
we view completions in terms of power series, or in terms of coherent sequences as
in [9, pages 103-104]. Sometimes results are established by demonstrating for each
n that they hold at the n*® stage in the inverse limit.

Multi-adic completions are interesting from another point of view. Many ex-
amples in commutative algebra can be considered as subrings of R*/J, where R* is

IThe material in this chapter is adapted from our paper [67] dedicated to Melvin Hochster
on the occasion of his 65" birthday. Hochster’s brilliant work has had a tremendous impact on
commutative algebra.
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a multi-adic completion of a localized polynomial ring R over a countable ground
field and J is an ideal of R*. In particular, certain counterexamples of Brodmann
and Rotthaus, Heitmann, Nishimura, Ogoma, Rotthaus and Weston can be inter-
preted in this way, see [13], [14], [73], [97], [99], [102], [103], [111], [112], [130].

For many of these examples, a particular enumeration, {p1, ps, ... }, of countably
many non-associate prime elements is chosen and the ideals I,, are defined to be
I, := (p1ip2 .. .pn)". The Noetherian property in these examples is a trivial con-
sequence of the fact that every ideal of R* that contains one of the ideals I,,, or a
power of I, is extended from R. In general, an advantage of R* over the I,-adic
completion R,, is that an ideal of R* is more likely to be extended from R than is
an ideal of I:En

27.2. Basic mechanics for the multi-adic completion

SETTING 27.1. Let R be a Noetherian ring with Jacobson radical 7, and let N
denote the set of positive integers. For each n € N, let Q,, be an ideal of R. Assume
that the sequence {@,} is descending, that is @Q,+1 C @, and that Q,, C J", for
each n € N. Also assume, for each pair of integers k,n € N, that Q,, C QF.

Let F = {Q}r>0 be the filtration

R=Qu20Q12 - 2Qk2 Qpy1 2
of R and define

(27.1.1) R := %1 R/Qy
to be theAcompletion of R with respect to F.
Let R := 1&1 R/J* denote the completion of R with respect to the powers of

k
the Jacobson radical J of R, and for each n € N, let
(27.1.2) R, :=lm R/Q}
k

denote the completion of R with respect to the powers of Q.

REMARK 27.2. Assume notation as in Setting 27.1. For each fixed n € N, we
have

R :@1 R/Qk ZI&H R/an‘y
k k
where k € N varies. This holds because the limit of a subsequence is the same as
the limit of the original sequence.

We establish in Proposition 27.3 canonical inclusion relations among R and the
completions defined in (27.1.1) and (27.1.2).

PROPOSITION 27.3. Let the notation be as in Setting 27.1. For each n € N, we
have canonical inclusions

RCR*CR,CR, ,C---CR CR.

PROOF. The inclusion R C R* is clear since the intersection of the ideals Q) is
zero. For the inclusion R* C R,,, by Remark 27.2, R* = @ R/Qnk- Notice that
k

Que CQLCQi_C--C T
O



27.2. BASIC MECHANICS FOR THE MULTI-ADIC COMPLETION 295

To complete the proof of Proposition 27.3, we state and prove a general result
about completions with respect to ideal filtrations (see also [100, Section 9.5]). We
define the respective completions using coherent sequences as in [9, pages 103-104].

LEMMA 27.4. Let R be a Noetherian ring with Jacobson radical J and let
{Hi}ren, {Ir}tren and {Li}ren be descending sequences of ideals of R such that,
for each k € N, we have inclusions

L, CI,C H,CJ"
We denote the families of natural surjections arising from these inclusions as:
Op i R/Ly — R/I,, M¢:R/Iy — R/H,, and 6y:R/H, — R/J",
and the completions with respect to these families as:

E\L::y?m R/Ly, R}::r%nl R/I EE::I'%m R/H) and E::I'%n R/J*.

Then

(1) These families of surjections induce canonical injective maps A, A and ©
among the completions as shown in the diagram below.

(2) For each positive integer k we have a commutative diagram as displayed
below, where the vertical maps are the natural surjections.

R/L, —%— R/I, —*— R/H, —%— R/J*

I I I I

R, -2+ R 2. Ry —°, R.

(3) The composition A - A is the canonical map induced by the natural sur-
jections A - 0, : R/Ly — R/Hjy. Similarly, the other compositions in
the bottom row are the canonical maps induced by the appropriate natural
surjections.

