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We consider the diffraction of an electromagnetic plane wave by a biperiodic structure. This paper is
concerned with a numerical solution of the diffraction grating problem for three-dimensional Maxwell’s
equations. Based on the Dirichlet-to-Neumann (DtN) operator, an equivalent boundary value problem
is formulated in a bounded domain by using a transparent boundary condition. An a posteriori error
estimate-based adaptive edge finite element method is developed for the variational problem with the
truncated DtN operator. The estimate takes account of both the finite element approximation error and
the truncation error of the DtN operator, where the former is used for local mesh refinements and the
latter is shown to decay exponentially with respect to the truncation parameter. Numerical experiments
are presented to demonstrate the competitive behaviour of the proposed method.

Keywords: Maxwell’s equations; diffractive grating problem; biperiodic structures; adaptive finite
element method; transparent boundary condition; a posteriori error estimate.

1. Introduction

This paper concerns the diffraction of a time-harmonic electromagnetic plane wave by a biperiodic
structure in three dimensions. In optics, a biperiodic or doubly periodic structure is called a two-

© The Author(s) 2021. Published by Oxford University Press on behalf of the Institute of Mathematics and its Applications. All rights reserved.

220z 1snBny g1, uo Jasn Aysieniun anpind Ag 99981£9/76/2/€/Zp/olon e /eulewl/woo"dno-oiLapese//: Sy Wo.y papeojumod


https://doi.org/10.1093/imanum/drab052

ADAPTIVE FEM-DtN METHOD FOR MAXWELL’S EQUATIONS 2795

dimensional or crossed grating. Scattering theory in periodic structures has played an important role in
many scientific areas, particularly in micro-optics, such as the design and fabrication of optical elements
including corrective lenses, antireflective interfaces, beam splitters and sensors. Since Rayleigh’s time,
the basic electromagnetic theory of gratings has been studied extensively. Over the past two decades, the
dramatic growth of computational capability and the development of fast algorithms have transformed
the methodology for scientific investigation and industrial applications of the scattering theory of
gratings. We refer to the book by Petit (1980) for a good introduction to diffraction grating problems.
Mathematical studies can be found in the paper by Bao er al. (1995) and the references cited therein
on the well-posedness of grating problems. Numerical methods are available for various approaches,
which include integral equation methods, finite element methods and boundary perturbation methods;
see Bruno & Reitich (1993), Bao (1997), Wu & Lu (2009) and Bao et al. (2014). We refer to the book
by Bao er al. (2001) for a comprehensive review on diffractive optics technology and its mathematical
modelling as well as computational methods. One may consult monographs by Colton & Kress (1983)
and Monk (2003) for extensive accounts of integral equation methods and finite element methods,
respectively, for direct and inverse electromagnetic scattering problems in general structures.

Similar to many other scattering problems, the diffraction grating problem is imposed in an open
domain, which needs to be truncated to a bounded domain in order to apply a numerical method such
as the finite element method. Therefore, an appropriate boundary condition is indispensable for the
truncated domain. To avoid artificial wave reflection, the goal of the boundary condition is to mimic
the wave propagation as if the boundary did not exist. Such a boundary condition is called an absorbing
boundary condition (see e.g. Engquist & Majda, 1977), a nonreflecting boundary condition (see e.g.
Hagstrom, 1999) or a transparent boundary conditions (TBCs) (see e.g. Grote & Kirsch, 2004). How to
design mathematically effective and computationally efficient artificial boundary conditions is a subject
matter of much ongoing research. Among these boundary conditions, a good option is the perfectly
matched layer (PML) technique, which was first introduced by Bérenger (1994) for solving the time-
domain Maxwell equations. Ever since then, how to construct and analyse the PML absorbing boundary
conditions for various scattering problems have been an active research topic in computational wave
propagation. The basic idea of the PML technique is to add an artificial layer of medium to surround
the domain of interest. The waves, coming from inside of the domain, can be attenuated, ideally at an
exponential rate, in the PML layer. Hence, the amplitudes of the waves are so small that a homogeneous
Dirichlet boundary condition can be imposed on the exterior boundary of the layer. In order to choose
effectively the parameters of the absorbing medium and the thickness of PML layer, adaptive finite
element methods were developed for the diffraction grating problems (see Chen & Wu, 2003; Bao
et al., 2010). The adaptive finite element PML method was also used to solve the obstacle scattering
problems (see Bao & Wu, 2005). The analysis of adaptive finite element methods (FEMs) with local
estimators for Maxwell’s equations in bounded domain may be found in Xu (2007), Zhong et al. (2012)
and He et al. (2020).

Recently, adaptive finite element Dirichlet-to-Neumann (DtN) methods were developed to solve
many scattering problems such as the two-dimensional acoustic obstacle scattering problems (see Jiang
et al., 2013; Jiang et al., 2017; Li et al., 2020), the two-dimensional diffraction grating problems (see
Wang et al., 2015; Li & Yuan, 2020) and the open cavity scattering problem (see Yuan et al., 2020). The
DtN method is different from the PML technique. An extra artificial layer of domain is not needed to
surround the domain of interest. It can significantly reduce the size of the computational domain, since
the TBC is exact and the artificial boundary can be put close to the scatterers. Consequently, the method
may lead to a smaller linear system and less computational effort. However, the TBC is defined by a
nonlocal DtN operator and is given by an infinite Fourier series. In practice, the infinite series has to
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be truncated into a sum of finitely many terms by choosing an appropriate truncation parameter N. The
a posteriori error estimate-based finite element DtN method was developed for the obstacle scattering
problem and the diffraction grating problem, respectively, in Wang et al. (2015) and Jiang et al. (2017),
where the two-dimensional Helmholtz equation was considered.

In this paper, we intend to extend the finite element DtN method to solve the diffraction grating
problem in biperiodic structures. It should be pointed out that the extension is a nontrivial since the
techniques differ greatly from Wang et al. (2015) and Jiang er al. (2017). Here we consider the more
complicated three-dimensional Maxwell equations instead of the two-dimensional Helmholtz equation.
It is also more expensive to solve the three-dimensional Maxwell equations. In this work, we derive an
a posteriori error estimate, which includes both the finite element discretization error and the truncation
error of the DtN operator. It is known that the convergence of the truncated DtN mapping could be
arbitrarily slow to the original DtN mapping in the operator norm for the obstacle scattering problem; see
Hsiao et al. (2011). The same issue arises for the diffraction grating problem. To overcome this difficulty,
we make use of the Helmholtz decomposition and develop a new duality argument for the a posteriori
error estimate between the solutions of the diffraction problem and the finite element approximation.
The estimate is used to design the adaptive edge finite element algorithm to choose elements for
refinement and to determine the truncation parameter N in the Fourier series. Moreover, we show that
the DtN operator truncation error decays exponentially with respect to N. The convergence analysis
will be useful for the study of many other electromagnetic scattering problems where the Maxwell
equations are involved. For comparison, we report numerical experiments for both the PML method
and the DtN method. Numerical results demonstrate that the adaptive DtN method has a comparable
behaviour to the adaptive PML method, which was developed in Bao et al. (2010). Compared with the
uniform mesh refinement, the adaptive mesh refinement shows much more competitive efficiency. This
work provides a viable alternative to the adaptive finite element PML method for solving the diffraction
grating problem. In addition, the adaptive finite element DtN method may be applied to solve many
other scattering problems imposed in open domains.

The paper is organized as follows. In Section 2, we introduce the model problem and its weak
formulation by using the TBC. The finite element discretization with the truncated DtN operator
is presented in Section 3. Section 4 is devoted to the a posteriori error estimate by using a duality
argument. In Section 5, we present some numerical experiments to demonstrate the competitive
behaviour of the proposed method. The paper is concluded with some general remarks in Section 6.

2. Problem formulation

In this section, we introduce the diffraction grating problem and its variational formulation by using the
TBC.

2.1  Maxwell’s equations

The electromagnetic fields in the whole space are governed by the time-harmonic (time-dependence
e~ 19" Maxwell’s equations

VXE—iopH =0, V xH+iweE =0, 2.1

where @ > 0 is the angular frequency, E and H are the electric field and the magnetic field, respectively,
and the dielectric permittivity e(x) € C (R3) and the magnetic permeability pu(x) € C (R3) are assumed
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b

FiG. 1. Problem geometry of the diffraction grating in a biperiodic structure.

to be periodic in the x; and x, directions with periods L, and L,, respectively, i.e.,

S(XI + I’llLl,xz =+ n2L2,X3) = 8(x1,x2,x3),

(g +nyLy,xy +nyLly,x3) = w(xy, Xy, X3).

