ON AN EXACT MASS FORMULA OF SHIMURA
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Abstract

In a series of recent papers, G. Shimura obtained an exact formula for the mass of
a maximal lattice in a quadratic or hermitian space over a totally real number field.
Using Bruhat-Tits theory, we obtain a quick and more conceptual proof of his formula
when the form is totally definite.

1. Introduction
In a series of recent papers (see [S1], [S2], [S3]), G. Shimura obtained an explicit
formula for the mass of a maximal lattice in a quadratic or hermitian space over a
totally real number field k. (In [S3], k is actually arbitrary.) Recall that a lattice A is
said to be maximal for a quadratic or hermitian form (—, —) if, for all x € A, (x, x)
lies in the ring of integers A of k and A is maximal with respect to this property. For
such a lattice, the mass formula was obtained by Shimura as a consequence of his
theory of Euler products and Eisenstein series for the corresponding orthogonal or
unitary group.

On the other hand, if G is a connected reductive group over k, which is anisotropic
at all archimedean places and quasi-split at all finite places, an explicit mass formula
was obtained in [GrG] for an open compact subgroup

K=Gk®R) x ]_[ K,

V<0

of the adele group G(A), with K, a certain special open compact subgroup at each
finite place v. This is an extension of a fundamental result of G. Prasad [P, Theorem
1.6]. As remarked at the end of [GrG], the restriction that G be quasi-split at all finite
places is not necessary; if one replaces K, by an Iwahori subgroup J, at each finite
place where G is not quasi-split, one can still obtain an explicit formula for the mass
of the corresponding open compact subgroup. This is carried out in the following
section, and the aim of the present paper is to rederive Shimura’s formula from the
above general mass formula, at least in the cases where the quadratic or hermitian
form is totally definite.
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Our derivation of Shimura’s formula is based on the observation that the stabilizer
K, of a maximal lattice at a finite place is always a maximal parahoric subgroup of
the orthogonal or unitary group G,. In fact, in all but two cases, it is a special maximal
compact subgroup, even at the places where G, is not unramified, and in all cases,
it corresponds to a vertex at an end of the relative local Dynkin diagram of G,. We
enumerate the various possibilities in Sections 3, 6, and 8 for the cases of a hermitian,
quadratic, and quaternionic hermitian form, respectively. In particular, we describe the
maximal reductive quotient of the special fiber of the smooth integral group scheme
associated to the relevant maximal parahoric subgroup by Bruhat-Tits theory. These
results are then used in Sections 4, 7, and 9 to compare the mass formula obtained in
Section 2 with that of Shimura.

We emphasize here that the formula obtained in Section 2 expresses the mass in
terms of the Tamagawa number of G, and hence we need to assume that the Tamagawa
number is known. This is of course the case, by the work of many people. Shimura’s
proof of the mass formula, on the other hand, does not require the knowledge of the
Tamagawa number. Our proof provides a more conceptual explanation of the form of
the local factors at the bad places. We are also able to generalize Shimura’s results
slightly, in that we do not need to assume that the discriminant of the form is a unit
when the form has odd rank.

Finally, we note that in the case of an even-rank hermitian form, our formula
appears to differ from that of Shimura. Namely, at each finite place where the unitary
group G, is not quasi-split, the corresponding local factor in Shimura’s formula
contains a A-invariant, which is absent in our formula. However, in the appendices
we resolve this discrepancy by showing, using the theories of F. Bruhat and J. Tits
and of A. Moy and G. Prasad, that Shimura’s A-invariant is in fact always equal to 1.

2. A general mass formula

Throughout this paper, & is a totally real number field of degree d over Q, with ring
of integers A and adele ring A. Moreover, v denotes a finite place of k, and k,, denotes
the corresponding completion of k, with ring of integers A, and uniformizer ;. The
order of the residue field A, /m, is denoted by g,.

Let G be a connected reductive group over k of absolute rank /, with G(k ® R)
compact. We let H be the quasi-split inner form of G. Let Sg be the set of finite
places v such that G, = G Xy k, is not quasi-split. Since G is unramified almost
everywhere, S is a finite set, and for v ¢ Sg, G, = H,. Recall that a canonical
integral model H 8 of H, was defined in [Gr, Section 4] using the theory of Bruhat
and Tits. Hence H (3 is a smooth affine group scheme over A, with generic fiber H,
and connected special fiber, and it is associated to a special vertex in the reduced
building of H,. Indeed, if H, is simply connected, then H S(Av) is a special maximal
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compact subgroup of H (ky), and if H, is unramified, then H S(AU) is hyperspecial.
Let ﬁg be the reductive quotient of the special fiber of HY. Then ﬁg is a connected
reductive group over A, /m,, which is necessarily quasi-split.

Recall that a canonical Haar measure |wg,| on G(k,) was defined in [Gr, Sec-
tion 4]. Indeed, if wp, is an invariant differential of top degree on H 8 with nonzero
reduction on the special fiber and if |wp, | is the associated Haar measure on H (k,),
then |wg,| is the pullback of |wy,| under an inner twisting ¢ : G, — H,. An al-
ternative definition of |wg,| was given in [GrG]. Finally, recall that in [Gr] a motive
M = Mg of Artin-Tate type was attached to G. Let L(M) be the L-function of M
evaluated at s = 0. Then the restriction of M to a decomposition subgroup at v is
isomorphic to the motive M, of G,, and the local L-factor L, (M) of L(M) is equal
to the L-function of M, evaluated at s = 0. Further, My is isomorphic to M.

Now let

K =Gk @ R) xl_[KU 2.1

v

be an open compact subgroup of G(A) suchthat K, = G, (A,) is the group of integral
points of the smooth integral model G, of G, associated to a parahoric subgroup by
Bruhat-Tits theory. Let S O S¢ be the finite set of finite places v of k such that
G, 2 H ‘3. Note that, for v € §, G, may not be connected. This differs from the
usage of the term “parahoric” in [BT1]. Let g be the Haar measure of G (A) which
gives K volume 1. Then the mass of K is, by definition,

Mass(K) = / UK - 2.2)

GONG(A)

Our aim in this section is to give an explicit formula for Mass(K).
Let © = uGxer) X [ [, 1o be the Haar measure on G (A), where g kgRr) gives
G (k ® R) volume 1, and where

o = Ly(MY (1)) - g, |. (2.3)

By [Gr, Proposition 4.7], for v ¢ S, u, gives K, = H. 8 (Ay) volume 1. Now the proof
of [GrG, Proposition 10.7] gives

1
/ w= g LMD 16, (24)
GUO\G(A) 2

where 7(G) is the Tamagawa number of G. In particular, if S = Sg is empty, then
= g and (2.4) is just [GrG, Proposition 10.7]. In general, we have

nk = (H Av) 2 25)

vesS
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where »
Ay = (LU(MV(l)).f |va|) ) (2.6)

It remains to obtain a more explicit expression for A,.
Let G, be the maximal reductive quotient of the special fiber of G, Then G, is
a possibly disconnected reductive group over A, /m,, and the natural projection

