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Abstract

In this paper, using the recent compactness results of Tian and Chen-Donaldson-Sun, we
prove the K-semistable version of Yau-Tian-Donaldson correspondence for Fano manifolds.
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1 Introduction

The recent development in Kähler geometry is the announcement of resolution of the Yau-Tian-
Donaldson’s conjecture for Fano manifolds, first by Tian and independently by Chen-Donaldson-
Sun (See [50], [14]). Before stating the results, we recall some terminology. Let X be a smooth
Fano manifold. This means that X is a compact complex manifold with an ample anti-canonical
line bundle −KX . In other words, the first Chern class c1(X) = c1(−KX) ∈ H1,1(X,Z) is positive.
Let ω0 be a smooth Kähler metric in 2πc1(X). Define the space of smooth Kähler potentials

PSHsm(ω0)(X) = {φ ∈ C∞(X,R);ωφ := ω +
√
−1∂∂̄φ > 0}.

The Ricci curvature and the scalar curvature of the Kähler metric ωφ can be calculated as follows:

Ric(ωφ) = −
√
−1∂∂̄ logωnφ =: Ric(ωnφ), S(ωφ) = gij̄φ Ric(ωφ)ij̄ .

Note that to define the logarithm of any volume form dµ, we implicitly choose a coordinate chart
z = {zi} and denote dz = dz1 ∧ · · · ∧ dzn, so that we can write:

Ric(dµ) := −
√
−1∂∂̄ log dµ = −

√
−1∂∂̄ log

dµ

dz ∧ dz̄
= −
√
−1∂∂̄ log |∂z|2dµ. (1)

It’s easy to verify that this is independent of coordinate charts. More intrinsically, dµ defines a
Hermitian metric | · |2dµ on −KX and the above Ric(dµ) is the Chern curvature of this hermitian
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metric. In particular Ric(dµ) is a closed (1, 1)-form representing the cohomology class 2πc1(X).
As a consequence, the integral of the scalar curvature of ωφ ∈ 2πc1(−KX) is a topological constant:∫

X

S(ωφ)ωnφ = n

∫
X

Ric(ωφ) ∧ ωn−1
φ = n(2π)n〈c1(X)n, [X]〉 = nV.

Here we denote V = (2π)nc1(X)n. The additive group (R,+) acts on PSHsm(ω0) by addition.
By the ∂∂̄-Lemma, the space of smooth Kähler metrics in 2πc1(X) is the same as

PSHsm(ω0) = PSHsm(ω0)/R.

The (normalized) Ricci potential hω0 of ω0 measures the deviation of ω0 from being Kähler-Einstein.
It is defined by the identities:

Ric(ω0)− ω0 =
√
−1∂∂̄hω0 ,

∫
X

ehω0ωn0 =

∫
X

ωn0 . (2)

ωφ ∈ 2πc1(X) is called Kähler-Einstein if Ric(ωφ) = ωφ (In other words, hωφ = 0). This condition
is equivalent to that φ satisfies a complex Monge-Ampère equation:

Ric(ωφ) = ωφ ⇐⇒ (ω0 +
√
−1∂∂̄φ)n = ehωωn. (3)

Now we define the special degeneration following Tian [47] (See also [29]). Let Q 3 λ > 0 and fix
D ∈ | − λKX | to be a smooth divisor which is linearly equivalent to a positive multiple of the anti
canonical divisor.

Definition 1. Let 0 ≤ α < 1.

1. A special degeneration of (X,αD) is a C∗-equivariant map π : (X ,D)→ C satisfying

(a) The general fibre (Xt,Dt) ∼= (X,D) for t 6= 0.

(b) the central fibre X0 = π−1{0} is a Q-Fano variety and (X0, αD0) is a klt pair.

(For the definition of Q-Fano varieties and klt pairs, see the classical reference in birational
geometry by Kollár-Mori [24].)

2. Following Ding-Tian [18], we define the generalized log-Futaki invariant of the (X , αD,−KX/C)
as the log-Futaki-invariant ([22], see also [26]) on the central fibre as follows:

Fut(X , αD,−KX/C) = Fut(X0, αD0, v)

= n

∫
X0

θv(Ric(ω)− ω) ∧ ωn−1 − 2πnα

(∫
D0

θvω
n−1 − λ

∫
X0

θvω
n

)
.

v is the generating holomorphic vector of the C∗-action on the central fibre. ω ∈ 2πc1(−KX0
)

is a smooth Kähler metric. Ric(ω) is the Ricci curvature of ω. θv is the Hamiltonian function
for v defined by ιvω =

√
−1∂̄θv.

3. (X,αD,−KX) is log-K-semistable (resp. log-K-polystable) if for any special degeneration of
(X,αD), the log-Futaki invariant Fut(X , αD,−KX/C) ≥ 0 (resp. ≥ 0 and the equality holds
if and only if (X ,D) is a product special degeneration, i.e. (X ,D) ∼= (X × C, D × C) with
the C∗ action induced by some C∗ action on the pair (X,D)).

Then we have the following

Theorem 1 (Tian [50], Chen-Donaldson-Sun [14]). If (X,−KX) is K-polystable, then X admits
a Kähler-Einstein metric.
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Remark 1. The reverse direction, i.e. Kähler-Einstein implying K-polystability, was proved by
Tian ([47]) when Aut0(X) is discrete, and recently by Berman ([6]) in general.

To study the Kähler-Einstein equation (3), there are now two important continuity methods
considered in the subject:

• (Aubin’s continuity method)

Ric(ωφt) = tωφt + (1− t)ω0 ⇐⇒ (ω0 +
√
−1∂∂̄φt)

n = ehω0−tφtωn0 . (4)

Define the maximal value of t for the solvability of above equation as (see [45], [40])

R(X) = sup{t; ∃ ω ∈ 2πc1(X) such that Ric(ω) ≥ tω}. (5)

• (Conical continuity method) For any λ ≥ 1 ∈ Z. Let D = {s = 0} ∈ |−λKX | be any smooth
pluri-anticanonical divisor. Let | · |2 = | · |2h0

be the induced Hermitian metric on −λKX

whose Chern curvature is λω0.

Ric(ωψt) = tωψt + 2π(1− t){D}/λ⇐⇒ (ω0 +
√
−1∂∂̄ψt)

n = ehω0
−tψ ωn0
|s|2(1−t)/λ . (6)

Note that the (strong) solution of this equation corresponds to a conical Kähler-Einstein
metric on (X, (1 − t)D/λ) which means a Kähler-Einstein metric with cone singularities
along the smooth divisor D of cone angle 2πβ = 2π(1 − (1 − t)/λ) . Similarly as above, we
define

R(X,D/λ) = sup{t; ∃ strong conical Kähler-Einstein metric on (X, (1− t)D/λ)}.

Here “strong” means the solution belongs to the space of C2,α,β-conical metrics introduced
by Donaldson [22].

The program to prove theorem 1 using Aubin’s continuity method ([2]) was first proposed by
Tian in the early 90’s following his solution of Kähler-Einstein problem for del Pezzo surfaces [44].
The hard core of this program is Tian’s conjecture of so called partial C0-estimate (cf. [44], [49],
[27]). The foundational work of Cheeger-Colding-Tian [12] is a major step towards this conjecture.
Donaldson’s great insight [22], which leads to the breakthrough, is that the conical continuity
method is more adapted to the problem. Several people in the field then extend much of the PDE
theory in the old continuity method to the conical continuity method (See in particular, [22], [5]
[23]). However, to complete the program, one needs to resort to Tian’s idea of proving partial
C0-estimates and extending Cheeger-Colding-Tian’s theory to establish the following important
compactness theorem.

Theorem 2 (Tian [50], Chen-Donaldson-Sun [14]). Let γ = R(X,D/λ). As t → γ, the conical
Kähler-Einstein metric ω̂t on (X, (1 − t)D/λ) Gromov-Hausdorff converges to a conical Kähler-
Einstein metric ω̂γ on a klt pair (X0, (1 − γ)D0/λ). Moreover, there is a special degeneration
(X , (1− γ)D/λ,−KX/C) of (X, (1− γ)D/λ,−KX) with (X0, (1− γ)D0/λ,−KX0) being the central
fibre.

The purpose of this note is to show the following semistable version of Yau-Tian-Donaldson
correspondence using the above compactness result as a tool of blackbox. For the definition of
Ding energy and Mabuchi energy, see the next section.

Theorem 3. The following conditions are equivalent:

1. (X,−KX) is K-semistable.

2. R(X) = 1.
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3. R(X,D/λ) = 1.

4. The infimum of Calabi functional is zero, that is

inf
ωφ∈2πc1(X)

‖S(ωφ)− n‖L2 = 0.

5. The Ding-energy is bounded from below, or equivalently, the Mabuchi-energy is bounded from
below.

Remark 2. Professor Robert Berman pointed out to me that, using Theorem 3, results in [51]
and his paper [6], conditions above are also equivalent to the condition that the supremum of
(normalized) Perelman’s λ-functional is equal to n · V ol(X). Using the terminology in [3] and
[42], we could say that K-semistable Fano manifolds are the same as almost Kähler-Einstein Fano
manifolds.

