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Abstract. We consider a numerical solution to the electromagnetic obstacle scattering
problem in three dimensions. Based on the Dirichlet-to-Neumann (DtN) operator, the
exterior problem is reduced into a boundary value problem in a bounded domain. An
a posteriori error estimate is deduced to include both the finite element approximation
error and the DtN operator truncation error, where the latter decays exponentially with
respect to the number of truncation terms. The discrete problem is solved by the adaptive
finite element method with the transparent boundary condition. The effectiveness of the
method is illustrated by numerical experiments.
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1. Introduction

Scattering problems are concerned with the interaction between an inhomogeneous
medium and an incident field. They have significant applications in many scientific ar-
eas including geophysical exploration, non-destructive testing, and medical imaging [13].
Motivated by significant applications, scattering problems have received great attention in
both of the engineering and mathematical communities. A considerable amount of mathe-
matical and numerical results are available for the scattering problems of acoustic, elastic,
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and electromagnetic waves. We refer to the monographs [21, 28, 30] on comprehensive
accounts of the electromagnetic scattering theory for Maxwell’s equations.

In this paper, we consider a numerical solution to the electromagnetic obstacle scat-
tering problem in three dimensions. In addition to the large scale computation of the
three-dimensional problem, there are two other main challenges: the scattering problem is
imposed in an unbounded domain and the solution may have local singularity due to the
nonsmooth surface of the obstacle. The first issue is concerned with the domain truncation
where a transparent boundary condition is preferred to avoid artificial wave reflection; the
second difficulty can be resolved by using the adaptive finite element method to balance
the accuracy and computational cost.

One of the most popular methods for domain truncation is the perfectly matched layer
(PML) technique, which was proposed by Bérenger to simulate the electromagnetic wave
propagation in unbounded domains [6]. The idea of PML is to put a layer of artificially ab-
sorbing media around the computational domain so that outgoing waves can be attenuated.
Mathematically, it was proved in [12] that when the thickness of the layer is infinity, the
PML solution in the domain of interest is the same as the solution of the original scattering
problem. However, in practice, the layer needs to be truncated to finite thickness which
inevitably introduces the truncation error. The overall error contains three parts when ap-
plying the finite element method to the PML problem: the truncation error of the PML
layer, the discretization error in the PML layer, and the discretization error in the domain
of interest. It was shown in [3] that the PML truncation error decays exponentially with
respect to the thickness of the layer and the PML parameters. As is known, the artificial
PML layer is constructed through the complex coordinate stretching [11], which makes the
PML layer to be an inhomogeneous medium. It is difficult to balance the efficiency and
accuracy if a uniform mesh refinement is used. If a thin PML layer is used to reduce the
computational cost, then the discretization error is large since the medium is inhomoge-
neous in the layer; on the contrary, if the discretization error is controlled to be small, then
a thick PML layer is preferred, which increases the cost. To handle this issue, the adaptive
finite element method is effective, especially when combined with a posteriori error esti-
mates. Based on numerical solutions, the a posteriori error estimates can be used for mesh
modification such as refinement or coarsening [32]. The method can control the error and
asymptotically optimize the approximation. Moreover, it can effectively deal with the issue
that the solution has local singularities in the domain of interest. It is worth mentioning
that even though the solution is smooth, the adaptive finite element method is still desir-
able due to the inhomogeneous medium in the PML layer. We refer to [8-10, 16, 18] for
the discussion of adaptive finite element PML methods for scattering problems in different
structures.

Another effective approach is to impose transparent boundary conditions to solve the
scattering problems formulated in open domains. A key step of the method is to con-
struct the Dirichlet-to-Neumann operator, which can be done via different manners such
as the boundary integral equation [14], the Fourier transform or Fourier series expan-
sions [17,22]. In this paper, observing that the solution is analytical when it is away from
the obstacle, we consider the Fourier series expansion of the solution on any sphere en-
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closing the obstacle. The DtN operator can be obtained by studying the resulting systems
of ordinary differential equations for the Fourier coefficients. Compared to the PML tech-
nique, the DtN method does not introduce an auxiliary layer of inhomogeneous medium,
which can reduce the cost. Defined as an infinite series, the DtN operator is nonlocal and
needs to be truncated into a finite series in actual computation. It was shown in [1,15] that
if the solution is smooth enough, the DtN operator truncation error decays exponentially
with respect to the truncation number. When the solution has singularities, the conver-
gence analysis is sophisticated. The a posteriori error estimate should take into account of
the DtN operator truncation error and is able to determine the truncation number. Com-
bined with the truncated DtN operator, the a posteriori error estimate based adaptive finite
element method has been adopted for solving various scattering problems imposed in open
domains, such as the acoustic wave scattering problems [4,17,20,27], the electromagnetic
wave scattering problems [19,33], and the elastic wave scattering problems [2,25,26].

This work is a non-trivial extension of the adaptive finite element DtN method for the
acoustic and elastic wave scattering problems by bounded obstacles. Compared to the
acoustic and elastic scattering problems, the electromagnetic scattering problem is more
involved. Computationally, it is challenging to solve the electromagnetic scattering problem
in three-dimensions. In this paper, an a posteriori error estimate is deduced to include both
the finite element approximation error and the DtN operator truncation error. Moreover,
we show that the latter decay exponentially with respect to the number of truncation terms.
One of the key steps in the analysis is to consider a new dual problem and to deduce its
analytical solution. Based on the a posteriori error estimate, we develop an adaptive finite
element DtN method. Numerical experiments are presented to demonstrate the competitive
behavior of the proposed method. As an alternative to the PML method, this work provides
an effective approach to solve the three-dimensional electromagnetic scattering problem.
It is expected that the proposed method can also be used to solve scattering problems of
many other types, especially for those imposed in open domains.

The outline of the paper is as follows. In Section 2, the problem formulation and the
variational problems are introduced. Section 3 presents the finite element discretization
with the truncated DtN operator and states the a posteriori error estimate. Section 4 is
devoted to the proof of the error estimate and is the main part of the work. In Section 5,
numerical experiments are presented to illustrate the effectiveness of the proposed method.
Finally, some concluding remarks are given in Section 6.

2. Problem Formulation

Denote by D the obstacle with Lipschitz boundary dD. Let R > 0 be a sufficiently large
constant so that the obstacle is contained in the ball By = {x € R : |x| < R} with boundary
Ix = {x € R®: |x| = R}. Let By be the smallest ball centered at the origin with radius
R’ that also contains D, i.e., D CC Bp CC By with 0 < R’ < R. Denote by Q := Bz \ D
the bounded domain enclosed by I'; and 8D. The exterior domain R* \ D is assumed to be
filled with a homogeneous medium characterized by the dielectric permittivity e and the
magnetic permeability u. Without loss of generality, we may assume that e =1 and u = 1.
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Furthermore, we assume that the obstacle is a perfect electric conductor.
Let the incident electromagnetic field (E™,H"¢) be either a plane wave or a point
source. The total electromagnetic field (E, H) is governed by the time-harmonic Maxwell
equations
VXE—ikH=0, VxH+ikE=0 in R®\D,
yXE=0 on dD, (2.1
|x|(E*—H*%xx)—>0 as |x| — +o0,

where ¥ is the unit normal vector to 8D pointing to the exterior of D, and E¥ = E—E™™ and

H® = H—H'™ are the scattered electric and magnetic fields, respectively. We may eliminate
the magnetic field H from (2.1) and obtain the scattering problem for the electric field E

Vx(VXE)—k’E=0 in R®\D,
yXxE=0 on dD, (2.2)

|x|[(VxE*)x%x—ikE’]—> 0 as |x|— +oo.