G, (A) — Ev (Av/nv)

is surjective. Let J, be the inverse image, under the natural projection, of a Borel
subgroup of the connected component of G,. Then J, is an Iwahori subgroup of
G (ky) and is the group of integral points of a smooth integral model J, of G,.
The maximal reductive quotient J, of the special fiber of J , 18 isomorphic to the
(connected) maximally split maximal torus of G,. Hence, if N(G,) denotes the
number of positive roots of G, over an algebraic closure of A, /m,, then

#G, (A, /7

#(Ky/Jy) = — {4/ UI)V(G). 2.7

#Jy(Av/my) g

Hence, .
-NGv)  y

v '#GU(AU/”U) /
= — . ) 2.8
/Ku lwg, | #70(Ao/o) B lwg, | (2.8)

Now let vg, be an invariant differential of top degree on J,, with nonzero reduc-
tion on the special fiber, and let |vg, | be the associated Haar measure on G (ky). Then
we have (see [Gr, p. 295])

—0
—N(H
we,| =gy " g, I, (2.9)

where we recall that H,, is the quasi-split inner form of G,. Since
| o= ST 47, (/) @.10)
Ju

and .
-1 —dim(H —0
Ly(MY (1) ™" =gy " HH ) (A7), 2.11)
we have, after a short computation,
—0
—N(H —0
qv (H) '#HU(AU/T[U)

Ay = N — . (2.12)
qv @ '#Gv(Av/T[v)

We summarize the above considerations in the following proposition.



ON AN EXACT MASS FORMULA OF SHIMURA 107

PROPOSITION 2.13

Let K = G(k @ R) x [[, Ky be an open compact subgroup of G(A), with K, =
G, (Ay) a parahoric subgroup for all v, and let S be the finite set of finite places
where G, % ﬂg. Then

Mass(K) = (2% -L(M) - t(G)) T

vesS

with L, given by (2.12).

This is the explicit mass formula that we seek. The point is that the local factor A, is
effectively computable by Bruhat-Tits theory.

3. Hermitian spaces

The purpose of this and the following section is to prove [S1, Theorem 24.4] using
Proposition 2.13. In this section, we consider hermitian spaces over a nonarchimedean
local field. Since the discussion is purely local, we suppress v from the notation. Hence
let F' be a nonarchimedean local field of characteristic zero, and let E be a quadratic
extension of F. The nontrivial automorphism of E over F is given by x +— x. Further,
the ring of integers of F (resp., E) is denoted by A (resp., Ag), with uniformizer x
(resp., mg). Let ¢ = #A/m, and let © be the different of E/F.

Now let V denote an m-dimensional vector space over E, equipped with a
nondegenerate hermitian form (—, —), and let G be the corresponding unitary group.
There are exactly two isomorphism classes of rank m hermitian spaces over E, classi-
fied by their discriminant, which is an invariant taking value in F*/NE*. We choose
a representative for each class of F*/NE™ in A, with minimum possible valuation.
Since F*2 ¢ NE*, each representative is either a unit or a uniformizer. Below, we
enumerate the possible hermitian spaces.

Consider first the case when m = 2n + 1 is odd. Let H be the split rank-two
hermitian space. Hence, H has basis {e, f} over E and is equipped with the hermitian

form (—, —) given by
((e,e) (e,f))_(O 1)
(frey (f,.fY) \1 0)
Then, for each @ € F*/NEX, let

Vo =H"® E,, (3.1

where Ey is the rank-one hermitian space over E with (x, y) = axy, for x,y € E.
This gives the two hermitian spaces of rank m over E. Moreover, the corresponding
unitary groups G of the two spaces are isomorphic and quasi-split.
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Table 1
Odd Unitary Groups
E o G " A
unramified | @ € A* | Uzpt1 Uzpt1 1
unramified | o ¢ AX | Ua, x Uj Ut | (@' +1)/(g+ 1D
ramified any o Z/27Z x Spy, | SOon41 | 1/2

Now let A be a maximal lattice in V. By definition, A is an Ag-module such
that A ®4, E = V, and it is maximal with respect to the property that (x,x) € A
for all x € A. Any two maximal lattices in V are conjugate under G (see [S1]). A
maximal lattice Ay in V, can be described as follows. Let

A=Age®D7'f (3.2)
be an Ag-lattice in H. Then we have
Ay = A"+ Apg. 3.3)

As shown in [T, Section 3.11], the stabilizer of A, is a maximal parahoric
subgroup G(A). In Table 1, we give the type of the maximal reductive quotient G,
as well as the local factor A of (2.12). Here, and in later tables, we use U,, to denote
a unitary group in m variables over A/m, Sp,, to denote a symplectic group in 2n
variables, SO, to denote the special orthogonal group in 2n + 1 variables, and
Z./27 to denote the constant group scheme of order 2. Moreover, we let O,, denote
the split orthogonal group in 2n variables, and we let SO, denote its connected
component. Note that there is a morphism d,, : Oy, — 7Z /27, for which SOy, is the
kernel. Indeed, when the residue characteristic of F is different from 2, d,, is simply
the determinant map, whereas if the residue characteristic is 2, d, is the Dickson
invariant. More uniformly, SO,, is the subgroup of O3, which acts trivially on the
center of the even Clifford algebra of the underlying quadratic space.

Now we come to the case when m = 2n is even. For « € NE*, let

V, = H". (3.4)

The corresponding unitary group G is quasi-split. Now suppose that « ¢ NE*. Let
D be the division algebra over F with underlying vector space E @ E - z, and with
multiplication rules

2 =a, (3.5)
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Table 2
Even Unitary Groups
E « G "7 |
unramified | o € NE* | Uy, Usp 1
unramified | o ¢ NE* | Up,_1 x Uj Un | (¢ —1)/(@+ D)
ramified a e NE* | Sp,, Spy, | 1
ramified | @ ¢ NEX | Spy,_», x 202 | Spy, | 1/2-(¢*" = 1)/(g+ 1)

Then D is the unique quaternion algebra over F; and let A p denote its ring of integers,
with uniformizer 7 p. Equip D with the hermitian form

(X1 +x2-2,y1 +y2-2) = X1y — ax2y;. (3.6)

Then we have
Vo = H" '@ D, 3.7

and the corresponding unitary group G is not quasi-split. This describes the two
hermitian spaces of rank 2n over E.
Moreover, a maximal lattice in V,, is given by

A" ifa e NEX,

Ay =
A" '@ Ap ifa ¢ NE”.

(3.8)

Using results of [BT1] and [BT2], one can check that the stabilizer of A, is a maximal
parahoric subgroup G(A). In Table 2, we give the type of the maximal reductive
quotient G of the special fiber of G, as well as the local factor A. Here, and in later
tables, we use >0y, to denote the quasi-split but nonsplit orthogonal group in 2n
variables. As in the case of O,,, there is a morphism 2d, - 202,1 — 7Z./27 whose
kernel is the connected component 2805, of 204,,.

It is natural to ask if the smooth integral model G can be defined using the
maximal lattice A. For this, let

p:G —> Resg/p (GL(V) x GL(V))

be the direct sum of two copies of the standard representation of G. Here, GL(V)
denotes the general linear group of V, and Resg,r denotes the Weil restriction of
scalars from E to F. Moreover, let

A={xeV:@x,A)cD ')

Now we have the following proposition.
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PROPOSITION 3.9

Suppose that m = 2n is even or E/F is tamely ramified. Then the integral model G
is the scheme-theoretic closure of p(G) in Resap 4 (GLa(A) x GL4, (A)), where
GL 4, (A) is the integral model of GL(V') determined by the Ag-lattice A.

