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ANALYSIS OF THE TIME-DOMAIN PML PROBLEM FOR THE
ELECTROMAGNETIC SCATTERING BY PERIODIC STRUCTURES*
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Abstract. This paper is concerned with the time-domain scattering of an electromagnetic plane
wave by a periodic structure. An initial boundary value problem is formulated in a bounded domain
by applying the perfectly matched layer (PML) technique to the scattering problem imposed in an
unbounded domain. Based on the abstract inversion theorem of the Laplace transform and the analysis
in the frequency domain, the well-posedness and stability are established for the truncated time-domain
PML problem. Moreover, the exponential convergence of the solution for the truncated PML problem
is proved by a careful study on the error for the Dirichlet-to-Neumann operators between the original
scattering problem and the truncated PML problem.
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1. Introduction

Scattering theory in periodic diffractive structures, known as diffraction gratings,
has many important applications in micro-optics, which include the design and fabri-
cation of diffractive optical elements such as corrective lenses and microsensors [28].
A good introduction to the topic can be found in [30,31]. The basic electromagnetic
theory of gratings has been well studied [35]. The mathematical problems that arise in
diffractive optics modeling in industry can be found in [4]. Recent advances have been
made due to the development of new mathematical and computational methods, such
as the integral equation method [15,29] and the variational method [1-3,5,23]. We refer
to the monograph [6] for a comprehensive account of the main aspects on diffraction
of electromagnetic waves by periodic gratings including mathematical modeling and
analysis, numerical approximations and inverse problems. In this paper, we consider
the time-domain electromagnetic scattering problem in one-dimensional periodic struc-
tures, where the well-posedness and stability of the solution were established in [25].
This work is concerned with the analysis of the time-domain perfectly matched layer
(PML) problem for the electromagnetic scattering by periodic structures.

The PML was first introduced by Bérenger as a technique of domain truncation to
numerically solve the time-domain Maxwell equations imposed in unbounded domains
[10,11]. Due to its effectiveness, simplicity and flexibility, the PML technique has been
widely adopted in the field of computational wave propagation [21,22,32,34]. Under the
assumption that the exterior solution is composed of outgoing waves only, the basic idea
of the PML method is to surround the domain of interest by a specially designed model
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medium that either slows down or attenuates all the waves that propagate from inside
the domain. In practical simulation, the PML medium needs to be truncated into a
layer of finite thickness and the artificial boundary may generate reflected waves which
may pollute the solution in the domain of interest. Therefore, it is crucial to examine
the error estimate between the solutions of the original scattering problem and the
truncated PML problem. For time-harmonic scattering problems, convergence analysis
of the PML method has been extensively investigated by many researchers. For example,
the exponential convergence was established in terms of the thickness and medium
parameter of the PML for the time-harmonic acoustic scattering problems in [19,26,27],
for the three-dimensional time-harmonic electromagnetic obstacle scattering problems
in [8,12-14], and for the time-harmonic scattering problems in periodic structures in
[7,17].

Compared with the time-harmonic PML problems, the convergence analysis of the
PML method for time-domain scattering problems is challenging due to the temporal
dependence of the artificially designed absorbing medium. For the two-dimensional
time-domain acoustic scattering problem, the exponential convergence in terms of the
thickness and medium parameter of the PML was obtained in [16] for a circular PML
method by taking advantage of the exponential decay of the modified Bessel functions,
and in [18] for a uniaxial PML method by using the Laplace transform and complex
coordinate stretching in the frequency domain. We refer to [9] for the stability and
convergence analysis of the time-domain PML problem for the acoustic wave equation
in waveguides.

In this work, we investigate the PML method for the time-domain electromagnetic
scattering by periodic structures. The goal is twofold:

(1) Establish the well-posedness and stability of the time-domain PML problem;

(2) Prove the exponential convergence of the solution for the time-domain PML prob-
lem.

Specifically, we consider the scattering of an electromagnetic plane wave by a one-
dimensional periodic structure in R3, which is assumed to be invariant in the y-axis
and periodic in the z-axis. The electromagnetic fields can be decomposed into two fun-
damental polarizations: transverse electric (TE) polarization and transverse magnetic
(TM) polarization, where the Maxwell equations can be reduced to the two-dimensional
wave equation. We study the two-dimensional wave equation for both polarizations.
Motivated by the uniqueness of the solution, we assume that the fields satisfy a certain
translation property, which allows us to seek periodic solutions in the = direction for the
electromagnetic fields under the change of variables. In the z direction, two rectangular
PML regions, at the top and the bottom, are utilized to enclose the domain of interest.
As an initial boundary value problem, the truncated PML problem is obtained in a
bounded domain by imposing the Dirichlet boundary condition at the outer boundaries
of the PML regions. Based on the abstract inversion theorem for the Laplace transform
and the analysis in the frequency domain, the well-posedness and stability are estab-
lished for the time-domain PML problem. Moreover, the exponential convergence of
the solution is proved for the truncated PML problem. A key ingredient of the analysis
is to examine the error of the Dirichlet-to-Neumann (DtN) operators between the trun-
cated PML problem and the original scattering problem. The estimate shows that error
decays exponentially by either enlarging the PML medium parameter or increasing the
PML layer thickness.

The paper is organized as follows. In Section 2, we introduce the problem formula-
tion and present an exact time-domain transparent boundary condition (TBC) to reduce
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the scattering problem into an initial boundary value problem in a bounded domain.
Section 3 is devoted to the well-posedness and stability of the truncated time-domain
PML problem, where a time-domain TBC is proposed for the PML problem. The ex-
ponential convergence of the PML method is established in Section 4. The paper is
concluded with some remarks and directions for future work in Section 5.

2. Problem formulation

In this section, we introduce the model problem and define some necessary notation
such as the Laplace transform and Sobolev spaces for the time-domain electromagnetic
scattering by periodic structures. The well-posedness and stability are presented for
the reduced scattering problem by using the exact time-domain transparent boundary
condition.

2.1. Model equations. We consider the same model equations as those studied
in [25]. First we specify the problem geometry, which is shown in Figure 2.1. Let
x=(x,y,2) €ER3. The structure is assumed to be invariant in the y-axis and periodic in
the z-axis with period A. Due to the periodicity of the structure, the problem can be
restricted into a single periodic cell where € (0,A). Let S be the grating surface, which
is embedded in the region Q= {(z,2) ER?:0<x < A,hy <z<hi}, where h; and hy are
constants. Denote by Q1 ={(z,2) ER*:0<x<A,z2>h1} and Qo ={(z,2) eR*:0<x <
A,z <ho} the domains above and below , respectively. Denote by I'y = {(z,2) € R?:
O<xz<Az=h}and To={(z,2) ERZ:0<xz <A,z =hy}.

Z=Hhy pommmmmm e I

Fi1G. 2.1. The problem geometry of the time-domain scattering by a periodic structure.

Suppose that the whole space is filled with some material, which can be character-
ized by the dielectric permittivity e and the magnetic permeability u satisfying

0<€min§€§5max<ooy O</1'min§//f§,ulmax<ooa

where €min,Emaxs fbmins bmax are constants. Since the medium is assumed to be periodic
in the z-axis with period A, we have

e(x+nh,2)=e(r,2), plx+nA2)=p(z,2), (v,2)eER? neZ.

Furthermore, the medium is assumed to be homogeneous away from ) where the
medium can be inhomogeneous. Hence we may assume that there exist positive con-
stants €; and pu; such that

e(z,z)=¢;, wpx,2)=p; (z,2)€Q;, j=1,2.

