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ABSTRACT. This paper is concerned with the acoustic scattering of a point incident wave by a sound
hard obstacle embedded in a two-layered lossy background medium which is separated by an infinite
rough surface. Given the point incident wave, the direct scattering problem is to determine the
acoustic wave field for the given obstacle and infinite rough surface; the inverse scattering problem is
to determine both the obstacle and the infinite rough surface from the reflected and transmitted wave
fields measured on two plane surfaces enclosing the structure. For the direct scattering problem,
the well-posedness is studied by using the the method of boundary integral equations. For the
inverse scattering problem, we prove that the obstacle and the infinite rough surface can be uniquely
determined by the measured wave fields corresponding to a single point incident wave. To prove the
local stability, the domain derivative of the wave field with respect to the change of the shapes of the
obstacle and the infinite rough surface is examined. The local stability indicates that the Hausdorff
distance of two domains is bounded above by the distance of corresponding wave fields if the two
domains are close enough.

1. INTRODUCTION

This paper is concerned with the scattering of a point incident wave by an obstacle embedded
in a two-layered background medium which is separated by an infinite rough surface. An obstacle
is an impenetrable object which has a compact support; an infinite rough surface is referred to as
a nonlocal perturbation of an infinite plane surface such that the whole surface lies within a finite
distance of the original plane. Given the point incident wave, the direct scattering problem is to
determine the wave field for the known composite medium consisting of the obstacle and the infinite
rough surface; the inverse scattering problem is to determine simultaneously the obstacle and the
infinite rough surface by the measured wave fields. The scattering problems arise in diverse scientific
areas, such as modeling the optical scattering from obstacles and interfaces of materials in nano-
optics, the acoustic wave propagation over the ground and sea surfaces in remote sensing, and the
radar object recognition above the sea surface or detection of underwater mines.

Specifically, we study the scattering of a time-harmonic acoustic wave, which is generated by a
point source, by a sound hard obstacle and an infinite rough surface. The space above and below
the infinite rough surface is filled with a homogeneous and isotropic energy absorbing material,
respectively. The wave propagation is modeled by the two-dimensional Helmholtz equation. The
scattering problems in such a composite medium are challenging due to the unbounded nature of
the interface and the nonlinearity associated with the inverse problem. These scattering problems
have received considerable attention and a large amount of work have been done. The recent de-
velopments can be found in [25, 26, 33] on the shape and impedance parameter reconstruction in
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the inverse obstacle scattering problems. The characterization of domain derivatives with respect to
local boundary disturbance were studied by Hettlich [20], Hiptmair and Li [22], Kirsch [23], Li [28],
Potthast [38]. However, few results are available for rigorous analysis of the obstacle scattering
problem in unbounded structures. Our goal is to examine mathematically both the direct and the
inverse scattering problems in such a setting.

It is worth mentioning that considerable results are available for the scattering problems in un-
bounded structures. For unbounded periodic surfaces, many mathematical analysis and numerical
computation have been done for both the direct and inverse scattering problems, see Bao [10], Bao,
Cui and Li [11], Nédélec and Starling [37], Bao et al. [5] and references cited therein. For the lo-
cal rough surface scattering problems, Li [28] considered an inverse cavity problem for Maxwell’s
equations, and showed the global uniqueness and a local stability to reconstruct the cavity wall. Am-
mari et al. [1] studied the method of integral equations for the electromagnetic scattering from open
cavities. An optimization method was introduced in [3] to recover a local rough surface. In [4], a con-
tinuation approach over the wave frequency was developed for reconstructing a local rough surface.
We refer to Bao et al. [2], Bao and Sun [6], Bao and Lai [9], Li et al. [30], Kress and Tran [24], Zhang
and Zhang [42] for various mathematical and numerical methods to solve the local rough surface
scattering problems. For the general unbounded non-periodic rough surfaces, the usual Sommerfeld
or Silver—Miiller radiation condition is not valid any more. Some appropriate radiation condition
needs to be given as a part of the boundary value problem. In [16,17,41], Chandler-Wilde and Zhang
proposed an upward going radiation condition to replace the usual Sommerfeld radiation condition
for the scattering problem by rough surfaces and inhomogeneous layers. The well-posedness was es-
tablished by Chandler-Wilde and Monk [18] for the two-dimensional Helmholtz equation by using a
variational approach. Chandler-Wilde et al. [19] studied the well-posedness for the three-dimensional
rough surface scattering problem by the method of boundary integral equations. By introducing a
transparent boundary condition, Li et al. [27,31] proved the existence and uniqueness of the weak
solution for the electromagnetic scattering problem in an unbounded structure. Lu and Zhang [35]
studied the direct and inverse scattering problem by an unbounded rough interface with buried
obstacles. When the scattering profile is a sufficiently small and smooth deformation of a plane
surface, the analytical solution was introduced in [29] by using a boundary perturbation technique
combined with the transformed field expansion. He et al. proposed a spectral method in [21] to
solve the unbounded rough surface scattering problem. Zhang et al. [43] developed a regularized
conjugate gradient method with fast multipole acceleration for a fractal rough surface scattering
problem. We refer to [7,8,12,13,32,34,40] for some mathematical and numerical studies on related
inverse scattering problems.

In this work, we introduce an integral radiation condition for the direct scattering problem. The
asymptotic behaviour of Green’s function is presented. Based on some energy estimates, the unique-
ness of the solution is established for the direct scattering problem. The method of boundary integral
equations is employed to address the existence of the direct scattering problem. The direct approach
is presented to drive the system of boundary integral equations and its well-posedness is discussed.
For the inverse problem, we prove that the obstacle and the infinite rough surface are uniquely
determined by the reflected and transmitted wave fields measured on the plane surfaces which are
above and below the infinite rough surface, respectively. The proof is based on a combination of
the Holmgren uniqueness and unique continuation. Based on the well-posedness arguments for the
direct scattering problem, we obtain the domain derivative of the wave field with respect to the
change of the shapes of the obstacle and the infinite rough surface. Moreover, a local stability is
established. It indicates that the Hausdorff distance of two domains, which are characterized by two
different obstacles and infinite rough surfaces, is bounded above by the distance of corresponding
wave fields if the two obstacles and infinite rough surfaces are close enough.

The outline of the paper is as follows. In Section 2, the model problem is introduced and some
asymptotic properties are given for the Green function. Section 3 addresses the solution of the direct
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FIGURE 1. Schematic of the scattering of a point source by an obstacle embedded in
a two-layered background medium which is separated by an infinite rough surface.

scattering problem. The uniqueness is proved. The boundary integral equations are presented and
the well-posedness is discussed. The inverse problem is studied in Sections 4 and 5. The global
uniqueness of the inverse problem is obtained in Section 4. Section 5 is devoted to the study of
the local stability. In particular, the existence and characterization of the domain derivative are
examined. As a consequence of the domain derivative, a local stability result is established. The
paper is concluded with some general remarks in Section 6.