Proof

This follows from the final theorem of [BT2, Section 5]. To be honest, Bruhat and
Tits proved the statement in this proposition for special unitary groups. However, it
is easy to check that their argument works for the unitary groups that are considered
here. O

Now we consider the case where m = 2n4-1is odd and E/F is ramified. Though the
case where E/F is tamely ramified has been covered in Proposition 3.9, it is more
natural for us to include it in the following discussion. We first define a sublattice A’
of A as follows. The quotient A /g A is a vector space over Ag/mg = A/m, and the
hermitian form (—, —) gives rise to a degenerate symplectic form on A/mg A (see
[T, Section 3.11]). Let A’ be the inverse image in A of the kernel of this symplectic
form. More explicitly,

AN = (A" ® Agp C A. (3.10)

Now if we consider the same construction as above, but with A replaced by A’, then
Bruhat and Tits showed that this gives the desired smooth integral model for the
special unitary group. Unfortunately, it does not yield a smooth model for the unitary
group. Instead, let 7 be the one-dimensional anisotropic torus over F which is split
by E, and let T be its Neron-Raynaud model (see Appendix B). Consider the rational
representation

p': G —> Resg/p (GL(V) x GL(V)) x T

defined by
p'(g) = p(g) x det(g).

Then we have the following proposition.

PROPOSITION 3.11
Suppose that m = 2n + 1 is odd and E | F is ramified. Then the integral model G is
the scheme-theoretic closure of p'(G) in Resa,/a(GLa,(A) x GLA,(A) x T.

Proof

The main point is to show that the above scheme-theoretic closure G’ is smooth.
Let V and A be as given in (3.1) and (3.3), respectively. This determines a maximal
torus Z of G as well as various root subgroups U, (see [T, Section 1.15]). By [BT2,
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Section 3.11], the scheme-theoretic closure of p’(U,) is smooth. Moreover, one can
check that the closure of p’(Z) is also smooth and is equal to the Neron-Raynaud
model of Z. By Lemma B.3, we thus have a closed immersion of Res ;4 (GL(A) x
GL(A")) x T into GLy(A) for some integer N. Now the smoothness of G’ follows
from [BT1, Section 2.2.3].

Finally, for any unramified extension F’ of F, it is easy to see that the groups
G(Apr) and G’ (Af) are equal. Since G’ is smooth and affine, this completely deter-
mines its group scheme structure, and thus G’ = G, as required. O

This completes our discussion of hermitian spaces and their unitary groups over a
local field.

4. Mass formula for unitary groups

In this section, we return to the notation of Section 2, so that k is a totally real number
field of degree d over Q. Let L be a totally imaginary quadratic extension of k,
and let x be the nontrivial character of the Galois group of L over k. Let V be an
m-dimensional vector space over L equipped with a totally definite hermitian form
(—, —). Let G be the corresponding unitary group. Then G (k ® R) is compact, so
that G is of the type considered in Section 2.

For each finite place v, let L, = L ®k,. Then V ®;k, is an L,-module, equipped
with a hermitian form by extension of scalars. If v splits in L, then G, = GL,, = H,
as algebraic groups, whereas if v does not split, G, is the unitary group for the
hermitian space V ®y k, over the quadratic extension L, of k,.

Let A be a maximal lattice in V. Then A, = A ®4 A, is a maximal lattice in
V Qi ky (see [S1, Lemma 8.10]). Let K, be the stabilizer of A, in G,. Then the mass
of A is, by definition,

Mass(A) = Mass(K), “4.1)

where K is the open compact subgroup G(k @ R) x [, K, of G(A). Now if v splits
in L, then it is easy to see the following (see [S1, p. 29]):

Ky = GL,(Ay) = H(A,).

Moreover, by results of the last section, for all v that do not splitin L, K, is a maximal
parahoric subgroup. Hence, K is of the type considered in Section 2. In particular, the
mass of A is given by Proposition 2.13, and the local factors A, are given in Tables
1 and 2 in Section 3. Moreover, we have, by definition,

m

L) =[]L—rx"). (4.2)

r=1
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and by results of R. Kottwitz [K] and T. Ono [O, p. 128],
(G) = 2. 4.3)

Putting these results together, we have the following two propositions.

PROPOSITION 4.4

Let m = 2n + 1 be odd. Then v € S if and only if either L, is a ramified quadratic
extension of ky, or Ly, is an unramified quadratic extension of ky, and V Qy ky = Vg,
with o ¢ NL. Moreover,

Mass(A) = (L - L(M) - r(G)) T2

omd
vesS

where L(M) and t(G) are given by (4.2) and (4.3), respectively, and for v € S,

1

> if Ly is ramified,
Ay = 441

qv +1

if Ly is unramified and V ®y ky = Vi, with oo ¢ N(L)).

PROPOSITION 4.5
Letm = 2n be even. Then v € S if and only if v does not split in L and V Qi ky = Vy,
with a ¢ NL. Moreover,

Mass(A) = (L -L(M) - r(G)) : ]‘[Av,

omd
ves

where L(M) and ©(G) are given by (4.2) and (4.3), respectively, and for v € S,

9 —1 o .
if Ly is unramified,
qv+1
MENL g
—. 2 if Ly is ramified.
> gt if Ly ifi

Remarks. (1) When m = 2n + 1 is odd, it was assumed in [S1, Theorem 24.4] that
the discriminant of V is a unit. We do not assume this in Proposition 4.4. It is easy
to check that the formula in Proposition 4.4 agrees with that of Shimura, using the
functional equation relating L(M) and L(M" (1)). We leave this as an exercise for
the reader.

(i1) The formula in Proposition 4.5 seems to differ from that of Shimura in that,
when v € § is such that L, is wildly ramified, the local factor in Shimura’s formula
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contains a certain invariant A (). Our result above certainly suggests that A(0) is equal
to 1. In the appendices, we give an independent proof of this fact.

(iii) As in [S1], one can consider lattices in V which are maximal with respect to
an integral ideal a of A. If a is a principal ideal, such lattices are among those that we
have studied. However, if a is not principal, then a lattice A that is a-maximal may
not be maximal in the usual sense for any hermitian form. Nevertheless, the mass of
A can still be obtained from Proposition 2.13, as the local stabilizers of A are still
maximal parahoric subgroups that correspond to vertices at the end of the relative
local Dynkin diagram.