Many implications of the above conditions were known. See discussions in the next section.
Our main contribution is to complete the loop of implications by showing the implication 1⇒ 5. In
addition to the compactness result of Theorem 2, the main ingredient to prove this is the following
result.

Theorem 4. Assume D ∈ | − λKX | for Z 3 λ ≥ 1, and we have a special degeneration (X , αD)
of the klt pair (X,αD) such that there is a weak conical Kähler-Einstein metric on the klt pair
(X0, αD0). Then for the pair (X,αD) and any reference Kähler metric ω, the Ding-energy Fω,αD
is bounded from below. As a consequence, (X,αD) is log-K-semistable.

This is a generalization of Chen’s theorem [13] from the smooth setting to the general singular
setting in the (logarithmic) Fano case. A simple special case of the Theorem 4 already played
an important role in our previous work in [28]. Here we prove the above general result by doing
explicit calculations in Lemma 1 ( or equivalently Lemma 2) to resolve a technical difficulty in [28].
As an immediate corollary of Theorem 2 of Tian/Chen-Donaldson-Sun and Theorem 4, we get:

Corollary 1. For any smooth integral pluri-anticanonical divisor D ∈ |−λKX | for some Z 3 λ ≥ 1,

the pair
(
X, 1−R(X,D/λ)

λ D
)

is log-K-semistable. Moreover, (X, (1− γ)D/λ) is log-K-stable if and

only if γ ∈ (1− λ,R(X,D/λ)).

As mentioned above, in proving Theorem 4, a technical step relies on the following Lemma
which is of independent interest. Denote B1(0) = {z ∈ C, |z| < 1}.

Lemma 1. Let π : X → B1(0) be a family of Fano varieties over the unit-disc such that the
general fiber is a smooth Fano manifold and the central fiber is a Fano variety with log terminal
singularities and let h be a continuous metric on the relative anti-canonical bundle −KX/B1(0).
Then the function

f(t) :=

∫
Xt
dV (h),

is continuous as t→ 0.

See Definition 4 for the definition of dV (h). As pointed out to me by the referee, this lemma is
a strengthening of one result by Gross in [36, Appendix B]. See Remark 12 for more discussions.

The organization of the paper is as follows. In the next section, we briefly recall some prelimi-
nary results. In section 3, we prove Theorem 3 and Theorem 4 modulo the technical Lemma 1, or
equivalently Lemma 2. In section 4, we prove Lemma 1. In the last section, we give examples of
log-semistable pairs.
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2 Preliminary results

Using notations in the introduction, we recall some known results. Firstly, to study the relation
between R(X) and R(X,D/λ), we consider the following functionals. See [48]. (Also see for
example [27] for general twisted functionals.)

Definition 2. Let V =
∫
X
ωn = (2π)n〈c1(X)n, [X]〉. For any φ ∈ PSHsm(ω0), we define

1. (Monge-Ampère energy)

F 0
ω0

(ωφ) = − 1

n+ 1

1

V

n∑
i=0

∫
X

φωi0 ∧ ωn−iφ . (7)

2. (Norm energy)

Iω0
(ωφ) =

1

V

∫
X

φ(ωn − ωnφ), Jω0
(ωφ) = F 0

ω0
(φ) +

1

V

∫
X

φωn.

3. (Ding energy, [17])

(a) For t 6= 0,

Fω0,(1−t)ω0
(ωφ) = F 0

ω0
(φ)− 1

t
log

(
1

V

∫
X

ehω0
−tφωn0

)
.

(b) (log-Ding-energy) For t 6= 0,

Fω0,(1−t)D/λ(ωφ) = F 0
ω0

(φ)− 1

t
log

(
1

V

∫
X

ehω0
−tφ ωn0
|s|2(1−t)/λ

)
.

For λ ≥ 2 and t = 0, we normalize | · |2 such that
∫
X
ehω0ωn0 /|s|2/λ =

∫
X
ωn0 , and define

Fω0,D/λ(ωφ) = F 0
ω0

(φ) +
1

V

∫
X

(φ− log |s|2/λ)ehω0
ωn0
|s|2/λ

.

4. (Mabuchi energy, [32])

(a) (The 2nd formula for the Mabuchi energy appeared in [46, Proposition 3.1])

νω0(ωφ) = −
∫ 1

0

∫
X

S(ωφ)− n)φ̇tω
n
φtdt

=
1

V

∫
X

log
ωnφ
ωn0

ωnφ+

(
1

V

∫
X

φωnφ+F 0
ω0

(φ)

)
+

1

V

∫
X

hω0(ωn0 − ωnφ).

(b)
νω0,(1−t)ω0

(ωφ) = νω0(ωφ) + (1− t)(Iω0 − Jω0)(ωφ).

(c) (log-Mabuchi-energy)

νω0,(1−t)D/λ(ωφ) = νω0,(1−t)ω0
(ωφ) + (1− t) 1

V

∫
X

log |s|2/λh0
(ωnφ − ωn0 )

Recall the following definition by Tian:

Definition 3 ([47]). A functional F on PSHsm(ω0) is called linearly proper if there exist constants
C1 > 0 and C2, such that for any φ ∈ PSHsm(ω0), we have

F (ωφ) ≥ C1Iω0
(ωφ)− C2.
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This condition is equivalent to a strong Moser-Trudinger-Onofri inequality [19]. The following
proposition summarizes the relevant PDE theory from the variational point of view for both Aubin’s
continuity method and the conical continuity method.

Proposition 1. 1. R(X) ≥ r0 if and only if Fω0,(1−t)ω0
is linearly proper when t < r0, equiva-

lently, if and only if νω0,(1−t)ω0
is linearly proper when t < r0.

2. R(X,D/λ) ≥ b0 if and only if Fω0,(1−t)D/λ is linearly proper when t < b0, equivalently, if
and only if νω0,(1−t)D/λ is linearly proper when t < b0.

The proposition is now well known (cf. [5], [28], [38], [40]). But for the reader’s convenience, I
will sketch the proof of this proposition. See [27, Chapter 3] for more discussions and references
related to this proposition.

Proof. We first assume the solvability of (4) (resp. (6)). Then the argument splits into the following
steps.

1. When 0 < t1 � 1, the functionals Fω0,(1−t1)ω0
, νω0,(1−t1)ω0

(resp. Fω0,(1−t1)D/λ, νω0,(1−t1)D/λ

) are proper. This can be proved for Mabuchi energy using Tian’s α-invariant [17], [48] (resp.
log-α-invariant [5]). Then by [5] and [37], the properness of Mabuchi energy and properness
of Ding energy are equivalent.

2. The solution of the equation (4) (resp. (6)) for t = t2 < R(X) (resp. t = t2 < R(X,D/λ))
obtains the minimum of both functionals Fω0,(1−t2)ω0

and νω0,(1−t2)ω0
(resp. Fω0,(1−t2)D/λ

and νω0,(1−t2)D/λ). (cf. [4], [9], [5], [10])

3. The functional νω0,(1−t)ω0
(resp. νω0,(1−t)D/λ) is linear in the variable t. Also, by Hölder’s

inequality, the functional Fω0,(1−t)ω0
(resp. Fω0,(1−t)D/λ) is concave downward in the variable

t. (See [28]) So the properness of functionals for intermediate values 0 < t1 < t < t2 < R(X)
(resp. 0 < t1 < t < t2 < R(X,D/λ)) follows from interpolations.

To prove the other direction, we assume the properness of functionals.

1. Start the continuity method. For Aubin’s continuity method (4), one can get the solution at
t = 0 using Yau’s theorem [53] on prescribing Ricci curvatures. In fact, Tian’s α-invariant
[43] bounds R(X) away from 0 by the inequality R(X) ≥ n+1

n α(X) > 0. For the conical
continuity method (6), for simplicity, we assume λ ≥ 2. One can choose t0 such that 1−λ <
t0 < 1 − λ + ε < 0 with 0 < ε � 1. The solvability of (6) at t = t0 is proved in the same
way as in the case of smooth Kähler-Einstein metric with negative Ricci curvature proved by
Aubin and by Yau [53]. Because the cone angle 0 < 2πβ = 2π(1 − (1 − t0)/λ) � 1 is very
small, the cone singularities do not cause troubles in the analysis. In general, all cases (for
all λ ≥ 1) can be dealt with as in [5], [23]. See also [28].

2. The openness of solution set holds for (4) by [2] (see also [48]) and for (6) by [22].

3. The closedness of solution set follows from a priori estimates which are true by the assumption
that the functionals are proper. This is proved as follows. Firstly, by the interpolation argu-
ment as above, the functionals are uniformly proper along continuity methods. So Iω0(ωφ)
are uniformly bounded. Secondly, one can show that the Sobolev constants are uniformly
bounded along the continuity methods, and so the C0-estimates follow from Moser iterations.
(cf. [43], [23]) Then by the theory of (singular) Monge-Ampère equations, C0-estimates are
sufficient for higher order estimates. For more details, see [2], [23].

Corollary 2. 1. R(X,D/λ) ≤ R(X).
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2. ([38]) R(X,D/λ) ≥ R(X)(λ− 1)/(λ−R(X)).

Proof. 1. Because Fω0,(1−t)ω0
≥ Fω0,(1−t)D/λ − C for constant C = 1−t

λ log maxX |s|2, this
follows from the above Proposition immediately.

