
MA265 Midterm 2 Solutions, Spring 08Instru
tor: Javier Zuniga1. (10 points) Let W be a subspa
e of M2;2 spanned by � 1 00 1 �, � 1 k1 0 �, � 1 10 �1 �, and� 0 �1k 2 �. Determine the values of k so that W? has dimension zero.Sin
e dimM2;2 = 4 it is enough to require the determinant to be di�erent from zero. But thendet �������� 1 1 1 00 k 1 �10 1 0 k1 0 �1 2 �������� = det ������ k 1 �11 0 k0 �1 2 ������� det ������ 1 1 0k 1 �11 0 k ������ = 2k2 � k = k(2k � 1)implies that k must be di�erent from zero or 1/2.2. (10 points) Show that if V is any ve
tor spa
e and (; ) is any inner produ
t then the followingproperties hold. (HINT 1: Showing this for parti
ular examples won't give you any 
redit,HINT 2: k~uk2 = (~u; ~u))(a) If (~u;~v) = 0 then k~u+ ~vk2 = k~uk2 + k~vk2.k~u+ ve
vk2 = (~u+ ~v; ~u+ ~
) = (~u; ~u) + 2(~u;~v) + (~v; ~v)= (~u; ~u) + (~v; ~v) = k~uk2 + k~vk2(b) If (~u� ~v; ~v � ~u) = 0 then ~u = ~v.Sin
e (~u� ~v; ~v � ~u) = �k~u� ~vk2then (~u � ~v; ~v � ~u) = 0 implies �k~u � ~vk2 = 0. But that 
an only be true if the ve
torinside is zero by the axioms of the inner produ
t. Hen
e ~u� ~v = ~0 or ~u = ~v.3. (10 points) For whi
h values of k is the rank of the following matrix equal to two?24 �1 2� k 3 k � 40 2 4 2k � 61 k � 1 �1 1 35It is possible to row redu
e the matrix to the following form24 1 k � 1 �1 10 1 2 00 0 0 0 35This means that no matter what k is we always have two pivot 
olumns and hen
e rank two.4. (20 points) True or False? 1



(a) A linear system of 6 equations with 4 variables 
an have a unique solution.True, sin
e we have more equations than variables, this is possible.(b) A homogenous system of ten equations in �ve variables is always 
onsistent.True, be
ause the system is homogeneous the trivial solution is always a solution.(
) Five ve
tors 
an span R6 .False, we need at least six ve
tors.(d) L(x; y; z) = � x2 x� y�z 0 �2;2 is a linear transformation.False, the quadrati
 term on the �rst entry will allow us to get 
ounter examples.(e) L(x; y; z) = (z)t2 � (x+ y)t+ (2z) is a linear transformation.True (try to prove it!).(f) L(x; y) = (2y; 12x) is an isometry.False.(g) L(x; y) = (x+yp2 ; x�yp2 ) is an isometry.True.(h) If nullity of A5;10 is 7 then rank A = 3.True, be
ause rank + nullity = 10.(i) It is possible for A3;7 to have rank equal to four.False, the rank of A is at most three.(j) If nullity of A8;4 is two then the dimension of (ColA)? is six.True, sin
e nullity of A is 2 this implies that the rank is also 2. But then nullity of AT issix and sin
e (ColA)? = Null AT the 
laim follows.5. (20 points) Let L(x; y) = �5x + y2 ; x + 5y2 �Set A to be the matrix asso
iated to this linear transformation. Find a diagonal matrix D andan orthogonal matrix P su
h that P�1AP = D.The asso
iated matrix is � 5=2 1=21=2 5=2 �and thus the 
hara
teristi
 polynomial is �2 � 5� + 6. The eigenvalues are 2 and 3. Theasso
iated eigenve
tors are the bases for the nullspa
es of the matri
es� 1=2 1=21=2 1=2 � � �1=2 1=21=2 �1=2 �. Therefore the asso
iated eigenve
tors are (1,-1) and (1,1). They are obviously orthogonal(this was expe
ted sin
e the matrix A is symmetri
). ThusP = 1p2 � 1 1�1 1 � ; D = � 2 00 3 �2



6. (15 points) Let W = Span 8>><>>:2664 1210 37759>>=>>;.(a) (5 points) Find a basis for W?.This is the same as solving x+ 2y + z = 0 in R4 . Thus y, z and w are free variables and2664 xyzw 3775 = 2664 �2y � zyzw 3775 = y2664 �2100 3775 + z 2664 �1010 3775+ w2664 0001 3775Thus a basis for W? is 8>><>>:2664 �2100 3775 ;2664 �1010 3775 ;2664 0001 37759>>=>>;(b) (10 points) Use the Gram-S
hmidt pro
ess to �nd an orthonormal basis for W?.The �rst two ve
tors of the previous basis are not orthogonal, but the last two are. Itwould then be more 
onvinient to use Gram-S
himdt on the following basis8>><>>:2664 0001 3775 ;2664 �1010 3775 ;2664 �2100 37759>>=>>;Sin
e the �rst two ve
tors are orthogonal~v1 = 2664 0001 3775 ; ~v2 = 2664 �1010 3775The last ve
tor 
an be 
omputed by doing~v3 = ~u3 � ~u3 � ~v1~v1 � ~v1~v1 � ~u3 � ~v2~v2 � ~v2 ~v2 = 2664 �2100 3775� 01~v1 � 22 2664 �1010 3775 = 2664 �11�10 3775Sin
e we are require to give an orthonormal basis we normalize to obtain8>><>>:2664 0001 3775 ; 1p2 2664 �1010 3775 ; 1p3 2664 �11�10 37759>>=>>;3



7. (15 points) Let W be as in the previous problem.(a) (10 points) Find the proje
tion of 2664 �1�2�11 3775 onto W?.
Let ~u = 2664 �1�2�11 3775 Sin
e the basis on the previous problem was orthonormal the proje
tion
an be 
omputed byprojW~u = (~u � ~v1)~v1 + (~u � ~v2)~v2 + (~u � ~v3)~v3 = 2664 0001 3775(b) (5 points) Find the distan
e from 2664 �1�2�11 3775 to W?.The require
 distan
e is 







2664 �1�2�11 3775� 2664 0001 3775







 = 







2664 �1�2�10 3775







 = p6
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