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ABSTRACT. Two Fraenkel-Mostowski models are constructed in which the Boolean
Prime Ideal Theorem is true. In both models, AC for countable sets is true, but AC
for sets of cardinality 280 and the 2m = m principle are both false. The Principle of
Dependent Choices is true in the first model, but false in the second.

Introduction.

In this paper we prove a conjecture of David Pincus first mentioned in Brunner
[2]: Is there a Fraenkel-Mostowski model in which the Boolean prime ideal theorem
and the countable axiom of choice are true but in which the axiom of dependent
choice is false? Our notation for these principles and their precise statements are:

BPI: The Boolean prime ideal theorem. Every Boolean algebra has a prime
ideal.

C'(Rg,00): The countable axiom of choice. Every countable set of non-empty
sets has a choice function.

DC: The axiom of dependent choice. If S is a relation on A such that (Vz €
A)(Jy € A)(zSy) then there is a sequence a(1),a(2),... of elements of A such
that a(n)Sa(n + 1) for all n € w.

There are very few Fraenkel-Mostowski models of the theory ZFY (Zermelo-
Fraenkel set theory without the foundation axiom) in which the Axiom of Choice
(AC) is false and the Boolean Prime Ideal Theorem (BPI) is known to be true. We
know of only two such models: The Mostowski linear ordered model [6] ([3], [4 p49])
and a model due to Tsukada [9]. In this paper we construct two Fraenkel-Mostowski
models N'1 and N2 in which the Boolean Prime Ideal Theorem is true. These two
models are constructed using the same set of atoms A and the same group G of
permutations of A. They differ only in their supports. It is also the case that
in both models the Axiom of Choice for countable families of sets (C(Xg,o0)) is
true, but both the Axiom of Choice for families of cardinality 2% (C(2%°, o)) and
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2 PAUL HOWARD AND JEAN E. RUBIN

the a 2m = m principle are false. By using a slight modification of the proof of
the Tychonoff Compactness Theorem (see, for example, [5 p143]), it can be shown
that BPI and C'(Rg, 00) imply that the product of a countable number of compact
spaces is compact. Thus, the Countable Tychonoff Compactness Theorem is true
in both models. The two models differ with regard to the truth of the Principle
of Dependent Choices (DC). We will show that DC is false in N1 and true in
N2. Thus N1 provides a proof of the conjecture of Pincus mentioned above that
there is a Fraenkel-Mostowski model for BPI +C(Rg, 00) + = DC. We would like
to thank David Pincus for reading a preliminary version of this paper and making
several helpful suggestions. His transfer theorems ([7]) can be used to show that the
results of this paper transfer to models of ZF as follows: Clearly the negations of
BPI, C'(Rg, ), and DC are boundable in the sense of [7] and therefore, by theorem
4 of [7] a conjunction of these negations and one or more of C'(Rg, 00) and DC is
transferable. Further, by the note added in proof to [7], BPI can be added to this
last list. Pincus has proved some results related to those above. In [8], he has
constructed a ZF model for DC + BPI + —C(2",00) and in [7] a ZF model for
C'(Rg, ) + O + =DC where O is the ordering principle: “Every set can be linearly
ordered”.

Section 1. The Models.

Let (A, <) be an ordered set of atoms which is order isomorphic to Q“, the set
of all functions from w into Q, (where Q is the set of rational numbers) ordered by
the lexicographic ordering. That is, if a,b € Q¥ then a < b if and only if there is
some n € w such that (Vj < n)(a; =b;) and a,, < by,.

DEFINITION. Assume b€ A and n € w
1. Ay ={a€ A:qa; =0; for 0 <i < n} is the n-level block containing b.
(Ap will not be in the models we are defining.)
The sequence (by,11,bp12,...) is the position of b in its n—level block.
B = {A': a € A} is the set of n—level blocks.
<, is the relation on B" defined by A7 <, Ay if and only if a <b.
Let f be an order automorphism of (B™,<,,) (see Lemmas A and B below)
we define ¢; to be the unique order automorphism of (A, <) which satisfies
¢ Ay = f(Ag) for all @ € A and such that for all a € A, a and ¢(a) have the
same position in their n-level blocks. (By definition 2 above, this means that
(Va € A)(Vi > n)(a; = ¢5(a)i).)
6. For n € w, G, is the group {¢; : f is an order automorphism of (B", <,,)}.
G is the group UHEw G,. Note that for n < m, G,, C G,,.
8. A subset E C A is a support for the model N1 if it satisfies (a), (b) and (c)
below. E is a support for the model N2 if it satisfies (b) and (c) below:
(a) E is well ordered by the ordering < on A.
(b) For each n € w, {A? : a € ANA?NE # (J} is finite. (That is, for each n € w,
the set of nth coordinates of elements of E is finite.)
(¢) E is countable.
9. N1 and N2 are the Fraenkel-Mostowski models determined by the set A, the
group G, and the supports defined above.
10. If H is a subgroup of G and E C A, then fixy(E) denotes the subgroup {¢ €
H: (Ya € E)(¢(a) =a) }.
11. If n € w and £ C A then B"(E) = {A : a € E}. It follows from definition 8
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BPI + C(Rg,00) # DC 3

