Galois groups and fundamental groups
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In classical Galois theory, one starts with a field F', a separable closure F', and
considers the Galois group G = Gal(F/F) consisting of the field automorphisms
of F that act trivially on F. The Galois correspondence matches up the closed
subgroups H C G and the intermediate fields
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In topology, we are given a path-connected topological space X and a point
x € X. This data gives rise to the fundamental group 71 (X, x) consisting of the
homotopy classes of loops based at X. If one fixes a universal covering space
X — X, then there is a correspondence between subgroups of 71 (X, ) and
intermediate covering spaces
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In this series of lectures, we will describe Grothendieck’s theory of the fun-
damental group [1] that provides a general formalism for unifying the examples
above.

Starting from this basic theory, we will go on to outline a few related con-
struction and applications:

(1) Actions of Galois groups of number fields on the pro-finite fundamental
groups of varieties ([2], [3]).

(2) Anabelian geometry and the characterization of varieties by their funda-
mental groups [4].

(3) Pro-unipotent completions of fundamental groups and applications to
Diophantine geometry ([6], [7], [8]).
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