2. By the Hölder’s inequality, we have∫
X

ehω0
−tψ ωn0
|s|2(1−t) ≤ e

‖hω0
‖L∞/q

(∫
X

ehω0
−tpψωn0

)1/p(∫
X

1

|s|2(1−t)q/λω
n
0

)1/q

.

Then the inequality follows by solving the following conditions:

t · p < R(X), p−1 + q−1 = 1, (1− t)q/λ < 1.

Remark 3. If we define the invariant

Rc(X) = sup{R(X,D/λ); smooth D ∈ | − λKX |, λ ∈ Z≥1},

then the above corollary immediately implies Rc(X) = R(X). However, R(X,D/λ) may vary
with the divisor D when R(X) < 1. In [28], on toric Fano manifolds, we constructed some D
and λ with R(X,D/λ) = R(X). But, by Székelyhidi [41], there exists smooth divisor D′ with
R(X,D′/λ) < R(X).

As mentioned before, many implications of different conditions in Theorem 3 are already well
known. We summarize them in the following items.

• 5 ⇒ 1. This direction is well known. See Tian [47], Paul-Tian [33]. (See also discussions in
[27])

• 5⇒ 2. This was proved by Bando [3].

• 5⇒ 3. This follows from the interpolation argument used in Li-Sun [28], Wang-Song [38].

• 5⇒ 4. This follows from the work by Bando [3].

• 4⇒ 1. This was proved by Donaldson [20].

• 3⇒ 2. This follows because in general we have R(X,D/λ) ≤ R(X) by Corollary 2.(i).

• 2⇒ 1. This was proved by Székelyhidi [40].

• 2⇒ 3 when λ ≥ 2. This follows from Song-Wang’s estimate in Corollary 2 .(ii).

• 1⇒ 3. This was actually showed by Chen-Donaldson-Sun [14] and Tian [50]. See Proposition
2 for an explanation.

Note that the above implications say that the condition 1 of K-semistability is the weakest, while
the condition 5 that Mabuchi-energy is bounded from below is the strongest. In order to complete
the proof of Theorem 3, we only need to show that 1⇒ 3 and 3⇒ 5 hold, so that 1 is equivalent
to 5. The first implication 1 ⇒ 3 was essentially shown by Tian [50] and Chen-Donaldson-Sun
[14]. For completeness we outline how to deduce this implication from the compactness result of
Theorem 2.

Proposition 2. 1⇒ 3.
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Proof. Prove by contradiction. Suppose γ = R(X,D/λ) < 1. Then by Theorem 2, we get a
special degeneration (X , (1− γ)D) of (X, (1− γ)D) such that (X0, (1− γ)D0/λ) admits a conical
Kähler-Einstein metric. If the total space X0 is smooth, then by [22] or [26], we have

Fut(X0, (1− γ)D0/λ, v) = Fut(X , (1− γ)D/λ,−KX/C) = 0,

where v is the holomorphic vector field on the central fibre (X0,D0) coming from the C∗-action.
If X0 is singular, there are various ways to get this. One way is to use two known results. First,
by [11] the conical Kähler-Einstein metric obtains the minimum of log-Mabuchi-energy. Second,
the log-Futaki-invariant is the derivative of the log-Mabuchi-energy along a path in the space of
Kähler metrics generated by a one-parameter subgroup ([26]). Note that the singularities do not
cause troubles in the calculations by the work of [11]. One can also use the log-Ding-energy instead
of the log-Mabuchi-energy. To the author’s knowledge, this idea was first used by Tian [48, page
73] in the smooth absolute case and by Berman [6] in the singular setting, and also used by [14].
Note that in the singular setting, one can actually lift all the calculations to a log resolution as in
the author’s thesis [27].

On the other hand, by [28] when 0 < ε � 1, Fω0,(1−ε)D/λ (or νω0,(1−ε)D/λ) is proper and so
(see [28])

Fut(X0, (1− ε)D0/λ, v) = Fut(X , (1− ε)D/λ,−KX/C) > 0.

By the linearity of log-Futaki invariant Fut(X0, (1−t)D0/λ, v) in the variable t, we get Fut(X , (1−
1)D/λ,−KX/C) = Fut(X ,−KX/C) < 0. This is in contradiction with (X,−KX) being K-
semistable.

3 Proof of Theorem 3 and Theorem 4

By the above discussions, we just need to prove the following proposition.

Proposition 3. 3⇒ 5.

Given Theorem 2, Proposition 3 follows from Theorem 4 which was conjectured in [28], and the
fact that the lower boundedness of Ding energy is equivalent to the lower boundedness of Mabuchi
energy. The latter was first proved independently by H. Li [25] and Y. Rubinstein [37]. Also see
[5] and the references therein. Now we will prove Theorem 4 by following the line of arguments
in [28] where the result was proved in a simple case of one isolated singularity. Here some more
arguments are needed. See Lemma 2. Before starting the proof of Theorem 4, we need some more
definitions and remarks.

Definition 4. Assume (X,αD) is a klt pair, where D = {s = 0} ∈ | − λKX |. Assume that mKX

is Cartier for Z 3 m ≥ 1. For any small open set U ⊂ X, let v be a local generator of O(mKX)(U)
and v∗ be the dual generator of O(−mKX)(U). For any Hermitian metric h on −KX with bounded
potentials, we define the adapted volume form by the formula:

dV ((X,αD), h) = (
√
−1)n

|v∗|2/mh (v ∧ v̄)1/m

|s|2αh
=
dV (h)

|s|2αh
.

In the following we will just write dV (h) for dV ((X, 0), h).

Remark 4. On a smooth manifold X, assume z = {zi} is a local coordinate chart. For any
smooth Hermitian metric h on −KX with Chern curvature equal to ω = −

√
−1∂∂̄ log h, the

adapted volume form is given by

dV (h) = (
√
−1)n|∂z|2hdz ∧ dz̄.
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and it satisfies the equation:

ehωωn =
dV (h)

V −1
∫
X
dV (h)

. (8)

So −
√
−1∂∂̄ log(ehωωn) = ω = −

√
−1∂∂̄ log dV (h) (See (1)). In the previous Monge-Ampère

equations and definition of Ding energies, we could use either ehωωn or adapted volume form
dV (h). But in the following to apply Berndtsson’s subharmonicity result, we need to work with
adapted volume forms.

Remark 5. Since the klt property is important for us in the following, we briefly explain why the
klt property holds in Theorem 2. For more details, see [11], [14], [50].

In general log-setting, (X0, (1 − γ)D0/λ) being Kawamata log terminal is equivalent to the

integrability of dV (h)/|s0|2(1−γ)/λ
h where s0 ∈ | − λKX0

| satisfies D0 = {s0 = 0}, and h is any
Hermitian metric on −KX0

with bounded local potentials. If ω̂γ is a conical Kähler-Einstein

metric on (X0, (1− γ)D0/λ) and h = ĥγ is the corresponding Hermitian metric on −KX0
, then it’s

easy to verify that, on any small open set U0 ⊂ X0,

dV (ĥγ) = (
√
−1)n|v∗0 |

2/m

ĥγ
(v0 ∧ v̄0)1/m = ef |s0|2(1−γ)/λ

ĥγ
ω̂nγ ,

where f is a bounded pluriharmonic function on U0. So we have

dV (ĥγ)

|s0|2(1−γ)/λ

ĥγ

=
(
√
−1)n|v∗0 |

2/m

ĥγ
(v0 ∧ v̄0)1/m

|s0|2(1−γ)/λ

ĥγ
ω̂nγ

ω̂nγ = ef ω̂nγ .

So, in particular, the klt property of (X0, (1− γ)D0) in Theorem 2 follows from the following two
facts.

• As remarked before, proving Tian’s partial C0-estimates is an important step to prove Theo-
rem 2. By its proof, we know that there exists a non-vanishing generator v∗0 ofO(−mKX0

)(U0)
for some positive integer m.

• The volume form
∫
U0
ω̂nγ = V olω̂γ (U0) is finite, because ω̂γ is the Gromov-Hausdorff limit of

the conical Kähler-Einstein metrics ω̂t on (X, (1− t)D/λ), as t→ γ.

Proof of Theorem 4. For simplicity of notations, we will mainly concentrate on the absolute case,
i.e. when D = D = ∅. We will point out the straightforward modification of arguments for the log
setting in Remark 7.

Step 1: We can first embed the special degeneration π : X → C equivariantly into π2 : PN × C→ C
using the complete linear system | − mKX/C| and then restrict 1

mω
PN
FS + a · dw ∧ dw̄ to X

in order to get a reference Kähler metric Ω on X . Without loss of generality, we can take
ω0 = Ω|X1

= Ω|X .

Step 2: For any smooth function φ ∈ PSHsm(ω0), we want to construct a geodesic ray from ωφ
in the space of Kähler metrics using the special degeneration X . It’s well known that
this is equivalent to solving the following homogeneous complex Monge-Ampère equation
on X|B1(0) = π−1(B1(0)):

Ω +
√
−1∂∂̄Φ ≥ 0, (Ω +

√
−1∂∂̄Φ)n = 0 on X|B1(0); Φ|∂(X|B1(0))=X×S1 = φ. (9)

It’s not difficult to get a bounded solution Φ ∈ L∞(X|B1(0)). This is because that we can
construct a subsolution as a barrier and Perron’s method will give us a bounded solution.
To construct such a subsolution, note that on X ∗ := X\X0

∼= X × C∗, we can write:

ωφ + a · dw ∧ dw̄ = ω0 +
√
−1∂∂̄(φ+ a(|w|2 − 1)) = Ω +

√
−1∂∂̄Ψ.