Section 2. Preliminary Lemmas.

In this section we will use N for either N'1 or N2. The following Lemmas, with
the exception of Lemma I, apply to both N'1 and N2.

LEMMA A. For each n € w and a € A, A is an interval in the ordering < on A (in
the sense that if ¢,d € A7 and ¢ < b < d then b € A7.

LEMMA B. The ordering <,, defined on B" by A} <,, A} < a < b is well defined
and the ordered set (B",<,) is order isomorphic to the rationals with the usual
ordering.

LEMMA C. (Characterization of G in terms of coordinates) Let ¢ be an order
automorphism of (A, <) then ¢ is in G if and only if for some n € w, the following
two conditions are satisfied:

a. For all a and b in A, if a; = b; for 0 < i < n then ¢(a); = ¢(b); for 0 < i < n.

b. For all a € A, for all i > n, a; = ¢(a);.

LEMMA D. Fix n € w. For each (finite) sequence o € Q™" let p, be an order
preserving permutation of QQ, then the permutation ¢ of A defined by

{aj ifj#n+1

($la)); = Plag,...,an)(@5) i j=n+1

that is,

¢(<a/07' A 7an7an+17an+27 A '>) = <a07 A 7a’n7pcr(an+1)7an+27 M '>

(where o = (ag, ai,...,a,)) is in G,41 and satisfies (Va € A)(¢(A7) = AL).
DEFINITION. If n € w and & € N then E C B" is an n-level support for x if E is
finite and V¢ € G,,, if ¢(E) = E then ¢(z) = z.

LEMMA E. If x € N, then x has an n-level support for every n € w.

LEMMA F. If x € N and n € w then the intersection of two n-level supports for x
is an n-level support for z.

LEMMA G. Vn € w, YC,D C A, B"(CUD) =B"(C)UB"(D).

LEMMA H. Assume n,m € w, m < n, C;D C A and B"(C) C B"(D) then
B™(C) C B™(D).

LEMMA I. (N1 only) Assume that E is a support and that a and b are chosen in

A so that a < b and the interval (a,b] (in the ordering (A, <)) is disjoint from F.
Then 3¢ € fixg(E) such that ¢(b) # b.

PRrROOF. Let e be the least element of E which is > b. Choose n large enough so
that a, b and e are in different n-level blocks. Then there is a ¢ € fixg, (F) which
moves the n-level block containing b.

LEMMA J. Each support is bounded. (Follows from Definition 8 (b).)
LEMMA K. If B, C, D C A and k and i are in w with k& > ¢, then

[B*(B) C B*(C) A BY(C) C BY(D)] = BY(B) C BY(D).

(Lemma K is a consequence of Lemma H.)
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4 PAUL HOWARD AND JEAN E. RUBIN

LEMMA M. If E and E’ are supports, n € w, and B"(F

(E) € B™(E') then there is a
¢ € G,, which fixes F’ pointwise and for which ¢(E) # E.

Section 3. The proof that DC fails in N'1.

Let R be the relation on A defined by a Rb if and only if b < a. If there is an
infinite sequence (a;),ec. such that a; Ra;1 for all j € w, then for all j € w, a; >
aj+1. We will assume there is such a sequence in N1 and arrive at a contradiction.
Let E be a support for such a sequence. Then for all ¢ € fixg(E) and for all
Jj € w, ¢(a;) = a;. Since E is well ordered by <, Jjy € w such that the interval
(@jo+1,0aj,] contains no points of E. By I there is a permutation ¢ € fixg(E) such

that ¢(aj0) 75 Ajq -

Section 4. The proof of DC and C(Rg,00) in N2.

