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Abstract. In this paper, we show for the first time the stability of the inverse source problem for
the three-dimensional Helmholtz equation in an inhomogeneous background medium. The stability
estimate consists of the Lipschitz type data discrepancy and the high frequency tail of the source
function, where the latter decreases as the upper bound of the frequency increases. The analysis
employs scattering theory to obtain the holomorphic domain and an upper bound for the resolvent
of the elliptic operator.
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1. Introduction. The inverse source scattering problems arise in diverse scien-
tific and industrial areas such as antenna design and synthesis, medical imaging [26].
Due to the significant applications, these problems have continuously attracted much
attention by many researchers. Consequently, a great number of numerical and math-
ematical results are available [1, 3, 5, 8-12, 16, 20, 25, 29, 30, 37]. In general, it is
known that there is no uniqueness for the inverse source problems at a fixed frequency
due to the existence of nonradiating sources [7, 21, 28]. Computationally, a more se-
rious issue is the lack of stability, i.e., a small variation of the data might lead to
a huge error in the reconstruction. Hence it is crucial to study the stability of the
inverse source problems. The first stability result was obtained in [14] for the inverse
source problem of the Helmholtz equation by using multifrequency data. Later on,
the increasing stability was studied for the inverse source problems of the acoustic,
elastic, and electromagnetic wave equations [15, 18, 23, 24, 31]. A topic review can
be found in [13] on the general inverse scattering problems with multifrequencies.

In many practical situations, the source, which needs to be identified, is usually
embedded in an inhomogeneous background medium. For instance, in the photo-
acoustic imaging of the brain, it is important to incorporate the sudden change of
sound speed across the skull [33, 35]. Moreover, it is possible to achieve some speci-
fied radiation pattern that would otherwise not be realistically possible for a source
embedded in free space. This possibility has attracted research from time to time
in the antenna community in designing antenna embedding materials or substrates,
including plasmas, nonmagnetic dielectrics, magneto-dielectrics, and double negative
meta-materials, to achieve specified electromagnetic radiation patterns. However,
there are few works on the inverse source problems in inhomogeneous media and the
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available results are mainly focused on uniqueness and numerics [1, 20, 29]. The
stability issue is wide open to be investigated for the inverse source problems in inho-
mogeneous media.

In this paper, we consider the mathematical study on the stability of the acoustic
inverse source problem in an inhomogeneous medium. Consider the three-dimensional
Helmholtz equation
(1.1) Au(z, k) + ——u(z, k) = f(x), z€R>,
where k > 0 is the wavenumber, ¢(z) > 0 is known as the wave speed, and the source
f stands for the electric current density and is assumed to have a compact support
contained in Bg = {z € R® : |z| < R}, where R > 0 is a constant. Let Bg be
the boundary of Br. The Sommerfeld radiation condition is imposed to ensure the
well-posedness of the problem
(1.2) lim r(Opu —iku) =0, r=|x|

T—00
uniformly in all directions & = z/|z|. The inverse source problem is to determine
f from the boundary measurements u(zx, x)|sp, corresponding to the wavenumber x
given in a finite interval.

The above inverse source problem is closely related to the problem of identifying
the initial value of the hyperbolic wave equation, which arises from the photoacoustic
tomography (PAT) and thermoacoustic tomography (TAT). The uniqueness and sta-
bility for the hyperbolic problem have been well studied by using the boundary control
methods (cf. [2] and reference therein). The inverse source problems for the hyper-
bolic equations are also motivated partially by studying the recovery of the velocity
¢(x) from boundary measurements. Such problems have been examined by using the
Carleman estimates from the ideas of Bukhgeim and Klibanov (cf. [6, Chapter 5]).