Throughout, we also assume that ep>e1p1, which is usually satisfied since €1 and pq
are the dielectric permittivity and the magnetic permeability in the free space ;.
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Consider the system of the time-domain Maxwell equations in R? for ¢ > 0:
V x E(x,t)+ pd H (x,t) =0, VxH(x,t)—edE(x,t)=0, (2.1)

where E and H are the electric field and the magnetic field, respectively. Since the
structure is invariant in the y-axis, we consider two fundamental polarizations for the
electromagnetic fields: TE polarization and TM polarization. In TE polarization, the
electric and magnetic fields are

E(z,y,z,t)=(0,E(x,2,t),0), H(z,y,z,t)=(Hi(x,z2,t),0,Hs(x,z2,t)).

Eliminating the magnetic field from (2.1), we get the wave equation for the electric field:

€0?E(x,2,t) =V - (u 'VE(x,z,t)). (2.2)
In TM polarization, the electric and magnetic fields take the forms
E(x?y7z7t) = (El (x’Z’t))O’EE;(x’Z)t))? H(x’27t) = (O’H($7Z’t)’0)'

Eliminating the electric field from (2.1), we obtain the wave equation for the magnetic
field:

pOiH(z,2,t) =V - (e 'VH(x,2,t)). (2.3)

It can be seen from (2.2) and (2.3) that the electric field E and the magnetic field H
satisfy the same wave equation. Hence it suffices to consider either (2.2) or (2.3). We
shall only use (2.2) as the model equation to present the results in the rest of the paper.

Let E™™° be an incoming plane wave that is incident upon the structure from above.
Explicitly, we have

Einc(x,z,t) =g(t—cix—c22),

where g is a smooth function and its regularity will be specified later, and ¢; =cos6/c,
¢y =sinf/c. Here 6 is the incident angle satisfying 0 <6 <m, and c=(e1p1)~'/? is the
wave speed in the free space. It can be verified that the incident field E'™¢(x,z,t) satisfies
the wave Equation (2.2) with e =&, = 1. Moreover, we assume that the incident plane
wave Em¢ vanishes for ¢ <0.

Although the incident field £'™¢ may not be a periodic function in the z-axis, it is
easy to note that

E(z+ A, 2,t) = E"(x,2,t—c1A)  V(z,2) €R%

Motivated by the uniqueness of the solution, we assume that the total field satisfies the
same translation property, i.e.,

E(z+Az,t)=E(z,2,t—c1A) V(z,2) €R% (2.4)
Define the translated total field U and incident field U™¢:
U(x,z,t)=E(z,z,t+ci1(x—A)), UP(z,2,t)=E"(z,2,t+c1(x—A)). (2.5)
It follows from (2.5) and (2.4) that

U(x+Azt)=FE(x+Az,t+cz)=FE(x,z,t+cz—c1A) =U(x, 2,t),
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which shows that U is a periodic function in the z-axis with period A. A simple
calculation yields

UnC(z,2,t) = E™(z,2,t+c1(x—N)) = g(t — caz —c1A),

which implies that U™¢ is also a periodic function of x since it does not depend on .
Applying the change of variables, we get

6tE:8tU, &DE:&EU—Q&U
Then the wave equation (2.2) can be written as
(e—cip NOIU=V-(u'VU)—c1 (0 ' 0U+0: (™' 0,U)) . (2.6)

A simple calculation shows that

Y= (ep—erprcos? O >ep (1 —cos? Q)"

=eup tsin?0>0 VOe(0,7),

e—cip”

which indicates that the wave equation (2.6) is well-defined. The Equation (2.6) is
constrained by the initial conditions

U|t:0:6tU|t:0=0. (27)

It is easy to verify that the incident field U™ satisfies (2.6) with e =¢1, p=p1, i.e.,

(e1 =iy NOFUM =V - (u 'VU™) =1 (7 0 U™ + 0, (17 1 0:U™)) . (2.8)

The same homogeneous initial conditions are imposed on the incident field Un¢:
Un|—g=0,U™| ;= =0. (2.9)
2.2. Laplace transform and Sobolev spaces. For any s=sj+1isy with

s1,82 €R, 51 >0, define by (x,z,s) the Laplace transform of u(x,z,t) with respect to t,
ie.,

o0
ﬁ(a:,z,s):f(u)(:z:,z,s):/ e u(z, z,t)dt.
0
It is easy to note from the Laplace transform that

L(w)(x,2,5)=sL(u)(z,2,5) —u(z,2,0), (2.10)

and
¢
/ u(z,2,7)dr =L (s ) (x, 2,1), (2.11)
0

where #~1 denotes the inverse Laplace transform. It can also be verified from the
inverse Laplace transform that

u(t)=F (e L (u)(s1+1s2)), (2.12)
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where .# ! denotes the inverse Fourier transform with respect to ss.
The following result concerns the Plancherel or Parseval identity for the Laplace
transform (cf. [20, (2.46)]).

LEMMA 2.1. Ifu=2(u) and 6=2(v), then

1 o0

o ooﬂ(s)ﬁ(s)dSQ/Oooezsltu(t)v(t)dt

for all s1>sg, where sy is the abscissa of convergence for the Laplace transform of u
and v.

Hereafter, the expression a <b stands for a <Cb, where C is a generic positive
constant whose precise value is not required but should be clear from the context.

We also recall the following result (cf. [33, Theorem 43.1]), which is an analogue of
the Paley—Wiener—Schwarz theorem for the Fourier transform of the distributions with
compact support in the case of the Laplace transform.

LEMMA 2.2. Let @ denote a holomorphic function in the half plane s1 > sg, valued in
the Banach space E. The following statements are equivalent:

(1) there is a distribution v €D’ (E) whose Laplace transform is equal to u(s);

(2) there is a o1 with so <oy <oo and integer m >0 such that for all complex numbers
s with s1> 01, it holds that ||u(s)||g S (1+|s])™,

where D', (E) is the space of distributions on the real line which vanish identically in the
open negative half line.

Next, we introduce some Sobolev spaces which are used in this work. Define a
weighted periodic function space

H;p(Q) ={uc H'(Q):u(0,2) =u(A,z2)},

which is a Sobolev space with the norm characterized by
g = [ (14 |5

For any uwe H, Sl,p(Q), it has the Fourier expansion with respect to z:
1A :

Zu Ty, (2) = —/ u(z,z)e " dz,
A Jo

neZ

where o, =2n7/A. A simple calculation yields an equivalent norm in H] () via the
Fourier coeflicients:

lullZs =" (1sf2+0a2) / () P+ 3 / 2)Pdz.
' nez h2 nez

Denote by H Qp(Fj) the standard Sobolev trace space with the norm being characterized
by

lllrs ey = S (1P +02) .

nez
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where A € R. Clearly, the dual space of Hsl,g (L) is H;;m

product in L*(I';) defined by

(T'j) with respect to the scalar

<u,v>pj=/ uvdz.

J

The weighted Sobolev spaces H. () and H 2,(T';) are equivalent to the standard
Sobolev spaces H}(Q) and H)(T ) since s #0.

2.3. The reduced problem. We briefly present an exact time-domain TBC to
reformulate the scattering problem into an equivalent initial boundary value problem
in a bounded domain. We refer to [25] for the details on the derivation and properties
of the TBC.

