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X: smooth variety over a field F..

Cov(X): category of finite étale coverings
of X.

b:Spec(K)—X, a geometric point of X.

fp : Cov(X)—finite sets
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Pro-finite fundamental group:

m1(X,b) == Aut(fp)

Pro-finite torsor of paths:

71(X; b, a) :=Isom(fp, fa)

Flexible variation of points is a crucial ad-
vantage of this definition.



F: a number field.

X:ZX(X)FF

a,b € X(F): rational points, regarded as ge-
ometric points.

[ := Gal(F/F)

Then T acts on Cov(X) preserving the fiber
functors fq, fp, SO

71(X; a,b)

has a [ -action.



Natural maps

7/1\'1()?; b, C) X 7/1\'1()?; a, b)—>7/1\'1(X; a, C)
compatible with -action.
Thus, 71(X;b,c) becomes a N—equivariant
right-torsor for 71(X,b).
Classified by

HYT, 71(X,b))



Main object of study

k1 X(F)—HY (I, 7(X,b))

z— [71(X;b,2)]

What information about X (F') is encoded in
this map?

Grothendieck’s section conjecture:

When X is a compact hyperbolic curve, k is
a bijection.

Grothendieck and Delighe expected:

Section conjecture = Faltings’ theorem



k 1S very much studied already in abelian
contexts.

(X,b) an elliptic curve. Then 71(X,b) is
abelian, and

X (F)—>X(F)—HY(I, 7#1(X,b))

IS the usual connecting homomorphism of
Kummer theory.

In this case, the image lies inside a subspace

H (I, #1(X,b)) Cc H'(I',7#1(X,b))

satisfying local Selmer conditions.

T he bijectivity of
X(F)—H}(,71(X,b))

IS an important part of the Birch and Swinnerton-
Dyer conjecture.



Even for general X, k%, obtained by replac-
ing 77 with its abelianization #%(X,b) =
H1(X,Z) is commonly studied.

k% X (F)—H (I, 7%(X, b)),

z — [79(X: b, 2)]



X smooth projective over a finite field Fy.
k% X(F)—HY(Gal(F,/F,), H1(X,7))
But the target group in this case is
Hy(X,Z2)/Im[(Frq — )] = (7{*(X))°,
which fits into the exact sequence

O—>(7AT61Lb(X))O—>7?ClLb(X)—>Ga|(Fq/Fq)—>O



k% becomes identified with the reciprocity
map

rec : CH8(X)—>(7AT%b(X))O

restricted to the cycles (x) — (b).

Bijectivity of rec is known through Lang,
Bloch, Kato and Saito.

10



Section conjecture and its relation to Dio-
phantine geometry appear to be quite deep.

Considerably easier to study
kY X(F)—HY (Mp, U

a unipotent p—adic version of k.
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Un(X): category of unipotent Q,-local sys-

tems on X.
fo 1 Un(X)—Vectg,,

.7'_l—>.7'—b

U .= Aut®(f,), pro-unipotent, pro-algebraic
group over Qp equipped with [-action.

Given z € X(F),
P(x) = Isom®(f;, f~), pro-algebraic vari-

ety over Qp with structure of [N-equivariant
U€t-torsor.
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7 descending central series of U€t.
Zl — Uet Zz—I—l — [Uet Zz]

Ut = Z™\U*, unipotent algebraic group
over Qp.

Also have Uft-torsors PS(z), algebraic vari-
eties over Q.

To construct a good classifying space, need
integral models.
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S: finite set of places of F.
R: ring of S-integers.

Assume given a model with good compact-
ification over R:

X s X s X
| ! !
Spec(F) — Spec(R) = Spec(R)
that is, X is a proper and smooth, relative
normal crossing compactification of X over
R. Choose p not divisible by the primes in
S and put

T = SU{v|p}.
b,x € X(R).

Then the M-action on all P¢ factors through
[+ = Gal(Fp/F), the Galois group of the
maximal extension Fr of F' unramified above

T
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Consider functor on Qp-algebras E:

E — isomorphism classes of Uﬁt-torsors over
E equipped with continuous Gp-action on
E-points.

Representable by an affine Q,-variety
Hl(rT7 Ugt)

Proof: follows by induction from the vector
group case.

These fit together over n to form a pro-
algebraic variety.