PROOF. In each case there is a unique homomorphism of the completions. For
example, the family of homomorphisms {dx }ren induces a unique homomorphism

(27.1) ]3; _A 1/%\1

To define A, let © = (z)ren € }/B\L, where each xp € R/Ly. Then 6 (x) € R/I}
and we define A(z) := (0 (zx))ken € Rr.
To show the maps on the completions are injective, consider for example the
map A. Suppose z = (zx)ren € lim R/Ly with A(z) = 0. Then 6y (zx) = 0 in
k
R/I, that is, xx € IxR/Ly, for every k € N. For v € N, consider the following

commutative diagram:

(27.2) Bk,va ak,va

R/Lkv L) R/Ikv
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where Bj o, and oy, are the canonical surjections associated with the inverse
limits. We have xy, € Iy, R/Ly,. Therefore

Ty = Br ko (Tho) € Ino(R/ L) € T*(R/Ly),

for every v € N. Since J(R/Ly) is contained in the Jacobson radical of R/Lj and
R/ Ly is Noetherian, we have

() T*(R/Ly) = (0).
veEN

Therefore z = 0 for each k € N, and so A is injective. The remaining assertions
are clear. (]

LEMMA 27.5. With R* and }/E; as in Setting 27.1, we have
R* = Ra.

neN
PROOF. The inclusion “C” is shown in Proposition 27.3. For the reverse in-
clusion, fix positive integers n and k, and let Ly = Qnie, Ig = Qflk and Hy = Qfﬂb
for each ¢ € N. Then L, C I, C H, C J*, as in Lemma 27.4 and

Ry :=lim R/Que=R', Ri:=lm R/Qly =Ry, Rp:=1lm R/Q} =R,
14 4 4

(Also, as before, R .= @1 R/JY) We define ¢, @k, Pnkn, 0 and ¢ to be the

¢
canonical injective homomorphisms given by Lemma 27.4 among the rings displayed
in the following diagram.

R ——R,
HOI #n ]‘pnk,n
(27.5.1)

By Lemma 27.4, Diagram 27.5.1 is commutative.

Let ¥ € M,en R,,. We show that there is an element ¢ € R* such that w(&) =7.
This is sufficient to ensure that 3 € R*, since the maps 6, are injective and Diagram
27.5.1 is commutative.

First, we define £: For each t € N, we have

:/y\: (yl,tayQ,tv"'v) € I&HR/Qf = R\ta
Y4

where y1; € R/Qt, y2: € R/Q? and y2; + Q1/Q? = y14 in R/Qt, --- and so
forth, is a coherent sequence as in [9, pp. 103-104]. Now take z; € R so that

2zt + Q¢ = y14. Thus ¥ — 2z € QuR;. For positive integers s and t with s > ¢, we
have Qs C Q. Therefore z; — z5 € Qtﬁ\t NR=Q:R. Thus £ := (z1)1en € R*. We
have y—z; € Qt-/R: c jtﬁ, for all ¢t € N. Hence ¢(§) = y. This completes the proof
of Lemma 27.5. O

The following special case of Setting 27.1 is used by Brodmann, Heitmann,
Nishimura, Ogoma, Rotthaus, and Weston for the construction of numerous exam-
ples.
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SETTING 27.6. Let R be a Noetherian ring with Jacobson radical 7. For each
i € N, let p; € J be a non-zero-divisor (that is a regular element) on R.
For each n € N, let ¢, = (p1 - pn)™. Let Fo = {(qx) }r>0 be the filtration
)

RO (q1) 2~ (ar) 2 (qry1) 2 -+

of R and define R* := lgl R/(qx) to be the completion of R with respect to Fo.
k

REMARK 27.7. In Setting 27.6, assume further that R = K[x1,...,%n](z,,... 205
a localized polynomial ring over a countable field K, and that {p1,pas,...} is an
enumeration of all the prime elements (up to associates) in R. As in 27.6, let
R*:= I&n R/(Qn)a where each g, = (pl e 'pn)n'

The ring R* is often useful for the construction of Noetherian local rings with
a bad locus (regular, Cohen-Macaulay, normal). In particular, Brodmann, Heit-
mann, Nishimura, Ogoma, Rotthaus, and Weston make use of special subrings of
this multi-adic completion R* for their examples. The first such example was con-
structed by Rotthaus in [111]. In this paper, Rotthaus obtains a regular local
Nagata ring A that contains a prime element w so that the singular locus of the
quotient ring A/(w) is not closed. This ring A is situated between the localized
polynomial ring R and its x-completion R*; thus, in general R* is bigger than R.
In the Rotthaus example, the singular locus of (A/(w))* is defined by a height one
prime ideal @) that intersects A/(w) in (0). Since all ideals @ + (p,,) are extended
from A/(w), the singular locus of A/(w) is not closed.

