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1 Introduction and Background

In this article we study the nested mixed polynomial/power series rings

A= klz,y] = B:= k[l [z] = C:=klz] [[y]] = E = klz,1/2][[y]], (1)

where k is a field and = and y are indeterminates over k. In Equation 1 the
maps are all flat. Also we consider

C — Dy :=k[z][ly/z]] = --- — Dy :=k[z][[y/z"]] = ---—= E. (2)

With regard to Equation 2, for n a positive integer, the map C' — D,, is
not flat, but D,, — F is a localization followed by an adic completion of a
Noetherian ring and therefore is flat. We discuss the spectra of these rings
and consider the maps induced on the spectra by the inclusion maps on the
rings. For example, we determine whether there exist nonzero primes of one of
the larger rings that intersect a smaller ring in zero. We were led to consider
these rings by questions that came up in two contexts.

The first motivation is from the introduction to the paper [AJL] by Alonzo-
Tarrio, Jeremias-Lopez and Lipman: If a map between Noetherian formal
schemes can be factored as a closed immersion followed by an open one, can
this map also be factored as an open immersion followed by a closed one? This
is not true in general. As mentioned in [AJL], Brian Conrad observed that a
counterexample can be constructed for every triple (R, z,p), where
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(1) R is an adic domain, that is, R is a Noetherian domain that is separated
and complete with respect to the powers of a proper ideal I.

(2) z is a nonzero element of R such that the completion of R[1/z] with re-
spect to the powers of I R[1/x], denoted S := Ry, is an integral domain.

(3) pis a nonzero prime ideal of S that intersects R in (0).

The composition R — S — S/p determines a map on formal spectra
Spf (S/p) — Spf (S) — Spf (R) that is a closed immersion followed by an
open one. To see this, recall that a surjection such as S — S/p of adic rings
gives rise to a closed immersion Spf (S/p) — Spf (S) while a localization, such
as that of R with respect to the powers of z, followed by the completion of
R[1/z] with respect to the powers of I R[1/x] to obtain S gives rise to an open
immersion Spf (S) — Spf (R) [EGA, (10.2.2)].

The map Spf (S/p) — Spf (R) cannot be factored, however, as an open
immersion followed by a closed one. This is because a closed immersion into
Spf (R) corresponds to a surjective map of adic rings R — R/J, where J is an
ideal of R [EGA, page 441]. Thus if the immersion Spf (S/p) — Spf (R) fac-
tored as an open immersion followed by a closed one, we would have R-algebra
homomorphisms from R — R/J — S/p, where Spf (S/p) — Spf (R/J) is
an open immersion. Since p N R = (0), we must have J = (0). This im-
plies Spf (S/p) — Spf (R) is an open immersion, that is, the composite map
Spf (S/p) — Spf (S) — Spf (R), is an open immersion. But also Spf (S) —
Spf (R) is an open immersion. It follows that Spf (S/p) — Spf (S) is both open
and closed. Since S is an integral domain this implies Spf (S/p) = Spf ().
This is a contradiction since p is nonzero.

An example of such a triple (R, z,p) is described in [AJL]: For w,z,y, z
indeterminates over a field k, set R := k[w, z, 2] [[y]], S := klw,z, 1/, 2] [[y]].
Notice that R is complete with respect to yR and S is complete with respect
to yS. An indirect proof is given in [AJL] that there exist nonzero primes p
of S for which p N R = (0). In Proposition 4.5 below we give a direct proof of
this fact.

A second motivation is from a question raised by Mel Hochster: “Can one
describe or somehow classify the local maps R — S of complete local domains
R and S such that every nonzero prime ideal of S has nonzero intersection
with R?” In [HRW2] we study this question and define:

Definition 1.1. For R and S integral domains with R a subring of S we say
that S is a trivial generic fiber extension of R, or a TGF extension of R, if
every nonzero prime ideal of S has nonzero intersection with R.

In some correspondence to Lipman regarding closed and open immer-
sions, Conrad asked: “Is there a nonzero prime ideal of E := k[z,1/z][[y]]
that intersects C' = k[z][[y]] in zero?” If there were such a prime ideal, then
C := klz][[y]] — E := klz,1/z][[y]] would be a simpler counterexample to
the assertion that a closed immersion followed by an open one also has a fac-
torization as an open immersion followed by a closed one. In the terminology
of Definition 1.1, one can ask:
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Question 1.2. Let z and y be indeterminates over a field k. Is C :=
klz] [[y]] = E = k[z,1/z][[y]] a TGF extension?

We show in Proposition 2.6.2 below that the answer to Question 1.2 is
“yes”. This is part of our analysis of the prime spectra of A, B, C, D,, and E,
and the maps induced on these spectra by the inclusion maps on the rings.