2. PROBLEM FORMULATION

For Q C R?, denote by BC(Q) the set of bounded and continuous functions on Q. It is a Banach
space under the norm

6]l := sup |(x)].
z€Q

For 0 < a < 1, denote by C%*(Q) the Banach space of functions ¢ € BC(Q), which are Holder
continuous with the exponent . The norm is defined by

l9(x) — oy
ol oo,y i= ||@|loe + sUp ————F.
9]l co Q) 9l WJ;Q |z — y|o
Ty

Let Ch*(Q) = {¢ € BC(Q) N CY(Q) : Vo € C%*(Q)?}, which is a Banach space under the norm
[9llcreq) == dllec + [Vl co.a(q)2-

Let vr be the unit normal vector on I' directed into the exterior of D and let vs be the unit
normal vector on the boundary S pointing from region €25 to region 2. Define

VFT:I/FX(VXI/[‘) or VST:I/SX(VXIjs)

and
Vp,=vr-V or Vg =vg:-V,

which are the tangential and the normal components of the vector V on I" or S. Any vector V' can
be decomposed into its tangential and normal components

Vip=Vr, +Vp,vr, Vl]s="Vs, +Vs,vs.
Denote by Vr_ and Vg _ the surface gradient on I' and 5, respectively. It is clear to note that
Voulr = Vrv+ (vp - Vo)up, Voulg = Vg v+ (vs - Vo)ug,

if v is a smooth scalar function defined in a neighborhood of ' U S.
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Now let us specify the problem geometry, which is shown in Figure 1. Let S be an infinite rough
surface which can be described by

S ={x=(x1,m2) € R?: 2y = f(z1)},
where f € C*(R). Let
f-=inf f(z1), f4 = sup f(z1).

z1€R z1€R
We assume that
—co < h_ < fo < fr <hy <o,
where h_ and h, are two constants. Hence the surface S divides the whole space R? into the upper
half space 2] and the lower half space g, where

Qi"_ = {l‘ S R2 Xy > f(l‘l)}, Oy = {.’L’ S R2 1o < f((L'l)}

Let D be a bounded obstacle with C? boundary I'.  Without loss of generality, the obstacle is
assumed to be immersed in the upper half space Qf, ie, D CC Qf Define € = Qf \ D. The
results will be same for the case when D CC Q. Let I'; = {z € R? : 29 = h;},j = 1,2 be
the plane surface above the obstacle and below the infinite rough surface, respectively, where the
constants hi, he satisfy hs < h_ < hy < hy. Define By = {z € R? : f(z1) < 22 < h1} and
R2:{$€R2:h2 < Iy <f(x1)} Let R=R{URyUS.

For a homogeneous medium in the region €2;, j = 1, 2, the Green function is defined by the solution
of the following equation

AGj(z,y) + kJQ-Gj(:v,y) =—d(r—y), e (2.1)
where k; is the wavenumber in €); and is assumed to satisfy
RE; >0, SkI>0, Sk;>0,

which accounts for energy absorbing media. Explicitly, we have
1
Gjla,y) = Hy' (sl — ), (2.2)

where H[()l) is the Hankel function of the first kind with order zero.
Let u* be a point incident wave located at x, € Rf = {r € R? : 33 > hy}. It is given by

u'(z) = Gy(z, ;) in Q. (2.3)
It follows from (2.1) that the incident wave satisfies
Au'(z) + k3u'(x) = —6(x — x,) in Q. (2.4)

When the incident wave impinges the infinite rough surface S and the obstacle D, the scattered
wave u° and the transmitted wave uo will be generated in 21 and 2o, respectively. Let uy = u* 4+ u®.
It can be verified that the total field u; satisfies

Auy(z) + Klui(z) = —6(x —x,), € O (2.5)
and
Aug(z) + kup(z) =0, x € Q. (2.6)
The obstacle is assumed to be a sound hard, i.e.,
811,1
— =0 I. 2.7
aor on (2.7)

The continuity conditions require that u; and ue satisfy
8U1 . au2

Uy = uz,
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Here P
U .
8—)};(35) = glf{ﬁ vr(x) - Vui(z +ovr(x)), ze€l
and
%(.7}) = lim vg(x) - Vui(z + ovg(x)) %(a}) = lim vg(x) - Vua(z —ovg(z)), z€S
D (©) = i vs 1 s(@), gy (w) = I vs 2 5(T)), .

It was shown in [29] that a transparent boundary condition can be imposed on I';, j = 1,2:

ou;
anjj = Tju; +p; onlTy, (2.9)

where vp; is the unit normal vector on I';, T} is the boundary operator given by

(Tyu)(@i,hy) = /]R i8(€)a(€, hy)el€ g,

with
B =k — €&, SB(€) >0
and .
ou’ -
P1 = p) — Tlu’, p2 = 0.
I/Fj

An appropriate radiation condition is needed since the problem is imposed in the open space
R?\ D. Due to the infinite extend of the surface S, the usual Sommerfeld radiation condition is
not valid. We propose an integral radiation condition which corresponds to the lossy media where
Sk;j > 0,5 =1,2:

. s12 aus 2 . 2 8“2
lim |u’®l” + ds=0, lim lug|* + | 5=
T—+00 aB;+ ov r—+00 8By ov

where v denote the unit normal vector on the boundary 0B, directed into the exterior of B,(O).
Here B,(O) is a ball centered at the origin with radius r and boundary 0B, = dB;" UdB, , where
IB; and 0B, denote the semi-circle above and below S, respectively.

Given the point incident field «* in (2.3), the direct scattering problem is to find u; and us which
satisfy (2.5)-(2.8) and (2.10); the inverse scattering problem is to determine simultaneously the
boundary of the obstacle I' and the infinite rough surface S from the measured wave field u; on
I'j,7 =1,2. We study both of the direct and inverse scattering problems.

Denote by 7; the set of functions ¢ € C? (,)NCH*(€;),j = 1,2. More specifically, the scattering
problem can be stated as follows.

2
> ds =0, (2.10)

Problem 2.1. Given the incident field u® in (2.3), the direct scattering problem is to determine
u® € T1 and us € Ty such that

(i) The total fields uy = u® +u' and ug satisfy (2.5) and (2.6), respectively;
(i) The total field uy satisfies the sound hard boundary condition (2.7);
(iii) The total fields uy and ug satisfy the transmission boundary conditions (2.8);
(iv) The scattered fields u® and the transmitted fields ua satisfy the radiation conditions (2.10).

The following result gives the asymptotic behaviour of the Green function and plays an important
role when formulating the boundary integral equations for the direct scattering problem.

Lemma 2.2. For each fized y € Q;,j = 1,2, the Green function G; admits the asymptotic behaviour
aaj@,y)}’ ‘ 0°Gj(x,y) ’ “c <exp<—;%<kj>\xr>>, o] oo,

Gj(z,y)l,

ov(y) v (z)0v(y)

where C' is a constant independent of x and y.

rE
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Proof. A simple calculation yields

0G(z,y) 0G;(x,y) ik;(re —ui) 1)
- - HY (ks |z — [=1,2
O Ay gy 1 koD I=L2

and
5ml

|z — |
Hf”(/cjrw—yo}, Lm=1,2,

HY (ke — y))

a(ﬂfvy)—”{ i = )= 1) 1 — )+

Ormdy 4 |z — y|?
(xm - ym)(xl - yl)

9
2 —yf?

where H{l) is the Hankel function of the first kind with order one and §,,; is the Kronecker delta
function. Using the asymptotic expansion

2 T w
HY (ke —y)~ | — 2 i(kile — oyl — ue — 2

_ 2exp(—i(uf + 7)) {exp (ks — yl)

:|7 |x_y|_>+007/*6:0717

271']{,‘]' ’iL’ — y|%
we have
30'(90,31)‘ ‘ 0*Gj(x,y) ‘ [exp(%(k‘)l$ yl)}
Gi(z,v)l, J , J <C J .|z —y| = 400, 2.11

where (] is a constant independent of z and y.
|z|

For each fixed y € ;,7 = 1,2, we have & -y < 5! for |z| — oo, where & = z/|z|. Since

. 1 x 1
oyl = VRF= 20y # W = el — 5540 (1) 2 5 +0 (1) oo (@12

we conclude from (k;) > 0 and (2.11)-(2.12) that there exists a constant C' independent of =,y
such that

0G; (@, y) ’ 9°Gj(z.y) exp (—53(k)) )
Gi(z,y)l, ‘ J , J <C , x| = oo,
@ a0y | |aumonty) ! !
which completes the proof. U

3. THE DIRECT SCATTERING PROBLEM

In this section, we discuss the well-posedness of the direct scattering problem. First, the problem
is shown to have a unique solution. The method of boundary integral equations is used to address
the existence of the solution.