5. Higher-level congruence subgroups
In [S1, Theorem 24.4], the mass formula was obtained not only for the open compact
subgroup K = G(k®R) x [ [, K, of Section 4 but also for certain open subgroups of
K with K, replaced by certain congruence subgroups. In this section, we indicate how
one obtains the mass of such congruence subgroups from Propositions 4.4 and 4.5.
Let us first recall some definitions from [S1]. We return to the notation of Sec-
tion 3, and we let A be a maximal lattice in V = V|, a rank m hermitian space over
F with discriminant «. Recall that

A={xeV:i@x A cD}, (5.1)
where D is the different of £ over F. For r > 0 an integer, we set, following Shimura,
Cr={geGF):(g—DHACa"A}, (5.2)

D, ={geG(F):(g— DA Cn"A}

Moreover, let
K, = ker (Q(A) — Q(A/n’)) (5.3)

be the rth principal congruence subgroup associated to the integral model G for which
G (A) is the stabilizer of A. Note that

#(G(A)/K,) = ¢"4O . (¢~ Im©) 4G (A /7). (5.4)

We would like to relate the group K, to the groups C, and D,. For this, recall
that if 7 is the one-dimensional anisotropic torus over F' which is split by E, then
we have the determinant map det : G — T. Let T, be the rth principal congruence
subgroup of T corresponding to the Neron-Raynaud model T. Hence, by Lemma B.1,

T, ={teT(F):ordg(t — 1) > 2r +d}, (5.5)

where ordg is the valuation on E giving wg valuation 1. We then have the following
lemma.
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LEMMA 5.6
Assume that m = 2n + 1 is odd and E/ F is ramified. Then

D, ={g € C, :det(g) € T, }.

Proof
For r = 0, thisis [S1, Lemma 17.13(3)]. The proof there extends easily to the general
case, and hence we omit the details. O

Now we have the following proposition.

PROPOSITION 5.7
Suppose that r > 0. If m = 2n is even, then K, = C,. If m = 2n + 1 is odd, then

C, if E/F is unramified,
B D, if E/F is ramified.

K,

Proof

If m = 2n is even or E/F is unramified, the assertion follows immediately from
Proposition 3.9. Now assume that m = 2n + 1 is odd and E/F is ramified. Then
Proposition 3.11 implies that

K, ={g € C, :det(g) € Ty},

so that the result follows by Lemma 5.6. Note that when E/F is tamely ramified,
Proposition 3.9 implies that K, = C,. However, in this case, C, = D,. Indeed, if
g € C,, so that det(g) = 1 (mod n%’), then in fact det(g) = 1 (mod n%’“). O

COROLLARY 5.8
Suppose that r > 0. If m = 2n is even, then

#(G(A)/K,)  ifa € NEX,

#G(A)/D, =
q-#(G(A)/K,) ifa ¢ NEX.

If m =2n + 1 is odd, assume that « € A*. Then
#(G(A)/Dy) = #(G(A)/K,).

Proof
First assume that m = 2n is even. If « € NE*, then A= A, so that D, = C,. Since
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C, = K, by Proposition 5.7, the result follows in this case. If « ¢ NE*, then we
need to show that #C, /D, = q. This follows from [S1, Lemma 17.3] and Corollary
D.4. The case for odd m is clear. O

Now we return to the global situation and adopt the notation of Section 4. As in [S1,
Theorem 24.4], we further assume that the discriminant of the hermitian space V is
aunit if m = 2n + 1 is odd. Suppose that ¢ is an integral ideal of A. For each place
v of k, let , > 0 be defined by

Ay =" Ay 5.9)
Hence, for almost all v, r, = 0. Now let

K@©)=Gk®R) x [[K(©), (5.10)

be the open compact subgroup of G(A) such that

K, if r, =0,
K(¢)y, = ] (5.11)
Dy, ifry, #0,

where, for v split in L, the group D, ,, is defined as in (5.2). Then Mass(K (c)) is
given in [S1, Theorem 24.4]. To derive the result from Propositions 4.4 and 4.5, note
that

Mass(K (¢)) = #(K /K (¢)) - Mass(K), (5.12)

so that we need to compute the local indices #K /D, , for those v such that r, # 0.
If v splits in L, then it is easy to see that D, , is the r,th principal congruence
subgroup of GL,,(A,), so that its index in K, is given by the general formula in
(5.4). If v does not split in L, then the index is given by Corollary 5.8 and (5.4).

It is interesting to note that in [S1] Shimura first computed the mass of K (¢) for
some suitable ideal ¢, before obtaining the mass of A. Moreover, for this last step, it
suffices to know the index #K,/D,. 1, which was given in [S1, Proposition 17.11].

6. Quadratic spaces

In this section, we return to the local setting of Section 3, and we consider quadratic
spaces over the nonarchimedean local field F. Let V be an m-dimensional vector
space over F, equipped with a quadratic form Q : V — F. Let (—, —) be the
associated symmetric bilinear form. Hence, for x, y € V,

1
{(x,y) = E(Q(x +3) = 0(x) - 0() (6.1)
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and Q(x) = (x,x). We also let G be the corresponding special orthogonal group
of V.

As is well known, the quadratic spaces over F of rank m are classified by their
discriminant § € F*/F*? and their Hasse-Witt invariant w = £1. We can and do
assume that § is chosen to be either a unit or a uniformizer. Moreover, the Hasse-Witt
invariant we are using here is normalized so that, for example, the split quadratic space
always has Hasse-Witt invariant 1. Given § and w, we let Vs ,, be the corresponding
quadratic space. We enumerate the spaces Vs, and the stabilizers of their maximal
lattices. As in Section 3, we consider the even- and odd-rank cases separately.

Let H be the split rank-two quadratic space over F. Hence, H has basis {e, f}

over F, and
((e,e) (e, f)) _ ( 0 1/2)
(frey (f.1Y) \1/2 0)°

Also, let D be the quaternion algebra over F, regarded as a quadratic space using the
reduced norm. Now assume that m = 2n is even, withn > 2. If § € F %2 then let

Vs1 =H", (6.2)
Vs,—1 = H" 2 @ D.

The special orthogonal group G corresponding to Vs 1 is split, and it is the quasi-split
inner form of that for Vs _j.

Ifs ¢ F*2, let Es = F(\/E). For « € F*/NE, chosen to be either a unit or
a uniformizer, we let Es5 o be the rank-two quadratic space with the quadratic form
0y (x) = aN(x). Then we have

Vsaw =H""' @ Esq, (6.3)

with @ € NEJ if and only if w = 1. The special orthogonal groups corresponding to
these spaces are isomorphic and quasi-split.
Let
A =Ae® Af (6.4)

be an A-lattice in H, and let Ap be the ring of integers of D. A maximal lattice in
Vs.w 1s given by
A" ifse F*2and w = 1,
Asw=3A"2®Ap ifseF?andw=—1, (6.5)
A" @ Ap, ifSs ¢ F*2

Using results of [BT1] and [BT2], one can check that the stabilizer of As,, is a
maximal parahoric subgroup G(A). In Table 3, we list the type of the maximal
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Table 3
Even Special Orthogonal Groups

8 wl|G "® A

§e F*? 1 | SO, SO, 1

5 e Fx2 —1 | SCOu_2x20y) | S0y, | W D=D
§ ¢ F>*?and Es unramified | 1 | 2S0a, 2805, |1

5 ¢ F*2and Es unramified | —1 | S(02,-2x 205) | 280y, | Wb+
o F>? and Ej ramified +1 | Z/27Z x SOz;,—1 SOy,—1 | 1/2

reductive quotient G of the special fiber of G, as well as the local factor A given by
(2.12). Moreover, we have written S(O2, x 20,,) for the kernel of the morphism d,, -
2dy : O2yx 209y — 7J27 and similarly for S0y x 20yy).

