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This paper is concerned with the electromagnetic scattering of a point source
by a perfectly electrically conducting obstacle which is embedded in a two-
layered lossy medium separated by an unbounded rough surface. Given a
dipole point source, the direct problem is to determine the electromagnetic
wave field for the given obstacle and unbounded rough surface; the inverse
problem is to reconstruct simultaneously the obstacle and unbounded rough
surface from the reflected and transmitted fields measured on a plane surface
which is above and below the unknown objects, respectively. For the direct
problem, its well-posedness is established and a new boundary integral
equation is proposed. The analysis is based on the exponential decay of

the dyadic Green function for Maxwell’s equations in a lossy

medium. For

the inverse problem, the global uniqueness is proved and a local stability is
discussed. A crucial step in the proof of the stability is to obtain the existence
and characterization of the domain derivative of the electric field with respect

to the shape of the obstacle and unbounded rough surface.
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1. Introduction

Consider the electromagnetic scattering of a dipole point source by an obstacle which is
embedded in a two-layered medium separated by an unbounded rough surface in three dimen-
sions. An obstacle is referred to as an impenetrable medium which has a bounded closed
surface; an unbounded rough surface stands for a nonlocal perturbation of an infinite plane
surface such that the perturbed surface lies within a finite distance of the original plane. Given
a dipole point source, the direct problem is to determine the electromagnetic wave field for the
known obstacle and unbounded rough surface; the inverse problem is to reconstruct both the
obstacle and the unbounded rough surface, from the measured wave field. The scattering prob-
lems arise from diverse scientific areas such as radar and sonar, geophysical exploration, non-
destructive testing, and medical imaging. In particular, the obstacle scattering in unbounded
structures has significant applications in radar based object recognition above the sea surface
and detection of underwater or underground mines.

As a fundamental problem in scattering theory, the classical obstacle scattering problem,
where the obstacle is embedded in a homogeneous medium, has been examined extensively
by numerous researchers. The details can be found in the monographs [6, 27] and [5, 7, 16]
on the mathematical and numerical studies of the direct and inverse problems, respectively.
The unbounded rough surface scattering problems have also been widely examined in both
of the mathematical and engineering communities. We refer to [8, 12, 15, 25, 28-31, 33] for
various solution methods including mathematical, computational, approximate, asymptotic,
and statistical methods. The scattering problems in unbounded structures are quite challeng-
ing due to two major issues: the usual Silver—Miiller radiation condition is no longer valid; the
Fredholm alternative argument does not directly apply due to the unbounded rough surface.
The mathematical analysis can be found in [10, 11, 18, 22, 32] and [13, 20, 23] on the well-
posedness of the two-dimensional Helmholtz equation and the three-dimensional Maxwell
equations, respectively. The inverse problems have also been considered mathematically and
computationally for unbounded rough surfaces in [1-3, 24].

In this paper, we study the electromagnetic obstacle scattering for the three-dimensional
Maxwell equations in an unbounded structure. Specifically, we consider the illumination of a
time-harmonic electromagnetic wave, generated from a dipole point source, onto a perfectly
electrically conducting obstacle which is embedded in a two-layered medium separated by
an unbounded rough surface. The obstacle is located either above or below the unbounded
rough surface and may have multiple disjoint components. For simplicity of presentation, we
assume that the obstacle has only one component and is located above the surface. The free
space above and below the unbounded rough surface is assumed to be filled with a homogene-
ous and lossy material accounting for the energy absorption, respectively. The problem has
received much attention and many computational work have been done in the engineering
community [14, 17, 19]. However, the rigorous analysis is very rare, especially for the three-
dimensional Maxwell equations.

In this work, we introduce an energy decaying condition to replace the Silver—Miiller radia-
tion condition in order to ensure the uniqueness of the solution. The asymptotic behaviour of
dyadic Green’s function is analyzed and plays an important role in the analysis for the well-
posedness of the direct problem. A new boundary integral equation is proposed for the associ-
ated boundary value problem. Based on some energy estimates, the uniqueness of the solution
for the scattering problem is established. For the inverse problem, we intend to answer the
following question: what information can we extract about the obstacle and the unbounded
rough surface from the tangential trace of the electric field measured on the plane surface
which is above and below the obstacle and unbounded rough surface, respectively? The first
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result is a global uniqueness theorem. We show that any two obstacles and unbounded rough
surfaces are identical if they generate the same data. The proof is based on a combination of
the Holmgren uniqueness and unique continuation. The second result is concerned with a
local stability: if two obstacles are ‘close’ and two unbounded rough surfaces are also ‘close’,
then for any § > 0, the measurements of the two tangential trace of the electric fields being
d-close implies that both of the two obstacles and the two unbounded rough surfaces are
O(d)-close. A crucial step in the stability proof is to obtain the existence and characteriza-
tion of the domain derivative of the electric field with respect to the shape of the obstacle and
unbounded rough surface.

The paper is organized as follows. In section 2, we introduce the model problem and present
some asymptotic analysis for dyadic Green’s function of the Maxwell equations. Section 3 is
devoted to the well-posedness of the direct scattering problem. An equivalent integral repre-
sentation is proposed for the boundary value problem. A new boundary integral equation is
developed. In sections 4 and 5, we discuss the global uniqueness and local stability of the
inverse problem, respectively. The domain derivative is studied. The paper is concluded with
some general remarks in section 6.

2. Problem formulation

We begin with introducing the problem geometry, which is shown in figure 1. Let S be an
infinite rough surface given by

S={x=(x1.x2,x3) € R’ : x5 = f(x1.3%2)},

where f € C?(IR?). Hence the surface S divides the whole space R? into the upper half space
QT and the lower half space €2,, where

QT = {x S R3 1 X3 >f()C1,)C2)}, O = {x S R3 1 X3 <f(x1,x2)}.

Let D be a bounded obstacle with C? boundary I'. The obstacle is assumed to be a perfect
electrical conductor which is located either in er or in §2,. For instance, we may assume that
D CC Q. Define Q; = Q) \ D. The domain €, is assumed to be filled with some homoge-
neous, isotropic, and absorbing medium which may be characterized by the dielectric permit-
tivity £; > 0, the magnetic permeability p; > 0, and the electric conductivity o; > 0, j = 1,2.
Let
fo= inf f(x,x), fr= sup f(x,x).
(x1,x2) ER? (x1,x2) ER?
Denote by I'; = {x e R3:x; = hj}, j = 1,2 the plane surface above the obstacle and below
the infinite rough surface, respectively, where the constants %, h, satisfy

—00 < Iy <fo <fy <h <o0.
Define R = {x €R3 :f(xl,xg) <z < h]} and R, = {x cR3: hy < x3 <f()C1,)C2)}. Let
R=R UR,US.
In €, the electromagnetic waves satisfy the time-harmonic Maxwell equations (time

dependence e~ “"):

V x Ej = iwujHj,

V x Hj = —iwejEj +Jj,

V- (gE)) = pjs

V- (wH;) = 0,
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Figure 1. Problem geometry of the obstacle scattering in an unbounded structure.

where w > 0 is the angular frequency, E;, H;, J; denote the electric field, the magnetic field,
the electric current density, respectively, and p; = (iw) 'V - J; is the electric charge density.
The external current source is assumed to be located in €2;. The relation between the electric
current density and the electric field is given by

Ji =0 E +J in €,
Jo = ok, in {2,
where J stands for the current source. Throughout, we also assume that the material is non-

magnetic, i.e. 4y = puy = p, where y is a positive constant. Using the above constitutive rela-
tion, we obtain coupled systems