Assume that R is a relation on a set X which is in N2 and which satisfies the
hypothesis of dependent choice: (Vz € X)(Jy € Y)(x Ry). Suppose R has support
E. Applying the principle of dependent choice in the ground model we obtain a
sequence (T ) ke of elements of X such that z Rz for all k € w. Since each xy,
is in V"2 we can choose a set E;, C A such that Ej UFE is a support for x; and such
that E, N E = () (although the function x;, — Ej may not be in N'2).

For n € w, let K™ be the set of open intervals in the ordering (B", <,,) determined
by the finite subset B™(E) of B™. We may assume that for each n € w

(*) (VX € R")(K N B"(En) #0).

(by adding finitely many elements to each E,, if necessary.)
We will define a sequence (¢, )new, of elements of G such that following four
conditions hold:

(1) ¢n € Gp.
(2) ¢, fixes E pointwise.
(3) For n > 1, ¢, fixes ¥,,_1(E,_1) pointwise, where 1) is the composition ¢y o
G100 do.
(4) Forn > 1, B" (v, (E,)) € B" Y (Yp_1(En_1)).
LEMMA. Conditions (1) through (4) above imply that the sequence (¢, (2y,))new 18
in A2 and that (Vn € w) (¥n(2n) Rnt1(Tnt1))-

PROOF. To show that the sequence (Y, (Zn))new is in N2, we show that F., =
Unecw ¥n(Er) is a support. (This will suffice since for each n € w, ¥, (E,) is a
support of ¥, (x,).)

We first note that E,, is countable since it is a countable union of countable
sets. Secondly we show that for all n € w, B"(F) is finite: Assume n € w. It will
suffice to show that Vk € w, B" (V4 (Entk)) € B" (¢, (Ey)). This is an argument
by mathematical induction using condition (4) and Lemma K.

For the argument that ¥, (z,) R¥n+1(2n41), first note that 1, (z,) R (zn41)-
This is because x,, Rz, 1 and v, fixes a support of R (namely E) pointwise. By
condition (3), ¢n+1(Vn(xn)) = Yn(zy) since ¥, (E,) is a support of ¢, (x,). The
permutation ¢, also fixes R 80 ¢y, 1100 (20) R ¢pt10Un(Tn41). But the left hand
81de of this relational statement is ¢, (z,) and the right hand side is ;41 (2n41)-

m.*. 144 41 CoC oY



BPI + C(Rg,00) # DC 5

The definition of (¢, )necw is by induction. ¢q is the identity permutation on
A. Assume that ¢y, ..., ¢, have been defined satisfying conditions (1) through
(4). Since 9, € G, and fixes E pointwise and since E,, satisfies (*), ¥, (E,) also
satisfies (*), that is, (VK € R")(K N B" (Y, (Ey)) # 0).

Fix a K € &". Since the set B"T1(|JXK) of n + 1-level blocks which are subsets
of [JX is an interval in (B"™, <,,41) and (JK) N E = 0, there is a permutation
Nk € Gp41 which fixes E U, (E,) and such that for all n 4 1-level blocks Y such
that Y € B (JXK) N B (1), (E,y1)), there is an n-level block Z € B™(|JXK)N
B" (1), (Ey)) such that noc(Y) C Z. Hence

(**) B™((JK) N B" (1 ($n(Bnr1))) € B™(JI) N B (% (En))

and we may assume that 7y is the identity on A — | J XK.

If welet ¢ni1 = [[gceqn %, then ¢y 41 isin G4 and fixes EUt, (E,) pointwise.
Hence ¢,,41 satisfies conditions (1), (2) and (3). Also by (**) and the fact that ¢, 1
fixes | B"™(F) pointwise, we get B" (¢ 11(Ent1)) € B"(Yn(Er)) U B™(E) which
is condition (4) for ¢,4+1. This completes the definition of the sequence (¢, )new
satisfying (1) through (4).

Since DC implies C'(Rp, 00) we also have that C'(Rg, 00) is true in N2.

Section 5. The proof of C(Xg,c0) in A'1.
THEOREM. C(Ng,00) is true in N1.

PROOF. Let S = {s; : i € w} be a set of non-empty sets which is countable in N'1.
Assume that E is a support of s; for all i € w. We may assume without loss of
generality that

(1) (Va € A)[(Vn € w)(3e, € E)(en, € AL)) = a € E].

The reason is that if E is a support then sois FU{a € A : (Vn € w)(Je,, € E)(e, € A7) }.
Assume that {e,, : n € w} is an enumeration of E and define for n € w

H,={acA:a<e, N(VteE)(t<e, —>t<a)}
and Hoo ={ac A: VMt € E)(t<a)}.