Now we come to the case when m = 2n + 1 is odd. For § € FX/FXZ, we have

V5,1 =H" & Fs, (6.6)

where Fj is the rank-one quadratic space with quadratic form Qs(x) = 8x2. The
special orthogonal groups of V; 1 are all isomorphic to the split group.

To describe Vs _1, let Ws be the three-dimensional quadratic space whose under-
lying vector space is the space of trace zero elements in D and whose quadratic form
is given by

x — —8 1. N®©). 6.7)

Then, for n > 1, we have
Vs =H""' @ W;. (6.8)

The special orthogonal group of Vs _; is not quasi-split, and its isomorphism class
does not depend on 4§.
Let
As = {x € Ws : N(x) € 8A}. (6.9)

Then Ag is the unique maximal lattice in Ws. More explicitly, let u be a unit in F' such
that E = F(4/u) is the unramified quadratic extension over F. Then D = E® E - 7,
with z2 a uniformizer in A. Hence, Ws=F- -\ Ju®E -z and

Ag:A-Sﬁ@AE~Z. (6.10)
A maximal lattice in V; ,, is then given by

A"+ A ifw=1,

As =
At e Ay ifw=—1.

6.11)
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Table 4
Odd Special Orthogonal Groups
5 w |G AR
§ e A% 1 SOQn_H SOQ,,_H 1
5¢A |1 | On SO241 | (@" + /2
e A | —1]805_1x20, | SOz41 | (¢ —1)/2(g + 1)
3¢ A* | =1 | %0 SOn+1 | (¢" = 1)/2

As before, it follows from results of [BT1] and [BT2] that the stabilizer of As ., is
a maximal parahoric subgroup G(A). In Table 4, we list the type of the maximal
reductive quotient G and the local factor A.

As in the case of unitary groups, one can describe the smooth integral model G
using A. Let p : G — GL(V) be the standard representation of G. Then, following
the proof of Proposition 3.11, we have the following proposition.

PROPOSITION 6.12
Unless the residue characteristic of F is 2 and G is residually split but nonsplit (see
[T]), G is isomorphic to the scheme-theoretic closure of p(G) in GL(A).

Remarks. (i) The only case that is excluded in Proposition 6.12 is when the residue
characteristic of F is 2, m = 2n is even, and V = V; ,,, with Es a ramified quadratic
extension of F.

(ii) Note that the maximal lattice A defines a naive integral model G’ of G;
namely, for any A-algebra B,

G'(B) = {g € SL(A ® B) : Qp(gv) = Qp(v) forall v € A ®, B},

where Qp is the quadratic form obtained from Q by extension of scalars. It is this
integral model G’ that intervenes in the Siegel mass formula. More precisely, the
local representation density that appears in Siegel’s formula is the limit as r — oo
of terms involving #G’(A/n"). Unfortunately, G’ is in general not a smooth group
scheme, and this is the reason why the above limit does not stabilize at the first term
when r = 1. In particular, G’ is not isomorphic to the smooth model G in general.
However, to apply Proposition 2.13, it is only necessary for us to know that G’ and
G have the same group of integral points.

Now we consider the remaining case not covered by Proposition 6.12, that is, when
the residue characteristic of F is 2, and G is residually split but nonsplit. Note that the
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integral model G is disconnected, with component group of order 2. Let G° denote
its connected component of identity. We describe G° using the maximal lattice A.
Let V = Vs and A = As,,, be as given in (6.3) and (6.5), so that

V=H"'®Es,,
A=A"1® Ag,.

Note that the special orthogonal group of the rank-two quadratic space Es o 1S iso-
morphic to the one-dimensional anisotropic torus 75 which is split by Es. Let d be
the exponent of the different ideal ® of the wildly ramified quadratic extension Es
of F, and set

{%,%} if d is odd,
Yy =114 g
-, = if d is even.
|3:3]
Further, let
A={xeV:2(x A)C A} (6.13)

Let {e1, f1,...,en—1, fn—1} be the standard basis of A" 1 as described in 6.4). It
is not difficult to see that one can choose a basis {e,, f,} for the maximal lattice Ag;
in Es 4 such that

A=aArlg (Aﬂ_hen ® An_h/fn>. (6.14)

For g € G(F), let M(g) be the 2n x 2n matrix representing g with respect to the
basis {e1, fi1,...,en, fu}, and write

My My
M(g) =
(&) ( M, Mzz) ,

where Mi1 is a 2n — 2) x (2n — 2) matrix, and so on. Now define a rational

representation
p':G— GL(F*@®V)
by
1 0 0
p'(g) = MiaN My M|,
(M — 1)N My My
where

xh 0
N= /3 B
(o )

Then we have the following proposition, whose proof is similar to that of Proposi-
tion 3.11.
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PROPOSITION 6.15
The connected smooth group scheme G is isomorphic to the scheme-theoretic closure
of p'(G) in GL(A2 @ A).

Let K, be the kernel of the reduction map G(A) — G(A/x"). Further, for »r > 0 an
integer, define the groups C, and D, by

C,r={geGF):(g— DA Cn"A}, (6.16)
D, ={geG(F):(g— DA Cn’A}.

Then the following proposition relates K, to the group C, or D,.

PROPOSITION 6.17
Suppose that r > 0. If the residue characteristic of F is 2 and G is residually split
but nonsplit, then K, = D,. Otherwise, K, = C,.

Proof

The second case is immediate from Proposition 6.12. As for the first case, if M(g)
is the matrix representing g € G(F) as above, then Proposition 6.15 implies that
g € K, if and only if

My —1=0 (modn"),
M>; =0 (mod "),

Mi,N =0 (mod n’),

(M2 — 1)N =0 (mod "),

In view of (6.14), this is equivalent to saying that g € D,. O

This completes our discussion of quadratic spaces and special orthogonal groups over
a local field.

7. Mass formula for special orthogonal groups

Now we return to the global situation of Section 2, so that & is a totally real number
field. Let V be a totally definite quadratic space of rank m over k, and let G be
the corresponding special orthogonal group. Let A be a maximal lattice in V. Then
Ay = A ®a A, is a maximal lattice in V &y k,. Let K, be the stabilizer of A, in
G . By results of Section 6, the open compact subgroup K = G(k ® R) x [], Ky is
of the type considered in Section 2. Moreover, the mass of A is, by definition,

Mass(A) = Mass(K). (7.1)
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Hence, Mass(A) is given by Proposition 2.13. Furthermore, if § € k*/k*? is the
discriminant of V, let L = k(~/8) be the corresponding étale quadratic algebra. If L
is a field, let y be the nontrivial quadratic character of the Galois group of L over k.
Otherwise, let x be trivial. Then

[ Jaet —2n) ifm=2n+1,

L(M) = "= (7.2)
[[at=2r) LA —n.x) ifm=2n,
r=1

where ¢ is the zeta function of k. On the other hand, it is well known that
7(G) = 2. (7.3)

Combining these with the results of the last section on the local factors A,, we have
the following two propositions.

PROPOSITION 7.4
Letm =2n+ 1. Then v ¢ S if and only if V ®y ky = V5.1, with § € A.. Moreover,

Mass(A):(z’lld L(M) - t(G))-l_[kv,

vesS

where for v € S,

a1 ifV @ ky = Vs _y, with § € A%
. _ 2@+
L=

w ifV @ ky = Vs, with § ¢ AX.

