
Pra
ti
e Midterm 1 SolutionsMA 266Le
turer: Javier NAME:No 
al
ulators or notes allowed. Show your work.1. (10 points) Determine the order of the given di�erential equation and state whether it is linearor non-linear.(a) y000 + y00 + y = 1 order 3, linear(b) y00 + sin(t+ y) = 
os t order 2, non-linear(
) y0 + ty2 = 0 order 1, non-linear(d) (y0)yy00 + 1t2 = 0 order 2, non-linear(e) t3y000 + y0
os t = ept order 3, linear2. (10 points) Find the impli
it solution ofdydx = x2 + 
os xey + yIn this 
ase it is easy to separate the variables so as to obtain(ey + y)dy = (x2 + 
os x)dxso integrating gives the impli
it solutioney + y22 = x33 + sinx + C3. (10 points) Given the equation y0 = y(9� y2)(a) Sket
h the dire
tion �eldSin
e this is an autonomous equation it is enough to graph the slopes on a verti
al lineand then 
opy the result along the t axis. The equation 
an be rewritten as y0 = y(3�y)(3 + y) therefore it is 
onvenient to 
onsider the values y = �4;�3;�2; 0; 2; 3; 4. The
orresponding slopes are y0 = 28; 0;�10; 0; 10; 0;�28. The dire
tion �eld will look like
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(b) Find the equilibrium solutions and state their stabilitySin
e y0 = y(3 � y)(3 + y) the equilibrium solutions 
orrespond with the zeroes of thepolynomial, these are y = �3; 0; 3 and they are stable, un-stable and stable respe
tivelyby looking at the previous dire
tion �eld.4. (25 points) Find the solution to the initial value problemty0 + 3y = 1t2 + t4with initial 
ondition y(1) = �=2. Find also the biggest interval where this solution is de�ned.First noti
e that we need to rewrite the equation as y0 + (3=t)y = 1=(t3 + t5). Now it is 
learthat the integrating fa
tor is �(t) = exp(R (3=t)dt) = t3. Multiplying the equation by �(t) allowus to write (y � t3)0 = 1=(1 + t2). Integration yieldsy(t) = 1t3 (ar
tan(t) + C)But y(1) = �=2 implies that �=2 = ar
tan(1) + C = �=4 + C and hen
e C = �=4. To �ndwhere this solution is de�ned we 
an just look at the solution or look at the fun
tions p(t) andq(t) (be
ause this is a linear ODE). The only dis
ontinuity appears at t = 0 and so the biggestinterval is t > 0 be
ause it must 
ontain t = 1.5. (15 points) Given the initial value problemy0 = 3 + t� ywith y(0) = 1 use Euler's method to approximate y(3) with steps of length one.2



Sin
e h = 1 and we need to approximate y(3) we will need to 
ompute y1, y2, y3 with thislast number being the required approximation. Sin
e (t0; y0) = (0; 1) and f(t0; y0) = f(0; 1) =3 + 0 � 1 = 2 we obtain y1 = y0 + f(t0; y0)h = 1 + (2)(1) = 3. For the se
ond step weneed to 
ompute f(t1; y1) = f(1; 3) = 3 + 1 � 3 = 1 and so y2 = 3 + (1)(1) = 4. Finallyy3 = y2 + f(t2; y2)h = 4 + (3 + 2� 4)(1) = 5. This implies that y(3) �= y3 = 5.6. (25 points) Find the general solution of(y 
os x+ 2xey) + (sin x+ x2ey � 1)y0 = 0By setting M = y 
os x + 2xey, N = sinx + x2ey � 1 it is easy to verify that the equation isexa
t sin
e My = 
os x + 2xey = NxThen we 
an �nd Q(x; y) = R Mdx = y sinx + x2ey and thus Qy = sinx + x2ey. Sin
eg0(y) = N �Qy = �1 we 
an take g(y) = �y by integration. Thus f = Q+ g and the generalsolution is y sin x+ x2ey � y = C7. (5 points) Initially a tank holds 50 gal of pure water. A salt solution 
ontaining 1=2 lb of saltper gal runs into the tank at the rate of 10 gal per minute. The well mixed solution runs outof the tank at the same rate. Let S(t) be the amount of salt in the tank at time t. Find adi�erential equation satis�ed by S(t) (Do not solve the equation).Re
all the formula we use to model this phenomena: dSdt =rate in - rate out. The rate in is theprodu
t of 
on
entration 1=2 with the 
ow in 10. For the rate out �rst noti
e that the tankmaintains a 
onstant amount of water be
ause the water is 
owing in at the same rate it is
owing out. So the rate out is the produ
t of the 
on
entration S=50 with the 
ow out 10.Thus the formula is dSdt = 5� S5
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