H, for n € w and H are the open intervals in (A4, <) determined by E. Note,
however, that H,, for n > 0 need not be the interval (e,_1,e,) since the function
n +— e, may not be order preserving from w to (A, <), i.e., the order type of E
may not be w. In fact some of the H,, may be empty. (However as a consequence
of Lemma J, H,, is not empty.) Note also that A is the disjoint union

(2) A=<UHn>UHOOUE.

necw

For each i € w choose t; € s; (The function i — ¢; need not be in N'1.) and
choose E; C A so that E; N E = () and E; U E is a support of t;. We may assume
(by adding finitely many points to each E; if necessary) that
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6 PAUL HOWARD AND JEAN E. RUBIN

Let my = 0 and choose a positive integer m; > 1 so that Ym > mq,

(a) (Vb € By N Hy)(Vt € E)(AT < AYY)
(b) (Vb€ Ey N Hp)(Vt € E)(t <ey — AT <, AY')
(C) (Hb € El N H())(Agn <im Ag;)

Such an m; exists: If Hy # () let by be the smallest element of F; N Hy and let
boo be the smallest element of E3 N Hy, (in the ordering (A4, <)). By (1) there is
an m’ € w such that Agg/ NE = 0 and an m” € w such that A})’Z: NE = 0. Let
my = max{m’,m"}.

Similarly for each i € w, ¢ > 1, choose m; € w so that YVm > m;,

(a) (Vb€ E; N Hy)(Vt € E)(AT <m AYY)
(b) forn=0,...,i—1, (Vbe E;NH,)(Vte E)(t<e, — A" <m A}")
(c) forn=0,...,i—1, (3b€ E;NHy,)(AY <m AL))

We assume that m; 1 > m; + 1 and therefore (m;);c., is an increasing sequence.
For each ¢ € w, let ™+1 be the set of open intervals in the order (Bm“rl, §mi+1)
determined by B™i+1(E). By Definition 8 (b), B+ (FE) is finite and therefore
K41 s finite.
CLAIM. It is possible to add finitely many points to E; to obtain a set E! for which
(i) (VI € fMi+1)(K N B™i+1(EL) # () and
(ii) (a) and (b) in the definition of m; hold with E; replaced by E..
Proof. Assume I € 8+, Then there is an n € wU {oo} such that |JIK C H,,.
If n € w then X is the open interval (4;"""", AC""*') in the ordering (B™i+!, <,,.. )
where t € E. If n < i — 1, then this interval contains an element A4, """ where
b € E; by conditions (b) and (c) in the definition of m;. Similarly if n = co then
KNB™i+1(E;) #0. If n>i— 1, then adding an element b to E; such that A,
is in the interval (A;"™ A¢."*") does not affect condition (b) in the definition of
m;. This proves the claim.
We will therefore assume

(4) (VK € &mi+1)(K N B™+1 (E;) # 0).

We now define two sequences (¢;);c. and (F;);c, by induction. For each i € w, ¢;
will be in G,,,,+1 and will fix E pointwise and F; will be ¢;(E;). After we give the
definition, we will show that F' = | J,., F; is a support. It follows that the function
f:S —JS defined by f(s;) = ¢i(s;) (which is a choice function for S and which
has support F) is in A'1.

For: =10

¢o = id 4 the identity on A and Fy = ¢o(FEy) = Ep.

For i =1, let ¢; be an element of G,,, 1 which fixes E pointwise and such that
VI € 8™ if X is the largest element of I N B (Fp) then

(Va € By) it A7+ C [ ]I then
(5) $1(A™F1) C X and

o\ o~ lasy ~ o /e - 4 ()



BPI + C(Rg, 00) /4 DC 7

and let Fy = ¢1(F7). (Note that I N B™ (Ey) is finite since Ey is a support and
K NB™(Ep) is non-empty by (4).)
By (5) and Lemma H,

(7) BI(F)) C B (FyUE) for j =0,1,... ,my
and by (6)

(Va € How N F1)(Vb € Hoo N Fy)(b < a) and

8
( ) (vaeH()ﬂFl)(VbEH()ﬁFo)(b¢AZél —>b<a)

In general, we choose ¢; € G,,,, 11 so that ¢, fixes E pointwise and for all K €
K™ if X is the largest element of KN B™i(FyU---U F;_1) then

(Va € E;) ifA7+H C | ]I then
(9) ¢i (A7) € X and
(10) (Vo e ((JION(FoU---UFi_1))(b < ¢i(a))