Here n,, n, are integers. Throughout we assume that Res > 0, Ime > 0 and u > 0. The problem
geometry is shown in Fig. 1. Let

.Q:{xe]R3:0<x1 <Ly, 0<xy <Ly, by <x3 <bi},

where b;,j = 1,2 are constants. Denote by £, = {x € R¥:0<x <L;,0<x, <Ly, x3> b}
and 2, = {x e R*: 0 < x; <L, 0 < x, < Ly, x; < by} the unbounded domains above and below
£2, respectively. Let I'; = {x € R :0<x <L,0<x, <Ly xy= b;} and Fj/ =fxeR:0<
xp <Lj,0<x <Ly x3= bj/.}, where bj’-,j = 1,2 are constants satisfying b, < b, < b| < b;. Let
d; = |b; — b}|, Jj = 1,2. Without loss of generality, we assume that ] — b, ~ 1, which can be achieved
by scaling the original problem. In practice, one may first choose Fj’ as close as possible to the grating
surface and then set the boundary I for j = 1,2.

Define 2' = {x e R* : 0 < x; < L, 0 < x, < Ly, by < x3 < b}. Denote by 2] = {x € R3:
0<x <L,0<x, <Lyxy>bjland 2, ={x e R :0<x; <L;,0<x, <Ly x5 <Dy}
the unbounded domains above and below £2’, respectively. The medium is assumed to be homogeneous
away from £2’, i.e., there exist constants g and W such that

e =¢, pn@=u, xe, j=12

Moreover, we assume that ¢; > 0, Wi > 0,j = 1,2, but allow ¢, to be complex for the substrate in .Qé
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Let (E™, H™) be the incoming electromagnetic plane waves that are incident on the grating surface
from the top, where

axp

EM™ = peld* H™ =g g = ,

p-q=0.

Here ¢ = (o), 5, —f) | = o, /€[ (sinf cos B,,sin b sinb,, — cos 6,)" and 6,, 6, are incident angles
satisfying 0 < 6; <7 /2,0 < 6, < 2.

Motivated by the uniqueness, we are interested in quasi-periodic solutions, i.e., the phase shifted
electromagnetic fields (E(x), H(x)) e ixitmn) e periodic functions in x; and x, with periods L,
and L,, respectively.

Denote by L?(£2) the space of complex square integrable functions in £2. Let

H(curl, 2) = {9 € L*(2)* : V x ¢ € L*(2)%},

which is equipped with the norm

2 5 1/2
o1l gcurt,2) = (”‘P”Lz(9)3 + IV x ¢||L2(Q)3)

Define the periodic function space

Hper(curl,.Q) = {¢ € H(curl, £2) : (1,0, O)T x [@(0,x5,%3) — @(L{,%5,x3)] =0,

0,1,0)" x [@(x;,0,%3) — @(x;,Ly,x3)] = O}.
Let

quer(curl, Q) = {‘P X e—i(Oll)C1+Dt2X2) = Hper(curL Q)},

Hpo (2) = {¢ € H'(2) : ¢(0,xp,x3) = ¢(L1, X9, X3),  (x1,0,x3) = $(x1, Ly, x3)},

HY o (2) = {0+ $ x5 x5) e C10+20) € Bl (2)),

per

For any smooth vector field ¥ = (, ¥, I//3)T, denote by 1//17_ = (Y (x1, Xy, bj), Yy (X1, X5, bj), O)—r the
tangential component of ¥ on the surface [,j = 1,2.

To describe the DtN operators and the TBC for the boundary value problem, we introduce some
trace function spaces. Denote by Héégr(l“j) the function space consisting of the restriction on I of
functions in Héper(.Q), and by H(;)ZZ(FJ-) the dual space of Hélégr(l“j). Letn = (nl,nz)T € 7? and
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o, = + Znnj /LJ-, j=1,2.Forany ¢ € Hcﬁ,leﬁz(l"j), it has the following Fourier series expansion:

¢(x1,x2,bj) _ Z ¢n(bj)ei(alnxl+a2nx2).

neZ?

The norm can be characterized by

2
ol 12

= 2\—1/2 ’
Hapet™ (1) LiLy Z(l + lat, ) |¢n(bj)| ,

neZ?

where a,, = (ay,,,®y,) .
For any vector field ¢ = (¢, ¢,, g03)T and scalar field ¥, denote by

curlrjtp = 0,,¥2 — 0,1
Vi = (0,¥.0,¥.0)7,

dlv[}(p = 3xl(p1 + a)Q(pz

the surface scalar curl, the surface gradient and the surface divergence on I5,j = 1,2, respectively.
Introduce the following tangential function spaces:

TL2(I) = (¢ € LX(I})’, ¢3 = 0},

—1/2 —1/2 _
THaper” (curl, I7) = (¢ € Hoper (I))? : curl g € H™'/2(I}), 93 = 0},

For any quasi-periodic tangential vector field ¢, it has the Fourier series expansion

¢ = Z ((pln’ Pop> O)Tei(a]”xl +a2,,xz).

nez?

The TL2(FJ-) norm of ¢ may be represented as

101722y = LiLa D (01al” + 102,1%)-

neZz?

The norm on TH(i,gz (curl, I'") can be characterized by

=LiLy > (1+ 1o, )7 (11, (0P + 102, (b))

neZz?

2
lleoll TH‘H;le{Z (curl.T})

oy, 00, (B) — 03,01, (b)) (2.2)
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2.2 Variational formulation

In this section, we introduce the TBC and the variational formulation of the diffraction grating problem.
The details on the derivation of the TBC can be found; see Bao er al. (2010).
By Rayleigh’s expansions of (E, H) in £2;, the following TBCs hold:

(H—H")xv, = F(E—-E™) onl,

Hxv,=ZEp onl,

where v; is the unit outward normal vector on I“j, ie., v, = (0,0, (—l)f_l)T, and the DtN operator Z

is defined as follows: for any tangential vector field ¢ € TH&Dleﬁz (curl, I';), which has Fourier series
expansion

¢ = Z (9052’ wé’,?, 0) "' @ma1tan)

neZ?
define
To= ot 0T e =
neZ?
where
0) 1 2 2 () 0
ro = " [(Kj — 05,01, +a1na2n(p2n]’
jPjn
) 1 2 _ 24,0 0
Top = o p. [(Kj - otl,,)%n +alna2n(pln]’
jPin
Here
B = 1,2, Imp, >0, P =wPeu, @4

We exclude possible resonances by assuming that sz #= Ian|2, nelZ’j=1,2.

Now we present the variational formulation of the Maxwell system (2.1) in the space quer(curl, ).
Eliminating the magnetic field H from (2.1), we obtain
Vx(u'VxE) —w’¢E=0 inf2. (2.5)

Multiplying the complex conjugate of a test function ¥ in H e (curl, £2), integrating over §2 and
using the integration by parts, we arrive at the variational form for the scattering problem: find
E € Hg (curl, £2) such that

aE.¥) = (f.¥)y, YV € Hyp(curl, 2), (2.6)
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where the sesquilinear form
2
a(q:,w):/ p'Vx gV x ,,,_wz/ eww—in/ Tor, ¥ 27
2 2 — JT;
=17

and the linear functional

) =io | (H"™ x v, = ZEE) - ¥y = —2iw /F TEY -V,
1 1

Here we have used the identity
H™ x v, = —ﬁE‘Pf onI.

The well-posedness of the variational problem (2.6) was established in Dobson (1994) and Bao
(1997). It was shown that the variational problem (2.6) admits a unique solution for all but possibly a
discrete set of frequencies. Here we simply assume that the variational problem (2.6) admits a unique
weak solution in H,_..(curl, £2). Then it follows from the general theory in Babuska & Aziz (1972) that

qper
there exists a constant y; > 0 such that the following inf-sup condition holds:

la(e, ¥)|
PV 1ol Y0 € Hopelcurl, 2). 2.8)
09 eHgpercurl,2) 1V | Fcurt,2)

3. Finite element approximation

In this section, we introduce the finite element approximation and present the a posteriori error estimate,
which plays an important role for the adaptive finite element method.

3.1 The discrete problem

Let .#), be a regular tetrahedral mesh of the domain £2. To deal with the quasi-periodic boundary
conditions, we assume further that the mesh is periodic in both x; and x, directions, i.e., the surface
mesh of £2 perpendicular to the x;-axis or the x,-axis coincides with the mesh on the opposite face.