PROPOSITION 7.5
Letm = 2n. Thenv ¢ S ifand only if V Qi ky = Vs 1 with Ly ky split or unramified.
Moreover,
1
Mass(A) = ( -L(M) - r(G)) T
ves
where for v € S,

(@~ = 1(ay —1)
20y + 1)
o= @ +1)(gy +1)
2(qy + D)

1

3 ifV Qk ky = Vs, with § ¢ kvX2 and Es ramified.

ifV ®iky = Vs 1, with§ € k)%

ifV Qrky = Vs _1, with§ ¢ k;<2 and Es unramified,
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We leave the comparison of the above formulas with those of Shimura [S2] to the
reader. As in the case of hermitian spaces, one can consider higher-level congruence
subgroups, using Proposition 6.17. We do not pursue this matter here.

8. Quaternionic hermitian spaces

In this section, we return to the local situation again, and we consider quaternionic
hermitian forms over the nonarchimedean local field F. Let V be an m-dimensional
vector space over the quaternion algebra D, and let (—, —) be a hermitian form on V.
Let H denote the rank-two quaternionic hermitian space with basis {e, f} over D,
and such that

{e,e) (e f)\_ (0 1
((f, e) (f, f)) N (1 0)' (8.1)
Then we have
{H” if m = 2n,
- (8.2)
H'® D ifm=2n+1,

where D is regarded as a rank-one quaternionic hermitian space, equipped with the
form (x, y) = xy. The corresponding unitary group G is an inner form of the sym-
plectic group Sp,,,,.

As before, we say that a lattice A in V is maximal if (x,x) € A for all x € A,
and A is maximal with respect to this property. All such lattices are conjugate under
G (see [S3]). Moreover, if we let

A= Ape® Apry'f, (8.3)
where 7p is a uniformizer in Ap, then a maximal lattice in V is given by

A" if m =2n,
A= (8.4)
AN"®Ap ifm=2n+1.

The stabilizer of A in G is a maximal parahoric subgroup G(A) by [BT2]. The
maximal reductive quotient of the special fiber of G is

_ Resr , /7. (Spsy,) if m = 2n,
e 2/Fq SP2n . (8.5)
ReS]qu/IFq(szn) x Uy ifm=2n+1.

Here, we have written I for the residue field A/7 and IF 2 for its quadratic extension
Ap/mp. Moreover, ResF 2/ (Sp,,,) denotes the symplectlc group over IF, 2, regarded

as an algebraic group over [F; by the Weil restriction of scalars. Since H = Spous
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we have
n

[ 2-1) ifm = 2n,
r=1

A= (8.6)
n 3 q4n+2 -1
<H(q4r 2—1)) — ifm=2n+1.
r=1 q+ 1

It should be noted that in [S3] Shimura considered a different notion of max-
imality from the one above. We say that a lattice Ag in V is maximal integral if
(x,y) € Ap for all x,y € Ap, and Ag is maximal with respect to this property.
Equivalently, Ag is self-dual with respect to (—, —). All such lattices are conjugate
under G (see [S3]), and if we let

Ao =Ape® Apf, 8.7)

then a maximal integral lattice in V is given by

Af if m = 2n,
Ao = . ) (8.8)
AOGBAD ifm=2n+1.

The stabilizer of Ag in G can be shown to be a maximal parahoric subgroup G(A).
The maximal reductive quotient of its special fiber is

G =Up,. (8.9)
In particular, we have

=[]+ D) (8.10)
r=1

9. Mass formula for quaternionic unitary groups

Now we return to the global situation, and we assume that D is a quaternion algebra
over the totally real number field k, which is ramified at all real places. Let Sp be the
set of finite places where D is ramified. Fix a maximal order Ap of D.

Let V be a totally definite quaternionic hermitian space of rank m over D, and
let G be the corresponding unitary group. Then G (k ® R) is compact, and if v ¢ Sp,
then G, = Sp,,,. Let A be a maximal Ap-lattice in V. Then it is easy to see that,
for v ¢ Sp, the stabilizer K, of A, is the hyperspecial maximal compact subgroup
Spy, (Ay) = ﬂg(AU). For v € Sp, the stabilizer K, is given in Section 8. In any
case, the open compact subgroup K = G(k ® R) x [], K, is of the type considered
in Section 2. As before, the mass of A is defined to be Mass(K). Since

LMy =[Ja-2n (9.1)
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and
7(G) = 1, 9.2)

we have the following proposition.

PROPOSITION 9.3
We have v € S if and only if v € Sp. Moreover,

Mass(A) = (2:1—51 . L(M)) - ]_[ Ay,

ves

where for v € S,

[[@=>-1) ifm = 2n,

n q4n+2 1
_ v

Now let Ag be a maximal integral A p-lattice in V. Then for v ¢ Sp the stabilizer
K, of Ag,, is the hyperspecial maximal compact subgroup Sp,,,(A,) = H 8(Av),
whereas for v € Sp, the stabilizer K, is given in Section 8. Hence we have the
following proposition.

PROPOSITION 9.4
We have v € S if and only if v € Sp. Moreover;

Mass(Ao)=(2md L(M)) HM,

vesS

where for v € S,

=l_[ q, + (=)

Again, we leave the comparison of the above formula with [S3] to the reader.

Appendices: On the A-invariant of Shimura
The purpose of these appendices is to prove certain technical results used in the paper
and to show that the invariant A(0) defined in [S1, Lemma 17.9(2)] is always equal to 1.

A. Preliminaries
We return to the local situation of Sections 3, 6, and 8. Hence, F is a nonarchimedean
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local field of characteristic zero. Let E be a separable ramified quadratic extension
of F, and let U (resp., Ug) be the group of units of F (resp., E). Recall that the
groups U and Ufg have natural filtrations (U i)izO and (U,ig)izo (see [Se]). Let ® be
the different of £/F, and suppose that ® = (nl‘f;). Also, let Tr and N denote the
trace and norm map from E to F. Denote by I" the Galois group of E/F , whose
nontrivial element is given by x > X. Recall that I" has a filtration by ramification
groups (I';)i>0 (see [Se]).
In this section, we collect together some facts that we need later.

LEMMA A.l

() Tr(rg'Ag) C Aifand only ifi <d.

(i) The ramification group U'; is trivial if and only if i > d.

(iii) An element x € E* satisifes Nx € U4~V if and only if x € Ugfl.

@iv) The group Ué is contained in NE* if and only if i > d.

(v) We have 1 — d = supfordg(x) : x € E* and Tr(x) = 1}, where ordg denotes
the valuation on E giving a uniformizer valuation 1.

(vi) We have {ordg(x) : x € E* and Tr(x) =0} =d + 27Z.

Proof

(i) See [Se, Chapter III, Proposition 3.7].

(i) See [Se, Chapter V, Lemma 3.4].

(iii) By [Se, Chapter V, Proposition 3.4], N (Ug_l) C U?~!, Conversely, suppose that
0<i<d-2,x¢€ Ué, and Nx € U!t!, Then by [Se, Chapter V, Corollary 3.1],
x € U?Fl. The desired statement now follows by induction.

(iv) By [Se, Chapter V, Corollary 3.3], N (U g) = U4, and by [Se, Chapter V, Propo-
sition 3.5(iii)], there exists x € U?~! — U¥ such that x ¢ N(UZ™'). By (i)
above, this implies that x ¢ NE*.