The following example is a local map of the type described in Hochster’s
question.

Example 1.3. Let z and y be indeterminates over a field & and consider the
extension R := k[[z,y]] — S = k[[z]] [[y/=]]. To see this extension is TGF, it
suffices to show PNR # (0) for each P € Spec S with ht P = 1. This is clear if
x € P,whileif z ¢ P, then k[[z]]nP = (0), and so k[[z]] — R/(PNR) — S/P
and S/ P is finite over k[[z]]. Therefore dim R/(PNR) =1, and so PNR # (0).

Remarks 1.4. (1) The extension k[[z, y]] — k[[z, y/z]] is, up to isomorphism,
the same as the extension k[[z, zy]] — k[[z, y]].

(2) We show in [HRW2] that the extension R := k[[z,y,zz]] — S =
E[[z,y, 2]] is not TGF.

2 Trivial generic fiber (TGF) extensions and prime
spectra

The following two propositions about trivial generic fiber extensions from
[HRW2] are useful and straightforward to check.

Proposition 2.1. Let R < S be an injective map where R and S are integral
domains. Then the following are equivalent:

(1) S is a TGF extension of R.
(2) Every nonzero element of S has a nonzero multiple in R.
(3) ForU=R\ {0}, U'S is a field.

Proposition 2.2. Let R — S and S — T be injective maps where R, S and
T are integral domains.

(1) If R — S and S — T are TGF extensions, then so is R — T. Equivalently
if R — T is not TGF, then at least one of the extensions R — S or S — T
is not TGF.

(2) If R— T is TGF, then S — T is TGF.

(3) If the map Spec T — Spec S is surjective, then R — T is TGF implies
R — S is TGF.

More information about TGF extensions is in [HRW1] and [HRW2].
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Remarks 2.3. Let R be a commutative ring and let R[[y]] denote the formal
power series ring in the variable y over R. Then

(1) Each maximal ideal of R[[y]] is of the form (m,y)R][[y]] where m is a
maximal ideal of R. Thus y is in every maximal ideal of R[[y]].

(2) If R is Noetherian with dim R[[y]] = n and z1, ..., %, are independent
indeterminates over R][[y]], then y is in every height n + m maximal ideal
of the polynomial ring R[[y]] [1,-.. , Tm].

Proof. Ttem (1) follows from [N, Theorem 15.1]. For item (2), let m be a
maximal ideal of R][[y]] [z1,... ,Zm] With ht (m) = n + m. By [K, Theorem
39], ht (m N R[[y]]) = n ; thus m N R[[y]] is maximal in R][y]], and so, by
item (1), y e m. O

Proposition 2.4. Let n be a positive integer, let R be an n-dimensional
Noetherian domain, let y be an indeterminate over R, and let q be a prime
ideal of height n in the power series ring Rl[y]]. If y € q, then q is contained
in a unique mazimal ideal of R][y]].

Proof. The assertion is clear if q is maximal. Otherwise S := R][y]]/q has
dimension one. Moreover, S is complete with respect to the yS-adic topology
[M, Theorem 8.7] and every maximal ideal of S is a minimal prime of the prin-
cipal ideal yS. Hence S is a complete semilocal ring. Since S is also an integral
domain, it must be local by [M, Theorem 8.15]. Therefore q is contained in a
unique maximal ideal of R[[y]]. O

In Section 3 we use the following corollary to Proposition 2.4.

Corollary 2.5. Let R be a one-dimensional Noetherian domain and let q be
a height-one prime ideal of the power series ring Rl[y]]. If q # yR|[y]], then
q is contained in a unique mazimal ideal of R[[y]].

Proposition 2.6. Consider the nested mized polynomial/power series rings

A= k[z,y] — B:=k[[y]][z] < C = k[z][[y]
< Dy = k2] [[y/]] — Ds:= k[z] [[y/z?]] — ---
— Dy = k[z][[y/2"]] < -+ — E:=k[z,1/z][[y]],

where k is a field and x and y are indeterminates over k. Then

(1) If Se{B,C,Dy,D3, -+ ,Dy,--- ,E}, then A — S is not TGF.

(2) If {R,S} c {B,C,D1,Ds,---,D,---,E} are such that R C S, then
R — S is TGF.

(3) Each of the proper associated maps on spectra fails to be surjective.
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Proof. For item (1), let o(y) € yk[[y]] be such that o(y) and y are algebraically
independent over k. Then (z — o(y))S N A = (0), and so A — S is not TGF.