Subtracting (2.8) from (2.6), we obtain the equation for the scattered field U®® in
Q4 for t>0:

(61 —ciuy DOFU™ =V - (uy 'VU™) = e1 (17 10U + 0p (117 0,U™)). (2.13)
From (2.7) and (2.9), we get the initial conditions:
U |i=0=0:U°|4=0 =0 in . (2.14)
Taking the Laplace transform of (2.13) and using the initial conditions (2.14), we obtain
(e1—AuH2U* =V - (u'VU*) — ¢ (Ml—lsaxl?sc +0, (,ul_ls[jsc)) in Q,
which is equivalent to
(e111 — €3) 82U = AU — 2¢,50,U%° in Q. (2.15)
Since UsC is a periodic function with respect to x, it has the Fourier series expansion

Uscxzs E Usczs elonT 2> hy.
neZ

Substituting the Fourier expansion of U¢ into (2.15), we obtain an ordinary differential
equation for the Fourier coefficients:

GRS — (U =0, 2>,
Use = U3 (hy, s), z=h,

where
B (5) = (e1pms” + (an +ic1s)*) /2, RBY(s)>0
It follows from the bounded and outgoing condition that
ﬁff(z,s) = Uzc(hl,s)e_ﬁ?(s)(z_hl).
Then we get the Rayleigh expansion for the scattered field in ;:

U (2,2,5) = Z U (hy,s)e P (E—h)glant 5 )
nez
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Taking the normal derivative of Us® on I'y, we have

00, U (,h1,8) = > (1)1 (s)Us (h, )€,
nez

where 11 =(0,1) is the unit normal vector on T';. }
Similarly, in 29, we may derive the Rayleigh expansion for the total field U:

U(w,2,8)= Y Un(ha,s)e (k) chons,
nez

where
B (s) = (e2p125% + (am +ic18)%) Y2, RBY(s)>0.
Taking the normal derivative of ﬁ(:r,z,s) on I's yields
00, U (2,ha,5) =D (—1)B5(5)Un (ha,s)e™" ",
neZ

where vy = (0,—1) is the unit normal vector on I';. For any function u(z,h;) defined on
I';, we define the Dirichlet-to-Neumann (DtN) operators

(Bu)(z,h;)= Z(—l),@?un(hj)eia"z, u(z,h;)= Zun(hj)eia"m. (2.16)

nez neZ

We have the following results on the trace regularity and the boundary operators
B; (cf. [25, Lemmas 2.1, 2.2 and 2.3]).

LEMMA 2.3. There exists a positive constant C7 such that
lull g7z, SCillullm @) Vu€Hg (),
where CF =max{1+(hy —hy) " ts7 ', 1+ (21) " (hy — ha) "' A}.
LEMMA 2.4.  The DtN operator %; :Hsl,/I,Z(I‘j)—>HS_,$/2(I‘j) is continuous, i.e.,
125y e,y = Collull iz,
where Cy is a positive constant and is given by 022 :max{Q,Zc%—i—smaX,umax},

LEMMA 2.5. The following estimate holds:
R((sp;) " Bju,u)r, <0 VueHSlf(Fj).

Using the DtN operators (2.16), we obtain the following TBCs in the frequency
domain:

(2.17)

where f =0, Uinc — 2, U'ne. Taking the inverse Laplace transform of (2.17) yields the
TBCs in the time domain:

(2.18)

0, U=7U+f only,
6Wl]::3EU' OH:F%
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where f is inverse the Laplace transform of f, i.e., f=.271(f), and Ti=%L"1oRBj0 L.

Based on the time-domain TBCs given in (2.18), the scattering problem can be re-
formulated equivalently into the following initial boundary value problem in the bounded
domain 2:

(e—cip U=V -(u'VU)—c1 (00U + 0, (n" ' 0,U)) in Q,t>0,
Uli=0=0,Ult=0=0 in Q,

0, U=7U+f on I'y,t>0,
0, U=R%U on I'y, ¢ >0.

(2.19)

It is shown in [25, Theorem 3.3] that the reduced problem is well-posed and the solution
is stable, which are stated in the following theorem.

THEOREM 2.1.  The initial boundary value problem (2.19) has a unique solution, which
satisfies

U(z,z,t)€ L*(0,T; HY ()N H' (0,T; L*(€2))
and the stability estimate

e (19:U | 2y + 10 (VU) || 2022

S ||f||L1(0,T;H—1/2(F1)) +t§g§] ||6tfHH—1/2(F1) + ||3t2fHL1(0,T;H—1/2(F1))'

3. The time-domain PML problem

In this section, we introduce the PML formulation for the scattering problem and
establish the well-posedness and stability of the time-domain PML problem. Moreover,
we introduce the TBC for the truncated time-domain PML problem.

3.1. The PML formulation. Now we turn to the introduction of absorbing
PML layers. The domain 2 is surrounded with two rectangular PML layers of thick-
nesses 01 and d5 in ©; and s, respectively. Figure 3.1 shows the geometry of the PML
problem. Define the PML regions

QMY ={(2,2) eR?:0<z <A hy <z<hy+61},
QM ={(z,2) ER*:0<z <A ho — 02 <z <ho}.
Let
ITME={(z,2) ER*:0<z<A,z=h1+61 },
TEME = {(2,2) ER?:0< 2 <A, z=hy— s}
be the upper and bottom boundaries of the domain
Qs={(2,2) ER*:0<a<Ahg— s <z<hi+61},

in which the truncated PML problem is formulated.

Define the PML medium property as ((z)=1+s"'o(z), which satisfies o€
L>(R),0<0 <0 and o(z) =0 for hy <z <hy, where oq is a positive constant. Follow-
ing the complex coordinate stretching for the time-domain PML problems (cf. [9, 16]),
we introduce the change of variable

so /0 “¢(rydr.
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B — PP
QP

z=hy [ttt I
Q

W

z=hy  fe--eeemeemeeoee- Ty
QML

Z=hy— 0y [-mmmmmm e TEML

Fic. 3.1. Geometry of the PML problem.

Using the change of variables and imposing the homogeneous Dirichlet boundary
condition for the scattered field, we obtain the PML equation for the total field in the
frequency domain:

(g—cfu—l)s(1+%)z“fp —0, ((su)—l(u%)—laﬁP) +(1+%)aw ((su)—laﬁp)
—01(1—|—%) (u—lamUPJrax(u—lUP)) YU m Qs (3.)
and the boundary conditions
U*P _ lj*inc on Fll:)MLv (3 2)
Uf =0 on THML, .
where
n — 0\ inc - o,\_ rrinc g — Frince
F=(er—ctur )s* 1+ D)0~ (ul 1+ 2) o ) - (14+2)0, (ul 19,1 )
+cl(1+%) (ul_lsamﬁinc+8I(u1_1$ﬁinc)> in QPML)

F=0 in Q5 \ QPML,

We define the following initial boundary value problem for (UY,¢p= (¢4, 6.)"),
which is referred to as the PML problem in the rest of this paper,
(=i HOUT + (e —cip™ o0, U
=V -(u'VU)+V- o
+c (,u_lamUP +8x(,u_18tUP))

—&—cla(,u_lawUP—Fax(u_lUP))+F in Qs x (0,7,
Oppy = Lod,UT in Qs % (0,7),
Orbs+0¢, +p Lo, UY =0 in Q5 x (0,7, (3:3)
U +¢-v=0 on [7MF 5 (0,7), j=1,2,
U =yine on TPME (0,7,
Uf =0 on TEME x (0,7),

UPli=0=0, 0,U"}1=0=0, @|=0=0 in Qs,
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where F =.271(F).
Now we make some additional assumptions on the incident field by requiring that
U e g0, T HA(QPMY),  9lU™(2,2,0)=0, j=0,1,2 (3.4)
and that U™ can be extended to infinity in time so that
Uinc g H3(0,oo;H§(QlfML))
and
1T 113 0,00s 12 0311y S CIU™ | s 0,732 arman - (3.5)
Under the above assumptions, it is clear that
FeHY(0,00; L*(QTMY)),  F(x,2,0)=0.

