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1. Introduction

Inverse elastic scattering theory became an active research area recently (see, e.g., [1] and the references therein). In
this paper, we consider the computation of the interior elastic transmission eigenvalue problem (ETE) arising from the
inverse scattering theory of non-homogeneous elastic media. Similar to the acoustic and electromagnetic transmission
eigenvalue problems [2], the ETE plays a critical role in the qualitative reconstruction methods for inhomogeneous media.
The ETE is a new nonlinear non-self-adjoint eigenvalue problem and its theory is far from complete [3].

Numerical methods for the acoustic transmission eigenvalues have been developed by many researchers since 2010
(see, e.g., [4-18]). There exist some papers on the electromagnetic transmission eigenvalue problems [19-21]. It is
non-trivial to develop finite element methods for the transmission eigenvalue problems since they are nonlinear, non-
self-adjoint and of high order [22]. There are a few papers on the computation of the ETE. In [23], the authors proposed a
discontinuous Galerkin method based on a mixed formulation. Recently, Chang et al. implemented an efficient quadratic
Jacobi-Davidson method combining with partial locking or partial deflation techniques to compute many positive
eigenvalues [24]. We also refer the readers to the two recent papers appeared on arXiv [25,26].

The goal of this paper is to develop an effective numerical method to compute real transmission eigenvalues. Real
transmission eigenvalues can be reconstructed from the scattered waves and used to estimate material property of the
elastic body (see, e.g., [27]). It is shown in [3] that there exists a countable set of real elastic transmission eigenvalues.
The problem of the existence of complex elastic transmission eigenvalues is largely open. Unlike the Laplacian eigenvalue
problem or the biharmonic eigenvalue problem, the transmission eigenvalue problem is nonlinear and non-self-adjoint.
To overcome these difficulties, we reformulate the ETE as a problem to seek the root of a nonlinear function. Specifically,
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following the idea of [5] for the acoustic transmission eigenvalue problem, the ETE is first written as a nonlinear
fourth order eigenvalue problem. Then a nonlinear function, whose roots are the real elastic transmission eigenvalues, is
constructed. The values of the nonlinear function are generalized eigenvalues of some self-adjoint coercive fourth order
problems, which can be treated using the classical H?-conforming finite elements. Finally, the secant method is used to
compute the roots of the nonlinear function.

The rest of the paper is organized as follows. In Section 2, we introduce the elastic transmission eigenvalue problem
and derive a quadratic eigenvalue problem based on a fourth order partial differential equation. To avoid treating the
nonlinearity and non-self-adjointness directly, the ETE is decomposed into a nonlinear function and a series of linear
self-adjoint fourth order eigenvalue problems. The values of the nonlinear function are generalized eigenvalues of the
fourth order problems. The roots of the nonlinear function are transmission eigenvalues. In Section 3, the H?-conforming
Argyris element for the fourth order problems is presented and the convergence is proved. The secant method is used
in Section 4 to compute roots of the nonlinear function and the error estimate is obtained. Some preliminary numerical
examples are presented in Section 5.

2. The elastic transmission eigenvalue problem

Let x = (x,y)" € R? and D C R? be a bounded Lipschitz polygon. The elastic wave equation is
V.o)+o?pu=0 inDCR? (1)

where u(x) = (u1(x), u(x))" is the displacement vector of the wave field, @ > 0 is the angular frequency, p(x) is the
mass density, and o (u) is the stress tensor given by the generalized Hooke law

o(u) = 2ue(u) + Atr(e(u))l,
where I € R?*? is the identity matrix and u, A are the Lamé parameters satisfying ;& > 0, A + u > 0. The strain tensor

e(u) is defined as

1 T
e(u) = E(Vu +(Vu)'),

where Vu is the displacement gradient tensor
_ axul 3yU1
Vu= I:axllz 3yU2 :
Explicitly, we have

o(u) = (A + 2pu)0xuq + A0yuy w(dyur + dyua)
(Oxlip + Oylq) Adxuq + (A + 2pu)0yuy

Given u, v € Hj(D)?, it follows from the integration by parts that
(o(u), Vv) = / (u) : Vvdx

= [ aeta): etv) +407 -w(T v, 3)
where A : B = tr(AB") is the Frobenius inner product of square matrices A and B. We recall the first Korn inequality [28,
Corollary 11.2.25]: there exists a positive constant C such that
le(u)ll2 > Cllully for all u € H)(D).