Vv XE1 :iw,qu,

V xHy =—iw (g1 +iZ) Ey + Jos,
(1 +iZ) V-E = 5V o,
V-H, =0,

in Qy, 2.1

and
V x E; = iwpH,,

V x Hy = —iw (&2 +12) Ey,
(sz—l—i%) V.-E, =0,

V-H, =0,

Eliminating the magnetic field H, in (2.1), we obtain a decoupled equation for the electric
field E;:

in Q. 2.2)

V x (V x E|(x)) — K2E1(x) = iwpJos(x), x € Q. (2.3)

Similarly, it follows from (2.2) that we may deduce a decoupled Maxwell system for the
electric field E:

V x (V x Es(x)) — K3Ey(x) =0, x€ Q. (2.4)
Here r; = wy/ (& +1%) p is the wave number in €, j = 1,2. Since &;, 1, 0} are positive con-
stants, k; satisfies

§R(ff12) >0, S(k?) >0, (k) >0,
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which accounts for the energy absorption.
By the perfect conductor assumption for the obstacle, it holds that

vr xE; =0 onT, 2.5)
where v denotes the unit normal vector on the boundary I' directed into the exterior of D.
The usual continuity conditions need to be imposed, i.e. the tangential traces of the electric
and magnetic fields are continuous across S:

vsxE|=vsxE,, vixH =vg¢xH, onS, (2.6)
which are equivalent to the continuity conditions

vs X E| =vg X E,, V5X(VXE1)=I/5X(VXE2) on S, 2.7

where vg denotes the unit normal vector on S pointing from €2, to €.
The incident electromagnetic fields (E', H') satisfy Maxwell’s equations

{V x (V x E'(x)) — K2E' (x) = iwpes(x),

V x (V X Hl(x)) — K/%Hl(x) =V X Jcs(x), X< Ql’ (28)

where H' = ﬁ(v X Ei). In Q, the total electromagnetic fields (E, H;) consist of the inci-
dent fields (E', H') and the scattered fields (E*, H®). In Q,, the electromagnetic fields (E,, H»)
are called the transmitted fields.

In addition, we propose an energy decaying condition

lim IEf*ds =0, lim IV x E*|*ds = 0 (2.9)
r—+o00 8B,+ r——+o00 3B,fr
and
li E,’ds=0, 1l V x E,|*ds = 0,
A fop BT =00 T |V Eafids 2.10)

where OB denotes the hemisphere of radius r above or below S.
For any tangential vector u = (u;,u,0) " on I';, define the capacity operator 7j:

(T}u) (x],-x27 hj) - (015 02, O)T’
where
1

0 = o [@ﬂl + %(ﬁlin + 52%)} 0
J

|:6ji42 + é(flfh + &) |,
B;

_ 1
= o
with

BI&) = ki — €7, S[Bi(9)] > 0.
Here it denotes the Fourier transform of u with respect to ¢ = (x1,x,) € R? and is defined by

1 .
() = 5 [ e,

where ¢ = (£1,&) € R2. It was shown in [20] that a transparent boundary condition can be
imposed on I';:

vr, X (VX Ey) = —iwu(T1Er,) +g onl} (2.11)
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and
vr, x (V x Ey) = —iwu(TEr,) on I, (2.12)

where v, is the unit normal vector on I';, Er, = vr, x (E; X vr,)is the tangential component
of E; on I';, and the inhomogeneous term

g = iwu(TyEYL,) + vr, x (V x EY).
The dyadic Green function is defined by the solution of the following equation
Vi X (Vi X Gi(x —y)) — 5;Gj(x —y) = 6(x —y)I inQY, (2.13)

where I is the unitary dyadic and ¢ is the Dirac delta function. It is known that the dyadic
Green function is given by

V,Vy | exp (ikj|x — y|)
Gi(x — = |I yvy 7
e = 1 S| PR

vxvx:| exXp (iﬁj|x _y|)
J

- {H K? 4rlx —y|
(2.14)
We assume that the dipole point source is located at x; € R = {x € R® : x3 > h;} and
has a polarization ¢ € R?, |g| = 1. Induced by this dipole point source, the incident electro-
magnetic fields are
1

E'(x) = Gi(x —x,)q, H'(x) = o

(V< E'(x)), x€Q. (2.15)

Hence the current source J satisfies
iwpdos(x) = qé(x —x;), x € Q.

We next introduce some Banach spaces. For Q C R, denote by BC(Q) the set of bounded
and continuous functions on Q, which is a Banach space under the norm

[¢lloc = sup[o(x)].
xeQ

For 0 < a < 1, denote by C**(Q) the Banach space of functions ¢ € BC(Q) which are uni-
formly Holder continuous with exponent av. The norm || - || co.a () is defined by

66) = 60)|

o = + su
Ielernio = ol + smp S0
x#y

Let C¥(Q) = {¢ € BC(Q) N C(Q) : Vo € C>¥(Q)}, which is a Banach space under the
norm

[9llcta o) = [I@lloe + IVEllcon(g)-

Denote by 7;(j = 1,2) the set of functions 1 € C2(;) N C1*(§;). The direct scattering
problem can be stated as follows.

Problem 2.1. Given the incident field E' in (2.15), the direct problem is to determine
E’ € 71 and E, € 7 such that

(i) The electric fields E; = E°® + E' and E, satisfy (2.3) and (2.4), respectively;
(ii) The electric field E| satisfies the boundary condition (2.5);
(iii) The electric fields E| and E, satisfy the continuity conditions (2.7);
(iv) The scattered fields E* and the transmitted fields E; satisfy the radiation conditions (2.9)
and (2.10), respectively.
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It requires to study the dyadic Green function in order to find the integral representation of
the solution for the scattering problem. The details may be found in [4] on the general proper-
ties of the dyadic Green function.

Lemma 2.2. For each fixed y € Q;,j = 1,2, the dyadic Green function G; given in (2.14)
admits the asymptotic behaviour

exp (=33 (ky) x|)
Gj(x = y)|, [Vx x Gj(x —y)| < C < 2|x| ’ . = o0,

where C is a constant independent of x and y.

Proof. Foreach fixedy € Q;,j = 1,2, since

1

) as |x| — oo,
x|

3l =\l =20y b = el sy 0

where x = x/|x|, we have

exp (irlx —y[) _ exp (ir;lx[) { exp (—irk - y) + O (i> } as [x| — oo,
X —y] x| I (2.16)

uniformly for each fixed y satisfying |x — y| — oco. By (2.16), for &(x;) > 0, we obtain for
|x| — oo that

6i(x—y) = |:I+ Vyzvy} exp (ik;|x|) { exp (—ikk - y) + O (ﬁ) }

2 4rx|
_ exp (isjlx]) {[1 — x&]exp (—ir® -y) + O (lil) i}

@
¥
ko]
N
A |
=5
=
—
~
|
kS
@
"
ko]
/’_‘.\
_
S
|
=
<
N————
N————
+
S
w-
~
~>
R

and

Vi X Gi(x —y) = =V, X Gj(x — y)
- M{ Y, x [(Ififc) exp (—irs® ~y)] L0 (i) i}

47|x|

=i j%{x X [(I — &%) exp (—ik - y)] + O (El‘)l
—i ,W{m [(If.if.f)exp (m, (%fi-y )} +o(‘i|>i},

where I := éé¢ andé = (1,1,1)".
Note that for each fixed y € Q;,j = 1,2, we have X - y < % for |x| — oo. Hence, we con-
clude from (k;) > O that there exists a constant C independent of x,y such that
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Gj(x —y)

s

Ve x Gilx —y)| < C (e"p(‘ig(“”'”) ,

which completes the proof. O

3. Well-posedness of the direct problem

In this section, we show the existence and uniqueness of the solution to problem 2.1 by using
the boundary integral equation method. First we derive an integral representation for the solu-
tion of problem 2.1 using dyadic Green’s theorem combined with the radiation conditions
(2.9) and (2.10).