3.2. Well-posedness and stability. Define Pofiyp(Q(;) ={ueH! (Q):u=
0 onoI‘{’MLUFQPML}. Multiplying (3.1) by the complex conjugate of a test function
VeH Sl’p(Q(;) and using the integration by parts, we arrive at the variational problem:

find UP € H! (Qs) such that UF =U™ on TTML TP =0 on THM and

9]

apmr(UY,V) :/ sT'FVdade VYV eH! (Qs), (3.6)
Qs
where the sesquilinear form

apmr (W, V) :/

Qs
+e—ApH(+ %)SWV

((s,u)_l(l—i— %)*@W&,ZVJF(SM)*(H %)awwawv

+cl(1+%) (mlaxwmm(mlvv))v)dxdz. (3.7)

LEMMA 3.1. The variational problem (3.6) has a unique solution UPEH;p(Q(;),
which satisfies

IVUP L2 (g)2 + 15U | 22(0)
St (U7 00) (5T a2 gonsny + 5T g2 o
+||S2[jvinc||H;1/2(F11:ML) + ||F||L2(QfML)) .
Proof. Let (e H'(0,T;H}(Qs))NH?(0,T;L*(Q5)) be the function such that ¢ =0

on TEML % (0,T), ¢ =U™¢ on TYML x (0,T). By testing (3.1) with the complex conjugate
of UP —Ce H](Qs) and integrating by parts we obtain

V]

apML(UP,UV'P):apML(lV]P,é)wL/ Silﬁ(ljpfz)dxdz. (3.8)
QIIDML

It suffices to show the coercivity of apwmr,, since the continuity follows directly from the
Cauchy—Schwarz inequality. Using (3.7), we have

o (TP, (14 5~ L0)UTP) :/ (w7 4 D7 Dot

Qs
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+(s1) M (14 D)1+ D)0, U

=) 1+ D)s(1+ )07

+e1(1+ %)(1 + %) (;ﬂ@xUP —l—agg(,u_lffp)) ﬁ) dzdz.
Taking the real part of the above equation yields

|s+0o|?s1
plsl*

((51 +20)|s]? + 025y

P2
dsPls o 10U

%GPML(UP,(1+8710)UP)=/ |8x[jvp|2
Qs
|s+o|%sy

|s]?

2
+§R Cl|5+g|
Qs |s|

+(e—cAuh) |U'P\2>dmdz

(;rlaxl?l” —|—(9x(;fl(vfp)) UPdzdz.

Since p and UP are periodic functions of period A with respect to x, we have from the
integration by parts that

/ (,u_lamﬁp+8w(u_1ﬁp))ﬁdmdz+/
Qs

(,u_lawﬁ—i— O (,u_lﬁ)) UPdzdz=0,
Qs

which implies
R (,u_lamﬁp—i-ax(u_lﬁp)) UPdadz=0.
Qs

Combining the above estimates, we obtain

o _ o S1 o o
%CLPML(UP,(1+S IU)UP)RW (HVUP”%Q(QE)Z + HSUP”iz(QJ)),
which implies that
o eys sl (op '
Japn (07,072 o (1907 B e + 50 I aca) (3.9)

It follows from the Lax—Milgram theorem and the coercivity of the sesquilinear form
apmr(+,+) that the variational problem (3.6) has a unique solution for each s=s;+1isy
with s1,80 € R,Rs =351 >0.
Moreover, we have from (3.8) that
P 7P -2 -1 5P |2 5P |2 1/2
lapae (U7, UP)| < [s|72(1+ 57 00) (190 320,z + 1507 132 0,))

X112 252 1/2
x (Is9E12 20,2 + 1530

121 2 gy (T = Ol gy (3.10)
Combining (3.9) and (3.10) yields
P12 P12 < 1 —1 4 P12 P12 1/2
IVOP 132 g2 + ST 2y S 57 (1572 00)* (VTP 3202 + 1T 32 )

y ) /2 e NI
X (HSVCH%%QJV + ||52C||2L2(95)) +s1 (14571 00) || F | p2apvey [ (UF = Ol 2 apny,
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which completes the proof after applying the Cauchy—Schwarz inequality and the trace
theorem. O

The well-posedness and stability of the PML problem (3.3) can be easily established
by using Lemma 3.1.

THEOREM 3.1. The time-domain PML problem (3.3) has a unique weak solution
UP(x,2,t) which satisfies

U" (x,2,t) € L*(0,T; Hy (Q5)) N H' (0,T; L% (25))
and the stability estimate

||6tUP HL?(O,T;L?(Qs)) + ||VUP ||L2(O,T;L2(Q(;)2)
<CT+0T)! (100 Ny gy gy + 100 Nz s aapons

+ ||(9252Uinc||L2(0,T;H;1/2(FTML)) + ||F||L2(07T;L2(QIIZ’ML))>. (3.11)
Proof. Since
T
(IVUP320,)2 + 1007 320y )
0 L2(Qs)? t L2(Qs)
T
< [ ([T R + 1007 e )
0
T
=T [ et (1907 e + 1007 o)
S [ e (19U e +1007 a0y ) .

it suffices to estimate the integral

/0 2 (VU g,y + 10U [ )
Taking the Laplace transform of (3.3) and eliminating @, we obtain
(e—EuY)s(1+ DU =, ((su)*1(1+5)*1aﬁp) +1+Da, ((su)*lamffp)
s s s
—cl(l—l—%) (u_lﬁxﬁp—l—ax(u_lﬁp))—i—s_lﬁ' in Qs

and the boundary conditions

By Lemma 3.1, we have

HVUP HL2(95)2 + HSUPHL2(Q(5) 5 51_1(1 +51_100)4 (HSUinCHHé/?(F{’ML) + ||5ﬁinc||H;1/2(plfML)

+ HsgﬁinCHH}:l/z(FTML) + ||F||L2(9113ML)) . (3.12)
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It follows from [33, Lemma 44.1] that UP is a holomorphic function of s on the half
plane s; >sp >0, where sg is any positive constant. Hence we have from Lemma 2.2
that the inverse Laplace transform of UP exists and is supported in [0,00).

Denote UF = 2~ 1(UP). Tt follows from (2.12) that

UP=2(U")=F (e *'U"),

where % denotes the Fourier transform with respect to so. Hence we have from the
Parseval identity and (3.12) that

/0 2 (IVUP 0,2 + 10U 720, )
:27r/ (||VZ7PH2L2<95)2+||5(7PH%2<96))d52

0o
szz(l +SI100)8/ (HSUIHCHZII)/?(F{’ML) + HSUmCHiI;IN(Fll?ML)

+ HSQUmC”?{p—l/?(FfML) + ”F”i’é’(Qll’ML))dS?'

Using the Parseval identity again, we obtain

| e (1907 B #1007 o
0 . .
ST o0 [ (100 sy IOV
FNOBU™ 12, s sy F o ) (3.13)
which shows that
UY(z,2,t) € L*(0,T; H)(2s)) NH' (0,5 L* ().

On the other hand, (3.13) implies that
g P P
| (1907 B #1007 o

T
S/sl_Q(]- +3;100)86281TA (”atUmC”i;ﬂ(FllDML) + HatUmC”Z;lﬂ(FfML)

U, s +|\F\|§2(Q¥ML))dt.