Denote by .7, the set of all faces of tetrahedrons in .#,. Let V} C H g (curl, £2) denote the space
of the lowest order Nédélec edge elements, i.e.,

per

Vi, =1{v), € Hype,(curl, 2) 2 vy lp = ap + by x x, ap, by € C3, VT e .4,). 3.1

The finite element approximation to the problem (2.6) reads as follows: find E; € V), such that

alEy, ¥ =¥, YU, €V, (3.2)

In the above formulation, the DtN operator 9] given by (2.3) is defined by an infinite series. It is
necessary to truncate the series by taking finitely many terms in order to apply any feasible algorithm.
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We truncate the DtN operator ﬂ] as follows:

(ZN/‘p — Z (’,512’ ré/z’ O)Tei(ollnxl+ol2nxz)’ (33)

nEUNf

where the index set U w; is defined as

Uy, = {n = ()" €Z%: |o,| < 271Nj/w/L1L2}, i=1,2. (3.4)

Roughly speaking, the points in U, ; Occupy an area of TN?.
Now we are ready to define the truncated finite element formulation, which leads to the discrete
approximation to (2.6): find E) € V,, such that

ayEN, ¥, = ¥ Y, €V (3.5)

where the sesquilinear form ay: V), x V,, — C is defined as follows:
- - 2 N -
ay(@. ) =/ VX -Vxy —wz/ w"ﬁ—in/ 7 en ¥ (3.6)
2 Q PRy
and

Y = _2iw/r leEiPIC (U
1

ReEMARK 3.1 In this work, we do not plan to discuss the existence and uniqueness of the discrete
problems (3.2) and (3.5) since the focus is on the a posteriori and convergence analysis for the adaptive
finite element with the truncated DtN operator. Generally speaking, it is required that «>h* should
be sufficiently small to ensure the well-posedness of the discrete problem. We refer to Feng & Wu
(2014) and Lu et al. (2019) for the interior penalty discontinuous Galerkin method, and the continuous
interior penalty finite element method for solving Maxwell’s equations in a bounded domain. There is no
rigorous analysis for Maxwell’s equations in biperiodic structures. In general, we require a sufficiently
fine initial mesh, especially for high wave number problems.

3.2 The a posteriori error estimate

In this section, we give the a posteriori error estimate and present the main result of the paper. For any
T e #, ,» we define the residuals

1 — 2
RY = 0 EY |, —V x (u”'V xE)|p), RY := —0?V . (¢E)|p).
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Given an interior face F' € %, which is the common face of T and T,, we define the jump residuals
across F' as

1 — 2
I = 05N < EN |y, — VX EN 1) x v, I 1= 0 (eE |y, — €EL |7,) - v

where the unit normal vector vy on F points from 7, to T;. Given a face F € .#, N I'|, we define the
residuals as

I =20~V x EY) x v +i0F EN) f, - 2i0 7 EX]

JE = 20w*eE) v, —iwdivy, (7€) ) + 2iwdiv (7 ER)].
Given a face F € .#;, N Iy, we define the residuals as

I = 2=V < E)) x vy +i0. 2 E)) )

JE = 20w?eE) - vy —iwdivy, (7, (EY) )],
Forj =0, 1, define
Fljz{XER?’ :.xl =jL1,0<.X2 <L2, bz <X3 <b1},
0y = xeR? 1xy =jLy, 0 <xy <L, by <x3 < b}

For any face F € .%, N I, let F’ € %, be the corresponding face on I, (I =1,2),and let 7,7’ € .4,
be the two elements such that T O F and T" O F’. We define the jump residuals across F and F’ as

Jl(pl) = ,u_l(e_i“foV X EﬁlvlT/ -V x EmT) X Vg,
J;-l,) =N (V x EY |7 — €45V x EY|7) x v,
I = (BN |y — e BN ) v,

J2 = (@R | — eEN 1) - v,

where v is the unit outward normal vector to F.
For any T € .#),, denote by n the local error estimator, which is defined as follows:

1 2 1 2
= 1 (IR s + IRD Wy ) + hr > (W5 Bas + WE gy ) -
FcoT

We now state the main result of this paper.

THEOREM 3.2 Let E and EQ’ be the solutions of (2.6) and (3.5), respectively. Then there exist two

2 M; \2 2
JLsz) > Re/cj such that for N] > Mj the

integers M;, j = 1,2 independent of / and satisfying (
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following a posteriori error estimate holds:

IE — E} | gcurn.2) < Cley + €x)s

- N2 2 —dioj finc (2N \2 oo
where € = (Yre.,17) " e = X1 € VINE™ Iy - Here 0 = ((77)” — Re)

and the constant C is independent of 7 and M;.

1/2

4. Proof of the main theorem

The section is devoted to the proof of Theorem 3.2. The difficulty is to estimate the truncation error of
the DtN operator. We introduce a dual problem to overcome it.

4.1 The dual problem
Denote the error by € = E — Eﬁ’ . Consider the Helmholtz decomposition
e =eVg+¢, qeH\(R), dive=0. 4.1)

Obviously one has

IVallze) S WEleuey 1€z S 1Elneus): 4.2)

Hereafter, A < B means A < CB where C is a positive constant C independent of N, N] and dj
Introduce the following dual problem to the original scattering problem: find W € H (curl, £2)
such that it satisfies the variational problem

av,W)=@,¢) Vve (curl, £2). “4.3)

quer

It is easy to verify that W is the weak solution of the boundary value problem:

Vx (@) 'VxW) —wEW=2¢ ing,
(D' x W) x v; = —i0F*Wr on T,

where the adjoint operator 9/* takes the following form:

T = (o0, p ) Tellamatan) iy o (“44)
neZ?
Here
G -2 250 ()
P = m[(l(] - Olgn)wln + O[111052n¢2n]’
G) 1 -2 25 (O )
Py, = = [(Kj —ay,)e,, +alna2n(pln]'

@By
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The well-posedness of the dual problem can be similarly proved as that for the variational problem (2.6).
The proof is skipped for brevity. Assuming that the dual problem has a unique weak solution, we have
the stability estimate

||W||H(cur1,g) < C()”C”LZ(_Q)% (4~5)
where C, is a positive constant.

Denote by U, C Héper(_Q) the standard continuous piecewise linear finite element space. Clearly,
we have

VU, €V,
where V), is the lowest order Nédélec edge element space defined in (3.1).

4.2  An estimate of &

The following lemma gives some relations on the error €, which is the starting point for the a posteriori
error analysis.

LEmMmA 4.1 LetE, EZV and W be the solutions to the problems (2.6), (3.5) and (4.3), respectively. Then
we have

2
18 17 curt ) S Re[a(s,s) +iw /r (T~ T Ve, - r,}
j=174

2
_wZIm/ijNf'gpj.éerrRe/Q(w%Jr DE - &, (4.6)
=1 ]

2
(£.8) =[a(§,W) + in/r(ﬁ,- - T - Wr,}
j=17%

2
+ 680 —i0Y [ (-7 Wy, @7
=170

Forany ¥, € V,,¥ € H

per(Curl, ), g;, € U, N Hy(£2), there hold

2
at+i0Y [ G-,
=171

2
— (¥ =¥~ B =) +i0Y [ (T F0E, by
=170

—2io [ (F - FER - ). (4.8)
n
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2806 X. JIANG ET AL.

(e€,Vq) = —(eEY ., V(g — q))). 4.9)

Proof. The inequality (4.6) follows from the definition of the sesquilinear form a in (2.7). The identity
(4.7) follows by taking v = & in (4.3) and using (4.1). It remains to prove (4.8) and (4.9). Using (2.6)
and (3.5), we obtain
al€. ) = aE.¥ — ) —aE). ¥ — ) +aE —E}. ;)
=¥ =¥ —ayEY. ¥ — ¥
+ayEY ¥ =¥y —alEl Y =¥y + (¥, — aE ¥y

=¥ =¥, —ayEY. ¥ — )

+ay(E) . ¥) — aE) )+ F =¥

=¥ ¥, —ayEY. ¥ —¥p)

2 2
DI REAEAURTED WAL AR Y
=1 7 =171

—2iw [ (7, — FER - )
I

which implies (4.8). By taking ¢ = ¢, = Vq,,Yq, € U, N H(l)(.Q) in the above identity and using
(2.7), we conclude that

(¢§,Vq,) = 0.
Then (4.9) follows by noting that div(¢E) = 0. This completes the proof of the lemma. O

4.3 Several trace results

The following lemmas are trace regularity results for H,
al. (2010) and Li et al. (2011), respectively.

LEmMaA 4.2 Let y, = max{,/1 + (b; — b,)~ 1, /2}. Then the following estimate holds:

per(curl, §2). The proof can be found in Bao et

”'ﬁfj”THq’pL{Z(curl,rj) S YolVllaeune)y YV € Hype(curl, £2).