Let pg, p1 € L%(D) be the mass density of the background medium and the mass density of D, respectively. In this
paper, we consider the case when p; > pp such that

p<po(¥) <P, p.=<pi(¥) <P, xeD, (4)

where p, p., P, P, are positive constants and p, > P.
The elastic transmission eigenvalue problem is to find w? such that there exists a non-trivial solution (w, v) satisfying

V.o(w)+ o’pow=0 inD, (5a)
V.o()+w?pv=0 inD, (5b)
w=v onl, (5¢)

o(w)y=oc(v)yv on I, (5d)
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where o(w)v denotes the matrix multiplication of the stress tensor o(w) and the unit outward normal v to I := dD.
Assume that p, > 1 > P. It is shown in [3] that the set of elastic transmission eigenvalues is discrete, with infinity being
the only possible accumulation point.

Since w is the angular frequency in the elastic waves, the goal of this paper is to develop an effective numerical method
to compute real transmission eigenvalues which are physically meaningful. To this end, we first rewrite (5) as a fourth
order problem. Define the Sobolev space

V={¢ecH D?:¢p=0and o(¢)v=00nTI}. (6)
Subtracting (5b) from (5a) and rearranging terms, one obtains

V- o(w — )+ o’ po(w — v) = @*(p1 — po)v.
Applying (5b) once again, one gets

(V.o +o’01)(p1—po)" (V-0 +&’p) (w—v)=0.
Let u = w — v. From (5c) and (5d), one has that

u=0 and o(u)v=0 onI.

Consequently, the transmission eigenvalue problem can be formulated as follows. Find @? and u # 0 such that

(V-U+w2p1)(p1—p0)71 (V-U+w2po)u:0. (7)
The weak formulation of (7) is to find w? € C and 0 # u € V such that
((,01 — pg)! (V'a—i—a)zpo)u, (V~a+52,01)<p) =0 forallg eV, (8)

where @ denotes the complex conjugate of w. Let T = w?. We define two sesquilinear forms on V x V

Ac(d. @)= ((p1 — p0) ' (V-0 +Tp0) §. (V-0 +Tpo) @) + T°(po. @),
B(¢. ¢) = (0(9), Vo).

It is clear that A, is symmetric. Due to (3), B is also symmetric.
The variational problem for (8) can be written as to find r € R and 0 # u € V such that

A (u, @) =1tB(u, @) forallp e V. (9)

This is a nonlinear problem since r appears on both sides of the equation. For a fixed tr, we consider an associated
generalized eigenvalue problem of finding y := y(7) such that

A (u, @)= yB(u,p) foralle eV. (10)
Then t is a transmission eigenvalue if T is a root of the nonlinear function

f(t)=y()—r1. (11)
The following lemma can be verified in a straightforward manner.
Lemma 2.1. A value t > 0 is a transmission eigenvalue satisfying (9) if and only if f(t) = 0 and y satisfies (10).

In the rest of this section, we analyze the generalized eigenvalue problem (10). Denote by || - || the L?>-norm. It is shown
in [29] that there exists 8 > 0 such that

IV - (@) + 1912 = llpIZ,,p fordeV.

The following lemma is useful in the subsequent analysis. The proof can be carried out following the proof of Lemma
3.1 in [3] for domains with smooth boundaries and thus omitted here.