We introduce a transparent boundary condition (TBC) to reduce the boundary value
problem (2.2) into the bounded domain Q and discuss its variational formulation.
Given a tangential vector ¢ on Iy, it has the Fourier series expansion

p=>D. > pnUT+ V™, (2.3)

neN |m|<n

where {(U]', V") : [m| < n,n =0,1,2,...} is an orthonormal basis for TL(Ty) given in
(B.1)-(B.2). The Calderén operator 7 : H~/?(curl, Tz) — H~Y/?(div, T}) is defined by

ikR 1 +Z$11)(KR)
T = Z Z ) 1 Uy + qu;y:?’ (2.4)
neNlmlgn 1 +ZT[ (KR)

where 2 (z) = zhgl)/(z)/hgl)(z) and h()(z) is the spherical Hankel function of the first
kind with order n. In [3], it is shown that the solution E of (2.2) satisfies the following TBC
on Iy:

(V X E) x v—iK,?EFsz, (2.5

where E;, =e,, x (E X e,,) is the tangential component of E and
f=(V xE™)x v—iK,?EirI:’.

Based on (2.5), the boundary value problem (2.2) can be equivalently reduced into the
bounded domain Q. The corresponding variational problem is to find E € H,p(curl, Q)
such that

a(E,y) = f feaprds, V4 €Hyp(curl, ), (2.6)
Tr
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where the sesquilinear form a : H(curl, Q) x H(curl, Q) — C is defined by

¢ -de —iKJ Ter, -EFRds 2.7)

Tr

a(%¢)=J (Vxg)(V x@)dx—xzj
Q

Q

and Hp(curl,Q) = {¢ € H(curl,Q): vx ¢ =00ondD}.

The well-posedness of the variational problem (2.6) is discussed in [28,30]. For sim-
plicity, we assume that the variational problem (2.6) admits a unique weak solution E €
H ;p(curl, Q). It follows from [28, Lemma 10.9] that there exists a constant y > 0 depend-
ing on x and R but independent of ¢ such that the inf-sup condition holds

la(p, )|
sup TIVR TR Y”‘P“H(curl,ﬂp V‘P € HaD(CUﬂ, Q) (2'8)
0#y€H yp(curl,2) ||'¢’ ”H(curl,ﬂ)
In computation, the Calderdn operator needs to be truncated into a finite series. Define
the truncated Calderdn operator

ikR 1+ 2(M(kR)
A N M e I e S 2.9
n=N |mj<n 1 2 (KR) 1K

where N > 0 is a sufficiently large integer and ¢ is a tangent vector on I with the Fourier
series expansion (2.3).

Replacing & in (2.6) by 7V, we obtain the truncated variational problem which is to
find EN € H ;p(curl, Q) such that

aV(EN ) = f fNaprds, V€ Hyp(curl,Q), (2.10)
Tr
where the sesquilinear form a : H(curl, Q) x H(curl, Q) — C is defined by

aN(%l/))=J (Vxg)-(V XE)dx—sz
Q

QLp-de—iKJ 9N¢FR~EFRds (2.11)

Tr

and
fN = (V< E™) x v—ixTVERS.

Following the argument in [15], we may show that the truncated problem (2.10) has
a unique weak solution EN € Hp(curl, Q) when the truncation number N is sufficiently
large. The detail is omitted since our focus is to deduce the a posteriori error estimate and
develop a corresponding adaptive finite element method for the solution of the truncated
problem.
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3. The a Posteriori Error Estimate

In this section, we introduce the finite element approximation of variational problem
(2.10), present the a posteriori error estimate, and state the main result of this paper.

Denote by .#; a regular tetrahedral mesh of the domain 2, where h stands for the
maximum mesh size of the tetrahedra in .#j,. For any tetrahedral element which has more
than one vertex on Iz, we may adopt the mapping T proposed in [28, Section 8.3.1] which
maps the corresponding edge or face of the tetrahedral element exactly on Tj.

Denote by Ry the local subspace on the straight tetrahedron K

Rp ={v =ag+bg xx, where ag,by € C?}

and denoted by Ry the corresponding subspace on the curved tetrahedron K under the
mapping Tx = Tk

Ry={v:ivoTg= (dTg)~ "9 for some ¥ €Ry},

where d Ty is the Jacobian matrix for Tg.
Introduce the lowest order Nédélec edge element space under the mapping T by

Vi = {v € Hyp(curl, Q) : v|x €Rg for some K € //th}.

The discrete problem of (2.10) is to find EQ’ € V;, such that

aN(E]hVﬂ/)h)=J Ny, Vap, eV, (3.1)
Tr

Following [28, Lemma 10.11], we may show that the discrete inf-sup condition of the
sesquilinear form (2.11) holds for sufficiently small h. The detail is omitted here for brevity.

We introduce the a posteriori error estimate in the tetrahedral elements and across their
faces. For any tetrahedral element K € .#;,, we define the local residuals by

(D) ._ 2N N (2. _..2 N
R :=k*E)| —V x(VxEY)|, R :=—«x’V-E}|,.

Denote by &, the set of all faces of tetrahedra in .#},. If F € & is an interior face and is
the common face of elements K; and K,, then we define the jump residuals across F as

I = (V x Ef|1<1 —Vx EhN|K2) xv, S = (ENKI _EhN|Kz) e

where the unit normal vector v on F points from K, to K;. Given a face F € %;, NIy, define
the residuals by

Jlgl) ;:2[—(Vng) X V+1K9N(E}I:I)PR+fN]’

J}Z) =2 I:KthN - v—ixdivy, (9N (E’IIV)FR) — dierfN] .
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For any element K € .4}, we define the local error estimator 1y by

i = (1R iz + 1R o) + Za: (E ey * M52 M)
FedK

The main result of the paper is stated as follows.

Theorem 3.1. Let E and Eg be the solutions to the original scattering problem (2.6) and
the discrete problem (3.1), respectively. Then for sufficiently large integer N, the following
a posteriori error estimate holds:

1/2 R’ N

N 2

||E _Eh ||H(Curl,§2) S ( Z nK) + (E) ||f”TH71/2(diV’FR).
Ke ),

Hereafter, the notation a < b means a < Cb, where C is a positive constant. It is clear
to note from the theorem that there are two parts for the a posteriori error estimate. One
comes from the finite element discretization error and another takes into account the DtN
operator truncation error, which decays exponentially with respect to N due to R’ <R.

4. Proof of the Main Theorem

This section is devoted to the proof of Theorem 3.1. Denote the error by & = E —EhN .
It follows from (2.7) that

”gnil(curl,ﬂ) =% {a(g, g) + iKJ (9 _9N) gFR ’ EFRd‘S}

—KSU 9N§FR-EFRds}+(K2+1)J £-Edx. (4.1)
Tk 9)

The goal is to estimate all the four terms on the right-hand side of (4.1). Below, Lemmas 4.1
and 4.3 concern the estimates of the first two terms; Lemma 4.4 is devoted to the estimate
of the third term; Lemmas 4.6-4.10 address the error estimate of the last term.