Note that KNB™i(Fy U ---U F;_1) is finite since FopU---UF;_; is a support. Also
K NB™i(FyU---UF;_1) is non-empty by (4). Let F; = ¢;(E;). By (9),

(].].) for ] = 0, 1, cee My, :BJ(FZ) Q :Bj(FO U---u Fi,1 U E)
and by (10)

(Vae HoNF)(Vo e Ho N (FoU---UF;_1))(b < a) and

12
( ) forj:O,l,...,i—l, (VbeHjﬂ(FOU---UFi_l))(bgéAZji—>b<a)

We now argue that F' =
show:

icw Fi 1s a support. Referring to definition 8, we must

a. F is well ordered by <.

Suppose that F' is not well ordered. Then there is an infinite decreasing sequence
(75)jcw of elements of F. (Decreasing in the order (A, <)) Each F; is well ordered
by < so we may assume (by taking a subsequence of (7;),c. is necessary) that v, €
Fy, where (kj)jc. is a strictly increasing sequence of natural numbers (and hence
k; > j). Since each F; is disjoint from E, we get FNE = 0 so F C HooU(U,,c., Hn)
by (2). We now consider two cases:

Cask 1. {v;:j € w}nN (Upeo, Hn) #0.

Let e,, be the least element of E (in the ordering (A, <)) such that H,, N
{vj : m € w} is not empty and assume that ;, € H,,. Then for all i > iy, v; <
Yio < €n, and further for all e,, € E, if e,, < ey, then e, < ;. (If not then the least
en € E such that v; < e, is < e,,. Hence v; € H,, where e, < e,, contradicting
our choice of ng.) Therefore, v; € H,, for all i > iy5. We may therefore assume that
19 > Ng-

Choose k so that A,’jio <k A’e‘“no, then for all m > k, ATZO <m AQ}LO. In ad-
dition, for all ¢ > 4y, 7; < 7, and therefore ATZ <m AZ}LO. It follows that

(Vm > k) (Vi > ip) (’yi ¢ AZ}L()). Now choose i; > iy so that m;;, > k. Then
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8 PAUL HOWARD AND JEAN E. RUBIN

Consider v;, € F, and ;,+1 € Fy, ,,. Since the sequence (v;);e. is decreasing
we have 7;, 41 < 7;,. However, k;; 11 > i1 +1 > ng and therefore by (12) with
1t =k, 41 and j = ng we get

(Va € Hyy (1 P ,) (9 € Hyy 0 (Fy U+ U Fi 1) (b A b <a)).

If we let a = 7;,4+1 and b = ~;, we arrive at the contradiction v; < 7v;,41.
Cask 2. {v;:j € w}N (Upeo, Hn) = 0.

In this case {7; : j € w} € Hy. The argument is similar to that of case 1. This
completes the proof that F' is well ordered.

b. For all n € w, F intersects only finitely many n level blocks in a non-
empty set.

We first note that b can be written (Vn € w)(B"(F) is finite). It suffices to show
that for all i € w, B™i(F) is finite since m; is a strictly increasing sequence of nat-
ural numbers. Assume ¢ € w. Using Lemma G, this will be proved if we show that
B™Mi(F) C B™i(FyU---UF;_1 UE). Since B™(F) = {J,,c,, Fn it will be enough
to show that B™i(F,,) C B™i(FyU---UF;_1 UFE) for all n € w. This is clear if
0 <n <i—1. So we have to show that B™i(F; ) C B™(FyU---UF;_1 UFE) for
each k € w. We do this by induction on k.

For k = 0, (11) gives the desired relation. Now assume that B™i(F; ) is a
subset of B™i(FyU---U F;_1 UFE) for all k < n. Applying (11) with i =n + 1 we
get ' '

B/ (Fpi1) CB/ (Fpu---UF,UE)

for j =0,1,2,... ,myu41. In particular,
B (Fpy1) CB™(FoU---UF,UE)=B™(FyU---UF;,_1UE)

Where the last equality holds by the induction hypotheses and Lemma G. This
completes the proof of b.
c. F is countable.

F' is countable since F' is the union of countably many countable sets.

This completes the proof of C'(Rg,c0) in N1.

Section 6. The proof of BPI in N'1 and N2.

The argument is identical in N'1 and in N'2. We use N to denote either model
in this section.

THEOREM. The Boolean Prime Ideal Theorem is true in N.