Lemma 2.2. Let pg, p1 be smooth enough and assume that p, > 1 > P. Then A, is a coercive sesquilinear form on V x V,
i.e., there exists a constant o > 0 such that

Ac(, ¢) = «lpl> forallpeV.
The source problem associated with (10) is to find u € V such that, for f € H(D)?,

A (u,¢) = (o(f), V¢) forall¢ e V. (12)

Due to Lemma 2.2, the following theorem is a consequence of the Lax-Milgram Lemma.
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Theorem 2.3. There exists a unique solution u € V to (12). Furthermore, it holds that

lullp2pe < CllFllmipp- (13)

Proof. Due to the boundedness of py and pq, for ¢, ¢ € V, there exists some constant C > 0 such that

[ Az (¢, )l
=|((o1 = o) (V-0 +7p0) §. (V- 0 +Tpo) @) + (00, ¥)|
SC(V-a(@)NIV-a(@) +IV-o(@)lel+ |V -o(e)lldl + ¢l le))
<Cliglly lelly -

Hence A, is bounded. The coercivity of A, follows from Lemma 2.2. Let F be a linear functional on V such that
F(¢) = (a(f), V@),

for all ¢ € V. Then the Lax-Milgram Lemma implies that there exists a unique solution u to the problem
A (u, ) =F(¢p) forall¢p e V.

Moreover, we have
lullgzpp < ClIFlly,

where V'’ represents the dual space of V. Using the definition of o(f), we obtain that

IFllv: < CupIf llgi(pyes
which shows the estimate (13) and the proof is complete. O

In the rest of the paper, we assume that the following regularity for u holds
lullyz+e oy < ClF Iy, (14)

where & > 0 is the elliptic regularity parameter. Note that for the biharmonic equation, & € (%, 1] is determined by the
angles at the corners of D and & = 1 if D is convex [30].
It follows from Theorem 2.3 that there exists a solution operator T : H!(D)?> — V such that

u="Tf.

Clearly, the operator T is self-adjoint since A, is symmetric. T is also a compact operator due to the compact embedding of
H?(D)? into H'(D)? (see, e.g., Theorem 1.2.1 of [22]). The generalized eigenvalue problem (10) has the following equivalent
operator form

nu=Tu, wheren=y"'.
From the classical spectral theory of compact self-adjoint operators, T has at most a countable set of real eigenvalues
and zero is the only possible accumulation point. Consequently, we have the following lemma for the generalized
eigenvalue problem (10).

Lemma 2.4. Let py and p; satisfy (4) and the conditions in Lemma 2.2 are satisfied. Then the generalized eigenvalue problem
(10) has at most a countable set of positive eigenvalues and +oo is the only possible accumulation point.

In view of Lemma 2.1, the computation of real transmission eigenvalues can be carried out as follows:

1. Obtain an approximation f,(t) of f(7) by computing the generalized eigenvalue y,(7) of (10) using the H>-conforming
Argyris element;
2. Compute the zero of fy(7) using some iterative root-finding method.

3. The argyris element for y(7)

In this section, we employ the Argyris element to compute y(t). The convergence for the source problem (12) is
established first. Then the theory of Babuska and Osborn [31] is applied to obtain the convergence for the eigenvalue
problem (10).

Let 7 be a regular triangular mesh for D and K € 7 be a triangle. We employ the H?-conforming Argyris element, which
uses Ps, the set of polynomials of degree up to 5 on K, to discretize (10). Note that dim(Ps) = 21. For N = {Nq, ..., Na1},
the degrees of freedom are 3 values at the vertices of K, 6 values of the first order partial derivatives at the vertices of K,
9 values of the second order derivatives at the vertices of K, and 3 values of the normal derivatives at the midpoints of
three edges of K [28].
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Note that the Argyris element does not belong to the affine families. This is due to the fact that normal derivatives are
used as degrees of freedom. Fortunately, their interpolation properties are quite similar to those of affine families. Hence
the Argyris element is referred to be almost-affine. Let v € H?(D) and I,v be the interpolation of v by the Argyris element.
For v € H'**(D), o > 0, the following interpolation result holds (see, e.g., [22])

v — vl g2y < CH vl s py, (15)

where 1 < s < min{5, 1 + «} depends on the regularity of v.