Lemma 4.1. Let the scattered field ES = E — E™ admit the Fourier series expansion in the
domain R* \ By,

ES=" > EM(p)UT +E(p)V + ESm(p)XMe,.

neN |m|<n

Then for sufficiently large n, the following estimates hold:

n
|Ej;“(R)| S (%) |E;Z1(R’), j=1,2.
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Proof. By [13, Theorem 6.27] and the identities (C.1) and (C.3), the scattered field has
the expansion

- 3 o (2)
n=1m=—n
+ bV X V x {xhﬁl)(”"')Y"m(lfc_l)} ]

[—a;y n(n+ 1RAD(x|x v

n=1m=—n
vnn+1) 0
+pm YT 2 (Rlx|hD U’"]
P 5 (RIxIE (el D) U]
oo n
m(n+1)
+le > b TRhg)(mxnx,;"ep.
n=1m=—n

Evaluating E*(x) on Iy and Ty, we get
v +1 /
% [REO(R) + kR2AY (kR) ],

ES™R) = —a™y/n(n+ 1RA(V(xR),
vnn+1)
R/
ES™(R') = —a™y/n(n + DRAD(xR),

ETR) = b

E™M(R)=b" [RED(R") + kRR'AY (kR ],
which lead to

EmR) _R hD(xR) 1+z(V(xR) En(R) _ h(D(kR)
EmR) - RpOwr)1+:P0wr) En®)  hOr)

4.2)

By [13, Eq. (2.39)], for sufficiently large n, the spherical Hankel functions admit the
asymptotic behavior
((g) o (1) D!
hn (t) ( 1) ! tn+l
For any integer n, it is shown in [28, Lemma 9.20] that
Cin < [1+20(0)] < Con, (4.3)

where C;,C, are constants independent of n. Substituting the above estimates into (4.2)
completes the proof. O

Since the obstacle D is assumed to be Lipschitz and the computational domain 2 can be
non-convex, the classical Helmholtz decomposition may not hold. The following Birman-
Solomyak decomposition is adopted in the a posteriori error analysis — cf. [7,9].
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Lemma 4.2. For any ¢ € H ;p(curl, ), there exist & € H'(Q) satisfying v x ® = 0 on 8D
and ¢ € H} (Q) = {u € H'(Q) : u = 0on 3D} such that ¢ =& + Vi, and

lellmay + 1Rllgq) < Cll@ (e, 0,
where C > 0 is a constant depending on €.

Let U, be the standard H'-conforming piecewise linear isoparametric finite element
space over ./#;. Lemma 4.3 is concerned with the bounds for the first two terms of (4.1).
To prove it, we introduce the Clément interpolation operator IT;, : H; p(82) — Uy and the
Beck-Hiptmair-Hoppe-Wohlmuth interpolation operator 2, : H(Q) N H 5p(curl, Q) — V,,,
which satisfy the following properties — cf. [5,8]:

1 — bl 2y < ChicllVplliziys 11 — M llzgry < Chy IV Iz, (4.4)
(K) (F)
18 — 2,2l120) < ChicIVell 20y 18— Pillpeey < ChY IVl 27y, (4.5)

where C is a positive constant, K or F stands for the union of tetrahedra on ., with non-
empty intersection with K or F, respectively.

Lemma 4.3. For sufficiently large N and for any ¢ € H zp(curl,Q), the following estimate
holds:

a(§,1/))+iKJ (7-7V)¢&, -Erkd.s‘
Ir
1/2 R/ N
S (Z 7);%) +(E) f | re12divy | 1 (cun,0)-
Ke.#ty

Proof. A simple calculation shows that

a(§,¢)+ir<J (7 —T") &, - Prds
Ir
= a(E, ) —a" (EY ) +a" (EY, ;) —a(EY )

tix j (7 =7V By, - ds—ix j (7= TN) (BY), -y
Tr

Ir

=(f—fN)+ (N —y,)—d" (EhN,w—wh)HxJ (7 —FN)Ep, - ds

Tr
=(fNp—yp)—a" (Eﬁ,w—wh)+(f—fN,w)+ixJ (7 —7N)Er, -9 ds
Tx
= Jl +J2.
By (2.11), we have

Jy=—a" (EN 4 —pp) + (F¥. 9 —y,)
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=—J (VxEN)- (v x @ —y))dx +K2J EN - (3 —pp)dx
Q Q

Fix J (TVEY ), - (=) ds + (FV 9 — )
T
= J] +J7+ T+ 7

Denote the Birman-Solomyak decomposition of ¢ by ¢ = & + V¢ and let &;, ¢, be
the Beck-Hiptmair-Hoppe-Wohlmuth interpolation of ® and the Clément interpolation of
¢, respectively. Taking 1, = &, + V¢, and using Green’s identity and V x V(¢ —¢;) =0,
we get

J11=—J (VxEN)- (v x (@ —y))dx =—J (VxEN)-(V x (@—8))dx
Q

Q

-3 JK(Vng).(vX(m))dx
Ke. #,

== > [JKVX(VthN)~(&I>——<I>h)dx+J

(V X Eﬁ’) X V- (tI>—tI>h)ds:| . (4.6)
Ke K

Similarly, we may deduce
JP = sz E}) - (3 —pp)dx
Q
= KZJ E) - (®—®p)dx + KZJ E) - (V$ — V¢ )dx
Q Q

= > [KZJ EQ’-(@—@h)—v-EhN(¢—¢h)dx+K2J
K

KG./ﬂh K

E)-v(¢— th)d.s] 4.7)
and

J3 = iKJ TV (B ), - (% —p)rds (4.8)
Ix

_ix J 7V (BY), @By ds +in J TN (), - (TF—Vhrnds
T; Ir

=> > U i (EY), - (@—&y)p, —ix f dier(gN(EhN)rR)(qb—th)ds .
Tr Ty

Key, FCIzNoK

A simple calculation shows that

Jh=(fNp—y) = J N (@—%,+V¢— V) ds

Ir

=J M (<I>—<I>h)erS—J divy, fN (¢ — ¢p)ds. (4.9)
Ty Ty
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Substituting (4.6)-(4.9) into J; yields
Jy=J; +JE 4T+ T}

J [*EN —V x (VX EN)]- (@ —&,)dx
Ke. #ty

J K2(V-EN)(@—p)dx— > | (VxEY)x v (2—&;)ds
Ke ity

Key, J 0K
+ > sz EN o —p)ds+ ». > JimN (EY),. -(@— %), ds
Ke.#, JK Ke My FCIxndK v F !
-5 Jikdier (7¥ (EhN)FR)(¢—¢h)ds
Ke My FCTzndK v F

+ > > fN-(@—éh)rkds—LdivafN(gb—qsh)ds

Ke My FCTxndK v F

-y { J Rgg>-(—q>—q>h)dx+J RO(® = pr)dx
K K

Ke.#ty
+ Z U V. @ =), ds+J %J}z)(qa—d)h)ds]}. (4.10)
F

FcdK

It follows from the Clément interpolation (4.4) and the Beck-Hiptmair-Hoppe-Wohlmuth
interpolation (4.5) that we get

1/2
|J1| < C( Z 7712<) Il¢|lH(curl,§2)'
Ke.ﬂh
On the other hand, we have from the definition of f and f~ that
f—fY=(VxE™) x p—ixTED— [ (V x E™) x p—ixgVE*]
_ __orN inc
=—ix (9’ T )EFR .