Theorem 3.1. Let the fields (Ey, E,) be the solution of problem 2.1, then (E, E;) have the
integral representations

E(x) = Ei(x)+/s{[Gl (x—y)] - [vs) x (Vy x Ei(y))]
+ [V X Gi(x —y)] - [us(y) x Ei(y)] }ds,
+/r {[Gi(x —y)] - [vr () x (Vy x E{(y))] }dsy, x €€y, 3.1

and

Ex(x) = - / {[Galx —y)] - [ws(y) x (Y, x Er(y)]
+ [V % Gax )] - [s(y) x Ei(y)]}dsy. x € .

(3.2)

Proof. Let B,={xcR’:|x|<r}. Denote ,=B,NQ; with the boundary
9Q, = OB UT US,, where B" = OB, N Q; and S, = SN B,. For each fixed x € Q,, ap-
plying the vector dyadic Green second theorem to E; and G in the region €,, we obtain

/Q (E1(3) - [Vy % (Vy X Go(y —x))] — [V x (Vy x Ey(3))] - G (y — %)}y )
= [ {0) % (Y x EL0))] - Gily —x) + () X Er()] - [V X Ga(y — )]}y,

o0,

where v = v/(y) stands for the unit normal vector at y € 952, pointing out of €2,.
It follows from (2.3) and (2.13) that

/Q {E() - [Vy X (Vy X G1(y —x))] — [Vy % (Vy x Es(»)] - Ga(y — x)}dy
- / E\)] - [Vy % (Vy x Ga(y — x)) — 536G (y — x)]dy
- /Q ¥y x (Vy x Ev(3)) — 2B ()] - (G (y — x)]dy
- / E/(y) - (5(y — x)D]dy — / liwidaly) - Gi(y — x)ldy
Q, Q,
=E(x) - /S lwpdes(y) - Gi(y — x)]dy, (3.4)

8
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where

r—+o00

=G (x —x,)q = E'(x).
Hence, letting r — +o0, with the aid of (3.3)—(3.5), we have

E(x) —E'(x) = - - {lv) < (Vy x E1(y))] - Gi(y — x)
+vl) x Ei(y)] - [Vy x Gi(y —x)] }ds,
(/ /+r—l>1inoo ) ) x (Vy x Ei(y)] - Gily — x)

+ vy) < E (y)] [Vy x Gy —x)] }dsy.

Following lemma 2.2 and (2.9), we obtain for r — oo that

- () x (Vy x E'(3))] - Gi(y —x) + [v(y) x E*(y)] - [Vy x Gi(y —x)] }ds,

B;
<[ mecroras] | [ 16 -xkas]
B~ ):

+ {/ |E‘Y(y)|2dsy] . [/ [Vy x Gl(yfx)|2dsy} — 0.
f): f):

By lemma 2.2 and the definition of incident field E', we have for r — 400 that

‘/w {lvG) x (Vy x Ep)]- Gi(y —x) + [v(y) x E'Y)] - [Vy x Gi(y —x)] }ds,

<[ mxEwes] [ 16100k
oB; OB}
1 1
) 3 2
+ U |E’(y)|2dsy] - U IV, x Gl(y—x)|2dsy} 0.
OB, oB}

lim [ [iwpda®) - Gily - x)|dy = / 960y —x,) - Gy (y — x))dy
Q, &

(3.5)

(3.6)

(3.7)

(3.8)

Using (3.6)—(3.8) and conditions (ii), (iv) in problem 2.1, and letting r — —+00, we have for

each fixed x € (2, that

E\(x) — Ei(x) = —/S{[vcv) % (Vy x Er ()] - Gy (y — )
) X Ei)] - [Vy % Gi(y —x)]}ds,
- / [b0) % (Ty x Ex(3))] - Gi(y — x)}ds,

=/{G1 x—y)] - [s) % (Vy x Ey(y))]
V XGl( )] [Vs(y)XEl(y }dsy

/ { G] Vp(y (Vy X El(y }dsy.
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Similarly, for each fixed x € {2y, using the continuity conditions (2.7), we have

~ [ {162tx )] s) x (%, x Ea9)
£ Ve % Gafx —y)] - 5(y)  Ea(y)] sy
~ [ 4i62tx )] - s x (¥, x Es0)
Ve X Galw —y)] - [wsly) % Er ()]s,

where
vs(y) x Ej(y) = lim vg(y) x E;(y + (—1)/hvs(y)),
h—+0
vs(y) x [Vy x E)] = lim, ws(y) x [V x Byly + (~1)/hvs(y)
are to be understood in the sense of uniform convergence on S. |

The integral representation (3.1) and (3.2) can be used to derive the boundary integral equa-
tion for the direct scattering problem. Using the jump relations and the continuity conditions
(2.7), we have from (3.1) and (3.2) that

vr(x) x (V x Ej(x))
= 2up(x) x (Vi x E'(x))

+2/{VF (Ve X Gi(x —y))] - [s(y) % (Vy x Er (7))
T or@) X (861 (x — )] - [ws(y) x Er(y)] }dsy

2 [ {r(e) % (V2 x Gix =3)]) - r) x (Vy x B0}y, x €T,
3.9

vs(x) x E;(x)
= vg(x) x E'(x)

/{[Vs X (Gi(x —y) = Ga(x —y))] - [vs(y) x (Vy X E{(y))]
+ [vs(x) X (Vi X Gi(x —y) — Vi X Go(x —y))] - [Us(y) x E(y)] }dsy
+ /F {s(x) x Gi(x —y)] - or(y) x (Vy x Ex0))]}ds,. x €5, (3.10)
and

vs(x) x (Vx < Ei(x))
= vs(x) x (Vi x E'(x))

/{ vs(x) X (Ve X Gi(x —y) — Vi x Ga(x —y))] - [vs(y) x (Vy X E{(y))]
+ [vs(x) x (K1Gi(x —y) — K3Ga(x —y))] - [Us(y) X Ei(y)] }ds,
/ {ws(e) x (Ve X Gi(x — )] - [or () % (Vy x Ex0))]}dsy.  x € 5. G.11)

10
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To study the boundary integral equations (3.9)—(3.11) and to show the well-posedness of
the direct problem, we introduce the normed subspace of continuous tangential fields

TS ={veCS):vs-p=0}, TT):={yeCl):vr-¢p=0}
and the normed space of uniformly Holder continuous tangential fields
TUS) = {p € T € C*(8)}, THD) = {op € TT)| 9 € C** ()},

where 0 < o < 1.
On the infinite rough surface S, we define the integral operators T : T%%(§) — T%(S) and
T* : T02(S) — T0(S) by

(T®)(x) = / ws(x) (G (x —y) — Galx — )] - [L(y)]dsy. (3.12)

N

(T W) (x) = / ws(x) x (K2Gy(x —y) — 3Galx —y))] - [F()ldsy.  (3.13)

and the integral operator K : T%%(S) — T%(S) defined by

(K®)(x) = /S[VS(x) X (Vi X Gi(x —y) — Vi x Ga(x —y))] - [¥(y)]dsy.

