Spring 2009

MA 16600
Study Guide - Exam # 3

(1) Sequences {a,}; limits of sequences; Limit Laws for Sequences; Squeeze Theorem; monotone se-

quences; bounded sequences; Monotone Sequence Theorem; Theorem: lim f(a,) = f (hm an>,
n—oo n—oo
provided lim a, = L and f is continuous at L.
n—oo

o n oo
(2) Infinite series Z ay; sequence of partial sums s,, = Z ay; the infinite series Z aj converges to s if

k=1 k=1 k=1
[o¢]

s, — s and write Z ap = S.
k=1

(3) Sums of Special Series:

(i) Geometric Series: » 7" =1+r+7r’+r°+... = —
—r

n=0
and DIVERGES if |r| > 1.

if || <1, ie., CONVERGES;

> 1
(ii) Telescoping Series: » PP is an example. The partial sums s,, of this series are
= n(n
- 1 "1 1 1 1 1 1 1 1
n = —_— _—— g 1—— _ — — “ e [ — :1_
i ,;k(kﬂ) ,;(19 k+1> ( 2)+<2 3>+ +<n n+1> n+1
> 1
The middle terms cancel and thus for this example, s, =1 — Jlrl — 1, so Z — =1
" n=1 n(n + 1)

oo
(4) L1sT OF CONVERGENCE TESTS FOR INFINITE SERIES Y _ a,,.

n=1

0) Divergence Test (usually the 1% test to apply)

1) Integral Test (usually one of the last tests to apply, after all others fail)

(
(
(2) Comparison Test (usually compare to a p-Series or Geometric series)
(

3) Limit Comparison Test (usually compare to a p-Series or Geometric series)

(4) Alternating Series Test (apply only if series is an alternating series)

(5) Ratio Test (useful when a, contains factorials like n! or when a, contains terms
like ¢"; NOT useful when a, is an algebraic function of n)

(6) Root Test (useful mostly when a, is of the form ¢"; one of the last tests to apply)

o

1
e Very useful series is the p-Series: Z - CONVERGES when p > 1; DIVERGES when p < 1.
—_— n

n=1

o A useful inequality: Inx < 2™, for any m > 0.



[e.¢]
(5) STATEMENTS OF CONVERGENCE TESTS FOR INFINITE SERIES Z Qp:

n=1

(0) Divergence Test: If lim a, # 0 = > a, DIVERGES.

n=1

(1) Integral Test: Suppose f is continuous increasing, and positive on [1, co) and f(n) = a,.

) If / x) dx converges —> Z a, CONVERGES.
n 1
(ii) If / x) dx diverges = Z a, DIVERGES.
n=1

(i.e. /1 f(z) de CONVERGES if and only if Z a, CONVERGES.)

n=1

(2) Comparison Test: Suppose > a, and Y b, are series with positive terms (a,, b, > 0).
(i) If a,, < b, for all n and Z b, converges — Zan CONVERGES.
(ii) If a,, > b, for all n and Z b, diverges — Z a, DIVERGES.

(3) Limit Comparison Test: Suppose 3 a, and Y b,, are series with positive terms (a,, b, > 0).
If lim &% — ¢, where 0 < ¢ < 00, then either both series CONVERGE or both DIVERGE.

n—oo

(7) b, >0

(4) Alternating Series Test: If { (i) {b,} is decreasing then the alternating series

(iid) lim b, =0

S (~1)"'h, CONVERGES.
n=1
(5) Ratio Test: Let lim Inil) _ 1,
n—oo an
) fL<]l = Z a, CONVERGES ABSOLUTELY (hence CONVERGES)

n=1

(i) fL>1= > a, DIVERGES.
n=1
(If L =1, then test is inconclusive.)

(6) Root Test: Let lim {/|a,|

n—»oo

i) fL<]l = Z a, CONVERGES ABSOLUTELY (hence CONVERGES).

n=1

(i) f L>1 = > a, DIVERGES.
n=1
(If L =1, then test is inconclusive.)



oo
(6) Alternating series Z(—l)”_lbn; Estimating the sum of an alternating series:
n=1

If > (=1)""'b, = s, then [s — s, < bpi1.
n=1

(7) Conditional convergence (i.e.,» a, converges, but » |a,| diverges); Absolute convergence (i.e.
> |an| converges). Theorem: Absolute Convergence = Convergence.

(8) Power series about a: Y ¢,(z — a)”; Radius of Convergence and Interval of Convergence;

n=0
usually use RATIO TEST to determine ROC and IOC (for IOC don’t forget to check the endpoints!)

(9) Operations on power series; addition, differentiation, integration, etc of power series.

o £ (g
(10) Taylor Series about a: f(z) =) ["a) (x —a)™.

— n!
o £(n)((
(11) Maclaurin Series: f(:v)zzf $)x” (this is just the Taylor Series of f about 0).
= n!
n_ f(k)
(12) ntP-degree Taylor polynomial: 7, = Zf kga) (x —a)* =~ f(x), near z = a.
k=0 :
> k(k—1)(k—2)---(k—(n—1
(13) Binomial Series: (1+:L’)kzz<7]z>:c”, Where<z>: ( ) )' (k= (n >>
n=0 n.:
(14) Table of Useful Maclaurin Series
1 o0
(a) . =Y a"=14a+2°+2°+---, validfor —1<z<1
-z n=0
0 n 1'2 ZEB
(b) e* = —‘:1+x+a+?+'--, valid for — oo <z < o0
—=n ! !
' o) . x2n+1 x3 £C5 1.7 .
(¢) smx:nz;;(— ) mzx—a—{—a—ﬂ—k---, valid for — oo <z < 0
4 o0 :L,Zn 2 ZE4 6 id £
= -1 =1l =+ ==+ i —oo <1<
(d) cosz 7;)( )(2n)! sit i gty validfor —oo <z <oo
o) x2n+1 373 I5 1'7
tan™lz = -V =r- =+ ===+ lid for —1 1
(e) tan~'z T;)( )(271—1—1) x 3+5 7+ , valid for <x<

(f) (1+x)k:i<i>x":1+kx+k(k x2+k(k_1)<k_2) 2?4 for —1<a<1
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