(@™
The stability estimate (3.11) in the theorem is obtained by taking s; =1/T. |

3.3. Transparent boundary condition. We introduce the transparent bound-
ary condition for the PML problem so that it can be reformulated into an equivalent
initial boundary problem in the domain §2.

It follows from (3.1) that the scattered electric field UseP = UP — Jinc gatisfies

(e1p1 — D) s2UY =9205F £ 92UF — 26,50, U%F  in QPME, (3.14)
Since U*®F is a periodic function of z, it has the Fourier series expansion

ﬁSC’P(x,Z,S)=ZUZC’P(2,s)eiO‘"m, 2> hy. (3.15)
nez
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Substituting the above expansion into (3.14), we obtain an ordinary differential problem
for the Fourier coefficients:

QU — (BM2UF =0, hy<z<hy+64,

USSP (2(hy),s) =USF (hy, s), (3.16)

ﬁZC’P(E(hl + (51),8) =0.
The general solution of (3.16) is a linear combination of the fundamental solution:

[?ZC’P(Z’S) = A, P (93() +Bne—B{l(5)2(Z),

where A, B, € C are two constants. Using the boundary conditions in (3.16), we have
P ()E(h1) =BT (s)2(h1) A, USSP (hy,s)
BL(©E(h+81) =B (Z(m+e) |\ B | = 0 '
A straightforward computation gives

=BT (s)(v1th1) o—=B7 ()1
‘ ‘ Urszc’P<h178)’

" e 287 () 1
B (s)(Y14+h1) o —B7 ()71
= _e € rsc, P
Bn= e—287(s)m —1 Un (hlaS),
where
h1+461
Nn=2h+6)—2(h)=6 (145 '61), G1=07" o(2')dz'. (3.17)
h1

Hence we have the following representation for UF (,s):

=B7 (8)(v1+h1) o—BT (8)11
_e e se,P BT (s)2(2)
)= e—267(s)m 1 Upt" (b, s)e™

UseP(z,s

BT (s +h —B7 (s
et (£)n l)e om t[ZC’P(hl,S)e_BIL(S)E(Z);

6726?(5)71 —1
which together with (3.15) implies

“ e ~ e BT () (nith1) o =BT ()11 “ e " (5)5(x
u ’P(x,z,s) - Z ( =287 (s)71 — 1 Un ’P(h1’5)651 (#)2(2)
neL €

(s +h1) ,—B7 (s
Pt e AT m U3 (hy, s)e ™ () o,

e~ 287 ()M 1
Taking the normal derivative of the above equation on I'y yields

rTsc n e_2ﬁ?(5)yl +1 rTsc ianT
8,/1U ’P(hl,S):Zﬁl (S)m(]ﬂ 7P(h1,8)€ nt
nez

where v; =(0,1) is the unit normal vector on T';.

Similarly, we have the following representation for the total field UP (z, Z, s) in QFME:

BE () (v2—ha2) o= B3 ()2

v _ e € > 2(s)zZ(z

UP(,2,5)= > :(_ — UP (hg, s)e (9)2()
nez
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e B2 (s)(v2—h2) o —B3 ()72

P —B2(s)2(2) \ Jianx
T e—2B5(s)v2 _ 1 Up (ha,s)e™ )6 ’

where

ha
ngé(hg)—é(hg—ég):(sg (1—|—S_152)7 52:551 U(Z/>d2:/. (318)
ho—62

Taking the normal derivative of the above equation on I'y yields

e=267(s)2 11
0, U (ha,8) = By(s T_IU (ha,s)ei*®,

nez

where v =(0,—1) is the unit normal vector on I's.
For any function u(x,h;) defined on I'; with the Fourier expansion wu(z,h;)=

> un(hj)el*n®, we define the DtN operators
neL

PML,, n( e 20 41 iana
(%; Zﬁ Wun(hj)e e (3.19)

neZ

Using the DtN operators (3.19), we obtain the following TBCs for the PML problem in
the frequency domain:

0, U ="MEUP + /P on Iy,
{ d ! (3.20)

8,,2UP %PMLUP on I'y,

where fF =9, U™ — ZPML{Tinc Taking the inverse Laplace transform of (3.20) yields
the TBCs for the time-domain PML problem:

8, UF = ZPMLYP 4 4P Iy,
{ ' fooonly (3.21)

d,, U = ZFPMLyP on I'y,

where fF is the inverse Laplace transform of fF, ie., ff=.2"1(f?), and ,ZPML:
Z’lo%})MLOZ,j:LZ.

4. Convergence analysis

This section is devoted to the convergence analysis of the time-domain PML prob-
lem. We derive an error estimate for the solutions between the original scattering
problem and the PML problem.

Using the time-domain TBCs (3.21), eliminating ¢ and noting F=0 in Q, we
reformulate the time-domain PML problem (3.3) into an equivalent initial boundary
value problem in Q:

2

(e— %)anP =V (u'VU") =1 (070U +0:(n710,UY))  in Q,¢>0,
UPli=0=0,U"|1=0=0 in 2, (4.1)
0,,U" = 7FPMLyP 4 P on I'y, t>0,

D, UY = ZFPMLP on I'g, t>0.
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Apparently, the key to the convergence analysis is to estimate the error of the DtN
operators %; and %fML, which can be written as follows:

(Bju)(w,hy) = (Bju) (x,h;) — (B ™u) (2, hy)

—2B7 ()75
n ianx § n € ! +1 ianpe
= (_1)5_7 (S)un(hj)e " /B] (S) 6_25?(8)7]. _ u"l(h’j)e "

nez neZ 1
n 2672%@(8)% ianx .
neZ —€ ’

Let

1/2

ﬂ]"(s) = (sjijQ + (ap, +icls)2) = a?(s) +ib?(s), a;‘(s) > 0.

It is easy to note that

(a3 ())” = (b7 ()" = (g1 — 1) (51 — 53) + oy — 2amcy 52 (4.3)
and
aj (s)by(s) = (ejp; —c?)s189 + ncr 5. (4.4)

It follows from a straightforward calculation that

1 1
(a?(s))2 =3 ((ejuj —2)(s2—52)+a’ — 2an0152) + 3 Ay, (4.5)
1 1
(b?(s))2 =3 ((ej,uj —?)(s2—52)+a? — 20[n6182) + 3 A, (4.6)

where

2
Ar=((gjp;—c})(s] —83)+ a2 —2anci82)” +4((gjp; —c1)s182+anerst)’.

Let
57U} (s) = (s) +idj (s).
By a simple calculation, we have

(g1 —ct)ls* +af (s] — 53) + 2amcs || s

(c} () = (d} (s))* = o/ (4.7)
and
ety () =~z ancilsPor (13)
It follows from (4.7) and (4.8) that
o= Cats Dl b sl By

where

2 2
Ao =((gjp; —c})|s|* + a2 (sT—s3) +2anc1s?s2)” +4(—aZs150+aners]?s1)”.
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LEMMA 4.1. For any s=s1 +1sy with s1,50 €R,s1 >0, %5?(5) > (ejpj —c%)l/Q%s.
Proof.  Using (4.5), we have

1 1
(a;-’(s))2_(gjuj—cf)s%:§(—(sj/,bj—cf)(s?—i—s%)—i—ai—?ancl@)—1—5 Ay, (4.10)

By a simple calculation, we can rewrite A in the following form:
2 2
Ar=((ejh5 =) (s1—53)) + (o —2anc152)” +2(ej; — 1) (57— 53) (7, — 2anc152)
+4((gjn) — )s152 +ancrsy)?
2 2
= (e~ (5 +53)° + (02— 2amers2)” —2e 15— ) +53) (02 —20,c152)

—4((gjpj — f)s152)% +4(ej ) — )5t (af, — 2anci52)
+4((ej5 — 1) s152 + ancis1)?