Let Vi, C V be the Argyris finite element space associated with 7. The degrees of freedom of functions in V} related to
the boundary nodes need a careful treatment. Let e C I" be an edge of a triangle T C 7 with the unit outward normal
v := (vy, 1) and unit tangent vector (t, t,)". The case when v, = 0 is easy to treat. Assume that vyv, # 0 and thus
tyty # 0. It is clear that

bk + 6y, =0, 7+t =1, vi+1)=1 (16)
One, u = (uy, u;)" = 0. Hence the tangential derivatives of u; and u; are also 0, i.e.,

tyoxUy + tyoyuq = 0,  tydxlp + t,0yup = 0. (17)
The boundary condition o (u)v = 0 implies that

(0 + 2)00tty + A8y} + (Byy + Bytiz)vy = 0,

J(Bxttz + Byt vy + (Aot + (. + 200)3,uz)vy = 0.
Substituting

tx tx
Byul = —*3XU1, 8yu2 = —*BXUZ,
ty ty

into the above equations, one has that

T, t,
(A4 2u)vgdxty — r—x)»vxaxuz — t—xpwyaxu] + pvydsuy =0,
y y

t t
UVxOlly — t—"/vwxaxu1 + vy dtty — t—x(x + 2p)vydeuy = 0.
y y

Collecting similar terms and using the fact that t,v, + t,v, = 0, one obtains that

t, L,
Dl [vx(x +2u) — /thvy] + Oyl [,uuy - tx)\vx] =0,
y %

t t
Oxiy |:)\Vy - tXMVx] + dup |:va -+ ZM)Vth] =0,
Yy y

ie.,

axul[ty"'x()L +2u) — Mtx‘)y] — Oxlp(A + p)vxty = 0,

—0xtq(A + ety + Oxtia[evxty — (A + 2 )vyty] = 0.
The above equation can be viewed as a homogeneous linear system for d,u; and dyu,. The determinant of the coefficient
matrix is

WA 4 2u)0E (1 — £2) 4+ (O + 2)E2(1 — vE)
+ (A 2022 + it — (4 p)Pvit?

= WO 4200 + 6) + V2 (O + 20 + p® = O+ ) = 2600 + 21))

= puh+2u)(v} +t7)

> 0,
where we have used (16). As a result of the above equation and (17), it holds that

3XU1 = 3yU] = aXU2 = ayle = 0,

i.e., all the first-order derivatives are 0.
For the Argyris element, one also need to consider the degrees of freedom related to the second order partial derivative
of a boundary node. For u;, i = 1, 2, one has that
82uit n 32111‘ t =0
a2 axay Y




=0
which implies that
Bzu,- _

ax2
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azu,-

t)? azui ty azu,-

2 oyr oxoy b oy
If a boundary node is a corner, then
Bzu,- _ Bzui

(18)
82u,- 3
> = > = == 07 1= 1, 2
ax ay 0x0y

Now we are ready to introduce the discrete problem for (12). For f € H(D)?, find uy, € V;, such that
A (tn, @) = (0(f), Vo@,,) for all ¢, € V.

(19)

The existence of a unique solution uy, to (19) holds as the continuous problem since the conforming finite element is
used. As a consequence, there exists a discrete solution operator Tj, : H'(D)*> — H?(D)? such that
up, = Thf.

following error estimate holds

Theorem 3.1. Let u and uy, be the solutions of the continuous problem (12) and discrete problem (19), respectively. Then the
llu — upllpe < Ch* IF Il oy2 s
where £ =s — 1.

Proof. From Céa’s Lemma, the following error estimate holds

u—u <C inf ||[u—wv ,
I nll2py < Jnf. l hllH2(p)
for some constant C. Using (15) and (14), one has that

le — upll2pe < Ch57]|u|H5+1(D)2 = Chf|"|H2+E(D)2 < Chs“f”Hl(D)Zv
where s = 1+ &. For g € Hj(D)?, let ¢, be the unique solution of
Ay, @) =

(o(g),Ve) forallg e V.

