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A HIGHLY ACCURATE BOUNDARY INTEGRAL METHOD
FOR THE ELASTIC OBSTACLE SCATTERING PROBLEM

HEPING DONG, JUN LAI, AND PEIJUN LI

ABSTRACT. Consider the scattering of a time-harmonic plane wave by a rigid
obstacle embedded in a homogeneous and isotropic elastic medium in two di-
mensions. In this paper, a novel boundary integral formulation is proposed
and its highly accurate numerical method is developed for the elastic obstacle
scattering problem. More specifically, based on the Helmholtz decomposi-
tion, the model problem is reduced to a coupled boundary integral equation
with singular kernels. A regularized system is constructed in order to han-
dle the degenerated integral operators. The semi-discrete and full-discrete
schemes are studied for the boundary integral system by using the colloca-
tion method. Convergence is established for the numerical schemes in some
appropriate Sobolev spaces. Numerical experiments are presented for both
smooth and nonsmooth obstacles to demonstrate the superior performance
of the proposed method. Furthermore, we extend this numerical method to
the Neumann problem and the three-dimensional elastic obstacle scattering
problem.

1. INTRODUCTION

The phenomena of elastic scattering by obstacles have received increasing atten-
tion due to the significant applications in diverse scientific areas such as geological
exploration, nondestructive testing, and medical diagnostics [3L21128]. There are
many mathematical and computational results available for the scattering problems
of elastic waves [TITL22/25,27]. An accurate and efficient numerical method plays
an important role in many of these applications. This paper is concerned with
the scattering of a time-harmonic plane wave by a rigid obstacle embedded in a
homogeneous and isotropic elastic medium in two dimensions. We propose a novel
boundary integral formulation and develop a highly accurate numerical method for
solving the elastic obstacle scattering problem.

Given the importance of elasticity, various numerical methods have been pro-
posed to solve the associated scattering problems in the literature. The method of
boundary integral equations offers an attractive approach for solving the exterior
boundary value problems such as the obstacle scattering problems. The discretiza-
tion is only needed on the boundary of the domain and the radiation condition at
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infinity can be satisfied exactly [25], although it requires the knowledge of Green
function for the governing equation. As is known, the Green function of the elas-
tic wave equation is a second order tensor and the singularity is difficult to be
separated in the computation of boundary integral equations, especially for the
Neumann boundary condition and the three-dimensional problems. We refer to
[Bl6,23] and the references cited therein for some of the recent advances along this
direction. To bypass this complexity, we introduce two scalar potential functions
and use the Helmholtz decomposition to split the displacement of the elastic wave
field into the compressional wave and the shear wave. The two wave components,
both of which satisfy the two-dimensional Helmholtz equation [8,[19.29], are only
coupled at the boundary of the obstacle. Therefore, the boundary value problem of
the Navier equation is converted equivalently into a coupled boundary value prob-
lem of the Helmholtz equations for the potentials. Such a decomposition reduces
greatly the complexity for the computation of the elastic scattering problem. Simi-
lar techniques have also been successfully applied to the equations of unsteady and
incompressible flow [10].

Another goal of this work is to carry out the convergence analysis of a high
order numerical discretization for the boundary integral system, which requires
special quadratures due to singular integral kernels [2]. The quadrature methods
for the logarithmic and hypersingular integral equations were studied in [I5,[18]
to solve the acoustic obstacle scattering problems. Based on the trigonometric
interpolation to discretize the principal part of the hypersingular operator, a fully
discrete collocation method was proposed and the convergence was analyzed in [16].
In [26], the authors gave an error analysis for the collocation method used in more
general singular integral operators. The bending problem of an elastic plate was
discussed in [I3]. A high order spectral algorithm was developed in [23] for the
three-dimensional elastic obstacle scattering problem. A Nystrém method with a
local correction scheme was shown in [27] for the elastic obstacle scattering problem
in three dimensions. We refer to [24] for a comprehensive account of the singular
integral equations.

In this work, based on the Helmholtz decomposition, the exterior boundary value
problem of the elastic obstacle scattering is reduced to a coupled boundary inte-
gral equation with the Cauchy type singular integral operators. Motivated by the
recent works [8,[9,[19], we introduce an appropriate regularizer to the boundary
integral system and split the singular integral operator into an isomorphic oper-
ator plus a compact one, which enables the convergence analysis in appropriate
Sobolev spaces. The semi-discrete and full-discrete schemes are examined for the
boundary integral system via the collocation method. It should be emphasized
that the isomorphic operator, which consists of the modified Helmholtz single layer
potential operators, is only isomorphic between the spaces we construct but not
the usual L? space. Hence numerically it still leads to a decay spectrum with the
rate of 1/N, where N is the number of collocation points. However, we demon-
strate that the proposed scheme converges exponentially fast when the boundary
of the obstacle and the incident wave are analytic. Numerical experiments for both
smooth and nonsmooth obstacles are provided to confirm our theoretical analysis.
We point out that the proposed method is able to achieve a very high precision
even for boundaries with corners by using the graded meshes [4[7,[14]. It is also
worth mentioning that our method is extremely fast since the full-discrete scheme
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is established via simple quadrature operators. The application of this formulation
to the elastic multi-particle scattering with the fast multipole method and inverse
elastic obstacle problem have been investigated in [8,[19]. Furthermore, we extend
this numerical method to the Neumann problem and the three-dimensional elastic
obstacle scattering problem. This paper concerns both the theoretical analysis and
numerical computation for the elastic obstacle scattering problem. It contains three
contributions:

(1) prove the well-posedness of a novel boundary integral formulation by intro-
ducing a regularizer to the integral system;

(2) establish the convergence of the semi- and full-discrete schemes of the
boundary integral system via the collocation method;

(3) demonstrate the superior numerical performance by presenting examples of
smooth and nonsmooth obstacles, and extend this method to the Neumann
boundary and three-dimensional problems.

The paper is organized as follows. In Section[2] we introduce the problem formu-
lation. Section [3 presents the boundary integral equations, gives the decomposition
of integral operators, and deduces an operator equation. Section[is devoted to the
convergence analysis of the semi-discrete and full-discrete schemes for the bound-
ary integral system. Numerical experiments are presented to verify the theoretical
findings in Section Bl We extend this numerical method to the Neumann problem
and the three-dimensional elastic obstacle scattering problem in Section The
paper is concluded with some general remarks and discussions on the future work
in Section [7

2. PROBLEM FORMULATION

Consider a two-dimensional elastically rigid obstacle, which is described as a
bounded domain D C R? with an analytic boundary I'p. Denote by v = (v1,v2) "
and 7 = (71,72)" the unit normal and tangential vectors on I'p, respectively,
where 7y = —1v5, 79 = 1. The exterior domain R? \ﬁ is assumed to be filled with
a homogeneous and isotropic elastic medium with a unit mass density.

Let the obstacle be illuminated by a time-harmonic compressional plane wave
u'™(z) = de® 9 or shear plane wave u!"®(x) = d+el*s?? where d = (cosf,sin )"
is the unit propagation direction vector, § € [0,27) is the incident angle, d* =
(—sin®,cosf) ' is an orthonormal vector of d, and

fp = w/ A+ 212, kg = w/pM?

are the compressional wavenumber and the shear wavenumber, respectively. Here
w > 0 is the angular frequency and A, are the Lamé constants satisfying p >
0,\+p>0.

The displacement of the total field u satisfies the Navier equation

pAu+ A+ p)VV - -u+w?u=0 inR*\D.

Since the obstacle is assumed to be rigid, the total field u satisfies the homogeneous
Dirichlet boundary condition

u=0 onlp.
The total field w consists of the incident field 4™ and the scattered field v, i.e.,

u=u""+w.
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It is easy to verify that the scattered field v satisfies the boundary value problem

{uAv—i—(A—i—u)VV-v—i—cﬂsz in R?\ D,

(2.1) .
v=—u" on I'p.

In addition, the scattered field v is required to satisfy the Kupradze—-Sommerfeld
radiation condition

.1 . ! .
plgrolop? (0pvp — ikpvy) =0, plggow (0pvs —iksvs) =0, p= |z,

where

1 1

v, =——VV.v, wv;= —curlcurlv
P 2 ) s 2
K K

p 5

are known as the compressional and shear wave components of v, respectively.