REMARK 27.8. For R and R* as in Remark 27.7, the ring R* is also the “ideal-
completion”, or “R-completion of R. This completion is defined and used in the
paper of Zelinsky [140], the work of Matlis [85] and [86], and the book of Fuchs
and Salce[34]. The ideal-topology, or R-topology on an integral domain R is the
linear topology defined by letting the nonzero ideals of R be a subbase for the open
neighborhoods of 0. The nonzero principal ideals of R also define a subbase for
the open neighborhoods of 0. Recent work on ideal completions has been done by
Tchamna in [127]. In particular, Tchamna observes in [127, Theorem 4.1] that the
ideal-completion of a countable Noetherian local domain is also a multi-ideal-adic
completion.

27.3. Preserving Noetherian under multi-adic completion

THEOREM 27.9. Let the notation be as in Setting 27.1. Then the ring R*
defined in (27.1.1) is Noetherian.

ProoF. It suffices to show each ideal I of R* is finitely generated. Since Ris
Noetherian, there exist f1,..., fs € I such that IR = (f1,..., fs)R. Since R, = R

—~

is faithfully flat, H/%; = Iﬁﬂ]/%; = (f1,..., fs)Rn, for each n € N.

—~

Let f €I C R*. Then f € IRy, and so
f = Z/I;iof’h
i=1

where 31-0 IS I/%\l Consider R as “Qq”, and so 31-0 IS Qoél. Since I/%\l/Qlfi\l >~ R/Q1,
for all ¢ with 1 < 7 < s, we have by = ajy + ¢;1, where a;0 € R = QoR and
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Ci1 € Qlfi\l Then
f= ZaiOfi + Zalﬁ.
i=1 i=1

Notice that
chfz (@)Ri NR* C R,.

By the faithful flatness of the extension Ry — R, we see d; € (Ql[)é\g7 and
therefore there exist b;; € Q1 Ry with

dy = Z/l;ilfi-

As before, using that R\Q/QQRQ R/Q2, we can write bﬂ = a;1+Ci2, where a;; € R
and ¢;o € Q2Ry. This implies that a;; € Q1R2 N R = Q. We have:

f= Z(aio +an)fi+ Y Gl
i=1 i=1

Now set .

dy = Z@in-

i=1
Then 32 € (QQI)J/%\Q NR* C ]/%\3 and, since the extension ]/%?3 — 1/%\2 is faithfully flat,
we have dy € (Q2])R3. We repeat the process. By a simple induction argument,

= (aio+ain +ain +...) fi,
i=1

where a;; € Q; and a0 + a1 + a2+ ... € R*. Thus f € (f1,..., fs)R*. Hence I is
finitely generated and R* is Noetherian. (]

COROLLARY 27.10. With notation as in Setting 27.1, the maps R — R*, R* —
R and R* < R are faithfully flat.

We use Proposition 27.11 in the next section on preserving excellence.

PROPOSITION 27.11. Assume notation as in Setting 27.1, and let the ring R*
be defined as in (27.1.1). If M is a finitely generated R*-module, then

M= L%l (M/QxM),

that is, M 1is x-complete.

Proor. If F = (R*)™ is a finitely generated free R*-module, then one can see
directly that

and so F' is x-complete.
Let M be a finitely generated R*-module. Consider an exact sequence:

00— N —F—M—0,
where F' is a finitely generated free R*-module. This induces an exact sequence:

0— N— F"— M*—0,
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where N is the completion of N with respect to the induced filtration {Qz FNN He>o;

see [9, (10.3)].
This gives a commutative diagram:
0 N F M 0
L=l
0 N F* M* 0

where v is the canonical map v : M — M?*. The diagram shows that v is
surjective. We have

A@an s ()
k=1
where the last equality is by [9, (10.19)]. Therefore ~ is also injective. O

REMARK 27.12. Let the notation be as in Setting 27.1, and let B be a fi-
nite R*-algebra. Let B, & B ®pg+ R, denote the @,-adic completion of B. By
Proposition 27.3, and Corollary 27.10, we have a sequence of inclusions:

——— —~ —~ o~
B—..-—+B,;1—+B,—...— B = B,

where B denotes the completion of B with respect to JB. Let Jy denote the
Jacobson radical of B. Since every maximal ideal of B lies over a maximal ideal of
R*, we have 7B C Jo.