The rest of the proof follows the Aubin-Nitsche Lemma (see, e.g., Theorem 3.2.4 of [22]) with suitable choices of Sobolev
(o(8), Ve) = A (g, u —up)
= Ai(@g — vh, u —up)

spaces. Let e := u — u, and g € H'(D)?. Using the Galerkin orthogonality, for any v, € V,, we have that
< Cligg — vallp2llu — unll 2,
which yields

(0(g), Ve) = Cllu —uplly2 inf [l — vpllp2.
vpeVy

Furthermore,
(u—upg)
lu—upllyn = sup
gcHipR g0 I8l
. g — vl
< Clu—wlye  sup { inf 18 —vall]
get1(D2.g#0 (i 1€l
Consequently, we get

lu — upllgipp < Ch* If 11 (pye»
which completes the proof. O

ITf = Tof | < Ch* If L oy

Using the operators T and T, we can rewrite the above error estimate as
Thus we have that

IT = Tull < Ch*.
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Now we consider the discrete eigenvalue problem: Find y; € R such that

Ac(tn, ¢p) = yu(o(up), Vo) for all @y, € V. (20)

The discrete eigenvalue problem is obtained by replacing f with y,uy, in (19). The reciprocal of the exact eigenvalue y is
the eigenvalue of the solution operator T. The reciprocal of y, is the eigenvalue of the finite element solution operator
Ty. If T, converges to T in norm as h — 0, the finite element spectral approximation theory of variationally formulated
eigenvalue problems by Babuska and Osborn [31] guarantees the convergence of y, to y.

Since both A, and B are symmetric, T is self-adjoint. Similarly, Ty, is self-adjoint. The estimate for the eigenvalue
problem follows directly from the theory of Babuska and Osborn [31] (Theorem 8.1 therein).

Theorem 3.2. Let y be a generalized eigenvalue of (10) with algebraic multiplicity m. Let yy 1, . . ., Yn.m be the m eigenvalues

of (20) approximating y. Define p, = % Z]";] vnj- The following estimate holds

ly =l < Ch*,
where C := C(t) > 0 depends on t but not h.
Let {¢;}7, be the basis functions of the Argyris element satisfying the boundary conditions. Let A,., be the matrix

given by A;j = A.(¢;, ¢;) and By, be given by B;; = (o(¢;), V¢é;). Then yy’s in (20) are the generalized eigenvalues of
Ax = yBx.

4. Computation of the root of f(7)

Now we turn to the problem of how to compute the root of the nonlinear function f;(t), the discrete version of f(t)
defined in (11). For simplicity, we assume that py and p; are constants. Consider the case when y(t) is the first eigenvalue
of (10). Similar result holds for other eigenvalues.

The continuity of f is obvious since the generalized eigenvalue y(7) of (10) depends on 7 continuously. In fact, f is
differentiable and the derivative is negative on an interval given in Theorem 4.1. We first recall the elastic eigenvalue
problem which will be used later (see, e.g., [31]). Find a non-trivial eigenpair (8, u) € R x H(}(D)2 such that

/ 2ue(u) : €(u) + A divudivv) dx = § / uvdx (21)
D D

for all v € H)(D)*.