Given a vector function v = (v1,v9) " and a scalar function v, the scalar and vector

curl operators are defined by
curlv = 0y, v3 — Op,v1, curlv = (0,0, —893111)T.
For any solution v of (Z1), the Helmholtz decomposition reads
(2.2) v = V¢ + curly,

where ¢, 1 are two scalar functions. Combining (Z1]) and ([22) yields the Helmholtz
equations

Ap+rpp =0, A¢+rip=0.

As usual, ¢ and ¥ are required to satisfy the Sommerfeld radiation conditions
Jim p¥(0,¢ —ikp¢) =0,  lim p¥(9p9) —iketp) =0, p=lal.

It follows from the Helmholtz decomposition and the boundary condition on I'p
that

v = V¢ + curly) = —u'™.

Taking the dot product of the above equation with v and 7, respectively, we get

Opp+ 00 = f1, 070 — 0 = fo,
where
R A

In summary, the scalar potential functions ¢, satisfy the coupled boundary value
problem
(2.3)

Ap+rip=0, AY+rip=0, in R?\ D,

Oup+ 00 = f1, 0:¢— 0 = fo, on I'p,

lim, p? (0pp — ikpp) =0, lim, p2 (0% —ikstp) = 0, p=lx|.

It is known that a radiating solution of (2.J) has the asymptotic behavior
= em—”xlv‘x’(:ﬁ) + ei’ﬁ;qmlvoo(:fc) +0 (L) |z] — oo

Vil P Vil " jaf2 )
uniformly in all directions & := x/[z|, where vy° and vg°, defined on the unit
circle §2, are the compressional and shear far-field patterns of v, respectively. The

(2.4) v(z)
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following result presents the relationship between the compressional (or shear) far-
field pattern of v and the far-field pattern of ¢ (or ¢). The proof may be found in
8.

Lemma 2.1. The far-field pattern (24) for the radiating solution v to the Navier
equation satisfies

(2.5) v (2) = 1hp oo (2), VX (2) = —ikgtoo (2)3,

where the complex-valued functions ¢oo(Z) and Yoo (&) are the far-field patterns

corresponding to ¢ and 1, respectively.

By Lemma [2.J] and the Helmholtz decomposition, it is clear to note that the
elastic scattered fields vy, vs and the corresponding far-field patterns vy°, ve® can
be obtained by solving the coupled boundary value problem (2.3]).

3. BOUNDARY INTEGRAL EQUATIONS

In this section, a novel boundary integral formulation is proposed for the coupled
boundary value problem (23). In particular, a regularizer is constructed in order
to handle the degenerated integral operators.

3.1. Coupled integral equations. Denote the fundamental solution to the
Helmholtz equation in two dimensions by

i
(a,yin) = Py (slr =), = #y,

where Hél) is the Hankel function of the first kind with order zero. Let the solution
of [23)) be given as the single-layer potentials with densities g1, ga:

o(x) = [, P(z,y;kp)g1(y) ds(y),
(@) = . B 50)g2(y) ds(y),
Letting € R?\ D approach the boundary I'p in (3I), and using the jump

relation of single-layer potentials and the boundary condition of (23], we deduce
for x € I'p that

o) (o) == g+ [ PRI ) asty

(3.1) r € R*\Tp.

0V (x,y; ks )
+/FD T(x)!h(y) ds(y),

PR g, (4) dsty)

(3.2)

(o) u (@) ~gala) + [

9P(z, y; Ks)
- — ds(y).
/F T ona) 92(y) ds(y)
The corresponding far-field patterns can be represented by

{(b‘”(f) =% Jp, e " 1(y) ds(y),
Yoo (@) = 75 [p, €7V ga(y) ds(y),

where v, = ¢™/*/\/8k 7 for ¢ = p or s.

(3.3) T e,
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We introduce the single-layer integral operator and the corresponding far-field
integral operator expressed by

(S79)(x) =2 [, @(2,y:K0)9(y) ds(y),

(S%9)(#) =5 Jr, e """ Yg(y) ds(y),
In addition, we introduce the normal derivative and the tangential derivative bound-
ary integral operators

e 0% (z,yiko
(K79)(x) =2 [, %g(y) ds(y),
o ®(z,yike
(Hog)(w) =2 [, Z252ss=) g(y) ds(y),
Note that the operators K? and H? are defined in the sense of Cauchy principal

value. Based on the boundary integral operators, the coupled boundary integral
equations ([B2) can be written into the operator form

{_91 + KPg1 4+ H®gy =21,

relp, €.

zelp.

(3.4)
g2+ HP g1 — K°gy = 2fo.

Once the system (B34]) is solved for the densities g1 and g, the corresponding far-
field patterns of (B3] can be represented as follows

(3.5) Poo() = (SE91)(2),  Yoold) = (S5.92)(2), L€

By [19, Theorems 4.1 and 4.8], the coupled system (B4 is uniquely solvable if
neither x, nor s, is the eigenvalue of the interior Dirichlet problem for the Helmholtz
equation in D. Throughout, we assume that this condition is satisfied so that the
system (B.4]) admits a unique solution.

3.2. Decomposition of the operators. We assume that the boundary I'p is an
analytic curve with the parametric form

Tp ={z(t) = (21(t), 22(t)) : 0 < t < 27},

where 2z : R — R? is analytic and 27-periodic with |2/(¢)] > 0 for all . The
parameterized integral operators are still denoted by S?, K, H?, and S7, for
convenience, i.e.,

. 2T 2m
(7)) = 5 | H (rolat) = 20)De() ds, - (K70)(0) = / K (£.9)p(<) ds,

(Hp)(t) = / R )e(e) ds, (ST =0 / T iR 029 () s,

where

I H{V (ko |2(t) = 2(3)])
K7(t,6) = 57n(0) - 0) = 2O = T 5
N HM (k0]2(t) = 2(<)])
B (1) = =0 (1) - [2(6) = ()] O o
and
n(t) o) (1) = (), —2 (1), F=voz,
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Multiplying |2’| on both sides of ([B.4]), we obtain the parametric form

def -1+ K? H? ©1 o w1
(36) ap [ I e ] =]
where w; = 2(f; 0 2)|2'], p; = (g; 0 2)|7'|, j = 1,2, and I is the identity operator.

The kernel k7 (¢, <) of the parameterized normal derivative integral operator can
be written as

k% (t,s) = k{(t,¢)In <4sm - 5 )+/<:2(t <),

where

K (1<) = Z2n(t) - [3(t) = 2(<)] Jl“”j(:)@_) Z—(gz)<|<>|>7

t—
kS (t,s) = k7 (t,¢) — k{ (t,¢) In (4 sin? T{)

are analytic with diagonal entries given by

1 n(t)- z”(t).

ki‘(tat) =0, kg(tat) = o |Z’(t)|2

Hence, K7 can be equivalently rewritten as
(K7@)(t) = (K7 @)(t) + (K5)(1)
2m

21
e . t— o o
def / In (4sin? =SV (L)p(s) ds + | KE(t0)p(s) ds.
0 2 0

Following [8], we split the kernel h9(t,<) of the parameterized tangential deriv-
ative integral operator into

(3.7) h?(t,¢) = h1(t,<) cot =~ 5 —|— hg(t,¢)1In (4sm tT) + hE(t,5),

where
i) = 20 19 - 0] T
3 (1:9) = g2 ()-[2() — =()] Jl(?f)(t_) T

t —
h(t,¢) = h7(t,s) — h(t,9) cot = 5 hg(t,¢)1In (4 sin?
are analytic with diagonal entries given by
1 g (e
hi(t,t) = o hg(t,t) =0, hi(tt)=0.

In order to show the convergence, based on ([B.7)), we split the singular integral
operator H? into

(3.8) H° = Hy + E°H, + Hy + HJ + H,
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where E%¢ = k2|2/|*1), and

1 2 ¢ — t 1 2
(o)) = 3= [ eor o s+ o= [ s
27 o . 27
(H20)(t) = % /0 In (4 sin? tT<> sin(t — ¢)v(s) ds + i ; (¢) dg,
- 27'r~ - 2T .y t— c\~
() = [ maeu©ds v = [ o (4sin )R (009u() de
0 0
~ 27T~
)0 = [ Bl as
Here, the functions
Pty ) = cot = t(hl(t,g) _ L),

2T

hg(t,s) = hg(t,) — K2 /(4m)|2/ (t)* sin(t — ),
To o ol () +1
B (<) = b (t¢) — "

are analytic with diagonal entries hy (t,¢) = hg(t,t) = 0. We refer to the proof of
Theorem [B.3] for the analyticity of k.