3.1. Uniqueness.
Theorem 3.1. The direct scattering problem has at most one solution.

Proof. Suppose that (vi,v2) and (91,02) are two solutions of Problem 2.1. Let u; = v — 07 and
up = vp — U2, then u;,j = 1,2 satisfy the homogeneous Helmholtz equation Au; + kauj = 0 with
conditions (2.7)-(2.8) and (2.10).

Denote 2, = (B, N Q) with boundary 99, = 0B UT U S,, where 9B} = 0B, N Q; and
S, = SN B,. For each fixed z € Q,., applying the Green first theorem to uy in €2, we have

oa ou
2 Aty))d :/ “Lds, = / / / “Lds, 1
[ rvmm@mar= [ nZas= ([ s [e [ JuTla @
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where v = v(z) stands for the unit normal vector at x € 9, pointing towards the exterior of €2,.
Letting r — 400, we have from (2.7), (2.8), (2.10) and (3.1) that

/Ql (Ve[ + i (M) de = L“laaldex+/FU1%?d5x
U @ds — u @
s 181/5 z r 13VF

dsg

——dsy,, 3.2
S aVS N ( )
where vp denotes the unit normal vector on the boundary I' directed into the exterior of D, vg(x)
denotes the unit normal vector at z € S pointing from region {2 to region ;.
Using (3.2) and the homogeneous Helmholtz equation Auj + k¥u; = 0, yields

| v+ m@mlde = [ (19uP - Rl P) do
Q1 Q1

:/ (V|2 — R(kD) a2 + iS (k) |us |?) dz
971
ouq
= [ s, 3.3
SUIaVS S ( )

which gives by taking the imaginary part of (3.3) that

—%[ u1(’3u1d84 = %(k%)/ luy|*dz > 0. (3.4)
s Ovs of!
Similarly, we obtain
P
s[ uzwdsz] _ %(k:%)/ s |2z > 0. (3.5)
s Ovg Qo

Noting the boundary conditions (2.8), we have
ouy Oua
—ds, = —ds,. 3.6
Sul Ovg Sz Su261/5 Sz (3.6)

It follows immediately from combining (3.4)—(3.6) that

%@@/|mﬁm+$w@/|wﬁmza (3.7)
Ql QQ

With the aid of %(ka) > 0,7 = 1,2, we have from (3.7) that

/ uy|?da :/ |ug|2dz = 0,
o) Qo

which implies that v1 = ©7 in Q1 and v = U9 in Q. Il

3.2. Potential operators. We introduce several potential operators in order to derive the boundary
integral equations for the direct scattering problem.

On the infinite rough surface S, we define the single-layer potential operator Sg : C%%(S) —
C1%(S) and the double-layer potential operator Kg : C%(S) — C1%(S) by

(S56)(x) = /S (Gi(2,y) — Gale9))d(y)ds,, z € S,

_ 8G1($,y) _ 8G2(‘ray) s z
so)(a) = [ (Tpieet) - S ipas,, wes
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where ¢ is called the density. Define the normal derivative operators K% : C%%(S) — Ch*(S) and
Ts: CL(S) — C(9) by

% . aGl ($7 y) aGQ (LL‘, y)
(30)(0) = [ (Tpeet) - T80 iy, e s

_ 0 0G1(z,y) B 0Gy(z,y) ) N
N 8us(aj) /S < 3Vs(y) 3Vs(y) ) ¢(y)d Yo €s.

(Ts¢)(x)

On T', we define the double-layer potential operator Kr : C%%(T") — C1*(T") by

9G1 (2, y)

(KF¢)($) =2 - 8VI‘(y)

¢(y)d8y7 S F:

and the normal derivative operator K} : C%*(I') — C1(T) by

aG(l(ﬂjv y)

(Kio)(@) =2 | Zo

o(y)dsy, xel.

Let Sq4 = {z € S : |x1| < A}, where A > 0 is a constant. Define the truncated single-layer

potential operator S4 : C%*(S4) — CH*(S) and the truncated double-layer potential operator
Kai: Cl’a(SA) — CI’Q(S) by

(S40)(x) = / (Gi(2,9) — Gal,y))day)ds,, €S,

Sa
[ (%G G,
Wao)e) = [ (Tetl T ) 6y s, a s

Similarly, we define the truncated normal derivative operators K* : C%%(S4) — C1%(S) and Ty :
Che(Sy) — C%(S) by

Kio)a) = [ (“1(‘”’”—GGZ("’“””)m(y)dsy, res,

sa \ Ovs(z) dvs(x)

B 0?G1(x,y) B 0?Go(x,y) .
(TA¢)($)‘/gA (aus<as>aus<y> aus<x>aus<y>)¢1(y)d po TES

3.3. Boundary integral equations. In this section, we present the direct approach to derive the
boundary integral equations for the direct scattering problem.

Let B, = {z € R? : |z| < r}. Denote Q, = B,NQ with the boundary 9Q, = 0B;f UT'US,, where
OB = 0B, N and S, = SN B,. For each fixed x € Q,, applying the Green second theorem to u;
and (1 in the region 2,, we obtain

[ )26 () - G (o))

= /{m,. {ul(y)agllj((za)w . %711((5))01(;10,3/) dsy, x €y, (3.8)

where v(y) stands for the unit normal vector at y € 92, pointing towards the exterior of .
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It follows from (2.1), (2.3), and (2.5) that

/ [ul(y)AGl(:c,y) — Gl(x,y)Aul(y)]dy

T

- / L) IAG () + K26 (2, y)]dy — / (A () + s (1)) (2, y)dy

r

/M:— uy (y)dy — /[—5(y—xs)]G1(x,y)dy

= —ur(@) + Gi(z, 25) = —[ur(z) — ' ()]. (3.9)
Letting » — 400 and using (3.8)—(3.9), we have
[m 0G1(z,y) 8u1( )

ov(y) ov(y)
</ / L aBi> [ul(y)aglv((z)y) ?91:1(( ))Gl(‘” y)]dSy- (3.10)

It follows from Lemma 2.2 and the radiation conditions (2.10) that we obtain

/8 - [ul(y) agly((m 8) _ Guly )G (z, y)} dsy

th (1’) N Ui (1’) - T'EI-EIOO

Gi(z, y)] ds,

ov(y)
<[ [ wiorn] [
8B;t 8B;t

" [/83;“ e 7

2

ac;l 9G1(z,y) ‘2
y)

dsy}

v (y) dsy];[/aB |G (2, y)] dsy] Y50, r— oo (3.11)