LEMMA 4.3 For any § > 0, there exits a constant C depending only on §, b; and b, such that the
following estimate holds:

W RI2 12 s SNV X Wi + COIPIT g VY € Hyperleurl, 2).

aper (13

The following lemma gives an estimate for quasi-periodic divergence-free functions.

220z 1snBny g1, uo Jasn Aysieniun anpind Ag 99981£9/76/2/€/Zp/olon e /eulewl/woo"dno-oiLapese//: Sy Wo.y papeojumod



ADAPTIVE FEM-DtN METHOD FOR MAXWELL’S EQUATIONS 2807

LEMMA 4.4 Letv = (v,(x3), vy, (x3), v3,(x3)) T el @31 +@232) ¢ F(curl, £2;). Suppose divy = 0. Then
for any § > 0, the following estimate holds:

;-
‘/ V3nV3n
I;

where £2; = .Q]’ \ 2;and d; = |b; — b]’.|.

<o, A+ g5+ COT I g g0 =152,

Proof. We only prove the case of j = 1 since the proof for j = 2 is similar. Clearly, v;, = —ia;,v;, —
iy, V5, and

2 _ / . 2 / . 2
IV x V1225, = LiLa > (||v],, — iy, Vi, ll72 g, + 1V2n = i0,v3,ll72 .
neZ?

2
+ llotgva, = aZnV1n||L2(Bl))’
where B; = [b],b;]. Let x € Cz(Bl) be a function satisfying
=1, x3 € [b] + 3d,. b1,
X@)1=0, x5 b),b, + 14,1, 1 Sdy and x| Sd2 (410

€[0,1], x3 € (b] + 3dy. b, +3d,).

Letting w = xv, we conclude that

by
[Van(b)V3, (B1)] = WS, ()3, (bp)] = ‘/b, (W33, + w3, %)
1

by
2/(: . / . . / = 2 2 2
- ‘ /b/ (X (laln(lalnv?m - Vln) + 1a2n(1a2nv3n - V2n))v3n + X |an| |v3n|
1

X2V X X BV, + V3, Th) + O+ 1 Pl )

< (148 (loy P Va2, + V30172 5,))

—1(p; 2 - 2 -2 2
+C87 (llieryyvan = Villf2 gy, + 1002,V30 = Vil 2y + 1 [Van] L2s,))-

Using the above inequality and |}, || iz(Bl) <oty 2 (J|via| EQ(BI) + [ van|l iZ(B])) gives
‘/F ViVan| = LiLy [v5,(b1)73,(by)]
1
2 2 1 =2p,112
S o A+ Wl o g 05 +C8d IV n g,y

which completes the proof. ]

220z 1snBny g1, uo Jasn Aysieniun anpind Ag 99981£9/76/2/€/Zp/olon e /eulewl/woo"dno-oiLapese//: Sy Wo.y papeojumod



2808 X. JIANG ET AL.

4.4  Estimates of (4.8) and (4.9)

We first discuss the exponentially decaying property of the evanescent modes.
LetE = (E|, E,, E3)—r be the solution to the variational problem (2.6). Since E,(x) is a quasi-periodic
function with respect to x; and x,, it has the following Fourier expansion:

E(x) = > Ep(xyei@miton) =123 (4.11)
nez?

The following lemma is crucial to derive the truncation error.
LemMA 4.5 LetE = (E|,E,, E3)T be the solution to (2.6) and E,,, are the Fourier coefficients given in
“4.11).If Re/cj2 < |ozn|2, then the following estimates hold:
|Eln(bj)| < |E1n(bj/') |e—dj(|an‘2_ReKj2)]/2, =12,
1
1Bl

‘alnEZH(bj) - OlZnEln(bj)‘ < ‘alnEZn(bj/') - aZnEln(bj/')

2
e ~djlonl® —Re))!/2

|E3n(b/)| < \alnEln(bJ/') + O[ZnEZn(b]/'

¢~ lon ~Reg) 2

Proof. Since u and ¢ are constants in .Qi and .Qé, the Maxwell equation (2.5) reduces to the Helmholtz
equations:

AE +k7E =0 in;,1=12,3. 4.12)

Plugging (4.11) into (4.12), we derive the second-order ordinary differential equation for the Fourier
coefficients Ej,:

Ep,(x3) + (6 — lo, 1D E}, (x3) = 0, x5 & (b, b)) (4.13)
The general solution of (4.13) is
E}, (x3) = Aje P 4 By e 71Fins3,
Noting (2.4) and using the radiation condition, we obtain

Eln(b/l)eiﬁln(x,z—b/l), X3 > b/],

: / 4.14
Eln(blz)eﬂﬁz’l(xrbz), X3 < b, ( )

Ep,(x3) = {

which gives that
|Ep (b)) = |E (ble ™4™, 1=1.2,

a]nEZn(bj) - O[2nE1n(bj)‘ = ‘alnEZn(bj/') - Ol2nEln(b]/') e_djlmﬂjn'
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ADAPTIVE FEM-DIN METHOD FOR MAXWELL’S EQUATIONS 2809
On the other hand, it follows from the divergence free condition that
8)C1E1 +3x2E2+3x3E3 = 0 in Qj/’
which yields
Egn(b]/.) + ia]nE]n(bj/») + iocanZn(bj/-) =0. 4.15)
It follows from (4.14) that
E}, (x3) = i1, B, (B)e P x>

Evaluating the above equation at x; = b} and using the divergence free condition (4.15), we have

o (07
Es, (b)) = —ﬂ—j”Elnaaa) — ﬂ—f"Eznw’l),
n n

which implies

~1 _ D
B3 (063) = 5= (@1, E1y (6) + tgy gy (b)) e 10710

1n

Taking x; = b in the above equation yields

1

1n

|E3n(b1)| =
Similarly, we can obtain
1 _
301 = 15 o 1 85) oy ) 7.
n
Using (2.4) again, we have
ImB;, = Im(x} — |, |*) = Imk} = w’j;Ime; > 0
and
1 2\2 212\ 1/2 2 V2
mf, = > [((Imﬂjn) + (Rep?)’) "~ Rep?
> (—Rep?)'? = (@ —Rex})'/?,

which completes the proof. ]

220z 1snBny g1, uo Jasn Aysieniun anpind Ag 99981£9/76/2/€/Zp/olon e /eulewl/woo"dno-oiLapese//: Sy Wo.y papeojumod



2810 X. JIANG ET AL.

Noting that £2 is a cuboid, we have the following Hodge decomposition: for any ¥ € H,
there exist ¢V e Héper(s?)3 and y® € Héper(.Q) such that

(curl, £2),

per

v = W(l) + Vl//(2), V. '/,(1) —0.

In fact, 1 can be obtained in the quotient space Héper(.Q) /{constant} by solving V - ¢ = V . Vyy®
with the periodic boundary condition on d§2\{/}, I>} and the Neumann boundary condition on I"; and
I’;. Then one has v = ¢y — V@, We refer to Monk (2003) for details on the general Hodge
decomposition.

Let P, : Héper(.Q) — U, and P, : ILI(llper(.Q)3 — Ui be the scalar and vector Scott—Zhang
interpolation operators, respectively. For any element T' € .#), with the size of /; and any face F € %,
with the size of &, one has (see Scott & Zhang, 1990)

1P P ll2eys < CAP Dl 2 + bl Pl ),
1D =Py Dl < Chrll Pl gy
1/2
1D =Py Pl < Cf2 10Vl -
Here T and F are the union of all the elements in ),, which have nonempty intersection with the

element 7 and the face F, respectively.
Define wﬁll) = Phlﬁ(l), w,(f) = Phw(z), ¥, = w;,l) + VI/I}(IZ). Then we have

il S 1Pl + 1V Pl S 1 keue)- (4.16)
LEMMA 4.6 There exist positive integers Nj, independent of % and satisfying (j%)z > Re/c]?, j=12

such that for any N; > N;; and ¥ e H, (curl, £2) the following estimate holds:

per

2
at. ) +i0Y [ (G- 5] < e+ e ¥ e
=175

where C; > 0 is a constant independent of /2 and N;;. Moreover,

(€, V)| S €, 11Vl 12(02)3-

Proof. The second estimate is a direct consequence of (4.9) with g;, = P, q. It remains to prove the first
estimate. A simple calculation yields that

2
al€, ¥) +in/F<9;— TN =0y 4y + 0y,
j=17"4
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ADAPTIVE FEM-DtN METHOD FOR MAXWELL’S EQUATIONS 2811

where
L= =¥ —ayE) . ¥ —¥))
:_/Q,fl(vxEIhV)-vX(w/‘f—w}h)+w2/gsE§,V~(v7—1h)
2 v L
N A P AP A S A
j=174
=Ji +I7+ 7+ 1
and

2
. N; D . N i N
J2=1w E F(Z_Z /)EI—}]ﬁF,, J3 = 2iw Fl(% —Z 1)E1Ff-(¢h)n.
=17

Using the fact V x V(@ — 1}22)) = 0 and Green’s theorem yields

J;:_/!ZM*I(VxE;V)-Vx(w/_r—%)

= > /Tw(wE;V).vXW—&,%

Te )y

= > [/ Vx v < BN -9
Te ), r

_ = (1) = (1)
+ WV xENy xv- @'Y - )}
and

J%=w%eEﬁ-<v/‘r—h)= > wZ/TsE§,V~<~/?—erh>

Te )y

-3 [ [ = [ VGBI g
Te M), r T

+o? /0 T(eEﬁY WGP — x/’r,?))}.