3.3. Operator equations. We reformulate the parametrized integral equations
(B0 into a single operator form

(3.9) Ap = (H+ B)p = w,

where ¢ = (¢1,02) ", w = (w1, w7) " and

[ -T | 0 E°Hy | au
H_{Hl I]+[E*’H2 0 ]_H“LHQ’
def KP ﬁs K? j_js [ 0 ﬁl
B=By+By+ By & | 21 12 i . 2 .
1+ D52+ 53 i —Kf]—’—ng —Kﬁ]—’— A, 0 ]

More specifically, we have

o o t—o\ | K(t<)  hi(t<) e1(<)
Bie)0) = [ (asin T)[iﬁ;(t,g) k8 (0,9) 2 e

[ kS (t,<) R3(t,<) +ha(t, o) | [ ¢1(s)
(228500 = | lEE(mj%l(t,c) ") [@2(0 } -

Let H?[0,27],p > 0 denote the space of 2m-periodic functions v : R — C
equipped with the norm

o0
[ull2:= > (14 m?)fin|* < oo,
m=—00
where
1 27 .
Uy = — u(t)e ™ dt, m=0,+1,42,---
271— 0
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are the Fourier coefficients of u. Define Sobolev spaces
HP[0,27])% = {w = (w1, wy) ";wi(t) € HP[0,27], wo(t) € H”[O,Zﬂ']}7
HP[0,2n]? = {w = (w1,ws) ";w(t) € HP[0,27)%, (Hyw)(t) € HPT2[0, 277]2},
which are equipped with the norms

wllp, = ||w + ||w2||p,
saoy el =Tl el

lwllps = lwillp + w2l + [[Hiwe — wi|lpre + [[Hiws + wz[pre.

It is easy to see the embedding relation HP™2[0,27)? — HY[0,2n]? — HP|0,27]?,
since Hy : HP[0,2n] — HP|0, 27] is bounded (cf. Theorem B2).

It is difficult to analyze directly the operator equation ([B.9]) since the leading
term H; is degenerated [19]. To overcome this difficulty, we introduce a regularizer
via multiplying both sides of ([3.9) by .A. Now, we consider the regularized equation

(3.11) A2p = (H? + HB + BH + B?)p = Aw,
which is equivalent to ([3.9)) since A is invertible.
Theorem 3.1. The operator E° : HP[0, 2w — HP?[0, 27| is bounded.

Proof. Recalling E7¢ = r2a(t)y for o = p, s, where a(t) = |2/(t)|* and is analytic,
we may assume

where a,, are the Fourier coefficients of a. The analyticity of a implies that

sup |[m|'am,| < oo VI>0,
meZ

which, together with [I7, Corollary 8.8], gives

, 00 X oo R (1 +m2)k/2+1
1Bl <er Y lamllm|*llel, <er > jam| = el < eallelly,
m=-—o00 m=-—o00
where the first inequality holds for all & > p. O

Theorem 3.2. The operator H : HP[0,27]? — HY[0,27]? is bounded.
Proof. For the trigonometric basis functions f,,(t) := ™, Vm € Z, noting

Hifm = C(mfm, Cm = {isign(m), m# 0,

) m = 07

i1 1 -

Z(_\m—u - |m+1|)’ m=£2,+£3,-- -,
H2fm = gmfma Em = —ésign(m), m = +1,

i, m =0,

we observe that the integral operators H; : HP[0,2wx] — HP[0,27] and Hs :
HP[0,27] — HP*2[0,27] are bounded for arbitrary p > 0. Then, V¢ = (¢1,¢2) " €
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HP[0,27)?, using H1Hy + I = 0 and [B.10), we have
[H1p

o = I|(Hip2 — o1, Hior + 92) " [l

= [[Hipz2 — @1llp + | Hi (Hip1 + p2) — (Hip2 — 1) [lpt2

+ [ Hip1 + @2llp + [[Hi(Hip2 — 1) + Hior + @2[[p+2

= [Hip2 = p1llp + [[Hip1 + @2llp < Cullg]lp-

By Theorem Bl we get
[Ha@llp, < CalHopllpr2 = Col|[EP Hapr || pr2 + Cal| E* Hagpa |2
< Cs(llenlly + llpzllp) = Csllellp,

where Cy, Cy, C5 are positive constants. Combining the above estimates shows that

H =Hy + Ha : HP[0,27)?> — HE[0,27)? is bounded. O
Theorem 3.3. The operator B : HP[0,27]> — HP*2[0,27]? is compact.

Proof. First we show that B; and By are compact. Noting
(3.12) KT (tt) = kY (t,t) =0,  h3(t,t) = Qhg(t,t) =0, o=p,s,
and using [I7, Theorems 12.15, 13.20], we get that K¢, HS : H?[0, 2] — HP+3[0, 27]
are bounded for arbitrary p > 0. Thus By : H?[0,2n]?> — HP*3[0,27]? is bounded
and consequently is compact from HP[0,27]? into HP™2[0,27]2. Since the kernel
functions k; and hg are analytic, it follows from [12, Theorem A.45] and [I7, The-
orem 8.13] that the operators Kg, HS : H?[0,2x] — H?*7|[0,27] are bounded for
all integers r > 0 and arbitrary p > 0. Then the operator By : HP[0,27]?
HP*7[0,27]? is bounded for all integers r > 0 and arbitrary p > 0. In particular,
the operator By : HP[0,27])? — HP*3[0,27]%,Vp > 0 is bounded and consequently
is compact from HP[0,27]? into HP+2[0, 27]?.

Next is to show the compactness of Bs. It suffices to show that H; has an analytic
kernel hy. In fact, for ¢ sufficiently close to ¢, by using the Taylor expansions

—t © — N\ 2k—1
§2 =Zak(§2 ) ,ap >0,a1 =1,

nt(t) - [2() — 2(8)] = |2/ (t)] g—t<1+2bk g—t)

tan

2(0) = 2(6) = |2 (O ~ 1) (1+de (c-1")

E2 ()2 - 1)2(1 + 0),
we have
ha(t,6) = =t (1) - [2(6) — 2(1)] _tanfy
T [2(t) — 2()P?

2k—2

(1+Zb’f (s—1t) )( —0+6%- iak(g_t)

k=1
1 oo
= — )k
7T+;Ck (¢
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Moreover, it can be easily verified that

er(t) = bl(t)Z—ﬂ—dl(t) _ A 4(7T)|Z+(z)2|g) (1) o

Using the Taylor expansions for sine and cosine functions, we deduce that the kernel
function has the expansion

ch (c—t)k Zek (c—t)k,  er(t) =2¢i(2),

which implies that h1 is analytic and completes the proof. (Il

ha(t,<) = = cot 2

By [I7, Theorem 8.24], the operator Sy : HP[0, 2xr] — HP*1[0,27], defined by

27
(Sm/J)(t):/O 1n(4sm tT) »(s) dg+\/_1/ ¥(s) de & (Sow) () + Mo,

is bounded and has a bounded inverse for all p > 0. We denote the operators Sy

and & by
o[5S 0] _L[B+E 0
0= 0 Sy |’ T 82 0 EP +FE5 |-

Clearly, SySp is an isomorphism from HP”[0,27]? to HP2[0,27]? and & is an iso-
morphism from HP?[0,27]? to HP[0,27]? since a(t) is analytic and a(t) # 0.

Theorem 3.4. For any function ¢ € HP[0,2n]?, the operator H? : HP|0,2n]? —
HP*20,27)2 can be expressed as

H2p = (5080 + T ),
where J is a compact operator from HP[0,2w]? into HPT2[0,2]?.