(3.14)
On T, we define the integral operator K : T%%(I") — %(T") by
(R)(x) =2 [ [or(a) (2 x Gl =) - (¥ )]s, (.15)

For each n € Z", define the truncated operators T, :T%*(S,) — T**(S) and
T: : $00(S,) — T(S) by

(T, ®)(x) = / [vs(x) x (Gi(x —y) = Ga(x —y))] - [¥(y)]dsy, (3.16)

Sn

(T, ®)(x) = /S [s(x) x (51Gi(x —y) — K3G2(x —¥))] - [¥(¥)ldsy,  (3.17)

and the operator K, : T%(S,,) — T%(S) by

(K, ¥)(x) = / [ws(x) x (Vi X Gi(x —y) = Vi x Ga(x —y))] - [¥(y)]dsy,
Sy
(3.18)
where S, = {x € S : |xj| <n, j=1,2}. Now, with the aid of (2.14), we have

Gi(x —y) —Gy(x —y)

_ {I—&— szvx] exp (irix —y)) {I—&— szvx] exp (ika|x —y|)
K3 4m|x —y| K3 4m|x —y|
_ [esplimbr D), explinale—y),
4m|x —y| 4mlx —y|
exp (ik1|x —y|) exp (ikz2|x —y|)
V,V —
TV x{ 4rrilx —y| 4rrs|x —y|

1
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and

V. % Gi(x —y) = Vi x { [1+ szvx} oxp (ir;lx —y|>}

K 4rix —y|
_v, x| ORARr =YD G Vx2Vx exp (ir;lx —yl)
4m|x —y| K; 4r|x —y|
g [ep =yl ]
4mlx —y|

The above results imply that the kernels of the operators I~(, T,. T} and K,, are weakly singular
and decay exponentially. It follows from [6, theorem 1.11] and [6, theorem 2.7] that these int-
egral operators are compact. Based on the compactness of the truncated operators, the integral
operators T, T* and K are compact as described in the following theorem.

Lemma 3.2. The integral operators T, T* and K are compact.

Proof. Since the proofs are similar for T, T* and K, we shall only show the details for the
operator T. For each fixed x € §, it follows from (3.12) and (3.16) that

(TP)(x) — (T, ¥)(x)

(/*“ /WD /ﬂ1 /+OO / /O:Jr/in/;w) @(x.y1,y2)dyidy

=h+h+5+14, (3.19)

where
P(xy1,72) = [(Ws(x) X (G1(x =) = Gax —))) - B () ly, =) (1 + 12 + 1)/

By lemma 2.2, for each fixed x € S, when n — 400, we have

+oo +oo
L] < / / lp(x, y1,¥2)|dyidys

+o0o “+o00o
[ ] 161 =) = Gale =)l WO i

<cl@lons [ [ (=2 |(“1)‘y'> ¥ eXP(ijW'yD)

1 0 exp (—Léy))
CII‘I’Hcova(s>/ eXp(_Zﬁ)’l)dYI/ ———"dy,
0 n

»
2
4 1
= C|| || coas) (;) <; exp (—

where & = min{S(k,), S(k2)} > 0, C is a positive constant and may change from step to
step. Similarly, we may show for j = 2, 3,4 that

dydy>
v3=f(y1.y2)

&~

/%)) —0 asn — +oo
(3.20)

1 n,
|I]| S C||‘II||Co,a(5) (n exp ( - 4I€)> —0 asn— —+00. (321)

12
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Combining (3.19)—(3.21) leads to

4
1 n.
|(T®)(x) — <Y < ¥ |coas) <7exp( Z“)) —0 asn— 4oo.
j=1

Hence we have

1
(T = Th)¥|oe < C[[®[cons) <n exp (— Z/%)) — 0 asn— +o00.(3.22)

For each fixed x,x € S and x 7& X, it follows from (3.12) and (3.16) that
(T-T)P)x)— (T -T,)P)(x

(/+OO /+°° /_"/+°O / /_" / /+OO> (%, y1.y2) = ¢ (%, y1.y2)]dy1dys

=I+1g+ 1+ 1. (3.23)

From lemma 2.2 and the mean value theorem, we get

exp (=3 (f@)lyl)| -
x —

IGj(x —y) - Gj(x —y)| < C |y| %, j=12.

Therefore

—+o0 +oo
5] < / / X,y1,¥2) — (X, y1,y2)|dyidy>

+oo +o0o
cf / (G (x —3) — Gr(F )| + [Galx —3) — Go® —)]) - 12Oy gormdvrdya

) o0 1 foxp (~1ibl)
ce-ssuptop) [ [ (22D
yeSs n —o0 |y| yv3=f(y1.y2)

@l (£) (Lewn (25)). (324)

Similarly, for j = 6,7, 8, we also have

)dyl dy,

- 1 n.,
11| < C(lx —X))[[® || cons) | —exp (— <4) ). (3.25)
n 4

Combining (3.23)—(3.25) and noting 0 < a < 1, we obtain
[((T-T,)¥)(x) — (T - T,)¥)(x)|

x — x|«

8
1 n
< 11—« ) o - A
< 2l < Clle =3y (e (= 55)

g))

= CH‘I’HCO«I(s) (n—a exp ( Z )) — 0 asn— +oo. (3.26)

S

. 1
< [l (3 ex0 (-

13
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For 0 < av < 1, it can be deduced from (3.22) and (3.26) that

HT - Tn||c°«x(S)
— ||(T - T”)‘I,”CQQ(S)
= sup
”\I’Hco,a(s);ﬁo ||‘IIHCOO<(S)
1
= sup ‘Il|:||(T—Tn)\IJ||OO
% o 5) 70 @] o (s

T-T - (T-T x
+ sup |(( )P x) — (( ) ) (X))
*¥ES |x — x|«
X#X
< C(n_aexp(— %/%)) —0 asn— o0,
which shows that the operator T is compact on T%*(S). Similarly, it can be shown that opera-

tors T* and K are also compact on T%(S). O

By lemma 3.2, the system of the boundary integral equations (3.9)—(3.11) is of the
Fredholm type, i.e. the existence of the solution follows immediately from the uniqueness of
the solution.

Theorem 3.3. Let E° € T|,E, € T, have the integral representations (3.1) and (3.2)
and satisfy the boundary integral equations (3.9)—(3.11). Then (E1, E,) are the solutions of
problem 2.1.

Proof. We only show the proof for the field E;. If the field E° € 7; has the integral
representation (3.1), then we have

E’(x) = /S{[Gl(x =] [wsy) x (Vy x Ex(30))] + [V x Gi(x —y)] - [Us(y) x E1(y)] }ds,

+ /F {[Gi(x —y)] - [vr(y) x (V, x El(y))]}dsy, x €. (3.27)

Noting that for any x € {2 and y € SUT', we have x # y. Taking double curl of (3.27),
multiplying (3.27) by —? = —w?u(e; + i2), and adding the resulting two equations with
the aid of (2.13), we obtain

V x (V x E*(x)) — w1E*(x)

= [ {9 (V% Gl =) = 5361 & = )] () (T, x E1(3)]
+ [V X (Vi X (Va X Gi(x —y)) = 61G1(x —y))] - [Us(y) x Ey(y)] }ds,
[ {70 % (Vi % Galo =) = G x =9)] - (o) x (V, % E1 )]}

=0, x¢€ Q]. (3 28)

It follows from (2.8) and (3.28) that

14
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V x (V X El(x)) — nfEl(x)
=[V x (V x E*(x)) — K1E°(x)] + [V x (V x E'(x)) — K7E'(x)]
=iwpds(x), x € Q.