THEOREM 27.13. With the notation of Setting 27.1, let B be aﬁnite R*-algebra
and let B >~ B Qp« R denote the Qn adic completion ofB Let T be an ideal of
B letl —IﬁB and let I, —IﬁBn,for each n € N. IfI I, B for all n, then
I=1IB.

PROOF. By replacing B by B/I, we may assume that (0) = I = InB. To
prove the theorem, it suffices to show that I = 0.
For each n € N, we define ideals ¢,, of B,, and a,, of B:

¢, = In—i—QnB;, a, :=c¢, NB.

Since B/Q.,B = B;/QnB;, the ideals of B containing @, are in one-to-one
inclusion-preserving correspondence with the ideals of B,, containing @.,, B,,, and so

(27.13.1) anBn = ¢, Api1Bn = ans1Bni1 By = ¢ni1 Bo.

Since B is faithfully flat over B; and T is extended,

(27.13.2) Int1By = (Ins1B)N B, =N B, = I,.

Thus, for all n € N, we have, using (27.13.1), (27.13.2) and Qn+1B:L C QnB;
@nBn = ¢n = In+QuBn = Int1Bn+QuBn = cn1 B+ QuBy = tn1Ba+Qu By
Since B; is faithfully flat over B, the equation above implies that

(27.13.3) a1+ QnB (an+1B +QnB ) NB= aan NB=a,.

Thus also

(27.13.4) 4B C aps1B+QuB C Iy 1B+ QuB=1+Q,B



300 27. MULTI-IDEAL-ADIC COMPLETIONS OF NOETHERIAN RINGS

Now @,, C j”g and J C Jo, and so using (27.13.4)
N(@B) S (\T+Q.B)C (T+J"B)=1.
neN neN neN
Since IN B = (0), we have
0=TNB2([(@B)NB2()(a.B)NB) =) an,

nnN neN neN
where the last equality is because B is faithfully flat over B. Thus Mhen 8n = (0).
Claim. I = (0).
Proof of Claim. Suppose T # 0. Then there exists d € N so that T ¢ JOdB By

hypothesis, I= IdB and so IdB ¢ Jé B. Since B is faithfully flat over Bd, we
have I; ¢ J¢By. By (27.13.1),

04Bq = ¢g = I+ QqBa € J§ Ba,

and so there exists an element y4 € ag with yg ¢ J¢.

By (27.13.3), a44+1 + Q4B = a4. Hence there exists ygs+1 € ag+1 and g4 € QqB
so that y4+1+ ¢a = ya. Recursively we construct sequences of elements y,, € a,, and
qn € QnB such that y,+1 + ¢, = yn, for each n > d.

The sequence & = (y, + Q,B) € %&n B/Q,B = B corresponds to a nonzero

n
element y € B such that, for every n > d, we have y = y,, + g, for some element
gn € QnB. This shows that y € a,, for all n > d, and therefore (), ya, # 0, a

contradiction. Thus T = (0). O

27.4. Preserving excellence or Henselian under multi-adic completion
The first four results of this section concern preservation of excellence.

THEOREM 27.14. Assume notation as in Setting 27.1, and let the ring R* be
defined as in (27.1.1). If (R, m) is an excellent local ring, then R* is excellent.

The following result is critical to the proof of Theorem 27.14.

LEMMA 27.15. [89, Theorem 32.5, page 259] Let A be a semilocal Noetherian
ring. Assume that (E)Q is a regular local ring, for every local domain (B,n) that
is a localization of a finite A-algebra and for every prime ideal @ of the n-adic
completion B such that QN B = (0). Then A is a G-ring, that is, A — ;1; 18
reqular for every prime ideal p of A; thus all of the formal fibers of all the local
rings of A are geometrically reqular.

We use Proposition 27.16 in the proof of Theorem 27.14.

PROPOSITION 27.16. Let (R,m) be a Noetherian local ring with geometrically
regular formal fibers. Then R* has geometrically regular formal fibers.

PROOF. Let B be a domain that is a finite R*-algebra and let P € Sing(ﬁ),
that is, Bp is not a regular local ring. To prove that R* has geometrically regular
formal fibers, by Lemma 27.15, it suffices to prove that P N B # (0).

The Noetherian complete local ring R has the property J-2 in the sense of
Matsumura, that is, for every finite ﬁ—algebra, such as B, the subset Reg(Spec(E ),
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of primes where the localization of Bis regular, is an open subset in the Zariski
topology; see [87, pp. 246-249]. Thus there is a reduced ideal I in B so that

Sing(B) = V(I).