(v) First note that Tr (né_dA E) C mA by (i). Recall that d = ord(a? — 4m) for
some a € F, where ord is the valuation on F'. If d is odd, then d = ord(4m), so
that Tr(1/2) = 1 and ordg(1/2) = 1 — d. If d is even, then d = ord(a?), so that
Tr(wg/a) =1 and ordg (g /a) =1 —d.

(vi) It suffices to find an element x € E* with Tr(x) = 0 and to see that ordg (x)
has the same parity as d. It is easy to check that x = 2ng — a, where a is as in
the proof of (v) above, works. O

B. Unitary group in one variable
Fix an algebraic closure of F, and extend to it the valuation ord of F. Let T be the
one-dimensional anisotropic torus over F which is split by E. We can regard T as
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the unitary group of a rank-one hermitian space over E. In particular, we regard T (F')
as the group of norm-one elements in E*.

Let T be the Neron-Raynaud model of 7', and let 7° be its connected component.
If X> — aX + 7 is the minimal polynomial of 7z over F, then the affine ring of
T is

A(T) = FIX,Y1/(X* +aXY + 7¥? - 1).

The affine rings A(T) and A(ZO) of T and ZO are subrings of A(T") and are given by
the following lemma.

LEMMA B.1
Ifd is odd,

A(T) = A[x @D (x — 1), == D2y],

AT = A[x D2 (x — 1), =@ D2y].
If d is even,

A(D) = A[n ™2 (X — 1), == 22y],
AT = Al ™92 (X — 1), n~?Y].

Proof

One checks that the above rings define smooth models of 7 over A. Then it is easy
to show that the group of integral points of the model defined by A(T) is equal to
T (F), so that A(T) is indeed the affine ring of T. Finally, one checks that the model
defined by A(T?) is connected and is a closed one-dimensional subscheme of 7. O

Remark. The above lemma corrects an error in [BT1, pp. 111-112, Section 4.4.13,
Case B].

Set Ty = T(A) = T(F), and set T)) = T°(A). Let us identify Ty = T(F) with
E*/F* viax — x/x,forx € EX/F*. Lemma B.1 implies the following lemma.

LEMMA B.2
We have

Ty = |x € EX/F* :ord(x) = 0 in Z/2Z}.
In particular, #To) T = 2.

Indeed, Lemma B.1 allows us to write down explicit integral models for 7 and T°.
Given integers n and n’ satisfying n > n’ > n — 1, we consider the three-dimensional
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rational representation
P T(F) —> GL3(F)

defined by

1 0 0

powx+ym)=|n"x =1  x  —ptTrly

—n n—n'

T "y T y ay + x

Then we have the following lemma.

LEMMA B.3
Ifd is odd, then T (resp., T°) is the scheme-theoretic closure in GL3(A) of the image

of pa—1y/2.(d—1y2 (resp., Pa+1y/2.(d—1)/2)-
If d is even, then T (resp., T°) is the scheme-theoretic closure in GL3(A) of the

image of pq;2,d—2)/2 (resp., Paj2,d/2)-

C. Quasi-split unitary group in two variables
Let H be the split rank-two hermitian space, as defined in Section 3, and let H be the
corresponding unitary group. Note that H is quasi-split; we regard H as a subgroup
of the general linear group of the underlying vector space of H. We first recall some
results from [MP1] and [MP2].

The maximal split torus of H is the one-dimensional torus

t 0
S = (O t_l)ZZGFX},

and its centralizer in H is the torus

Z = v 0 ite EX
“1\o 71/ '

Note that Z has a natural filtration (Z,),>o by open compact subgroups (see [MP2,
Section 3.2, p. 103]). More explicitly, if we identify Z with E* as above, then

Z,={treUg:odt —1) >r}.

For x € E, let u4(x) (resp., u_(x)) be the upper (resp., lower) triangular unipotent
2 x 2 matrix, whose upper right (resp., lower left) entry is x. The root subgroups of
H with respect to S are Ut and U ~, where

U* = {us(x) : Tr(x) = 0}.
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Note that the algebraic subgroup H; of H, which consists of elements of determinant
one, is isomorphic to SLy. An explicit isomorphism can be written down as follows.
Pick xg € E whose trace is zero, and set s = diag(1, xg). Then g +— sgs_1 is an
isomorphism of H; with SL, over F. By Lemma A.1(vi), we may and do assume
that ord(xg) = ordg (xg)/2 = d/2.

The above isomorphism shows that there is a unique point y on the apartment
A(H1, S) = A(H, S) (in the building of H) associated to S such that the filtration on

U¥ determined by y, as defined by Bruhat and Tits [BT1], is given by
+ . d
Uy’r =uy(x):ord(x) >r+ 5[

U;r = {u_(x) cord(x) > r — g}

By definition (see [MP2, Section 3]), for r > 0, the Moy-Prasad group H, , is the
open compact subgroup of H(F) generated by Z,, ny »oand Uy .. Let H be the
integral model of H associated to y by Bruhat-Tits theory. Then Hy = H (A) is
the stabilizer of y under the action of H(F) on the building and is equal to the
Moy-Prasad group Hy o. It is a special maximal compact subgroup of H (F), and the
maximal reductive quotient of the special fiber of H  is isomorphic to SL,.

The group X.(S) ® R = R acts on A(H{, S) by translation. Let y’ be the point
obtained from y via translation by —1/2. Then y’ is the midpoint of a fundamental
chamber (which is a line segment) of A(Hj, S), and y is a vertex. Let H, be the
integral model associated to the stabilizer H,s in H(F) of the chamber céntaining
y'. Let H' 8/ be its connected component, which is the pointwise stabilizer of the
chamber. Then H;), =H 2,(A) is an Iwahori subgroup of H (F). We have the Iwahori
factorization, which is a direct product of sets:

0 _ g7+ . I
Hy/ = Uy/,O ZO Uy/’o,

+ _ ot - _ g : 0
where Uy, F=U0 and Uy,’r = Uy’r+1/2. Moreover, Hy/ is generated by Hy,

and N(Z) ;,/, the stabilizer of y’ in the normalizer N (Z) of Z. One checks by a direct
computation that

-1

N(Z)y = ZoU {g = (2 0

) rordg(a) =d — 1}.
For g as above, with ordg(a) = d — 1, we have
det(g) = —aa~" = (xoa)(xoa) ",

and ordg (xpa) = 2d — 1. Hence, H;), is precisely the subgroup of Hy consisting of

those elements whose determinants lie in TO0 (as defined in Appendix B). In particular,
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by Lemma B.2, H;), has index 2 in Hy. As before, we have the Moy-Prasad group
Hy ., generated by Z,, U?

Vo and Uy_, .- Moreover, Hy o = H;),.

Consider the lattice
L, =Age® JT;SAEf

in I, and let Hy, be its stabilizer in H (F). It is easy to check that
+ +
Hy, NU==Uy gy
It follows that

H,=H;_,,
Hy =Hp,_,;.

Note that L _; is a maximal lattice in H.
Henceforth, let L = L_,4. For an integer n > 0, set

Hpnp={¢geH(F):(g— 1L CrpL}.