220z 1snBny g1, uo Jasn Aysieniun anpind Ag 99981£9/76/2/€/Zp/olon e /eulewl/woo"dno-oiLapese//: Sy Wo.y papeojumod



2812 X. JIANG ET AL.

Since ¢, u are biperiodic functions and EY, ¢ — ¢V @ — 42 are quasi-periodic functions, it is
easy to verify that

>3 [ / EE) )P —§2) + / (B - v)( @ —1&},”)] =0,
dTNI aT'NI}

Jj=1 Te#)

where T’ is the tetrahedron having one of its faces on I corresponding to T. Again using Green’s
formula, we have

2
7 :iwz/ 'yij(Eélv)Fj'I:({b(l)—{b;ll))]}"i_vfj(l/_f(m _1;22))]

Te My j=1 FCOTN

2
Iy F

2
SDIDND IR EHC AR

Te ), j=1 FCATNT;

and

=¥ -V = _Ziw/r TE - [(1/7 ¥+ VY ® - 1/7;(12))]
1
- “diw i FES . G ﬂn)n + 2iw /F divy (ZES) G — )
1 1

. inc o 7
-3 X e[ gEg-a i),

Te My FCOTNI

PSSt [ ERG - 50

Te#y, FCOTNI
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ADAPTIVE FEM-DtN METHOD FOR MAXWELL’S EQUATIONS 2813

Let jh :={F € &, : FN (I} UT,) = @}. Using the above identities and the residuals, we have

h=3 [/TR;I),@(U 1/,;ll))Jr/ RO GO — @)

Te
[0 =9+ [ JaPa® - 52)]
2
FE?},FCBT
1 - -
+Z > / @Y =D+ /F EJ?)(WZ)—I//,?’)]]
j=1 FCaTNT;
=> [ /T RY @ —9)) + / RP G -y
Te M),
1 - -
e 3 [0y [ Pae i)
FcoT

Recalling ¢V = P,y and y\> = P, we obtain

1 2
i <c [[hrllR(T)||L2(T)3|w“>|H1@)3 + IR N2y 9 2 g |
Te /)

1/2

l 2 1 2
+ > [ P N2 190 s s + b ”‘II(:)”LZ(F)'w(Z)lHl(F)]]

FeoT

1/2
< Ce, (|w“>|§,] @r T wf@)@l(m) < C&, ¥ [l peunt.)- (4.17)

For J,, a straightforward calculation yields

|Hhl = =wLL,

2
DI G A AR !

j=1 H¢U1\/j

2
N/. -

- L1L2

[w £ (Ey, (0) DY) + Ey, (03

- (alnE2n(bj) - CtIZnEIn(bj))(Ollnl/_fZ(]r‘z) - O[an_/l(/r-z))] '
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2814 X. JIANG ET AL.

Let N;; be a sufficiently large integer such that

VLILZ

Suppose N; = Nj;. It follows from Lemma 4.5 that

2
2 2 172
) = Reck 1Bl 2 0,2+ D2 Vi >N,

o~ il —Rex?)!/2

2
LI <SLiL D >

j=1 n¢U1\1j

A L e ER DI, Bl
Jrn

+ | Ey (51192, )] + loty,, By (B) — et By, (D)l (B) — a2nw1n<b,>|]

1
_1 2
x 1 D (e P+ 172 [lEln(b;)|2 + |y (B + oty By (B) — a2nEln(b;)|2]]
ngUNJ
1

2
x [ > (P + D72 W, G + 12, 01 + lorg ¥, (b)) — awmw,-)ﬁ]]

ngUNJ

o 27 2 1/2
gze dl(( L1L2) ReK./) ”E”TH—I iy

o (curl, ) Il THopel (curl, I})

2 2 12
5 Zeidj(( Ll£2) 7Re".i2)

”E”H(curl,ﬂ) ” '/, ”H(curl,.Q)'

In the last inequality, we have used the trace estimate (4.2) in Q\Q]f and £2 to get

!/ , <
”E”THq‘pleﬁz(curl,rj’) S ”E”H(curl,.Q\.Qj) S IEl preun,2)
and

9ty S ¥ lan oy

respectively, where yj/ =max{ /1 + |b]f —biyy |=1,+/2} with by = b,. Using the inf-sup condition (2.8)
yields

1 |la(E, ¥)|
su T ET—

IE i curt, ) < '
(curl,£2) Y1 0y eHgper (curl,2) "'/’”H(curl,.Q)
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It follows from (2.6) and (4.2) that

la(E, ¥)| = IZw/ TEF - ¥p]

lnC
< ClE ”TH‘Lﬁz(cuﬂ,rl)”V'”THq‘pleﬁ (curl,T)

< inc
S |E ”THCH,IE/rZ(CurLFl)”wHH(Cuﬂ’Q)'

Combining the above estimates and using Lemma 4.2 give

ZJTN

)2_ReK2)1/2
E VL 7 inc
|‘]2 5 e 1 ||E ||T I/Z(Cul‘l F])”'/’”H(cur] 2)°
J=1

Similar to the estimate of J,, one can get from Lemma 4.2 and (4.16) that

2N 172
7d1(( ! ) 7Re/<12) .
/L1L 1nc
|J3| 5 e 172 ||E ”TH(i,leiz(curl,I‘l) || 'ﬁ ||H(Cur]’g)3

which, together with (4.17) and (4.18), completes the proof.

4.5 Estimates of the DtN operator
The following lemma gives an estimate of the second term in the right-hand side of (4.6).

LeEMMA 4.7 There exists a positive constant C such that

1/2
¥

Im/ ZNJlIIFW} C||'/’|| Ho 2
1} J

Proof. Define

2_ 2 _ .
ki = w g, —uj—i—lvj,

It follows from W > 0, Re(s ) > 0and Im(s ) = 0 that u; > 0 and v; > 0. Recall

2 .
,Bj = K — e, | = wj, +1v;.

where

2
|

_ 2 _ o 2
Wi, = Re(w sjuj) o, |” = u; e, |~

It is clear to note that u; > Wiy Noting that Wi > 0, Re(ej) > 0 and Im(ej) > 0, we get

ﬂjn =VYin + i)‘jn’

V¥ € THeper (curl, I}) C Hoper (I))°.

2815

(4.18)
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2816 X. JIANG ET AL.

where

1 1/2
— — 2 2
Vin = RelB) = 5 (Vo +7 )

1/2
w? +v2—w~n) .

1
ﬁ( jn T J

As a quasi-periodic function, ¥ r has the expansion

Ay = Im(B;,) =

wj'}(xl,xz, b/) = Z (wln(bj)’ I'02n (b/)’ O)Tei(a1,1x1+a2nx2).

neZ?

We have from the definition of the capacity operator 3] that

. LL
/FZN/¢q'¢q > 1= Z |: J (Y1 + W) — — |O‘1n‘/f2n azn¢1n|2]-

Bin Bin

J J neU

Taking the imaginary part gives

L,L Ain
Im(ﬁ j'/’ 7/’)1‘ =12 Z I:y—kz|a1n¢2n—a2n¢’1n|2
jn i

M] nEUN + n

Vi¥in — Uirjn
+’—(|w1 1+ [ )]
2 2
jn+)\]n n n
L L ViV
2 f ’"(le,,l + 192,

OHj e Uy, Yin jn
To prove the lemma, it is required to estimate

L |Vi¥n = Uik,

(1 + Jo,|H'?
ol yz +A2

1/2
1 1+M—W \/an—i-\/ +W 2\/W]2n+vjz_wjn )

= — . —_ v

a),le an+v 2 7

Let

14 u;—1 /t2+v +1 2/t2+v]2—t

G(t) = uj > — u.vz
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ADAPTIVE FEM-DtN METHOD FOR MAXWELL’S EQUATIONS 2817

Since the assumption K # |a,| forn € 7% and j = 1,2, implies that v; # 0orv; =0, butw;, # 0,

it can be seen that G] (t) is a continuous and positive function for ¢ < <y and Gj(t) — uJ as t — —oo.