Main point: We have more structure to
work with than HI(I, 7).
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We again have a natural map
kY X(R)—H (7, USH

z — [P ()]

This map is definitely not bijective in gen-
eral. Image is still hard to understand.

Much easier local version: v|p, Ry, comple-
tion of R at v, Gy = Gal(Fy/Fy).

ky X(Rv)ﬁHl(Gva vaz,t)
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Easier because of (non-abelian) p-adic Hodge
theory:

Image of k¥ lies inside the subspace H1(Gy, US)
( f n

classifying torsors that trivialize over Bgr,
ring of crystalline periods, and

H}(Gy, U =~ UZ" /FO

Udr: De Rham fundamental group of X, =

F': Hodge filtration on U9,
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Undr(X,): Category of unipotent vector bun-
dles with flat connection on Xj,.

fp 1 Un? (X)) —Vectp,

Udr — Aut®(f;), pro-unipotent, pro-algebraic
group over Fj.

P (z) = Isom®(fy, f+), pro-variety over F,
with structure of U9 -torsor.

Hodge filtration on these objects defined by
Morgan and Hain over C and descended to
arbitrary fields of characteristic zero by Wo-
jtkowiak.
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P9 also has a Frobenius action ¢ obtained
from an isomorphism

P (X)) ~ P (Yy),

where Y, is the reduction of X, and P¢"
is defined using unipotent overconvergent
iIsocrystals on Y.

Udr /FO classifies torsors for U4 with com-
patible Hodge filtrations and ¢-action, and
hence, becomes the target of a map

kY 0 X(Ry)—UY /O

z — [P (2)]
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Actually a compatible tower:

| l
X(Rfu) — Ur,ffq_l/FO

| l
X(Ry) — U4 /FO
L
| l
X(Ry) — UYg/FO

Bottom arrow is the log of the Albanese
map to

H{"(X,)/F° = TeJy,

the tangent space to the Jacobian of X.
Over C, these maps were defined by Hain
and called the higher Albanese maps. Qp-
version appears to be more useful so far.

Can sometimes be described rather explic-
itly.
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Example: X = P11\ {0,1,00}.

U% = Spec(Fy < aw >)

w runs over words on {A, B}.

When b is taken to be tangential (pointing
towards 1) at 0,

Qqy © k‘g”f’ — POlw,

a p-adic multiple polylogarithm.

For words of the form
w= AF1=lpAke—lp... pkm—1p

kmxmn > 1, there is an expansion near O
2"
n]_ n2 e o o

]
nlfnm
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The fundamental groups and torsor spaces
introduced so far can be viewed as compo-
nents of a motivic fundamental group

M
and motivic torsors of paths
PM(z)

Thus, we are given a motivic higher Al-
banese map

z € X(R) v [PM(2)]

Here, ‘motivic’ in the sense of Deligne, 1987:
compatible systems of realizations.
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Commutative diagram

X(Ry) — UPR/FO

N\ =
H]]‘:(Gva Uﬁt)

coming from p-adic non-abelian comparison
iIsomorphism

D(n§"(Xv; b,2)) ~ 71 pr(Xo; b, z)
(Shiho, Vologodsky, Olsson, Faltings)

Big commutative diagram.

X(R) — X)) — UDPR/FO
! ! /
H}(Fp,USH % H}(Go, USH
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H}(I‘T,Uﬁt) C HY(Fp, UEY): subspace of el-
ements that locally lie inside H}(Gv,Uﬁt).

Also, maps between local classifying spaces
IS actually

H(Gv, US!) = Resgy (Un'"/FO)

All maps between the classifying spaces are
algebraic. However, maps from points are
highly transcendental: image of

kY 0 X(Ry)—UY /FO,

described using p-adic iterated integrals, is
Zariski dense.
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Let X be a hyperbolic curve.

Conjecture: For n sufficiently large, the im-
age of

H(Fp, USH—UA" | FO

IS inside a proper, Zariski-closed subset.
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Conjecture implies the theorems of Faltings
and Siegel: The image of X(R) lies inside
that of H}(I‘T, Uet). So there exists a non-
zero algebraic function on U;f"”/FO vanishing
on this image. However, when considered
on X(Ry), this function is non-zero and be-
longs to the ring of Coleman functions. In
particular, has finitely many zeros on com-
pact sets.
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When n = 2, reduces to the method of
Chabauty. Recall that Chabauty’'s method
requires the hypothesis

rankJx (R) < dimp TeJx

But we have lifted Chabauty’'s map using
the tower:

| | l
X(R) — X(Ry) — UZ,/FO

| | l
X(R) — X(Ry) — U /FO

L
| | l
X(R) — X(Ry) — Ug/FO

Hypothesis should be unnecessary if we go
high enough.

