
Pra
ti
e Midterm 2 SolutionsMA 265Instru
tor: Javier Zuniga1. (10 points) For whi
h values of � is the setS = 8>><>>:2664 2000 3775 ;2664 1�� 100 3775 ;2664 3�42� 3775 ;2664 4014 37759>>=>>;linearly independent?Four ve
tors in R4 are linearly independent if the determinant of the matrix whose 
olumns
orrespond with those ve
tors is di�erent from zero. Sin
e the determinant (whi
h 
an be
omputed by expanding along the �rst 
olumn) isdet �������� 2 1 3� 40 �� 1 4 00 0 2 10 0 � 4 �������� = 2(�� 1)(8� �)it is enough to ask for � to be di�erent from 1 or 8.2. (10 points) Find the dimension of the following subspa
es(a) All 2 by 2 matri
es of the form � a+ b 
+ dd+ e a+ b �.Sin
e� a+ b 
+ dd+ e a+ b � = a � 1 00 1 �+ b � 1 00 1 �+ 
 � 0 10 0 �+ d � 0 11 0 �+ e � 0 01 0 �we 
an eliminate the se
ond and fourth ve
tors (they are 
learly linear 
ombinations ofthe others). The resulting set of three ve
tors is linearly independent (why?). Thus thedimension is three. You 
an also write down the asso
iated whose 
olumns are thesematri
es and �nd the REF to get the same answer.(b) All polynomials of the form at2 + (a+ b)t + (a+ b + 
+ d).In this 
ase at2+(a+ b)t+(a+ b+ 
+ d) = a(t2+ t+1)+ b(t+1)+ 
(1)+ d(1). Thus thelast ve
tor is redundant (this is already in REF) and thus the dimensions is again three.(
) All ve
tors of the forms 2664 a+ 
a� bb + 
�a + b 3775Here 2664 a+ 
a� bb+ 
�a + b 3775 = a2664 110�1 3775 + b2664 0�111 3775+ 
2664 1010 37751



and sin
e the third ve
tor is the sum of the �rst two we 
an eliminate it. The �rst twove
tors are 
learly linearly indendent and thus they are a basis. This means that thedimension is two in this 
ase.3. (10 points) Show that if V is any ve
tor spa
e and (; ) is an inner produ
t then(a) (~u;~0) = 0, for any ve
tor ~u in V .Sin
e ~0 = ~0 +~0 we have (~u;~0) = (~u;~0 +~0) = (~u;~0) + (~u;~0)and thus 
an
elling on both sides gives (~u;~0) = 0.(b) k
 � ~uk = j
j � k~uk for any 
onstant 
 2 R.k
 � ~uk =p(
~u; 
~u) =p
2(~u; ~u) = j
jp(~u; ~u) = j
j � k~uk(
) k~u+ ~vk � k~uk+ k~vk for any 
ouple of ve
tors.Re
all that the Cau
hy-S
hwarz iquality states that j(~u;~v)j � k~uk � k~vk. Therefore,k~u+ ~vk2 = (~u+ ~v; ~u+ ~v) = (~u; ~u) + 2(~u;~v) + (~v; ~v) = k~uk2 + 2(~u;~v) + k~vk� k~uk2 + 2k~uk � k~vk+ k~vk2 = (k~uk+ k~vk)2And taking the square root of both sides gives the required inequality.4. (10 points) Find the rank of the following matri
es(a) 24 1 �1 1 �12 0 3 10 4 �2 0 35The REF of this matrix is the same as the one in part (b) with the last 
olumn removed.This doesn't a�e
t the number of pivot 
olumns so the rank is the same, that is rank = 3.(b) 24 1 �1 1 �1 12 0 3 1 20 4 �2 0 �1 35The REF of the given matrix is 24 1 �1 1 �1 10 1 12 32 00 0 1 32 14 35and thus has rank = 3.(
) Is the system a� b+ 
� d = 12a+ 3
+ d = 24b� 2
 = �1
onsistent?The 
oeÆ
ient matrix is equal to the matrix in part (a). The augmented matrix is equalto the matrix in part (b). Sin
e they have the same rank the system is 
onsistent.2