Using (2.4) and (2.9) yields

Jy = (f—fN,¢)+i,<J (7 —N)Er, - ds
Iz
=iKJ (7 —"N)E;, -vpr,ds
Tr
(1)( R)
=i ), (D OOV @)+ g

n>N |m|<n 1 +Z
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ER®) 1+z(V(xR) ES"(R ),
IKZ Z 1+Z(1)(KR) Esm(R/) ln (R )w (R) ikR Esm(R/) 2n (R )¢2n(R)

n>N |m|<n

By Lemmas D.1 and 4.1, and the asymptotic property (4.3), we have

ikR R
|J2|SKr;V|m|Z<n 1+Z(1)(KR)‘ EE(R/) ln(R )||w1n(R)|
1+20(xR) || E o
ikR Em(R’) | E5(R)| [ 5, (R)
1 m
<3 23] Immlvianlo (5 ez

1/2
(&) (szm“f (O + LD <R>I)

1/2
: : : : / m 2
(n>N|m|<n 1+ ( +1) LS 1+n(n+1)|¢2n(R)|)

R’
S (R) ||E||TH—1/2(curl,FR/)||¢||TH—1/2(curl,FR)

R\Y
S(E) ”E”H(curl,ﬂ)nw”H(curl,Q)~

Combining the estimates of J;,J, and the condition (2.8), we complete the proof. O

Lemma 4.4. For any u € TH/?(curl, T}), the following estimate holds:

—3(TVu,u), SNV xul?, o) +CE)ull?

L2() L2(Q)’
where 6 > 0 is a constant and C(8) > 0 is also a constant depending on 6.
Proof. Foranyu € TH -1/ 2(curl, Q), it has the Fourier expansion in Q'
w= ) > unUT+ > > un v
neN |m|<n neN |m|<n
Taking the imaginary part of (2.9) gives

N KR(l + S{z(l)(KR) N 1+ S{z(l)(KR)
5<9Nu,u>rR=ZZ L un |2 — ZZ — %

1
n=0|m|<n |1 +Zr(1 )(KR)| n=0|m|<n

For fixed t, it is shown in [28, Lemma 9.20] that there exist positive constants ¢; and ¢,
such that
aqn< |z,(11)(t)| <cyn, VYneN.
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Moreover, we have from [30, Theorem 2.6.1] that
1<) <n+1, VYneN.
Hence, there exists a positive constant C independent of N such that
1+ S{zr(ll)(KR) . 1
|1+z,(11)(1<R)|2 B \/1+n(n+1)’

which leads to

1+§)tz )(xR)
3(TNu, u >KR
< ;)|m|z<n|1+ (1)( R)| | 1n|

_C”u”TH 1/2(TR)"

2
Ir;:l \/1+n(n+1 | |

The proof is completed by applying Lemma D.2. O

To estimate the last term of (4.1), we introduce a dual problem. Consider the Birman-
Solomyak decomposition
E=Vq+{, qGHé(Q)

of £. The dual problem to (2.6) is to find W € H zp(curl, Q) such that

a(yp, W)= ,8), Vi €Hyp(curl,Q). (4.11)
By the Helmholtz decomposition, it is easy to note that
(£,8)=(§,9)+ (8, Vq). (4.12)

Lemma 4.5. The following estimate holds:

(&, V)| S( Z n?()IIVqIILZ(m-

Ke#,

Proof. For any q, € Uy N Hé (£2), it is easy to check that Vq;, € V. Then we have
— sz §-Vqpdx =a(E,Vqy)— aV¥ (Eg, th)
Q

_ J (f = £)- (Fa ds = — J dive, (f = ) quds = 0
Tr Ir

Taking q;, = I1;q and using the integration by parts, we get

f V-EN(@—qndx— ). f EY - (@ —qp)ds
KG.//fh JK

Ke.#ty
5( Z 7712<)||VCI||L2(Q),

Ke,

(5. ve)| =|(8,V(g—an)| =

which completes the proof. O
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It remains to estimate the first term of (4.12). It can be verified that the solution of
dual problem (4.11) satisfies the boundary value problem

Vx(VxW)—K2W=§' in Q,
yxW=0 on 0D, (4.13)
(VXxW)xy=—ikT*Wr, on I,

where 7* is the adjoint operator to & and is defined as follows:

(1)
o 1+2z, (xR)
79 = Z ikR

neN |m|<n 1 + z(l)(KR)

¢1n m ¢£nnv:‘ln

Let the solution of (4.13) admit the Fourier expansion in By \ Bz

n
W= wi(p)UT +wi (p)VT +wl (p)XMe,,. (4.14)

neN m=—n

When considering the problem (4.13) in By \B_R/, we can further assume V- ¢ = 0 since
the domain By \ By is smooth. In Lemmas 4.6 and 4.7, we present the ODE systems for the
Fourier coefficients w3, and wf . Lemmas 4.8 and 4.9 concern the solutions to the ODE
systems. Finally, we deduce the estimate in Lemma 4.10.

Lemma 4.6. If W satisfies (4.13), then the coefficients w7, of (4.14) satisfy the following
ODE system:

" 2 / Tl(Tl + 1)
wy, (o) + EWZln(p) + (Kz - T) wy (p)=—Cn(p), p€R,R),
o z,gz)(KR) .
on(R) — TW2H(R) =0, P =R,
Wi (R) = wh(R), p=F.

Proof. It follows from (C.3) that

32
[_lﬁ(l) Wy, (P )) @ wy, (p)—x Wzn(P)] = PV

which gives

m’ 2 m rl(n + 1)
W o)+ 2w o)+ (1= Mt (o) = 22,0 (4.15)
Substituting (C.2) into (2.4) leads to

1 +z(2)( )

p=R
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which shows

o z(kR) N
wy (R)— R way (R) =0. (4.16)
The proof is completed by combining (4.15) and (4.16). O

Lemma 4.7. Let v;"(p) = pwj, (p) + C'(R), where

1+ 2(2)(KR) R

C'(R) =
! z,(lz) (kR

=9 am(R),
then v satisfies the following ODE system:

vf”(p)+3vf’(p)+( 2 M) m(p)=—p"(p) p < (RR),
P P2

v (R) — @VT(R) =0, p =R,
V(R = VIR, p=FR,
where
Bro) =pei(e) - (k2= erew)

Proof. Letting u;'(p) = pwy, (o), we have from (2.2) and (C.3) that

0
[——””(;;”% (pwh (p)) + 2Dy () — wgn(p)]
=T (p)XMe,. 4.17)

Using Lemma C.1 and eliminating w7, from (4.17) yield

n(nil))uz’l(ph—pgn(p). (4.18)

7" 2 /
() + 2ur (o) + (-
P
Noting v]"(p) = u;'(p) + C;'(R), we get

n(n+ 1)

nn+1)
2

ONEOREE Jrro) =tz o)+ (2~ Jerew.

It follows from (2.4) and (C.2) that

10 m _ Vnn+1) . iR m
[p 5 (PWRP)| R e) sz] (- IK)—HZ(Z)( 0

which gives

1+ 23 (xR) + k?R% 1 Vnn+1
L = -wl' (R) = ¥W?H(R). (4.19)
1+z2”(xkR) R R

wi (R) +
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Eliminating w7, (R) from (4.19) by using Lemma C.1, we obtain

1 1 198%, 1+2P(kR) +x’R* 1
__wln() mRap 5 (pul(p)) ‘p:R 1+ 22 (xR) R” in(®)
Vn(n+1)

ZTWgn(R).