Theorem 4.1. Let 8, be the first elastic eigenvalue. The function f(t) is differentiable. Furthermore, f(t) is a decreasing function

on (0, 51(2p0+p1>)_
POP1

Proof. Let y1(7, po, p1) be the first generalized eigenvalue of (10). The following Rayleigh quotient holds

vi(t, po, P1)
A (w, w)

weV B(w,w)

(5k (V-0 + 1o W, (V-0 + Tp0) W) + T2 (pow, W)
inf

o P1—P0

o weV (CT(W), VW)

o <p]1pov co(w), V- o(w)) +27 (p]’i"pow, V. o(w)) + 172 (%w, w)
wev (o(w), Vw) '

When pg and p; are constants, we have
1

vi(z, po, p1) = inf 272 .
weV (o(w), Vw) 01— Po

(V-o(w),V.-o(w) + 52% (w, w) _ 2tp0

Note that the sesquilinear form
a(u,v) := (o(u), Vv) = 2ue(u) : e(v) + AV - u)(V - v)
is bounded, symmetric, and coercive. Hence

v1(z, po, p1)
_ inf { (V-o(w),V.o(w)) 4 2 PP w. w)} _ 2tpo

weV.alw,w)=1

P1 — Po P1 — Po p1—po
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Let k := 12%. We define a new function

weV,alw,w)=1

s(k) = inf { IV - o(w)|? +K|IW|I2}-
P1 = Po

For a fixed « € (0, o0), there exists a w, such that w, € V, a(w,, w,) = 1, and

1
s(x):{ IIV-G(WK)||2+KIIWKII2}'
P1 = Po

For a small enough positive h,

S(ic 4+ h) —s(k) = { IIV~U(WK)II2+(I<+’1)IIWKIIZ}

L1 — Po
1 2 2
- IV - a(Wll” + «llwell
L1 — Po

2
= hllw,|".

On the other hand, we have

sk +h) —s(k) = { IV - o (W)l + (ic + h)IIWK+h||2}

P1— Po

1
- { IV - o(Wein)ll* + K||Wx+h||2}
P1— Lo

= hl|w,nll*.
Consequently,
s(k + h) — s(«)
h

The above inequality implies that |jw, ||? is monotonically decreasing and thus bounded. Note that a(w,, w,) = 1. Then
the continuity of s and the compact embedding of V into L?(D)? implies the existences of a w such that w, ., converges
in L?(D)? strongly and w,., converges in H(D)?> weakly. In addition, w,, satisfies

2 2
||WK+h|| = = ”WK” .

(/01 1 pov -0 (Wietn), V- 0(¢)> + (k +h) Wein, @) = sk + h) (o(w), V),

for all ¢ € V. Taking h — 0, we obtain

P1 — Po
for all ¢ € V. Thus w = w,.. Consequently,

1 . N .
( V.o(W), V- a(¢)) +k (W, ¢) = s(k) (oc(W), V§),

2 2
[Weinl” = llwell”,  h—0.

Then the derivative of s(x) is ||[w, |
Combing the above estimates, we obtain

PoP1 2po
flo) =2t ——|w? - —— —1
P1— Po P1— Lo
0P0P1 01+ pPo
=2t ——|w, > — ——.
P1— Po P1— Po
Let §; be the first elastic eigenvalue. One has that
1 1
||WK||2 =< 7(0(WK)1 VWK) = 3
81 81

since (o(w, ), Vw, ) = 1. This implies that
/ 27 pop1 P1+ po
fiin) = - .
d1(p1 — po)  p1— po
In particular, f is decreasing, i.e.,
31(po + p1)
< —"
20001
It is easy to see that f(r) > 0if t > O and f(t) <0ift > co. O

fry<o if
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Now we turn to the problem of approximating the root of f(7). Since we only have the finite element approximation
for f, the nonlinear equation to be solved is the following discrete version of (11):

Ju(T) = yu(z) — 7. (23)

It is clear that fy(7) is continuous. The existence of the transmission eigenvalue, i.e., the root of f,(7), can be established
if one can find an interval such that f;(t) changes signs at the ends of the interval.

To this end, let B, be the largest ball of radius r such that B, C D and Bg be the smallest ball of radius R such that
D C Bg. Let by and b, be given by

by = max (zu(Be. P p.), VA(D)/P.) . by = i(Br, p. o), (24)

where t1(Bg, P, p) is the first real transmission eigenvalue of By with pg = P, p1 = ps, T1(B:, p, P;) is the first real
transmission eigenvalue of Bz with pg = p, p1 = Py, d1(D) is the first Dirichlet eigenvalue of the negative Laplacian on D
(see [22]).