For item (2), observe that every maximal ideal of C, D,, or E is of height
two with residue field finite algebraic over k. To show R — S is TGF, it suffices
to show g N R # (0) for each height-one prime ideal q of S. This is clear if
y € q. If y € q, then k[[y]] N q = (0), and so k[[y]] — R/(qN R) — S/q are
injections. By Corollary 2.5, S/q is a one-dimensional local domain. Since the
residue field of S/q is finite algebraic over k, it follows that S/q is finite over
E[[y]]- Therefore S/q is integral over R/(q N R). Hence dim (R/(qNR) =1
and so g N R # (0).

For item (3), observe that D, is a prime ideal of D,, and x is a unit of
E. Thus Spec E — Spec D,, is not surjective. Now, considering C' = Dy and
n > 0, we have 2D,,ND,,_1 = (z,y/x" 1) D,,_1. Therefore xD,,_1 is not in the
image of the map Spec D,, — Spec D,,_1. The map from Spec C — Spec B
is not onto, because (1 + zy) is a prime ideal of B, but 1 + zy is a unit in C.
Similarly Spec B — Spec A is not onto, because (1 + y) is a prime ideal of A,
but 1 4+ y is a unit in B. This completes the proof. O

Question/Remarks 2.7. Which of the Spec maps of Proposition 2.6 are
one-to-one and which are finite-to-one?

(1) For S € {B,C,Dy,D3,--+ ,D,,---, E}, the generic fiber ring of the map
A — S has infinitely many prime ideals and has dimension one. Every
height-two maximal ideal of S contracts in A to a maximal ideal. Every
maximal ideal of S containing y has height two. Also yS N A = yA and
the map Spec S/yS — Spec A/yA is one-to-one.

(2) Suppose R — S is as in Proposition 2.6.2. Each height-two prime of S
contracts in R to a height-two maximal ideal of R. Each height-one prime
of R is the contraction of at most finitely many prime ideals of S and
all of these prime ideals have height one. If R < S is flat, which is true
if S € {B,C,E}, then “going-down” holds for R — S, and so, for P a
height-one prime of S, we have ht (PN R) <1.

(3) As mentioned in [HW, Remark 1.5], C'/P is Henselian for every nonzero
prime ideal P of C' other than yC.

3 Spectra for two-dimensional mixed polynomial /power
series rings

Let k be a field and let x and y be indeterminates over k. We consider the
prime spectra, as partially ordered sets, of the mixed polynomial/power series
rings A, B, C, D1,D3,--- ,D,,--- and E as given in Equations 1 and 2 of
the introduction.

Even for k£ a countable field there are at least two non-order-isomorphic
partially ordered sets that can be the prime spectrum of the polynomial ring
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A := k[z,y]. Let Q be the field of rational numbers, let F' be a field contained
in the algebraic closure of a finite field and let Z denote the ring of integers.
Then, by [rW1] and [rW2], Spec Q[z,y] % Spec F|z,y] = Spec Z[y].

The prime spectra of the rings B, C, D1, Ds,--- ,D,, -+, and F of Equa-
tions 1 and 2 are simpler since they involve power series in y. Remark 2.3.2
implies that y is in every maximal ideal of height two of each of these rings.

The partially ordered set Spec B = Spec k[[y]] [z] is similar to a prime
ideal space studied in [HW] and [Shah]. The difference from [HW] is that here
E[[y]] is uncountable, even if k is countable. It follows that Spec B is also
uncountable. As a partially ordered set, Spec B can be described uniquely up
to isomorphism by the axioms of [Shah] (similar to the CHP axioms of [HW]),
since k[[y]] is Henselian and has cardinality at least equal to ¢, the cardinality
of the real numbers R.

The following theorem characterizes U := Spec B as a Henselian affine
partially ordered set (where the “<” relation is “set containment”):

Theorem 3.1. [HW, Theorem 2.7] [Shah, Theorem 2.4] Let B = k[[y]] [x] be
as in Equation 1, where k is a field, the cardinality of the set of mazximal ideals
of klz] is a and the cardinality of k[ly]] is B. Then the partially ordered set
U := Spec B is called Henselian affine of type (8,c) and is characterized as
a partmlly ordered set by the following axioms:

M) U] =

2)U has a unique minimal element.

(3) dim (U) =2 and |{ height-two elements of U }| = a.

(4) There exists a unique special height-one element u € U such that u is
contained in every height-two element of U.

(5) Every nonspecial height-one element of U is in at most one height-two
element.

(6) Every height-two element t € U contains cardinality  many height-one
elements that are only contained in t. If t1,to € U are distinct height-
two elements, then the special element from (4) is the unique height-one
element less than both.

(7) There are cardinality B many height-one elements that are mazimal.

