
Midterm 1, SolutionsMA 266Instru
tor: Javier NAME:No 
al
ulators or notes allowed. There are a total of 100 points. Read the exam 
arefully. Showyour work for full 
redit.1. (10 points) Determine the order of the given di�erential equation and state whether it is linearor non-linear.(a) y00 + tan(t+ y) = 1 order 2, non-linear(b) y0 + t(y0)3 = 0 order 1, non-linear(
) y0000 + y00 + y = t2 + 1 order 4, linear(d) (y0)yy00 + 1t2 = 0 order 2, non-linear(e) tty000 + y0
os t = pt order 3, linear2. (20 points) Find the general solution ofdydx = yx + 1sin yxin expli
it form. (HINT: use the substitution v = y=x)Sin
e y = vx then y0 = xv0 + v and the equation turns intoxdvdx + v = v + 1sin vwhi
h 
an be rewritten as sin vdv = dx=x. Integration yields � 
os v = ln jxj+C or 
os(y=x) =� ln jxj � C. Thus the expli
it form of the solutions isy(x) = x ar

os(� ln jxj � C)3. (10 points) Given the equation y0 = y4 � y2(a) Sket
h the dire
tion �eld.Noti
e that this is an autonomous equation and hen
e it is enough to graph the slopesat the y axis and then repeat them along the t axis. Sin
e y0 = y4 � y2 = y2(y2 � 1) =y2(y+1)(y�1) it is 
onvinient to graph the slopes at the following points: -2,-1,-1.5,0,1.5,2.
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(b) Find the equilibrium solutions and state their stability.Sin
e y0 = y4� y2 = y2(y2� 1) = y2(y+1)(y� 1) we have the equilbrium solutions at -1,0, 1 and they are stable, semi-stable and un-stable respe
tively by looking at the dire
tion�eld.4. (20 points) At the start, 5 lbs of salt are dissolved in 20 gal of water. A solution with a
on
entration of salt of 2 lb/gal is added at a rate of 3 gal/min, and the well-stirred mixture isdrained out at the same rate of 
ow. How long should this pro
ess 
ontinue in order to raisethe amount of salt in the tank to 25 lbs?The formula we use to model the amount of salt at any given time is S 0 = ratein � rateoutwhere the rate is the produ
t of the rate of 
ow and the 
on
entration. For the rate in this isjust (3)(2). For the rate out noti
e that the tank always 
ontains 20 gal of water (be
ause therate of 
ow in is the same as the rate of 
ow out). Thus the rate out is (S=20)(3). Sin
e wehave 5 lbs of salt at the beginning the initial value problem 
an be stated as S 0 = 6� (3S)=(20)with S(0) = 5.To solve the IVP we 
an rewrite the equation as S 0 + 3S=20 = 6 from whi
h we get theintegrating fa
tor �(t) = exp(3t=20). Integration then yieldsS(t) = 40 + Ce�3t=20To �nd C is enough to plug-in the initial 
ondition S(0) = 5 whi
h gives a value of C = �35.Thus S(t) = 40� 35 exp(�3t=20).To �nd the time at whi
h the salt in the tank rea
hes 25 lb is enough to solve for t in theequation S(t) = 25. This should give you t = (20=3) ln(7=3).2



5. (15 points) Given the initial value problemy0 + 2y = 1 + twith y(0) = 0 use Euler's method to approximate y(1) with steps of length 1/3.Here we re
ognize �rst y0 = f(t; y) = 1 + t � 2y. Sin
e h = 1=3 and (t0; y0) = (0; 0) then wehave t1 = 1=3, t2 = 2=3, t3 = 1. Therefore we need to 
ompute y1, y2, y3 using the formulayn+1 = yn + hf(tn; yn). The desire approximation will be y(1) �= y3. By plugging in you 
an
he
k that y1 = 1=3, y2 = 5=9 and �nally y3 = 20=27.6. (20 points) Find the general solution of(2xy2 + y) + (2x2y + x� 1)y0 = 0in impli
it form.Let M(x; y) = 2xy2 + y and N(x; y) = 2x2y + x � 1. Thus My = 4xy + 1 = Nx for all valuesof (x; y) whi
h means that the equation is exa
t.This allows us to �nd the general solution by �nding f(x; y) su
h that fx = M and fy = N .Re
all that we were able to redu
e this problem to �nding Q(x; y) = R M dx and g(y) =R (N � Qy)dy so that f = Q + g. Sin
e Q(x; y) = R (2xy2 + y)dx = x2y2 + xy and g(y) =R (2xy2 + x� 1� 2yx2 � x)dy = R (�1)dy = y the general solution is x2y2 + xy� y = C whereC is an arbitrary 
onstant.7. (5 points) What is the biggest interval where the solution of(sin t)y0 + y = exp� 11� t�with y(p2) = 1 is de�ned? (HINT: p2 �= 1:4142, � �= 3:1416, e �= 2:7183)By rewritting the di�erential equation asy0 + 1sin ty = e 11�tsin tit is obvious that this is a �rst order linear equation. By the existen
e and uniqueness theorem isenough to look at the dis
ontinuities of e 11�t=(sin t) and 1=(sin t). They are :::;�2�;��; 0; 1; �; 2�; :::thus the biggest interval is (1; �) be
ause this is the one that 
ontains p2.
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