A simple calculation yields

1 82 2

mg_pz (pur(0)) ‘p:R + MRWTH(R) = y/n(n+1)wi (R),
which gives
m x’R o) m
v n( +1) ap (P (P))‘ 1+ (2)(KR) mﬁp ( Plin (p)) ‘p:R

= 4/n(n+ 1wy (R).

Substituting (4.18) into the above equation leads to

L [R(”(” t1) Kz)u;n(zz) —chgnn(R)}

v/nn+1) R?
KzR 1 /
M™(R)+Ru™ (R
" 1+Z(2)(KR) vnn+1) [u"( ) Ry ( ):I

=4/n(n+ l)ﬁu;”(R).

It is easy to verify

2p2 ) 2p
— [KT - KZR] u(R) = R*C5 (R),
1+2;”(kR) 1+2,”(kR)
which yields
/ (2)( R) 1+ 52 (kR)
ut (R)— u'(R) = —an(R)

Noting v;"(p) = u;'(p) + C;'(R) again, we get

" z@(kR)
v (R)— R 'n (R)=0,

which completes the proof. O
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Once v, is solved, w7, can be computed directly from Lemma C.1 as follows:

1 10
- (p

Va1 P 2p

1 19
~ Vn(n+1DPop

& [V?(P)"‘PV,T/(P)—C,T(R):I. (4.20)

1
B vnn+1)p

Moreover, evaluating (4.20) at p =R yields

mP) = Wi (p))

(o (vi(p)—Cl(R)))

WIL(R) = — e | 2P (R) V7 (R) - 2 CPR) |

J/n(n+1)LR '
el
ﬁ[ (Ll “R)‘ECT(R)]
[1 +z(2)(KR)] ™(R) — ——==C"(R). (4.21)

\/n(n+1 )R Vvn R "

The following results are concerned with the solutions to the ODE systems in Lem-
mas 4.6 and 4.7. The proof can be found in [4].

Lemma 4.8. Let v(p) satisfy the ODE system

V(p) + %v’(p)+( 2t ”) (0)=—E(p), p<(®.R),
23 (kxR)

V(R)— =2 R v(R)=0, P =R,

v(R) =v(R), p =R,

which has a unique solution given by
R

EW,(p, DL+ J 25, (OW,(R',p)E(E,

R

P

V() =Su(pIR) + 5 J

R

where @
W (xp) hD(xp) hP(xp)
J— n - = n n
0= Ry 00 det[hi”(m K (o)

Taking p =R in the solution yields
. R
v(R) = S,(RV(R) + % f £28,(R)W, (R, t)E(£)dt.
R/

. . 2
Moreover, it follows from the asymptotic property of hgl )(t) that

t

n
R’) , n— 00,

1S,(R)| S (%)n, \W,(R, )| S 1(
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The estimates of w7} and w7 at p =R are given in the following lemma.

Lemma 4.9. Let wi and w7, be the Fourier coefficients of W. They satisfy the estimates

R\" 1
W] % (%) WG+ 2 (O] ey
R\" 1
iR 5 (5 ) 1R+ 5 18 gy + 15RO

Proof. It follows from Lemmas 4.6 and 4.8 that

R\" 1
W] 5 (%) WG+ 2 (O] oy

In addition, we have from Lemma 4.9 that

. R
vI'(R) = S,(R)(R) + % J t2S,(RW, (R, )BT (t)dt.
R/

Substituting the above equation into (4.21), we obtain

1

n(n+1)R|:
1 1

\/n(n+1 R

1 1
+—

n(n+1)R

2 {[1+5P6R)]S,® [Rw®) +Cn(®)] - CM(R)}

\/n(n+1 )R
R

"3 ﬁ; [1+22(xR)] f S (RIWa(R', OC5, (6)dt
R

1+2®@®R)|y™(R) — — JiR Cr'(R)
—[1+2P(xR) ]S, RV (R)— = Cr'(R)

\/712 "
R

[1+ Z(Z)(KR)] f t2S,(R)W,(R', t)B™(¢t) dt
R/

Wi (R) =

25, (W, (R, ) (=)

w1 1n +29(xR)] J CM(R)dt,

2\/n(n+1 R R

which can be simplified to

wi (R) = ﬁ = [1+2P(xR)]S,(RWE (R')
o \/n(iﬁ;[Hz(Z)(KR) $.(R) J BWL R, 0T (£)de

C™R) + 1+z@(xR)]S,(RIC™(R)

1 1
\/n(n+1 R " n(n+1 )R[
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ix3 R iK R
X {1 Y J 2w, (R, t)dt + En(n + 1)J W,(R/, t)dt} .
R’ R’

Using the asymptotic expansion (cf. [4, p. 12])

, 2i t\"
Wn(R,t)~——(—) , n— 00,
(2n+ 1)xR’ \R’

we get from straightforward calculations that

R
2i 1R\
W,R,0)dt ~—————— | = |
JR, (K1) (2n+1)(n+1)K(R’)

R : 2 n+1
2 R“ (R
t2W, (R, t)dt ~ . (—) )
Y (2n+1)(n+3) x \R

Substituting the above equations into w7 (R) yields
R

i3 R iK
1-—- W, (R, t)dt + ?(n + 1)nJ W, (R, t)dt
/ R/

KZRZ R n+1 n R n+1
e — J— + J— 5
(2n+1)(n+3) (R’) 2n+1 (R’)

which gives

~[1+2P(«R)]S,(RIC™(R)

‘\/n(n+1 R
R . R

x{l—%J tZWn(R’,t)dH%x/(nH)nJ Wn(R/)t)dt}
R’ R

1
WR “
1+Z(2)(KR) 1
| Tmr1 ® n(R)‘

()‘

It is shown in [24, Lemma 3.1] that

t* 2 1
n(t)——(n+1)+F+—+ﬁ(n2)
Hence,
1+Z(2)(KR) 1 C"(®)

2n+1 R " S oo

2R’
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Plugging the above equation into to w{, (R), we obtain

@] 5 () PG+ 25 1 s+ 00
1n ~\R 3n n2 3nllL>°([R/,R]) n .

Noting
(2)( R)
+2,7(kR) R
m |- n ~ - m
we have
R/ " m / 1 m m
W] 5 (T ) R+ 25 168 ey + 15RO

The estimate for w7, (R) can be obtained by following the same steps. O

The following result is crucial to prove Theorem 3.1.