Using (3.10)—(3.11) and the condition (ii) in Problem 2.1, and letting » — 400, we have for each
fixed z € )7 that

() — i (2)
_ _/S [ul(y) 9G1(z,y) 8U1(y)Gl( )} as, _/F {ul(y)aGl(x,y) B 3U1(y)G1(%y)]dsy

ov(y) ov(y) ov(y) ov(y)

B 0G1(z,y) Oui(y) 0G1(z,y)
‘/s[“l(y) sy~ sy '@ y)}dsﬁ/r“l(y) Brly)

which gives

niw) =)+ [ |G ) = a2 s

dvs(y) dvs(y)

8Gl (.%', y)
+ | ———uq(y)dsy, x € Qq, 3.12
" o (y) 1(y) y 1 ( )
Noting the continuity conditions (2.8), we may apply the second Green theorem to uz and G in £y

and obtain

_ 3G2(95a3/)u ol Ous (y) s
uale) = /S[ dvs(y) 1Y) = Gal ’y)aVS(y)]d y e (3.13)

It follows from the jump conditions of the single- and double-layer potentials and (3.12) that the
field uy satisfy the boundary integral equation

i) =2 [ 20 gy, g [ [FED ) G S s,

+2u'(z), xeT. (3.14)
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In (3.12) and (3.13), using the jump conditions of the single- and double-layer potentials and the
continuity condition wu;|s = ug|s in (2.8), we get the boundary integral equation

u(2) _/S [(ﬁGl(wjy) B 8G2(w,y)> w(y) - (Gu(z,y) - G2($7y))8u1(y) ds,

s (y) s (y) s (y)
9G1(,y) :
+ [ ——Zuy(y)ds, +u'(z), =z €S. 3.15
T 8VF (y) 1(y) Yy ( ) ( )
Note that the boundary integral equations (3.14)—(3.15) involve the unknown g%; on S. It requires

to take the normal derivatives of (3.12) and (3.13) on S, which leads to boundary integral equations
with hyper-singular kernels. We combine the normal derivatives of (3.12) and (3.13) to avoid this
issue. Taking the normal derivatives of (3.12) and (3.13) on S and adding them together, using the

jump conditions of the single- and double-layer potentials, and noting the jump condition g%‘ g =
g%; | ¢ in (2.8), we have the boundary integral equation

Our () _/ K 82G(z,y) 82Go(z,y) >u1(y) B <8G1(3«",y) 86‘2(%1/)) 8U1(y)]d8y
S

vs(z) Ovs(z)ovs(y)  Ovs(x)dvs(y) dvg(x) Bus(z) ) avs(y)
0°Gi(z,y) Oul (x)
v dus@ o) "W Guglay TS (3.16)

Theorem 3.2. Let u® € Ti,uz € Ta have the integral representations (3.12)—(3.13) and satisfy the
boundary integral equations (3.14)—(3.16). Then (u1,us2) are the solutions of Problem 2.1.

Proof. We only show the proof for the field u;. The corresponding result can be similarly proved for
the field us. If the field u® € 77 has the integral representation (3.12), then we have

US(;U) — /S [agyl;?y’?) ul(y) - Gl(.’L',y) SZ;EZ;} dsy + \ 8§V1F('(x:l;;y) U1(y)d3y7 r € Q. (317)

Noting that for any z € Q; and y € SUT, we have z # y. Thus, from (2.1) and (3.17), we obtain
that

Auf () + K2u® ()

— [ (105 (616000 + (o)~ 506 9) + 4G ) s,
S Vg Vg
+ / 01 () o (B (2,9) + KiGa (), =0, @€ 0 (3.18)
r vr

It follows from (2.4) and (3.18) that

Aug + kEluyp = (Au® + k2u®) + (Au® + k') = —6(x — z,)  in Q4. (3.19)
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Furthermore, with the help of Lemma 2.2 and (3.17), we deduce that

[ 0G1(z,y
s(z)| < —
< 0| [ 1] 52D as, + [ 128D 1as,
8G
+/|u1 ’ 812 ;J)'d :|
duy / /'aGl(%y)‘
<ol Gi(z, y)|ds, + - T Y) g
< || Gin ) g L1630+ sy |75 o,
0G1 (z y
31/p %y
0G1(z 0G1(z,y)
el | oo ., P58
Gutsly,
————=|dsy|. 3.20
+/F ovr(y) | (3:20)

For each fixed r > 1, as |x| — 400, by Lemma 2.2, we have

1-
exp (siki|z —y 1.
[ e mlas, < [ skl ')exp(Qlknx—m)
Sr Sr |z -yl

SC’eXp( S (kl)‘xD/O exp <—;%(k1)y1>dy1

1
x|2

dsy

exp (—%%(kzl)\xb T
<C e (1 — exp <—§\s(k1))) . (3.21)
Similarly, we may show that
0G1(z,y) exp (—13(k1)|z]) r
o g) < _ _lg .
/T s () ds, <C \x]% (1 exp ( 2\s(k1)>> , (3.22)
G (z,y) ‘ exp (=53 (k1))
——|ds, < C . 3.23
/r arly) | 2] (329

Combining (3.20)—(3.23) and noting (k1) > 0, we obtain

and

Lok
/ wds, <o [ SRS EIED
OB OB} ||

LIk
<c (exp( Qr S(ky)r )27r7‘> < Cexp <_;%(k1)r> — 0, r— +o0,

where C' is a positive constant independent of 7.
Similarly, we can show that

ous (z) |2

ov(x)

2

Ous(z) ds, = 0.

ov(x)

ds; = lim lug|*ds, = lim
r—+00 OB r—+00 OB

lim
r—+400 BBJL
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Since uy satisfies (3.19) and the above radiation condition, applying the Green second theorem to
u1 and G in the region 21, using the jump conditions of the single- and double-layer potentials, we
obtain the boundary integral equation

wie) =2 [ [Mumy) i) a“ﬁyﬂ

Ivs(y) y
9G1(z,y) Oua(y)
+ 2/F [aw(y)u (y) — Gi(=, y)8Vp(y)]dSy +2u'(z), w=el. (3.24)

From (3.14) and (3.24), it is easy to verify that 8“1 ‘F
In (3.12) and (3.13), using the jump condltlons of the smgle— and double-layer potentials, we get
the boundary integral equations

1“1(37) = u'(z) +/S [E?Gl(x,y)m(y) - Gi(,y) g:j;gﬂ dsy

2 Ivs(y)
+ FWm(y)dsy, x €S, (3.25)
and
1u ) =— 78G2(x,y)u — x Ous(y) S x
) - i) = - [ |25 0) - Galen) F2D as,, wes. (20

Now adding (3.25) and (3.26) gives

B 0Gi(@,y) G y)\ o O]
u2(x)_/5[< vs(y) vs(y) ) 1)~ (Gr(z,9) = Galey) ]d !