Remarks 3.2. (1) The axioms of Theorem 3.1 are redundant. We feel this
redundancy helps in understanding the relationships between the prime ideals.

(2) The theorem applies to the spectrum of B by defining the unique
minimal element to be the ideal (0) of B and the special height-one element
to be the prime ideal yB. Every height-two maximal ideal m of B has nonzero
intersection with k[[y]]. Thus m/y B is principal and so m = (y, f(z)), for some
monic irreducible polynomial f(z) of k[x]. Consider {f(x) + ay|a € k[[y]]}.
This set has cardinality 8 and each f(z)+ ay is contained in a nonempty finite
set of height-one primes contained in m. If p is a height-one prime contained
in m with p # yB, then p N k[[y]] = (0), and so pk((y))[z] is generated by
a monic polynomial in k((y))[z]. But for a,b € k[[y]] with a # b, we have
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(f(z) + ay, f(z) + by)k((y))[z] = k((y))[z]. Therefore no height-one prime
contained in m contains both f(z)+ ay and f(z) + by. Since B is Noetherian
and |B| = ( is an infinite cardinal, we conclude that the cardinality of the
set of height-one prime ideals contained in m is 3. Examples of height-one
maximals are (1+zyf(z,y) ), for various f(z,y) € k[[y]] [x]. The set of height-
one maximal ideals of B also has cardinality S.

(3) These axioms characterize Spec B in the sense that every two partially
ordered sets satisfying these axioms are order-isomorphic.

The picture of Spec B is shown below:

,. (#{ bullets} = «)
<
B » B [

(0)
Spec k[[y]] [«]

In the diagram, (3 is the cardinality of k[[y]], and « is the cardinality of the
set of maximal ideals of k[z] (and also the cardinality of the set of maximal
ideals of k[[y]] [z]); the boxed B means there are cardinality (8 height-one
primes in that position with respect to the partial ordering.

Next we consider Spec R[[y]], for R a Noetherian one-dimensional domain.
Then Spec R[[y]] has the following picture by Theorem 3.4 below:

(#{ bullets} = )
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Here « is the cardinality of the set of maximal ideals of R (and also the
cardinality of the set of maximal ideals of R[[y]] by Remarks 2.3.1); the boxed
ki (one for each maximal ideal of R) means that there are cardinality ; prime
ideals in that position, where each k; is uncountable. If R satisfies certain
cardinality conditions described in Remark 3.3.3, for example, if R = k], for
k a countable field, then each k; equals the cardinality of R[[y]]. By Remark
3.3.2 below, each k; is at least YN0, where 7 is the cardinality of R/m and
m is the maximal ideal of R such that (m,y) is the maximal ideal of R][y]]
above the k; height-one primes in the picture above.

Remarks 3.3. Let Ry denote the cardinality of the set of natural numbers.
Suppose that T is a commutative ring of cardinality §, that m is a maximal
ideal of T and that + is the cardinality of 7'/m. Then

(1) The cardinality of T'[[y]] is ™, because the elements of T'[[y]] are in
one-to-one correspondence with Ng-tuples having entries in 7. If T" is Noethe-
rian, then T[[y]] is Noetherian, and so every prime ideal of T'[[y]] is finitely
generated. Since the cardinality of the finite subsets of T[[y]] is ™°, it follows
that T[[y]] has at most 6™ prime ideals.

(2) If T is Noetherian, there are at least 4™° distinct height-one prime
ideals (other than (y)T[[y]]) of T[[y]] contained in (m,y)T[[y]]. To see this,
choose a set C = {¢; | i € I} of elements of T' so that {¢; +m|¢ € I} gives the
distinct coset representatives for 7'/m. Thus there are v elements of C, and
for ¢;,c; € C with ¢; # ¢;, we have ¢; — ¢; ¢ m. Now also let a € m,a # 0.
Consider the set

G={a+)_ duy"|d, € CVneN}.
neN

Each of the elements of G is in (m, y)T[[y]] \ yT'[ly]] and hence is contained
in a height-one prime contained in (m, y)T'[[y]] distinct from yT'[[y]].

Moreover, |G| = |C|Y = X0, Let P be a height-one prime ideal of T'[[y]]
contained in (m,y)T[[y]] but such that y ¢ P. If two distinct elements of G,
say f=a+ >, cndny” and g = a + ) yeny", with the d,, e, € C, are
both in P, then so is their difference; that is

f—g9= Zdnyn_zenyn: Z(dn_en)yn €P.
neN neN neN
Now let ¢ be the smallest power of y so that d; # e;. Then (f—g)/y* € P, since
P is prime and y ¢ P, but the constant term, d; — e; ¢ m, which contradicts
the fact that P C (m,y)T[[y]]. Thus there must be at least |C|¥0 = Ao
distinct height-one primes contained in (m, y)T'[[y]].