9



Choose a radially symmetric cut-off function η : B1(0) → R such that η(|w|) = 0 when
|w| < 1/3 and η(|w|) = 1 when |w| > 2/3. We then define Ψ = η(|w|)Ψ. It’s easy to verify
that when a is sufficiently large Ψ satisfies Ω +

√
−1∂∂̄Ψ ≥ 0, and hence Ψ is a sub solution

to the equation (9). For more details, see [35] and [28].

For later estimates, we need the uniform continuity of Φ away from X sing. Fortunately,
Phong-Sturm [35] has proved that Φ is even uniformly C1,α away from X sing. For the reader’s
convenience, we explain briefly how this was achieved in [35]. To get higher regularity, they
lifted the problem from the singular space X to a smooth space by taking a resolution of
singularities µ : X̃ → X . Then the equation (9) is lifted to the following Dirichlet problem
of homogeneous Monge-Ampère equation on X̃ |B1(0) = (π ◦ µ)−1(B1(0)):

µ∗Ω +
√
−1∂∂̄Φ̃ ≥ 0, (µ∗Ω +

√
−1∂∂̄Φ̃)n+1 = 0 on X̃ |B1(0); Φ̃|∂(X̃ |B1(0))=S1×X = φ.

Then they approximated this degenerate equation by a family of non-degenerate complex
Monge-Ampère equations:

(Ωε +
√
−1∂∂̄Φ̃ε)

n+1 = εΩn+1
ε on X̃ |B1(0); Φ̃ε|∂(X̃ |B1(0))

= φ.

Here Ωε = µ∗Ω + ε
√
−1∂∂̄ log ‖ · ‖2E , where ‖ · ‖E is a Hermitian metric on the line bundle

OX (E) which can be chosen so that Ωε is strictly positive on X̃ (because µ∗[Ω]− εE is ample
on X̃ over C). They then derived the uniform C2 estimate on any compact set away from
E. So the limit Φ̃ of Φε is C1,α away from E. For details, see [35].

Now since Φ̃ is plurisubharmonic on the (compact and connected) fibers of µ : X̃ →
X , it restricts to constant functions on fibers of µ and hence descends to a bounded Ω-
plurisubharmonic function Φ on X|B1(0) = π−1(B1(0)). Moreover, Φ is C1,α away from
X sing = µ(E).

Step 3: We choose a Hermitian metric hΩ on −KX/C such that −
√
−1∂∂̄ log hΩ = Ω. From the Step

1, h⊗mΩ is just a pull back of the Fubini-Study metric on OPN (1). We define

f(t) = F 0
Ω|Xt

(Φ|Xt)− log

(∫
Xt
e−Φ|XtdV (hΩ|Xt)

)
= I + II. (10)

Recall that, from Definition 4, on each fibre Xt,

dV (hΩ|Xt) = (
√
−1)n|v∗t |

2/m
hΩ

(vt ∧ v̄t)1/m,

where m is a positive integer and v = (vt) is a generator of O(−mKX/C).

Remark 6. The right hand side of (10) does not change if replace Φ by Φ + c(w) as long
as Φ + c(w) is still an Ω-plurisubharmonic function, where c(w) is any function depending
only on the variable w on B1(0). In particular, we can replace Φ by Φ + c for any constant
c without changing f(t). Also, by (8), we have that when t = 1,

f(1) = F 0
ω0

(φ)− log

(∫
X

e−φdV (hΩ|X1
)

)
= F 0

ω0
(φ)− log

(
1

V

∫
X

e−φehω0ωn0

)
− log

(∫
X

dV (hΩ|X1)

)
= Fω0

(ωφ)− log

(∫
X

dV (hΩ|X1=X)

)
.

By scaling hΩ by a positive constant, we can assume that
∫
X
dV (hΩ|X1) = 1 so that f(1) =

Fω0(ωφ). Similarly, we have that

f(0) = F 0
Ω|X0

(Φ|X0
)− log

(∫
X0

e−Φ|X0dV (hΩ|X0
)

)
= FX0

Ω|X0
((Ω +

√
−1∂∂̄Φ)|X0

)− C(Ω).
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Here we denote by FX0

Ω|X0
the Ding energy defined on the central fibre satisfying FX0

Ω|X0
(Ω|X0

) =

0, and the constant C(Ω) denotes

C(Ω) = log

(∫
X0

dV (hΩ|X0)

)
.

Note that C(Ω) is independent of Φ.

Now since Φ satisfies the homogeneous Monge-Ampère equation and by formula (7) F 0
Ω|Xt

is

essentially the negative Bott-Chern integral for c1(L)n+1, we get

√
−1∂∂̄I = − 1

n+ 1

∫
Xt

(Ω +
√
−1∂∂̄Φ)n+1 − Ωn+1 =

1

n+ 1

∫
Xt

Ωn+1 ≥ 0,

where
∫
Xt denotes the integration along the fibre. The above identities/inequality hold in the

sense of pluripotential theory. This can be proved using test functions and approximation
argument as in the proof in [1, Theorem 3.1]. Indeed, if Φ is smooth, we can choose a negative
test function ψ ∈ E0(B1(0)) ∩ C(B1(0)) with zero boundary values (see [1] for the precise
definition of E0(B1(0))) and calculate:∫

B1(0)

I(
√
−1∂∂̄ψ) =

∫
B1(0)

∫
Xt

M(
√
−1∂∂̄ψ) =

∫
X
M(
√
−1∂∂̄ψ)

=

∫
X

(
√
−1∂∂̄M)ψ = −

∫
X

1

n+ 1

√
−1∂∂̄Φ

n∑
i=0

(Ω +
√
−1∂∂̄Φ)i ∧ Ωn−i · ψ

= − 1

n+ 1

∫
X
ψ((Ω +

√
−1∂∂̄Φ)n+1 − Ωn+1)

=
1

n+ 1

∫
X
ψΩn+1 =

1

n+ 1

∫
B1(0)

ψ

∫
Xt

Ωn+1 ≤ 0.

where we have denoted

M = − 1

n+ 1

n∑
i=0

Φ(Ω +
√
−1∂∂̄Φ)i ∧ Ωn−i.

For general Φ one can use smooth approximations to prove that the above calculation still
holds. Furthermore, we can see the continuity of I(t) as t → 0 as follows. Choosing a small
neighborhood W(δ) of X sing (see section 4), we can estimate:∣∣∣F 0

Ω|Xt
(Φ|Xt)− F 0

Ω|X0
(Φ|X0)

∣∣∣
≤

∣∣∣∣∣
∫
Xt\W(δ)

M|Xt −
∫
X0\W(δ)

M|X0

∣∣∣∣∣+

∣∣∣∣∣
∫
Xt∩W(δ)

M|Xt

∣∣∣∣∣+

∣∣∣∣∣
∫
X0∩W(δ)

M|X0

∣∣∣∣∣
Then on the one hand, by choosing δ sufficiently small, one can make the second and third
terms arbitrarily small. On the other hand, because Φ is uniformly continuous away from
W(δ), the first term can be arbitrarily small as long as t is sufficiently close to 0 by the result
on convergence of Monge-Ampère measures in [15, Corollary 3.6, Chapter 3] (See also [52]).
The referee also points out that Berman [6] proved that I(t) is continuous on B1(0)∗ and is
bounded on B1(0). His proof can also be modified to show that I(t) is continuous at t = 0.

Next we want to prove that II is also subharmonic and continuous at t = 0. This part is
more difficult and we need Berndtsson’s subharmonicity result that we now recall. Assume
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that H is any possibly singular Hermitian metric on a relative ample line bundle L → X .
The relative Bergman kernel metric on OX (KX/C + L) is defined by:

|s|2BK =
|s|2∑
i |si|2

(11)

where {si} is an L2-orthonormal basis of H0(Xt,KXt + L|Xt) under the L2-inner product
induced by H. Berndtsson’s fundamental result in [8] (see also [7, Theorem 0.1]) says that,
if the metric H on L → X has positive curvature current: −

√
−1∂∂̄ logH ≥ 0, then |s|2BK

has a positive curvature on X ∗ where the projection π : X ∗ → C∗ is a smooth fibration. In
other words, under the above assumption, we have:

−
√
−1∂∂̄ log | · |2BK ≥ 0 on X ∗.

Note that a priorly we don’t know what happens on the whole X .

Berndtsson’s result was applied in the current set-up in the work of [9] and [10, Lemma 6.5].
To do this, we write OX as KX + (−KX ) and take the Hermtian metric to be H = hΩe

−Φ.
Note that H0(Xt,OXt) ∼= C is 1-dimensional spanned by the constant section 1. The L2-norm
of the constant section 1 is equal to:

‖1‖2L2 = (
√
−1)n

∫
Xt
|v∗t |

2/m
hΩ

e−Φ(vt ∧ v̄t)1/m =

∫
Xt
e−Φ|XtdV (hΩ|Xt ). (12)

So by (11) the relative Bergman metric onOX is defined for any holomorphic function h ∈ OX
as:

|h|2BK =
|h|2

|1|2/‖1‖2L2

= |h|2‖1‖2L2 .