0G1(z,y) i
+ A Wul(y)dsy +u'(x), ze€S. (3.27)

From (3.15) and (3.27), it is easy to verify that ui|s = us|s.
Taking the normal derivatives of (3.12) and (3.13) on S, using the jump conditions of the single-
and double-layer potentials, we get the boundary integral equations

10ui(x) ou’(x) 9*G1(z,y) " _ 0Gi(z,y) ui(y) s
2 dus(z) ~ vs(z) +/s {37/5(90)37/5(3/) )~ st) aus<y>}d v
0?G1(z,y)

. WM(Z/M% x €S, (3.28)
and
dus(z) 10wi(z) Mu _ 0G(x,y) Qua(y) o
vs(z)  20vs(z) /5 [aug(x)(‘)yg(y) 1y) v () 3V5(y)]d Y €5. (3.29)

Adding them together, we have the boundary integral equation

Qua () PCi(w,y)  PGawy) \ v (0Gi(wy)  OGa(x,y)\ dwly)]
R AL o e it R s e s ) e )
52G1 (2, ) o ()
g aug(:c)ﬁup(y)ul(y)dsy Bvs(x)’ x € S. (3.30)
From (3.16) and (3.30), it is easy to verify that 8“1 ‘S g%;!s. O

The system of boundary integral equations (3.14)—(3.16) can be written in the operator form

I-Kr —-Kgsr Ssr uy|r 2u’|p
-Krs I-Kg Ss ;L1|s = | s |, (3.31)
~Trs -Ts I+Kj a—;;g\s g
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where I is the identity operator and the potential operators

Ssro)e) =2 [ Gileoas, Ksoho) =2 [ PN opas,, s er,
and
[ 0Gi(z,y) . 2 — 9*Gy(z,y) s "
Krso)w) = [ 2D g()as,, (Trsolo) = [ G2 I g)as,, e,

have continuous kernels, which decay exponentially. It follows from [14, Theorem 1.10] that these
operators are compact.

3.4. Solvability. Since the kernels of the operators Kr, Ky, S 4, K4, K’ and T 4 are weakly singular
and decay exponentially, it follows from [14, Theorem 1.11] and [14, Theorem 2.7] that these integral
operators are compact. Based on the compactness of the truncated operators, the integral operators
Ss,Kgs, K% and Tg are compact as described in the following theorem.

Lemma 3.3. The integral operators Sg,Kg, K§ and Tg are compact.

Proof. Since the proofs are similar for Sg, Kg, K and Tg, we shall only show the details for the
operator Sg. For each fixed z € S, we have

(Ssd2)(x) — (Sage)(x) = / (Gi(@,y) — Ga(z,y)) $2(y)dsy

S\

Sa
+o00o —A
= (/ +/ ) \I/(x,yl)dyl =11 + I, (3.32)

A

where

U(z,1) = [(Gi(2,y) — Go(2,9))d2(y)ly— )] (1 + f2) /2.

By Lemma 2.2, for each fixed x € S, when A — 400, we have |z1 — A| — 400 and

+oo +oo
|| < /A W (2, y1)|dyr < C/A [(G1(z,y) — Ga(z,y))P2(Y) | yo=f(y)dY1

+oo
< C'sup |¢2(y)!/A G1(z,y) — Ga(@, Y)lyo=f (1)W1

yeSs
(F2)[yl)

&l

exp (—%

ye=F(y1) Y|

o0 [exp (—2k|y1|)
SCH@'CO’Q(S)/A (21 dy

1 +oo 1.
< C|p2llco.as) (ﬂ) /A exp <—2k‘y1>dy1

2 1 A
= Cll¢2lcoa(s) (k) <\/Z exp <2k)> —0, A— +oo, (3.33)

where C' > 0 is a constant but may change from step by step, k = min{S(k), S(k2)} > 0. Similarly,
we may also show that

) dyr
y2=f(y1)

[N

1 A
|_[2| S C”¢2||C0,0A(S’) (\/Z exp (—zk)> — 0, A — +00. (334)
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Combining (3.32)—(3.34), we obtain

[(Ss¢2)(x) — (Sage)(x)] <[] + |12
A.
< CH¢2HCO,a(S) <\;Z exp <—2]€>) — 0, A— +00,

AN

which implies that

sup [(S62) (2) — (S402) (@) g

T A~
IS5 — Sallwo = Z° (—k)) L0, A oo, (3.35)
[ p2llco.a(s)

Note that
[V (Ss#2)(x)] — [Vz(Sage)(z)] = / (VaGi(z,y) — VaGa(z,y)) d2(y)dsy
S\Sa

— </A+OO +/:> Vo ¥(z, y1)dyi,

VI\I/($a yl) = [(val(CB,y) - VIG2($a y))¢2( )|y2 f(y1)](1 +
For each fixed z € S, using Lemma 2.2 and repeating a proof similar to (3.33) and (3.34), we obtain

[V2(S562)(0)] - [V2(Sa02)(@)]| < Cllonllonecs) (g ex0 (~5H) ) >0, 4 4

)1/2.

where

which implies that
Sup [V (Ss¢2) ()] — [Va(Sad2)()]|
VoS5 = VSl = eallonmcs
<C(1 e ( Al%))a@ A+ (3.36)
—exp | —— , 0. :
For each fixed z,Z € S and x # %, we have

Va((8s —Sa)d2)(z) — Vi((Ss — Sa)¢2)(2)

</+OO / ) (VoW (z,y1) — VaV¥(Z, y1)|dyr := I3 + L.

From the mean value theorem and Lemma 2.2, when A — +o00, we have |21 — A| = +o0,|7; — A| —

(3.37)

+o00 and

exp (~33()ly)

E

1
2

Hence,
—+o00
Bl< [ 198 - Ve )l
A

“+o00
SC/A [(IV2Gi1(z,y) — VaG1(T, y)| + [VaGa(,y) — VaGa(Z, y))|d2(y)lyo=r ) dyt
o~ a)sup 6a(0)]| | ( —23kDly) ay
y|2 y2=1(y1) Y| y2=/(y1)

Clla = llalcoes) (3 ) (o0 (<5H))- (5.39

. exp (—3S(ka)|yl)

NI
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Similarly, we have

1 A,
L] < C(la — i o) [ —=oxp (~5E) ). 3.39
1l < Ol = aloallconcs) (700 (-57) ) (3.39
Using (3.37)—(3.39), we obtain for 0 < a < 1 that

[Va((Ss = Sa)da)(x) = Va((Ss — Sa)d2) (%)

|z — &

. e 1 A
< (Bl + 1Bl = 3172 < Clo " ealovegsy (o (~57) )

1-« 1 A
< CA¢2llcos) (\/Z exp | —5k
A
= C||¢2”00,a(5) <A%_a exp (—216)) — 0, A — +oo0. (340)

For 0 < a < 1, by (3.35), (3.36) and (3.40), it can be deduced that

1Ss —Sallctacs)
[(Ss — Sa)gallcracs)

= sup
H(Z)Q“C’O,a(s)?éo H¢2”CO@‘(S)
1
" ealcae 1S5 = S)0nl + [92(S5 — Sa)eall
621l 0,0 ()70 H(Z)?HCO@(S)

+ sy [Ve(85 = S4)62)(x) — V(S5 — S4)6) (&)

T,ZES |:E - j‘|O[
THT

<C <\/Zexp (—?/%)) -0, A— Hoo,

which shows that the operator Sg is compact on C%%(S). O

By Lemma 3.3, the system (3.31) is Fredholm, which implies that the existence of a solution to
(3.31) follows from the uniqueness of the solution. Although the direct scattering problem is shown
to have a unique solution in Theorem 3.1, the boundary integral equations (3.31) may not have a
unique solution due to the possible existence of resonance. This issue can be overcome by using the
combined single- and double-layer potentials. We will not elaborate on this issue and leave it along
with the numerical solution of (3.31) for a future work.