PROOF. We shall use Blass’ theorem [1, Theorem 2] which characterizes Fraenkel-
Mostowski models in which BPI is true. According to this theorem BPI holds in
a Fraenkel-Mostowski model if and only if the model is determined by a filter of
subgroups I" with the Ramsey property described below. (We should like to thank
the referee for sugesting this method of proof.)

DEFINITION. 1. A subgroup H of a group K is a Ramsey subgroup if for every
finite F* C K/H (the set of left cosets of H in K) there is a finite Y C K/H such
that whenever Y is partitioned into two pieces there is a ¢ € K such that gF' is

71T 1T_.1°* . C41 e
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2. A filter I" of subgroups of G has the Ramsey property if it has a basis consisting
of Ramsey subgroups of G.

Let E be a support. By Blass’ theorem it suffices to show that fixg(FE) is a
Ramsey subgroup of G. Let F' be a finite subset of G/fixg(E). We will find a YV’
satisfying definition 1 above. Say F' = {¢1fixg(E), ..., ¢rfixg(E)}. Let n be the
smallest natural number for which ¢1, ..., ¢x are all in G,,. By definitions 5 and 6
from section 1, there are automorphisms fi, ..., fi of (B", <,,) such that ¢; = ¢y,
for 1 <i <k Let &E={A" € B": A”NE # (}. & is finite by definition 8
a. It follows from Rado’s Corollary [2, p 61] that if K is the automorphism group
of the rationals Q with their usual ordering and D is any finite subset of Q then
fixx (D) is a Ramsey subgroup of K. Therefore, by lemma B, if K is Aut(B", <,,)
then fixgx(€) is a Ramsey subgroup of K. (We let K denote Aut(B",<,) in
what follows.) We denote by F the finite subset {fifixx(E),..., fufixx(E)} of
K /fixg (€). By the definition of Ramsey subgroup there is a finite subset Y of
K /fixg (€) such that for any partition of Y into two pieces there is an h € K with
hF included in one of the pieces. Assume Y = {g1fixx(E),..., g fixx(E)} and
let Y = {¢g,fixg(E),...,¢q fixg(E)}. To prove that this Y satisfies definition 1,
assume that {C, D} is a partition of Y. Then {C,D} is a partition of Y where
C = {gifixg (€) : ¢pg,fixg(F) € C'} and D = { g;fixx (€) : ¢g,fixg(F) € D }. Hence
there is an h € K such that hF C € or hF C D. A straightforward argument
shows that ¢, F' C C in the first case and ¢, F' C D in the second.

Section 7. The proof that C(2%° o) is false in N'1 and N 2.

Let A be either N1 or N2. Let < be the ordering on w® defined by f < g if
and only if (Fk € w)(Vj > k)(f(4) < g(j)). Let F C w® be any subset satisfying
(Vf ew“)(3g € F)(f < g) (for example, F = w* would work). For each g € F let
E, be a support of g chosen so that (Vn € w) (|B"(E,)| = g(n)). (It is fairly clear
that this can be done in A'2. In N1, we have to work a little harder to insure that
E, is well ordered in the ordering (A, <).) Define z, = {¢(E,) : ¢ € G} for each
g € F then the set X = {z,: g € F} is well ordered in A and has cardinality less
than or equal to |w*| = 2%,

We will show, by contradiction, that X has no choice function in A/. Assume H
is such a choice function and that H has support E. Then for any g € F, F is a
support of H(x,). Define the function f :w — w by f(n) = |B"(E)| and choose a
g € F so that f < g. Since H is a choice function of X, H(z,) = ¢(E,) for some
¢ € G. Assume that ¢ € G,,.

Since f < g, there is a natural number ky > ng such that g(ko) > f(ko). By
Lemma L

B (¢(Ey))| = |B" (Ey)| = g(ko) > f(ko) = |B* (E)|.

Hence, by Lemma M, there is a 1 € Gy, that fixes E pointwise and moves ¢(Ey).
This is a contradiction.

Section 8. The proof that the 2m = m principle is false in N'1 and N2.

Let N be either N'1 or N'2. Suppose there is a 1 — 1 function f in N mapping
2 x A into A. Let E be a support of f and let a € A — E. Then, since fis1—1,
f(i,a) # a for i = 0 or i« = 1. Suppose that f(i,a) = b # a. Let 0 € fixg(F)
(so o(f) = f) such that o(b) = b and o(a) = ¢, where ¢ # a and ¢ # b. Then

r/f*  \ 7T 1 £/ \ 7T 5 1" 4°* 491 . C. 4 11 1L ooL£ A 1
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