So by (12) we see that:

II(t) = − log

(∫
Xt
e−Φ|XtdV (hΩ|Xt )

)
= − log |1|2BK .

In particular, the right-hand side is a pull-back function from the base. Now the Hermitian
metric H = hΩe

−Φ on −KX satisfies

−
√
−1∂∂̄ log

(
e−ΦdV (hΩ)

)
= Ω +

√
−1∂∂̄Φ ≥ 0. (13)

So Berndtsson’s result ([10, Lemma 6.5]) implies that II(t) is subharmonic on B1(0)∗ :=
B1(0)\{0}. Now we need the following Lemma which is equivalent to Lemma 1 and will be
proved in the next section:

Lemma 2 (Lemma 1). The part II(t) is continuous as a function of t. In other words, we
have the convergence:

lim
t→0

∫
Xt
e−Φ|XtdV (hΩ|Xt) =

∫
X0

e−ΦdV (hΩ). (14)

Assuming Lemma 2, by standard potential theory, II(t) is subharmonic on the whole B1(0):
∆II ≥ 0, because it coincides with its subharmonic extension. So by the maximal principle
and S1-symmetry, we have

max
t∈∂B1(0)

II(t) = II(1) ≥ II(0).

Combining the above discussion, we see that f(t) is subharmonic on B1(0) and so by the
maximal principle,

f(1) = Fω0(ωφ) ≥ f(0) = FX0

Ω|X0
(ΩΦ|X0)− C(Ω). (15)
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Step 4: Because we assume that X0 has a (weak) Kähler-Einstein ωX0

KE , ωX0

KE obtains the minimum
of Ding-energy functional:

FX0

Ω|X0
(ΩΦ|X0

) ≥ FX0

Ω|X0
(ωX0

KE). (16)

This was proved in [19] (see also [48]) in the smooth case, and was generalized to the Q-Fano
case in [11]. Also see discussions in [28].

Now Theorem 4 follows by combining inequalities (15) and (16).

Remark 7. Here we point out the necessary modifications of the above arguments for the loga-
rithmic case, i.e. for the pair (X , αD). Denote β = 1 − α. Step 1 and Step 2 stay the same. In
Step 3, we need to consider the (relative) log volume form:

dV
(
(Xt, (1− β)Dt);hΩe

−Φ|Xt
)

=
e−Φ

(|S|2hΩ
e−λΦ)1−β

∣∣∣∣∣
Xt

dV (hΩ|Xt)=
e−r(β)Φ

|S|2(1−β)
hΩ

∣∣∣∣∣
Xt

dV (hΩ|Xt). (17)

where r(β) = 1− (1−β)λ, S is the holomorphic defining section of D ⊂ |−λKX/C| and | · |2hΩ
is the

naturally induced Hermitian metric on −λKX/C by the hermitian metric hΩ from the beginning
of Step 3. Then (13) becomes

−
√
−1∂∂̄ log

(
e−r(β)Φ dV (hΩ)

|S|2(1−β)
hΩ

)
= r(β)

√
−1∂∂̄Φ−

√
−1∂∂̄ log dV (hΩ)+(1−β)

√
−1∂∂̄ log |S|2hΩ

= Ω + r(β)
√
−1∂∂̄Φ + (1− β)(−λΩ + {S = 0})

= (1− (1− β)λ)(Ω +
√
−1∂∂̄Φ) + (1− β){S = 0}.

Note that we can assume r(β) ≥ 0. Otherwise, as has been pointed out in the proof of Proposi-
tion 1, the α-invariant or log-α-invariant ([5], [28]) is sufficient to prove the lower boundedness (even
the properness) of (log-)Mabuchi energy and hence the lower boundedness of (log-)Ding-energy.
See [11] and [28]. When r(β) ≥ 0, the right-hand-side is a positive current and we can again use
Berndtsson’s subharmoncity result recalled earlier plus the Remark 11. Finally, the result in Step
4 in the log setting has been proved in [11].

4 Proof of Lemma 2

First note that by the expression of II in (10), II(t) is continuous on B1(0)∗ since Φ is continuous
on X ∗ := X\X0 and dV (h) is a smooth volume form on X ∗. Recall that we want to prove the
convergence:

lim
t→0

∫
Xt
e−Φ|XtdV (hΩ|Xt) =

∫
X0

e−Φ|X0dV (hΩ|X0). (18)

Again the finiteness on the right hand side follows from X0 being klt.
For convenience, we assume X has been embedded into PN ×C, and we denote by B(X sing, δ)

the tube of radius δ around the closed set X sing in the metric product PN × C. We want to
reduce proving global convergence (18) to proving local volume convergence. More precisely, we
will construct a family of neighborhoods {W(δ)}δ∈(0,1) of X sing in X in analytic topology, such
that the following conditions are satisfied:

1. If δ1 < δ2, then W(δ1) is compact in W(δ2).

2. There exists a fixed Λ > 1 such that W(δ)⊂B(X sing,Λδ). As a consequence,
⋂
δ>0W(δ)=X sing.
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3. Local volume convergence holds for any W(δ):

lim
t→0

∫
Xt∩W(δ)

dV (hΩ|Xt) =

∫
X0∩W(δ)

dV (hΩ|X0
). (19)

Assuming we have constructed such family of W(δ), we claim that we can prove (18). To see this,
we estimate the difference of integrals in (18)

∣∣∣∫Xt e−ΦdV (hΩ)−
∫
X0

e−ΦdV (hΩ)
∣∣∣

≤
∣∣∣∫Xt\W(δ)

e−ΦdV (hΩ)−
∫
X0\W(δ)

e−ΦdV (hΩ)
∣∣∣+∣∣∣∫Xt∩W(δ)

e−ΦdV (hΩ)−
∫
X0∩W(δ)

e−ΦdV (hΩ)
∣∣∣

≤
∣∣∣∫Xt\W(δ)

e−ΦdV (hΩ)−
∫
X0\W(δ)

e−ΦdV (hΩ)
∣∣∣+e‖Φ‖L∞ (∫Xt∩W(δ)

dV (hΩ)+
∫
X0∩W(δ)

dV (hΩ)
)
.

For fixed small δ, the first term is small when t is sufficiently small because Φ is uniformly continuous
on X|B1(0)\Wδ by the C1,α-regularity result of Phong-Sturm [35] recalled in Step 2 of Section 3 and
dV (hΩ) is a smooth volume form on X\Wδ. For the terms in the bracket, first note that ‖Φ‖L∞
is finite since Φ is uniformly bounded on X|B1(0) by the discussion above in Step 2. Secondly, the
volume of W(δ)∩X0 is negligible when δ is small because dV (hΩ) is an Lp-volume form on X0 for
some p > 1 by the klt property of X0. In other words,

lim
δ→0

∫
X0∩W(δ)

dV (hΩ|X0
) =

∫
X sing0

dV (hΩ|X0
) = 0. (20)

So the convergence identities (19) and (20) imply that the two volume integrals in the last bracket
can be arbitrarily small when t and δ are sufficiently small. So the claim follows.

Now we construct W(δ) which is a neighborhood of X sing. We choose a log resolution of the
pair (X ,X0): µ : X̃ → X and denote π̃ = π ◦ µ. So we have the commutative diagram:

X ′0

µ|X′0   

⊂ // X̃0

��

� � // X̃

µ

��
π̃

��

X0

��

� � // X

π

��
{0} �
� // C

(21)

Note that in the special degeneration X , X0 = {t = 0} is a reduced fibre. Then we have

X̃0 = µ∗X0 = µ∗π∗({t = 0}) = π̃∗({t = 0}) = X ′0 +

K∑
i=1

aiEi, with Z 3 ai > 0, (22)

where X ′0 is the strict transform of X0 under µ−1. Ei’s are exceptional divisors. The divisors
X ′0 and Ei’s have simple normal crossings. For any x̃ ∈ X̃0 = X ′0

⋃
∪Ki=1Ei, we will construct a

neighborhood Ũ(x̃, δ) in X̃ using local normal crossing coordinates. The key property satisfied by
Ũ(x̃, δ) is what we will call the local volume convergence property, which is the following equality
corresponding to (19):

lim
t→0

∫
X̃t∩Ũ(x̃,δ)

µ∗(v ∧ v̄) =

∫
X ′0∩Ũ(x̃,δ)

µ∗(v ∧ v̄). (23)

Note that if X ′0 ∩ Ũ(x̃, δ) is an empty set, then the right hand side is equal to zero. So (23)
essentially says that the limit of the pull-back of volume integrals is concentrated on X ′0.
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Assuming we have achieved this, we just define our desired W(δ) on X to be

W(δ) =
⋃

x̃∈∪Ki=1Ei

µ(Ũ(x̃, δ)). (24)

Note that on the right hand side, we can choose a finite sub covering by the compactness of X̃0.
By the construction of Ũ(x̃, δ), it is then easy to verify that W(δ) satisfies our requirements.