Following [29], we consider an eigenvalue problem for the Helmholtz equation in an
inhomogeneous medium and deduce integral equations, which connect the scattering
data u|pp, and the unknown source function f. To overcome the absence of the
explicit Green function for the inhomogeneous Helmholtz equation, we adopt methods
and techniques from the scattering theory (e.g., [22]) and study the corresponding
resolvent of the elliptic operator to obtain a holomorphic domain of the data with
respect to the complex wavenumber x and the bound of the analytic continuation of
the data from the given data to the higher frequency data. The stability estimate
consists of the Lipschitz type of data discrepancy and the high frequency tail of the
source function. The latter decreases as the frequency of the data increases, which
implies that the inverse problem is more stable when the higher frequency data is
used. We also mention that only the Dirichlet data is required for the analysis. This
paper focuses on the three-dimensional problem due to the practical significance. We
believe that the arguments should work in all odd dimensions.

The paper is organized as follows. In section 2, we briefly discuss the direct
problem. Resolvent is introduced for the elliptic operator with a variable wave speed,
and its holomorphic domain and upper bound are obtained. Section 3 is devoted to the
stability analysis of the inverse source problem by using discrete multifrequency data.

2. Direct scattering problem. Given f € L?(Bg) and ¢ 2(x) € L*(Bg),
the scattering problem (1.1)—(1.2) is equivalent to the Lippmann—Schwinger integral
equation
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u(eo) = [ Gla (e w) - Dulyrido+ [ Gl fo)d,
BR BR
where G is the Green function of the three-dimensional Helmholtz equation and is

given by
1 elrlz—yl

G(.’E,y,:‘i): E |$—y| .

It is known that the scattering problem (1.1)—(1.2) has a unique solution for all
the wavenumbers, which can be stated in the following result. The proof may be
found in many references (e.g., [13, Theorem 2.2]).

THEOREM 2.1. For any k > 0, the scattering problem (1.1)—~(1.2) admits a unique
weak solution u € H'(BR).

Hereafter, the notation a < b stands for a < Cb, where C' > 0 is a generic constant
which may change step by step in the proofs.

We further assume that ¢=2(z) — 1 € C°(R?) has a compact support satisfying
supp(c=2(x) — 1) C Bg. Denote P = —c%A; it is easy to see that P is self-adjoint in
the Hilbert space H, where the inner product is given by

(u, vy = / e (x)u(z)v(z)dw.
R3
Introduce the Hilbert space D with norm characterized by
lullp = I(P + Dully,

where [ is the identity operator. More generally, for any a € R, we introduce the
space D* with norm defined as

[ullpe = [I(P + 1) ulls.
Let H, be the Hamiltonian vector field of p(z, &) = ¢*(x)|¢|*>. Explicitly, we have
H .
P 1 8€j 8$j 8xj ij

=
The Hamiltonian flow associated with H,, is defined by
exp(tH,) : T*R* — T*R®.
We make the following assumption on the wave speed.
Assumption 1. The metric ¢=2ds? is nontrapping; i.e., for any (z,¢) € T*R3\ {0}
m(exptH,(z,&)) = 00, t— %00,

where 7 : T*R? — R3 is the natural projection.

The assumption implies that for any ¢ > 0 and |z| < a, p(z,§) = 1, there exists
T, such that
|T(exptHy(x,€))| >a VI|t| > T,.

We note that P = —c?A can be viewed as a black box operator in the sense of [32]. We
refer to [22, Chapter 4] for a detailed study of the resolvent of black box operators. For
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convenience, some important properties of P are summarized below. For Imx > 0,
denote by R(k) the resolvent of P given by

R(k) := (P —k*)"1
By [22, Theorem 4.4], R(k) : H — D is meromorphic for Im x > 0 and can be extended
to a meromorphic family
R(K) : Heomp = Dioe, K € C,
where
Heomp = {u € H : ulps\p, € Laomp(R*\ Br)},
Dige :={u € L{ (R?) : x € C°(R?), x|p, =1 = xu € D}.
The following lemma is a direct consequence of [22, Theorem 4.43].

LEMMA 2.2. For any M > 0, there exits Cy such that R(k) is holomorphic in the
domain
Qu={keC:Imk>-Mlogl|s|, |kl > Co}.