= (g1 — D) (53 +53) — (02 —2ane150))* +4e 155302,
which together with (4.10) implies
(a?(s))2 (1 —ct)st>0.
Since a}(s) >0, we get that a7 (s) > (g —¢c2)1/25,, which completes the proof. O
LEMMA 4.2. For any s=s1+1ss with s1,s5 €R,s1 >0, ?Rs‘lﬂy(s) >0.
Proof. 1t is easy to note that
s1aj () + 207 (s)

ci(s)= e . (4.11)
It follows from (4.4) that
n n S n
s1aj(s)+s2b7 (s) = a”(ls) ((aj (5))?+ (ejpj— c?)s? +O¢n6132) . (4.12)

Plugging (4.3) into (4.12) yields

s1aj (s)+s2b7 (s) = ((b?(s))Q—l—(sjuj—c%)s?—i—ai—anclsQ). (4.13)

s1
ag(s)
Adding (4.12) and (4.13), we obtain

5107 () + 52D (8) = 5o ((al(9))2 + (07 ()2 + (g1 — ) (53 +53) +a2) >0, (4.14)
2a} (s)

which completes the proof by combining (4.11). 0

Let § =min{d;,d2} and  =min{a1,52}. The following lemma plays a key role in
the subsequent analysis.

LEMMA 4.3.  For any u,vGHslé,z(Fj), the following estimate holds:

| (Bju,0)r, | S CsCae™ ™ Nlull oo 101l 12

where 1 is positive constant independent of s and o, Cs=max{l,(20(Eminttmin —
c)251)7 1} and Cy=max{V/2,(2¢3 4+ maximax) 2}
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Proof. 1t is easy to note that
|e—5j”(8)“/j | — 95 (8)3j—cj(5)0;5; (4.15)
A direct calculation yields
Ny = Is\“((em —c1)?[s[* + oy, + 405 clst +4aq cish — 2(ejmy — g (sT+53)
+4(ejpy—ct)ansi+4(epy — c)anci|s|® s — 404?10152>
= [s|" ((eg11y = })(53 + 83)° + (07 ~ 200c150)?

~2((e5115— e3) (53 + 53) (02 — 2anc152)) +dej 0283 )
=|s[*A;. (4.16)

It follows from (4.9) and (4.16) that

(g0 —cD)|s|* +af (s1 — s3) + 2ancr|s|*s2 +[s]* VAL
2]s|*

(¢} (s))* =
For any fixed «,,, we have

lim ¢ (s)=(gjp;—c3)'/2. (4.17)

|sa|—00 J

On the other hand, using (4.11) and (4.14), we obtain

3(5) = gy (@ 0+ 05 (5))° + ety =) (s +53) +7) = o

= Qa?T
as |ay,| — 00. So there exists a positive constant 7 independent of s9,a, such that
ci(s)>n Vsz,ap. (4.18)
Using (4.15), (4.18) and Lemma 4.1, we have
e85 ()75 | > ¢ 71935 (4.19)
Applying Lemmas 4.1 and 4.2 leads to
e85 ()01 | = g=0i (e —e]) s (4.20)
which deduces that
11— e 285 (7| > 1 — o203 (=) 2sn
For x>0, it is easy to verify that
1—e > %min{l,x}.
Thus

11— 287 |71 <omax{1,(20;(j; — )/ ?s1) 71} (4.21)
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Combining(4.19) and (4.21) yields

26287 (5)7;

,—nd;T;

where C3 =max{1,(26(&minpmin —c3)/?s1) "'}
It can be verified that
187 () = lejm;s® + (an +ic1s)?| ejpsls® +2(af +cF|s]*) < Ci (s> +a),  (4.23)
where
Cy =max{V2,(2¢2 4 emaxfimax) /2 }.
It follows from (4.2), (4.22) and (4.23) that

. 26287 (5)7;
‘<Bj’u,’()>1"j | S Z |B] (5)‘
nez
< CullsP +a2) 2 Cae ™% fup (hy)||vn (hy))|
nez

[tn (hj)||vn (By)]

1— =285 (5)

< CsCae ™ ull e ol
which completes the proof. 0
Let T;=%"'0B;0.% and V=U —UPF. It follows from (2.19) and (4.1) that

(e—cip NOFV=V-(p'VV)—c; (1 '0V+0,(p'80,V)) inQ,t>0,

V0t=0=0:V]t=0=0 in Q,
o . (4.24)
8, V=RV +TU" -~ T U™ on Ty,t>0,
0,V =RV +TU" on Ty, t>0.
The variational problem of (4.24) is to find V'€ H] ,(€2) for all t>0 such that
/(e—c%ufl)ﬁf‘/wdxdz
Q
2
:—/u_1VV-V1I}dxdz+Z/ uj_liju’)dx
Q j=1Ti
—|—/ ul_l’TlUPwdx—/ ,ul_lTlUindea:+/ py MU wdx
r r, Ty
—cl/ (000 V + 0, (p'0,V)) wdadz Vwe H| (). (4.25)
Q

We are now ready to prove the exponential convergence of the time-domain PML
method, as stated in the following theorem. A similar proof is used in [25, Theorem
3.4] to show the stability of the solution to the time-domain grating problem.

THEOREM 4.1. Let U and UY be the solutions of the problems (2.19) and (4.1) with
s1=1/T, respectively. If the Assumptions (3.4) and (3.5) are satisfied, then

IU=U"|| L (0,1:L20)) + IV (U =UP) | Lo 0,7522(2)2) + 10:(U = U") || L= 0,722(02))
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SCT)e (IF | o,z @ry +10F Lo roze@psny + 10 s o o2 cey
FIOU™ N a0 2527200y FNOEU™ s o 2272 0y F IOV N s o, opoony
FIOT™ 0,022 copsnyy IOV s 7,372 sy

+FU™l s IO

—-1/2 —-1/2
(0,T:H; /(ML) (0,7;H; L (Flf“L)))’

where

C(T)=max{1,T}max{1,T(0n) ' }max{1,T(14+Too)*}
X max{1—|— (hl —h2)71T,1—|— (27‘[’)71(h1 —hz)ilA}.

Proof. Let 0<&<T and define an auxiliary function
€
¥1(x,2,t) z/ V(z,z,7)dr, (2,2)€Q, 0<t<&.
t

It is easy to check that
1[)1(.’&2,5):0, 8t¢1($7z,t):_V(fE,Z,t). (426)

For any ¢(z,z,t) € L?(0,£;L2(R2)), it follows from [25, Eq. (3.14)] that

/¢>xztw(xztdt—/ </¢x27d7> V(x,z t)dt. (4.27)

Taking the test function w=1); in (4.25), then integrating from ¢=0 to t=¢ and
taking the real part, we obtain

3 _ € _
§R/ /(e—cfﬂfl)afvwldxdzdmm/ /mlvv.wldxdzdt
0o Ja 0 Jo
£ 2 _ € _
:§R/ Z/ uglijwldxdtHR/ / py MTUPY dadt
0 ]—:1 Fj 0 Iy
¢ I £ _
—5)%/ / uflﬂUm%pldde&e/ / g MUY dadt
0 Fl 0 1—‘2
¢ _
—ClgR/ /(uflatIV—F@I(u*latV))1/11dxdzdt
)
It follows from (4.26) and the initial conditions in (4.24) that
€ _
R / / (e—cip 102V iprdadzdt
0o Ja
3 _ —
:%// (O((e =i MOV 1)+ (e — i )0, VV) dudzdt
2Jo