Thus, the function G/(t) reaches its maximum at some #*. Therefore, we have

JGi)

W

1

W

V'an — Uik
ym + 22

jn

(14+aH'?| < =C.

A simple calculation yields that
N. -
Im /F 4 =708 o o)
J

—CLiLy > (1o, )™ (19,1 + [,

neUNj
—CLiLy > (1 1oy D)7 2000, + [,
neZz?

_ 2
=~ o

which completes the proof. (|
The following lemma gives an estimate of the last term in (4.7).
LEMMA 4.8 Let W be the solution of the dual problem (4.3). Then there exist integers N, independent

/2

of h and satisfying ( ﬁ) > Re(tcf), Jj = 1,2 such that for N] > sz, the following estimate holds:

2

2

Jj=1

2
N 2 B B
o [ (F= 7 Wl < 516801+ C N0+ 4 1€
J

J=1

where C is a constant independent of / and N;.

Proof. 'We only show the details of the proof for j = 1 since the proof is similar for j = 2. It follows
from the definitions of .7 and %Nl and (4.1) that

‘w/r (Z = ZNI)EF, W, (Fi = Fer Wiy
1

&1Jn
L,L _ _ _
= 1= ) Ky (§1n(b1)W1n(bl) + Lo (b)) Wa, (b)) — Tn(bl)Vn(bO] , (4.19)
E1 1 n¢U :BIn
where
T,(X3) = a1, 85, (X3) — 0,81, (x3), (4.20)

Vi (x3) = o, Wy, (x3) — 003, Wy, (x3). 4.21)
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Let 2, =2{\ 2, =fxeR*:0<x; <L,0<x, <L,, b} <x3 <b;}. Next we consider the dual
problem in £2, in order to express W, (b;) and W,,(b,) in . Since ¢ and j are real constants in £2|,
the dual problem (4.3) can be rewritten as

V x (Vx W) —o?e; W=l in2,.

Using the divergence free condition V- W = 0 in S~21, we may reduce the above equation into the
Helmholtz equation

AW +iiW = —p ¢,
Let W = (W, W,, W3)T. Componentwisely, we have
AW, + kW, = —p g, j=1,2.3.

Since W; and ¢; are quasi-periodic functions, they have the following Fourier series expansions:

_ i(aypx) +oo,x2) _ (a1 +on,x2)
W=D Wyelmrem - g= 3 g el

neZ? neZ?

A direction calculation yields that the Fourier coefficients W;, with n ¢ Uy, and j = 1,2 satisfy
the following two-point boundary value problem of the ordinary differential equations on the interval
(b, by):

Wi, (3) = 1812 Wy (63) = =18 (x3),
W, (b)) = W,, (b)), (4.22)
Wi, (b)) + 181, | W, (b)) = =ik % 11105,83,(by).

Here we have used W}, = —ia,,W,,, — i, W,, dueto V- W = 0 and W;n — 1B, P W3, = —i11 &5, tO
derive the boundary conditions; see Appendix A. It is easy to verify that the solutions to (4.22) can be
expressed as

I B Bil(s—s) B Bunls—x3)
W. (x;) = (—/ Pl =9 e () ds+/ ePnlS=%3) e (§)ds
T8I o v, "

by , 4
_/ eﬂln(2b1—x3—s)§jn(s)ds)+e|ﬁ1n(b1—x3)u/jn(b’l)
b

i
i85, (0)) (e|/31ﬂ|(x3—bl) _ e|/31n|(2b/l—b1—x3))’
2611,

which leads to

W/]n(b]) = a)]{n + C()H

Jn
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where

by by ,
wjln | (/ e\ﬂlnl(s—bl)é-jn(s) ds _/ elﬂ”’l(z}’l_bl_s){jn(s) ds) (4.23)
2|131n| b/l bll

+ e~ d1Bul W]n(b/l)

i a; (b))
i %G5O ) 2aip). (4.24)
2K1 |ﬂ1n|

Denote B, = [b], b,]. Clearly,

o

1
lj, | <
2Byl

15l e gy + €M1 W, (B (4.25)
Next we turn to estimate the terms in (4.19). First, we have from (4.25) that

15 (b)) < ||r:,-n||Loo(Bl)(|ﬂ1n|*2||¢,-,,||m31) + e*"l""”'l%(b&)l)

S 1Bl Nl oo sy + 1Brale 2Pl iw, (612,

It is easy to show that (cf. Wang ef al., 2015, Lemma 4.5)
2 < 2 2 /
||§jn”L°°(B1) X d_lngjn”Lz(Bl) + 2”§jn”L2(Bl)”é.jn”Lz(B])' (4-26)

Therefore,

1501 S 181,17 (1B1al (1Bral + a7V 152 ) + 1511225,

+ 1B Pe NP, ). (4.27)
We may choose N, such that for N; > Ny,

2l = 1Bl = (1 +8) o, | 2 max {i, N} forn ¢ Uy, (4.28)
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where § is a positive constant which will be given later. Following from (4.27) to (4.28), (2.2), Lemma
4.2 and (4.5), we conclude that

>

n¢U 1:““1:31;1

L\L, (L1 @Y, + 55, (b)) h,,)

2
S 2 D (1Bl (11l (1B1d + A7) 1G5, + 1670 2,)

ngEUNI j=1

+ |ﬁln|2ef2d1|,31n‘(l + |an|2)71/2|vvjn(b/])|2:|.

2
—4 — . 2
<S>0 Z[lanl (|an|(|an|+d1 Nl 7o, + 15 = i@l g,

ng¢Uy, j=1

+ |, | ”§3n”L2(Bl))] + max {|'3 221181l } ||W|| i

Hgper ™ (curl, 1" )

N—2 ((1 + (Nyd))™ 1)||§-||H(C“rl & + I;lgx {':3 |2 —2d1|B1nl } ”W”%ﬂcurl,w))

SNPPA+d ) 12 e (4.29)

where we have used maxszo(s4e —2d1sy < d1_4 to derive the last inequality.
By (4.24), div¢ = 0 and (4.28), we obtain

2

K
LiL, z B (1, (b)@, + L, (b)),
ngéU l 1n
) ] _ 1 — ¢ —2d1lBul
=LL, Z (= 101,81 (b)) — 102,80, (B1)) C3 (b)) 55—
2e11 By,
n¢U1\/1
_ 1 — e_Zdl‘ﬂln‘
=L1L2‘ > Cén(bl)Qn(b])W
n¢UN1 1 1n
1 — e—2d11Bul 4 (1+5)2 N _
> 2“3—|251 /Csné“sn ST > e, /Céné“sn-
n¢UN1 In nﬁéUNl I

It follows from (4.20) to (4.22) that

VI (x3) — 181,12V, (53) = —pay T, (x3),
Vn(bll) = Vn(b/]), (4.30)
V, (b)) + 1By, IV, (b)) = 0.
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Similarly, we may obtain the solution of (4.30)

M

IV, (b)) <
NI NE

1Tyl oo s,y + €1V, B,

which implies by combining with (4.28), (4.26), (2.2), Lemma 4.2 and (4.5) that

LiLy| 2 s—a=m(by) mbm‘
ngUy, 1H1P1n
S X (1Bl 5l Fiay + 1Brale 2Py, )
n¢UN1
S 2 1Bl (1Bul (1Bual + 7V 1%, + 101 25)
n¢UN1

1By Pe 2P (1t o, )21V, )]

S [ (Al AR LA

n¢Un,

+ ||a1n(§én - ia2n§3n) - aZn(gl/n - ia1n§3n)”[2‘2(31)):|

2 ,—2dy|B1al 2
+ max e Wiz _
ngUn, 181l I ”Tquleﬁz(curl,F{)

) -1 2 4 —2d)|Bin 2
SN (U M) ™Dy (Bl 0P WG )
1
v SN+ A7) 18] Freun.)- (4.31)

Plugging (4.29) and (4.31) into (4.19) and using Lemma 4.4, we get

2
> (i [ 7= 78, W)
= Iy '