5. (20 points) True or False?(a) A linear system of three equations with four variables 
an have a unique solution.False. There is always at least one free variable (
he
k this!) and hen
e an in�nite numberof solutions.(b) A linear system of three equations in two variables is always 
onsistent.False. Any system of any size 
an be in
onsistent.(
) Five ve
tors in R4 
an not be linearly indenpendent.True. Otherwise 4 = dimR4 � 5 whi
h is imposible.(d) L(x; y; z) = � x+ y x� y0 2z �2;2 is a linear transformation.True. Che
k that it preserves sum and re-s
aling.(e) L(x; y; z) = t2 � (x+ y)t+ (2z) is a linear transformation.False. Is enough to realize that L(~0) = t2 6= 0.(f) L(x; y) = (�y;�x) is an isometry.True. We have thatL(x1; y1) � L(x2; y2) = (�y1;�x1) � (�y2;�x2) = y1y2 + x1x2 = x1x2 + y1y2 = (x1; y1) � (x2; y2)(g) L(x; y) = (x� y; x+ y) is an isometry.False. In this 
ase it 
an be shown thatL(x1; y1) � L(x2; y2) = 2(x1; y1) � (x2; y2) 6= (x1; y1) � (x2; y2)(h) If rank A3;4=3 then any basis of for Null A has only one ve
tor.True. Rank+Nullity =4 so nullity = 4-3= 1.(i) If nullity of A6;4 is 3 then rank A = 3.False. Rank+Nullity =4 so Rank=4-3=1.(j) If a plane in R4 is the span of two l.i. ve
tors, then the orthogonal 
omplement of a planein R4 is also a plane.True. Here a plane is de�ned as a ve
tor spa
e of dimension two. If P is su
h a planethen dim P + dim P? = 4. But then dim P? = 2 and P? is also a plane.6. (10 points) Let W be a subspa
e of R3 spanned by 24 321 35, 24 3k2 35, 24 k + 854 35. Determine thevalues of k so that W? has dimension zero.3



The dimension of W? is zero when the dimension of W is exa
tly three (this is be
ause ofthe formula dimW + dimW? = dimR3). For W to have dimension three we need the threegiven ve
tors to be linearly independent. But remember that we have a ni
e 
ondition for threeve
tors to be linearly indenpendent in R3 : it is enough to 
he
k that the determinant whose
olumns are the given ve
tors is di�erent from zero. Thusdet ������ 3 3 k + 82 k 51 2 4 ������ = �k2 + 8k � 7 = �(k � 1)(k � 7) 6= 0whi
h it's try only when k 6= 1 and k 6= 7.7. (15 points) Compute the distan
e from the plane x + y + z = 1 to the point (-1,-1,2).We need to 
ompute the norm of the di�eren
e between the given point and its proje
tion tothe given plane. First we need to �nd an orthogonal basis for the plane. Sin
e x = �y� z+1,y = r and z = s are free variables we have that24 xyz 35 = r24 �110 35+ s24 �101 35 + 24 100 35Sin
e the plane is shifted by the ve
tor 24 100 35 the distan
e we are looking for is the same asthe distan
e from the plane Span S where S = 8<:24 �110 35 ;24 �101 359=; to the point 24 �1�12 35 �24 100 35 = 24 �2�12 35. Now we need to 
ompute the proje
tion but S is not orthogonal, so weapply Gram-S
himdt to S. Thus take ~v1 = 24 �110 35 and~v2 = 24 �101 35� 12 24 �110 35 = 24 �1=2�1=21 35But the last ve
tor has fra
tions in it. So it is better to take ~v2 = 24 �1�12 35.Now that we have an orthogonal set we 
an 
ompute the proje
tionprojf~v1;~v2g 24 �2�12 35 = 2� 12 24 �110 35 + 2 + 1 + 21 + 1 + 4 24 �1�12 35 = 24 �4=3�1=35=3 354



Finally, the distan
e is 
omputed by





24 �4=3�1=35=3 35� 24 �2�12 35





 = 





24 2=32=3�1=3 35





 =r49 + 49 + 19 = 18. (15 points) Let L(x; y; z) = (�2z;�2y;�2x + 3z). Set A to be the matrix asso
iated tothis linear transformation. Find a diagonal matrix D and an orthogonal matrix P su
h thatP�1AP = D.First we need to �nd the matrix A asso
iated to the linear transformation. Sin
e L(1; 0; 0) =(0; 0;�2), L(0; 1; 0) = (0;�2; 0) and L(0; 0; 1) = (�2; 0; 3) we 
on
lude thatA = 24 0 0 �20 �2 0�2 0 3 35The 
hara
teristi
 polynomial isdet ������ �� 0 �20 �2� � 0�2 0 3� � ������ = ��(��� 2)(�� + 3)� 4(��� 2)= (��2 + 3�)(�+ 2) + (4)(�+ 2)= �(�2 � 3�� 4) = �(�+ 2)(�� 4)(�+ 3)The eigenvalues are then �1 = �2, �2 = 4 and �3 = �3. Sin
e the matrix A is symmetri
 weknow the 
orresponding eigenve
tors will be orthogonal.The eigenve
tors are ~v1 = 24 010 35 ; ~v2 = 24 �102 35 ; ~v3 = 24 201 35Dividing by the norm gives us an orthonormal set and thus the required matri
es areD = 24 �2 0 00 4 00 0 �1 35 ; P = 24 0 �1=p5 2=p51 0 00 2=p5 1=p5 35.
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