Lemma 4.10. Let W be the solution to the dual problem (4.11). Then the following estimate
holds:

— 1
KJ (9—9N)§FR-WFR <
Tr

2
~ ﬁ”gHH(curlQ)'

Proof. Using (2.4) and (2.9), we have

K J (7-9V)&, - Wr,
Ix

<K

S R ey (R)‘

n=N+1|m|<n 1 +Z(1)( KR)

1+ZT(11)(KR) e —m
Z Z ngn(R WZn(R)“

n=N+1|m|<n

+K

It follows from the Cauchy-Schwarz inequality that

2 2

n=N+1|m|<n

<22

n=N+1|m|<n

iz[ > > Vi+nn+1) ) |er @) ]

n=N+1|m|<n

13D

n=N+1|m|<n

||§||TH_§(W)[ ST s @) ]

n=N+1|m|<n

R w3, ®)

1+z (K )‘|§
2n

)
= (KR)‘ (1+n(+ )" g2, ®)] (1+n(n+1) " |wi ®)]

N4
1+n(n+ 1)

1/2
O
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By Lemma 4.9, we have

NI DI () ST S

n=N+1|m|<n n=N+1|m|<n

= >, . ( ) wit R+ (|22 (O o remy - (422)

n=N+1|m|<n

We have from Lemma D.1 that

5 R/ 2n
Z Z ( ) TZHH(R/)| Smax(n“(i) )”W”TH 1/2(curl,Ig)

n=N+1|m|<n

R\ R
Smax(n“(i) )||W||H(Curl oS max(n4(R) )||§||H1(m (4.23)

It is shown in [17] that

2
1ZCOIR ey < ( — )nq(r)nw ey IO gy (4.24)

Moreover,
’ 1 2 /
[T e () I 2510 e

1 2 / m 2 1 2 m 2
<(7) e+ O+ (7) 15O
Combining (D.8) and (4.24) leads to

Z Z ””gn(t)”iw([R/,R])

n=N+1|m|<n
TN T iom o2
)n+(§) 15Ol e

<> >
(o (O + ¢ ((RZRD)

n=N+1|m|<n
2
SV x ¢l ). (4.25)

(%)

Since max(n*(R’/R)?") is bounded, we have from Lemma D.1, (4.22)-(4.23) and (4.25)

2 2

n=N+1|m|<n

1 2
®)] w5, ®)| < 2 1 eun (4.26)

1+z )(x R)‘Ig
2n

Next is to estimate &' (R)w]’ (R). It follows from Lemma 4.9 that

> EZ-——%ﬁf—fﬁazWﬁ >3 Henw|

n=N+1|m|<n 1+z R) n=N+1 |m|<n
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/ 1 m m
< 2% el [(5) W+ 2168 g 0]

n=N+1 |m|<n

= I]_ + Iz + Ig .
A straightforward calculation yields

h=3 > ( ) | 5,8

n=N+1 |m|<n

Z Z n(R)| (%’)” n3/2 |ngn(R/)|

n=N+1 |m|<n

sl 2,2 m'gﬁ(mf) (2 2 (5 wwsoor)

n=N+1|m|<n n=N+1|m|<n

1/2
S el 1/2(Cur1rR)max(n( ))( DD - \/W g;(R’)|2)

n=N+1|m|<n

1 2
) m”g”H(curl,ﬂ)”W”H—l/Z(I‘R,) ) ﬁlléllH(wrm).

Since V- { =0, it can be obtained from Lemma C.1 that

(o) + %qg;(p) = J/n(nt 1)% " (p).

RO R . , ,
J lemorac J A+ DL ()~ 283 (p)
R/

S+ DT ||L2( R (S [

Substituting the above equation into (4.24) gives
2 1 /
[[sHG] .= (ﬁ + n) (O] i ||Cg1n(t)||i2([R’,R])

2
R | 0] e 5 .

Then we have

For I,, we have

DI O] [

n=N+1 |m|<n

SN (Doj HEENETE I WD K 121

n=N+1|m|<n n= N+1|m|<n

1 2
S ﬁ”g”H(Curl,Q)”g”LZ(Q) < ﬁ”g”H(Cm]’g)-
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Similarly, it can be shown that

= > 3 S en| e

n=N+1|m|<n

= > Z (1+n(n+1))"*gm ®)| (1 +n(n+ 1)

n=N+1|m|<n

1/2 1/2
m 2
S22 e er) (3, 2 visalaof )

n= N+1|m|<n H=N+1|m|§n

1/4

|C3n(R)|

1 2
S I8 llr2m Gz S NII%IIH(CHH,Q)-
Combining the estimates of I, I, I3 and Lemma 4.2, we obtain

> > lﬁ? " (RW),

1 2
5 N”g”H(CUﬂ,Q)- (4-27)
n=N+1|m<n 1 +2n

It follows from (4.26) and (4.27) that

KJ (9—9N)§FR-WFR <
Iy

1 2
= ﬁ”gnH(curl,Q)’

which completes the proof. O
Combining (4.11)-(4.12), (4.5), and Lemmas 4.5 and 4.10, we obtain

1€ 1122y = |(8,8) + (8, V)|
< a(§,W)+iKJ (7-9")&, - Wr,ds

+ iKJ (7-7N)&, - Wr,ds
Ix

1/2 /NN
1 R
NN||§||§I(MLQ)+(( > n,%) +(E) ||f||TH-1/2(diV,rR))||§||H(cuﬂ,m. (4.28)

Ke

+|(&, vq)|

Now we are ready to prove Theorem 3.1.

Proof. It follows from the error representation formula (4.1) and Lemmas 4.3 and 4.4
that

1/2 /N
R
ENZ ety < C n + = | fllra2r2a@ivny I8 mcun,0)
(curl,) R

TG.//fh
+ 6V X &%, 0y + CENENZ, 0y + ClIENZ ons
12(Q) L*(Q) L*(Q)
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which gives after taking 6 = 1/2 that

1/2 /<N
R
||§||,%I(wﬂ,m 3 (( Z n%) + (E) ||f||TH1/2(div,rR))||€||H(cur1,sz) + ||§||iz(ﬂ)- (4.29)

Te My

The proof is completed by substituting (4.28) into (4.29). O

5. Numerical Experiments

In this section, we present two numerical examples to demonstrate the efficiency of the
proposed method. By Theorem 3.1, the a posteriori error estimator contains both the finite
element approximation error €, and the DtN operator truncation error €. Explicitly, we

have
1/2 R N
€, = ( Z n%) , En= (E) Il r-172aiv, ) -

TeMy,

The algorithm of the adaptive finite element method is summarized in Algorithm 1, which
is similar to that in [19] for solving the Maxwell equation in biperiodic structures.

Algorithm 1: The adaptive finite element method with the truncated DtN operator.
Input: Tolerance € > 0, ratio 6 € (0, 1), and radius R.
Output: Refined mesh .#, and solution E.
Fix the computational domain Q = By \ D.
Choose N and R and such that ey < 1078,
Generate a mesh ., over Q2 and compute local error estimators.
while €, > e do
Refine the mesh .#}, by the strategy:
if n4 > 6 maxyc 4, N7 then
refine the element T € .
end
Solve the discrete problem (3.1) on the new mesh ./;,.
10 Compute the local error estimators.
11 end

N-J-- RN < N, S A )

In the implementation, we employ the toolbox of parallel hierarchical grid (PHG) [31]
for the adaptive mesh generation and apply the direct solver of MUMPS [29] for the result-
ing linear systems.

Example 5.1. Let the obstacle D = B ; be a ball centered at the origin with radius 0.1.
An analytical solution can be constructed for such an obstacle. Specifically, the Dirichlet
boundary condition on I}, can be set by taking the exact solution

E(x)=G(x)+k2VV-G(x),



634 G. Bao, M. Zhang, X. Jiang, P Li and X. Yuan

where the wavenumber k = 2 and
eiklx—yl

G=(0,0,%)", &(x,y)=——,
4r|x —y|

y =(0,0,0)7,

i.e. the point source is located at y = (0,0, 0)". The truncated computational domain is
defined by By, 5, which is a ball centered at the origin with radius 0.5.

The surface plots of the amplitude of the field Efl] are shown in Fig. 1. Fig. 2 shows the
curves of log||E —E;lv || versus logN;, for both the a priori and the a posteriori error estimates,
where Ny, is the total number of unknowns or degrees of freedom (DoFs). It can be seen
that the meshes and the corresponding numerical error are quasi-optimal, i.e., the estimate
log||E —Eﬁ’ll = ﬁ(Nk_l/S) holds for sufficiently large Nj.