—_— 1
=R (((5—6@_1)&‘/%) |§+(€—cf/fl)|V|2|§) dzdz
0

2

1 _
= 5”(5—0@ 1)1/2V('7§)||%2(Q)'
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Using (4.26), we have

£ o 3 _
éR/ /M_lvv-vwldxdzdt:—%// w0y (Vahy) - Vprdtdadz
0 Q

:—f// 19,V | dtdadz

:—7/ p Ve |? |£dxdz
2 Ja

2
:%/;ﬂ‘/ VV(~,t)dt’ dedz.
Q 0

1 B 1 3 3 2
FIE=en VO +5 [ 1| [ IV as:

Combining the above estimates yields

€2 . ¢ _
:ge/ Z/ uglszldxdwﬁe/ / py FTLUPY dadt
0 j=1 r; 0 JI'y

13 o 13 -
—§R/ / ,ul_lTlUmCzlJldxdt—l—%/ / uQ_I’TQUPz/Jldxdt
0 Fl 0 F2

3 _
—C1§R/ / (1101 V + 0, (10, V)) thrdadedt. (4.28)
0o Ja

In what follows, we will estimate each term on the right-hand side of (4.28) separately.
Using (4.27), we have

8%/ / 1‘7V¢1d$dt—§}3/ / 17V¢1dtdx
:8%/ / (/ uj1%V(ﬂc,z,7)d7>V(x,z7t)dtdx
r;Jo 0
13 t B
:8%/ / (/ ujlij(x,z,T)dT) V(x,z,t)dzdt.
0 r; 0

Let V be the extension of V with respect to ¢t in R such that V =0 outside the interval
[0,£]. We obtain from the Parseval identity, (2.11) and Lemma 2.5 that

13 ¢
3?/0 (2_2“"1t/F (/0 uj1%V(m,z,7)d7>V(:mz,t)dxdt
3 J t _
:3%/ / e 2t (/ /leeij($7Z,T)dT> V(z,z,t)dtdz
r;Jo
:?R/ / g 21t (/ 1 LTV (¢, 2 T)dT) V(z,z,t)dtdx
r;Jo

:3%// 6_251t Z_lO(suj)_lﬁjOXV(x,z,t));(x,z,t)dtdx

*—/ R{(sps)~ 1:/‘:/>pjd32§0.



Y. CHEN, Y. GAO, AND P. LI 1807

Letting s; — 0, we obtain

&t/ / LT Vapydadt <0. (4.29)
Using the integration by parts, (4.26) and the initial conditions in (4.24), we have
3 _
/ / (M_latwv"i'aw(ﬂf—latv))wldxdzdt
0o Jo
3 _ 3 _
:/ /;fl@t(ax\/ﬁbldxdzdt—k/ /@c(u*latV)ipldxdzdt
0 JQ 0 JQ
_ £ _
:/ (/fléwil)lgdxdz—// p 0, Vo, dtdrdz
Q
+/ ( (1™ 1/11) }odxdzf// Oy (V) Op1dtdadz
/ / 10,V +0,(p V) Vdadede.

Since p and V are periodic functions of z, we have from the integration by parts that
3 o ¢ o B
/ / (W10 V + 0, (n™'V)) dedzdt+/ / (170, V+0,(n™'V)) Vdadzdt =0,
0 Jo o Ja
which implies
¢ _
8?/ / (W10, V +0,(n~ V) Vdadedt =0.
0 Jo
Hence we have

13 _
§R/ / <M_13tIV+aw(u_18tV)) rdadzdt =0. (4.30)
0 Ja

It follows from (4.27) that

;M TUT Py dadt

= // ST U dtd

://(/ ,uj17}Up(m,z,7)d7>V(x,zt)dtdaz
r;Jo \Jo
¢ ¢ _

= // (/ ,uj17}Up(x,z,7)d7>V(amz,t)dxdt.
o Jr; \Jo

Let UP be the extension of UP with respect to ¢ in R such that UP =0 outside the
interval [0,£]. We obtain from the Parseval identity and (2.11) that

S _
p; ' TU g dadt| =
FJ

t —
(/ ,ujl'Y}UP(x,z,T)dT> Vdadt
r; \Jo
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[e'e] t =
/ 6725175/ (/ M;17;(7P(x’z,7)d7-> V(x,z,t)dzdt
r; \Jo

J

<6281T

0
=T / e 2t (.Z_l o(sp;) B0 LUF (x,z,t)) ?(m,z,t)dtdm
r;Jo

6281T oo 4 :p v
<S5 ()T B0 V), |dse.

Let anc and F be the extension of U™ and F with respect to ¢ in R such that U™¢ =0
and F'=0 outside the interval [0,T7], respectively. For brevity, let us introduce the
notations

D= ||SUinCHHé/2(p11°ML) + ||8Uinc||H;1/2(Fll:’ML) + ||32Uinc||H;1/2(F113ML) + ||F||L2(Q}1)ML)3
D= ||3tUi“C||H;/2(r{’ML) + ||5tUinC||H;1/2(r1;ML) + ||at2Uinc||H;1/2(F1;ML) FIF] oy,
Do) = 100N o o sy oy + 100N g g 12 oo

+ ||(9,52Umc||L1(07T;H;1/2(F113ML)) + HF||L1(O’T;L2(QIIDML)).

It follows from Lemmas 4.3, 2.3, 3.1 and the Parseval identity that

: 1P ortt oo g P T
| [ e < 5= [ (on) 8,07 V) dse
0 JIy —o00
6251T 1 —ndo > EP >

o e 201 /WW lezz o IV gz, d52
6281T 1

1, (@)ds2

~

o0 o o
C5Cye 17 02 / Ui (onllV
ST~ 1 mll a2 @IV

o0 v v
5056_776‘7/ D(||VV||L2(Q)2+||8V‘|L2(g)))d82
—0

< 056_"56/ D (\\VV||L2(Q)2 + |\3t‘7||L2(Q)) dt
0
< 0567775&DL1(07T) (HVVHLoo(O,T;L?(Q)?) + ||atv||L°°(07T;L2(Q))) J

where Cs = €217 (51 pimin) ~ C3C4 0357 (1 +51_1/200)4.

Similarly, we have

3 .
/ / py MU dadt dss
0 Iy

6251T oo o. v
<S5 [ | B i,

— 00

erlT 1 5o 0 .. o
< 2 —1noc nc
s CaCie ™ [0 g IV, 0
6231T 1 5 o v
< CaCre 520y [ 0l 0|V 1
o0

™~ 2T S1fimin

§C66*7756f000 (HUinCHH}l)/Q(Fl)+||atUinC||Hé/2(F1)) <HV‘~/”L2(Q)2+||at‘~/||L2(Q))dt
—ndo in in

S0 (10N s o, st 2y 10U N s 0,232, )

X (IVV || Lo 0,502 (0)2) + 104V | o< (0,7522(02)) ) »
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where Cg :6251T(81ﬂmin)71030401.
Combining the above estimates and setting s; =1/T, we obtain
1 2 —1y1/2 2 1 -1 ¢ 2
D= PV Oy 4y [ 07| [ IVt drdz

SCre (DLI(O’T) + ||UinCHL1(0,T;Hé/2(F1)) ™ ”atUinC||L1(O,T;H;1>/2(F1)))
X (IVV I Lo 0,7:02(22) + 105V | Lo 0,722 2))) » (4.31)
where

Cr=Tmax{1,T(6n)" Y max{1,T(1+Too)*}
X max{l + (h1 — h2)71T71+ (271')71(}“ — hg)ilA}.

