
Midterm 3MA 266Instru
tor: Javier Zuniga NAME:No 
al
ulators or notes allowed. There are a total of 100 points. Read the exam 
arefully. Showyour work for full 
redit.1. (20 points) Find the general solution of y(5) + y(3) = 24tThe roots of r5 + r3 = 0 are 0 (with multipli
ity 3), i, �i. Thus the homogeneous part of thesolution is yhom(t) = 
1 + 
2t+ 
3t2 + 
4 
os t+ 
5 sin tThe parti
ular solution must have the form ypar(t) = At4+Bt3. By di�erentiating and plugging-in ba
k into the equation we get A = 1 and B = 0. Finallyygen = yhom + ypar2. (20 points) Express the fun
tion in terms of unit step fun
tions.
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1� u1 + (u1 � u2)(7� 3t) + u2 + u3 + u4(b) f(t) = 8><>:12 0 � t < 1t2 � 12 1 � t < 24� e2�t2 2 � t12(1� u1) + (u1 � u2)(t2 � 12) + (u2)(4� e2�t2 )3. (20 points) Consider the initial value problem given by y00 + 3y0 + 2y = f(t) with y(0) = 1 andy0(0) = �3. Find f(t) if the solution isy(t) = 2e�2t � e�t + u2(t)(e�t � e�2t)1



The easiest way to �nd the answer is by dire
t di�erentiation. There are two properties youneed to know: u0
(t) = Æ(t� 
) and f(t)Æ(t� 
) = f(
)Æ(t� 
).Noti
e that y00 + 3y0 + 2y = 0 has as solutionyhom = 
1e�t + 
2e�2tThus we only need to 
ompute the derivatives of x(t) = u2(t)(e�t� e�2t). Using the propertiesstated on the previous paragraph we getx0(t) = Æ(t� 2)(e�2 � e�4) + u2(t)(�e�t + 2e�2t)and x00(t) = Æ0(t� 2)(e�2 � e�4) + Æ(t� 2)(2e�4 � e�2) + u2(t)(e�t � 4e�2t)Finally, we getf(t) = x00(t) + 3x0(t) + 2x(t) = Æ0(t� 2)(e�2 � e�4) + Æ(t� 2)(2e�4 � e�2)4. (10 points) Find f(t) if f(t) + 4 Z t0 f(x) 
os(2t� 2x) dx = 1Taking the Lapla
e transform the equation turns intoF (s) + 4F (s) � ss2 + 4 = 1sBy solving for F (s) and applying partial fra
tions we obtainF (s) = 1s � 4(s+ 2)2Thus f(t) = 1� 4te�2t.5. (10 points) Blue whales feed almost ex
lusively on krill and krill feeds on plankton. In theabsen
e of the other spe
ies the number of blue whales de
reases at a rate equal to twi
e theamount of whales alive per year, the number of krill de
reases at a rate equal to three times theamount of krill per year, and the number of plankton in
reases at a rate equal to the amountof plankton per year. The rate of 
hange of the whale population is in
reased per year by anamount equal to their intera
tion with krill (they eat them!) and the rate of 
hange of thekrill population is de
reased by the same fa
tor. The rate of 
hange of the krill population isin
reased per year by an amount equal to twi
e their intera
tion with plankton and the rateof 
hange of the plankton population is de
reased by the same fa
tor. Write down a system ofdi�erential equations that models the population of blue whales, krill and plankton.2



If W (t), K(t) and P (t) represent the population of whales, krill and plan
ton per year re
allthat intera
tion are mesure by the produ
t of the two spe
ies intera
tion. So the amound ofintera
tion between whales and krill is mesure by W (t) � K(t). Thus we 
an write down thesystem dWdt = �2W +WKdKdt = �3K �WK + 2KPdPdt = P � 2KP6. (20 points) Find the solution to the initial value problem given by x01 = �x1�x2, x02 = �x1�x2with x1(0) = 1, x2(0) = 1.The system 
an be expressed in matrix form as~x0 = � �1 �1�1 �1 � ~xThe 
hara
teristi
 polynomial is then r2+2r and thus the e-values are 0 and -2. The asso
iatede-ve
tors are (1;�1) and (1; 1). Thus the general solution is~x(t) = 
1 � 1�1 �+ 
2e�2t � 11 �By plugging-in the initial 
onditions you 
an 
he
k thatx1(t) = x2(t) = e�2t
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