Furthermore, with the help of lemma 3.2 and (3.27), we deduce that
B <c{ [1616 =)l ) (9, % Er )i,
+ [ 195 G =) sty) x Er9)lds,
= 161 =3 o)V, < B
c{nv % By lcon s / Gi(x = )[dsy + 1B v s) / Ve x Gix—y)lds (329
I % Bl [ 161 3)lds |

gc{ lim /\Gl(x—y)|dsy+ lim /|Vx><G1(x—y)|dsy
’ n——+00 s,

n——+oo S,

+ [16r -]

For each fixed n > 1, as |x| — 400, by lemma 2.2, we have

1
1o < ¢ [ [SEED gy Loy
1cx
—z 1
<CeXP( 4\5(’€])|x|)/exp(_%(Hl)|y|)dsy
|x| S, 2
2
ex (k1) |x " 1
<C p( 4 ( 1)| |) (/ exp( — (m)yl)dy1>
x| 0 4
_lg 2
gCeXp( 4|x|('%1)|x|) (lfexp( g%(’il))) i
(3.30)
and
_ 1o 2
exp S(ky)|x n
IV, % Gy (x —y)|ds, < C ( 4|x( DlxD (1—exp(—1$(m))) .
Sn
(3.31)
Similarly, we can obtain
[ 1616 —yias, < EPEV [ e i yir s8]+ 0 (1) o
r (3.32)

&P (=S ()l
E—

~

Combining (3.29)—(3.32), we have for 3(x;1) > 0 that

15
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1cx
exp (—3 (k1) |x
|Es(x)|<C< p 4| l( 1) >> as |x| — +oo
x
and
/ |E‘Y|2ds <C/ —CXp(i%%(m)‘des
OB} e OB} x| *

<c <exp (—%%(m)r)

1
5 47rr2> = Cexp (—E%(/{l)r) —0 asr= x| = +oo,
E

where C is a positive constant independent of 7.
Similarly, we can also show that

lim |V x E*|*ds, = lim/ |E>|*ds, = lim/ |V x E,|*ds, = 0.
r—4oo aB,Jr r—4oo B r—+o00 OB

Furthermore, since E; satisfies (2.3) and the radiation conditions, applying the vector dy-
adic Green second theorem to E; and G in the region {2;, we have

El (x) = Ei(x)

+/S{[Gl(x =)+ ws) x (Vy x Ex(y)] + [V x Gi(x —y)] - [vs(y) x Ei(y)] }ds

4 [{161x =)o) % (9, x E1))
r

+ [Ve X Gi(x —y)] - [vr(y) x El(y)]}dsy, x €0, (3.33)

Then, from (3.1) and (3.33), it is easy to verify that vr(y) x E;(y) |F =0,ie. Ey=E +E
satisfies the boundary condition (ii) of problem 2.1.

Taking vg(x) x of (3.1) and (3.2), respectively, using the jump conditions of the single- and
double-layer potentials, we get the boundary integral equations

llls(x) x E(x) = vs(x) x E'(x)

2
+/S{[Vs(x) x Gi(x —y)] - [vs(y) x (Vy x E1(y))]
+ [vs(x) X (Vi X Gi(x —y))] - [vs(y) x Ei(y)] }ds,
+ /F {rs@) x Gi(x —y)] - or®) x (Vy x E\ )] }ds,. x5, (334)
and

vs(x) x Ex(x) — %Vs(x) x E|(x)

- / [rs(@) x Galx — )] - [ws(y) X (Vy x E1(3))]

+ [vs(x) x (Vi X Ga(x — )] - [s(y) X E1(y)]}dsy, x €.
(3.35)

16
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Now adding (3.34) and (3.35) gives

Vs(x)XEz()
—l/S )XE()

/ [rs(x) X (Ga(x — ) — Galx —y))] - [s) x (Vy x E1 ()]
+ [5(x) % (Vi % Gi(x —y) — Vi % Galx —y))] - [ws(y) % Ex(y)]}ds,
T / {s(x) x Gi(x —y)] - [r () % (Vy x Ey(y))]}ds,, x €. (3.36)
From (3.10) and (3.36), it is easy to verify that vg X E;|s = vs X Ea]s.

Taking vg(x) x Vyx of (3.1) and (3.2), respectively, using the jump conditions of the sin-
gle- and double-layer potentials, we get the boundary integral equations

%Vs(x) X (Vi x Ey(x))

— us(x) x (Vi x E(x))

/{ vs(x) X (Vx x Gi(x —y))] - [vs(y) x (Vy X Eq(y))]
+ [vs(x) X (K1G1(x —y))] - [vs(y) x E1(y)] }ds,

/ {[ws(x) X (Ve x Gi(x = )] - [or(y) x (Vy x E1(3))]}ds,,  x €5,
(3.37)

and
(Ve x Ea(x) — 3s(x) x (Ve x Ey(x))
/ {[ws(x) x (Ve x Galx — )] - [vs(y)  (Vy x E(3))]
+ [vs(x) x (H%Gg(x -y [vsly) x El(y)]}dsy, xeS. (3.38)

Now adding (3.37) and (3.38) gives

vs(x) x (V x E(x))
= vg(x) x (Vi x E'(x))

/ {[Vs(x) X (Ve X Gi(x — ) — Vi x Gax —y))] - [vs(y) x (Vy x Ey(y))]
+ [rs(®) X (561 (¥ — ¥) — 3G (x — )] - [ws(y) x E1(v)] }ds,
/ {[ws(x) x (Ve x Gi(x = )] - [or(y) % (Vy x E1(3))]}dsy,  x €5, (3.39)

From (3.11) and (3.39), it is easy to verify that vg X (Vy X E{)|s = vs x (Ve X E3)|s. [

_ To prove the uniqueness, it suffices to show that E; = E* and E; vanish identically in
Qy and Q, if E' = 0. For the sake of brevity for the proof, we consider the homogeneous
Maxwell’s equations

17



Inverse Problems 35 (2019) 095002 P Liet al

V x(VxE)—kE =0 inQ, (3.40)
along with the boundary condition

vr XxE; =0 onT, 3.41)
and the continuity conditions

vs xE; =vs X E;, vsx (VXE|)=vsx(VxE;) onS, (3.42)

and the radiation conditions

lim |E,|*ds = hm |V x Ei|*ds
oB;

r——+00 OB —+o00

(3.43)
= lim |E;|*ds = lim / |V x E,|*ds = 0.
9B, r——+o00 OB

r——+o00

Theorem 3.4. Let (E,E;) be the solutions of the problem (3.40)—(3.43). Then (E;,E,)
vanish identically.

Proof. Denote €, =B,N§; with boundary 99, =0BFUTUS,,  where
OBY =0B,NQ; and S,=SNB, Taking the dot product of the Maxwell equa-
tion V x (V x E;(x)) — k3E;(x) = 0 with the complex conjugate of E|, integrating over €,
and using the integration by parts, we get

/\VxE1|2dx—nl/|E1 |2dx

—/ [El X (V X El)]dsx = —/ E] : [V X (V X El)]dsx
o0, o0,

:_/BQ (v x (VX E1)) - (v x E1) X v)dss

- (/8+/+/) (v x (VX ED)- (0 x B) x v)dses (3.4

where v = v(x) stands for the unit normal vector at x € 9€), pointing out of 2,. Letting
r — 400, we have from (3.41), (3.43) and (3.44) that

/ |V X El\zdx — /ﬁ?%/ |E1|2dx = /(VS X (V X E[)) . ((I/S X E]) X Vs)dsx,
¢ “ g (3.45)

where vg = vg(x) denotes the unit normal vector at x € S pointing from region ), to region
. By taking the imaginary part of (3.45) that

_%/(VS X (V X El)) . ((VS X El) X Vs)dsx = J(I’il)/ |E1|2dx 0.
’ ” (3.46)

Similarly, we may show that

s/(us < (V % Bs)) - (vs x Ba) x vs)dse = 3(s2) [ |Eafde > 0. (3.47)
S [973
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Noting the continuity conditions (3.42) and %(mf) > 0, we obtain from (3.46) and (3.47) that

|E,|*dx = / |E;|*dx = 0,
Q] QZ

which implies that E; = 0in Q; and E; = 0in 5. O

4. Uniqueness of the inverse problem

This section addresses the uniqueness of the inverse surface scattering problem. For the given
incident field, we show that the obstacle and the unbounded rough surface can be uniquely
determir:ed by the tangential trace of the electric field vr; x Ej|r;, j = 1,2. _
Let S € C? be an infinite rough surface which divides R? into the upper half space Qf
and the lower half space Q. Let D CC ﬁf be a bounded domain with the boundary Tec
Define ) = SNIT \ D. Let (E,, E,) be the unique solutions of problem 2.1 with the surfaces

(D, S) replaced by (D, S) but for the same incident field E' satisfying (2.15). Recall that the
point dipole source is assumed to be located at x; € R}

Lemma 4.1. Let Q C R3 be a Lipschitz domain. Consider the boundary value problem

Vx (VxE®x)—rEx) =0, Vx(VxEx)-r3Ex) =0 inQ,
vxE=vxE, vx(VxE)=vx(VxE) on 99,
4.1)

where v denotes the unit normal vector on the boundary 05} directed into the exterior of §.
Then E=E =0in (.