(3) Using (1) and (2), if T is Noetherian and if ¥ = §%°  then there
are exactly y*0 = §™° distinct height-one prime ideals (other than yT'[[y]]) of
T'[y]] contained in (m, y)T'[[y]]. This is the case, for example, if T is countable,
say T' = k[z] where k is a countable field, for then |T'| = Xy and for every 7
with 1 < v < Rg, ¥ = Ngo = ¢, the cardinality of the real numbers.
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Theorem 3.4. Suppose that R is a one-dimensional Noetherian domain with
cardinality 6 := |R| = and that the cardinality of the set of mazimal ideals of
R is a (o can be finite). Let U = Spec R[[y]], where y is an indeterminate
over R. Then

(a) U as a partially ordered set (where the “<” relation is “set containment”)
satisfies the following axioms:

(1) [U] < 6%.

(2) U has a unique minimal element, namely (0).

(3) dim (U) =2 and |{ height-two elements of U }| = a.

(4) There exists a unique special height-one element u € U (namely u = (y))
such that u is contained in every height-two element of U.

(5) Every nonspecial height-one element of U is in exactly one height-two
element.

(6) Every height-two element t € U contains uncountably many height-one
elements that are contained only in t. (The number of height-one elements
contained only in t is at least Y0, where 7 is the cardinality of the residue
field of the corresponding mazimal ideal of R.) If t1,ta € U are distinct
height-two elements, then the special element from (4) is the unique height-
one element less than both.

(7) There are no height-one mazimal elements in U. Every mazimal element
has height two.

(b) If R is countable, or more generally if 6 = |R| satisfies the condition of
Remarks 3.8.3, that is, ¥ = 6%, for every ~ that occurs as |R/m|, where
m is a mazimal ideal of R, then U = Spec R|[y]] satisfies (1)-(7), with the
stronger azioms (1') and (6'):

(1) |U| = 6%0. (For R countable, this is c, the cardinality of the real numbers.)
(6") Every height-two element t € U contains 6™ (uncountably many) height-
one elements that are contained only in t.

(c) With the additional hypotheses of (b), U is characterized as a partially
ordered set by the axioms given in (a) and (b). Every partially ordered set
satisfying the axioms (1)-(7) in (a) and (b) is order-isomorphic to every other
such partially ordered set.

Proof. In part(a), item (1) is from Remark 3.3.1. Item (2) and the first part of
(3) are clear. The second part of (3) follows immediately from Remark 2.3.1.

For items (4) and (5), suppose that P is a height-one prime of R][y]]. If
P = yR|[y]], then P is contained in each maximal ideal of R[[y]] by Remark
2.3.1, and so yR|[[y]] is the special element. If y ¢ P, then, by Corollary 2.5,
P is contained in a unique maximal ideal of R[[y]].

For item (6) and items (1’) and (6’) of part (b) use Remarks 3.3.2 and
3.3.3.

For item (c), all partially ordered sets satisfying the axioms of Theorem
3.1 are order-isomorphic, and the partially ordered set U of the present the-
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orem satisfies the same axioms as in Theorem 3.1 except axiom (7) that in-
volves height-one maximals. Since U has no height-one maximals, an order-
isomorphism between two partially ordered sets as in item (c) can be deduced
by adding on height-one maximals and then deleting them. O

Corollary 3.5. In the terminology of Equations 1 and 2 of the introduction,
we have Spec C' =2 Spec D,, = Spec E, but Spec B 2 Spec C.

Proof. The rings C, D,,, and E are all formal power series rings in one vari-
able over a one-dimensional Noetherian domain R, where R is either k[z] or
E[x,1/x]. Thus the domain R satisfies the hypotheses of Theorem 3.4 with the
cardinality conditions of parts (b) and (c). If k is finite, then |R| = |k[z]| = Ro
and «, the number of maximal ideals of R, is also No; in this case |[R/m| =~

is finite for each maximal ideal m of R and 6 = |R| = v - Xy = «, and so
ARo = §%o. On the other hand, if k is infinite, then |k| = |k[z]| = |R| = @, and
|k| = |R/m| = ~ is the same for every maximal ideal m of R. Hence also in

this case § = |R| =7 -Rg = a, and so N0 = §%o.

Also the number of maximal ideals is the same for C, D,,, and FE, because
in each case, it is the same as the number of maximal ideals of R which is
|k[z]| = [k[ - Ro.