Proof. 1t follows from a straightforward calculation that

22 —I H, + E*H, —I H, + E*H,
H, + E"H, I H, + E"H, I
. H{E*Hy; + E*HoH, 0 +7
- 0 H,E*H, + E*H,H, b
where
7 - EsJVH, 0 ESE*H,H, 0
1 0 EPJi H, 0 EYEsH,H,

JYY = Ho B — E7 Hatp

I€2 27

_ ﬁ In (4sin2 t%) sin(t — <) (lz’(c)l2 — IZ’(t)\z)zD(c) ds

ir2 2

50 | (PP = I OF Jue)d

and J; is bounded from HP[0,27]? to HP*4[0,27]? and consequently is compact
from HP|[0,2n]? into HP+2[0, 272
For the first term of H2, we rewrite the first diagonal element by

HlEpHQ + E*HoHy = EPH1H2 + E*HyH; + J;,

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



2796 HEPING DONG ET AL.
where JE4p = Hy EP Hy) — EP Hy Hytp = J§ Hytp and

" ,{2 27 t—

J5)(t :_,,/ t

(o) =52 | o
iHQ 27

32 | (FOP =12 @F)e) d

(I OF = 120 v(s) ds

The operator J} is compact from HP[0,27]? into HP*2[0,27]?, since the operator

E has an analytic kernel and Hj is bounded. In addition, for ¢ € HP[0,27], we
have

()0 ~5 [ ot TS @ dc+ - [ i

=5 |, In (4 sin? T) di(Hy/))(c) ds + %601/30%
1 L ot—¢ m . 96—

:8?/0 In (4 sin® 5 ) /0 In (4 sin?

— 1o tg2 (J31/) + Jap)()

—<soso¢>< ’ s () (1) + 5 () 1),

S)w(s) dsdg

27 o 27 —s o
(Js)(£) = /0 tn (45in” %) /0 cot o sinfs — s)i(s) ds = (SoTy) (1),

t—¢

2m 27 _
(Ja)(t) = / In (4 sin? T) / In (4 sin? %) (cos(s —s) — 1)tp(s) ds
0 0
def & 7

= (SoJath)(t)
are compact from H?[0, 27]2 into HP2[0, 27]2, since the operator J3 has an analytic
kernel, and the operators Sy : HP[0,27]2 — HPY1[0,27)2 and J; : HP[0, 27
HP3[0,27]? are bounded. Clearly it also holds that HoH; = H{H>.

Similarly, we can analyze the second diagonal element as the first one. Therefore,
we obtain the assertion of the theorem by defining the operator

J=0+T+ T3+ Ta,

where
JE 0 K3+ K2 J; 0
j2_|: 02 J25:|’ j3: p87_(_25’2/|2|: 3 :|,
K§+H§‘z/|2 |: J4 0 :|

Ji= 872 0 Ju

4. COLLOCATION METHOD
Consider the following equivalent formulation of the operator equation ([B.I1)):

(4.1) SoSop +EHT + K)p = £ Auw,
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where K % HB+ BH + B? is a compact operator from H?|0, 27]2 into HP+2[0, 27]2

by Theorems and B3] In this section, we examine the convergence of the semi-
and full-discretization of ([@I]) by using the collocation method.

4.1. Semi-discretization. Let X,, be the space of trigonometric polynomials of
degree less than or equal to n of the form

n n—1
(4.2) o(t) = Z Qy cOSME + Z B sinmét.
m=0 m=1

Denote by P, : H?[0,2rr] — X, the interpolation operator, which maps 27-periodic
scalar function g into a unique trigonometric polynomial P,g at the equidistant
interpolation points gj(n) =mj/n, j =0,---,2n — 1, ie., (Png)(gj(n)) = g(g§n)).
Then, P, is a bounded linear operator.

Let X2 = {¢ = (¢1,92)" : 1 € X, 02 € X,,} and define the interpolation
operator P, : HP[0,27]? — X2 by

Png = (Png1, Paga)", Vg =(g1,92) € H?[0,27]*.

Clearly, X2 is unisolvent with respect to the points {gj(n) }?Zgl. Moreover, we have
from [I7, Theorem 11.8] that

1

C
(43) 1Pag = glly < ——Ngllp,  0<a<p 5<p

for all g € HP[0,27]? and some constant C' depending on p and g.
Now we approximate the solution ¢ = (1, 2) " by a trigonometric polynomial
o = (o1, o2) T € X2, which is required to satisfy the projected equation

(4.4) S0Sop™ + PrlEHT + K)e™ = Pu(E L A)w,
where @™ satisfies P, (SpSo)¢™ = SoSo™.

Theorem 4.1. For sufficiently large n, the approzimate equation @) is uniquely
solvable and the solution satisfies the error estimate

[¢™ = ollp < LIPrSoSop — SoSol|p+2;
where L is a positive constant depending on £ 17, E7K and SpSo.

Proof. By the proofs of Theorems and [3.4] we know that the operators J,K :
H?[0,27]? — HPT3[0,27]%,Vp > 0 are bounded. With the aid of ([&3)), we deduce
that

[Pal€HT + K = EHT + K)¢llpsa < %II8‘1(3+’C)¢IIp+3 < %Ilwllp
for all p > 0 and some constants ¢; and ¢, which implies
|PulEHT +K) —E T +K)|pr2 =0 as n— ooc.
The proof is completed by noting [I7, Theorem 13.12]. |

Theorem [.1] implies that the semi-discrete collocation method given by (@.4)
converges in H?[0, 27]? for each p > 0.
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4.2. Full-discretization. Denote the Lagrange basis by

n—1

1 n n .

Sj(t):%{1+2 E cosk(t—gj(- ))—i—cosn(t—gj(. ))}, j=0,1,---,2n—1.
k=1

Instead of ([£4)), we find an approximate solution " € X2 given by

2n—1 2n—1
7= @0.50) = (X #EL0. Y B n)
j=0 j=0

which is required to satisfy
(4.5) S0.0S0.,0@" + Pul (Tn + K" = Pu(E; An)w.

Here A, = My + By = Y0 Hjm + 301 Bims T = iy Tins K = HaBr +
By H,+ B, B, and the quadrature operators are described by Sy, = SoPp, Hi,n =
H1Pn, Hon = HaPh,

ki (t, hs(t,-)

RY(t

(Bl,nx><t>=/0ﬂln(4sin2t_7§)7>n{ ~2(7j; e x}<<>d<,
B )+ R ] X}(g) N

(Ba,nx + B3 nx)(t) :/o 7)”{ Eg(t7) + ha(t,) —k35(t,-)

Define ESv¢ = k2|2/|*¢p = E°4¢, Hy,, = Ha Py, gO,n = SoP,,

e - L [BR+E; 0
n T 82 0 EP +E5 |’
Jo = E5JY  Hon 0 L[ BRERHz  Ho 0
Ln 0 EXJ;  Hap, 0 EYE;Hy nHop |’

j';,nHQVn _ 0 jS :H§+H§|Z/|2 §O,n'z’>,n " O~
0 SpHom |7 77" 812 0 Sondan |’

2 2 S 7
Ky + K So.nd. 0
j4n _ _P 5|2/‘2 l 0,nd4dn ] ’

\72,71 = [

82 0 Sondin
where
() = 52 / i (asin® L5 P, fsine = (1708 = 120F )0} () ds
e / TR (1 OF - 1 0P)s ) 6 ds
T =52 [ teot 5 0 (HOR - O} 0

(Gt = [ b, {cot sint - -w} (6)ds,

(Fan)(£) = /027r In (45in? t_Tg)Pn{(cos(t — )= e o) ds.

Clearly, S »,So.n@" = SoSo@™, Hn@" = Hp" for p" € X2.
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In the following, we show the convergence of the full-discrete collocation method
([@3). To this end, we rewrite the function By in form of

(B(p)(t):/o "I (4sm2 t_Tg)M(t,g)w(g)d§+ i ﬂN(t,g)w(g) ds,
where
_ m (t7§) m (t,() _ nl(tvg) n (t7§)
Mt <) = { m;(t,c) mz(t,g) } o N = { n3(t,<) nz(t,c) ] '

Noting ([BI2) and the analyticity of k7(t,¢),j = 1,2, hg(t,<), hg(t,s) and the
kernel of I;Tl, we conclude that m;(¢,t) = Oym;(t,t) = 0,5 = 1,2,3,4 and m;, n;
are analytic. Recall that the full-discretization of B is B, = By, + B2, + Bs .