Proof. Consider an extension E° of E to the exterior domain Q¢ = R3 \ﬁ where E° satis-
fies

V x (VxE (x)) — k2E‘(x) =0 in O°,
vxE =vxE, vx(VXE)=vx(VxE) on 012,

and the radiation conditions

lim [ [EPds=lim | |V xEds=0.
B,

r—00 JoB, r—oo [q

Taking the dot product of the Maxwell equation V x (V x E(x)) — s3E(x) = 0 with the
complex conjugate of E, integrating over €2, and using the integration by parts, we get

/Q|V><E|2dx—ff%/Q|E|2dx:—/69(u><(VXE))-((I/XE)XI/)d(i:.z)

On the other hand, taking the dot product of the equation V x (V x E (x)) — K%Ee (x)=0
with the complex conjugate of E, integrating over €2, using the integration by parts and the
radiation condition, we have
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ve

IV x B Pdx — Hg/ B Pdx — / (% (V x E)) - (v x ) x v)dss.
Qe Qe o0
@3)
Since

. e

vXE=vxE=vxE, vx(VxE) =vx(VxE)=vx(VxE),

we add (4.2) and (4.3) and get

/|V><E|2dx+/ |V><Ee|2dx—n%/ |E\2dx—/<§/ |E|2dx = 0.
Q Qe Q Qe

Noting S(/@f) > 0 and taking the imaging part of the above equation yields that E = 0 in )
and E = 0 in Q°, which implies immediately that E = E = 0 in €. O

Remark 4.2. Inlemma 4.1, the domain §2 does not have to be a bounded and the integration
by parts still holds in the proof of lemma 4.1 due to %(fs}) > 0 and the radiation conditions.
We refer to [20] for a closely related problem on the electromagnetic scattering by unbounded
rough surfaces, where the variational problem is discussed in an unbounded domain.

Remark 4.3. The result still holds for x| = k; in lemma 4.1. In this case, the problem (4.1)
is equivalent to the following scattering problem: to find E such that it satisfies the Maxwell
equation

V x (V x E(x)) —x1E(x) =0 inR®

and the radiation condition

r—00

lim |E|*ds = lim / |V x E|*ds = 0.
OB, =0 J 5B,
It is clear to note that the above scattering problem has a unique solution E = 0 in R? due to
S(k2) > 0.
Lemma 4.4. Let E, be the solution of problem 2.1. Then vs x E; # 0 on S.

Proof. We prove it by contradiction. First we assume that vg x E; =0 on S. Since
vs x E| = vg X E; on S, we may consider the following problem

{V X (V X Ez(x)) — R%Ez(x) =0 in Qz,

vs XxE, =0 onS. @4

In addition, Ej is required to satisfy the radiation condition (2.10). Taking the dot product of
the Maxwell equation in (4.4) with the complex conjugate of E,, integrating over {2, and us-
ing the boundary condition and the radiation condition, we obtain

/\VXE2|2dx—H%/ |E>|*dx = 0,
Qz QZ
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which implies E; =0 in €, due to J(k3) > 0. Hence vg x (V x E;) =0 on S. Since
vs xE; =vsxEy; =0and vy x (VX E|) =vg x (V x E;) =0 onS, it follows from the
Holmgren uniqueness theorem for the Maxwell system in [5, theorem 6.5] that we obtain
E| = 0in R,. In fact, E| can be extended to £2; U €2, as follows

v {E1 in le
E1 = e -
E{ in(,

where Ef satisfies

V x (V x E§(x)) — KIE{(x) =0 in ), 45
1/5><E61':1/S><E1, V3X(VXET):V5X(VXE1) on S, ()

and the radiation condition (2.10). Clearly the pruoblem (4.5) has a unique solution E{ = 0 in
. By the unique continuation, we have E; = E; = 0 in Ry, which contradicts the transpar-
ent boundary condition (2.11). O

Theorem 4.5. Assume that vr, x Ej|r, = vr, X INZJ-|FJ. for the given the incident field E'.
Then D =D,S = S.

Proof. We prove it by contradiction and assume that D # D,S # S. The schematic of the
domains (D, S) and (D, S) is shown in figure 2. Let F; = E; — E;, then F; satisfies Maxwell’s
equation

VX(VXFJ)—IQJZFJZO 1nQ]ﬂS~2,

and the radiation condition. By the assumption vy, x Fj|r; = vr, x Ej|r; — v, ¥ Ejlr‘j =0
and the uniqueness result for the direct scattering problem, it follows that E;(x) = E;(x),j = 1,2
in Rfr ={xeR¥:x3>h;} and R2+ ={x €R3:x3 < hy}, respectively. Since

F; € C2(9; N €) N C-(Q; N Q;), by the unique continuation, we get that

Fj(x) = Ej(x) ij(x) =0, xe€ Qj n Qj, (46)

and

V x Fi(x) = V x Ej(x) - V x E;j(x) =0, x¢€ Q;N%Q; 4.7)

First, we prove that the obstacle can be uniquely determined. In the case when D # D
which include DND # @ and DN D =), without loss of generality, we assume that

Q =D\ (DN D) # () with the boundary 90 =1T', U fp, where I', C I' and fp c T denotes
the part of the boundary on I' and T, respectively. Thus, from (4.6) and (2.5), we obtain

Vl",, X E1|Fl’ = pr X El}f,} =0. (48)

Consider the boundary value problem

VX(VXEl)—I{%Elzo iIlQ,
VXE]ZO OnaQ’
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where v is the unit normal on Q. Multiplying the Maxwell equation V x (V x E) - nff 1 =0
by the complex conjugate of Ej, integrating over Q, using the integration by parts, we obtain

/|VXE1|2dx—m%/|E1|2dx=o,
0 0

which implies that E; = 0 in Q since 3(k3) > 0. An application of the unique continua-
tion gives E; = 0 in R;. But this contradicts the transparent boundary condition (2.11) on I’
Hence, D = D.

Next is show that the infinite rough surface S can be uniquely determined by the wave
fields v, x E; and vr, X E, measured on I'j and I',, respectively. Assume that S # S, where
S = {xeR:x; :f(xl,xz)} with f #f. Let S, €S and Ep CSs. Noting remark 4.2, we
may assume without loss of generality that §, C § is located above §p C §p. Thus, we have a

domain 2 which is bounded by 02 = S, U gp. The schematic of the domain 2 is also shown
in figure 2. By (2.6), (4.6) and (4.7), we have

Vg, XE1 =Vs, XE], Vg, X (V XE]) = Vs, X (V XE]) on S[;,
and

vg X E, = vg X E,, vy X (VX E,) = vg X (V x E’z) on gp.