Thus in the picture of R[[y]] shown above, for R[[y]] = C, D,, or E, the k;
are all equal to |k|™° and a = |k| - X, and so the spectra are isomorphic. The
spectrum of B is not isomorphic to that of C, however, because B contains
height-one maximal ideals, such as that generated by 1 + xy, whereas C has
no height-one maximal ideals. O

Remarks 3.6. As mentioned at the beginning of this section, it is shown in
[tW1] and [rW2] that Spec Q[z,y] 2 Spec Fz,y] = Spec Z[y|, where F is a
field contained in the algebraic closure of a finite field. Corollary 3.7 shows
that the spectra of power series extensions in y behave differently in that

Spec Z[[y]] = Spec Q[z] [[y]] = Spec Fz] [[y]]-

Corollary 3.7. If Z is the ring of integers, Q is the rational numbers, F is
a field contained in the algebraic closure of a finite field, and R is the real
numbers, then

Spec Z[[y]] = Spec Q[z] [ly]] = Spec Fla] [[y]] # Spec Rlz] [[y]].

Proof. The rings Z, Q[z] and F'[z] are all countable with countably infinitely
many maximal ideals. Thus if R = Z, Q[z] or F[z], then R satisfies the hy-
potheses of Theorem 3.4 with the cardinality conditions of parts (b) and (c).
On the other hand, R[x] has uncountably many maximal ideals; thus R[] [[y]]
also has uncountably many maximal ideals. 0O
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4 Higher dimensional mixed power series/polynomial
rings

In analogy to Equation (1), we display several embeddings involving three

variables.

(4.0)  kla,y,2) % k) e, y) S Kla] [12)] ) > Klz, ] [[2])
Kl [, 9] <5 Klly, 2]} [a] < Kla] [, 2]

where k is a field and z, y and z are indeterminates over k.

kla] [[y, 2],

5
(_>
U

= kl[z, y, 2],

Remarks 4.1. (1) By Proposition 2.6.2 every nonzero prime ideal of C' =
k[z] [ly]] has nonzero intersection with B = k[[y]] [x]. In three or more
variables, however, the analogous statements fail. We show below that the
maps «, 3,7, 90, €, (,n in Equation (4.0) fail to be TGF. Thus, by Propo-
sition 2.2.2, no proper inclusion in (4.0) is TGF. The dimensions of the
generic fiber rings of the maps in the diagram are either one or two.

(2) For those rings in (4.0) of form R = S[[z]] (ending in a power series vari-
able) where S is a ring, such as R = k[z, y][[#]], we have some information
concerning the prime spectra. By Proposition 2.4 every height-two prime
ideal not containing z is contained in a unique maximal ideal. By [N,
Theorem 15.1] the maximal ideals of S[[z]] are of the form (m, z)S[[z]],
where m is a maximal ideal of S, and thus the maximal ideals of S[[z]]
are in one-to-one correspondence with the maximal ideals of S. As in sec-
tion 3, using Remarks 2.3, we see that maximal ideals of Spec k[[z]] [z, y]
can have height two or three, that (2) is contained in every height-three
prime ideal, and that every height-two prime ideal not containing (z) is
contained in a unique maximal ideal.

(3) It follows by arguments analogous to that in Proposition 2.6.1, that a,
J, € are not TGF. For «, let o(z) € zk[[z]] be transcendental over k(z);
then (z — o)k[[2]] [z, y] N k[z,y, z] = (0). For § and e: let o(y) € k[[y]] be
transcendental over k(y); then (z — o)k[z] [[z,y]] N k[z] [[]] [y] = (0), and
(z — a)klly, 2]] [2] N k[[2]] [z, y] = (0).

(4) By [HRW1, Theorem 1.1], 7 is not TGF and the dimension of the generic
fiber ring of 7 is one.

In order to show in Proposition 4.3 below that the map 3 is not TGF, we
first observe:

Proposition 4.2. The element o = Yo" (z2)™ € k[z] [[2]] is transcendental
over kl[z]] [z].

Proof. Consider an expression

-1
Z = agae + Clg_10'€ +---+ai0+aop,
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where the a; € k[[z]] [z] and ap # 0. Let m be an integer greater than ¢ + 1
and greater than deg, a; for each ¢ such that 0 < ¢ < £ and a; # 0. Regard
each a;0" as a power series in = with coefficients in k[[2]].

For each ¢ with 0 < ¢ < ¢, we have i(m!) < (m + 1)!. It follows that the
coefficient of /(™) in ¢ is nonzero, and the coefficient of z7 in ¢’ is zero for
every j with i(m!) < j < (m+1)!. Thus if a; # 0 and j = i(m!)+deg, a;, then
the coefficient of 7 in a;0" is nonzero, while for j such that i(m!) + deg, a; <
j < (m+1)!, the coefficient of 27 in a;0" is zero. By our choice of m, for each
i such that 0 <i < £ and a; # 0, we have

(m 4+ 1)! > £(m!) + deg,, ag > i(m!) +m! > i(m!) + deg, a;.