4. UNIQUENESS OF THE INVERSE SCATTERING PROBLEM

This section addresses the global uniqueness of the inverse scattering problem. Given the incident
field which satisfies (2.3), we show that the obstacle and the infinite rough surface can be uniquely
determined by the wave field u;|r;,j = 1, 2.

Let S € C? be an infinite rough surface which divides R™ into the upper half space Q+ and the
lower half space Qy. Let D CC Q+ be a bounded obstacle with the boundary e C’2 Define

Q, = Qf \ D. Let (@y,7s) be the unique solutions of Problem 2.1 with D replaced by D and §

replaced by S but for the same incident field u* satisfying (2.3), where 7 satisfies the sound hard
boundary condition

% =0 on f,

61/1:
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and the continuity conditions

dui Oy =

’L~L1:l~tg, on S,

aV§ B 8V§

where Vp be the unit normal vector on I directed into the exterior of D and let Vg be the unit normal

vector on the boundary S pointing from region Qs to region Q1. Since the point source is assumed to

be located in Rf, we have s € 01 NQ;. In addition, @ satisfies the transparent boundary condition
(2.9).

Lemma 4.1. Let Q C R? be a bounded Lipschitz domain. Consider the boundary value problem

A 2u = A 20 = n )
{ u+ kiu =0, v+ksv=0 in €, (4.1)

U =0, g—:ﬁ = g—z on 051,
where v is the unit normal vector on Q. Then u = v =0 in €.

Proof. Consider an extension © of v to the exterior domain Q¢ = R? \ 0, where ¥ satisfies

AD+ k30 =0 in Q°,
U=, %:% on 0f)

and the radiation condition
| oL 002
lim |7 —I—‘—‘ ds = 0.
r—00 9B, 61/

Multiplying the equation Au + k3u = 0 by the complex conjugate of u, integrating over 2, and
using the integration by parts, we have

0
/|Vu|2da:—k‘%/ |u|2dx:/ Hads.
Q Q o0 OV

On the other hand, multiplying the equation A9 +k3% = 0 by the complex conjugate of ¥, integrating
over ¢ using the integration by parts and the radiation condition, we obtain

/ |w\2dx—k§/ |92dz = —/ 905 s,
Qe Qe o0 ov

d % = % = % on 0L, we add the above two equation and get

/yvu\2dx+/ ywy?dx—k%/ ]u\2dx—k§/ |5|%dz = 0.
Q Qe Q Qe

Noting %k:JQ > 0 and taking the imaging part of the above equation yields that v = 0in Q and v =0
in Q¢ which implies immediately that « = v =0 in . (|

Since u = v = ¥ an

Remark 4.2. The result still holds for k1 = ko in Lemma 4.1. In this case, the problem (4.1) is
equivalent to the following scattering problem: To find u such that it satisfies the Helmholtz equation

Au+kiu=0 inR?
and the radiation condition
i [ (e [G])as=0
It is clear to note that the above scattering problem has a unique solution v = 0 in R? due to %k% > 0.

Lemma 4.3. Let uy be the solution of Problem 2.1. Then u; #0 on I or S.
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Proof. We prove it by contradiction. First we assume that u; = 0 on I'. Recall the sound hard
boundary condition g—fj; =0 on I'. Consider an extension % of u; to the domain Qf:

. up in Qq,
Ul = .
vy in D,

where vy satisfies

Avy + k%vl =0 in D,
v — vy _ dur r (4.2)
1= Ui, dvr  Ouvp on .
Hence the extension 1 satisfies
Aty + k%fbl =0 in Ry,
91— T4y + on I’ (4.3)
up, — 110 Pl 1

Since #; = u; = 0 on I and %k% > 0, it is easy to verify from (4.2) that 43 = v; = 0in D. It
follows from the unique continuation that @y = 0 in R;, which contradicts the transparent boundary
condition in (4.3).
Next we assume that u; = 0on S. Since us = w1 = 0 on S, we may consider the following problem
Auy + k3us =0 in Qo,
2R g (4.4)
ug =0 on S.
In addition, ug is required to satisfy the radiation condition (2.10). Multiplying the complex conju-
gate of uo, integrating over {29, and using the radiation condition, we obtain

/ |V |*dz — k%/ lug|?dz = 0,
QQ 92

which implies uo = 0 in Q9 due to Sk% > 0. Hence g%; = 0on S. Since u; = uy = 0 and
g% = g%; = 0 on S, by the Holmgren uniqueness theorem, u; = 0 in R;. In fact, u; can be

extended to Q1 U )y as follows
y up in Qq,
Uy = .
v1  in Qg

where vy satisfies

(4.5)

_ ovy __ Oux
VI =Ul, gl = Gt on S

{Avl + ]{3%1)1 =0 in Qo,

and the radiation condition (2.10). Clearly the problem (4.5) has a unique solution v; = 0 in Q3. By
the unique continuation, we have u; = %; = 0 in R;, which contradicts the transparent boundary
condition (2.9). O

Theorem 4.4. Assume that uj|r; = ;|r,,j = 1,2 for the given the incident wave u'. Then D = D
and S = S.

Proof. Let v; = u; — u;, then v; satisfies the Helmholtz equation
A’Uj + k?vj =0 in Qj n Qj

and the radiation condition. By the assumption vj|r; = wj|r; — 4;|r, and the uniqueness result
for the scattering problem, one can obtain that v; = u; — 4; = 0 and Vv; = Vu; — Vu; =
0,j = 1,2in R = {x € R? : z, > by} and Ry = {x € R? : x,, < hy}, respectively. Since

v; € C%( N QJ) NChe(Q;N ﬁj), by the unique continuation, we get that

vj(z) = uj(xz) —aj(z) =0, z€ QN S~2j (4.6)
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FIGURE 2. Schematic of domains for the proof of uniqueness.

and

Ovj(xz)  Ouj(xz) Ouj(x)

oo v v
First, we show the obstacle can be uniquely determined by the total field u; on I';. Assume that
D # D. Then D\ (DN D) # 0 or D\ (DN D) # (. The schematic of the domains D and D is shown
in Figure 2. Without loss of generality, we assume that D\ (DN D) # 0. Denote (D \ (DN D))
by CUC, where C C T and C C I. Since g“l =0 on I, we have from (4.6)—(4.7) that 8“1 =0 on

=0, xed(ynQ). (4.7)

C. Recalling 8“1 =0 on C, we consider the following boundary value problem

Aup+kup =0 inD\(DND),

oul __ ~
o = 0 on C,
our __

e = 0 on C.

Multiplying Auy + k?u; = 0 by the complex conjugate of uj, integrating over D \ (DN IN)), using
the integration by parts and the boundary conditions, we obtain

/ |Vu| dx—kQ/ lup|?dz = 0,
D\(DND) D\(DND)

which implies that u; = 0 in D \ (DN ﬁ) since Sk? > 0. An application of the unique continuation
gives u; = 0 in Ry. But this contradicts the transparent boundary condition (2.9) on I'y since p is

a nonzero function involving the incident wave. Hence D = D.