It follows from the continuity conditions

Vs, XE1 =V, XE2, Vg, X (VXEl):VSP X (VXEQ) Ol‘lSp,
and

vy X E = vy X E, vy X (VXE;)= vy X (V x E) ongp.
Combining the above equations yields that
VoQ XE]:VBQXEZ, VaQX(VXEl):VaQX(VXEz) OnaQ:SPUEP.

We consider the following boundary value problem

Vx(VXE)—kE =0, Vx(VxE)—#rE =0 in Q,
Voo X El =vgq X E,, vyo X (V X El) = Vo X (V X Ez) on 0f2.
(4.9)

It follows from lemma 4.1 that E =E,=0in Q. An application of the unique continua-
tion gives E| = 0in Ry, which contradicts the transparent boundary condition (2.11). Hence,
S=S. O
5. Local stability

In this section, we present a local stability result. Let us begin with the calculation of domain
derivative which plays an important role in the stability analysis.
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Figure 2. Schematic of domains for the proof of uniqueness.

Let 7 : R? — R3 be the identity mapping and let # : ' US — R3 be an admissible per-
turbation, where 6 is assumed to be an admissible perturbation in C2(I' U S, R?) and has a
compact support. For § € C2(I' U S, R?), we can extend the definition of function 6(x) to €;
by satisfying: 6(x) € C2(Q;, R N C(Q); T+ 6 :Q — Qp,j = 1,2. Here the region ;¢
bounded by I'y and Sy, where

IFg={x+0(x):xecT}, Sp={x+0(x):xeS}

Let 0(x) = (61(x), 02(x),05(x))T. Clearly, Q;¢ is an admissible perturbed configuration of
the reference region );. Note that ;9 = {;, I'y = I', and Sy = S. According to theorem 3.4,
there exist the unique solutions (E g, E2g) to problem 2.1 corresponding to the region ;¢
for any small enough 6. Note that this function E; ¢ = E;(6,x) cannot be differentiated with
respect to 6 in the classical sense. For this reason, we adopt the following concept of a domain
derivative.
Denote by
OE;
Ej = —.=(0)p

the domain derivative of Ejp at =0 in the direction p(x)= (pi(x),p2(x),
p3(x))T € C3(I' U S,R3). Define a nonlinear map

Y:ToUSy = vr, X Eipglr,-
The domain derivative of the operator Y on the boundary I' U S along the direction p is defined
by
Y(TUS,p) :=vr, X Ellr,.
We introduce the notations
Ve, =vrx (Vxwvr), Vp, =vr-V, Vs =vsx(Vxvs), Vs, =vs-V,

which are the tangential and the normal components of a vector V on the boundary I" and
S, respectively. It is clear to note that V. =Vr_+4 Vp vronI'and V=V + Vs vsonS.
Denote by Vr_and V_ the surface gradient on I' and S, and denote by 0,,,. and 9,,, the normal
derivative on I" and S, respectively.
Define the jump
[E]= lim E{(x+a;)— }Zlg% E)(x+ay), x€S8,

a;—0
x+a) €Q x+ay €y

5.1)

of the continuous extension of a function E to the boundary from 2; and €2,, respectively.
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Theorem 5.1. Ler (E|, E;) be the solutions of problem 2.1. Given p € C*(I' US,R?), the
domain derivatives (E}, Ey) of (E1, E,) are the radiation solutions of the following problem:

V xVXE,-KE =0 in
V xV xEy—KE,=0 in 2y,
vr X Ell = [pFV (8,,FE]’[*T) +Er, (VFTPF,,)} X Vr onl’, (5.2)
[I/S X E/] = 7[1/5 X (VST (PS,,ESV))] on S, ’
[vs x (V x EN)] = 7w2M|:(a + ig)E&}psV —[vs x (Vs, (ps, (V X E)s,))] onS.
Proof. Define the operator A = V x (Vx) — k37 and let
wy = AE p, (5.3)

where Ejg is a solution of problem 2.1 corresponding to the region );4,j = 1,2 for suffi-
ciently small 6. Then, we have

wp=¢q0 inQy (5.4)

and

wo(T+60)=¢q5 inQ. (5.5)

Since A is a linear and continuous operator from H(curl,€;) = {u € L*(Q)3:
V x u € L*(€4)3}into D'(€2;), A is differentiable in the distribution sense, i.e. v — (Av, )
is differentiable for each ¥ € D(€;) and
0A

A (5.6)

Here D(;) is the standard space of infinitely differentiable functions with compact support
in Qy and D’ () is the standard space of distributions. Therefore, it follows from the differ-
entiability of  — E;¢(Z + 0) and 6 — E; g that 0 — wy(Z + 0) is continuously Fréchet
differentiable at @ = 0 in the direction p € C*(T'U S, R*). Moreover, for an admissible per-
turbation 6, their derivatives satisfy

0 0 .

55 (@o(Z+6)(0)p = =L (Op+(p- V)w in Q. 5.7)
We deduce from (5.3)—(5.5) and (5.7) that

Doy (1 DA OEry o DAL,

a0 O = 3E,, a0 P = g, B

= D @olT+0) 0P~ (p- V)
=P-V)gd—(p-V)gd =0 inQy. (5.8)

It follows from (5.6) and (5.8) that
1=V x(VXE)-KE =0 inQ.

For the boundary condition, we may follow the same steps as those in [21] and obtain
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vr X Ef = [pr (Oy Eir,) +Eir,(Vr,pr))] xvr onl.

Furthermore, for every perturbation 6 € Cz(l" us, R3), the tangential traces of the electric
fields are assumed to be continuous across S, i.e.

Vg X El’g = Vg X Ez’g on Sa. (59)

Hence, we have

Wo(Z+0)] x[E19(ZT+0)]=[we(T+0)] X [Erg(Z+06)] onS. (5.10)

Moreover, it follows from [9, lemma 3] and [26, lemma 4.8] that
1

voT+60)=—
o0 = sl

g(@)vs ons, (5.11)

where the matrix g(f) = (I + 22)~ 7 satisfies

By (5.10) and (5.11), we have

[g(O)vs] x [E1o(Z + 0)] = [g(0)vs] x [Erp(Z+6)] onS (5.12)
and
% [8(0)vs] x [E1o(T+0)]}HO)p = a9{[g( Jvs] x [E2p(Z +0)]}O0)p (();l f3)

Using the chain rule, we deduce from (5.13) that
S ([8(Ows] (BT + )} 0)p
= [ (%5700 ) vs| % B+ s x| B0+ 0) 0
p) v

= (( )XE]+V5X[E;+(pv> j] OHS, ]:1,2 (514)

Since on S we have
((Vp)Tws) X Ej = [vs x (V x p) + (vs - V)p] x
= [vs x (V xp)] X E; + [(vs - V)p| X E;
= —vs x [E; x (V xp)] = (V xp) x (vs x Ej) + [(vs - V)p] x E;
= —vs X [E; x (V xp)] —vs x [(E; - V)p]
—(Vp)(vs X E;)+ (V- -p)(vs X E;), j=12. (5.15)

With the aid of (5.14) and (5.15), we obtain
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S ls(Ows] x [Byo(T + 0)]}O)p

= —{—vs X [E; x (V x p)] —vs X [(E; - V)p] — (Vp)(vs x E))
+(V-p)(vs x E))} +vs x Ej + vs x [(p- V)E}]

={vs < [E; x (V xp)| +vs x [(E;- V)p] + vs x [(p- V)E]]}
+vs X Ej + (Vp)(vs x Ej) — (V- p)(vs x Ej)