1.6e-01
[ 0.14

—0.12
— 0.1

: 0.08
6.4e-02

re Magnitude
im Magnitude

E
E

Figure 1: Example 5.1: The amplitude of the real part and the imaginary part of the solution E} on the
plane {x € R®: x, = 0}.

10° . 10° :
o -
ey o Eror estmtor
—slope -1/3 P
5
E 5
=
o 10t 1
»
o . 0
10 - 10 :
10 10° 10° 10 10 10°
Number of nodal points Number of nodal points

Figure 2: Example 5.1: Quasi-optimality of the a priori error (left) and the a posteriori error (right)
estimates.
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Example 5.2. In this example, we consider the scattering of a time-harmonic plane wave
by a U-shaped obstacle, where the incident plane wave is

Einc — peikq-x — e—ikz'(l, 0, O)T,

and the U-shaped obstacle D is shown in Fig. 3. We assume that the obstacle is a perfect
electric conductor so that the Dirichlet boundary condition on I}, can be set by v x E* =
—vx E™ ie., the tangential trace of the total electric field vanishes on the surface of the
obstacle.

The surface plots of the amplitude of the field EQ’ and the corresponding mesh are shown
in Fig. 3. The solution has local singularities around the corners of the U-shaped obstacle. It
is clear that the method captures the solution behavior by generating finer meshes around
corners. Fig. 4 shows the curves of log||E — Efl] || versus logN; for the a posteriori error
estimate. Again, it can be observed that the meshes and the corresponding numerical error

are quasi-optimal, i.e., the estimate log||E —E]}:’ |=0oN, 1 3) holds for sufficiently large Nj.

4.16+00
Ess 3 $
T30 2 2
R 2.5 c C
T 5 2 of
T 2
! o o

0.0e+00 u

Figure 3: Example 5.2: The mesh of the computational domain (left). The amplitude of the real part
of the solution E}) on the plane {x € R®: x, = 0.04} (right).

10
—+— Error estimator
—slope -1/3
5
)
510'}
E \
[ad
(o]
o \\‘\\‘
10
10" 10° 10°

Number of nodal points

Figure 4: Example 5.2: Quasi-optimality of the a posteriori error estimates.
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6. Conclusion

We have presented an adaptive finite element method with the truncated DtN opera-
tor for solving the three-dimensional electromagnetic scattering problem. The a posteriori
error estimate is deduced for the discrete problem. The estimate contains both the finite
element approximation error and the DtN operator truncation error. Moreover, we show
that the latter decays exponentially with respect to the number of truncation terms. The
a posteriori error estimate based adaptive finite element method is developed for the dis-
crete problem. Numerical results show that the proposed method is effective to solve the
electromagnetic scattering problem in three dimensions.

Appendix A. Spherical Harmonic Functions

Let x = (x1,x4,x3) and (p, 0, ¢) be the Cartesian coordinates and the spherical coor-
dinates, respectively. We have x; = psinf cosp, xy = psin0sinp, x3 = p cos 6, where
0 €[0,n],p €[0,27] are the Euler angles of x and p = |x|. The local orthonormal basis
{ey,eq,e,} is given by

e, = (sin 6 cos , sin O sin ¢, cos ),
ey = (cos O cos ¢, cos O sin p,—sin 0),

e, = (—siny,cos ¢,0).

Denote by I' = {x € R®: |x| = 1} and I} = {x € R® : |x| = R} the unit sphere and
the sphere with radius R, respectively. Let {Y,"(0,¢) : [m| < n,n = 0,1,2,...} be the
orthonormal sequence of spherical harmonics of order n on the unit sphere I'. Explicitly,
we have

@n+1)(n—=[mD! . -
Y"(0,9)= pm 0)e™?
(0, 9) i mr n (cos )e™?,

where P'(t),0 <m < n,—1 <t <1 are the associated Legendre functions and are defined
by

2ym/2 4™

m — m

PI() = (1= )2 P (6)

with P, being the n-th order Legendre polynomial. Define rescaled harmonics of order n
Xn( ,(P)—EYH ( 5(10)

It can be easily verified that {X"(0, ¢) : [m| <n,n=0,1,2,...} form a complete orthonor-
mal system in L2(Ty), which is the functional space of complex square integrable functions
on the sphere Ij.
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Appendix B. Surface Differential Operators and Basis Functions

For a smooth scalar function ¢ defined on Iy, let

EL) 1 3¢

Vip=22ey+— =2
=500 T e 3%

be the surface gradient on I. The surface vector curl is defined by
curlrp =V xe,.
Given a tangent vector function ¢ to Iy, it can be expressed in the local orthonormal basis

¢ = doeg + P ey,

where
¢0=¢'60) ¢cp:¢'ecp'

Using ¢ and ¢, we can define the surface divergence and the surface scalar curl

1

divr¢ = prnry [—(qﬁe sinf) + q:p], curlp¢ = ﬁ[ (¢, sin6)— q;g]

Following [13, Theorem 6.23], we introduce an orthonormal basis for T L(Iy)

1

U™, ) = ———=VX7(0,¢) (B.1)
nie ¥ vnn+1) o i
and
1
V3i0,p)=e, x U = ————=curl:X'(0, ¢) (B.2)

vnn+1)

form|<n,n=0,1,2,....

Appendix C. Identities of Differential Operators

Let f be a smooth function. It can be verified that the curl operator satisfies

m _li m
*(FUR) =2 5o (pf )V,

x(f(p)V?)=—1i(pf(p))Uz V”(”“)f( XTe,, 1)
p 0

): vnn+1)
P

x (f(p)X]e,, —f(p)Vy.
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Moreover, we may show from (C.1) that

m _10 m
(v (FtIuR)) xep = 25 (pf (@)UY,

(7 (FEWF)) xep = 52 (pF (VS €2
(v % (7pw7e,)) ey ==L s (o107

Taking the curl on both sides of (C.1), we have

02 ) 0
vx(vx(ﬂp)ur)):—l—(pf(p)) V”ﬁj“ 2 (pf(p))x™e,,
v x (V% (F(p)v™)) = [—1—( £(0)) + ”(”“)f( )] ©3)
v (0 (omge,)) = L ooy + O D s oyxre

The divergence operator satisfies

V- (f(p)UT) =~f(p)/(n+Dn —X’"
V- (fp)v™) =0, (C4
m _ ii 2 m
V- (flp)xye,) = PEEP (P2 f (L)) X
The following result can be easily obtained from (C.4).