Thus in Z, regarded as a power series in x with coeflicients in k[[z]], the
coefficient of z7 is nonzero for j = ¢(m!) + deg, as. Therefore Z # 0. We
conclude that o is transcendental over k[[z]] [x]. O

Proposition 4.3. k[[2]] [z, Y] A E[x] [[#]] [y] is not TGF.

Proof. Fix an element o € k[z] [[z]] that is transcendental over k[[z]] [z]. We
define 7 : k[z][[2]] [y] — Ek[z]][[z]] to be the identity map on k[z][[z]] and
m(y) = oz. Let @ = kerw. Then y — oz € q. If h € g N (k[[z]] [x,y]), then

t

S
h = ZZ(Z aijgze)aciyj, for some s,t € N and a;5¢ € k, and so

7j=0i=0 ¢eN
s t s t
0=m(h) =D > O aijez")a'(oz) =D > (O aijez")aiol.
j=0i=0 ¢eN j=0i=0 ¢eN

Since o is transcendental over k[[z]][z], we have that z and o are al-
gebraically independent over k((z)). Thus each of the a;;p = 0. Therefore
a N (k[[z]][z,y]) = (0), and so the embedding 3 is not TGF. O

Proposition 4.4. k[[y, z]] [z] i) klz] [y, z]] and klz] [[2]] [y] N klz,y][[z]] are
not TGF.

Proof. For (, let t = zy and let o € k[[t]] be algebraically independent over
k(t). Define 7 : k[z] [[y, z]] — k[z] [[y]] as follows. For

F=30 3 funlaly™=" € kil Iy, 2]l

=0 m4+n=¢

where fpn(z) € k[z], define

oo

T(f):= Y fun(@)y™(oy)" € klz] [[y]].

=0 m+n=~¢
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In particular, m(z) = oy. Let p := ker 7. Then z — oy € p, and so p # (0). Let
h € pNEk[y, 2] [z]. We show h = 0. Now h is a polynomial with coefficients
in k([y, z]], and we define g € K[y, z]] [t], by, if ai(y, z) € k[[y, 2]] and

h:= iai(y,z)xi, then set g :=y"h = i(i Z Dimny™ 2" )t
i=0

1=0 £=0 m+n=~¢

The coefficients of g are in k[[y, z]], since y"z* = y"~*t. Thus

0=m(g) => O > bimnt™ @) =Y O D bimno "y )t
=0 £=0 m+4n=~¢ 1=0 £=0 m+n=~¢

:Z( Z (Zbimnti)an)ye~

=0 m+n=£ =0

Now ¢ and y are analytically independent over k, and so the coefficient of
each y* (in k[[t]]) is 0; since o and t are algebraically independent over k, the
coefficient of each ¢™ is 0. It follows that each b;y,, = 0, that g = 0 and hence
that h = 0. Thus the extension ( is not TGF.

To see that ~ is not TGF, we switch variables in the proof for (, so that
t = yz. Again choose o € k[[t]] to be algebraically independent over k(t).
Define ¢ : klz,y][[z]] — k[y][[z]] by ¥(z) = oz and ¢ is the identity on
E[y] [[2]]- Then ¢ can be extended to 7 : k[y] [[x, z]] — k[y] [[2]], which is similar
to the 7 in the proof above. As above, set p := ker 7; then pNk|[z, z]] [y] = (0).
Thus p N k[z] [[2]] [y] = (0) and ~ is not TGF. O

Proposition 4.5. Let k be a field and let x and t be indeterminates over k.
Then o = 300 | t" is algebraically independent over k[[x,xt]].

Proof. Let £ be a positive integer and consider an expression
o0
yi= ot + 4o’ 4+ 10, where v, = Y fij(@)(wt)’ € K[z, at]],
j=0

that is, each f;;(z) € k[[z]] and 1 < ¢ < £. Assume that v, # 0. Let a; be the
smallest j such that fy;(z) # 0, and let my be the order of fy,,(x), that is,
foa, () = 2™ go(x), where g¢(0) # 0. Let n be a positive integer such that

n > 2 4+ max{{,my,as}.

Since £ < n, for each i with 1 < i < ¢, we have

o' = o (t) + cit'™ 4+t (), (3)

where ¢; is a nonzero element of k, 0;1(¢) is a polynomial in k[t] of degree at
most (¢ — 1)n! + (n — 1)! and 7;(¢) € k[[t]].
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Claim 4.6. The coefficient of t“")Fe in oy, = o* (332, foj(z)(xt))) as a
power series in k[[z]] has order my + as, and hence, in particular, is nonzero.