Before we construct the neighborhoods and calculate, we need to recall an important result from
complex algebraic geometry called inversion of adjunction. For this, we consider the usual formula
defining the discrepancy bi = a(Ei,X ,X0) of Ei with respect (X ,X0) ([24, Definition 2.25]):

KX̃/C + X ′0 = µ∗(KX/C + X0)−
K∑
i=1

biEi. (25)

Because X0 is klt, the inversion of adjunction [24, Theorem 5.50] says that (X ,X0) is plt, which
implies in particular bi < 1. This will be the key fact for us to estimate the integrals. See the
discussion in Remark 8. Combining equation (22) and (25), we get

µ∗KX/C = KX̃/C −
K∑
i=1

(ai − bi)Ei. (26)

Also note that by adjunction formula, from (25) we have

KX ′0 = (µ|X ′0)∗KX0 −
K∑
i=1

biEi|X ′0 . (27)

with bi < 1, which is saying exactly that X0 is klt since µ|X ′0 : X ′0 → X0 is a resolution of
singularities.

Remark 8. The following calculations are separated into two cases depending on whether x̃ is
contained in X ′0 (the strict transform of X0 under resolution) or not. In both cases, there are
essentially two steps. For case 1 when x̃ ∈ X ′0, first we reduce the local volume integral on Ut(x̃, δ)
to the integral on the image of the projection of Ut(x̃, δ) to X ′0. Secondly, as t→ 0, we show that
these integrals converge to the volume integral on X ′0 ∩ U(x̃, δ) because the domains of integrals
converge and the positive integrands also converge under domination. For case 2 when x̃ 6∈ X ′0,
we first project the local volume integral to an integral on some appropriately chosen exceptional
divisor. Secondly, as t→ 0, we estimate the volume integrals to show that they actually converge to
zero. In the estimates in both case, we use essentially the property that (X ,X0) has plt singularities,
i.e. discrepancies of the exceptional divisors over X are bigger than −1. This important property
is called the inversion of adjunction from birational algebraic geometry.

By this argument we see that the choice of Ũ(x̃, δ) is very flexible. Actually any small simply-
connected neighborhood Ũ(x̃, δ) of x̃ satisfies the local convergence property in (23). For example,
we may well choose the balls:

Ũ(x̃, δ) =

{
n∑
i=0

|wi|2 ≤ δ2

}
,

under local coordinates adapted to the simple normal crossing singularities. However for the
simplicity of calculations, we will choose a small polydisk around x̃ in (29). The above ideas of the
calculation are illustrated by the figure 1.

Now we can start to calculate the volume integrals on small neighborhoods of any x̃ ∈ X ′0
⋃
∪Ki=1Ei.

The following arguments of calculations are basically detailed explanations of figure 1.
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Figure 1: µ : X̃ −→ X

Case 1: x̃ ∈ X ′0. Without loss of generality, we can assume

x̃ ∈ X ′0
⋂
∩Nx̃i=1Ei.

Choose a coordinate chart w = {w0, w1, . . . , wn} = {w0, w
′} such that wi(x̃) = 0 for i =

0, 1, . . . , n, and locally X ′0 = {w0 = 0} and Ej = {wj = 0} for 1 ≤ j ≤ n. By (22) we can
assume that the map π̃ (see the diagram (21)) is given by

t = w0

Nx̃∏
i=1

waii . (28)

with ai ≥ 1 for i = 1, . . . , Nx̃. These can be done because X ′0
⋃
∪Nx̃i=1Ei’s has simple normal

crossings. Note that, in particular, w′ = {w1, . . . , wn} is a local coordinate system on X ′0
near x̃. We now consider the region:

Ũ(x̃, δ) = {|wj | ≤ δ, j = 0, . . . , n}. (29)

Note that, by the previous remark (8), this specific choice is to make calculations simple.
Any comparable choice of Ũ(x̃, δ) can serve our purpose.

When t 6= 0, by (28) we can choose {w1, . . . , wn} as the local coordinate system on the (local)
fibre Ũt(x̃, δ) = Ũ(x̃, δ) ∩ X̃t:

w0 = w0(t, w1, . . . , wn) = w0(t, w′) =
t∏Nx̃

i=1 w
ai
i

, (30)

so that for t 6= 0 we have:

Ũt(x̃, δ) =

{(
t∏Nx̃

i=1 w
ai
i

, w′
)
∈Cn+1;|wj | ≤ δ, j = 1, . . . , n, and

∣∣∣∣ t∏Nx̃
i=1 w

ai
i

∣∣∣∣ ≤ δ} .
So Ũt(x̃, δ) is biholomorphic to the following region in the w′-space via projection:

V ′t(δ) =

{
w′ = (w1, . . . , wn) ∈ Cn; |wj | ≤ δ, j = 1, . . . , n,

Nx̃∏
i=1

|wi|ai ≥ |t|/δ

}
.

Note that {V ′t(δ)} is an increasing sequence of sets on the w′-space with respect to the variable
t. The limit is:

lim
t→0
V ′t(δ) = {w′ = (w1, . . . , wn) ∈ Cn; |wj | ≤ δ, j = 1, . . . , n} =: V ′0(δ).
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The point here is that w′ = {w1, . . . , wn} serves as local coordinate system on Ut(x̃, δ) for
t 6= 0 and also on U(x̃, δ) ∩ X ′0, so that we can use it to check that Ũ(x̃, δ) satisfies the local
volume convergence condition as follows. To be clear, we will translate the formula (25)-(27)
into analytic forms. We start with the equation (26) that gives:

µ∗(v1/m) = g(w)

Nx̃∏
i=1

wai−bii (dw0 ∧ dw′ ⊗ ∂t) (⇐⇒ (26)), (31)

where g(w) is a nowhere vanishing holomorphic function of w, and dw′ = dw1 ∧ · · · ∧ dwn.

Remark 9. Precisely speaking, this formula should be interpreted as choosing a branch of
the 1/m-roots of following formula:

µ∗v = g̃(w)

Nx̃∏
i=1

wmai−mbii (dw0 ∧ dw′)⊗m ⊗ (∂t)
⊗m.

where v is a generator of OX (−mKX/C) and mbi are integers. In the following, we will always
implicitly assume that we have made this choice when we deal with fractional powers.

From (31) and (30) we get

g(w)
dw0 ∧ dw′ ⊗ ∂t

w0
= µ∗

(
v1/m

t

) Nx̃∏
i=1

wbii . (⇐⇒ (25)). (32)

Taking residues, we get the analytic formula corresponding to equation (27):

(µ|X ′0)∗(v
1/m
0 ) = g(0, w′)

Nx̃∏
i=1

w−bii dw′. (⇐⇒ (27)) (33)

When t 6= 0, we can compute the integral on Ũt := Ũt(x̃, δ) ⊂ X̃t using local coordinates
{w1, . . . , wn} on it. The local volume form in (31) restricted on Ũt becomes

Nx̃∏
i=1

wai−bii dw ⊗ ∂t|Ũt =

Nx̃∏
i=1

wai−bii dw0 ∧ dw1 ∧ · · · ∧ dwn ⊗ ∂t|Ũt

=

Nx̃∏
i=1

wai−bii

dt∏Nx̃
i=1 w

ai
i

∧ dw1 ∧ · · · ∧ dwn ⊗ ∂t|Ũt

=

Nx̃∧
i=1

w−bii dwi ∧
n∧

j=Nx̃+1

dwj .

So by (31), we have that:

µ∗(v ∧ v̄)1/m = |g(w0(t, w′), w′)|2
Nx̃∧
i=1

|wi|−2bidwi ∧ dw̄i ∧
n∧

j=Nx̃+1

dwj ∧ dw̄j .

By (30) limt→0 w0(t, w′) = 0. So we see that for any w′ ∈ V ′t(δ) for some t, we have the
point-wise convergence:

lim
t→0

µ∗(v ∧ v̄)1/m = |g(0, w′)|2
Nx̃∧
i=1

|wi|−2bidwi ∧ dw̄i ∧
n∧

j=Nx̃+1

dwj ∧ dw̄j

= µ|∗X ′0(v0 ∧ v̄0)1/m.
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By (33), the second equality is just the analytic form of formula (27). Now we can check the
convergence in (23):

lim
t→0

∫
Ũt(x̃,δ)

µ∗(v ∧ v̄)1/m = lim
t→0

∫
V′t(δ)

|g(w0(t, w′), w′)|2∏Nx̃
i=1 |wi|2bi

dw′ ∧ dw′ (34)

= lim
t→0

∫
V′0(δ)

χ(t, δ)
|g(w0(t, w′), w′)|2∏Nx̃

i=1 |wi|2bi
dw′ ∧ dw′

=

∫
V′0(δ)

lim
t→0

(
χ(t, δ)

|g(w0(t, w′), w′)|2∏Nx̃
i=1 |wi|2bi

)
dw′ ∧ dw′

=

∫
V′0(δ)

|g(0, w′)|2∏Nx̃
i=1 |wi|2bi

dw′ ∧ dw′ =

∫
X ′0∩Ũ(x̃,δ)

µ|∗X ′0(v0 ∧ v̄0)1/m.