It is shown in [3] that the first transmission eigenvalue t for (9) is such that T € (by, by). It is done by showing that
f(b1) > 0 and f(by) < 0 such that f(t) must have a root in (by, by) due to the continuity of f(zt).

Using Theorem 3.2, there exists a constant C such that

fu() = f(z)] < CH**. (25)

The following lemma is a consequence of the above discussion.
Lemma 4.2. If h is small enough, f,(t) has at least one root in (b1, by) where by, b, are defined in (24).

Proof. Using (25), if h is small enough, f,(b;) > 0 and f,(b,) < 0 since f(b;) > 0 and f(b,) < 0. Since f4(t) is continuous,
there exists at least a 7;° such that fy(z;) =0. O

The next lemma shows that the root of f;(t) approximates that of f(t).

Lemma 4.3. Let f(1) and fy(t) be two continuous functions. For a small enough ¢ > 0, there exists some n > 0 such that
f(r) < —n < 0and |f(r) — fu(z)| < e onan interval [c —e/n, d+€/n] for some 0 < ¢ < d. Iff(t*) = 0 for some t* € (c, d),
then there exists a t; such that fy(7;) = 0 and

IT" — 5l < e/n.

Proof. For € > 0 small enough, from (22), there exists n > 0 such that

81(po +p1) 6)
20001 '

Since f'(t) < —n < 0, if € is small enough, there must exist 7; and 7, such that f(z;) > ¢ and f(r;) < —e. Furthermore,
If(z) = fu(r)l < € for all = implies that fy(1) > 0 and fy(12) < 0. The existence of 7; such that fy(r;) = 0 follows
immediately since fy(7) is continuous.

Assume that |[7* — 7| > €/n. Since f(t*) = 0, we have f(7;") = f'(§)(t* — t}}) for £ between 7;* and t*. Thus we have
either f(z;) > € or f(7;) < —e. Both contradict the fact that |fy(z;) — f(7;)| < €. This completes the proof. O

flx)<s—n forte (O, (26)

It seems straightforward to use the bisection method to compute the root of f,(7) if one has a and b defined in (24)
(see [5]). However, it is necessary to compute t1(Bg, P, p.) and 7;1(B;, p, Py), i.e., the first elastic transmission eigenvalue
for a ball with constant mass densities, which is not simpler at all. Based on the fact that f;(t) is positive close to zero
and monotonically decreasing on some interval right to zero, it is suitable to use the secant method to find the root of
fn(7). Let tol be the tolerance. The algorithm to compute the elastic transmission eigenvalues is as follows.

SMETE

generate a regular triangular mesh 7 for D
construct matrix Bj, corresponding to B in (10)
choose x; > xp > 0 small enough
d = abs(x1 — Xo)
T = Xp and construct the matrix A; p
compute the first generalized eigenvalue y, of A; ;X = yBpX
T = x; and construct matrix A; p
compute the first generalized eigenvalue y; of A; ;X = yByX
while § > tol -
T=X—n V}—V?J
construct the matrix A;
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compute the first eigenvalue y; of A; )X = yBpX
d = abs(y, — 1)
X0 =X1,X1 =7
Yo=Y, V1=V
output 7

In practice, one can choose xy and x; be two small positive numbers, e.g., X, = 0.1 and x; = 0.2. The following theorem
guarantees the converge for the proposed method.

Theorem 4.4. Assume that the Argyris element method is used to solve the generalized eigenvalue problem (10) on a regular
triangular mesh T for D with mesh size h and the secant method is employed to compute the root of fy(t) with tolerance tol.
Let T be the exact transmission eigenvalue, i.e., the root of (11), and t;; be the computed root of (23) by the secant method such

s 81(potp1) _
that 7, 7; € (0, 0071 e). Then

It — 7§ < Ch* /n + tol. (27)

Proof. Let 7, be the exact root of fu(). Since t;; is computed by the secant method, one has that
|th — 77| < tol.