Then we have the following proposition.

PROPOSITION C.1
For any integer n > 0, Hp, ;2 is equal to the Moy-Prasad group Hy ; />.

Proof
First, one checks by a direct computation that the groups Z,,, and ij?’ nj2 Are con-

tained in Hy, ,,/2, so that Hy o C Hy /2. Next, we claim that Hy, /2 C HS,. Since
Hp .o C Hy = Hj, it suffices to check that det(Hy, ,,/2) C T(?. Suppose that

a p
= H .
8 (y 8) € Hp n/2

This implies that
ordg(a — 1) > n,
ordg(6 — 1) > n,
ordg(B) >n+d —1,
ordg(y) >n+1—d.

If y = 0, it is easy to show that det(g) € TOO. If y # 0, then one shows that
Tr(ay) = 0 and

(x0y)

(Xo¥)

det(g) = —~ =
Y
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By Lemma A.1(vi), ordg(y) = d (mod 2). Hence, ordg (xpy) is even, and det(g) €
Té) , as required.

Finally, we show that Hy ,» C Hy n/2. Take ¢ € Hp n/2 as above. Since
g € H;),, we can write g = ut(x) - zo - u~(y) by the Iwahori factorization. The
above congruence conditions on the entries of g then imply that ut(x) € U ;7 /20
u (y) € Uy_/,n/2’ and z € Z,, )2, as required. O

D. Anisotropic unitary group in two variables

Let D be the unique quaternion algebra over F. Regard D as a hermitian space over
E using (3.5) and (3.6). For the convenience of the reader, we repeat the definition
here. We write D as E @ E - z, with multiplication rules 72 = o, where o ¢ NE*,
and x - z = z - X. By Lemma A.1(iv), we may and do assume that o € U4~! — U<,
Moreover, the hermitian form on D is given by

(X1 +x2-2,y1 +y2-2) = X1y — ax2);.

The unitary group G corresponding to this hermitian space is anisotropic, and it is an
inner form of H.

The unique maximal lattice M in D is simply the ring of integers Ap. We have
the following lemma.

LEMMA D.1
The Afg-lattice M has basis {1, 7111;‘1(1 + z)}.

Proof

By the choice of «, it is easy to check that the two elements 1 and né_d(l + 2)
lie in M. Now suppose that ¢ = x + y(1 + z) lies in M, so that (a,a) € A. We
claim that ordg (y) > 1 — d. If not, then we have ord(N(1 + x/y)oz_1 —1)>d. So
N(1 4 x/y)a~! lies in U?, which by Lemma A.1(iv) is contained in the image of the
norm from E. This contradicts the choice of «, and the claim is proved. In particular,
it follows that y(1 4 z) € M, and hence so does x, which implies that x € A. O

Now let F’ be the unramified quadratic extension of F. Then E/ = E @ F’ is a
ramified quadratic extension of F’, and the action of I' on E extends to E’, with fixed
field F'. In addition, E’ is unramified over E, and we can identify the Galois group of
E’/E with that of F’/F . Further, the different of E'/F’ is (ng,). Now D' = D®p F’
is a split hermitian space over E’. To write down an explicit isomorphism, pick two
distinct elements o and « in E’ such that Ng/ /F(a;) = a. This is possible by local
class field theory. By Lemma A.1(iii) and the fact that Ng// U g/ =U j‘i/ (see [Se,



ON AN EXACT MASS FORMULA OF SHIMURA 131

Chapter V, Corollary 3.3]), we have «; € Ug,_l — Ug,. Further, since we can find an
element x € Ug,_l — Ug, such that Ng/,pr(x) = 1, we can assume that

ordgr (o) —ap) =d — 1.

Now put f; = a; +z,fori = 1 or 2, and let c = (f], f2) = aj@» — a € E’. Then
ordg/(c) =d — 1. Put

e = C_lfl and ey = fr.
Then {ey, >} is a basis of D’ over E’, and the map
aiel + azex — (ay, az)

defines the required isomorphism of D’ with the split hermitian space H' = H®g E’.
Using this isomorphism, we identify G(F’) with H' = H(F’).
Let M’ be the lattice M ® 4, Ag’ in D’. It is spanned by the two elements

1=(a1—a)™" - (fi — f2) and
7y 142 =1 Y —e) 7 (=) fi + (@1 — D) f).

Using the fact that ordg/ (0] — @2) = ordg/(1 — 1) = ordp(1 —ap) =d — 1, it is
easy to check that M’ is spanned by né_dfl and né_d >, thatis, by e and 71,15_’162. In
particular, the above isomorphism of D’ with H' identifies M’ with L' = L ® 4, Apr.

Since M = Ap, the stabilizer G ; of M is the whole group G (F). Moreover, for
any integer n > 0, let

Gunp={g€Gu:(g— DM CaiM}.

The group Gy, (2m+1),2 is the group Dy, in [S1, (17.1.2), p. 135]. The above discussion
proves the following proposition.

PROPOSITION D.2

The group Gy is the Gal(E'/ E)- fixed points ofH;,. Moreover, for any integern > 0,
G m.n)2 is the Gal(E'/ E)-fixed points of H;’,n/z; that is, Gy n )2 is the Moy-Prasad
group Gy /2, where y' is the unique point in the building of G.

COROLLARY D.3
The invariant A(0) defined in [S1, Lemma 17.9(2), p. 139] is always equal to 1.

Proof
It suffices to show that, for any g € Gy 3,2, det(g) € Ug”. By the proposition,
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we can regard g as an element of H ; 1.3/2- Since H)’,,’3 /2 is generated by Z /> and

U’ ;’3 /25 it suffices to show that every element of Zé P has determinant in U‘f?lfz. But
this follows from [S1, Lemma 17.5, p. 137]. O

The proposition also allows us to compute the index #G /G pr,n/2-

COROLLARY D .4
We have
N -¢*"2 ifnisodd,

#GM/Gmnp) =
( " ) N - q2"*1 if n is even,

where N = 2(q + 1).

Proof
By Proposition D.2,

#(Gum/Gumnp) =#(Gm/Gy 172) #(Gy.12/Gynp2).

By Bruhat-Tits theory, the first factor is the order of the reductive quotient of the
special fiber of Gy, the integral model of G associated to y’. As we have seen, the
identity component of the reductive quotient is a one-dimensional anisotropic torus,
and its group of components is equal to Z/27Z. Hence, we have

#(Gm/Gy1p) = N.

On the other hand, if we let G/ ..+ denote the quotient Gy, /G .+ for r > 0,
then the proposition, together with [Yu, Proposition 2.2], implies that G ..+ is the
set of Gal(F’/F)-fixed points of H)/",r:r*' Now, for r > 0, we have the Moy-Prasad
isomorphism H;,”Jr = h;,’r:ﬁ (see [MP2, Section 3.3]), where b’ is the Lie algebra
of H' and (h’y /) is the analogous filtration of the Lie algebra. The Moy-Prasad
isomorphism is valid here because Z’ is the multiplicative group of E’; it is not true
for the group of norm-one elements in E’ when E’/F’ is wildly ramified. Now, using
[Yu, Proposition 2.2] again, we have

#Gy/’r:ﬁr = #gy/,r:r+ .

From this, the result follows easily. O
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