Taking the derivative of (4.24) with respect to ¢, we know that 9,V satisfies the same
equation with UY and U™° being replaced by 0,U" and 9,U™°, respectively. Define an
auxiliary function

1
1/)2(1',2,15):/ OV (x,z,7)dr, (x,2)€, 0<t<E.
t
It is clear that
¢2(5E»Z75) :0» ath(xazat):_atv(xvzvt) (432)
and for any ¢(z,2,t) € L*(0,&;L%(Q))

/0§¢(x7z,t)1/}2(x,z,t)dt:/; </Ot¢(x,z,7—)d7-> Oy V (x,z,t)dt. (4.33)

We may follow the same steps as those for proving (4.28) to obtain

1 _ 1.
SlE=cu™) 20V (OlEe@ + 5l IV (Ol L
2 - ¢ B
=R / 2 / 5 L T0V adudt+ R / / 1 0, UP Padardt
0 ;=171 0 Jry
¢ o 3 o
_%//NflﬂatUmc'l/)dedt"F%//,u;l'TgatUngdxdt
0 JI'y 0 Jr,

13 _
—oR / / (1™ OuaV 40, (01 OFV) ) hodaddt. (4.34)
0 JQ

The first and the last terms on the right hand of (4.34) can be estimated similarly as
(4.29) and (4.30), respectively. We only need to consider the other three terms on the
right hand of (4.34).

Using (4.33), (2.11) and the Parseval identity, we have

3 _
/ / u;lﬁﬁtUngdxdt
0 Jr,

€/ oot
// (/ Mj17}6tUP(~,T)dT>atV(:c,z,t)dtdm
r;Jo \Jo
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o) t =
/ 67231t/ (/ ,LL]_IT]atUP(x7Z7T)dT) 6tV(],‘7Z,t)d1‘dt
0 Ty 0

J

/ / e—2slt (.,iﬂo (Sﬂj)_llgj ofatUP (x7z7t)) atﬁ(w,z,t)dtdx
r; Jo

S eQSlT

_ erlT

6281T

2

v

< [ o; \<u;13j(sffp Vr \dSQ

Let us introduce the notations
E = ||82(~]inc||Hrl)/2(F11>ML) + HSQOinC”Hp*l/Q(FIl:’ML)
+||S3Uinc||Hg1/2(F11:ML) + ||SF||L2(9113ML)),
E= ||8t2UinC||Hé/2(prL) + ”atzUinCHH‘jl/Q(Fll’ML)
+||a?UinC||Hp_l/2(FfML) + ||8tF||L2(Q11:ML),
and
B 0.r) =100 o oy opny T IOEU s o gy 2 opony
+||8?Umc”Ll(o,T;H;l“(F{’ML)) F 0 F || L1 (0,7522 (Prny) -
It follows from Lemmas 4.3, 2.3, 3.1 and the Parseval identity that

251T
17'8,5Up1/12d:cdt

/ ’m;lzsj(sﬁl’),mpj dss

291T B 0 v v
5 o umin0304e_n5a/_oo||8UPHH;/D2(FJ_)||V|‘H;/pz(Fj)d52
< et 1 C5Cye™ 172 h | | y ds
~ 2w Hmin s ! —o0 () (®T=2
< e?n T CaCue=7 26~ V2(1 4 =12 > B ‘5/ ‘5/ d
~ o M —sbuac 151 "(1+s1 00) IVV L2z + sV | L2(e) ) ds2
SGQSITM C3Cae™ ™7 sy (14 57 00)? / E (9 |20y + 10V 120 ) dt

mlIl 0

$5105¢ " Epo,r) (IVV L 0m:02()2) T 104V | L (0,7:02@))) -
Similarly, we may show that

251T

dSQ

| Jur B o,

3 R
/ / py T 0 U™ g dadt| <
0 Ty

<L e [T st v d
ST ST b 1T W ez oy 1V ez o,y do2

6251T 1

o0

<

~

6o inc
om MmngC46 n C1/ ||SU ||H1/2(1" )”VHHI (Q)dSQ

581066—?756/0 (HatUinCHHIl,/z(lH) + ||8t2Uinc||H;/2(F1))
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% (97l 2@y + 100V L2y ) dt

Ss1Cee ™7 <||8 UmCHLl(O T;HY2(T + HaQUmCHLl(O T; H1/2(F1)))
X ([VV || Lo (0.1;12(0)2 +Hatv||L°°(OTL2(Q)))

Combining the above estimates and setting s; =1/T, we deduce that

1 B 1, _
,”(676@ Y20,V (,6) |22 0 +5 e VAV ()72 )

S Cse (EL1(0T>+||3t mC”Ll(OTH1/2(F1))+HatzUinC”Ll(OTHI/Z(I'H)))
VL (o,1502(9))) » (4.35)

X (IVV Lo 0,7;22(02)2
where

Cg=max{1,TY?(1+Toy)?*} max{1,T(én) "}
X max{l + (h1 — h2)71T71+ (27T)71(h1 — hg)ilA}.

It follows from (4.31) and (4.35) that

IV ONZ2 ) +IVV T2z +10:V ()12

S C(T)ein&_f <DL1(0,T) + ”UinCHLl(O T H1/2(F ) + ”atUinC”Ll(o T- H1/2(1"1))

+EL1(0,T)+H8tUinCHL1 _|_||82U1nc||L1

(0,7;HY2(T1)) (OTHI/Q(FI)))

X ([IVV ]| o 0,:22(2)2) + 10:V | o< (0.1:22(02)) »
where

C(T)=max{1,T}max{1,T(0n) ' }max{1,T(14+Too)*}
X max{1—|— (hl —hg)_lT,l—F (27T)_1(h1 —hg)_lA}.

The proof is completed by taking the L> norm with respect to £ and using Cauchy—
Schwarz inequality. ]

It can be seen from Theorem 4.1 that the parameters 6 =min{d;,d2} and o=
min{d,52} control the error of the PML solution. The error approaches zero expo-
nentially as 0 tends to infinity. By (3.17) and (3.18), the quantity & can be calculated
by the medium function o(z), which may be taken as a power function:

—ho\M .

o1 (52 ifz>h

U<Z): 1(hjfz)m e b m2>1,
g2 (T) if z S hQ,

where 01,09 are positive constants and known as the medium parameters. Thus, we

have from a simple calculation that

hi+61 o1 ha
G1=0;7" o(Z)dz' = , Ga=05" o(2')dz' = .
h1 m+ ]. ho—6o m+1

g2

Obviously, the error can be reduced by either enlarging the medium parameters 01,09
or increasing the PML layer thickness d1,d2.
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5. Conclusions

In this paper, we have the PML method for the time-domain electromagnetic scat-
tering problem in one-dimensional periodic structures. Under some proper assumptions
on the medium parameter of the PML, the truncated PML problem is shown to at-
tain a unique solution. The well-posedness and stability of the truncated time-domain
PML problem are established by using the abstract inversion theorem of the Laplace
transform and the energy method. Based on the error estimate of the DtN operators
between the truncated PML problem and the original scattering problem, we prove
that the PML solution converges exponentially to the scattering solution by increasing
either the PML medium parameter or the PML layer thickness. Computationally, the
variational approach together with the PML technique reported here leads naturally to
a class of finite element methods. As a time-dependent problem, a fast and accurate
marching technique shall also be developed to deal with the temporal discretization [24].
We hope to report the progress on the numerical analysis and computation for the scat-
tering problem elsewhere in the future.
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