
Basic Differentiation Rules

Let f : U ⊂ Rn −→ Rm and g : U ⊂ Rn −→ Rm be differentiable at x0 ∈ U , then

i Constant Multiple Rule : D(cf) (x0) = cDf(x0), for all c ∈ R.

ii Sum Rule : D(f + g) (x0) = Df(x0) +Dg(x0).

iii Product Rule : If m = 1, then D(fg)(x0) = f(x0)Dg(x0) + g(x0)Df(x0).

iv Quotient Rule : If m = 1, then D

(
f

g

)
(x0) =

g(x0)Df(x0)− f(x0)Dg(x0)

{g(x0)}2
, provided g ̸= 0

on U .

Note that if f : Rn −→ R, then Df(x) = ∇f(x).

CHAIN RULE - Let g : U ⊂ Rn −→ Rm and f : V ⊂ Rm −→ Rp, with U and V open sets
and so that f ◦ g is defined. If g is differentiable at x0 ∈ U and f is differentiable at g(x0), then
f ◦ g is differentiable at x0 and

D(f ◦ g)(x0) =
[
Df(g(x0))

] [
Dg(x0)

]

Note: If f : V⊂Rm −→ Rp, so that f(x) =

(
f1(x), f2(x), · · · , fp(x)

)
and x = (x1, x2, · · · , xm),

then Df is the p×m matrix of partial derivatives of f :
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Special Case of Chain Rule - Let f : Rn −→ R be a real-valued differentiable function of n

variables and c : R −→ Rn a differentiable path in Rn so that f ◦ c is defined, then

D(f ◦ c)(t) = D(f(c(t)))Dc(t) = ∇f(c(t)) • c′(t)