27



The conjecture over Q is implied by many
standard conjectures in the structure theory
of mixed motives.

-Bloch-Kato conjecture (on the image of
the p-adic Chern class map from motivic co-
homology).

-Fontaine-Mazur conjecture on Galois rep-
resentations of geometric origin.

-Jannsen’s conjecture on vanishing of sec-
ond Galois cohomology (when X is affine).

-Probably some strong conjecture in non-
abelian Iwasawa theory.
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Can prove the conjecture for:
X =P1\{0,1,00} and F = Q.

-X: CM elliptic curve of rank 1 minus ori-
gin over an imaginary quadratic field and
S empty, with minor modification of def-
initions involving local conditions at other
primes.
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Use the inductive structure:

0—2z"tW\z2"~U, L 1 —Un—0

in étale and De Rham settings. Can keep
track of the jump in dimensions

dp 1= dimz™ T\ zZ"

As a group, U is a unipotent completion of
a free group on m = 2g 4+ s — 1 generators,
where s is the number of points at infinity, in
the affine case. In the compact case, it is he
completion of a free group on 2g generators
modulo a single relation of degree 2.
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Recursive formula
Zk]nkdk: — mn

in the open case and

Spkde = (g +vg° = 1)" + (g —g" - 1)"

in the compact case.

Hence,
dp ~m"/n

in the non-compact case and

dn ~ (g + \/92 —1D)"/n

in the compact case. For the Hodge filtra-
tion, an elementary argument shows

FO(Z" TNz < g™

So the jump in dimensions as one goes from
U4 /FO to U 1 /FO is determined by the
asymptotics of dj.
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In the étale realization, we have

0—HY(Cp, 2"t N\Z")—H (M7, U ) —

—HY (T, U & H2(HY(Mp, 27T\ 2)
which is exact in the sense that
1 t
H (I_TaUyeL—|—1)
IS a torsor for the vector group
HY(Cp, 27T\ Z™)

over the kernel of §.
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So we can control the change in dimensions
using the Euler characteristic formula

dimHY (T p, 2" TN\ Z")—dimH?(Cp, 27T\ 2Z™)

= dim(zZ" T\ 2z~

where the negative superscript refers to the
(-1) eigenspace of complex conjugation. By
comparison with complex Hodge theory, we
see that the right hand side is

dn /2

for n odd.
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When the genus is zero,
H?(Fp, Z"TN\Z") =0
for n > 2 (Soulé).

T herefore, eventually,

dimH(Fp, U?) < dimUdr/FO
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The general implications over Q rely on bounds
of the form

dimH?(Tp, Z"T1\Z™) < P(n)g"

implied by Bloch-Kato or Fontaine-Mazur.

We have a surjection
H2(Mp, H1 (X, Qp)®™)—H?(Ip, 2"\ Z2™)—0
and an exact sequence

0—Sh2—H?(Mp, H1 (X, Qp)®™)—

EB’UJETIJQ((;’LW Hl (Xa Qp)®n)

The local groups are bounded by a quan-
tity of the form P(n)g¢g™ using Hodge-Tate
decomposition and the monodromy-weight
filtration.
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Furthermore, Sh2 ~ (Sh})* with the latter
group defined by

0—Sht—HY(rp, HY(X, Qp)®™(1))—

DwerH (Gw, H(X,Qp)®"(1)))

But either Bloch-Kato or Fontaine-Mazur
implies that Shl =0 for n > 2.
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One possible viewpoint:

Bloch-Kato = Faltings’ theorem

is a ‘linearized’ version of

Section conjecture = Faltings’ theorem
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X: CM elliptic curve minus the origin over
F' an imaginary quadratic field.

3 2

Zdr\Zdr
/ T

Hi(Fp,US) — U§r/FO
~| l

Hi(Fp,US) — U§T/FO
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Speculation:

-Non-abelian Kolyvagin systems?
-Archimedean theory?

-Use of reductive completions?

Last suggestion due to Weil in 1930's.
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