Theorem 4.2. Assume that 0 < g < p and p > 1/2. Then for the quadrature
operator By, the following estimates hold:

1 ~
(4.6)  IBay = Bollgr2 < O llellp,  [1Bax = Bxllgv2 < C

1
—— Iy

for all trigonometric polynomials p € X2 and all x € HP[0,27]?, where C and C
are positive constants depending on p and q.

Proof. For the derivative < (By), it can be written in form of
2m

27 _ .
B GBI = [ (4sin? S M ee)ple)ds+ [ Flts)ols)ds

0
where
—~ o 3tm1(t,€) atm2(t7§)
M(t,<) = { Orms(t,s) Oma(t,s) |’
9 + |: 8tn1(t7§) 8tn2(t7§) :|

~ t—
N(ts) = M(t,<) cot —— dins(t,s) Oma(t,s)

We denote the full-discretization of B’ via interpolatory quadrature by
2w

(B;L@)(t)—/o%m <4sin2t_Tg)Pn{M(t,-)w}(Qdc—k/ Pn{J\N/'(t,~)go}(§)d§.

For p > 1/2 and the integer ¢ satlsfymg 0 <g¢q < p, from M(t t) = 0 together
with the analyticity of the elements in M(t ¢) and N(t,<), using [17, Lemma 13.21
and Theorem 12.18], we have

1
1Bre = B'ellgrr < O lellps [1Bux = B'xllgr < 01 — Il

for all trigonometric polynomials ¢ € X2, where C; and Cl are positive constants

depending on p and ¢. By B¢ (;it (B, ), the above equation implies

1 ~ 1
1B = Bellasz < Commligly, 1Bax = Bllgsz < Ca——lixlly

for some constants Cs, 52 depending on p and ¢. It follows from [I7, Theorem 8.13]
that the above inequality holds for arbitrary ¢ satisfying 0 < ¢ < p and p > 1/2,
which completes the proof. O

Hereafter, the notation a < b means a < Cb, where C' > 0 is a constant depending
on p.
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Theorem 4.3. Assume that p > 1/2. Then for the quadrature operator IC,,, the
following estimate holds:

_ _ 1
1Pul€ K = €7 Klpllpra S —llely

for all trigonometric polynomials ¢ € X2.

Proof. From Theorem B2l and the estimate {3]), Vx € H?[0,27]?, we have

C.
[ = H)Xlae = [HPax = g < CullPax = 0lla < =211l

for 0 < g <p, p > 1/2, where C is a positive constant depending on ¢ and Cj is
a positive constant depending on p and gq. Then, H, and H, — H are uniformly
bounded from H?[0,27]? to HY[0,2n]? for p > 1/2. Clearly, £, 'y = € 1x.

For all trigonometric polynomials ¢ € X2 of the form (&2)), using Theorem
and the fact that H,p = Hep, we get

[HaBup = HB @l 2 < [HaBup — HB 2.0
<M (Ba = Belpsa.e + | (Ho = H)(Bip = PuBg) e + (Mo = H)PuBitllpsa.
SIBu = B)llpsz + 1B = PaBillps2

1 1 1
<= - < =
Sl + - 1Bellpss S el

Furthermore, it follows from Theorem .2 that B,, and B,, —B are uniformly bounded
from HP[0,27]? to HP*2[0,27]? for p > 1/2. Thus, using [@3), (&6) and the uni-
form boundedness of P, : HP*2[0,27]?> — HPT2|0, 272, together with the bound-
edness of B : HP[0,27]? — HP*3[0, 27]?, we deduce

1B — B>¢llpra < 1Bho — B2l 14
Sngn(Egn - B)‘P||p+4 + ||(Bn - B)(BQO - Pn680)||p+4 + ||(Bn - B)PHB‘P||p+4

1
SIHBn — B)‘p||p+2 + [[(By — PnB‘p)||p+2 + EHPHBQOHPJrQ

1 1 1 1
Sl + 1Bl + = 1Bollprz S ~liglly

Noting H1p € X2, we obtain
1BnHnp = BH@lpro = [[(Bn — B)Hep | pr2
<|(Bn = B)(He = PrHp)llp+2 + [|(Bn = B)YPuHellpr2

1
SllHe — PuHellp + E”an‘P“P

1
<[ Hip = PuHapllp + [[Hap — PaHallp + EHPn”Hpr

1 1 1
s Ml + el S il
Therefore
HICRSO - K‘p||p+2 SHHan‘P - ,HB‘PHP-W + ||Ban<P - BH‘PHp+2 + ||872L‘P - B2‘P||p+2
1
<— .
Nn”‘PHp

The proof is completed by using the uniform boundedness of the operators £, P, :
HP*2[0, 27 — HPT2|0, 27)°. O
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Theorem 4.4. Assume that p > 1/2. Then for the quadrature operator [J,, the
following estimate holds:

1Paln Tn = €71 TN@llpr2 S II@IIp
for all trigonometric polynomials ¢ € X2.

Proof. For all trigonometric polynomials ¢ € X2, we claim that

1
170 = Tollps2 S ~ il

In fact, analogous to the discussion in Theorem 2] we get

o - 1 1
7 00 — Tl g2 SCW”wHPa 0<q<np, 3 < p,
=~ ~ 1 1
[ Janth = Jatbllg4e < Cm”ﬁ’”pa O<g=p 5<p

for all trigonometric polynomials ¢ € X, and some constant C' depending on p and
q. Since Ef¢; = E%¢;, Hy np; = Hap; € Xy, j = 1,2, we have

[T — Tiellpt2
=([(BRJY  Han — B2 Ha) o1 |po + [|(ERT5  Han — EP T Ha)p2lpo
SICY = I Haprllpr2 + 1(J5,, = J3) Haalpia
<||( It = JP)H2901\|p+4 + [(Jin — 1) Hop2|[p+a

—||H2§01||p+2 + —||H2<P2||p+2 —||90||p
Since the operator J2" has an analytic kernel, it is easy to see
|T2,ntp — Tapllpt2 S —II@IIp

In addition, in terms of §07n¢ = §0¢ for v € X,, and the uniform boundedness
of So, and Sy, — S from HP[0,27]2 to HPFL[0,27]? for p > 1/2, we obtain

| Tane — Tapllpt2

2
1 - .
=D H ((EE + ER)SonJan — (BP + E5)50J4) ®;
=

p+2

1S0n(Ten = J)@3llp+2 + | (Son = S0) (Taes = Papllps2)

IN
—

<
Il
—

p'%w

150 (Ten = J)@3llpts + I (So.n = S0) (Taws = Paap)llpss )

<.
Il
a

N
M)

<.
Il
a

(|| Tin = T0)@ilpre + | (Tags = Padspi)llps2)

Mw

1 ~ 1
Lioillpen + 2 I(J490j||p+3> < Lol
1 n n

<.
Il
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Since the operator jg, has an analytic kernel, similarly we get

1
1Ts.n0 = Ts¢llprz S —lllp-

Hence, the assertion of the theorem follows by using the uniform boundedness of
the operators £71, P, : HP2(0,27]> — HPT2|0, 27)2. O

Theorem 4.5. For sufficiently large n, the approzimate equation (L) is uniquely
solvable and the solution satisfies the error estimate

" = ¢llp

(4.7) SL{”PnSOSOSD - SOSO<PH;D+2 + [|Pn [gvjl(jn + 1K) — 571(~7 + ’C)]@Hp+2
Pl A — €7 Alullpi2 .

where L is a positive constant.