Moreover, the following estimate holds:
(2.1) |R(5)A| 1 (Br) < Cettmr)- 12l 22 (Br)
for k € Qur, and C and T are positive constants.

Proof. Take x € C2°(R?) such that xy = 1 near Bg. By [22, Theorem 4.43] and
the related remarks, the following estimates hold:

1
(22) IR < Ol 709 =0, 21,

for k € Qypr, where C, T are positive constants and (Im x)_ := max(0, —Im k). Con-
sequently, by a direct application of (2.2) and letting o = % we obtain that

IR(&)R] 1 By < O™ 1]l 128), O
which completes the proof.

LEMMA 2.3. The meromorphically continued resolvent R(k) has no poles on R\
{0}

Proof. We follow the lines in the proof of [19, Lemma 4.1]. Suppose by contradic-
tion that ko € R\ {0} is a pole of R(k); then by [34, Theorem 5.3], 2 is an eigenvalue
of P, and there exists a compactly supported eigenfunction ug associated to the eigen-
value Iﬁ?%. Then ¢?Aug + nguo = 0, where ug is not identically zero. However, since ug
is compactly supported, it must vanish by unique continuation principle. This leads
to a contradiction and proves the lemma. 0

Therefore, for k € R\ {0}, it follows from [22, Theorem 3.37] which may be
modified for the operator P (see the remark above [22, Definition 4.16]), the solution
to the problem (1.1)—(1.2) can be expressed as

(2.3) u(-, &) = R(r)(=*f).

Then we can let u(-, k) be defined by (2.3) for s in all of C except at the poles of
R(x). By Lemma 2.2, we have

(2.4) [u(, £l By < Ce™ ™| fll 2 ()
for k € Q.
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3. Inverse scattering problem. In this section, we discuss the uniqueness and
stability of the inverse problem. Firstly, we study the the spectrum of the operator
P with the Dirichlet boundary condition. Let {1, ¢;}32; be the increasing Dirichlet
eigenvalues and eigenfunctions of P in Br, where ¢; and p; satisfy

—2(x)A¢j(x) = pj¢i(x)  in Bg,
¢j(x) =0 on dBg.

Let p; = /@? such that x; > 0, and assume that ¢; is normalized such that

/ ()5 () P = 1.
Br

We obtain the spectral decomposition of c?f:
Ea)f(x) =Y f3¢5(),
j=1

where
[y =(f, 05)n = f(z)¢;(z)da.
Br
It is clear that
e ) P < UFIemn < c2 )1l
J J

where ¢, co are two positive constants. Denote Ii? = p;. Let u(z, k;) be the solution
to (1.1)—(1.2) with x = &;.

LEMMA 3.1. The following estimate holds:

1£i? S w3 llu, 55) 172080

forj=1,2.3,....

Proof. Multiplying both sides of (1.1) by gz_Sj and using the integration by parts
yield

(3.1) F(@); (2)dz = — /8 | ula )0, (o)

Br
The proof is completed by using Lemma A.2 and the Schwartz inequality. 0

LEMMA 3.2. Let f be a real-valued function and || f||12(5,) < Q. Then there exist
positive constants d and A, Ay satisfying Cy < A < Ay, which do not depend on f
and @Q, such that

K2 (e, 1)|220m,) S Q%S Vi e (Ar, +o0),

where Cy s specified in Lemma 2.2, ¢ is any positive constant, and

9 91 112 64ad (s
€1 *= SUPke(a,4,)F Hu||L2(BBR)7 p(k) = me

Here a = A; — A.
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Proof. Let
I(k) = /<;2/ u(z, k)u(xz, —k)ds, k€ C.
OBRr
Since f(z) is a real-valued function, we have u(x, k) = u(z, —k) for K € R, which gives
(k) = &*|[u(@, 6)[ 7298, K ER.
It follows from Lemma 2.2 that (k) is analytic in the domain
Qu ={keC: —Mlog|x| <Imk < Mlog|xl, |x| > Co},

which is symmetric with respect to the origin. Hence, there exists d > 0 such that
R = (A, +0) x (=d,d) C Qpr. The geometry of domain R is shown in Figure 1. By
(2.4) we have for k € R that