=vs X [E;x (V xp)+ (E;- V)p + (p- V)E)]
+vs X Ej + (Vp)(vs x Ej) — (V -p)(vs x Ej)

=vg X [(VXE)xpl+vsx[px(VXE)+E; x(Vxp)+(E-V)p
+(p- V)Ej| +vs x E + (Vp)(vs x Ej) — (V - p)(vs x E;)

=vs X [(V X Ej) xp] +vs x [V(p-Ej)] +vs X Ej

+(Vp)(vs X E;) — (V -p)(vs X E;) onS, j=1,2. (5.16)

By taking into account of the continuous conditions (2.7) and p € C2(F us, R3), from
(5.1) and (5.16), the jump relations read

s x E'] = —[vs x (V X E) x p)] = [vs x (V(p - E))]. (5.17)

For the first term of in the right hand side of (5.17), we conclude from the continuous con-
ditions (2.7) and the jump condition [(V x E)g, ] = 0 that

[
=[((VxE)s, +(V x E)SVVS)PSV - (PST JrI’SVVS)(v x E)s,]
=[(V x E)s,ps, — (V x E)s,ps |
=[(V xE)s,lps, = [(V X E)s,lps,
=[(V xE)s,Jps, =0 onS. (5.18)

It follows from [vg x E] = [vs x Eg_ ] = 0 and the definition of the surface gradient V_ that
we obtain [vs x (Vs, (pg_ - Es.))] = 0. Thus, the second term in the right hand side of (5.17)
reduces to

[vs x (V(p-E))] = [vs x (Vs,(p-E))|
= [vs x (Vs, ((ps, +ps,Vs) - (Es, + Es,vs)))]
= [vs x (Vs, (ps, - Es, +ps, Es,))]
[vs x (Vs, (ps,Es,))] onS. (5.19)

Finally, by (5.17)—(5.19), we have the boundary condition
[I/S X E/] = —[VS X (VST (pSl,ESu))] onS.

We define H' = ﬁ(v x E'), and similarly, we can obtain

[vs x H'] = — [vs x (V x H) x p)] — [vs x (V(p - H))]
=—[(V xH)s_ lps, — [vs x (Vs, (ps,Hs,))]

=iw [ (s + 1%) Esf]psy — [vs x (Vs, (ps,Hs,))] onS, (520)
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which implies that

s (7 B = i (1] (=412 B, [y, = ol (9,0, (7 B33 )] ) .
_ —wzu{ (5 + lg) EST]pSV — [vs % (Vs. (ps, (V x E)s,))] on.

Based on the existence of the domain derivatives E]'», the proof of the the integral represen-
tations for E; follow in the same manner as for the the integral representation of E;. Therefore,
the asymptotic behavior to the domain derivative EJ’ has the same form as E;. This means that
the domain derivatives (E', E}) are the radiation solutions of the problem (5.2). 1

Introduce the domain €2 5, bounded by I';, and S, where
Iy={x+hgx)vr:xeT}, S,={x+hgx)vs:xe€S}

where ¢ € C*(R3,R) and /& > 0. For any two domains ; and Q; , in R?, define the Hausdorff
distance

dist(2y, Q) = max{p(Q1s, Q1) p(21, 1)}
where

p(1,Q4,) = sup inf |x —y|.
x€Q YEQU

It can be easily seen that the Hausdorff distance between €2; 5, and €2 is of the order 4, i.e.
dist(€2, 2y 4) = O(h). We have the following local stability result.
Theorem 5.2. Ifg € C*(T US,R)and h > 0 is sufficiently small, then

diSt(Ql,Ql,h) < C||V1"| X El,h — v, X E]”C(J.a(l"]),

where E;,, and E| is the solution of problem 2.1 corresponding to the domain Q j and €y,
respectively, and C is a positive constant independent of h.

Proof. Assume by contradiction that there exists a subsequence from {E, ;, }, which is still
denoted as {E } for simplicity, such that

. ||vr, X Eyp —vr, X E)
lim
h—0 h

= |lvr, X Ef||coaqr,) =0 ash — 0,
CO‘O‘(Fl)

which yields vr,, x E7 = 0 on I';. Following a similar proof of theorem 3.4, we can show the
uniqueness of the solution for problem (5.2). An application of the uniqueness for problem
(5.2) yields that E; = 0 in Q;,j = 1,2. Furthermore, we also have V x E; =0in Q;,j=1,2.

Taking p(x) = g(x)vr on I in problem (5.2), we have from the boundary condition of E/
in problem (5.2) that

vr x Ey = [(q(x)vr)r, (OvrErr,) + Eir, (Vr, (g(x)vr)r,)] x vr

5.22
= [q(OuEir.) +Eir,(Vr.q)] xvr=0 onT. ( )
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Since q is arbitrary in (5.22), we have

6VFEI)FT = BUF [VF X (E] X I/[‘)]

=0y E1 — Oy [(vr -E\)vr] =0 onT, (5.23)
and
Eir,=vr-E;=0 onl. (5.24)
It follows from (5.23) and (5.24) that
OuEr =0 onTl. (5.25)
With the aid of vr x Eq|r = 0and vr - Ej|r = 0, we have
E, =0 onl. (5.26)

Therefore, combining (5.25) and (5.26), we infer by unique continuation that

El =0 ian,

which contradicts the transparent boundary condition (2.11).
We next consider the perturbation on S, take p(x) = g(x)vs on S in problem (5.2), from

V x Ej = 0in €, one can get
0= [VS X (V X E')] — _w2M|: (E—}—l;) EST:|pSV — [I/S X (Vs,(pSV(V X E)S,,))]
- —w2u{ (=+i2) ES,]q — [vs X (s, (a(V x E)s,))] onS.  (527)

Since ¢ is arbitrary in (5.27) and E;5_ = [vs X (E1 X vs)] = [vs X (Ea X vs)] = Eas,,

we have
0= [<5+i0> EST} - [(51 +iﬂ) - <8z+i02)}E2,ST onS. (5.28)
w w w

For €1 # &; and 01 # 05, from (5.28) that
Ei5, =E;s., =0 onS. (5.29)

Taking the dot product of the Maxwell equation (2.4) with the complex conjugate of Ej,
integrating over €),, and using (5.29) and the radiation condition (2.10), we obtain

/ IV x ExPdx — i3 / By = /<usx<vXEz>>-<<ust2>xw)dsxzo, (5.30)
[973 Q, S

which implies E; =0 in € due to %(Kgg) > 0. Hence from (2.7), we have
vs X E| = vg X E; = 0on S, which is impossible by lemma 4.4. |

The result indicates that for small 4, if the boundary measurements are O (k) close to each
other, then the corresponding domains are also O(h) close to each other in the Hausdorff
distance.
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6. Conclusion

In this paper, we have studied the direct and inverse electromagnetic obstacle scattering prob-
lems for the three-dimensional Maxwell equations in an unbounded structure. We present
an equivalent integral equation to the boundary value problem and show that it has a unique
solution. For the inverse problem, we prove that the obstacle and unbounded rough surface
can be uniquely determined by the tangential component of the electric field measured on
two plane surfaces which enclose the unknown obstacle and unbounded rough surface. The
local stability shows that the Hausdorff distance of the two regions, corresponding to small
perturbations of the obstacle and the unbounded rough surface, is bounded by the distance of
corresponding tangential trace of the electric fields if they are close enough. To prove the sta-
bility, the domain derivative of the electric field with respect to the change of the shape of the
obstacle and unbounded rough surface is examined. In particular, we deduce that the domain
derivative satisfies a boundary value problem of the Maxwell equations, which is similar to
the model equation of the direct problem. The results hold for multiple obstacles which are
located either above or below the unbounded rough surface.
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