Proof. For all trigonometric polynomials ¢ € X2, it follows from Theorems .3 and

(44 that
_ _ 1
1PulEr (Tn+Kn) = E T + K)]ellpra S ~lelly =0, n— o0

for all p > 1/2. Moreover, it is easy to see the estimates for ||(J7,, — J7)¥|[p+2 and

||(Ln - j4)1/)||p+2 are valid analogously as (d.6]). Then, we can obtain the uniform
boundedness of the operator P, (€, (Tn + Kyn) — 71T + K)] = H?[0,2n]* —
HP*2[0,27]? from the proofs of Theorems {3 and B4l By the Banach—Steinhaus
theorem (cf. [I7, Problem 10.1]), we get the pointwise convergence

Pn[gn_l(jn+’Cn)]‘P—>Pn[g_l(j+/C)]<p as n — 0o

for all ¢ € HP[0,27]?.
Hence ([@T) follows by employing [17, Corollary 13.13], £, = £~ and the
uniform boundedness of the operators &, 1, P, : HP2[0,27)? — HPT2[0,27]2. O

Theorem .5 implies that the full-discrete collocation method (3] converges in
HP[0,27]? for each p > 1/2.
5. NUMERICAL EXPERIMENTS

In practice, instead of (@H]), we only need to solve the equivalent full-discrete
equation of (B4, i.e.,
(5.1) PiHn@" + PuBng"” = Pow & A" =w™,

where A, is the coefficient matrix of the full-discrete equation. In fact, suppose

that B(t) = KE;? 2 (t)]?, the equation (X)) is equivalent to
Pi(S0,nS0,0)@" + Pn [ﬂil(jn + Kn)@"| = Pn [ﬂil-Anw]
< Pn [B(SO,nSO,n&n)] + Pul(Tn + Kn)@"] = Pr(A,w)
(5.2) & A2 = Auw,

Since (5] is uniquely solvable by Theorem FLH, it implies that the matrix A2 is
invertible, i.e., det A2 = (det A,)? # 0, and consequently A, is invertible. Hence,
([@3) is equivalent to (B.I)) by multiplying matrix A ! on both ends of the equation
E2). Tt is worth mentioning that the equivalent full-discrete equation (&) is
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extremely efficient since it is formulated via simple quadrature operators #H,, and

B,,.
For the smooth integrals, we simply use the trapezoidal rule

277 2n—1

dgN_Zf (n)

0

For the singular integrals, we employ the following quadrature rules via the trigono-
metric interpolation:

/027r In <4$in2 t_T§)f(§) d¢ =~

1 2m IS
. — t
(5.3) o /0 co

/027T In (4 sin? t—Tg) sin(t — <) f(s)ds

¢
R
2
—~
—
S~—
~
—
AN
2
—

L@y ds~ ST U @),

Q
<
2
=
~—
~
—~
AN
3
—

where the quadrature weights are given by

n 2m 1 n n
R;- )(t):—; — o8 [m(t—gj( ))]——QCOS{ (t—g( ))},
m=1
U™ = 21— ™ )] tj(n)_t
Gt = o cos n(g; )| co 5
n—1 (n) (n) _
. B 9 sin |m(s; t) 27 sin [n(s; t)
V() = = sin(¢™ — ) + =1 [ J ]+ [ J }
J 2n J n ‘= -1 n(n? —1)

Here, the weight Vj(") is calculated by using [I7, Lemma 8.23] and we also refer to

[17] for the weights R;n) and U](n). On the other hand, the last items of H, , and
Ha , can be offset by the following item

/2” - { 0 R (t,) = () ] x}(c) i
0

hi(t, ) — h(t, ") 0
in B . Thus, the equation (5.1 becomes

wgnz = _(plz Z X(npwlj Z Y;]ns) 2]7

2n—1 2n—1
ol =)+ 3 KA - 3 el

(5.4)
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TABLE 1. Numerical errors for the apple-shaped and peach-shaped
obstacles with w =7
Apple-shaped Peach-shaped
n [T6e =6 [ [9e — 0] [ time | [de — 6" | [ — o] | time
8 0.0677 0.0613 0.006s 0.0044 0.0050 0.007s
16 | 2.1192e-04 | 1.6939e-04 | 0.01s | 3.9734e-04 | 4.5298e-04 | 0.01s
32 | 3.7880e-07 | 3.0432e-07 | 0.02s | 5.4337e-05 | 6.1341e-05 | 0.02s
64 | 6.6341e-12 | 5.2998e-12 | 0.05s | 6.9918e-06 | 7.8543e-06 | 0.05s
128 | 1.6200e-15 | 1.6162e-15 | 0.08s | 8.8584e-07 | 9.9062e-07 | 0.08s
256 | 1.9389e-15 | 2.2955e-15 | 0.26s | 1.1140e-07 | 1.2420e-07 | 0.28s
512 | 3.1540e-15 | 2.9617e-15 | 1.00s | 1.3962e-08 | 1.5539e-08 | 1.08s
1024 | 4.2380e-15 | 3.7504e-15 | 4.25s | 1.7475e-09 | 1.9429e-09 | 4.29s
where wl(l) = w(s; (n )) npl(z) = (s (n )) fori,j=0,---,2n—1,1=1,2, and

X = RO (kg (o, o) 1 ka( () (my

13,0 J

2
n n KRg n n n n n\1o n n
Vi = U6 + 2 PV )+ R RS )

17,0 J 7
™ n n n
BG4 ).

Remark 5.1. Moreover, a straightforward calculation yields
("))

msinn(t — S

(n) (n) ; (n)y _ T (n) (n)
Vir(t) — RV () sin(t — ;) = ") + 3 sin n(t—¢;)cos(t —¢;),
which implies Vj(n)(gi(n)) — R;n)(gi(n)) sin(g\™ gj(.n)) = 0. Therefore, ng ) can be
reduced to

n) _ () (n) (OFSONN (n) (") o(n ) (n) (n ) (n)

Yijo = Ui () + By (s )hs (s )+ h( )+ h( )-

From this, we find that E?Hop in (B8) is only used for the theoretical analysis.

Remark 5.2. From [13| Section 4], we know that the trapezoidal rule and the quad-
rature formulas (53) yield convergence of an exponential order for a periodic ana-
lytic function f. In addition, from [I7, Theorem 11.7], we conclude that our method
has exponential convergence if the boundary of obstacle and the exact solution are
analytic.

In the following, we show some numerical examples to demonstrate the superior
performance of the proposed method. All of the numerical tests are implemented
by using Matlab on a personal computer with a 64 GB RAM, 3.70 GHz Intel core
i9 processor.

5.1. Numerical examples: Smooth obstacles. We consider the elastic scatter-
ing by an apple-shaped and a peach-shaped obstacle with analytic and C? boundary,
respectively. The parametrizations of these two boundary curves are given in The-
orem Bl To test the accuracy of the collocation method, we construct an exact
solution by letting the exterior field of the elastic obstacle be generated by two
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TABLE 2. Numerical errors for the apple-shaped and peach-shaped
obstacles with w = 1007

Apple-shaped Peach-shaped
n | llge — oM [ ls =™ | time | ¢ — ™[ | [0 =™ | time
64 2.2192 1.1012 0.05s 5.9298 2.5847 0.05s
128 | 7.2908e-02 | 9.2983e-02 | 0.08s | 1.0250e-01 1.0459e-01 0.08s
256 | 5.5220e-07 1.0522e-06 | 0.27s | 4.1347e-07 | 9.4716e-07 | 0.27s
512 | 6.0630e-13 | 4.4848e-13 1.06s | 5.0089e-08 3.6659e-08 1.02s
1024 | 5.3276e-13 | 3.7980e-13 | 4.48s | 6.2029e-09 | 4.3889e-09 | 4.42s
2048 | 4.8503e-13 | 4.0631le-13 | 16.39s | 7.7281e-10 5.3866e-10 | 18.44s
4096 | 5.3277e-13 | 3.9049e-13 | 76.29s | 9.6473e-11 6.6741e-11 | 76.27s
02 0.42 . . .
0.24 1 02:- N I solut
-0.26 0.36}
o8l 0.34}
} 0.321
-03 0.3}
02| 0.28}
0.26}
084r 0.24}
0 545 20 25 s0 35 20 5 10 15 20 2 30 3
(a) R(¢) (b) S(9)
0.25 -0.2
0.2
0.15 -0.25
0.1
0.05 -0.3 \
. »} o
005 S0 15 w0 > 0 3 %0 5 10 15 20 2 30 3
(c) R(v) (d) S(¥)

FIGURE 1. Numerical solutions and corresponding exact solutions
for the apple-shaped obstacle with w = 7,n =n = 16

point sources located at z = (0.1,0.2)" € D, i.e.,
(5.5)  du(@) = H (mple — &), u(2) = B (kelz — 7)), 2 R*\D.