If I = (0), then B is a reduced ring and, for all minimal primes @ of E, the
localization B is a field, contradicting @ € Sing(B). Thus I # (0). For all n € N:

B, = 1/%\ Qp- B
is a ﬁnlte R -algebra. Since by [110] Rn has geometrlcally regular formal fibers so
has B This implies that Tis extended from B for all n € N. By Theorem 27.13,

T is extended from B, and so I= IB, where 0 #£ [ := INB. Since I C P, we have
(0)£A£ICPNB. O

Proof of Theorem 27.14 It remains to show that R* is universally catenary. We
have injective local homomorphisms R — R* — R, and R* is Noetherian with
R* = R. Proposition 27.17 below implies that R* is universally catenary. O

PROPOSITION 27.17. Let (A, m) be a Noetherian local universally catenary ring
and let (B, n) be a Noetherian local subrmg of the m-adic completion A of A with

ACBC Aand B = A where B is the n-adic completion of B. Then B is
universally catenary.

PROOF. By [89, Theorem 31.7), it suffices to show for P € Spec(B) that A/PA
is equidimensional. We may assume that PNA = (0), and hence that A is a domain.
Let Q and W in Spec(A) be minimal primes over PA.

Claim: dim(A/Q) = dim(A/W).
Proof of Claim: Since B is Noetherian, the canonical morphisms Bp — EQ and
Bp — Ay are flat. By [89, Theorem 15.1],

dim(Ag) = dim(Bp) + dim(Ag/PAg), dim(Ayw) = dim(Bp) + dim(Ay /PAy).
Since @ and W are minimal over PE, it follows that:
dim(Ag) = dim(Ay) = dim(Bp).
Let ¢ € @ and w C W be minimal primes of A so that:
dim(Ag) = dim(Ap/qAg) and dim(Aw) = dim(Aw /wAw ).

Since we have reduced to the case where A is a universally catenary domain, its
completion A is equidimensional and therefore:

dim(A4/q) = dim(A/w).
Since a complete local ring is catenary [89, Theorem 29.4], we have:
dim(4/q) = dim(Aq/qAq) + dim(4/Q),
dim(A/w) = dim(Ay /wAy) + dim(A/W).
Since dim(A/q) = dim(A/w) and dim(A\Q) = dim(Ayw), it follows that
dim(A/Q) = dim(A/W).
This completes the proof of Proposition 27.17. (]
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REMARK 27.18. Let R be a universally catenary Noetherian local ring. Propo-
sition 27 17 implies that every Noetherian local subring B of R with R C B and
B=Ris universally catenary. Hence, for each ideal I of R, the I-adic completion
of R is universally catenary. Also R* as in Setting 27.1 is universally catenary.
Proposition 27.17 also implies that the Henselization of R is universally catenary.
Seydi shows that the I-adic completions of universally catenary rings are univer-
sally catenary in [119]. Proposition 27.17 establishes this result for a larger class
of rings.

PROPOSITION 27.19. With notation as in Setting 27.1, let (R, m, k) be a Noe-
therian local ring. If R is Henselian, then R* is Henselian.

PrOOF. Assume that R is Henselian. It is well known that every ideal-adic
completion of R is Henselian, see [111, p.6]. Thus ]SL; is Henselian for all n € N.
Let n denote the nilradical of B. Then n N R* is the nilradical of R*, and to
prove R* is Henselian, it suffices to prove that R’ := R*/(nN R*) is Henselian [96,
(43.15)]. To prove R’ is Henselian, by [111, Prop. 3, page 76], it suffices to show:

If f € R'[z] is a monic polynomial and its image f € k[z] has a simple root,
then f has a root in R’.

Let f € R'[x] be a monic polynomial such that f € k[z] has a simple root.
Since ]/%:L/(n N ]/%;) is Henselian, for each n € N, there exists a,, € E/(n N é;)
with f(a@,) = 0. Since f is monic and ﬁ/(n N ]/%\) is reduced, f has only finitely
many roots in E/(n N ﬁ) Thus there is an « so that o = @, for infinitely many
n € N. By Lemma 27.13, R* = ﬂneNR\%' Hence

R =R*/mNR*) = () R./(nN Ry,
neN
and so there exists a € R’ such that f(a) = 0. O

Exercise

(1) Let R denote the ring and {g¢,} the family of ideals given in Remark 27.7.
Consider the linear topology obtained by letting the ideals ¢, be a subbase for
the open neighborhoods of 0. Prove the g, are also a subbase for the ideal-
topology on R.
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