6l llu(z, £6)lL208r) S |6lllu(@, £6)|l 128, S IElllu(, £6) | 51 (BR)
Sl ED = £ 2y S 617N FllL2(Ba)s
which shows that
|6ll|u(z, £6)| L208r) S |6 fllL2(Br)s K ER.
Since
11(k)| < [6lllu(z, ©)l 2 @B 6w, —r)l| 2 @8r) S 1EPIFIZ2(0), K €R,

we have

e I(k)| SQ* KER,
for any positive constant ¢. An application of Lemma A.1 leads to
le=*I(k)| S Q%" Yk € (A1, +o0),
where
( ) 64ad Ld(g_ﬁ)
K)> —————e2d'\2
PR = 502 (a? 4 4d?)
which completes the proof. 0

)

Imk
Imkx = M log ||

Rek

Imk = —M log |&|

Fic. 1. The region R.
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Here we state a simple uniqueness result for the inverse problem.

THEOREM 3.3. Let f € L*(Bg) and I := (Cy,Co + &) C RT be an open interval,
where Cy is the constant given in the definition of §~2M in Lemma 3.2 and § is any
positive constant. Then the source term f can be uniquely determined by the multiple-
frequency data {u(x, k) : © € 0Br,k € I} U{u(x,k;) : @ € 0Bg, k; € (0,Co]}.

Proof. Let u(x,k) = 0 for € 0Bgr and k € T U{k; : k; € (0,Co])}. It suffices
to show that f(z) = 0. Since u(z, ) is analytic in Qy for @ € dBp, it holds that
u(z,k) = 0 for all eigenvalues x > Cy. Then we have that u(z,x;) = 0 for all
kj,7=1,2,3,.... Hence, it follows from (3.1) that

f(2)p;(z)dz =0, j=1,2,3,...,
Br
which implies f = 0. O
The following lemma is important in the stability analysis.
LEMMA 3.4. Let f € H""(Bg) and Hf||H”+1(BR) < Q. It holds that

Z|f7|2 n+1)

j>s
Proof. A simple calculation yields

2n+-2 M2

2 Kj 2 o 242 p 12 <
SR <Y Sl < e 2RISR S s
S

j>s j>s e i>s

Noting
11 By =2 D (65 + 111517,

j=1
2

and using the Weyl-type inequality in Lemma A.2, we have 2 > E»s5 and complete
the proof. ]

Define a real-valued functional space

Co={f€H" " (Br): |fllgm+(n < Q. suppf C Br, f:Bgr — R}

Now we are in the position to discuss the inverse source problem. Let f € Cqp. The
inverse source problem is to determine f from the boundary data u(z, k), € Bg,
k€ (A /A1) U Ué-vzllij, where 1 < N € N and ky > A;. Here A and A; are the
constants specified in Lemma 3.2.

The following stability estimate is the main result of this paper.

THEOREM 3.5. Let u(z, k) be the solution of the scattering problem (1.1)—(1.2)
corresponding to the source f € Cg. Then for €1 sufficiently small,

QQ
N5+ (In | Ing])s (D’

(3-2) 111225 S € +

where
N

€ = Z ”?”U(% ’fj)||2L2(aBR)v 6% = Supne(A,Al)'szu(% ”)H2L2(GBR)'
j=1
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Proof. We can assume that e; < e~!, otherwise the estimate is obvious.