Next is show that the infinite rough surface S can be uniquely determined by the wave fields uy
and uy measured on I'; and Ty, respectively. Assume that S # S where S = {x e R?: 132 f (z1)}
with f # f. Without loss of generality, we assume that there exist two points = ,xl satisfying
xl_ <z such that f(z7) = f(z7), f(z]) = f(z]) and f(z1) > f(x1) for z1 € (z7,z]). Define

={z €R?: f(z1) < a2 < flx1), 2] <71 < xf} The schematic of the domain €2 is also shown
in Figure 2. Let 80 = YUY, where £ C S and ¥ C S. By (4.6)—(4.7), we have

6u1 6u1
U = U, W:E on %
and
- 8uz 8112 =
Uy = U9, E:E on Y.
It follows from the continuity conditions
6u1 6u2

U] = U9, on %

oy ov



INVERSE OBSTACLE SCATTERING IN AN UNBOUNDED STRUCTURE 19

and
Uy = U % = % on Y
N V) '
Combining the above equations yields that
- 6111 Bug =
= —_— = YU
= ) o

We consider the following boundary value problem

Aty + k21 =0, Aug+k3ug=0  inQ,
U] = Uo, %:% on 0f).
It follows from Lemma 4.1 that 41 = ug = 0 in 2. An application of the unique continuation gives
@1 = 0 in Ry, which contradicts the transparent boundary condition (2.9). So we have S =S. O

5. LOCAL STABILITY

In applications, it is impossible to make exact measurements. Stability is crucial in the practical
reconstruction since it contains necessary information to determine to what extent the data can be
trusted.

Let I : R? — R? be the identity mapping or unit matrix and let # : I' U.S — R? be an admissible
perturbation, where 6 is assumed to be an admissible perturbation in C*(T' U S,R?) and has a
compact support. For 6 € C*(T'U S,R?), we can extend the definition of function 6(z) to Q; by
requiring that 6(z) € C?(,;,R?) N C(Q;,R?); I +6 : Q; — Qjp,j = 1,2. Here the region ;g
bounded by I'y and Sy, where

Fg={z+0(x):z€T}, Sy={x+0(x):zeS}.

Here 0(x) = (61(x),02(x)) . According to Theorem 3.1, there exist the unique solutions (u1 g, us )
to Problem 2.1 corresponding to the region €2;4 for any small enough 6. The map 6 — wy is
locally differentiable if for every open set D strictly included in €2; and strictly included in €2, g, the
restriction of ug to D is differentiable [39]. The domain derivative of u;g at § = 0 in the direction p
is given by
dujp :
wy = —0-Op, j=1,2,

where 8:;](;9 0) = (653;9, 8;{9];9”0:0 and p(z) = (p1(x),p2(x))" € C?(I' U S,R?). Define a nonlinear
map

F:TyuSy— u179|p1.
The domain derivative of the operator F' on the boundary I' U S along the direction p is defined by
F/(F U S7p) = ull‘l—‘l‘

Define the jumps on S:

[up(z) —ug(x)] = lim wi(z+a1)— lim wus(z+ ag)
(l1~>0 a2—>
r+a1 €N x+asENs

and

[vs - Vui(z) — vg - Vug(x)] = lim vg - Vuy(x + hvg) — hlirﬁo vs - Vug(x — hvg).
ﬁ

- h—+0
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Theorem 5.1. Let (u1,us) be the solutions of Problem 2.1. Given p € C*(I' U S,R?), the domain
derivatives (uy,uh) of (u1,ug2) are the radiating solutions of the following problem:

Aul + ki) = in Q,
Au2 + k3uh = in Q,
r- (Vu)) = k%ppuul + V- pr,(Vr.uy)] on T, (5.1)
[u'l —uh) =0 on S,
[[(vs - Vuy) — (vs - Vuy)] = ps, [k2uy — k3us)] on S.
Proof. Define the operator
A=A+ET.
Let
wp = Aui g, (5.2)
then, we have
wg=—6 iny (5.3)
and
wo(I +0) =—6 in Q. (5.4)

Since A is a linear and continuous operator from HL_(Q1) into D'(Q1), A is differentiable in the
distribution sense, i.e., v — (Av, ) is differentiable for each 1 € D(2;) and

0A

ED)
Here D(;) is the space of infinitely differentiable functions with compact support in ©; and D’'(;)
is the space of distributions. Therefore, it follows from the differentiability of 6 — w; ¢(I + ) and
0 — wuyp that 0 — wy(l + 0) is Fréchet differentiable at 6 = 0 in the direction p € C?*(T' U S,R?).
Moreover, for an admissible perturbation , i.e., § € C?(I' U S,R?), and 6 in the neighborhood of 0,
from (5.3) and (5.4), their derivatives satisfy

B 0)p = (T +0) O~ (p- Vo = ~(p- V)6 + (p- V)6 =0 . (56)

We deduce from (5.2) and (5.6) that

8w9 _ (9./4 8u1’9 8A
a9 P = <au1,9 a0 >(0> duy

It follows from (5.5) and (5.7) that

= A, (5.5)

—u} =0 in Q. (5.7)

Aul = Au) + k3 =0 in Q.

Furthermore, for every perturbation § € C?(I'U S, R?), the total fields and their normal derivative
are assumed to satisfy

Uy = U249, Vs, Vuig="vs, Vugg on Sp.
Hence,
uro(L +0) =ugp(f +0) onS (5.8)
and

sy (I +0)] - [(Vurg)(I +0)] = [vs, (I +0)] - [(Vugp)(I +0)] onS. (5.9)
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We have from straightforward calculations that

O oI + )0 = L5 O)p - (Vtg) = oy + - (V)

—u); + [ps, + ps,vs] - [Vs,u; + (vs - Vuy)vs]
=uj + [ps, - (Vs,uj)] + [ps, (vs - Vuy)] on S.

21

(5.10)

Considering the boundary conditions (2.8) and p € C?(T' U S,R?), we have from (5.8) and (5.10)

that

[uj —uh] = —ps, - [Vs,u1 — Vg, uz] = ps,[(vs - Vur) — (vs - Vug)] on S.

It follows from [u; — u2] = 0 on S, and the definition of the surface gradient that

[Vs,ur = Vs,ugl =0, V(ug —ug) = [vg - V(ug —ug)lvs onS.

From (5.11) and (5.12), the jump relations now yield

/

[uy — u’2] = —pg, [(vs - Vui) — (vg - Vuy)] =0 on S.

It follows from [15, Lemma 3] or [36, Lemma 4.8] that

vs,(I +6) (@)vs on S

1
~ Tg@)ws).?

and

vr, (I +6) (@)vr on T,

1
~ Te@wr]s”

where the matrix g(6) is given by

1 +6%1(x) agl(m) -T
_ I—T_ 1 T2
9O =1I+0)T" = | 0 |4 00e) onTUS
ox1 Oxa
and satisfies

op1 Op7 T

o] ag),.. + |Ee 9m
0=y 1] 2w =" -~ o |

1 o

Therefore we get from (5.9) and (5.14) that

[9(O)ws] - [(Vuro)(I +0)] = [g(0)vs] - [(Vuge)(I +0)] on S.

which implies that

[9(0)vs] - [9(0)V (ur6(1 +0))] = [9(O)vs] - [g(0)V (uge(I +6))] on S.