3 2
<(1+5)
2

-1 2 —2(e—1 ;-2 —4 2
(1517 181 220 + EN2(67 2 4+ 1447 ) 16 Bean )
j=1
2

(8.6 + C DO N2 (572 + 1 +d:7*) 1€l Feurt.o)-
J=1

(1+6)3
2

<

where we have used [ (¢ 71¢, 0)| < |(¢&, &) and 17| gyeurt.2) S N1 rcurt.) to derive the last inequality.
Then the proof is completed by taking § = (%) 3. ]
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4.6  Proof of Theorem 3.2

Let NJ > max(le,Niz), Jj = 1, 2. First, it follows from the error estimate (4.6), Lemmas 4.6, 4.7 and 4.3
that '

18 171 curt. ) SCC&h + e IE N peurt.a) + 81V X Ell72 )5

+COIIEN72 )5 + ClIENT )5
Taking § = 1/2 and using the Young’s inequality in the above estimate yield immediately
”Ié”%I(Curl,.Q) Slep+ey)* + ||£||i2(9)3~ (4.32)
Using (4.7), Lemmas 4.6 and 4.8 we obtain

|(8§, §)| < C(Eh + EN)”W”H(curL_Q) + E},||VCI||L2(9)3

2
2 ) —4\ 118112
+§|(es,§>|+CZ])N,- (1 +d7) 18 Iy cun,2)-
pa

It follows from (4.5), (4.2) and the Young’s inequality that

2

181320y S (6 + en)” + S1E NG cunoy + 2 N2 (1+ 47 1E N7 eun. )
j=1

where § is a sufficiently small positive constant. The proof is completed by combining the above estimate
and (4.32).

REMARK 4.9 In the proof of Theorem 3.2, the factor N 2474 implies that a larger N; is required for the
case of smaller d;. In fact, the original problem can be re-scaled such that the amplitude of the biperiodic
material is of O(1), and then one may choose proper b]/. and b; to satisfy d; >~ 1. Thus the truncation
parameter N; does not have to be large in practical computations.

5. Numerical experiments

In this section, we report two examples to demonstrate the competitive performance of the proposed
method. The implementation of the adaptive algorithm is based on parallel hierarchical grid (see PHG,
2021), which is a toolbox for developing parallel adaptive finite element programs on unstructured
tetrahedral meshes. The first-order Nédélec’s edge element is used in the numerical tests. The linear
system resulted from finite element discretization is solved by the MUMPS direct solver, which is a
general purpose library for the direct solution of large, sparse systems of linear equations. The adaptive
FEM algorithm is summarized in Table 1.

In the experiments, let A, 8, 6, and p = (p;, p,, p3)—r denote the wavelength, the incident angles and
the polarization of the incident wave, respectively, and let » denote the refractive index. The examples
are computed by using both the adaptive DtN algorithm and the adaptive PML method in Bao ef al.
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TABLE 1  The adaptive FEM-DtN algorithm

Given a tolerance € > 0 and mesh refinement threshold T € (0, 1);
Choose dj and o; defined in Theorem 3.2 such that e=%% < 1078;
Construct an initial partition ./, over £2 and compute error estimators;
While €, > € do;

choose ///Ah C ), according to the strategy Mg, > T

refine the elements in //Zh and obtain a new mesh denoted still by .#},;
solve the discrete problem (3.5) on the new mesh .#,;

compute the corresponding error estimators;

End while.

OO0 U AW

—e— DiN —6— DiN
—&— PML —&— PML
slope -1/3 slope -1/3

-1

H(curl,Q) error of electric field
>
A posteriori error estimates

10° 10* 10° 10 10 10 10 10° 10° 107
Number of unknowns Number of unknowns

FiG. 2. Optimal reduction rates of the a priori errors (left) and the a posteriori error estimates (right) for Example 5.1.

(2010). The complex coordinate stretching of the PML method is defined by

2

2
x3 + i) flf; (ltl*lbﬂ) dr ifxy < by,

where o) is the PML medium parameter and dpy,; is the thickness of the PML layer. We choose oy and
dpyp. such that the PML error negligible compared with the finite element discretization error.

ExaMPLE 5.1 We consider the simplest biperiodic structure, a flat plane, where the exact solution is
available. We assume that a plane wave E™ = gel(@11+@2%2-%3) jg incident on the flat plane {x3 =0},
which separates two homogeneous media: n; = 1 and n, = 1.5. In this example, the parameters are
chosen as A = lum, 6, = 7/6, 0, = /6, p = (—a,,a;,0)T. Then a; = 27” sin6, cos 6, = +/31/2,
o, = 2T’TsinG] sinf, = /2, B = 2T”cos€1 = «/37. The computational domain 2 = (0,0.5) x
(0,0.5) x (—0.3,0.3). The exact solution is as follows:
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0

FI1G. 3. A top view of the grating along with the unit cell (left) and the computational domain (right) for Example 5.2.

E_re Magnitude
3.677098

3
7
F1

0.001681

F1G. 4. The mesh plot and the surface plot of the amplitude of the field Ej, after 11 adaptive iterations for Example 5.2.

pei(a1x1+012x2—ﬂlx3) + rpei(a1x1+ot2xz+ﬂ1x3) if)C3 >0,
tpei(“”" +aaxy—f2x3) ifx; <0,

where r = (B; — B,)/(B1 + By). t = 2B,/(B) + By). Here B; := By = (k7 — af — 3)!/2, which
J J J

gives fB; = V37, By = 24/27. For the adaptive PML method, the thickness of the PML is set to be
Figure 2 shows the curves of log N, versus log |[E—E/ || Hicurl,2)> and the a posteriori error estimates

n;,, where N, is the total number of degree of freedoms (DoFs) of the mesh. It indicates that the meshes

and the associated numerical complexity are quasi-optimal: ||[E — EV || = O(N, -1/ 3) are valid

p y q P h WH(curl,$2) k
asymptotically.

EXAMPLE 5.2 This example concerns the scattering of the time-harmonic plane wave E™™ on the
checkerboard grating Li (1997), as seen in Fig. 3. The parameters are chosen as A = 1um, 8, = 6, =0,
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10 ‘
—e—DIN
—=— PML
slope -1/3

1%
Q
s
£
3
(6]
S .
o 107}
S
g
172
o
Qo
<C

2

10 ‘ ‘
10" 10° 10° 107

Number of unknowns

FiG. 5. Optimal reduction rates of the a posteriori error estimates for Example 5.2.

p=(,1,( +a2)/ﬁ)T. The computational domain is 2 = (0, 1.25\/5) x (0, 1.25«/5) x (—=2,2). For
the adaptive PML method, the thickness of the PML is set to be dpy. = 2.

Figure 4 shows the mesh and the amplitude of the associated solution for the total field Eﬁlv when the
mesh has 1002488 DoFs. Figure 5 shows the curves of log N, versus the a posteriori error estimates 1,.

It can be seen that n, = O(N, 1 3) is valid asymptotically.

6. Concluding remarks

In this paper, we have presented an adaptive edge finite element DtN method for the diffraction grating
problem in biperiodic structures. A new duality argument is developed to derive the a posteriori error
estimate, which takes account of both the finite element discretization error and the DtN truncation error.
Moreover, the estimate is used to design the adaptive method to determine the DtN truncation parameter
and choose elements for refinements. Numerical results show that the proposed method is effective and
is a viable alternative to the adaptive finite element PML method for solving the diffraction grating
problem. Indeed, the proposed method enriches the range of choices available for solving many other
scattering problems imposed in open domains.

Funding

National Natural Science Foundation of China (11771057 to X.J., 11525103 to H.W.); NSF (DMS-
1912704 to P.L.); Natural Science Foundation of Jilin Province (20200201259JC to J.L.); Science
Challenge Project (TZ2016002 to J.L.); Fundamental Research Funds for the Central Universities (to
J.L., 020314380034 to H.W.); Natural Science Foundation of Henan Province (202300410156 to Z.W.);
National Key R&D Program of China (2019YFA0709600 and 2019YFA0709602 to W.Z.); China NSF
(11831016 to W.Z.); National Science Fund for Distinguished Young Scholars (11725106 to W.Z.).

Conflict of interest

The named authors have no conflict of interest, financial or otherwise.

220z 1snBny g1, uo Jasn Aysieniun anpind Ag 99981£9/76/2/€/Zp/olon e /eulewl/woo"dno-oiLapese//: Sy Wo.y papeojumod



2826 X. JIANG ET AL.

REFERENCES

BABUSKA, 1. & Aziz, A. (1972) Survey lectures on mathematical foundations of the finite element method. The
Mathematical Foundations of the Finite Element Method with Application to the Partial Differential Equations
(A. Aziz ed.). New York: Academic Press, pp. 1-359.