Proof. By the choice of n, (n+1)! > £(n!)+ a,. Hence by the expression for
given in Equation 3, we see that all of the terms in o+, of the form bt¢(")+ac,
for some b € k[[z]], appear in the product

L(n!)+a,

(oo () + et ™) Y foi(a

Jj=ag
One of the terms of the form bt‘(®)*a in this product is
cot™™ foa, (x)(@t) = (coz™ gy (2)) T = (cpa™ T gy(0)+. . )t " F e,

Since c¢ge(0) is a nonzero element of k, c,z™ " g,(z) € k[[z]] has order
myg + ag. The other terms in the product azfyg that have the form bt“””*‘”,
for some b € k[[z]], are in the product

L(n!)+a, L(n!)+a,
(@) Y. fil= = > fi(@)(@t) on(t).
j=ay Jj=ae

Since deg, g¢1 < (£ — 1)n! + (n — 1)! and since, for each j with fo;(z) # 0, we
have deg, fo;j(x)(xt)? = j, we see that each term in fo;(xt)? o1 (t) has degree
in ¢ less than or equal to j + (¢ — 1)n! + (n — 1)!. Thus each nonzero term in
this product of the form btf(")+a¢ hag

g2l +ar—(l—1Dm)—(n—1)=a+ (n—1(n—-1) >mg+ ay,

by choice of n. Moreover, for j such that f,;(z) # 0, the order in = of
fe;(z)(xt)? is bigger than or equal to j. This completes the proof of Claim
4.6.

Claim 4.7. For i < £, the coefficient of t!(")+a¢ in gi~; as a power series in
E[[z]] is either zero or has order greater than my + ay.

Proof. As in the proof of Claim 4.6, all of the terms in o’y; of the form
bt!()tae for some b € k[[z]], appear in the product

L(n!)+a, L(n!)+a,

(i + et ™) Y fiyla)(at) Z fis(@)(@t)! (i + et ™).
j=0

Since deg, (i1 + ¢;t'™)) = i(n!), each term in fi;(x)(xt)? (041 + c;t'™)) has
degree in t at most j + i(n!). Thus each term in this product of the form
btt(n)+ae for some nonzero b € k[[z]], has

j=>Llm) 4+ ap—i(n!) >nl+ap > me+ ap.

Thus ord;b > j > my + ay. This completes the proof of Claim 4.7. Hence
v € k[[x,zz]] and so Proposition 4.5 is proved.
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Question/Remarks 4.8. (1) As we show in Proposition 2.6, the embeddings
from Equation 1 involving two-dimensional mixed power series/polynomial
rings over a field k& with inverted elements are TGF. So far we have not
determined whether the same is true in the three-dimensional case. For
example, is 6§ below TGF?

Kl 9] [[2]] = ke, y,1/a] (2]

(2) For the four dimensional case, as observed in the introduction, it fol-
lows from [HR, p. 364, Theorem 1.12] that the extension k[z,y,u][z] —
klz,y,u,1/x,][[2]] is not TGF. We provide in Proposition 4.9 a direct
proof of this fact.

Proposition 4.9. For k a field and x,y,u and z indeterminates over k, the
extension klz,y, u] [[2]] = k[z,y,u,1/z,][[2]] is not TGF.

Proof. Lett = z/x and let o € k[[t]] be algebraically independent over k[, z]].
(By Proposition 4.5, we may take o = Y oo ™. )
Consider
5 Klle, g, ul] (1/2] (2] — K{lw, ] [1/a] [[2]

defined by mapping

[eS) oo
Z ai(xv Y, u, 1/:1:)21 = Z ai(x, ou,u, ]_/.'17)21’
=0 =0

where a;(z,y,u,1/x) € k[[z,y,u]][1/x]. Let p = kerm. Then y — ou € p. We
show that p N k[[z,y, u, z]] = (0), and so also p N k[z,y, u] [[2]] = (0). Let

[e )

= Z( Z diju'y?) € k[[z,y,u, z]],

£=0 i+j=¢
where d;; € k[[z, z]]. If f € p, then

oo oo

O=m(f)=> (Y diju'olul)=> (> dijol ).

£=0 i+j=¢ £=0 i+j=0

This is a power series in u, and so, for each ¢, ZiJrj:Z dijo? = 0. Since o
is algebraically independent over k[[z,z]], each d;; = 0. Thus f = 0. This
completes the proof of Proposition 4.9.
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