Practice Midterm 3
MA 266
Lecturer: Javier Zuniga NAME:

No calculators or notes allowed. Show your work. You can use the Table of Elementary Laplace
Transforms on Page 319 of your textbook.

1. (20 points) Solve the initial value problem
y///_y//+y/_y:1+4€7t

with initial contitions y(0) = 1, ¥'(0) = —1, y"(0) = 0.

There are two ways to solve this problem: Using the characteristic polynomial and the method
of undetermined coefficients or using the Laplace Transform. Here I ilustrate only the former
(you should the try the later as an exercise! which one is faster?).

The characteristic polynomial for the homogeneous part is p(r) = r> — r? +r — 1. To find the
roots we show two ways. First we can use the trick given in class: find roots on the divisors of
the constant term of the polynomial. Since the constant term is 1 we can check for +1 or -1.
But then p(—1) = —4 so -1 is not a root, however p(1) = 0 means this is a root and thus we
can divide p(r) by 7 — 1 to obtain 7% + 1. Another way is to factor directly:

pr)y=r*—r*+r—1=0")0r-1)+0)0r—-1)=0r*+1)(r—1)
In any case, the homogeneous part of the solution is

Yhom (t) = c1 cost + cosint + czet

By inspection the particular solution should have the form y,,,(t) = A+ Be™*. Computing the
derivatives and putting those through the equation gives A = —1 and B = —1. This means
that a particular solution is

Ypar (1) = —1 — et

To obtain the solution to the IVP we have to plug into the general solution ygen(t) = Ynom(t) +
Ypar (t) the initial conditions. For this you will have to compute y;,,,(t) and yj,,(t). The system

gen
thus obtained is ¢; +¢3 = 3, c3 —¢c; = 1, ¢o + ¢35 = —2. Solving this system we obtain the

solution:

y(t) = cost —4sint +2¢' —1 —e*
2. (10 points) Sketch the graph of the function:

(a) 1 —wuy(t) step down at 1

(¢) ui(t) +uz(t) two steps up, one at 1 and the next one at 2

) step up at 1 and down at 2

1



(d) ui(t) -ug(t) step up at 2
(e) ui(t)-ui(t) step up at 1
3. (15 points) Consider the IVP y" + y = f(¢) with initial conditions y(0) = 0, y'(0) = 0. If the

solution is found to be wuy(t)sin(t — 1) + uq(t)(1 — cos(t — 2)) find the forcing function f(t).
(Brownie points: What letter of the alphabet is the forcing function describing?)

Taking the Laplace transform to the IVP gives (s* + 1)Y(s) = F(s). To find F(s) take the
laplace transform of y(t) to obtain

et 1 s et e 2t
V(s) — ot (1 _
(5) 82—|—1+€ (S 82—|—1> 82+1+S(S2+1)

This yields

Finally

4. (20 points) Find f(¢) if

(a) f(t) = fy(t—2)f(x)de =1
The equation can be written as f(t) — f(t) xt = 1. Taking the Laplace transform to this
equation yields F'(s) — F'(s)/s®* = 1/s. Solving for F(s) we get

(1/2) , (1/2)

s—1 s+1

F(s) =

Now take the inverse Laplace transform to obtain

f(t) =(1/2)e" + (1/2)e ! = cosh t

(b) f(t)+1=f(t)+1
The Laplace transform of this equation gives F'(s)/s = F(s) 4+ 1/s. Solving for F' gives
F(s)=—1/(s—1) and so f(t) = —e".

5. (15 points) Suppose we have three tanks or water. Tank 1 initially contains 40 gals of water
with 10 oz of salt in it. Tank 2 initially contains 50 gals of water with 5 oz of salt in it. Tank
3 initially contains 60 gals of pure water. Water containing 5 oz/gal of salt flows into Tank 1
at a rate of 10 gal/min and the well-stirred mixture flows from Tank 1 to Tank 2 and Tank 3
at a rate of 6 oz/gal and 4 oz/gal respectively. The solution on Tanks 2 and 3 flows out to the
ground at a rate of 6 oz/gal and 4 oz/gal respectively. Set up (but do not solve) and initial
value problem describing the amount of salt on each tank.



This problem follows the same rule where the rate of change is equal to the rate in minus the
rate out where rate is equal to flow times concentration. Let x;(t), x2(t) and x3(¢) denote the
amound of salt on the three tanks. This should give the system:

T

s = (10)() - 2
’ 1 X2
270 7 50
L 4& _ g2
3750 7 Y60

with initial conditions z;(0) = 10, x2(0) = 5 and z3(0) = 0.

. (20 points) Find the general solution of the system
d 2 -1 |,
%x(t) = [ P ] Z(t)

The characteristic polynomial of can be obtained by finding the roots of

det{Qgr _;ir] 2= (=2—1) = (~1)B) = — 1= (r = 1)(r + 1)

The eigenvalues are then » = 1 and » = —1. To find the eigenvalues we solve the following

tEIHEY

and

The eigenvectors are then

respectively. The general solution is then

Z(t) = ¢yt { 1 ] + et { ; ]