Bao, G. (1997) Variational approximation of Maxwell’s equations in biperiodic structures. SIAM J. Appl. Math.,
57, 364-381.

Bao, G., COWSAR, L. & MASTERS, M. (2001) Mathematical in Optical Science (G. Bao, L. Cowsar & M. Masters
eds). Frontiers Appl. Math., vol. 22. Philadelphia: STAM.

Bao, G., Cul, T. & Li, P. (2014) Inverse diffraction grating of Maxwell’s equations in biperiodic structures. Opt.
Express, 22, 4799-4816.

Bao, G., DosoNn, D. C. & Cox, J. A. (1995) Mathematical studies in rigorous grating theory. J. Opt. Soc. Amer. A,
12, 1029-1042.

Bao, G., L1, P. & Wu, H. (2010) An adaptive edge element method with perfectly matched absorbing layers for
wave scattering by periodic structures. Math. Comp., 79, 1-34.

Bao, G. & Wu, H. (2005) On the convergence of the solutions of PML equations for Maxwell’s equations. SIAM
J. Numer. Anal., 43, 2121-2143.

BERENGER, J.-P. (1994) A perfectly matched layer for the absorption of electromagnetic waves. J. Comput. Phys.,
114, 185-200.

BRUNO, O. & REITICH, F. (1993) Numerical solution of diffraction problems: a method of variation of boundaries.
II1. Doubly periodic gratings. J. Opt. Soc. Am. A, 10, 2551-2562.

CHEN, Z. & Wu, H. (2003) An adaptive finite element method with perfectly matched absorbing layers for the wave
scattering by periodic structures. SIAM J. Numer. Anal., 41, 799-826.

CoLTON, D. & KRrESS, R. (1983) Integral Equation Methods in Scattering Theory. New York: John Wiley & Sons.

DoBsoN, D. (1994) A variational method for electromagnetic diffraction in biperiodic structures. RAIRO Modél.
Math. Anal. Numér., 28, 419-439.

ENGQuisT, B. & MAIDA, A. (1977) Absorbing boundary conditions for the numerical simulation of waves. Math.
Comp., 31, 629-651.

FENG, X. & Wu, H. (2014) An absolutely stable discontinuous Galerkin method for the indefinite time-harmonic
Maxwell equations with large wave number. STAM J. Numer. Anal., 52, 2356-2380.

GROTE, M. & KirscH, C. (2004) Dirichlet-to-Neumann boundary conditions for multiple scattering problems. J.
Comput. Phys., 201, 630-650.

HaasTrOM, T. (1999) Radiation boundary conditions for the numerical simulation of waves. Acta Numer., 8,
47-106.

HE, B., YANG, W. & WANG, H. (2020) Convergence analysis of adaptive edge finite element method for variable
coefficient time-harmonic Maxwell’s equations. J. Comput. Appl. Math., 376, 112860.

Hsiao, G. C., Nigam, N., Pasciak, J. E. & Xu, L. (2011) Error analysis of the DtN-FEM for the scattering problem
in acoustics via Fourier analysis. J. Comput. Appl. Math., 235, 4949—4965.

Jiang, X., L1, P, Lv, J. & ZHENG, W. (2017) An adaptive finite element method for the wave scattering with
transparent boundary condition. J. Sci. Comput., 72, 936-956.

JIANG, X, L1, P. & ZHENG, W. (2013) Numerical solution of acoustic scattering by an adaptive DtN finite element
method. Commun. Comput. Phys., 13, 1227-1244.

L1, L. (1997) New formulation of the Fourier modal method for crossed surface-relief gratings. J. Opt. Soc. Amer.
A, 14, 2758-2767.

L1, P, Wu, H. & ZHENG, W. (2011) Electromagnetic scattering by unbounded rough surfaces. SIAM J. Math. Anal.,
43, 1205-1231.

L1, P. & Yuan, X. (2020) Convergence of an adaptive finite element DtN method for the elastic wave scattering by
periodic structures. Comput. Methods Appl. Mech. Engrg., 360, 112722,

L1, Y., ZHENG, W. & ZHuU, X. (2020) A CIP-FEM for high-frequency scattering problem with the truncated DtN
boundary condition. CSIAM Trans. Appl. Math., 1, 530-560.

220z 1snBny g1, uo Jasn Aysieniun anpind Ag 99981£9/76/2/€/Zp/olon e /eulewl/woo"dno-oiLapese//: Sy Wo.y papeojumod



ADAPTIVE FEM-DtN METHOD FOR MAXWELL’S EQUATIONS 2827

Lu, P, Wu, H. & Xu, X. (2019) Continuous interior penalty finite element methods for the time-harmonic Maxwell
equation with high wave number. Adv. Comput. Math., 45, 3265-3291.

Monk, P. (2003) Finite Element Methods for Maxwell’s Equations. Oxford, UK: Oxford University Press.

PETIT, R. (1980) Electromagnetic Theory of Gratings. Topics in Current Physics, vol. 22. Heidelberg: Springer.

PHG (2021) Parallel Hierarchical Grid. Available at http://lsec.cc.ac.cn/phg/.

Scort, L. R. & ZHANG, S. (1990) Finite element interpolation of nonsmooth functions satisfying boundary
conditions. Math. Comp., 54, 483-493.

WANG, Z., Bao, G., L1, J.,, L1, P. & Wu, H. (2015) An adaptive finite element method for the diffraction grating
problem with transparent boundary condition. SIAM J. Numer. Anal., 53, 1585-1607.

Wu, Y. & Lu, Y. (2009) Analyzing diffraction gratings by a boundary integral equation Neumann-to-Dirichlet map
method. J. Opt. Soc. Am. A, 26, 2444-2451.

Xu, Y. (2007) Some new adaptive edge element methods for Maxwell’s equations. Ph.D. Thesis, The Chinese
University of Hong Kong (Hong Kong).

YuaN, X., Bao, G. & L1, P. (2020) An adaptive finite element DtN method for the open cavity scattering problems.
CSIAM Trans. Appl. Math., 1, 316-345.

ZHONG, L., CHEN, L., SHU, S., WitTUM, G. & XU, J. (2012) Convergence and optimality of adaptive edge finite
element methods for time-harmonic Maxwell equations. Math. Comp., 81, 623—-642.

A. Derivation of the boundary condition in (4.22)
For j = 1, using (4.4), we get

0
1
—(VxW)x [0| = —i0T"Wf,
# 1
. . o2 .
( ]n 1O‘jnVV3n) = T lw—— ((ﬂln n)vvjn + alna2nW(37j)n) . J=12,

w'ulﬁln

2
. A 5 o0 .
Wi, = la./nWSn - l(ﬂan + Bjn W + 1}; = W(3—/)n)’ j=12

Jn
1n 1n

Since B, = i\/let,|? — k7 has real part zero, we obtain |8, ,| = if;, and

2
9% X2 :
W]fn+|ﬂ1n|Wn:iW +ie, Wa, —i—2—"Wi_j,, j=12.
|ﬁ1n| ﬂl”l
Of course, this is valid at x; = b only. Now we apply the two formulas W3, = —ia;, W, and
. W3 n
= 1B1n|* W3, = — L3, Hence, we substitute Wy, = % to get
, Oljzn io{jn'ul Gan . Wé/n (%0, :
Van + |131n|VV/n = |/3 |‘/an + |ﬂ |2 lajl’l |ﬂ |2 —1 Q W(3—j)n’ .] = 1’2'
In 1n 1n :BIn
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Substituting W5, = —iotjnWj’n - io{(3—j)nWE3—j)n’ we arrive at
: 0,1 C3 Wiy + 1B1alWin) + @5 jn Wiz, + 1B1al Wis—pn)
Wi + 181, W), = 7 T, 2
1B1a] 181l
2
% Win + 26— pnWi-jpn 1,9, %n
1n ﬁln |'61"|
loj, 10183, @ W, + 1BialWi) + o a_puWis_p)
= 2 + O[jn 2 ’ .] = 1’ 2
|:31n| |131n|
We get
(1 — af" ) — Yin%an ity 1830
Bunl? Bial? (Win + |:31n|W1n) _{ Bl
_ o1p0o, 1 — ‘I%n W2n + |/31n|W2n mfgﬂgh
|B1al? 1B1nl? "
which yields
2 (1 - _Ol%n ) Sndon ialnﬂl{%n :
(Win - Iﬁlnlwln) 1Bl Biul? Bual? Ul )= S ("‘ln
! _ =
W2n + |:31n|W2n K12 A1n%2n _ C(%n % K12 “2n
1B1al? 1Bl "
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