Here χ(t, δ) is the characteristic function of the inclusion V ′t(δ) ⊂ V ′0(δ). To see that the
3rd identity holds, we first note that because g(w0, w

′) is a holomorphic function on Ũ(x̃, δ),
there exists an upper bound |g(w0, w

′)| ≤M . So we can estimate:∣∣∣∣∣χ(t, δ)
|g(w0(t, w′), w′)|2∏Nx̃

i=1 |wi|2bi

∣∣∣∣∣ ≤ M∏Nx̃
i=1 |wi|2(bi+ε)

,

where ε is small such that bi + ε < 1. So the right-hand-side is integrable and, by dominated
convergence theorem, we get the 3rd identity.

Case 2: x̃ 6∈ X ′0. Without loss of generality, we assume

x̃ ∈
Nx̃⋂
i=1

Ei.

Similarly as before, we can choose the coordinate chart w′ = {w1, . . . , wn+1} such that
Ei = {wi = 0} for 1 ≤ i ≤ Nx̃ and the map π̃ is defined by the formula

t =

Nx̃∏
i=1

waii =

Nx̃∏
i=1

yi,

where for convenience we introduce yi = waii with Z 3 ai ≥ 1. So on X̃t, we have

y1 = wa1
1 =

t∏Nx̃
i=2 w

ai
i

=
t∏Nx̃
i=2 yi

. (35)

Similarly as before, we consider the region:

Ũ(x̃, δ) = {(w1, . . . , wn+1); |wj | ≤ δ, j = 1, . . . , n+ 1};

So when t 6= 0, we have

Ũt(x̃, δ) = {w′ = (w1, . . . , wn+1) ∈ Cn+1; |wj | ≤ δ, j = 1, . . . , n+ 1,

Nx̃∏
i=1

waii = t}.

Denote w′′ = {w2, . . . , wn+1}. Under the projection to the w′′-space. Ũt(x̃, δ) is an un-
branched a1-fold covering over the following region:

Ṽ ′′t (δ) =

{
(w2, . . . , wn+1) ∈ Cn; |w2| ≤ δ, j = 2, . . . , n+ 1,

|t|∏Nx̃
i=2 |wi|ai

≤ δa1

}
. (36)
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Next we compute the integrands on Ũt(x̃, δ). Denote dw′ = dw1∧· · ·∧dwn+1. Then by (26),

µ∗(v1/m) = g(w)

Nx̃∏
i=1

wai−bii (dw′ ⊗ ∂t), (37)

For convenience, we rewrite the corresponding factors in (37) using the variable yi = waii for
1 ≤ i ≤ Nx̃:

wai−bii dwi =
1

ai
w1−bi
i d(waii ) =

1

ai
y

(1−bi)/ai
i dyi =

1

ai
yβii dyi. (38)

Here we denote βi = (1− bi)/ai. The important inequalities for us are βi > 0 because bi < 1
in (25) (by inversion of adjunction) and Z 3 ai ≥ 1, for i = 1, . . . , Nx̃.

Using relations (35) and (38), we can find the volume form on Ũt := Ũt(x̃, δ) ⊂ X̃t when
t 6= 0:

Nx̃∏
i=1

wai−bii dw′ ⊗ ∂t

∣∣∣∣∣
Ũt

= wa1−b1
1 dw1 ∧

Nx̃∏
i=2

wai−bii dwi ∧
n+1∧

j=Nx̃+1

dwj ⊗ ∂t

∣∣∣∣∣∣
Ũt

=
1∏Nx̃
i=1 ai

(
t∏Nx̃
i=2 yi

)β1

dt∏Nx̃
i=2 yi

∧
Nx̃∧
i=2

yβii dyi ∧
n+1∧

j=Nx̃+1

dwj ⊗ ∂t

∣∣∣∣∣∣
Ũt

=
tβ1

A

Nx̃∧
i=2

yβi−β1−1
i dyi ∧

n+1∧
j=Nx̃+1

dwj .

where A =
∏Nx̃
i=1 ai is a positive integer. So

µ∗(v ∧ v̄)1/m =
|g(w)|2

A2
|t|2β1

Nx̃∧
i=2

(|yi|2(βi−β1)−2dyi ∧ dȳi) ∧
n+1∧

j=Nx̃+1

dwj ∧ dw̄j . (39)

Now note that, since yi = waii 6= 0 for t 6= 0, Ṽ ′′t (δ) in (36) is an unbranched covering over
the following region V ′′t (δ):

V ′′t (δ) = {(y2, . . . , yNx̃ , wNx̃+1, . . . , wn+1); |yj | ≤ δaj , j = 2, . . . , Nx̃,

Nx̃∏
i=2

|yi| ≥ |t|/δa1 , and |wj | ≤ δ, j = Nx̃ + 1, . . . , n+ 1

}

= V ′′t (δ)× (S1)Nx̃−1 ×
n+1∏

j=Nx̃+1

{|wj | ≤ δ}

where we define:

V ′′t (δ) = {(x2, . . . , xNx̃) ∈ Rn−1;xi ≤ ai log δ, i = 2, . . . , Nx̃,

and

Nx̃∑
j=2

xj ≥ log |t| − a1 log δ}.

This is easily checked by changing into logarithmic polar coordinates: yi = exi+iθi . Moreover,
we compute that |yi|2(βi−β1)−2dyi ∧ dȳi = e2(βi−β1)xi

√
−1dxi ∧ dθi. So by (39), to estimate

the integral
∫
Ũt(x̃,δ) µ

∗(v ∧ v̄)1/m, we just need to estimate:

|t|2β1

∫
V′′t (δ)

Nx̃∏
i=2

e2(βi−β1)xi

Nx̃∧
i=2

dxi. (40)
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Now note that we can certainly assume 0 < δ ≤ 1. So the integral region V ′′t (δ) is contained
in (R<0)Nx̃−1 and hence in a regular simplex whose edge has length a1 log δ − log |t|. Up to
now, the index 1 hasn’t played a special role. Now without loss of generality, we can assume
that βi ≥ β1, so that (βi − β1)xi ≤ 0 in the region of integration. Combining these facts, we
see that the integral in (40) is bounded by

|t|2β1(a1 log δ − log |t|)Nx̃−1/(Nx̃ − 1)!,

which goes to 0 as t→ 0 because β1 > 0. So we have managed to prove:

lim
t→0

∫
Ũt(x̃,δ)

µ∗(v ∧ v̄)1/m = 0.

Remark 10. For comparison, note that if we calculate the case 1 using the variable yi = waii
with y0 = w0 and a0 = 1, then we can let β0 = 0 and get:

µ∗(v ∧ v̄)1/m =
|g(w)|2∏Nx̃
i=1 ai

Nx̃∧
i=1

(|yi|2βi−2dyi ∧ dȳi) ∧
n∧

j=Nx̃+1

dwj ∧ dw̄j .

This does not have extra t1 factor (compare (39)). Then one can carry out the calculation
of the limit in yi-coordinates, which is equivalent to that in (34).

Remark 11. In the log setting, the change we need to make is to apply the inversion of adjunction
in [24, Theorem 5.50] for the pair (X0, αD0) to get that the pair (X ,X0 +αD) is plt. We have the
corresponding analytic formulas for the log volume form (see (17)):

dV
(
(Xt, (1− β)Dt);hΩe

−Φ|Xt
)

= e−r(β)Φ |v∗t |2/m(vt ∧ v̄t)1/m

|S|2(1−β)
hΩ

∣∣∣
Xt

.

and local convergence properties remains valid essentially because (X ,X0 + (1− β)D) is plt.

Remark 12. One should compare Lemma 2 with [44, Proposition 2.1] and [34, Main Theorem]
(see also [16]), where similar local problems for holomorphic functions on the product space were
considered. Here the topology changes near the central fibre and we need to pull back all the
calculations to a log-resolution.

On the other hand, one referee has pointed out that this Lemma can be viewed as a strength-
ening of one result of M. Gross [36, Appendix B] which in our set-up says that the integrals on the
left hand side of (14) is uniformly bounded. Our proof of the Lemma is quite different from that
of Gross. While he used the deep theory of mixed Hodge structures, our proof uses elementary
local computations that however rely on one important result in birational geometry: inversion of
adjunction. Note that in the same setup, “inversion of adjunction” was first used by Berman [6]
to shown that II(t) has no logarithmic pole at t = 0. In his paper (see [6, Proof of Theorem 2.8]),
Berman also speculated that II(t) should be continuous at t = 0. So Lemma 2 is a confirmation of
his speculation.

Because computations in the proof of Lemma 2 are carried out locally, the proof actually works
without the global relative Fano condition. In particular, one can show the following result:

Let π : X → B1(0) be a family of projective varieties over the unit-disc such that the general
fiber is smooth and the central fiber has log terminal singularities. Let (L, h) be a holomorphic
line bundle over X which is semi-positive on X and h is a continuous metric on L with positive
curvature current: −

√
−1∂∂̄ log h ≥ 0. Assume further that KX/B1(0) +L is π-free ([24, Definition

3.22]). Then the relative Bergman kernel metric induced by h on KX/B1(0) + L is a continuous
metric.
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5 Examples

1. (Smooth examples) Mukai-Umemura Fano 3-fold X0 [31] is a smooth compactification of
SL/Γ where Γ is the binary icosahedral group. X0 has a large symmetry group SL(2,C).
Using the method of Mukai, one can study smooth deformations of X0. It was Tian [47] who
first used the generic deformation X1 of X0 to construct a special degeneration of X1 to X0.
Tian’s K-stability then proves that X1 does not have a Kähler-Einstein metric although there
is no holomorphic vector field on X1. Donaldson [21] proved there exists a Kähler-Einstein
metric on X0 using Tian’s α-invariant. So X1 is a K-semistable but not K-polystable Fano
manifold. Because X0 is smooth, this was already pointed out by Chen [13]. There are other
smooth examples of this kind in the recent work of Süß [39].