First, we link the data x2||u(z, k) ||2L2(3BR) for large wavenumber & satisfying k < L
with the given data e; of small wavenumber by using the analytic continuation in
Lemma 3.2, where L is some large positive integer to be determined later. By Lemma
3.2, we obtain

K2 lul, 5)1122 05,)

5 Q2ec\n|€llt("¢)

< Q%exp {cm - ﬂecl(%_“) |1D€1|}

a?+c3
2
,S Q2exp {— ;j_a ecl(%—ﬁ)“nel‘ <1 — Meq(ng)lne”l)}
a C3 a
a L(a? "
,S Q2exp {66203763601(211)|1n61| <1 — WSQ(LZ)“nq'l)}

< Q%exp {—boe “F|lney| (1 — by Le F|lne; |71 },
where ¢, ¢;,7 = 1,2 and by, b; are constants. Let
I [%ln\lnelq, N§%1n|lnel|,
N N>%ln|lnel|.

)

If N < 5;-In[Ine|, we obtain for €; sufficiently small that

K ||U(35a w3208y S Q%exp {—boe™“*|Iney| (1 — by Le[Ine | ~') }

1
< Q%exp {—Qboe_clL| In el|} .

Noting e™% < (2ij’3 for z > 0, we obtain
L
> K, 5) 32 0m,) S Q7 LePM T In ey |G,
j=N+1

Taking L = i In|In €|, combining the above estimates and Lemma 3.4, we get

2
||fHL2(BR)
—+o0
2
<§]m+fX:MI+§:MI
j=1 j=N+1 j=L+1
N L 1
2
S Al mlizone + 3wl izmm + o I
j=1 j=N+1
<62+LQ26(2n+3>51L‘ln61|7<2n+3) n Q?
~ Lg(n+l)
$€+Q (el neal ™ el @ 4 (n[nel) §0+0)

5@ +@ ((nImapimal~*F* 1 (n[ma) i)

<$E+Q(In|lne )~FH
_ 2 @

~ N%(nJrl)(lnllnelD%(nJrl)v

where we have used |In €1|1/2 > In|In €| for sufficiently small ;.
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IfN > % In|Ine€;|, we have from Lemma 3.4 that

N +oo
1£132m0) S D_IFP+ D0 15
j=1 j=N+1
Q2

< 2
St N%(n+1)

2 Q?
<
~er N3 (In |Ine )5+’

which completes the proof. ]

The stability (3.2) consists of two parts: the data discrepancy and the high fre-
quency tail. The former is of the Lipschitz type. The latter decreases as N increases
which makes the problem have an almost Lipschitz stability. The result reveals that
the problem becomes more stable when higher frequency data is used.

4. Conclusion. We have presented a stability result for the inverse source prob-
lem of time-harmonic acoustic waves in inhomogeneous background media. The analy-
sis requires the Dirichlet data only at multiple discrete frequencies without resorting
to the Dirichlet-to-Neumann map which was considered in [15, 31]. The increasing
stability is achieved to reconstruct the source term, and it consists of the data dis-
crepancy and the high frequency tail of the source function. The result shows that
the ill-posedness of the inverse source problem decreases as the frequency increases
for the data. A possible continuation of this work is to extend the stability to the
two-dimensional case. Due to the absence of the Huygens principle, the scattering
theory is not so obvious as that for the three-dimensional Helmholtz equation. An-
other interesting direction is to study the stability of the inverse source problems
for elastic and electromagnetic waves in inhomogeneous media, where the properties
of the corresponding resolvent need to be analyzed for the associated second order
operators. For the Maxwell system, additional difficulties arise from their spectral
analysis, and the present method may not be directly applicable. A related but more
challenging problem is to study the stability of the inverse medium problem which is
to determine the scatterer q. A recent progress can be found in [17] on a stability
result of the inverse medium problem for the one-dimensional Helmholtz equation.

Appendix A. Two useful lemmas. The following lemma gives a link between
the values of an analytical function for small and large arguments.