Due to the uniqueness of the boundary value problem (23, the solution can be
constructed explicitly by enforcing the following boundary conditions on I'p:

fl = au(b* + aﬂﬁm f2 = 8T¢>k - aﬂﬁ*

In numerical experiments, we take the Lamé parameters A = 3.88, u = 2.56 and let
the observation points be generated by {gi(”)}fgg 1 = 16 and distributed on the
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L - Exact solution ] L RRoR Exact solutlon
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FIGURE 2. Numerical solutions and corresponding exact solutions
for the apple-shaped obstacle with w = 1007, n = 1 = 256

circle 9B = {z € R? : |x| = 3}. We list the numerical errors between the numerical
solution and the corresponding exact solution with L?(9B) norm in Tables [l and
for the angular frequency w = 7 and w = 1007, respectively. It can be easily
seen from the results that the accuracy is improved dramatically as the number of
collocation points is increased. In fact, our method has an exponential convergence
as the theoretical analysis suggests. We also find that the convergence rate of the
apple-shaped obstacle with analytic boundary is faster than that of the peach-
shaped obstacle with C? boundary. The numerical solution and the corresponding
exact solution are shown in Figure [l for the apple-shaped obstacle. Clearly they
coincide perfectly with w = w,n = n = 16.

For the high-frequency case, we can get the same highly accurate results as those
of the low-frequency case by increasing the number of interpolation points. The
numerical solution and the corresponding exact solution are shown in Figure [2] for
the apple-shaped obstacle with w = 1007. As can be seen, the numerical solutions
and the exact solutions also coincide perfectly when n = n = 256.

It is worth mentioning that for a given incident wave and elastic obstacle, in
view of (23] and [BH]), together with (54]), we can get the compressional and shear
far-field patterns immediately by using the trapezoidal rule. With the aid of (2.2]),
BI) and (&4), noting v, = V¢ and v, = curly, we can also easily obtain the
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T T 2 T
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(a) p=2,n=16 (b) p=2,n=16

FiGure 3. Collocation points on the drop-shaped and heart-
shaped obstacles

TABLE 3. Parametrization of the exact boundary curves

Type Parametrization
Apple-shaped z(t) = 0'55(1+10f0°?;g£f sn2) (cost,sint), t e [0,2n]

Peach-shaped z(t) = 0. 22(cos t\/l —sint 4 2)(cost, sin t) t €0, 27]
Drop-shaped  z(t) = (2 sin £ % —sint), ¢ € [0,2n]
Heart-shaped  z(t) = (£sin 2, sin t) t €[0,2n]

TABLE 4. Numerical errors for the drop-shaped domain with w =7

Point source Plane wave
n [T — "N [ Tr — 9 [ time |67 =6 [ [$7) — ¢ [ | time
16 2.0999e-03 | 2.1650e-03 | 0.01s 4.5396e-01 5.8469e-01 0.01s
32 2.4347e-08 3.1562e-08 0.03s 3.9571e-03 4.9919e-03 0.03s
64 1.2669e-08 1.6911e-08 | 0.07s 2.7795e-04 3.7244e-04 0.07s
128 | 3.8572e-10 | 5.1477e-10 | 0.09s 2.4339¢-05 2.8050e-05 0.09s
256 1.1736e-11 1.5791e-11 0.31s 1.1917e-04 1.6019e-04 0.31s
512 | 1.3430e-14 1.7613e-14 1.14s 9.2866e-06 1.2593e-05 1.13s
1024 | 6.2155e-15 4.9608e-15 4.82s 5.5606e-06 7.5428e-06 4.77s
2048 | 6.1235e-15 5.9362e-15 | 17.52s 1.1380e-07 1.5203e-07 17.40s

compressional and shear elastic scattered fields by using the trapezoidal rule, too,
if the test points are not too close to the boundary.

5.2. Numerical examples: Nonsmooth obstacles. In this subsection, we as-
sume that D has a single corner at xg and I'p \ {zo} is analytic. The angle v at
the corner is assumed to satisfy 0 < v < 27. Suppose that the corner point zg
corresponds to the parameter ¢ = 0 in the parametric representation of I'p. To
test the accuracy of our method, we adopt the exact solutions in form of (B3]
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TABLE 5. Numerical errors for the heart-shaped domain with w =7

Point source Plane wave
n | g =™ [ 1os =™ ] time | [l¢™ — ™| [ o™ — 4[] time
16 4.3673e-02 1.0523e-01 0.02s 6.0929¢-03 1.1896e-02 0.01s
32 6.0075e-04 1.5144e-03 0.03s 2.5014e-05 3.7337e-05 0.03s
64 4.3721e-07 8.4011e-07 | 0.07s 1.2432e-07 1.2820e-07 0.07s
128 1.8692e-09 1.2039e-09 0.09s 2.2355e-09 1.4398e-09 0.09s
256 1.1752e-11 7.5236e-12 0.31s 1.3571e-11 8.6880e-12 0.31s
512 1.6306e-13 1.0433e-13 1.17s 1.8443e-13 1.1843e-13 1.16s
1024 | 4.5946e-15 4.0851e-15 4.76s 8.0003e-15 5.9002e-15 4.82s
2048 | 1.1742e-14 1.3828e-14 | 17.84s 9.6079e-15 1.0804e-14 17.95s

with the point source located at # = (0.1,0.2) " and z = (—0.5,0.2) T for the drop-
shaped and heart-shaped obstacles, respectively. The interior angles are v = 7/2
and v = 37/2 for the drop-shaped and heart-shaped obstacles, respectively. The
parameterizations of these two boundary curves are also shown in Table[Bl In addi-
tion, we consider the case that the obstacle is illuminated by a compressional plane

inc

wave u'™¢ which is given by
uinc(x) _ deircpdm
where d = (cos#,sinf) " is the unit propagation direction vector.

To resolve the field near the corner, we adopt the graded mesh by taking the
substitution ¢t = w(s) [7[I4], which is given by

[v(s)]” 0<s<or

(56) ) =M e = OSSP

where

(s) (1 1)(#—5)3_'_13—77_1_1 > 9
v(s)=(-—= - -
p 2 s p T 2’ p=2

and is applied to the parametric curve of the drop-shaped and heart-shaped ob-
stacles. In experiments, we choose s; := mj/n + m/(2n) as the collocation points.
The generated points w(s;), 7 = 0,---,2n — 1 of the graded mesh on the both
boundaries are presented in Figure [3] for p = 2.

The numerical errors between the numerical solution and the exact solution
(5.5) with L?(0B) norm for the drop-shaped and heart-shaped obstacles are listed
in Tables [ and [ with the angular frequency w = 7 and n = 16. Additionally, we
calculate the values of compressional and shear scattered fields ¢("+),4("+) on OB
with 7 = 16,n, = 4096 by the incident plane wave with § = 7/6, and compare
them with the cases of other numbers of collocation points. For the point source
case, the solver quickly converges to machine precision for both domains. This is
due to the analyticity of the artificial solution. On the other hand, for the true
scattering problem, i.e., the scattering problem of the plane wave incidence, we
note that the numerical error of the heart-shaped domain is better than that of
the drop-shaped domain. The reason is apparently related to the concavity of the
domain. The detailed analysis will be investigated in a future work.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



A BIM FOR THE ELASTIC OBSTACLE SCATTERING PROBLEM 2809

6. EXTENDED CASES

In this section, we consider the extension of the method to handle the Neumann
problem and the three-dimensional problem.
6.1. The Neumann problem. We assume that the total field w satisfies the
homogeneous Neumann boundary condition, i.e.,
(6.1) T(u)=0 onTp,
where the traction operator 7' is defined by

T(u) :=2ud,u + AV - u — prcurlu.

Analogously, substituting the Helmholtz decomposition into (6] and taking the
dot product with v and 7 respectively, we have the following coupled boundary
value problem:

(6.2)
Ap+rpp=0, Ap+r2p =0, in R?\ D,
pv - 9,Vo + pv - dycurl  — A\ilo = fi, on I'p,
ut -0,V + ut - dycurl ¥ — pk2y = fo, on I'p,

limy, o0 p2 (Op¢ — 1p@) =0,  lim, o0 p2 (Opt) — iketh) =0,  p = |a],
where
fi=-v- T(uinc), fo=—7- T(uinc).