2. (A singular logarithmic example revisited) Here we revisit a class of examples from our
previous work in [28, Section 3.3]. Assume that X is a Fano manifold and D is a smooth
divisor such that D ∼ −λKX with 0 < λ ∈ Q. By the adjunction formula −KD = (1 −
λ)(−KX)|D. From now on, we assume λ < 1. So −KD is ample and D is again a Fano
manifold. There is a construction of a special degeneration of the pair (X,αD) (for any
α ∈ [0, 1)) via the deformation to normal cone. For this first let Y = BlD×{0}(X × C) be
the blow-up of the product complex manifold X ×C along the smooth complex submanifold
D×{0}. The central fibre Y0 is the union of two components X ∪E where the X component
is the strict transform of X ×{0} which is unchanged because D×{0} is of codimension one
in X × {0}. E denotes the exceptional divisor, which in this case is nothing but P(ND ⊕ C)
where ND is the normal bundle of D ⊂ X. We also denote by D the strict transform of
D × C in Y. It’s easy to see that D ∼= D × C.

We have a line bundle Lc = π∗1(−KX)− cE on Y. It’s easy to see that Lc is relatively ample
on Y (over C) if and only if c ∈ (0, λ−1) (See [28, Lemma 3.13]). Moreover, Lλ−1 is semi-
ample over Y and the linear system |−mLλ−1 | for sufficiently large m gives a map τ : Y → X
by contracting the component X in the central fibre, and we have L⊗mλ−1 ∼C τ

∗(−K⊗mX/C). In

this way (X , αD,−KX ) becomes a special degeneration of the polarized pair (X,αD,−KX).
The central fibre X0 is obtained from E = P(ND⊕C) by contracting the infinity section D∞
of the P1-bundle and hence has an isolated singularity. On the other hand D0 is the zero
section D0 of E which does not change under τ . Because τ |E : E → X0 is a resolution of
singularity, we can write KE = (τ |E)∗KX0 + a(X0, D∞)D∞. Using adjunction formula, we
can get the discrepancy a(D∞,X0) = (1 − 2λ)/λ > −1 when 0 < λ < 1. Note that X0 is
smooth along D0. So the pair (X0, αD0) is klt if and only if α ∈ [0, 1).

Lemma 3. Assume that D admits a smooth Kähler-Einstein metric ωDKE. There exists
a rotationally symmetric conical Kähler-Einstein metric on the pair (X0, (1− β)D0) with

β = λ−1−1
n .

Assuming this lemma, by our Theorem 4 and Theorem 3, we get a corollary:

Corollary 3. Under the same assumption as in the above Lemma with β = λ−1−1
n , the

log-Ding-energy of (X, (1 − β)D) is bounded from below. Hence (X, (1 − β)D,−KX) is log-
K-semistable but not log-K-polystable .

In [28], we considered a special case when X = P2 and D = {Z2
0 +Z2

1 +Z2
2 = 0} so that λ = 2

3
and β = 1

4 . In this case, (X0,D0) ∼= (P2(1, 1, 4), {Z2 = 0}) and the conical Kähler-Einstein
metric is nothing but the standard orbifold metric on P2(1, 1, 4) coming from the branched
covering P2 → P2(1, 1, 4). Here we observe that this is just a special example of the above
general set-up.
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Proof of Lemma 3. The construction is similar to the construction of rotationally symmetric
Kähler-Ricci solitons in the author’s thesis [27] which was a generalization of earlier con-
structions by Koiso, Cao, and also Feldman-Ilmann-Knopf. First, for later convenience, we
rescale the Kähler-Einstein metric ωDKE on D to be contained in the class 2πc1(−KX)|D =
2π(1 − λ)−1c1(−KD). Then we can choose a Hermitian metric h on ND → D such that
−
√
−1∂∂̄ log h = λωDKE because ND = −λKX |D. We will view h as a positive function

denoted by r on the total space of the line bundle π : ND → D. Then we construct the
Calabi ansatz ω = π∗ωDKE +

√
−1∂∂̄P (r). To calculate it, we choose a local trivialization of

ND so that h = a(z)|ξ|2 where z = {z1, . . . , zn−1} is a coordinate chart on D and ξ is the
holomorphic coordinate along the fibre. By a straight forward calculation we get:

ω = (1− λPrr)ωDKE + (Prr)rr
∇ξ ∧∇ξ
|ξ|2

= (1− λPs)ωDKE + Pss
∇ξ ∧∇ξ
|ξ|2

. (41)

We have introduced s = log r ∈ (−∞,+∞) and denoted the horizontal cotangent differential
by:

∇ξ = dξ + ξa−1∂a = ξ · ∂ log h.

From (41), we see that the necessary condition for ω to be positive definite is:

Ps ∈ [0, λ−1), and Pss > 0. (42)

In particular, P is a convex function and Ps is increasing on (−∞,+∞). From (41), we can
also calculate the volume form:

ωn = n(1− λPs)n−1Pss(ω
D
KE)n−1 ∧ dξ ∧ dξ̄

|ξ|2
. (43)

Suppose that we prescribe the angle β along the zero section D0 of ND → D. Then we would
like to solve the equation:

Ric(ω) = µβω + (1− β){D0}, on ND. (44)

By taking the cohomology class and restricting to D0 we can determine

µβ = 1− λ(1− β) = 1− λ+ λβ. (45)

Under local trivialization, (by Lelong-Poincaré formula) the right-hand-side is equal to

µβω + (1− β1){D0} =
√
−1∂∂̄(µβ(−λ−1 log a+ P (s)) + (1− β) log |ξ|2).

Using this and (43), we can reduce the equation (44) to the following equation:

−
√
−1∂∂̄ ((n− 1) log(1− λPs) + logPss) +Ric(ωDKE) +

√
−1∂∂̄ log |ξ|2

=
√
−1∂∂̄(µβ(−λ−1 log a+ P (s)) + (1− β) log |ξ|2).

Now, according to our normalization, we have Ric(ωDKE)=(1−λ)ωDKE=(1−λ)(−λ−1√−1∂∂̄ log a). Sub-
stituting this into above equation, we can reduce (44) to the following ordinary differential
equation:

(n− 1) log(1− λPs) + logPss = βs− µβP + constant. (46)

Taking the derivative with respect to s, we get, using (45)

(n− 1)
−λPss

1− λPs
+
Psss
Pss

= β − µβPs = (1− λ−1) + µβλ
−1(1− λPs). (47)
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Introduce a new variable φ = Ps. Since φs = Pss > 0 by (42), we can write s = s(φ) and
define F (φ) = φs(s(φ)) so that F ′(φ) = φsssφ = Psss/Pss. So we reduce (47) to

(n− 1)
−λF (φ)

1− λφ
+ F ′(φ) = −(λ−1 − 1) + µβ(1− λφ). (48)

Now multiplying the integrating factor (1− λφ)n−1 we can solve the equation:

(1− λφ)n−1F (φ) =
λ−1 − 1

nλ
((1− λφ)n − 1)− µβλ

−1

(n+ 1)λ
((1− λφ)n+1 − 1). (49)

Now we finally bring X0 into picture. To get isolated singularity at infinity, we need
lims→+∞(1 − λφ(s)) = 0. So we get lims→+∞ φ(s) = λ−1. So by taking limits on both
sides of above identity, we get:

0 =
λ−1 − 1

n
− µβλ

−1

n+ 1
=⇒ β =

λ−1 − 1

n
.

For this β we can get:

φs = F (φ) =
λ−1 − 1

nλ
((1− λφ)− (1− λφ)2) =

β

λ
((1− λφ)− (1− λφ)2).

So we can find the explicit metric and potential for the conical Kähler-Einstein metric:

Ps = φ(s) =
1

λ

1

1 + Ce−βs
=⇒ P (s) =

1

λβ
log(1 + C−1eβs).

The positive constant C clearly represents the transformation of the conical Kähler-Einstein
metric by the C∗-action on (X0,D0).

Remark 13. The identity (49) is closely related to the calculation of log-Futaki-invariant in
the proof of [28, Proposition 13].

Remark 14. If we assume that X itself also admits a smooth Kähler-Einstein metric, then
by the interpolation argument in [28], (X, (1− t)D) admits a conical Kähler-Einstein metric

if and only if t ∈
(
β = λ−1−1

n , 1
]
. On the other hand, H.J. Hein first suggested to the author

and S.Sun that one should always be able to glue Tian-Yau’s Calabi-Yau metric to the above
singular Kähler-Einstein metric and perturb the angle to get the conical Kähler-Einstein
metric on (X, (1− γ)D) for γ slightly bigger than β. We plan to study this gluing problem
in future together with H.J.Hein and S.Sun.
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