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)
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Using the chain rule, we deduce from (5.16) that

O l6(0)ws] - [o(O)F (o1 + 0]} O
= (%957 0) vs| - bOxTu + wOws) - | (27 0) (7
+a(0)5) - [3(0) 35 (Tuiol7 + )0}

T(Vuy)] +vs - [V + V(p- (V)]
(Vp) T (V)] + vs - (Vuj)
(p- V)(Vuy) + [(Vuy) x (V x p) + (V) - V)pl }
= — (VD) "ws] - (Vuy) —vs - [(Vp) T (V)] + vs - (Vi)
+vs -{(p- V)(Vuy) +[(Vuy) x (V xp) + ((Vu;) - V)p]}  on S. (5.17)

+
N
n
——
S
X
<
X
<
£
+

Since on SUT, for j = 1,2, one can easily verify that

(VD) T (Vuy)] = [(Vuy) x (V x p) + (Vuy) - V)pl,

[(Vp) vl =[x (Vxp)+ (v V)pl =V(p-v) = [(p- V)] = [p x (V x V)]
=V(p-v)—[p V)]

[(p- V)V - (Vuy) +v-[(p- V)(Vuy)] = (p- V)(v - V),

(0~ V] = 50 V) -») = 50 V)(wP) = 5 (- V)(1) =0,

S

N =

With the aid of (5.17), we obtain

S l9(O)s] - [9(0)V (o (T +6))]) (O)p
= —[(Vp)"ws] - (Vuy) —vs - [(Vp) ' (Vuy)]

+vs - (Vuf) +vs - [(Vp) (Vuy)] +vs - [(p- V) (Vuy)]
= —[V(p-vs)]- (Vuy) + [(p- V)vs] - (V) +vs - (Vuj) +vs - [(p- V) (V)]
= —[V(p-vs)]- (Vuj) +vs - (Vuj) +[(p- V)(vs - Vuy)]
==V - [(p-vs)(Vuy)] + (0 vs)(Auy) +vs - (Vuj) +[(p- V)(vs - Vuy)]
==V [(p-vs)(Vuy)] = (p-vs)(kuj) + vs - (Vuj) + [(p- V) (vs - V)]
==V [ps, (Vs,u5) + ps, (Vs - Vuj)vs] — ps, (K3u;) + vs - (Vuf) + [(p- V) (vs - Vuy)]
==V [ps,(Vs,u;)] = V- [(vs - Vu;)(ps,vs)]

—ps, (Ku;) +vs - (Vu) + [(p- V)(vs - Vuy)]

(5.18)
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By the continuous conditions (2.8) and p € C2(T'U S, R?), from (5.16) and (5.18), the jump relations
now yield

lvs - (Vu)) — vs - (Vuy)] = ps, [kfur — k3us] + V - [ps, (Vs,u1 — Vg, uz)]
= ps, [kiu1 — k3ua].

Moreover, for every perturbation § € C2(I' U S, R?), the total fields and their normal derivative
are assumed to satisfy

vr, - Vui g =0 onIy.
Hence,
[vr, (I +0)] - [(Vurp)(I +6)]=0 onl (5.19)
It follows from (5.15) and (5.19) that
v, (I +0)] - [(Vurp) (I +0)]

1
- m[g(ﬁ)w] [9(0)V(u19(I+0))]=0  onT,

which gives
[9(0)vr] - [9(0)V (ur6(1 +6))] =0 onT. (5.20)

Using (5.20) and the sound hard boundary condition (2.7), we may follow the same steps as those
for (5.18) and obtain

0
= 5 [9(O)vr] - [9(O)V (u,e(I +6))]}(0)p

==V - [pr,(Vr,u1)] = pr, (k{u1) + vp - (Vuj) onT,

0

which yields that
vr - (V) = kipr,ur + V- [pr, (Vr,u1)] onT.

Based on the existence of the domain derivatives u;-, the proof of the the integral representations
for u; follow in the same manner as for the the integral representation of u;. Therefore, the asymp-
totic behavior to the domain derivative u; has the same form as u;. This means that the domain
derivatives (u},uf) are the radiating solutions of the problem (5.1). O

Introduce the domain €24 ;, bounded by I';, and S}, where
I'n={z+hq(zx)vr:xze€l}, Sp={z+hg(x)vs:zec S}

where ¢ € C?(I' US,R) and h > 0. For any two domains ; and Q) in R?, define the Hausdorff
distance

diSt(Ql, Ql,h) = max{d(QLh, Ql), d(Ql, Ql,h)},
where

d(Qq,Q1 ) = sup inf |z —yl.
z€Q YEQ B

It can be easily seen that the Hausdorff distance between €2 ; and )y is of the order h, i.e.,
dist(21, 8y 5) = O(h). We have the following local stability result.

Theorem 5.2. If ¢ € C*>(T US,R) and h > 0 is sufficiently small, then
dist (€2, Ql,h) < C’Hul’h — ulHClv“(Iﬁ)?

where uy p, and uy is the solution of Problem 2.1 corresponding to the domain €y and €y, respec-
tively, and C is a positive constant independent of h.
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Proof. Assume by contradiction that there exists a subsequence from {u; p,}, which is still denoted
as {uy 5} for simplicity, such that

. Uy,p — UL
lim || ————
h—0 h

= |uillctea@,y =0, h—0,
Che(T'y)
which yields uj = 0 on I';. Following a similar proof of Theorem 3.1, we can show the uniqueness of
the solution for problem (5.1). An application of the uniqueness for problem (5.1) yields that u; =0
in Qj,7 = 1,2. Hence, Vu; = 0in Q;,j = 1,2.
Taking p = ¢(z)vp on I in problem (5.1), we have from the boundary condition of ) in problem
(5.1) that

vr - (Vuh) = kiqui + V - [q(Vr,u1)] = 0.

Since ¢ is arbitrary, we have u; = 0 on I', which is impossible by Lemma 4.3.
Consider the perturbation on S, take p(z) = ¢(z)vs on S in problem (5.1), from u; = 0 and

V) =0 in Q;,j = 1,2, one can get
vs-Vuy —vs-Vuhb=0 on S.
One the other hand, from Theorem 5.1, one can get
(vs - Vuy) — (vs - Vuy) = ps, [kfur — kjuz] = q(k — k3)ur on S.
For ¢ # 0 and k? # k32, it follows that u; = 0 on S, which is again impossible by Lemma 4.3. O

The result indicates that for small h, if the boundary measurements are O(h) close to each other,
then the corresponding domains are also O(h) close to each other in the Hausdorff distance.

6. CONCLUSION

In this paper, we have studied the direct and inverse scattering problems of a point incident field
by a sound hard obstacle which is immersed in a two-layered background medium separated by an
infinite rough surface. The uniqueness of the solution for the direct scattering problem is proved.
The existence of the solution for the direct scattering problem is discussed by using the method of
boundary integral equations. For the inverse problem, we prove that the obstacle and the infinite
rough surface are uniquely determined by the wave fields measured on two plane surfaces via a single
point incident field. Moreover, we study the local stability of the inverse problem. It demonstrates
that the Hausdorff distance of two domains is bounded above by the distance of the correspond
wave fields if the two domains are close enough. A crucial step in the proof of the stability is to
obtain the existence and characterization of the domain derivative of the wave field with respect to
the change of the shape of the obstacle and the infinite rough surface. We deduce that the domain
derivative satisfies a boundary value problem of the Helmholtz equation. The results are valid for
the three-dimensional problem and the multiple obstacles which are located either above or below
the infinite rough surface.
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