Furthermore, we assume that the solutions of ([6.2)) are in form of single-layer po-
tentials as shown in (B.I). Letting z € R?\ D tend to boundary I'p, using the new
jump relations of the single-layer potentials recently derived in [9, Corollary 3.5]
and the boundary conditions of (6.2]), we obtain on I'p that

6.3
;fl()x) =— ;miz/TSp (v gi]v+pv KP 10,91 + g10,7| — pv " H? [v0rg1 + 107 V]
+ u2v ' S®[rv T go|v 4+ pv T K (10,92 + 920, v + v H® [10:-92 + 920-7]
— My SP[g1] = p(v - 8;7)g1 — p(v - Drv)ga — pdrga,
2fo(x) = — ;mgTTSP (' gi|v+ pr T K [10,91 + 910, 7] — pr T H? [v0-g1 + g10-V]
+ prir ' So [TVTgQ} v+ pr K° [V0-g2 + g20-v] + ur " H? [70-92 + 920-7]
— pkzS%lga) — p(7 - 077) g1 — prgr — (T - O7v)go.

We point out that v and 7 inside of [-] are given with respect to the variable y, and
are taken with respect to the variable x otherwise. As shown in [9, Section 5.2,
we employ the quadrature formulas (5.3)—(5.8) of [9], then a Nystrom-type discrete
scheme can be achieved analogously.

For comparison, we take the exact solutions in form of

(6.4) ¢u(2) = —H (kplz]), 9u(x) =0, zeR*\D,

as those in Example 2 of [5], i.e., v, = V.. We take the Lamé parameters
A =2, u =1 and let the observation points be generated by {gl-(") 122617 n =16 and
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TABLE 6. Numerical errors for kite-shaped obstacles with the Neu-
mann boundary condition

Kite-shaped for w =3 Kite-shaped for w =5
n Hv* — 'UhH(L2(I‘D))2 time ||’U* — 'UhH(L2(FD))2 time
16 0.0717 0.01s 0.0883 0.01s
32 4.1975e-05 0.04s 1.2759e-04 0.04s
64 2.0601e-10 0.13s 7.6337e-10 0.13s
128 8.3623e-12 0.17s 1.2185e-11 0.17s
256 1.7041e-11 0.52s 8.7805e-11 0.54s
512 6.2898e-11 2.10s 2.2158e-10 2.12s

distributed on the boundary I'p. Then, the numerical solution vy on I'p can be
described by

1 1
(6.5) v =5 (=91 + KPg1 + Hgo)v + o2+ HP gy — K®go)T.
We list the numerical errors ||v« —vpl|(z2(r,))> in Table[@lfor the angular frequency
w = 3 and 5. It can be seen that for the Neumann problem, this method also has
an exponential convergence as compared to only an algebraic convergence in [5]
for the kite-shaped obstacle. Note that our accuracy stops at 11 digits due to the
round-off errors in the singular kernel evaluation.

6.2. The three-dimensional problem. In three dimensions, the scattered field
v satisfies the boundary value problem

(6.6) {uAv+(A+u)VV-v+w2v—0 in R?\ D,

v=—u" onI'p.

In addition, the scattered field v is required to satisfy the Kupradze—Sommerfeld
radiation condition

plijgo p(0,v, — ikpvy) =0, pan;o p(0,vs —iksvs) =0, p=|z],

where 1 1
v, =—-——VV-v, wvs=—curlcurlv.
Kp K2
For any solution v of the elastic wave equation, the Helmholtz decomposition reads
(6.7) v=V¢+curlyp, V-1 =0.

Substituting (67) into (6.8) and taking the dot and cross products with the unit
normal vector v on I'p, respectively, we get the following coupled boundary value
problem:

(6.8)
A¢+ K79 =0, curlcurly —r2¢p =0 in R®\ D,
3V¢—|—V-cur1'«,b:f~1, on I'p,
VXV¢+I/><CUI‘1’I,[):f~2, on I'p,

lim, 00 p(0p¢ —ikpp) =0, lim, o p(curlyy x & —ikg1p) =0, p = |z,

where B
fii=—v-ut, foi=-—-vxu'
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We assume that the solutions of (23] are given as

o@) = [ eimlndse). s R\
(6.9) >
$(a) = mpourlourl [ $(epindga() dsty), @€ B\ T,

S

where g1, g2 are unknown densities and go satisfies go - v = 0, and

exp(ikp|z — Z|)

O(z,y;kq) = , o=pors

4|z — T

is the fundamental solution for the three-dimensional Helmholtz equation. Letting
x € R3\ D approach the boundary I'p in ([69) and using the jump relations, we

obtain the boundary integral equations

(6.10)

filx) =

1
291

2

(ac)-l—/FD

0% (x, y; Kyp)
ov(x)

+/ v(z) X Vo ®(z,y; ks) - g2(y) ds(y),
T'p

1
+ =g2(x) + v(z) x curl

Fala) = / V() X Vo (z,y; 5p)gn (1) ds(y)

91(y) ds(y)

A D(z,y; ks)g2(y) ds(y).

For numerical purpose, we test the formulation on two three-dimensional objects,
which are both axis-symmetric. More specifically, they are generated by rotating
curves in the xz plane with respect to the z axis. One object is a sphere with the
generating curve given by

x = 2cos(s),

z = 2sin(s),

—r/2<s<m/2.

Another one is an ellipsoid by rotating the curve

—7m/2<s<m7/2

x = cos(s),

z = 2sin(s),

Since the high order evaluation of singular kernels is sophisticated in three dimen-
sions, we only show the numerical results and will report the detailed implementa-
tion in a forthcoming paper. We refer to [20] for some general ideas.

TABLE 7. Numerical errors for the elastic scattering of three-
dimensional objects with the Dirichlet boundary condition

Sphere Ellipsoid
n | ¢e — o™ [ llvs =4[ | time | [[¢s — o™ | [y — o™ | time
16 | 9.398e-08 | 4.7368e-08 | 0.46s | 1.9535e-03 | 1.3936e-03 | 0.65s
32 | 1.0760e-08 | 4.4180e-09 | 0.96s | 9.2980e-03 | 4.7679e-03 | 1.01s
64 | 6.9880e-08 | 2.9426e-09 | 1.75s | 2.3378e-05 | 1.4425e-05 | 1.81s
96 | 1.2475e-08 | 4.8461e-09 | 3.09s | 5.5093e-06 | 3.4974e-06 | 3.02s
128 | 1.4175e-08 | 2.8216e-09 | 4.50s | 1.4484e-06 | 1.8909e-06 | 4.34s
256 | 1.2361e-08 | 1.9374e-09 | 16.55s | 1.9392e-09 | 3.5646e-10 | 16.28s
320 | 6.4661e-10 | 3.1789e-10 | 23.79s | 5.2607e-12 | 7.5933e-13 | 24.54s
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—10.03

FIGURE 4. Elastic scattering of a sphere: (a) the real part of the
first component of v; (b) the error compared to the exact solution

To verify the accuracy, we replace ¢.(z) and ¥.(z) in (B3) by their three-
dimensional counterparts and still use them to generate the exact solution. The
source is located at (0.2,0.2,0.2). The angular frequency is w = 7 and the Lamé
parameters are A = 3.88, u = 2.56. Numerical results are presented in Table [d and
Figure [l Note that in Table[d, n is the number of discretization points along the
generating curve. One can see that the spectral accuracy is achieved by adding
more discretization points.

7. CONCLUSION

We have proposed a novel boundary integral formulation and developed a highly
accurate numerical method for solving the time-harmonic elastic scattering by a
rigid bounded obstacle immersed in a homogeneous and isotropic elastic medium.
Using the Helmholtz decomposition, we reduce the scattering problem to a coupled
boundary integral equation with singular integral operators. By introducing an
appropriate reqularizer to the coupled system, we split the operator equation into
an isomorphic operator plus a compact one. The convergence is shown for both
the semi-discrete and full-discrete schemes via the collocation method. Numerical
experiments for smooth and nonsmooth obstacles, especially for the obstacles with
corners, are presented to demonstrate the superior performance of the proposed
method. Furthermore, we extend this numerical method to the Neumann problem
and the three-dimensional elastic obstacle scattering problem. Future work includes
the application of the method for solving the inverse elastic scattering problems and
the multiple elastic scattering problems.
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