LEMMA A.1. Let p(2) be analytic in the infinite rectangular slab
R={z€C: (4,+0) x (—=d,d)},
where A is a positive constant, and continuous in R satisfying

|p(2)‘ <, z € (AaAl]a
| <M z € R,

where A, Ay, e and M are positive constants. Then there exists a function p(z) with
z € (A1,400) satisfying

64ad x (a
Al > " 3352
( ) /J(Z) e 37('2(&2 +4d2)6 )
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where a = A1 — A, such that
(A.2) Ip(2)| < Met®) ¥z e (A;,+00).
Proof. By applying [4, Lemma 3.1] to the domain
RAy:={(A4,b+ A4) x (=d,d)} \ {(4, A1) x {0}}

for any b > A; — A, we obtain that there exists a harmonic measure u(z) of v with

respect to R\~ such that
ma (T — b
2d a

64ad coth [%d}

, A<z <bi=b+A,

(A.3) u(x,0) > C'sinh

where

C_

3n2(a? + 4d?) sinh {g—g (“;35)} .

Noting the following asymptotics as b — 400, which means b— 400,

iy | 70 (2= Bl fma (a—2 A
smi | = ~————, sinh |— P
2d \ 2a 2 2d \  2a 5

and the inequality coth[%d] > 1, we obtain (A.1) by letting b — +oo in (A.3).
Finally, by fundamental application of the harmonic measure for stability esti-
mates of holomorphic continuation [4, Theorem 2.4] we obtain (A.2) |

LEMMA A.2. The following estimate holds:

(A.4) 10095l L20Br) < Crj)

where the positive constant C' is independent of j. Moreover, we have the following
Weyl-type inequality for the Dirichlet eigenvalues {f,}32 ;:

(A.5) Ein?? < Ly < Esn?/3,

where By and Ey are two positive constants independent of n.

Proof. We begin with the estimate (A.4) for the eigenfunctions on the boundary.
Let u be a Dirichlet eigenfunction of P = —c?A in Bg. For any differential operator
A, by [27, Lemma 2.1], we have the Rellich-type identity

(A.6) / ¢ 2u[P, Ajudz = O,uAuds,
BR aIBR

where [P,A] = PA — AP. In fact, let A be the eigenvalue corresponding to the
eigenfunction u. We have [P, A] = [P — A\, A] and (P — X\)u = 0. A simple calculation
yields
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/ ¢ ?ulP, Aludz
Br
= / [u(—AAu) — Ac *udu] dz
Br

= / [—AuAu - )\c_QuAu] dz + O,uAuds
Br dBp

= / ¢ 2(P — NuAudzr + O,uAuds
BR 6BR

= O, uAuds.
OBRr

Now let u be a normalized Dirichlet eigenfunction with eigenvalue A\. Choose local
coordinates (r, y) near the boundary dBpg such that r is the distance to the boundary.
Assume that there is a small number § such that ¢* = 1 for r < §. Take xy € C°(R)
such that x = 1 near 0 and vanishes for r > §. Choose A = x(r)0,. It is clear that
the right-hand side of (A.6) is exactly [[0,ulz2(aBy)- It follows from the integration
by parts that the left-hand side of (A.6) can be written as

/B BB,

where B; and By are two first order differential operators. Using the Poincaré in-
equality, we obtain

/ ¢ ?(Byu)(Byu)dx < C’||u||§_11(BR) < C/ Vu - Vudr = CA,
BR BR

where the positive constant C' does not depend on A.

Next, we prove the Weyl-type inequality (A.5). Assume p; < pg < --- are
the Dirichlet eigenvalues of the operator —c?(x)A. Then we have following min-max
principle:

2
fn =  Sup inf M
" OLyersPr_1 WE[PL, o1t fBRC_2w2d(E
yeH}(BR)

Assume C < 02(99) < (U3 on Bp, where C1,Cy are two constants. Assume u(lj) <

uéj) < --- are the eigenvalues for the operator —C;A for j = 1,2. By the min-max
principle, we have

)

We have from Weyl’s law [36] for —C;A that

<,un<,u£}), n=12....

im B _p
n—-+o0o n2/3 oD
where D; is a constant. Therefore there exist two constants /£y and E» such that
Ein®/? <, < Eon®/?,

which completes the proof. 0
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