Since 7 is the root of f(t), we have that y = t. Similarly, y, = 7. Using Lemma 4.3 and Theorem 3.2, for h small enough,
we have

o —wl = ly =yl < Ch* /.
Triangle inequality implies that

It — 7| < |t — thl + |th — 7| < Ch* /y+tol. O
5. Numerical examples

In this section, we present some numerical results for three domains:

1. the unit square,
2. an L-shape domain given by

(0, 1) x (0, 1)\ [1/2, 1] x [0, 1/2],
3. a triangle whose vertices are
(0,0),(0, 1), and (1, 0).

Four levels of uniformly refined triangular meshes are generated. The size of the initial mesh is hy = 1/8 and h; =
hi_1/2,i= 2, 3, 4. All examples are done using Matlab 2016a on a MacBook Pro with 16G memory and 3.3 GHz Intel Core
i7 processor.

Since the Argyris element leads to many degrees of freedom, we were only able to compute four levels of meshes,
ie, h~ 1/8,1/16, 1/32, 1/64. Further refinements would lead to very large matrix eigenvalue problems which take too
long to solve (more than a few hours).

5.1. Generalized eigenvalues of (10)

We check the convergence rate of the Argyris method for the fourth order generalized eigenvalue problem (10) with
fixed r = 2. Other parameters are chosen as follows
w=1/16, A=1/4, po=1, p =4 (28)
The relative error is defined as
i =il

EH.] - ’ l: 132537
il
where y; is the generalized eigenvalue computed using the mesh with size h;. Then the convergence order is defined as
E,
convergence order = log, s , i=1,2. (29)
Eit2

The first eigenvalues for three domains are shown in Table 1. The lower convergence order for the L-shape domain is
expected since the domain is non-convex. The convergence orders for the unit square and the triangle are much higher.
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Table 1
The smallest generalized eigenvalue of (10) for three domains with u = 1/16, A = 1/4, po = 1, p; = 4.

h Unit square Order L-shape Order Triangle Order

1/8 194313093 4.26827573 4.65382003

1/16 1.94288801 4.25165430 4.64788746

1/32 1.94288581 6.7867 4.24202856 0.7824 4.64781308 6.3157

1/64 1.94288527 2.0265 4.23602214 0.6771 4.64781232 6.5994
Table 2

The first (real) transmission eigenvalues computed by the secant method with u = 1/16,1 = 1/4,p0 = 1, p1 = 4.
“NOI” denotes the number of iterations.

Unit square NOI L-shape NOI Triangle NOI
1.94288499 7 4.90134451 6 5.36467493 7
6 T T
—O— square
—#— L-shape
5r triangle
x
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Fig. 1. fy(r) v.s. t.

5.2. Monotonicity of fu(7)

We study fu(7) for three domains using the meshes with h; &~ 1/32 and parameters given in (28). The first elastic
eigenvalues are §; = 3.251402 for the unit square, §; = 4.325472 for the L-shape domain, and 8; = 13.444678 for the

disk. According to Theorem 4.1, f(t) is a decreasing function on (O, %). Plugging the values for 81, po, p1, one has
that f(7) is decreasing on

(0,2.032126), (0,2.703420) and (0, 8.402924), (30)

for the unit square, the L-shape domain and the triangle, respectively. In Fig. 1, we plot fy(t) = yu(t)—t for three domains,
where () is the smallest eigenvalue of (10). It can be seen that f;(7) is decreasing on much larger intervals than those
in (30) predicted by Theorem 4.1.

5.3. Transmission eigenvalues
We choose xo = 0.1 and x; = 0.2 in the secant method. In Table 2, we show the first (real) transmission eigenvalues

computed by the secant method for three domains with mesh size h ~ 1/32 and tol = 1.0e — 6. The numbers of iterations
are shown as well.
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