
Pra
ti
e Midterm 3MA 266Le
turer: Javier Zuniga NAME:No 
al
ulators or notes allowed. Show your work. You 
an use the Table of Elementary Lapla
eTransforms on Page 319 of your textbook.1. (20 points) Solve the initial value problemy000 � y00 + y0 � y = 1 + 4e�twith initial 
ontitions y(0) = 1, y0(0) = �1, y00(0) = 0.There are two ways to solve this problem: Using the 
hara
teristi
 polynomial and the methodof undetermined 
oeÆ
ients or using the Lapla
e Transform. Here I ilustrate only the former(you should the try the later as an exer
ise! whi
h one is faster?).The 
hara
teristi
 polynomial for the homogeneous part is p(r) = r3 � r2 + r � 1. To �nd theroots we show two ways. First we 
an use the tri
k given in 
lass: �nd roots on the divisors ofthe 
onstant term of the polynomial. Sin
e the 
onstant term is 1 we 
an 
he
k for +1 or -1.But then p(�1) = �4 so -1 is not a root, however p(1) = 0 means this is a root and thus we
an divide p(r) by r � 1 to obtain r2 + 1. Another way is to fa
tor dire
tly:p(r) = r3 � r2 + r � 1 = (r2)(r � 1) + (1)(r � 1) = (r2 + 1)(r � 1)In any 
ase, the homogeneous part of the solution isyhom(t) = 
1 
os t + 
2 sin t+ 
3etBy inspe
tion the parti
ular solution should have the form ypar(t) = A+Be�t. Computing thederivatives and putting those through the equation gives A = �1 and B = �1. This meansthat a parti
ular solution is ypar(t) = �1� e�tTo obtain the solution to the IVP we have to plug into the general solution ygen(t) = yhom(t)+ypar(t) the initial 
onditions. For this you will have to 
ompute y0gen(t) and y00gen(t). The systemthus obtained is 
1 + 
3 = 3, 
3 � 
1 = 1, 
2 + 
3 = �2. Solving this system we obtain thesolution: y(t) = 
os t� 4 sin t+ 2et � 1� e�t2. (10 points) Sket
h the graph of the fun
tion:(a) 1� u1(t) step down at 1(b) u1(t)� u2(t) step up at 1 and down at 2(
) u1(t) + u2(t) two steps up, one at 1 and the next one at 21



(d) u1(t) � u2(t) step up at 2(e) u1(t) � u1(t) step up at 13. (15 points) Consider the IVP y00 + y = f(t) with initial 
onditions y(0) = 0, y0(0) = 0. If thesolution is found to be u1(t) sin(t � 1) + u2(t)(1 � 
os(t � 2)) �nd the for
ing fun
tion f(t).(Brownie points: What letter of the alphabet is the for
ing fun
tion des
ribing?)Taking the Lapla
e transform to the IVP gives (s2 + 1)Y (s) = F (s). To �nd F (s) take thelapla
e transform of y(t) to obtainY (s) = e�ts2 + 1 + e�2t �1s � ss2 + 1� = e�ts2 + 1 + e�2ts(s2 + 1)This yields F (s) = (s2 + 1)Y (s) = e�t + e�2tsFinally f(t) = L�1[F (s)℄ = Æ(t� 1) + u2(t)4. (20 points) Find f(t) if(a) f(t)� R t0 (t� x)f(x)dx = 1The equation 
an be written as f(t)� f(t) � t = 1. Taking the Lapla
e transform to thisequation yields F (s)� F (s)=s2 = 1=s. Solving for F (s) we getF (s) = (1=2)s� 1 + (1=2)s+ 1Now take the inverse Lapla
e transform to obtainf(t) = (1=2)et + (1=2)e�1 = 
osh t(b) f(t) � 1 = f(t) + 1The Lapla
e transform of this equation gives F (s)=s = F (s) + 1=s. Solving for F givesF (s) = �1=(s� 1) and so f(t) = �et.5. (15 points) Suppose we have three tanks or water. Tank 1 initially 
ontains 40 gals of waterwith 10 oz of salt in it. Tank 2 initially 
ontains 50 gals of water with 5 oz of salt in it. Tank3 initially 
ontains 60 gals of pure water. Water 
ontaining 5 oz/gal of salt 
ows into Tank 1at a rate of 10 gal/min and the well-stirred mixture 
ows from Tank 1 to Tank 2 and Tank 3at a rate of 6 oz/gal and 4 oz/gal respe
tively. The solution on Tanks 2 and 3 
ows out to theground at a rate of 6 oz/gal and 4 oz/gal respe
tively. Set up (but do not solve) and initialvalue problem des
ribing the amount of salt on ea
h tank.2



This problem follows the same rule where the rate of 
hange is equal to the rate in minus therate out where rate is equal to 
ow times 
on
entration. Let x1(t), x2(t) and x3(t) denote theamound of salt on the three tanks. This should give the system:x01 = (10)(5)� x140x02 = 6x140 � 6x250x03 = 4x140 � 4x260with initial 
onditions x1(0) = 10, x2(0) = 5 and x3(0) = 0.6. (20 points) Find the general solution of the systemddt~x(t) = � 2 �13 �2 �~x(t)The 
hara
teristi
 polynomial of 
an be obtained by �nding the roots ofdet � 2� r �13 �2� r � = (2� r)(�2� r)� (�1)(3) = r2 � 1 = (r � 1)(r + 1)The eigenvalues are then r = 1 and r = �1. To �nd the eigenvalues we solve the followingsystems: � 1 �13 �3 � � v1v2 � = � 00 �and � 3 �13 �1 � � v1v2 � = � 00 �The eigenve
tors are then � 11 � ; � 13 �respe
tively. The general solution is then~x(t) = 
1et � 11 �+ 
2e�t � 13 �
3