Lemma C.1. Given any smooth vector function

V = Vln(P)Um + Vzn(P)Vm + Vgn(p )Xn oy

if Vv =0, then its coefficients satisfy the following equation:

2
P — (p*vI (p)) = v/n(n+1)pv™(p).

Appendix D. Function Spaces and Trace Theorems

Denote by L2(Q) and L?(Q) = L?(2)? the standard Hilbert space of complex square
integrable functions in 2 and the corresponding Cartesian product space, respectively. Let

H(curl, Q) :={¢ €L%(Q): V x ¢ € L2(Q)},
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which has the norm

1/2
19 lrrceurt o = (1911220 + 11V x $12)) - (D.1)

To describe the Calderén operator and the TBC, it is necessary to introduce some trace
function spaces defined on I. Let H*(Iy),s € R be the standard trace Sobolev space and
HS(Iz) = H%(Ix)® be the corresponding Cartesian product space. Define the tangential
function spaces

TL(TR):={¢p €L*(R): ¢ e, =0}, TH(R)={p €H'(IR): ¢ e, =0},

where e, is the unit normal vector to I. It is shown in [13, Theorem 6.23] that for any

¢ € TL(IR), it has the Fourier series expansion
$=2, 2, #LUN+ L VY
neN |m|<n

where {(U)', V") : [m| <n,n=0,1,...} is an orthonormal basis for T L(Iz). The norm for
functions in TL(Iy) and TH*(Iy) can be characterized by

1/2
I8l = (X 5 lonl+lonl)
neN |m|<n

and

/
ey = [Z Z (1 +n(n+ 1))s(|¢ﬁ|2 + |¢g}1|2)]1 2

neN |m|<n

Let

TH™2(curl, Ty) = {¢ e THV2(I) : curlp ¢ € H_l/z(FR)} )
TH™Y*(div,Tp) = {¢ € TH™V/2(Iz) : divy, ¢ € H/*(Tp)},

which are equipped with the norms

1/2
o7 [+ V1 +nn+1) |7 |) , (D.2)

1/2

@l re-1/2(curt, ) = Z Z(
=< m

@l r5-12(div, ) = Z Z ( V1+n(n+1) |¢ﬁ1| +

neN |m|<n

m |2
s )

Let us introduce two trace regularity results. Similar results can be found in [23, Lem-
mas 3.3 and 3.4] for the overfilled cavity problem of Maxwell’s equations.
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Lemma D.1. For any ¢ € H(curl, ), the following estimate holds:

N llra-1120cun ) < Cl lE(eur,0),
where C > 0 only depends on the domain Q.
Proof Let Q' := By \ By C Q. For any ¢ € H(curl,Q), it has the following Fourier series
expansion in Q':
$=> > pI(PIUT+ I (pIVI + pI(p)X e,
neN |m|<n

It is easy to verify from (C.1) that

Vx¢ ———Z D, Vit D¢ (p)x e ——Z >, —(p¢2n(p))um

P &N |mi<n n€N|m|<n
—= 20 3 (VA 10500 = 5 (09 0) ) Vi (0.3)
n€N|m|<n
Substituting (D.3) into (D.1), we obtain

l$lI?

H(curl, BR\BI’Q)

Z_Z Z {J Jol +n(n+1) |¢2n(p)|
neN |m|<n
‘I, e
«[ o7 (lenl +|¢3’;I)dp}
R’
:_Z Z {J [p2 +n(n+D]|¢5 )|

neN |m|<n

2

(p¢2n(p))

2

n(n+1)

" (p)— pd)ln(p))

d 2
*ap (po5(p))

R ) p2 d 2
+ 2 m +— _— m
JR/’) 5]+ S 3 (PO P)
R
‘
R/

+1 d m - —+ q5 P
—Ozn -Errll(n -zl)dp (p¢1n(P))_ P2 n(n+1) 3n( )
which giveS

161 ey = 1911

H(curl, BR\BR)

Z > {J [p?+n(n+D)]|¢m )" +

neEN |m|<n

2
dp},

d 2
i (po5(p))

2
dp } . (D.4)

® 2 m |2 p2 d m
TP |¢1n| + @(P‘pln(p))

R p2+n(n+1)
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A simple calculation shows that
R R PR 4
(R—R)R*[ER)I> = f IpE(P)IPdp +f J e |7&(7)1* dwdp
R’ R Jp

R R
) d
< f lpE(P)IPdp +2(R—R )J &) ‘d—(pﬁ(p))‘dp- (D.5)
R R’ P
It follows from (D.5) that

1 m 2
Vv1i+nn+1) |¢1H(R)|

1 1
S(R_R,)Rsz l097(p)|" + R—R)V1+n(n+1)|pd(p)|" dp

G M WP ]
\/1+n(n+1 R dP PoLP

d 2
i (poT(p))| dp. (D.6)

(o) [ootioars 2L [*
SR\ TR=R) ), PPN PTG DR |, |d

Similarly, we have

Y TR R
V1+n(n+1)R? |¢Z}1(R)|2 < [1 +n(n+1)+ M” |p¢;’}1(p)|2dp
R/

R—R/
R
+
\IR./ d

d m
o (P ¢2n

2
dp. (D.7)

Taking the summation of (D.6) and (D.7) over n € N, and using the definition (D.2) and
(D.4), we complete the proof. O

Lemma D.2. For any & > 0, there is a positive constant C(6) such that the following estimate
holds:

||¢FR”TH 1/2(1’* ) ~ 5||v X ¢||L2(Q) + C(5)||¢||L2(Q)’ V¢ € H(Curl,ﬂ).

Proof For any ¢ € H(curl,Q), it has the Fourier series expansion in Q" = By \ B/

$=2. > ¢T(PIUN+m(PIVI + T (p)XTe,

neN |m|<n

By (D.3), we have

19 % 12 o) RZZZ{ J n(n+1) ¢ ()| +

neN |m|<n

2

quZn(p)) (D.8)
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2
dp}

—p*|om[*dp

n(n+1)

= —Z > U n(n+1) oI (p)|* +

neN |m|<n
R
+ _ | —
J 2+n(n+1)‘ 2t

R
o[ s (oot o) - Vo D0 0)
R/
which gives

”v X ¢”L2(Q) > ”v X ¢”L2(B \B )

—Z >, U n(n+1) o2 ()| +

neN |m|<n

d
m(p)—a(pdﬂ’ﬁ(p))

2

p¢2n(p))

dp},

2

p¢2n(p))

R 2 d 2
+ f — P 3, (P91 )

9 2
r P2+n(n+1) —P |¢§';| dp}. (0.9

It follows from (D.5) that

1 m 2 1 1
Vv1+n(n+1) |¢1H(R)| = (R—=R)R? \/1+n(n+1)

R
x U |p¢;’;(p)|2+%(R—R’)\/Hn(m1)|p¢;';(p)|2dp
.

/ R 2
s || (oo (e))| d ]
\/1+n(n+1
11
<_(E Y J |p¢1n(p)| dp

2

(D.10)

MR S KIS
1+n(n+1)R2 ), |dp PPuip

Similarly, we have

1 ! .
szn( )| R— R/R2 1+n(n+1)
" o) do + L(R— Rt
XUR P92 dp + 2 (R—R) T+n(n+1)

R
X J |p¢£’;(p)|2dp +5R—R)Y/1+n(n+1)
R/
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R 2
X J dp:|
R/
& (" 2 d
< IEJ n(n+1)|¢5(p)|” + o (pdm(p)
R P

L[ ReRPN (Y
R—R’|:R2+ B ]L/|p¢2n(p)| dp. (D.11)

d
P (ppm(0))

2
dp

Taking 5 =6R? and summing over n € N, we obtain from (D.9)-(D.11) that

R 1 d, ..
[ DI J [m ‘a(pqsln(p))

neN |m|<n

2
+n(n+1)| 97 (p)|”

+

d
i (po5(p))

R
I J lo93,(p)| " dp

neN |m|<n

2
— |p¢§’;(p)|2]dp

R
+C@> > J [lpor ()| + |pom ()] +]pom(e)| ] dp
o

neN |m|<n

which completes the proof. O
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